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Abstract

Atomic nuclei are quantum many-body systems of protons and neutrons held together by strong nuclear forces. Un-

der the proper conditions, nuclei can break into two (sometimes three) fragments which will subsequently decay by

emitting particles. This phenomenon is called nuclear fission. Since different fission events may produce different

fragmentations, the end-products of all fissions that occurred in a small chemical sample of matter comprise hundreds

of different isotopes, including α particles, together with a large number of emitted neutrons, photons, electrons and

antineutrinos. The extraordinary complexity of this process, which happens at length scales of the order of a fem-

tometer, mostly takes less than a femtosecond but is not entirely over until all the lingering β decays have completed –

which can take years – is a fascinating window into the physics of atomic nuclei. While fission may be more naturally

known in the context of its technological applications, it also plays a crucial role in the synthesis of heavy elements

in astrophysical environments. In both cases, simulations are needed for the many systems or energies inaccessible to

experiments in the laboratory. In this context, the level of accuracy and precision required poses formidable challenges

to nuclear theory. The goal of this article is to provide a comprehensive overview of the theoretical methods employed

in the description of nuclear fission.
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1. Introduction
?〈sec:intro〉?

The first experimental evidence of nuclear fission was obtained in late 1938 by German scientists Hahn and Strass-40

man [1, 2], who observed that “isotopes of Barium (Z = 56) are formed as a consequence of the bombardment of

Uranium (Z = 92) with neutrons” [excerpt from [3]]. The first theoretical interpretation of this phenomenon was

given shortly thereafter by Meitner and was based on the liquid drop model of the atomic nucleus [3]. Only a few

months later, Bohr and Wheeler published the first comprehensive theoretical study of the process [4]. These initial

discoveries pertained to what we now call neutron-induced fission; Flerov and Petrzhak separately discovered the45

spontaneous fission of Uranium isotopes in 1941 [5, 6].

In simple terms, nuclear fission is the process by which a heavy atomic nucleus divides into two (binary) or three

(ternary) fragments. Although there is no formal definition for it, the usual consensus is that any nuclide bigger

than an α particle (Z = 2, N = 2) formed by the breaking up of a heavy nucleus is considered a fission fragment;

anything smaller would be considered as particle emission or radioactivity. For a given sample of fissioning material,50

not all nuclei fission identically: the relative proportion of each isotope is called the primary fission fragments

distribution. Fission fragments are always in an excited state. Therefore, as soon as they are formed, they undergo a

sequence of decays. Initially, this decay proceeds mainly through neutron emission. When the energy of the fragment

becomes smaller than the separation energy Sn of a single neutron, photon emission becomes the dominant mode of

deexcitation. This initial phase of the decay process is very rapid, of the order of τ . 10−13s and defines what is called55

the prompt particle emission. Since neutron emission changes the isotopic composition of the sample, it is customary

to refer to the distribution of fission fragments after prompt emission as the independent fission yields. After neutron

and photon emission, many fragments may be unstable against β decay – the conversion of a neutron into a proton with

the emission of an electron and antineutrino. Beta decay takes place over time scales ranging from a few picoseconds

up to years. Since the daughter nuclei produced in the decay may also be excited, β decay is often followed by photon60

and sometimes neutron emission. This phase of the decay of the fission fragments is called delayed emission. At the

end of all emissions, both the isotopic and elemental composition of the sample have changed. The relative proportion

of each isotope is encoded in what is called the cumulative fission product yields [7]. Figure 1 gives a qualitative

representation of the entire process.

From a theoretical perspective, nuclear fission is a striking example of large-amplitude collective motion for a65

quantum many-body system. In other words, it results, or emerges, from the quantum many-body effects induced by

in-medium nuclear forces. The characteristic features of atomic nuclei, e.g., the competition between individual and

collective behavior, their self-bound nature and the fact that they are open quantum systems, all play a role in our

understanding of the various phases of the fission process. Finally, fission is intrinsically a time-dependent process

that eventually populates a huge number of output channels. This short enumeration should already suggest to the70

informed reader that the theoretical description of nuclear fission poses enormous challenges by itself. In addition,

fission plays a major role in understanding the limits of nuclear stability, especially concerning superheavy elements

[8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19]. Partly for this reason, fission is one of the main mechanisms that limits the

formation of heavy and superheavy elements in astrophysical environments, especially in the rapid-neutron capture
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Figure 1: Schematic representation of the fission process. A heavy atomic nucleus, possibly formed in a nuclear reaction, deforms

until it divides into two (sometimes three) fragments, thereby releasing a large amount of energy of the order of about 200 MeV for

actinide nuclei. The excited fission fragments rapidly emit neutrons followed by photons (prompt fission spectrum). About a few

picoseconds after the scission of the original nucleus, many of the resulting fission fragments undergo a sequence of β decays in

competition with additional photon and or neutron emission (delayed emission).
〈fig:schematic〉

process (r process) [20, 21, 22, 23]. Last but not least, the fission mechanism is at the heart of nuclear technology.75

Apart from the standard example of nuclear energy [24, 25], details of the fission process are also important for nuclear

forensics [26] and international non-proliferation efforts and safeguards by the international community. Knowledge

about the physics of the fission process is summarized in evaluated nuclear data libraries such as JEFF [27] and

ENDF [28], which list the cross sections of a large range of nuclear reactions along with the fission yields, or ENSDF

[29], which is more oriented toward nuclear structure data.80

Whether one is interested in the fundamental description of fission or its applications in other scientific or techno-

logical disciplines, the recent years have brought many interesting developments. The rapid and sustained increase in

computational capabilities has rejuvenated fission theory by enabling simultaneously realistic large-scale simulations

of fission properties [22, 30] and more fundamental descriptions of the process [31, 32]. Figure 2 schematically illus-

trates the chronology of various theoretical methods that will be discussed in this review as well as their approximate85

computational cost in million core hours. Many of these most recent results and methods are not yet employed to

build nuclear data libraries, which – as far as fission is concerned – often rely on very phenomenological models and

concepts from the 1950’s or 1960’s. At the same time, the quality and robustness of these libraries keeps improving

partly thanks to the introduction of novel techniques from artificial intelligence and machine learning to evaluate and

verify nuclear data [33, 34, 35].90

Surprisingly there are only a few textbooks providing a comprehensive introduction to nuclear fission, especially

fission theory, and they are just a few years old [36, 37, 38]. In the past five years, three review articles have been

published covering either microscopic methods [31], experimental results [39] or phenomenology [40], while the
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Figure 2: Approximate computational cost in thousand core-hours (k core-hours) of various theoretical methods as a function of

the date they became standard in realistic simulations. The notation 2D, 3D or 5D refer to the number of collective variables; the

notation Z > 80 refers to calculations performed for all nuclei with Z > 80.
〈fig:flops〉

recent whitepaper [32] offers a consensual view of the major challenges and expected future developments related to

fission theory. While these papers have provided a welcome update of recent results, their focus is mostly on the chain95

of events leading to the divide of the nucleus and not so much on the probability that this process takes place nor on the

decay of the fragments, even though nearly all experimental information on fission is collected, directly or indirectly,

during this decay phase. We also feel that there is a disconnect between the basic nuclear science community, the

goal of which is to understand the basic mechanisms at play in fission, and the specialized user communities where

fission data is employed. For example, the producers and users of global nuclear data libraries may not always be100

aware of the most recent developments in nuclear theory that could impact the evaluation process; conversely, nuclear

scientists may not always be aware of the possible impact of their work nor of the constraints (especially in terms of

precision) imposed by applications. The goal of this review is to try to provide an overview of fission theory that could

be beneficial to both types of communities.

Our presentation is organized to follow the chronology of the fission process. Following Bohr [4, 41, 42], one105

still thinks of fission as a deformation process. In Section 2, we will therefore discuss in details how the qualitative

concept of deformation emerges from the nuclear mean field theory, and how fission fragments are mapped to specific,

deformed configurations of the fissioning nucleus at the point of scission. This section has some overlap with [31],

but it is necessary to introduce some very basic concepts that will be used throughout this review. Section 3 deals with

the probability that fission occurs. In the case of spontaneous fission, this probability is in fact the main quantity that110

must be computed to determine the fission half-life; in induced fission, it is related to the very challenging problem

of computing the fission cross section, namely the probability (per unit area) that fission takes place relatively to
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other possible mode of decay such as neutron scattering, evaporation, photoemission, etc. The mechanisms by which

the nucleus will change its deformation and reach the point of scission are described in Section 4. In the past two

or three decades, this is perhaps the area where the most progress has been made. The static models of fission en115

vogue from the 1950’s to the 1990’s have been replaced by explicit time-dependent descriptions, either semi-classical

or full quantum-mechanical. As mentioned earlier, the decay of fission fragments has been seldom addressed in a

review. It will be presented in Section 5. This decay leads to the emission of neutrons and photons and to a series

of β decays. Some fundamental problems in basic science such as the role of fission in nucleosynthesis mechanisms

[43, 44, 45, 23, 46, 47] or what has been dubbed the antineutrino reactor anomaly [48, 49, 50, 51, 52, 53, 54, 55]120

cannot be properly understood without invoking fission fragment deexcitation. Finally, Section 6 will review some of

the most recent attempts at predicting the properties of the primary fission fragments after the point of scission with

microscopic methods. By connecting the physics of large amplitude collective motion with the statistical decay of

the fragments, these efforts offer the prospect of building a consistent and comprehensive theory of fission in the near

future. Figure 3 illustrates the chronology of the many theoretical approaches discussed in this review.125
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Figure 3: Schematic representation of some of the most noticeable developments in fission theory as a function of time, which this

review will discuss in more details. Right hand side figures reproduced with permission from [22, 56, 57].
〈fig:history〉
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2. Nuclear Deformation
〈subsec:deformation〉

The concept of nuclear deformation is a phenomenological one. The nuclear Hamiltonian Ĥ that determines, in

principle, all nuclear properties, is rotationally invariant [58, 59]. Theories that attempt to solve directly the many-

body Schrödinger equation, such as the no-core shell model [60] or the nuclear shell model [61] never need consider

deformation: the eigenvectors of Ĥ are always rotationally-invariant. This observation also applies to the other types130

of many-body methods that give approximations to the true eigenvectors of Ĥ [62, 63, 64].

However, it was discovered already in the 1950’s that one could describe, qualitatively and quantitatively, many

important nuclear properties such as, e.g., the value of nuclear quadrupole moments, the strength of electromagnetic

transitions between excited states or the particular distribution of discrete energy levels, by invoking collective behav-

iors associated with a deformed average nuclear potential in which nucleons move independently [65, 66, 67]. While135

originally introduced in a phenomenological manner, the concept of deformation can be formalized as a spontaneous

symmetry breaking of the nuclear mean field: the average potential is not invariant under rotation [68]. Deformation is

a very pervasive concept in fission theory. Potential energy surfaces, i.e., the potential energy as a function of nuclear

deformation, determine fission paths and the large-amplitude dynamics of the nucleus. The number of particles in fis-

sion fragments is typically mapped onto the deformation of the fissioning nucleus at the point of scission. The overlap,140

in the quantum mechanical sense, between the nuclear wave functions at different deformations is directly related to

the calculation of fission probabilities. For these reasons, models to compute deformed nuclei are the cornerstones of

any fission theory.

Before the 1980’s, such models were based on phenomenological mean-field approaches, where the average nu-

clear potential is parametrized directly with an appropriate mathematical function. Examples of such phenomeno-145

logical potentials include the Nilsson, Woods-Saxon, and Folded-Yukawa potentials. Within this framework, some

of the most comprehensive studies of fission were reported already in the 1970’s [69, 70]. In recent years, this phe-

nomenology has also been used to provide large-scale, systematic surveys of nuclear properties [71, 72, 73, 74, 75].

We briefly review this approach in Section 2.1. Nuclear energy density functional theory provides a more fundamental

description of nuclear deformation, since it basically relates the average potential to an energy density functional or150

an effective pseudo-potential that describes effective interactions between nucleons [68]. The theory can be viewed as

a (considerable) extension of the self-consistent Hartree-Fock theory [76, 77, 78] and is inspired in part by the density

functional theory of electrons in atoms [79]. As mentioned above, nuclear deformation emerges when the density of

particles breaks some of the symmetries of the nuclear Hamiltonian [80]. While computationally more involved, the

advantage of EDF methods is that they provide (effective) Hamiltonians and an arsenal of many-body techniques to155

compute quantum numbers. While there were pioneering applications of EDF to fission in the 1970’s [81, 82], it is fair

to say that self-consistent calculations of fission properties contained too many approximations until the late 1980’s

and 1990’s. In the past two decades, these methods have now become really competitive with more phenomenological

ones thanks to advances in computing capabilities [31]. We will summarize the most relevant notions of the EDF

approach in Section 2.2. Finally, we will discuss in Section 2.3 how to infer from potential energy surfaces the points160

at which the nucleus breaks into two fragments.
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2.1. Phenomenological Nuclear Mean Field
〈subsec:micmac〉

What is known as the macroscopic-microscopic approach to nuclear structure is at the heart of nuclear phenomenol-

ogy. It relies on modeling the atomic nucleus as a classical, charged liquid drop with additional corrective terms that

account for quantum many-body effects. In the language of modern many-body theory, one would call such an ap-165

proach a 0-body theory with corrective terms of 1- and 2-body origin. In this picture, fission is the extreme distortion

of the droplet that leads to its breakup. In more details, the total energy of the atomic nucleus is written as the sum of

several contributions: (i) the macroscopic energy Emac(q), typically represented by the liquid drop or droplet model,

(ii) a shell correction δEshell(q) originating from the single-particle degrees of freedom and (iii) a pairing correction

δEpair(q) to account for nuclear superfluidity. Each of these three terms parametrically depends on the underlying170

deformation q = (q1, · · · , qN ) of the nuclear shape,

E(q) = Emac(q) + δEshell(q) + δEpair(q) (1) eq:micmac

The leading term in this expression is the macroscopic energy which is computed as the energy of a charge drop

of nuclear matter in the liquid drop model (LDM). This finite piece of nuclear matter can also be expressed as a series

of powers of Z and A – the lepdotermous expansion [83, 84] – and be related to predictions from more microscopic

theories [85, 86, 87]. Initial parameterizations of the liquid drop were relatively simple [88]; more recent models175

have included additional terms to mock up various effects (charge asymmetry, odd-even effect of pairing, proton form

factors, etc.) that vary smoothly with Z and N [71, 72, 75]. In the 1940’s, the LDM provided the theoretical basis for

the first explanation of fission by Meitner, Bohr and Wheeler [3, 4]. The stability of a liquid drop against fission is

captured in the dimensionless fissility parameter x, which is the ratio of the Coulomb to the surface energy of the drop

[4, 41]. Empirically, the fissility parameter can be approximated as180

x ≈ Z2

47A(1− ηI2)
, (2) ?eq:fissility?

with I = (N − Z)/A and η = −assym/asurf is the ratio of the surface-symmetry to surface coefficients of the

leptodermous expansion of the nuclear energy. These two terms are proportional to I2A2/3 and A2/3, respectively.

They can be either fitted to reproduce average properties of nuclei [83], or computed from a model of nuclear matter.

Even if the macroscopic energy represents nearly 99% of the total binding of a heavy atomic nucleus such as an

actinide, corrective terms must be added to obtain a more precise estimate of the total energy. The shell correction185

effectively simulates the fact that neutrons and protons are quantum-mechanical particles occupying single-particle

levels, the distribution of which impacts the stability of the nucleus, hence its binding energy [89, 90]. Generically, it

reads

δE =
∑
k∈S

ek −

〈∑
k∈S

ek

〉
(3) {?}

where E = {ek}k=1,...,p refers to a full set of single-particle (s.p.) energies and S is a subset of E . To extract

the energy for the lowest configuration at deformation q, S would simply contain the Z and N lowest energies;190

any other combination of s.p. levels would yield the energy of an excited state. The symbol 〈· · · 〉 refers to the

Strutinsky averaging procedure to produce the “smooth” energy. Full details about how to compute this term are given
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in [70]; variants of the standard Strutinsky procedure to remove the spurious effect of continuum or pairing effects are

discussed in [91, 92, 93, 94]. The introduction of the shell correction was key to explain two major features of the

fission process: (i) the energy threshold at which fission takes place is nearly constant for actinides, contrary to LDM195

predictions; (ii) the LDM cannot account for the existence of fission isomers [95, 96]. These meta-stable states are

more deformed than the ground state thanks to the stabilizing effect of the shell correction.

The shell correction can be interpreted as having a one-body origin: it is associated with an independent-particle

model of the nucleus, where each nucleon moves, independently of one another, in the average mean field. In the

language of second quantization, the resulting Hamiltonian operator only contains one-body operators. To describe200

the different energy spectra between even-even and odd nuclei, pairing correlations must be taken into account ex-

plicitly; see [97] for a comprehensive introduction to nuclear pairing. The effect of pairing on the total energy was

first quantified by introducing a pairing correction δEpair akin to the shell correction. In most applications of the

macroscopic-microscopic model, this pairing correction is computed from the BCS solution and can thus be inter-

preted as a corrective term of two-body origin. All three terms of (1) can be modified to describe nuclei at finite205

angular momentum or finite temperature [98, 99, 100, 101, 102, 103, 104, 105]; see also the textbook [106].
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Figure 4: Left: Funny Hills parameterization [69] of the nuclear shape for (h, α) = (0.2, 0.3) with c varying from 1.0 to 2.2 by

steps of 0.3. Right: Axial shapes with the Cassini oval parameterization [107] for u = 0.0, 0.4, 0.8, 1.0, 1.2. The value u = 0

corresponds to the sphere, the value u = 1.0 to the point of scission and the value u = 1.2 to separated fragments. Figures

reproduced with permission from [31] courtesy of Schunck; copyright 2016 by Institute of Physics.
〈fig:shapes〉

All terms in the decomposition (1) of the total energy depend on the deformation of the nuclear shape which, in

this approach, is an input to the calculation. The determination of a suitable parameterization of the nuclear shape

is in fact a challenging problem. Given a parameterization P and a set of shape parameters q = (q1, · · · , qN ), the

following criteria should be met: (i) there should be a one-to-one correspondence between any vector q and the actual210

shape; (ii) since the shape parameterization is an input to any calculation, the number N of components of q, i.e., the

number of shape parameters, should be as small as possible (iii) the parameterization must be capable of describing

weakly-deformed, compact shapes, extremely elongated shapes and even disjoint shapes representing the separated

fragments. The standard multipole expansion of the nuclear radius [108], for example, does not meet any of these

criteria: it is not bijective [109, 110], the number of parameters needed to describe well-deformed shapes increases215

with deformation, and it cannot characterize separated fragments. Parametrizations more adapted to describing fission

include the Funny-Hills parameterization [69], the Los Alamos parameterization [42], Cassini ovals [107], Fourier

series [111] or Legendre polynomials [112]; see also [31] for an explicit summary of some of these parameterizations.
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Figure 4 shows an example of the Funny Hills and Cassini ovals parameterization.
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Figure 5: One-dimensional representation of fission barriers in actinide nuclei. Note that the scission point is not represented at

scale: in practice, it is “far” from the outer barrier. The distance in the deformation space between the location of the scission point

and that of the fission isomer may be four to five times larger than the distance between the fission isomer and the ground state.
〈fig:barriers_actinides〉

This nuclear phenomenology based on the macroscopic-microscopic model has been extremely successful in pre-220

dicting many facets of nuclear properties [71, 72, 73, 75, 104, 113]. In the context of fission, this approach provides

a computationally efficient, realistic method to perform large-scale calculations of deformation properties, namely

potential energy surfaces (PES). In many actinides, there is empirical evidence that the PES require several de-

formation degrees of freedom to adequately capture the full dynamics of fission: elongation of the whole nucleus,

reflection asymmetry of the shape, triaxiality parameters, but also deformation parameters characterizing the frag-225

ments themselves [114]. Investigations performed in the 2010’s emphasize the importance of reflection asymmetric

shapes of the fragments, which would require at least another two parameters to describe the shape asymmetry for

each fragment [115, 116]. Such multi-dimensional PES cannot be visualized, but a lot of important information can be

extracted by projecting them onto a one-dimensional subspace of lowest energy: the fission path. In actinide nuclei,

this fission path is typically characterized by a deformed potential minimum (i.e. the classical ground state) and an230

additional, meta-stable minimum at larger deformations: the fission isomer. Both minima are separated by potential

energy barriers: the inner barrier, between the ground state and the fission isomer, and the outer barrier, between the

fission isomer and regions corresponding to ever larger deformations. Precise calculations of these fission barriers are

especially important for estimating spontaneous fission half-lives and fission cross sections, as will be presented in

Section 3. Figure 5 shows a typical, schematic representation of the one-dimensional fission path in actinide nuclei.235

In such one-dimensional representations, the saddle point is simply the point on the fission path that has the highest

energy (here: the top of the inner barrier).

In the 1970’s, the prediction of fission isomeric states and “double-humped” fission barriers was a major success of
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the macroscopic-microscopic approach [69, 70, 117, 118], as was the explanation of asymmetric fission by reflection-

asymmetric shapes stabilized by the shell correction [107]. Refinements in the models combined with modern com-240

putational capabilities have led to global predictions of static fission barriers [119, 120, 121, 122, 123, 124, 125].

Such calculations are necessary, since as we go away from the valley of stability, the topology of the potential energy

surfaces may change quite dramatically and the traditional features of fission barriers in actinides may not apply any-

more. Figure 6 shows a systematics of fission barrier heights (more precisely, the highest fission barrier) in heavy and

superheavy nuclei taken from [22]. It is clear from these results that uncertainties from nuclear models alone can reach245

a few MeV, which corresponds to dozens of orders of magnitude in spontaneous fission half-lives; see Section 3.1.

0 2 4 6 8 10 12 14

120 140 160 180 200 220 240
Neutron number

90

100

110

120
FRLDM

90

100

110

120

Pr
ot

on
 n

um
be

r HFB14

Sn = 2 MeV
Sn = 0 MeV

90

100

110

120
BCPM

Fission barrier (MeV)

Figure 6: Highest fission barrier heights for heavy and superheavy elements with 84 ≤ Z ≤ 120 and 118 ≤ N ≤ 250 for

three different models of nuclear deformation: FRLDM corresponds to the macroscopic-microscopic calculation of [120] while

the BPCM [126] and HFB14 [127] are two different versions of energy density functionals; see discussion in Section 2.2. Figures

reproduced with permission from [22] courtesy of Giuliani; copyright 2018 by The American Physical Society.
〈fig:barriers〉

2.2. Energy Density Functional Theory
〈subsec:EDF〉

The EDF approach is the modern name for what was known for a long time as the self-consistent mean field theory.

Its root can be found both in the generalized Hartree-Fock theory, which was formalized in a few seminal papers in the

early 1960’s [128, 129], as well as in the density functional theory for electrons [79, 130]. In a nutshell, the basic idea250

of the EDF approach is to compute the nuclear mean field from a suitable model of nuclear forces among nucleons

rather than parameterizing it as in the macroscopic-microscopic approach. In practice, this calculation is often based

on a model for in-medium, two-body effective nuclear interactions (or pseudo-potentials) such as the Skyrme [131]
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or Gogny [132] force. When computing the expectation value of such pseudo-potentials on a many-body product

state of single-particle wave functions (Slater determinant), both the resulting energy and the nuclear mean field255

become functionals of the density of particles [133]. Direct parameterizations of the energy density have also been

proposed, with varying success [134, 135, 136, 126, 137]. Note that the effective potentials need not be restricted

to two-body terms only: three- and higher-order many-body interactions could be included as well [138, 139]. The

EDF approach comprises a full hierarchy of approximations and methods yielding increasing accuracy and precision

in the determination of nuclear properties. One may consider two main categories: single-reference energy density260

functional (SR-EDF) and multi-reference energy density functional (MR-EDF). Both types are used mostly to compute

static properties of the nucleus but could also be implemented in a time-dependent formalism. The EDF approach has

a decade-old rich history and it would go far beyond the scope of this review to describe it in too many details. We

refer the interested reader to [68, 133, 140, 141, 142, 143, 144]. Below, we will only summarize the essential concepts

and formulas most relevant to fission theory.265

2.2.1. Single-Reference Energy Density Functional Theory: Self-Consistent Mean Field
?〈subsubsec:SR-EDF〉?

Today, the single-reference EDF approach is largely built on the Hartree-Fock-Bogoliubov (HFB) theory, where

the nuclear many-body wave function is approximated by a generalized product of quasiparticle wave functions [133,

59, 68]. In the formalism of second quantization, these quasiparticles (q.p.) are associated with annihilation and

creation operators (βµ, β
†
µ) and the many-body wave function reads270

|Φ〉 =
∏
µ

βµ |0〉 , (4) eq:HFB_ansatz

where |0〉 is the particle vacuum. The q.p. operators are themselves related to the annihilation and creation operators

(ck, c
†
k) of an arbitrary single-particle basis by the Bogoliubov transformation [129]

βµ =
∑
m

[
U†µm cm + V †µm c

†
m

]
, (5a) {?}

β†µ =
∑
m

[
V Tµm cm + UTµm c

†
m

]
. (5b) {?}

Let us consider an effective two-body pseudo-potential V̂ characterized by the matrix elements vijkl ≡ 〈ij|V̂ |kl〉 in

the single-particle basis, with v̄ijkl the anti-symmetrized version of these matrix elements (v̄ijkl = vijkl − vijlk). The

HFB energy reads

E[ρ, κ, κ∗] =
∑
ij

tijρji +
1

2

∑
ijkl

v̄ijklρljρki +
1

4

∑
ijkl

v̄ijklκ
∗
ijκkl. (6) eq:HFB_energy

where tij are the matrix elements of the kinetic energy operator, ρ is the one-body density matrix and κ the pairing

tensor. These two quantities encode the basic degrees of freedom of the HFB theory. They can be expressed in terms275

of the matrices of the Bogoliubov transformation as ρ = V ∗V T and κ = V ∗UT . The main idea of the HFB theory is

to minimize the energy (6) with respect to the matrix elements of U and V . This results in the HFB equation

[
H,R

]
= 0, (7) eq:HFB_equ
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whereH is the HFB matrix andR the generalized density, respectively given by

H =

 h ∆

−∆∗ −h∗

 , R =

 ρ κ

−κ∗ 1− ρ∗

 . (8) eq:HFB_matrices

In these expressions, h = t + Γ is the mean field, t is the single-particle kinetic energy potential and Γ ≡ Γik =∑
jl v̄ijklρlj the mean field potential, and ∆ ≡ ∆ij = 1

2

∑
kl v̄ijklκkl is the pairing field. Both objects are functionals280

of ρ and κ.

Applications of the formalism rely on effective two-body potentials V̂ such as the Skyrme or Gogny interactions;

see [133, 145, 146] for recent reviews. There is also a relativistic version of the EDF approach based on solving a

self-consistent Dirac equation [147, 148, 68]. Both non-relativistic and relativistic EDFs depend on a small set of

adjustable parameters that must be calibrated on data. In practice, this amounts typically to 10-20 free parameters that285

are adjusted mostly on some known nuclear masses and radii. The calibration may also be guided and/or constrained

by infinite nuclear matter properties and may include phenomenological information about fission barrier heights. The

most commonly used parameterizations in fission studies are the SkM* [149] and UNEDF1 [150] Skyrme EDFs, the

D1S parameterization of the Gogny force [151], and the DD-PC1 [152], DD-ME2 [153] and DD-K1 [154] parame-

terizations of relativistic Lagrangians. Pairing correlations are central to the HFB theory. As can be seen from (6),290

the same effective pseudo-potential V̂ should be at the origin of all components of the energy: the particle-hole part

proportional to ρ and the particle-particle one proportional to κ. This requirement is enforced only in the case of the

Gogny force. In practice, users of the Skyrme and relativistic EDFs adopt a different effective potential in the pairing

channel based, e.g., on simple density-dependent forces [155], separable finite-range interactions [156], or even non-

empirical pairing forces built out of chiral effective field theory [157, 158, 159]. Such choices are largely motivated by295

pragmatic reasons such as the divergences induced by zero-range effective potentials, which require a regularization

procedure [160, 161] or/and the difficulty in efficiently probing the pairing channel when fitting the parameters of the

EDF [68].

The HFB approach works best when the symmetries of the nuclear Hamiltonian are broken. For example, the

minimization of the HFB energy may lead to solutions where both densities ρ and κ are not rotationally-invariant.300

These symmetries are not restricted to spatial ones such as translational and rotational invariance, axial symmetry or

reflection symmetry: they also include time-reversal or isospin symmetry [162, 163, 164]. In fact the ansatz (4) by

itself breaks a fundamental symmetry of the nuclear Hamiltonian: particle number. Therefore, HFB solutions, strictly

speaking, correspond to wave packets of Slater determinants with different particle numbers [59].

The SR-EDF framework based on deformed HFB solutions is thus the direct, “microscopic” equivalent of the305

macroscopic-microscopic approach and can in fact be viewed as its theoretical justification [165]. Qualitatively, the

main difference between the two is how the average nuclear potential is determined: it is approximated by a suitable

mathematical function in the macroscopic-microscopic approach and computed self-consistently from a model of

nuclear forces in the HFB theory. Potential energy surfaces can be constructed by imposing various constraints on the

HFB solutions. For example, the expectation value of the multipole moment operators Q̂λµ(r) = rλYλµ(θ, ϕ), where310
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Yλµ(θ, ϕ) are the spherical harmonics [166], is given by

〈Q̂λµ〉 =

∫
d3r Q̂λµ(r)ρ(r), (9) eq:multipoles

where ρ(r) is the total density of particles. These moments have a straightforward physics interpretation: Q̂20 quan-

tifies the degree of elongation of the shape, Q̂30 the degree of left-right asymmetry, Q̂40 the bulging around the

mid-point of the shape, etc.. By solving the HFB equation (7) with constraints on the values 〈Q̂λµ〉 as given by (9),

we can generate a manifold of HFB solutions representing many different shapes. Figure 7 shows a simple example315

of such a potential energy surface in the case where only two constraints were imposed on 〈Q̂20〉 and 〈Q̂30〉.

Figure 7: Potential energy surface of 240Pu in the (Q20, Q30) collective space. The four volume renderings give a visual represen-

tation of the nuclear shape at various locations on the PES. The calculation was performed for the SkM* parameterization of the

Skyrme functional and corresponds to Fig. 3 of [167].
〈fig:PES_HFB〉

2.2.2. Multi-Reference Energy Density Functional Theory: Configuration Mixing
?〈subsubsec:MR-EDF〉?

While the SR-EDF approach introduces symmetry-breaking as a means to build more correlations in what would

be otherwise a very simplified nuclear wave function, the multi-reference EDF ansatz takes these deformed solutions

and combines them [168]. Schematically, this mixing takes the form320

|Ψ〉 =

∫
dq f(q) |Φ(q)〉 , (10) eq:MREDF_ansatz

where q is a generic label for the HFB solutions |Φ(q)〉 given by (4) and f(q) are some weight functions to be

determined [169]. This quantum configuration mixing can be used, in particular, to restore all the broken symmetries

and therefore recover the quantum numbers that were lost during the symmetry breaking [170]. In this case, the labels q

correspond to the parameters of the symmetry group, the basis states |Φ(q)〉 are typically given by |Φ(q)〉 ≡ R̂(q) |Φ〉
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where R̂(q) is the generator of the relevant symmetry group, and f(q) is an appropriate weight function. In the325

simplest case of particle-number projection, which is associated with the U(1) symmetry group, the ansatz (10) thus

becomes

|Ψ〉 =

∫
dϕ

(
1

2π
e−iϕN

)
eiϕN̂ |Φ〉 =

1

2π

∫ 2π

0

dϕ eiϕ(N̂−N) |Φ〉 . (11) {?}

The most relevant symmetries for fission include parity [171], particle number [172, 173] and angular momentum

[174]. MR-EDF techniques also provide a powerful way to improve the ansatz for the nuclear wave function by

adding yet another layer of correlations that could not be captured at the SR-EDF level [175]. One of the most330

standard techniques of MR-EDF is the generator coordinate method (GCM) [176, 177]. The GCM is especially well

adapted to describing collective correlations that involve all nucleonic degrees of freedom and play such a central

role in understanding fission. In such a case, the labels q correspond to different values of some constraint operators

Q̂ and the basis states are the constrained HFB solutions. In fact, GCM-based techniques can be used to extract a

purely collective Hamiltonian called the Bohr Hamiltonian that is somewhat reminiscent of a quantized version of the335

deformed liquid drop, in the sense that it depends on global, collective coordinates that typically represent nuclear

deformation [178, 179, 180].

2.3. Scission Configurations and Fission Fragments
〈subsec:scission〉

Qualitatively, the moment when the two fragments just separate and the whole nucleus breaks apart is called the

scission point. This picture results from the analogy of the fission process with the deformation of a charged liquid340

drop that overcomes surface tension [3]. Within the macroscopic-microscopic model of Section 2.1, such a naive

concept of scission can still make sense: in all the parameterizations of the nuclear shape specifically designed to

describe very elongated shapes, there always exists a set of parameter values for which the neck between the two

prefragments reduces to a single point – the scission point [42, 107, 181].

One may thus be tempted to simply define scission as the locations on the potential energy surfaces where the two345

fragments are fully formed and well separated. However, when determining the solutions to the nuclear mean field,

whether semi-phenomenologically as in Section 2.1 or self-consistently as in Section 2.2, the obtained wave functions

correspond to for the whole nucleus: if only because of the Pauli principle, some of the single-particle wave functions

spread over each of the two prefragments. In other words, the system is (heavily) entangled [182]. In fact, it remains

entangled even when the two fragments are far apart from one another. These difficulties are compounded by the350

use of a variational principle (in the EDF approach) or by the naive filling of orbits (in the macroscopic-microscopic

approach). For nuclear shapes corresponding to well-separated fragments – such configurations are sometimes called

the asymptotic conditions – the total energy computed in both frameworks is, in practice, the one that minimizes the

energy of each fragment. As a result, calculations of fission fragments properties for such configurations are highly

non-physical: against all experimental evidence, fragments have no excitation energy.355

To mitigate these problems, one is thus forced to resort to phenomenological criteria to define scission before the

nuclear shape truly corresponds to two fragments. The simplest of these criteria involve setting a critical value for the

density of particles in the neck region between the prefragments [183] or for the number of particles in that same region
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[167]. Random neck rupture models provide an additional layer of refinement to such approaches [184, 185, 186].

Since fission in general, and scission in particular, is the result of a competition between attractive nuclear forces360

and repulsive Coulomb forces, one may define scission as the point where the nuclear interaction energy between the

two prefragments is smaller than the Coulomb repulsion between them [187]. However, as mentioned above, the two

prefragments are entangled and the very notion of a nuclear and Coulomb energy for a prefragment is ambiguous at

best. In fact, it was shown that such quantities are not invariant under unitary transformations of the whole fissioning

nucleus [182]. It is possible to design specific transformations that maximize the localizations of quasiparticles in365

each prefragment and minimize their interaction energy and, as a consequence, change the definition of scission

[167]. More recently, there have been a few attempts to better understand the physics of scission by borrowing from

configuration-interaction and reaction theory techniques, the goal being to establish a continuous pathway between

pre- and post-scission configurations [188, 189, 190].

From these remarks, it should be clear that there is no unique definition of scission and that predictions of fission370

fragment properties, including their initial conditions in terms of numbers of particle, excitation energy, spin and

parity, are highly model-dependent. This has a significant impact on the modeling of the deexcitation of the fission

fragments, which is largely determined by these initial conditions as will be discussed in Section 5. Furthermore, the

class of fission models called the scission-point models are based on using the hypothesis of statistical equilibrium at

scission to determine fission fragment properties [191, 192]. The predictions of such models are contingent on what375

definitions of scission they adopt.

3. Probabilities, Rates and Cross Sections

〈sec:proba〉
The previous section summarized the various theoretical methods used to compute the properties of deformed

atomic nuclei – including the extreme deformations characteristic of the point of scission. This prologue was necessary

to introduce the basic concepts of fission theory: deformation (or symmetry breaking), collective space, potential380

energy surfaces, fission barriers, scission point, etc. The next three sections will build upon these notions to address

the three most fundamental problems in fission theory: computing the probability that fission takes place – possibly in

competition with other decay modes, characterizing the evolution of the nucleus from a near ground-state configuration

to the point of scission and predicting the outcome of the overall process, namely all the particles emitted and the fission

products. This section is focused on fission probabilities.385

In nuclear physics jargon, fission probabilities are related to what is called the entrance channel, which we can de-

fine here as the mechanism that produces the proper conditions for an atomic nucleus (Z,N) to undergo fission. Many

of the elements heavier than Lead have in fact a significant probability of undergoing fission simply as a consequence

of the large number of protons they contain. The spontaneous fission half-life τsf is the key quantity that theorists must

compute and compare with experimental measurements. This is in fact very challenging since the experimental values390

of spontaneous fission half-lives cover about 30 orders of magnitude, from about τsf ≈ 4.1µs for 250No to τsf > 14

billions years for 232Th [36].

The case of induced fission is even more complex. By definition, the fissioning nucleus is formed in a nuclear

16



reaction involving a projectile, a target and a set of initial conditions: type of incoming particle, beam energy, impact

parameter. While neutron-induced and photofission (fission induced by photons) are the most common and most im-395

portant cases, other scenarii such as β-delayed fission (where fission follows the β decay of an isotope), proton-induced

fission or fission in heavy-ion collisions are also important, especially in nucleosynthesis or superheavy science. It

is often assumed that fission takes place after the equilibration of all degrees of freedom that follows the reaction,

resulting in what is called the compound nucleus [4, 193]. The validity of this approximation depends on how typical

fission times compare with the relaxation time of the various degrees of freedom including single-particle, collec-400

tive vibrations such as the Giant Dipole Resonance (GDR) or neutron emission [194]. Estimates of these various

timescales suggest that the notion of a compound nucleus is valid for up to several dozens of MeV of excitation energy

[194, 195, 196]. In such cases, the main challenge for nuclear theory becomes describing the exact structure of this

compound nucleus. There are also instances where fission takes place before full equilibration. This is the quasifission,

that is especially important in heavy ion collisions [197].405

3.1. Spontaneous Fission
〈subsec:sf〉

As discussed earlier in Section 2.1, fission results from the competition between Coulomb repulsion and surface

tension. This mechanism is encoded either directly, in the values of the liquid drop parameters, or indirectly in the

parameters of the energy functional, and is best understood as a deformation process. This process itself depends on the

variations of the potential energy as a function of the deformation of the nuclear shape – the potential energy surface410

(PES). If first-year students of quantum mechanics were to look at an example of a one-dimensional PES such as

Fig. 5, they would be immediately reminisced of quantum tunneling. Indeed, spontaneous fission is most conveniently

described as quantum tunnelling through a (multi-dimensional) potential energy barrier. Qualitatively, the problem

thus posed is quite simple: initially, the nucleus is in its ground state. The probability of fission is simply related to

the probability of tunneling from this initial condition to a deformed shape outside the barrier. Such a probability is415

often computed semi-classically with the Wentzel-Kramers-Brillouin (WKB) approximation [198] and it is given by

the following formula

τSF
1/2 =

1

ν
exp

(
2

~

∫ b

a

ds
√

2B(s)(V (s)− E0)

)
, (12) eq:t_sf

where s is the curvilinear abscissa along the most likely fission path, i.e., the trajectory in theN -dimensional collective

space spanned by the collective variables q = (q1, . . . , qN ) that minimizes the classical action [36]. The nuclear

potential energy along this path is noted V (s) and B(s) is the collective inertia. ν is the number of assaults to the420

barrier per unit time [69]. The ground-state energy is noted E0 and the points a and b are referred to as the inner and

outer turning points, respectively.

While qualitatively simple, the devil hides in the details. Firstly, in addition to involving the introduction of a set

of collective variables q, the derivation leading to (12) also relies on an explicit decoupling between these collective

variables and the other nuclear degrees of freedom, which expresses the fact that the collective motion is confined425

within the space spanned by the variables q [199, 200, 201, 202, 180, 144]. As a result, the potential energy cannot be

taken directly as either the macroscopic-microscopic potential energy (1) or the HFB energy (6). Instead, these values
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are modified by zero-point energy corrections, the specifics of which depend on the nature of the collective variables

and of the theoretical framework used to express the decoupling. Most of the time, these zero-point energy corrections

are computed with the GCM [177]. Importantly, their values do not only affect the overall potential energy surface430

V (q), but also the initial energy of the nucleusE0: in principle, the latter should correspond to the lowest eigenstate of

the collective Hamiltonian. In practice, most calculations treat the value of E0 as an adjustable parameter to reproduce

existing data.
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Figure 8: Top panel: Comparison between the perturbative cranking approximation to the collective mass tensor M = B−1 and

the exact calculation along the symmetric fission path of 240Pu. Bottom panel: ratio between the exact and perturbative cranking

inertia. Figures reproduced with permission from [203] courtesy of Washiyama; copyright 2021 by The American Physical Society.
〈fig:coll_mass〉

Secondly, in contrast to textbook examples of tunnelling, the potential energy surface is defined in the abstract

space that represents deformation. In practice the set of collective coordinates q can be either the deformations of the435

nuclear surface, see Section 2.1, or the expectation value of other relevant observables, see Section 2.2. This means

that the term B in the WKB formula is not related to the mass of the nucleus, but is a more abstract object called the

collective inertia tensor. It is in fact a rank-2 tensor B(q) ≡ Bij(q) with i, j = 1, . . . , N where N is the number

of collective variables. The calculation of this object is far from simple. Traditional formulas rely on the GCM or

the adiabatic time-dependent HFB (ATDHFB) approximation; see [31] for a summary of the relevant formulas. Most440

practical implementations of these methods neglect the effect of velocity, time-odd terms induced by the generalized

momenta p associated with the collective variables q, both in the GCM where these momenta should be introduced

explicitly and would double the number of collective variables [204], or in the ATDHFB formulas where their effect
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is simply neglected [205, 206]. Both the GCM and ATDHFB collective inertia involve the inverse of a large matrix

related to the Quasiparticle Random Phase Approximation (QRPA) matrix [31]: the latter is often approximated by its445

diagonal form as the sum of pairs of quasiparticle energies – the cranking approximation. In addition, the formulas

for the inertia tensor involve the derivative operators ∂/∂qi, i = 1, . . . , N . These operators are often reduced to a

local approximation: this perturbative cranking approximation has been shown to give rather different results from

the non-perturbative cranking approximation [207, 208, 209] and to have a large impact on half-lives [210]. Because

of these limitations, other methods have been proposed to compute the collective inertia, including “dynamic” path450

calculations [211] and the adiabatic self-consistent collective coordinate method [212, 213]. In the last few years,

there have been very promising attempts to perform “exact” ATDHFB calculation of the collective inertia tensor by

inverting the full QRPA inertia [203]. Results of these exact calculations also suggest rather large differences with the

standard perturbative cranking approximation as seen in Fig. 8.
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Figure 9: Sensitivity of the spontaneous fission lifetimes to different values of the ground-state energy log10[τsf(E0 =

0.5MeV)/τsf(E0 = 1.5MeV)] computed with different collective inertias: ATDHFB (top panels), GCM (middle panels), and

semi-empirical inertia formula (bottom panels). Figures reproduced with permission from [22] courtesy of Giuliani; copyright 2018

by The American Physical Society.
〈fig:t_sf_E0〉

Spontaneous fission half-lives depend very sensitively on each of these ingredients. Because of the exponential455

factor, small variations in the value of the potential energy, zero-point energy or collective inertia can change the half
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life by orders of magnitude [12, 214, 210]. Large-scale surveys of fission modes in heavy nuclei have attempted in the

2010’s to systematically probe the influence of these model parameters. For example, Fig. 9 shows how the sponta-

neous fission half-life varies depending on the total value E0 of the ground-state energy. Because of the exponential

factor in (12), a variation of the ground-state energy of only 1 MeV can change half-lives by up to 5 order of mag-460

nitude [22]. Such large effects are typical of spontaneous fission calculations. Similar variations can be the indirect

result of which theory is used to compute the collective inertia tensor [210] or of the number of collective variables

[215, 216, 217]. In the EDF framework, both the potential energy surface and inertia tensor are directly impacted by

both the form and the parameters of the energy functional, and so do the spontaneous fission half-lives [17]. There

were a few studies where the statistical uncertainties coming from the calibration of energy functionals were propa-465

gated to the prediction of fission barriers [218, 17, 219]. Results suggest uncertainties of at least 1–2 MeV on fission

barrier heights, which could lead to changes in τSF of up to a dozen orders of magnitude. Similar remarks apply to

whether the potential energy surface is computed at the HFB level or with additional corrections, e.g., coming from

the restoration of broken symmetries [220].

Among the quantities that can impact the final result are the number and type of collective variables q that define470

the PES. It has been known for a long time, for example, that pairing correlations can have a dramatic impact on τsf ,

largely by reducing the collective inertia which, in a simple solvable one-dimensional model scales like B ∝ 1/∆2

where ∆ is the pairing gap [221, 222, 223, 224, 225]. This observation was an incentive to take collective variables

associated with pairing correlations, such as the constraint on the particle-number fluctuations 〈∆N̂2〉 = 〈N̂2〉−〈N̂〉
2

or the pairing gap ∆ [210, 215, 216, 217, 220, 226].475

A global analysis of spontaneous fission half-lives in heavy nuclei, based on quantum tunnelling through one-

dimensional potentials including triaxiality and reflection-asymmetry, can be found in [17]. Earlier results were largely

focused on superheavy elements with either macroscopic-microscopic methods [227, 228, 8], Gogny HFB [15, 229],

Skyrme Hartree-Fock+BCS [12] or Skyrme HFB [16]. Figure 10 shows an example of self-consistent calculation of

fission barriers, spontaneous fission and α-decay half-lives in superheavy elements. Results suggest that in superheavy480

neutron-rich nuclei, spontaneous fission is the dominant channel of decay. This is especially important to properly

model the r process [21].

Over the years, there have been several attempts to go beyond the semi-classical WKB approximation for sponta-

neous fission rates. Functional-integral methods are, formally, the most developed alternatives [230, 231, 232, 233].

They lead to an imaginary-time evolution equation for the nucleus under the barrier, the solutions of which are called485

instantons. This theory has been tested in a few semi-realistic cases [234, 235]. Other more recent approaches include

solving directly the time-dependent Schrödinger with a complex absorbing potential [236], and using a configuration-

interaction approach (similar to the nuclear shell model) to test the validity of the adiabatic hypothesis, namely the

fact that the potential energy surface is precomputed [237, 238]. Although most of these attempts have been tested

with toy-model Hamiltonians and sometimes involved important numerical simplifications, they clearly suggest that490

the adiabatic approximation may overestimate the spontaneous fission half-life significantly.

To finish this section, we should mention a particularly exotic spontaneous fission mode called “cluster” radioac-
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Figure 10: Summary of spontaneous fission calculations with the SkM* EDF for even-even super-heavy nuclei. (a) Inner fission

barrier heights EA (in MeV); (b) SF half-lives log10 τSF (in seconds); (c) α-decay half-lives log10 τα (in seconds); (d) Dominant

decay modes. If two modes compete, this is marked by coexisting triangles. Figures reproduced with permission from [16] courtesy

of Staszczak; copyright 2013 by The American Physical Society.
〈fig:t_sf〉

tivity, where one of the fragments is a small nucleus of up to mass A ≈ 20 that is much smaller than its partner [239].

While initial descriptions of this decay mode were based on extrapolating the α-decay model of Gamow [240], it

was shown early on that standard fission model techniques based on computing tunneling probabilities across multi-495

dimensional potential energy surfaces could be very successful [241, 242]. The main difference is that these PES must

probe extremely asymmetric shapes with, e.g., a much larger ratio 〈Q̂30〉 / 〈Q̂20〉 than for traditional fission modes.

This phenomenon was studied extensively in the framework of the SR-EDF approach [243, 18] and was suggested as

the primary decay mode of Oganesson (Z = 118) isotopes [19, 244].
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3.2. Neutron-Induced Fission500

?〈subsec:induced〉?
Neutron-induced fission plays a special role both in basic science and in technological applications of fission. As

the name indicates, it is a special case of fission that is triggered when a neutron interacts with a (heavy) target (Z,N)

of binding energy B(Z,N). Assuming for now that the neutron is absorbed by the target, the energy of the resulting

nucleus is then B(Z,N) + En: this nucleus is thus in an highly excited state of energy E = B(Z,N) + En −

B(Z,N + 1) (binding energies are negative). In the case of the 235U(n,f) reaction, for example, the binding energies505

of 235U and 236U are B(235U) = −1783.102 MeV and B(236U) = −1789.648 MeV leading to an excitation energy

of E = En + 6.546 MeV. In the standard view of fission as a deformation process, neutron-induced fission occurs

or, more precisely, has a large probability to occur whenever E (in the compound nucleus) exceeds the height of the

highest fission barrier. For some naturally-occurring elements such as 235U, this happens regardless of the energy

En of the incident neutron: these elements are called fissile. Odd-mass nuclei are a lot more likely to be fissile than510

even-even ones: pairing correlations induce an additional gain in binding energy after the absorption of the neutron,

which increases the chance for the compound nucleus to be at an energy above the fission barrier. Elements where

fission can be triggered by higher-energy neutrons, with En > 1 MeV, are called fissionable or fertile and a typical

case of interest for nuclear technology is 238U.

Qualitatively, the fission cross section σnf can be thought of as the probability (expressed as a surface area) that an515

incoming beam’s neutron is captured by the target and that the resulting nucleus decays through fission. It is obviously

a function of the energy of the incident neutron. A very pedagogical introduction to this topic can be found in [38]. In

practice, the theoretical treatment of neutron-induced fission is thus markedly more complex than that of spontaneous

fission. Because of the substantial amount of excitation energy in the fissioning nucleus many decay channels such as

neutron emission (n, xn), radiative capture (n, γ), etc. can be open. Crucially, the fission cross section also depends520

on the entrance channel, i.e., the probability that the neutron is absorbed in the first place – a process that competes

with scattering, both elastic (n, el) and inelastic (n, n′). Therefore, the variations of the fission cross section with

the nucleus (Z,N) or the energy En of the incident neutron depend not only on how the characteristics of the fission

process itself vary with these quantities, but also on how every other channel is affected. For example, neutron emission

from an excited nucleus cannot occur if the energy is lower than the neutron separation energy Sn. This channel is525

thus entirely closed for all E < Sn (the cross section is zero), a situation that can happen for instance in low energy

gamma-induced fission. This will in turn impact in a non-trivial way how the fission cross section will change as a

function of E.

Figure 11 lists some of the various channels that should typically be considered in a heavy nucleus such as ac-

tinides and transactinides. It is important to mention that the various output channels may be populated by processes530

with very different time scales. In short-time processes, the neutron may simply scatter without interacting with the

internal region of the target nucleus. This corresponds to what is called direct reactions, which contributes to the

elastic scattering channel and possibly the inelastic one when low-energy vibrational/rotational modes of the target are

excited. In intermediate-time processes at higher energies, the neutron can lead to successive excitations/deexcitations

of single-particles degrees of freedom (DoFs) of the target with not enough time for the whole system to thermalize.535
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Figure 11: Overview of some of the most relevant reaction channels for the compound nucleus. Depending on the energy of

the incident neutron, many reaction mechanisms may be competing. These include direct reactions, where the incoming particle

interacts with specific rotational/vibrational modes of the target, and pre-equilibrium reactions, where several single-particle exci-

tations/deexcitations take place without a complete thermalization of the compound system. The total cross section is the sum of

the cross sections of each process.
〈fig:reactions〉

This is the pre-equilibrium part of the cross section [245], which populates mostly the inelastic scattering channel.

Finally, the longer-time processes consist in the absorption of the neutron leading to a thermalized compound nucleus.

In this case, one assumes that the compound nucleus is in a strongly-damped regime [246, 247, 248, 249, 250]: its

wave function is a very complex, incoherent linear superposition of many different types of intrinsic, collective and

coupled wave functions. The compound nucleus itself emits particles and populates a variety of output channels. Due540

to its typically large time scale, neutron-induced fission falls into this category of compound nucleus processes.
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Figure 12: Fission cross sections in the reaction 239Pu(n,f) as a function of the energy of the incident neutron. Data taken from the

EXFOR database [251, 252]; measurements from [253]. Left: thermal and resonance region En < 0.1 MeV; both axes are in log

scale. Right: fast region En > 0.1 MeV; the y-axis is in linear scale while the x-axis is in log scale.
〈fig:cross_sections〉

As an example, Fig. 12 shows the variations of the fission cross section as a function of the incident neutron energy

for the case of 239Pu(n,f). At very low energies En < 0.1 eV (the thermal regime), the cross section varies smoothly
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with the energy and is roughly proportional to the time spent in the vicinity of the nucleus, hence to the inverse of the

neutron velocity. At such low energies, the (n, n′) and (n, xn) channels are closed and the fission cross section results545

from the competition between elastic scattering, photodeexcitation and actual fission. In fact, the smoothly decreasing

trend mostly reflects the fact that the probability of absorption decreases with neutron energy (or equivalently: the

scattering probability increases). The epithermal or resolved resonance region ranges from 1 to about 104 eV. In

this range of neutron energies, the resonances associated with the capture of the neutron by the target can be resolved

experimentally. In this maze of resonances, only a few actually corresponds to resonances in the fission output channel550

from a compound nucleus. Most of them are in fact related to the probability of capturing the neutron, i.e. the input

channel. Finally, the region of En > 100 keV corresponds to what is defined as fast neutrons. At such energies, most

decay channels are open: (n, γ), (n, n′) and (n, xn). The rapid increase of σnf at around 5-6 MeV corresponds to

second-chance fission, i.e., a neutron is emitted from 240Pu but leaves enough energy in the 239Pu daughter that this

nucleus fissions. Note that several features of the resonance and fast-neutron region are markedly different in fissile555

and fissionable (or fertile) elements, as illustrated in Figure 15 page 31.

As this introduction may already suggest, accurate predictions of fission cross sections are extraordinarily chal-

lenging. The large number of reaction mechanisms that must be taken into account, the range of time or energy scales

involved and the need for high-precision calculations imply that several models, each characterized by some free pa-

rameters, have to be carefully stitched together. Evaluations of fission cross sections thus typically involve of the560

order of a few dozens of parameters for each nucleus involved in the reaction process [254, 28]. Thanks to Bayesian

statistical techniques and careful accounting for sources of theoretical and experimental uncertainties [255, 256, 257],

fission cross sections can typically be reproduced within a few percents of experimental values [254, 28]. However,

these uncertainties may be underestimated because of missing experimental information and unknown model biases

[258].565

3.2.1. Fission Rates at High Energy
?〈subsubsec:rates〉?

One of the earliest theories attempting to compute the probability of induced fission was proposed by Kramers

[259]. The main hypothesis is to assume that the fission rate can be obtained by computing the flux of a current of

probability j(q,p, t) through the saddle point. This semi-classical and statistical model depicts the nucleus as a few

shape collective coordinates q and their associated momenta p interacting with a thermal bath of residual DoFs. The

current j(q,p, t) is computed from the probability distribution function f(q,p, t) representing the probability for the

nucleus to be at point (q,p) at time t. The equation of motion for this quantity is the Kramers equation [260],

∂f

∂t
(q,p, t) =

∑
αβ

[
−Bαβpβ

∂

∂qα
+

(
∂V

∂qα
+
∑
δ

1

2

∂Bβγ
∂qα

pβpδ

)
∂

∂pα

+
∑
γ

ΓαβBβγ
∂

∂pα
pδ +Dαβ

∂2

∂pα∂pβ

]
f(q,p, t), (13) eq:kramers

whereDαβ(q) = Γαβ(q)T is the dissipation tensor, T the temperature of the bath, Γαβ the friction tensor andBαβ(q)

the collective inertia tensor. We define the reduced friction tensor β = ΓB, that is, β ≡ βαγ =
∑
δ ΓαδBδγ . The
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Kramers equation is the extension of the Fokker-Planck equation in presence of a potential V (q) [261, 262, 263]. In

addition to not assuming a stationary process, the advantage of such approaches based on diffusion is that they include570

a mechanism to couple intrinsic excitations to collective motion through the dissipation tensor Dαβ .

In its original formulation, Kramers used a one-dimensional version of (13) where he further assumed that the

potential well near the ground state was approximately parabolic with a frequency ω′ and that the top of the barrier

was also well described by an inverted parabola of frequency ω0. In such a case, he obtained the following fission rate

λf in the limit of large dissipation,

λf =
ω′

2πω0

(√
β2

4
+ ω′2 − β

2

)
e−EB/kT , (14) {?}

where EB is the height of the fission barrier, T is the nuclear temperature, which is given (approximately) by T ≈√
E/awith a the level-density parameter,E the excitation energy, and β is the one-dimensional version of the reduced

friction tensor introduced earlier. This approach was later generalized in multi-dimensional cases [264, 265, 266, 267,

268]. In this case, assuming that the local minimum of the potential V (q) characterizing the ground state is at qgs and575

the saddle point at qB, the formula for the fission rate becomes

λf =
1

2π
e−V (qB)/kT

(
detW (gs)

|detW (B)|

)1/2

Λ, (15) {?}

with

W
(gs)
αβ =

∂2V

∂qαqβ

∣∣∣∣
q=qgs

, W
(B)
αβ =

∂2V

∂qαqβ

∣∣∣∣
q=qB

, (16) {?}

and Λ given by the only positive eigenvalue of the matrix equation det |MΛ2 + βΛ + W(B)| = 0, where M is the

collective mass tensor, M = B−1. Projecting such multi-dimensional calculations on one-dimensional trajectories is

equivalent to introducing a mass correction and an additional friction term [269].580

Early studies of fission rates were limited since numerically solving the Kramers equation (13) is notoriously

difficult [271]. However, the solutions to this equation, which are probability distribution functions, can also be

sampled by solving the stochastic Langevin equation (26). Given a large enough number of full Langevin trajectories,

the time-dependent fission rate is given by λf (t) = −1/N(t)dN/dt where N(t) is the number of trajectories that did

not escape the saddle point at time t [272, 270]. At small t, this fission rate is nearly 0, while at larger t calculations585

show that the rate converges to a nearly constant, quasistationary value [273, 274, 270] that matches what one would

obtain from the solution of the Kramers equation [275], as illustrated in Fig. 13. The transient time needed for the

system to reach quasistationary flow plays an important role when other decay channels such as neutron or γ emission

are taken into account: during that time, fission plays a relatively smaller role compared with these other processes,

and this can affect, e.g., the number of pre-scission neutrons [276]. As shown in Fig. 13, the fission rate is very590

sensitive to the size of the collective space and the excitation energy, but it also depends strongly on the value of the

dissipation coefficient [277]. Further analysis based on generalized Langevin equation allowing for non-Markovian

dynamics suggested that memory effects could be relatively strong [278]. Note that because of its classical character,

this approach cannot describe lower-energy effects related to resonances or even tunneling. Until now, it has therefore

mostly been applied to calculations of fission rates at very high energies such as encountered in heavy-ion collisions.595
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Figure 13: Fission rate calculated for the nucleus 248Cf in the case of two-body dissipation for excitation energy E = 30 MeV

(a) and E = 1500 MeV (b). The solid, dashed, and dotted curves correspond to the Langevin calculations in three-, two-, and

one-dimensional collective potential energy surfaces, respectively. Figures reproduced with permission from [270] courtesy of

Nadtochy; copyright 2007 by The American Physical Society.
〈fig:rate〉

3.2.2. Fission Cross Sections for Fast Neutrons
〈subsubsec:fast_neutrons〉

The approach presented above allows computing fission rates (or probabilities) but has not been used to the cal-

culation of fission cross sections yet. Predicting a fission cross section is actually more demanding as it requires the

proper description of both the input channel and of the competition mechanism between all the possible output chan-

nels such as, e.g., γ and neutron emission. In the fast-neutron range (En & 100 keV), such calculations are usually600

performed within the Hauser-Feshbach theory [279] and relies on a statistical picture of nuclear structure.

General Theoretical Framework. In the high-energy range the density of resonances is so high that it is impossible to

resolve them experimentally. As a consequence, theoretical approaches focus on estimating the average cross sections

over a small sliding window in energy. The standard theory to describe the average cross section for compound-nucleus

processes in this energy range is the Hauser-Feshbach theory. A pedagogical review of this approach can be found605
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in [193]. The Hauser-Feschbach framework relies heavily on the Bohr hypothesis stating that the probability for an

output channel depends only on the energy, spin and parity of the compound nucleus and is independent of the details

of its formation process [280, 281, 282, 283, 193, 194]. Its goal is to compute the average cross section σαβ(E, J, π)

that describes the formation through an entrance channel generically noted α of a compound nucleus of energyE, spin

J and parity π that subsequently decays through a channel β. Channels refer both to a certain combination of projectile610

and targets, e.g., α ≡ n +239 Pu, but also to specific combinations of quantum numbers for each of the constituents.

In this context, fission is depicted by one macroscopic channel without details about the exact fragmentations. For

example both the 138Te+102Mo and 140Ba+100Sr mass splits will be part of what is considered the fission channel of
240Pu. Given an entrance channel α = a+A corresponding to an incident particle a and a targetA, and an exit channel

β (e.g. neutron or gamma emission), the cross section for the process, assuming no width fluctuations, reads [193]615

σαβ(E, J, π) = πλ2
∑
Jπ

2J + 1

(2ja + 1)(2JA + 1)

∑
lαjαlβjβ

T Jπαlαjα(E)T Jπβlβjβ (E)∑
δ

Tδ(E)
, (17) eq:hauser-feshbach-1

where ja and JA are the total angular momentum of the incident and target nuclei, J is the total compound-nucleus

angular momentum, lα, jα and lβ , jβ are the orbital and angular momentum coupling in the channels α and β, and λ

is the reduced wavelength of the incident particle a.

The coefficients Tα(E) ≡ T Jπαlαjα(E) are the transmission coefficients for the channel α at energy E. In neutron-

induced fission, the typical decay channels involve neutron emission, γ emission, and actual fission, while the entrance620

channel is neutron absorption. In the case of resolved resonances, Tα(E) = 2πΓα/D where Γα is called the width

of the channel α, which is inversely proportional to the lifetime τ of the state through Γα = ~/τα, and D is the level

spacing at energy E [284]. In practice, the partial widths fluctuate rapidly with the energy. The average cross section

is obtained by averaging (17) over a small energy window centered on E by using the relation〈
Γα(E)Γβ(E)∑

δ

Γδ(E)

〉
= Wαβ

〈Γα(E)〉 〈Γβ(E)〉∑
δ

〈Γδ(E)〉
, (18) {?}

where 〈. . .〉 refers to the energy averaging. The actual transmission coefficients used in (17) are thus defined as the625

average quantities Tα(E) = 2π 〈Γα〉 /D and Wαβ is called the width-fluctuation correction. If 〈Γ〉 /D � 1, then this

correction can be calculated semi-analytically [285]. Let us emphasize that we have discussed here only the simplest

version of the Hauser-Feshbach theory and have restricted ourselves to the formula most relevant for fission. In-depth

discussions and additional references can be found in several review articles [286, 193]. One of the main limitations

of Hauser-Feshbach theory is its assumption that channels do not interfere, i.e., direct interactions cannot take place.630

Several extensions of the theory were developed in the 1970’s to address these issues but they are not applied very

frequently [287, 288, 289].

From a practical perspective, the application of Hauser-Feshbach theory to fission implies that we “only” have to

determine the transmission coefficients of all the relevant processes. Their expression depends on the type of channel

involved, e.g., the neutron optical model gives the neutron transmission Tn(E). In this review, we are only going to635

discuss the calculation of Tf (E); see [290] and references therein for additional details about the neutron-capture,
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neutron-emission and γ transmission coefficients.

Calculation of Transmission Coefficients. The standard method to determine fission transmission coefficients Tf (E)

consists in computing the penetrability through a one-dimensional fission barrier [291]. This involves first the con-

struction of a collective potential and inertia as a function of a single collective coordinate associated with the elon-640

gation of the fissioning system. The probability that the compound nucleus decays through fission derives from the

transmission of a collective plane wave from the low-deformations to the high-deformation domain. In other words,

the transmission coefficient is extracted from the solution of a stationary version of an equation of the type (31); see

Section 4.4. It is important to realize that such a wave equation is not the Schrödinger equation for a particle, but the

equation of motion for a collective wave packet traveling through the collective space (=deformation space) character-645

izing the fission process. Although this approach could in principle be rooted in first-principle theories [291] it is still

mostly guided by phenomenological considerations. When the energy of the system lies above the fission barrier, this

approach is often combined with the transition-state model [292]: at the top of each barrier are a sequence of discrete

excited states of energies εk. For each such state, there is an associated transmission coefficient (20) determined from a

collective potential up-shifted by an energy εk. These states are typically modeled as members of collective rotational650

bands built on top of vibrational bandheads. The total fission transmission coefficient thus becomes

Tf (E) =
∑
k

fkTf (E − εk), (19) eq:Tf_total

where fk = 1 if the spin and parity of the transition state equals that of the compound nucleus, and is zero otherwise.

Note that (19) can be extended by additionally considering a continuum of excited states [293].

The main ingredients of this approach are the collective potential and the associated inertia. For fissile nuclei such

as 239Pu and 235U, the energy E of the compound nucleus always exceeds the highest fission barrier irrespective of655

the energy of the incident neutron. In this regime, transmission coefficients are most of the time determined from

the formula given by Hill and Wheeler [294]. It is obtained by assuming that the collective potential is an inverted

parabola of frequency ω0 and height Ef . If we work within a one-dimensional collective space and further assume

that the collective inertia does not depend on the collective variable, then the wave equation can be solved analytically

and yields the following Hill-Wheeler formula for the transmission coefficient,660

Tf (E) =
1

1 + exp
[
2π(Ef − E)/~ω0

] . (20) eq:Tf

Note that the resulting transmission coefficient is independent of the collective inertia. In practice, (20) is often applied

by using semi-realistic estimates of the fission barrier height Ef from either macroscopic-microscopic [295, 296] or

fully microscopic calculations [127] and by choosing ω0 as an adjustable parameter. There have been some attempts

to modify the Hill and Wheeler formula to account for the dependence of fission barriers on excitation energy [297].

In the case of the double-humped fission barrier typical of actinide nuclei, the full transmission coefficient is computed665

by coupling the coefficients of the first (TA) and second (TB) barriers according to

Tf =
TATB
TA + TB

, (21) eq:tatb
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if we assume no decay from either the first or second potential wells [298].

Equation (20) could in principle be generalized to a more realistic collective space. Along this line, we can mention

the early work of Cramer and Nix solving the case of two inverted parabola on a finite support connected by a parabolic

shape [299]. The subsequent description of quasi-bound states in the outer potential qualitatively explains the presence670

of resonances in the fission cross section at energies below the barrier height; see Fig.14. Similar studies are performed

in [300]. Going even further, one can add an imaginary part to the collective potential, typically in the second well,

to account for the damping of collective vibrations. This idea leads to the fission optical model and is for instance

discussed in [301, 302]. As shown in the right panel of Fig.14, such an approach well reproduces the large (few 100

keV) resonances just below the fission threshold.675

Figure 14: Left: Fission transmission coefficient as a function of the excitation energy of the fissioning system. The one humped

Hill-Wheeler estimation (red curve) is compared to its counterpart when coupling two barriers as in (21) (green dotted line) as well

as the one obtained from a Cramer-Nix potential (full black line). While the Hill-Wheeler formula gives a smooth evolution with

energy, the Cramer-Nix approach predicts resonances in qualitative agreement with experiment. Courtesy of P. Tamagno [298].

Right: 234U cross section predicted by the extended optical model for fission (full black line) compared to various experimental

data. Figure reproduced with permission from [301] courtesy of M. Sin; copyright 2016 by The American Physical Society.
〈fig:fission_transmission〉

It could also be possible to solve (20) numerically for an arbitrary potential and inertia functions. Doing so still

poses a number of practical challenges. Encoding the physics of fission requires collective spaces with more than

one deformation degree of freedom. Most importantly, the Hill-wheeler equation was obtained by neglecting the

deformation dependence of the collective inertia: in this case, the final formula is independent of it. In a more realistic

calculation, the transmission coefficient would most certainly depend on it – like the spontaneous fission rate (12).680

The problem of which boundary conditions to adopt is also not trivial. Finally, the extreme sensitivity of the fission

cross section to the barrier height as well as to the fine structure of the resonant states in the secondary potential well

makes such approaches highly challenging.

3.2.3. Resolved Resonance Region: the R-matrix Formalism
〈subsubsec:resonances〉

When the energy of the compound nucleus becomes close to the top of the fission barrier, or is even lower than685

it, the situation becomes more complex as both the level structure of the two potential wells and their coupling begin
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playing a role [303, 304]. In particular, the excited states associated with the second potential well, which correspond

to more elongated shapes and have a higher probability to fission, play the role of doorway states for the fission exit

channel [305, 306, 307]. The presence of such intermediate structures – states that are neither continuum states with

a very broad width nor are pure single-particle or collective states with a very narrow width – in the cross sections690

partly explains the structure of the resolved resonance region at 10 eV < En < 10 keV in Fig. 12, together with the

resonances that come from the entrance channel and reflect an enhanced probability that the neutron is absorbed.

While the Hauser-Feschbach theory captures well the smooth-energy trends of the cross sections, it is, by design,

not able to describe the narrow resonances observed in the intermediate-energy range. The description of these fine

structures relies on another formalism: the R-matrix theory. The R-matrix theory is a general, multi-channel approach695

especially designed to handle resonances [308, 309]. More specifically, it is the reference method used for evaluating

the neutron cross sections in the resolved resonance region (RRR) and is extensively used to fit experimental cross

section data [310, 311].

We recall that in the standard R-matrix theory of a reaction between a projectile and a target, space is divided into

two regions, the interaction (or internal) and asymptotic regions, and the system target+projectile is also divided into700

two subsystems with different numbers of particles and quantum numbers (=the channels α) [308, 309]. The wave

function in the external region is the product of the intrinsic wave functions of each subsystem and an asymptotic

wave function for the relative motion of the center of mass; in the internal region, it is a many-body wave function.

The actual R matrix is a mathematical object that connects the wave functions of all possible output channels at the

boundary between the internal and external regions.705

Fission requires a special treatment in the context of the R-matrix due to the fact that it is not by itself a well

defined output channel but can actually lead to a large number of different fragmentations. The extension of the R-

matrix formalism to the case of fission was first formalized by Lynn [312, 313, 314]; a comprehensive and pedagogical

presentation of his model can also be found in [315]. The basic idea is to identify a set of collective variables η that

defines the fission channel and separate it from all the other degrees of freedom ξ of the nucleus. In all applications of710

this formalism, the vector η has only one component η that typically coincides with the axial quadrupole deformation

β of the nucleus – which is also one of the collective variables used to define PES; see Section 2. The associated

collective motion will only include the corresponding β-vibrational modes, i.e., the shapes vibrations of the axial

quadrupole moment of the nucleus. In this approach the many-body Hamiltonian is expanded as [315]

Ĥ = Ĥvib(η) + Ĥint(ξ) + Ĥc(η, ξ), (22) eq:H_rmatrix

where the collective Hamiltonian Ĥvib(η) acts only on the fission mode variables η. The intrinsic Hamiltonian opera-715

tor Ĥint(ξ) acts only on the intrinsic variables ξ, which includes single- or quasi-particle degrees of freedom, rotational

modes and any non-β-vibrational mode. The term Ĥc(η, ξ) encodes the coupling between the fission modes and all

intrinsic excitations. In analogy to standard R-matrix theory, the total space, here the collective space of deforma-

tions η, is divided into two regions, internal and external. Traditionally, the fission channel “radius” that defines the

boundary is put near, or at the outer barrier denoted η0 [314].720
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Figure 15: Left: Fission cross section for the 240Pu(n,f) reaction in the resonance region for 0 ≤ En ≤ 4 keV. The data is taken

from [316]. Right: Same quantity for neutrons energies 10 keV ≤ En ≤ 50MeV. Data taken from [316, 317].
〈fig:cross_sections_1〉

In the internal region, the eigenstates Xλ of the complete Hamiltonian (22) are expanded as

Xλ =
∑
n

∑
ν

Cλnν(η0)Φη0
n (η)χν(ξ), (23) eq:expand_internal

where the basis wave functions of the vibrational modes are denoted by Φ
η0
n (η). The notation indicates that these are

eigenfunctions of the collective, vibrational Hamiltonian that only depend on η but with specific boundary conditions

set at η = η0. The basis wave functions for the intrinsic excitations are χν(ξ) and correspond to eigenstates of the

intrinsic Hamiltonian. They define the Bohr fission channels. For the double-humped barrier typical of actinides,725

collective vibrational states can only be built inside the two potential wells corresponding to the ground state and the

fission isomer. Therefore, one can adapt the expansion (23) as follows,

Xλ =
∑
n

∑
ν

Cλ;I
nν (η0)Φη0;I

n (η)χν(ξ) +
∑
n

∑
ν

Cλ;II
nν (η0)Φη0;II

n (η)χν(ξ), (24) eq:expand_internal_1

where the additional labels I and II refer to states that localized primarily in the first and second well respectively.

These are referred to as class-I and class-II states. The computation of the matrix elements of the total Hamiltonian

with the ansatz (24) makes manifest the potential couplings between the two wells. Different regimes of coupling730

(weak coupling, uniform mixing) lead ultimately to different resonant structures in the fission cross section which

are presented in great details in [291]. It includes phenomena going from the large (100 keV) sub-barrier vibrational

resonances observed for instance in 230Th(n,f) to the clusters of low-energy (a few keV) fission resonances illustrated

in Fig. 15. In this formalism it is possible to interpret such structures as the interplay between class I and class II states.

Upon formation, the nucleus has some probability (and associated width) to pass the first fission barrier and to exit in735

the second potential well. In that second well, the system has a (much higher) probability of fissioning. The amount

of couplings depends on the energy of the nucleus and on all other possible decay modes inside the two wells.

The final product of the formal R-matrix theory is a link between the scattering matrix, hence the cross section,

and a set of parameters related to the internal wave functions Xλ. The theory was initially successful at explaining

qualitatively the large number of narrow resonances (intermediate structures) in the fission sub-barrier cross sections740
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Figure 16: Fission cross-sections as a function of the energy of the incident neutron for a chain of Plutonium isotopes. Calculations

were performed using R-matrix theory for sub-barrier fission and are compared to experimental measurements and reference eval-

uations. Figures reproduced with permission from [318] courtesy of Bouland; copyright 2013 by The American Physical Society.
〈fig:pu_cs〉

[312, 313, 314, 306, 319]. It is now used routinely as an advanced theoretical framework in the context of cross section

evaluation to fit existing measurements [320, 321]. To our knowledge, the R-matrix formalism has not yet been used

to predict (instead of fitting or analyzing) features of resonances starting from a first-principle Hamiltonian. Although

possible in principle, such predictions would require the knowledge of the internal region at a level of precision that is

most likely beyond what is possible with state-of-the-art many-body theories.745

In recent years, the focus of such approaches has also shifted to the prediction of the average fission cross section

in the continuum energy range [318, 322, 323]. Figure 16 shows an example of the fission cross sections in several

Plutonium isotopes obtained within this formalism. The idea is to consider a stochastic ensemble of realistic R-

matrices that account for a statistical ensemble of resonances. One then determines the cross section as an average

over all the cross sections obtained with the R-matrix samples. This kind of approach bridges the R-matrix formalism750

with the Hauser-Feshbach approach. In the latter, the optical potential phenomenologically accounts for the averaging

over resonances.

4. Formation of Primary Fission Fragments

〈sec:lacm〉
In the previous two sections, we have described how the concept of nuclear fission emerges naturally from a

description of the atomic nucleus in a symmetry-breaking mean field, where fission probabilities are related to quantum755

tunnelling through a multi-dimensional potential energy surface and fission cross sections to the presence and structure
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of deformed excited states. In this section, we assume that fission is happening and we review the methods capable of

predicting the primary fragments properties. One may distinguish two classes of theoretical approaches. The first one

relies on defining an ensemble of scission configurations and populating them according to a statistical distribution.

The so-called scission point models that we discuss in Section 4.1 are prime examples of this class of methods. A760

second option is to describe explicitly the dynamics of the process as the nucleus evolves from its weakly-deformed

initial state toward configurations where two primary fragments can be identified. Such models of fission dynamics

can be further subdivided into two sub-categories:

• Real-time, time-dependent calculations simulate a single fission event, that is, the evolution in time of a single

configuration of the fissioning nucleus. A single solution of the Langevin equation or a single random walk765

(Section 4.2) or a fully self-consistent time-dependent Hartree-Fock (TDHF) or time-dependent Hartree-Fock-

Bogoliubov (TDHFB) trajectory (Section 4.3) are examples of such techniques;

• Time-dependent collective models simulate the time-dependent evolution of the probability distribution of pop-

ulating a specific configuration. The most common example of such an approach is the quantum-mechanical

time-dependent generator coordinate method (TDGCM) presented in Section 4.4 [324]. Although it has been770

applied very rarely in practical calculations, its classical equivalent would be the Kramers equation [260].

The two classes of methods are obviously related. For example, sampling many different single-configuration tra-

jectories allows reconstructing probability distributions: this is how fission fragment distributions can be extracted

from Langevin or random walks simulations and could, in principle, be compared with the equivalent time-dependent

collective model. As we will discuss in more details in Section 6, the main goal of time-dependent models of fis-775

sion dynamics is to predict actual observables related to the primary fission fragments such as their distribution in

charge and mass as well as their total kinetic energy (TKE) distribution. These initial conditions are important inputs

to be used in fission event generators to simulate the deexcitation of the fragments and compare with experimental

measurements (cf. Section 5).

4.1. Statistical Models for Fission Fragment Distributions780

〈subsec:statistical〉
Before the 1980’s, solving explicitly time-dependent differential equations to directly simulate fission dynamics

often exceeded the available computational resources. At the same time, there was a consensus that the characteristics

of the potential energy surface of the fissioning nucleus at scission played a key role in determining the fission fragment

mass and charge distributions. In particular, it had become clear that the nuclear shell structure and, more generally, the

deformation properties of the fission fragments were important drivers in setting their relative abundance [191, 192].785

What is known as the scission-point model is an attempt to take advantage of these observations to obtain realistic

estimates of the primary fission fragment distributions without simulating the dynamics explicitly. Scission-point

models rely on the hypothesis of quasi-statistical equilibrium at scission: it is assumed that the dynamics of fission

populates scission configurations in a statistical manner. Scission-point models have been relatively successful and

have the clear advantage of being computationally rather cheap (cf. Fig 2) since all that is needed is a “good” potential790

energy surface: it entirely avoids simulating fission dynamics.
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In most implementations of scission-point models, the PES is not computed from the potential energy of the

fissioning nucleus, but instead defined as the sum of the potential energy of each fragment Vi(qi), i = 1, 2 and of

the interaction between them, which depends mostly on their relative distance d12. The latter term contains both a

Coulomb and nuclear component,

V (q) =V1(Z1, N1, q1) + V2(Z2, N2, q2)

+ VCoul(Z1, N1, q1, Z2, N2, q2, d12) + Vnucl(Z1, N1, q1, Z2, N2, q2, d12). (25) eq:SPM_potential

After the total potential energy V (q) of the system at scission has been tabulated, the probability of populating a given

fragment at a given excitation energy E∗ can be computed in several ways. One option is to relate it to a statistical

Boltzman factor, i.e. ∝ e−V (q)/T where T is a “collective temperature”, which can be either a parameter of the model

or related to excitation energy via the usual E∗ ≈ aT 2 expression [192, 325]. Another option consists in relating it795

to the level density in each fragment at the current excitation energy E∗ [326, 327]. This latter prescription requires

introducing a mechanism to share the total excitation energy (TXE) available among the fragments; see discussion in

Section 6.4. Obviously, different assumptions can be made about the ingredients of the calculation, such as the size of

the deformation space for each fragment, the specific model of the interaction between the fragments, and the method

used to populate each fragmentation. Overall, scission-point models reproduce fairly well the mass yields, for example800

in the neutron-induced fission of major actinides [325], or the transition between symmetric and asymmetric fission in

heavy actinides such as Fm isotopes [328, 329]. The models can be extended to predict other important observables

such as the TKE of the reaction and the neutron emission in actinides [330].
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Figure 17: Primary fragments mass distribution for the spontaneous fission of 252Cf. Left: Comparison of the scission point model

of [331] (full line) to experimental data (black dots). Figure reproduced with permission from [331] courtesy of H. Pasca; copyright

2019 by The American Physical Society. Right: Comparison of the scission point model SPY-2 with a smoothing (full red line)

to experimental data (black dotted line). The raw predictions of SPY-2 (green full line) along with the predictions of SPY-1 (blue

dotted line) are also plotted for the record. Figures reproduced with permission from [327] courtesy of J.-F. Lemaitre; copyright

2019 by The American Physical Society.
〈fig:pasca_prc_2019_fig1〉

The low computational cost of scission-point models makes systematic studies over a large range of fissioning sys-
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tems possible; see, e.g., [327]. Key ingredients of these approaches include the ensemble of configurations considered805

in the neighborhood of scission and the details of the potential energy (25). The ensemble of scission configurations

is inevitably chosen in a somewhat arbitrary way since the very concept of scission remains ill defined, as mentioned

in Section 2.3. As for the nuclear potential energy, it was historically computed in the macroscopic-microscopic ap-

proach outlined in Sec. 2.1 [192, 325, 328, 328, 330] while recent versions have also relied on HFB potential energy

[326, 327]. In both cases, there have been not systematic studies to propagate the uncertainties associated with either810

the parameters of the liquid drop model and average nuclear potential or the parameters of the energy functionals

on the predictions from scission-point models. As a result, different scission-point models may predict significantly

different primary fragments distributions as illustrated in the right panel of Fig. 17.

4.2. Classical Dynamics
〈subsubsec:t_classical〉

Fission is by nature a time-dependent process and one would be forgiven to think that static approaches such as815

the scission-point model may not capture all facets of the phenomena. Going beyond such models therefore requires

describing the time evolution of the nucleus starting from its nearly spherical shape up to well-separated primary

fragments. A fully microscopic theory of this process involves a quantum and real-time evolution of more than

200 nucleons characterized by their position and spin/isospin quantum numbers. The complexity of this task scales

exponentially with the number of DoFs and makes it impossible to solve exactly the associated Schrödinger equation820

even on state-of-the-art supercomputers. A long-term goal of fission theory is thus to find reliable approximations,

or reductions, of this quantum many-body dynamics that capture the physics of fission while staying computationally

tractable (cf. Fig. 2).

The first possible level of approximation is based on a classical and statistical picture of the dynamics, which leads

to the well-known Langevin equations. These equations have a long history in physics and we refer to the review825

articles [260, 332] for a detailed discussion of their various forms in the context of nuclear physics. In this section,

we simply want to recall the basic form of the Langevin equations and highlight some of the results that have been

obtained from their application to fission.

The Langevin equations originate from a transformation of the classical nucleonic degrees of freedom into (i) a

few collective coordinates q(t) = (q1(t), . . . , qN (t)) and their associated momenta p(t) = (p1(t), . . . , pN (t)) (ii) the

set of all remaining degrees of freedom usually dubbed intrinsic DoFs. The idea is to choose properly the collective

variables such that the formation of the primary fragments is mostly independent of the detailed characteristics of

the intrinsic DoFs. With this in mind, the intrinsic DoFs are often interpreted as a thermal bath interacting with the

collective DoFs. The resulting Langevin equations of the system describe the dynamics of the collective DoFs and

read

q̇α =
∑
β

Bαβpβ , (26a) {?}

ṗα =− 1

2

∑
βγ

∂Bβγ
∂qα

pβpγ −
∂V

∂qα
−
∑
βγ

ΓαβBβγpγ +
∑
β

Θαβξβ(t). (26b) {?}
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The scalar field V (q) is the potential energy, B(q) ≡ Bαβ is the collective inertia tensor and Γ(q) ≡ Γαβ(q) the
〈eq:langevin〉

coordinate-dependent friction tensor. A dissipation term is encoded in the random force ξ(t). Its strength Θ ≡ Θαβ is830

related to the friction tensor through the fluctuation-dissipation theorem,
∑
β ΘαβΘβγ = ΓαγT , with T ≡ T (q) the

local temperature of the bath of intrinsic DoFs at point q.

There are many different ways to compute the ingredients entering (26), that is, the fields V (q), B(q), and Γ(q).

These quantities must be pre-computed by a nuclear model capable of giving realistic estimates of nuclear deforma-

tion properties. Traditional applications of the Langevin equation often rely on the macroscopic-microscopic model835

described in Section 2.1 to compute them. In addition, a popular way to determine the friction tensor is the wall-and-

window formula, which describes the energy exchange between collective and microscopic DoFs in the framework

of classical thermodynamics [333, 334]. All in all, these ingredients rely on 10-20 parameters typically calibrated on

ground-state properties of nuclei across the whole nuclear chart [71, 72], together with a few additional parameters

per fissioning system [335]. With such parameterization, the predictions typically match our experimental knowledge840

for the primary mass distribution of actinides within 20% at the peaks. The actual uncertainties on, e.g., the mass dis-

tributions, that result from propagating the uncertainties resulting from the calibration of the model parameters have

not been rigorously quantified yet.

There have been recently a few attempts to couple microscopic inputs computed from the EDF approach with the

semi-classical dynamics given by the Langevin equation [336, 337, 244, 338, 339]. In this case, V (q) is the HFB845

energy and B(q) the collective inertia tensor briefly discussed in Section 3.1. Note that the friction tensor can also be

computed from a microscopic approach as for instance in [340]. Along the same lines, it is very important to keep in

mind that the formal and technical difficulties in determining the scission configurations discussed in Section 2.3 will

be relevant when solving the Langevin equation since the end-point of Langevin trajectories typically correspond to

scissionned configurations.850

To obtain meaningful estimates of fission observables, the equations (26) must be solved many times, possibly with

different initial conditions. These statistical fluctuations of the initial state mimic here the quantum fluctuations of the

system. Because of the stochastic nature of the equation of motion, each trajectory is unique. If sufficiently many

trajectories are sampled, probability distributions can be reconstructed. The full Langevin equations have thus been

applied to studies of fission rates [270], to the determination of the charge and mass distribution of fission fragments855

[341, 335, 342], and to the evaluation of the TKE [340, 335, 343, 344, 345]. Figure 18 shows an example of the latter

calculations. Finally, it is possible to include into the Langevin framework the competition between fission and the

emission of light particles such as neutrons or γ rays. This is of particular interest to study multi-chance fission at high

energies [346].

If the motion across the potential is strongly dissipative, it makes sense to assume that collective velocities are very860

small. In this case, we can neglect terms proportional to the square of the velocities as well as the acceleration terms

[347, 348]. The Langevin equation takes the much simpler form of the Smoluchowski equation∑
βγ

Γαβ q̇β = − ∂V
∂qα

+
∑
β

Θαβξβ(t). (27) eq:smoluchowski
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Figure 18: Distribution of TKE as a function of the fragment mass number for the fission of 236U at excitation energy E = 6.545

MeV. The red curve represents the kinematically allowed maximal value of TKE given by Q + E, where Q is the Q-value of the

reaction 235U(n,f). Figures reproduced with permission from [343] courtesy of Usang; copyright 2017 by The American Physical

Society.
〈fig:TKE_A〉

The Smoluchowski equation (27) was used to compute estimates of primary fission fragment distributions [347, 348,

349, 350, 351, 30]. The formalism was extended in [350] to describe fission dynamics at higher excitation energies.

In the case of the macroscopic-microscopic model, the main effect of increasing excitation energy is to destroy shell865

corrections [99, 352, 103], although the macroscopic energy should in principle also be modified [100]. One can

incorporate this effect by computing, at each deformation point q of the standard macroscopic-microscopic PES, a

local temperature T (q) based on the value of the relative excitation energy at this point. This local temperature can then

be used to modify the Strutinsky shell correction and generate PES at finite excitation energy; see examples in [103,

353]. This approach was used in [340, 343] to analyze the impact of excitation energy on dissipation. A simplified870

version of temperature-dependent shell corrections consists in multiplying the shell correction by a phenomenological

damping factor. Figure 19 shows the impact of the PES underpinning the random walk calculations at finite excitation

energies. At temperatures T > 1 MeV, such an approximation works rather well and has been used in large-scale

calculations in [350], but it fails to account for the more complex dependency of the yields at low excitation energies.

In this regime, an alternative to temperature-dependent shell correction is to use level densities to guide the evolution875

of the Metropolis walk on the surface [354].

The hypothesis of strongly-damped motion was originally introduced with semi-phenomenological arguments

based on the wall-and-window model for dissipation [333, 356]. Early attempts at verifying this hypothesis from

more microscopic arguments related to the nuclear shell structure suggested that dissipation may be even stronger than
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Figure 19: Relative fragment charge distribution fo the fission of 234U at E = 11 MeV excitation energy. Each curve was obtained

by solving (27) with different prescriptions for the PES: a pure liquid drop formula (Umacro), the standard macroscopic-microscopic

potential defined by (1) (UT=0) and a modified version of the latter where the shell correction is multiplied by a damping factor

S(E) (UE). Figures reproduced with permission from [350] courtesy of Randrup; copyright 2013 by The American Physical

Society.
〈fig:damping〉
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Figure 20: Collective flow energy Eflow(t) as a function of time in the fission of 240Pu. Each curve correspond to a simulation with

different energy functional and/or pairing characteristics. Error bars indicate variations with respect to different initial conditions.

Figures reproduced with permission from [355] courtesy of Shi; copyright 2019 by The American Physical Society.
〈fig:dissipation〉

anticipated [357]. Theories of dissipation based on transport models were introduced to provide a better description880

of the dissipation tensor in either the Langevin or Smoluchowski equations [200, 358, 359]. In recent years, fully

microscopic simulations of fission based on TDHF+BCS and TDHFB also predict a strongly dissipative dynamics

along with very small velocities of the one-body-density multipole moments [360, 56, 355]. This is illustrated in
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Fig. 20, which shows the collective kinetic energy

Eflow(t) =
1

2

∫
d3rmv2(r, t)ρ(r, t), (28) {?}

in the descent from saddle to scission in the real-time simulation of 240Pu. Here the local collective velocity v(r, t) is885

given by v(r, t) = j(r, t)/ρ(r, t) with j(r, t) the usual current density j(r, t) = 1
2i (∇−∇′)ρ(r, r′, t)

∣∣
r′=r

[68].

For most of the evolution, this collective energy is of the order of 1-2 MeV, which is less than 10% of the variations in

potential energy and less than 1% of total energy released at scission.

4.3. Time-Dependent Density Functional Theory
〈subsubsec:t_diabatic〉

The Langevin equations and their different variants provide a computationally tractable method (cf. Fig. 2) to890

study the real-time evolution of a fissioning nucleus in presence of dissipation and fluctuations but they present a

few limitations. For instance, a classical treatment of dynamics cannot account for tunneling effects, which is crucial

for spontaneous fission. In addition, going beyond a thermal bath description of the intrinsic DoFs is necessary

if one wants to predict detailed properties of the emerging fragments such as, e.g. the energy or spin of primary

fragments. The goal of microscopic approaches is to overcome these limitations by describing the quantum dynamics895

of the many-body wave function associated with all the nucleonic DoFs. A reduction in complexity is enforced

by a variational principle that limits the possible many-body wave functions to a subspace of the complete Hilbert

space. Assuming that the many-body wave function remains a product state at all times leads to the time-dependent

density functional theory (TDDFT). In this article, we include under the label TDDFT an arsenal of different methods

including TDHF, THDF+BCS, TDHFB. A detailed discussion of how these methods are related can be found, e.g. in900

[141, 361]. Several important aspects of the general formalism have been presented in review articles and textbooks;

see [362, 363, 364, 365, 202, 144, 68]. A more succinct presentation of the theory specifically geared toward fission

theory can be found in [366].

Time-dependent density functional theory is especially relevant for fission: given an initial state, which is typically

a deformed, SR-EDF solution, TDDFT describes the real-time evolution of the nucleus as it deforms all the way until905

the point of scission and even beyond; see Fig. 21. For instance, in [367] the dynamics is simulated up to fragments

separated by a distance of 30 fm. At this stage the nuclear interaction between the fragments is negligible and the

properties of the primary fragments such as their excitation energy and spin can be reliably estimated. The simplest

version of TDDFT is the time-dependent Hartree-Fock (TDHF) theory which leads to the equation of motion

i~
∂ρ

∂t
=
[
h[ρ(t)], ρ(t)

]
, (29) eq:tdhf

where ρ(t) is the time-dependent one-body density matrix and h[ρ(t)] the Hartree-Fock mean field – the time-910

dependent version of the mean field h in (8). The time-dependent Hartree-Fock-Bogoliubov (TDHFB), which includes

the pairing degrees of freedom in the dynamics, is obtained from (29) by doing the substitutions ρ(t) → R(t) and

h[ρ(t)] → H[R(t)]; see (8). Note that practical implementations of these theories in nuclear physics always rely

on an energy density functional to encode the nucleon-nucleon interaction. The predictive power of such theoretical
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Figure 21: Real-time evolution of the one-body density in the asymmetric fission of 240Pu. The predictions are obtained from a

TDHF+BCS calculation. The 3D surface highlights the half-saturation density (0.08 fm−3) isosurface whereas the projected color

map corresponds to a localization function of the nucleons. Figures reproduced with permission from [116] courtesy of Scamps;

copyright 2018 by Nature.
〈fig:scamps_nature_2018_fig1〉

approaches therefore depends on the 10 to 20 parameters associated with the energy density functional, as already915

mentioned in the context of spontaneous fission in Sec. 3.1.

Negele and collaborators reported the first application of the TDHF formalism to fission back in 1978 [82]. How-

ever, these initial simulations included a large number of rather strong simplifications; the earliest realistic application

of TDHF to fission can probably be attributed to Simenel and Umar [368]. One important result of their work was

the quantitative prediction of vibrational modes in the fission fragments (see also [369]) and the determination of a920

mechanism to estimate the TKE of the reaction and the excitation energy of the fragments. The implementation and

release of efficient TDDFT codes without symmetry assumptions [370, 371, 372] together with the inclusion of su-
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perfluidity at the BCS [373] and full HFB level [56] were key to popularize this approach. Among the most important

early results was the confirmation that pairing degrees of freedom are indispensable to reach the point of scission: pure

TDHF calculations initialized around the saddle point of the fission barrier in actinides failed to reach that point unless925

a significant boost in energy was imparted to the system [374, 375]. Including pairing degrees of freedom, even at the

TDHF+BCS approximation with BCS occupation frozen after a given time, completely removed the need to introduce

such boosts [373]. This mechanism naturally results from the ability of pairing correlations to pass through single-

particle level crossings, as schematically depicted in Figure 22. For this reason, pairing has been dubbed the “fission

lubricant”. The TDDFT approach successfully predicts many properties of the average primary fission fragments such930

as their kinetic energy, with a precision of a few percents [56], their deformation close to scission [116], and more

recently the spin of the fragments [367].

Figure 22: Top: Schematic evolution of single-particle orbitals as a function of deformation. The thick line represents the last

occupied state and the up and down arrows the Cooper pairs of nucleons on that level. Bottom: corresponding evolution of the total

nuclear energy. Each crossing of the s.p. level results in the transition to a new intrinsic configuration and change of the potential

energy. Figures reproduced with permission from [355] courtesy of Shi; copyright 2019 by The American Physical Society.
〈fig:crossings〉

The TDHF and TDHFB formalisms are often called semi-classical, in the sense that they do not allow collective

quantum tunneling: if a TDHF(B) evolution was initialized in a configuration ρ(t = 0) (R(t = 0)) inside a potential

well determined from constrained HF(B) calculations, the system would remain inside that well [59]. As a practical935

consequence, the initial state of such calculation for fission always lies after the saddle point with a rather large

deformation. Various extensions of the TDDFT methods to imaginary time have been proposed to handle quantum

tunneling but have rarely been applied in practical calculations [230, 231, 376, 232, 234, 235]; see also Section 3.1.
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In spite of its advantages, current implementations of TDDFT are also not well adapted to describing large fluctu-

ations of observables, i.e. the quantity 〈∆Ô2(t)〉 = 〈Ô2(t)〉−〈Ô(t)〉
2

[363, 377, 365]. This limitation stems from the940

restriction of the many-body wave function to a Slater or Bogoliubov state that does not encode enough correlations.

As a result TDDFT predictions capture well the features of the average fragmentation but systematically underesti-

mate the associated quantum fluctuations. For this reason, they are not the most efficient tools to generate, e.g., fission

fragment distributions. There have been several attempts to go beyond “simple” TDHF(B). In the stochastic mean

field theory, random fluctuations of the density matrix are used to generate an ensemble of trajectories (in the space945

of density matrices) that are similar to TDHF [378, 379, 380]. This trick allows extracting reasonable estimates of

kinetic energy distributions but the quantum coherence of the system is lost. Other on-going investigations along this

line simply introduce various phenomenological terms simulating dissipation and fluctuations in the TDHFB equation

[381]. The Time-dependent RPA as well as the Balian-Veneroni variational principle are other approaches that could

be used, in principle, to get additional fluctuation while retaining quantum coherence [365, 382], but it has only been950

applied in heavy-ion collisions so far [196, 383]. Another possibility consists in mixing TDDFT trajectories in the

quantum-mechanical sense: early attempts were based on TDHF trajectories [384] while more recent ones rely on full

TDHFB solutions (albeit in a simplified system) [385].

As discussed in the previous section, the strongly dissipative nature of fission is another result that had been invoked

as a reasonable hypothesis by many authors and was observed in the context of TDHFB simulations [360, 56, 355].955

However, whether this strong dissipation would remain when exploring a larger variational space than in current

implementations of TDDFT, e.g., involving a quantum mixing of time-dependent mean-field states with different

deformations at any given time, is yet to be determined. Finally, note that dissipation is also largely caused by pairing

correlations: the same mechanism that allows the system to go across single-particle crossings explains both that the

system can deform sufficiently up to scission and that the collective energy is dissipated into changes of intrinsic960

configurations [386].

4.4. Time-Dependent Generator Coordinate Method
〈subsubsec:TDGCM_GOA〉

Because of the many successes of collective approaches, from the seminal paper of Bohr and Wheeler to the

predictions of fission isomers, spontaneous fission half-lives or fission fragment distributions, there is a rather large

consensus that fission can be well described by invoking a few collective variables such as shape deformations. This965

idea motivates the search for approaches reducing the complete quantum many-body dynamics to an evolution in

a small-dimensional collective space. The ATDHF theory mentioned in Section 3.1 in the context of spontaneous

fission [387, 388, 389, 390], and its ATDHFB extension with pairing [391], are the poster child of this philosophy.

They reduce the complexity of TDDFT, which involves all the one-body degrees of freedom, to a classical collective

dynamics on a manifold parameterized by a few collective variables [59]. Another approach leading to a quantum970

collective dynamics is the time-dependent generator coordinate method (TDGCM) and especially its Gaussian overlap

approximation (GOA). Note that re-quantizing the ATDHFB theory leads in fact to an equation of motion similar to

the TDGCM+GOA. The theoretical framework of the TDGCM is presented in great details in [324]. In this section,
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we will thus discuss only the case of the TDGCM under the Gaussian overlap approximation which is, as of today, the

only quantum microscopic approach that has been tested in predictions of actual primary fragments distributions.975

The first step of the TDGCM approach consists in building an ensemble S of generator states (sometimes referred

to as a collective path) parameterized by a few collective variables S = {|Φ(q)〉 |q ∈ RN}. In the context of fission

the generator states are most often time-even Bogoliubov states obtained by solving the constrained HFB equations as

discussed in Section 2.2. The collective variables are typically related to the first multipole moments of the one-body

density in order to encode the physics of deformation. With this family of generator states, the TDGCM proceeds with980

a variational principle applied to the Hill-Wheeler ansatz for the wave function

|ψ(t)〉 =

∫
q

f(q, t)|φ(q)〉dq. (30) eq:tdgcm_ansatz

The time-dependent mixing function f(q, t) is the direct variational unknown but it is often more convenient to deal

with a transformed function g(q, t) that could be interpreted as a wave packet in the collective space. All operators

associated with physical observables can also be mapped onto operators acting on the collective space (a subspace of

functions of the q variable) [177]. Under the Gaussian overlap approximation in its simplest form, the equation of985

evolution for the collective wave function reduces to

i~
∂

∂t
g(q, t) =

−~2

2

∑
αβ

∂

∂qα
Bαβ(q)

∂

∂qβ
+ V (q)

 g(q, t), (31) eq:evolution0

where V (q) is the potential energy and B(q) ≡ Bαβ is the collective inertia tensor. The potential energy and collective

inertia have the same meaning as in Section 4.2 and Section 3.1. An important point is that these quantities derive from

the variational principle and are, respectively, the zeroth- and second-order derivatives of the reduced Hamiltonian ker-

nels between the generator states. After the determination of these quantities, (31) needs to be numerically integrated990

in time starting from a given initial state. Initial states used in the literature are typically a collective wave packet

g(q, t = 0) mostly localized at low deformations inside the first potential well. The impact of various prescriptions

for the initial state on the predictions of the fragments properties is discussed in [392, 393, 394].

The adaptation of the TDGCM+GOA formalism to fission dynamics was performed in the 1980’s [395, 151].

These initial developments led to the first prediction of fission fragment mass distributions in a completely microscopic995

theory [392]. Advances in computing capabilities and new algorithmic developments [396, 397] renewed interest in

this approach in the 2010’s. Since then, the theory has been applied largely to compute the charge, mass and isotopic

primary mass distributions of fission fragments [398, 393, 394, 399, 400, 401, 402, 403]. Figure 23 shows an example

of such calculations for the primary mass distribution Y (A) in 236U and 240Pu extracted from the solution to the

TDGCM+GOA evolution equation.1000

Obviously, results of TDGCM+GOA calculations will depend on the choice and number of collective variables,

the choice of an energy density functional and, in the context of fission, the choice of an initial state and definition of

scission configurations. We already mentioned the recent introduction of pairing collective variables [216, 220, 217]

for spontaneous fission; very few TDGCM calculations have been performed in such extended spaces [413]. Let us

highlight an interesting attempt to use the collective variables D = |z(1)
CM− z

(2)
CM| and ξ = |A1−A2|/A, with z(i)

CM the1005
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Figure 23: Left: Fission fragment mass distribution of 236U for thermal neutrons obtained by solving the TDGCM+GOA equation

with the SkM* parameterization of the Skyrme EDF, compared with experimental data taken from [404, 405, 406, 407, 408, 409,

410, 411, 412]. The raw TDGCM+GOA results are convoluted following three different methods that yields the blue circles, the

red squares and the orange triangles. Right: Same quantity for 240Pu. Figures reproduced with permission from [403] courtesy of

Verriere; copyright 2021 by The American Physical Society.
〈fig:YA〉

coordinate of the center of mass of fragment i and Ai its total number of particles [398, 37]. Such coordinates, which

were inspired by classical shape parameterizations, are much better adapted to describing fission fragments than the

standard multipole moments and cover most of the set of all possible fragmentations. The role and importance of the

collective inertia tensor also remains an open problem, and it is not clear if it has as large an impact for induced fission

as it has for spontaneous fission. Similarly, the role of time-odd collective momenta, which have been neglected so far,1010

is worth investigating since they provide the proper asymptotic values of the collective inertia (at least in the case of

translations) [204, 177]. A preliminary study of these terms in the static case of particle number projection suggests a

large effect [414]. A first attempt to solve the exact TDGCM without the GOA was also reported in [415].

Finally, a major limitation of the current implementations of the TDGCM is to rely only on constrained HFB

states with the lowest energy for a given constraint. This causes discontinuities in the manifold of generator states that1015

break down the GOA [416, 417]. In addition, TDDFT calculations have shown that the most probable path toward

fragmentation involves HFB states with significant intrinsic excitation energy. The very fact that fission fragments emit

light particles (cf. Section 5) proves that they are produced in an excited state. With the standard family of generator

states, the ansatz (30) can not model such effects, which prevents the TDGCM from describing properly the dynamics

in the neighborhood of scission. In a pragmatic approach, the description of fission dynamics with the TDGCM1020

should therefore always be stopped with di-nuclear configurations before scission, where the two prefragments still

significantly interact by nuclear forces. A possible way to overcome this issue consists in expanding the collective

space to include intrinsic excitations, e.g., sets of two-quasiparticle states built on top of constrained HFB vacuua

[418]. Such an extension would allow incorporating both some amount of collective dissipation in the theory and

the possibility to describe excited nascent fragments. Another possibility consists in solving (31) on a manifold of1025

finite-temperature HFB states [400], even if the TDGCM+GOA framework has not yet been properly defined at finite
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temperature. Let us also mention an alternative approach that consists in deriving a quantum theory of transport that

combines a GCM description of collective dynamics with quantum statistics to account for thermal excitations and

dissipation [419].

4.5. Comments on Adiabaticity and Dissipation1030

?〈subsubsec:adiabatic〉?
The TDGCM, ATDHFB and adiabatic self-consistent collective (ASCC) methods are often referred to as adiabatic

theories of large-amplitude collective motion. However, while this adjective has a clear definition in classical thermo-

dynamics, it is often employed with a different (or several different) meaning(s) in fission theory and the theory of

large-amplitude collective motion in general. In the literature, the concept of adiabaticity has been used as a proxy for

three very different hypotheses, which are sometimes combined: (i) the collective motion, i.e., the change of shape1035

leading to fission, is very slow [294, 386], (ii) the coupling between the collective degrees of freedom and single-

particle, or intrinsic degrees of freedom is so small that it can be neglected [420, 204, 421] and (iii) the intrinsic DoFs

stay in the lowest-energy configuration while the collective variables evolve [418, 360]. The differences between these

definitions together with rather arbitrary definitions of collective and intrinsic excitations may lead to confusions. We

discuss below some common pitfalls related to this topic.1040

As a first example, TDDFT calculations clearly suggest that the collective motion is strongly dissipative, i.e. the

shape of the system evolves slowly and toward configurations which minimize the collective potential energy while

the system populates single-particle states with high energies [373, 56, 355]. Overall, TDDFT predicts time scales in

the range of 10−20−10−19 s to go from the saddle point to scission. On the one hand, this very slow collective motion

justifies the reduction of TDDFT dynamics to its adiabatic counterparts, specifically, the hypothesis of small collective1045

momenta that underpin, e.g., the ATDHF(B) theory [387]. On the other hand, TDDFT dynamics is often qualified of

diabatic in the sense of point (iii) above, because excited single- or quasi-particles states are populated. One should

thus be very careful when employing the adjective of adiabaticity to refer to slow collective motion.

The definition (ii) of adiabaticity is often meant to refer to the dissipation of energy from the collective DoFs to

the intrinsic ones. Such dissipation is known to be a crucial ingredient in the Langevin dynamics as mentioned in1050

Section 4.2. It appears in the form of the friction and random force terms in the collective equation of motion. The

TDDFT picture does not give direct insight into such dissipation since it does not rely on an explicit splitting of the

DoFs between collective and intrinsic. It is possible to estimate a posteriori the kinetic energy associated with any

collective variable represented by a local one-body operator [360]. Such an approach suggested a strong dissipation

of the quadrupole moment kinetic energy during the fission dynamics. With this in mind, it might seem puzzling that1055

the ATDHF(B) approach based only on the assumption of slow collective motion (which seems to be valid) yields a

collective equation of motion with no friction or dissipative terms [59]. In addition, the TDGCM produces primary

fragments distributions similar to the one obtained by Langevin approaches while also introducing no explicit friction

term. This suggest that primary fragments mass/charge distributions are simply not very sensitive to dissipation. In

contrast, predictions of the excitation energy of the primary fragments, which are not well described by TDGCM, are1060

a much better probe into the dissipation mechanism.
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In the case of ATDHF(B), there is another deeper reason for the absence of a collective dissipation mechanism.

Contrary to the current implementations of TDGCM, which rely on a set of constrained HFB generator states, the

collective path in the original formulation of the ATDHF(B) approach is determined out of the time-even component of

the states along a TDHFB trajectory. These states can already contain significant single- or quasi-particle excitations1065

and only the small energy component related to the residual time-odd part needs to be taken into account by the

collective dynamics. Following this idea, [420] builds the collective path from a variational principle that decouples

by design the collective dynamics from other DoFs. This philosophy was formalized in the development of the ASCC

model, which generalizes ATDHF theory while solving some of its inconsistencies [212, 422, 202, 144, 68]. In other

words, the collective phase space constructed formally in these approaches is in fact completely different from the1070

one used either in current TDGCM implementations or in Langevin approaches. Therefore, it is very possible that

some theories require an explicit treatment of collective dissipation while others do not. The presence and strength of

dissipative terms in the collective equation of motion strongly depends on the arbitrary choice of the collective phase

space. One should keep this in mind while discussing adiabaticity in the sense of point (ii) above or comparing the

dissipative features of various theories.1075

4.6. Ternary Fission

Ternary fission is the rare process where the fission of a heavy element is accompanied by the emission of an

α particle or, much less frequently, a light nucleus ranging from Lithium (Z = 3) to Oxygen (Z = 8) isotopes

[423, 424]. More precisely, it is the (quasi)-simultaneous divide of the fissioning nucleus in three fragments – one

of them much lighter than the others. This phenomenon is usually quantified by the α-emission probability Pα or,1080

equivalently, the relative number Nα of emitted α over the entire number of fission events Nf [425]. Ternary fission

does not lend itself easily to a description in terms of geometric collective variables as discussed in Section 2 unless

one enforces some amount of clustering, e.g. via a three-center basis [426] or an explicit 3-body model with phe-

nomenological α-N interaction potentials [427]. Neither can such a process be easily simulated by the simple ansatz

of TDDFT, where the nuclear wave function is a “standard” product state of particles or quasiparticles. In fact, the1085

proper quantum-mechanical treatment of ternary fission should probably include a mechanism to rigorously simulate

nuclear clustering. For these reasons, all models of ternary fission tend to be rather phenomenological. Probably the

most advanced one relies on estimating Pα by solving the time-dependent Schrödinger equation for the α particle

moving in a time-dependent mean-field potential, which is obtained by simply parametrizing with t specific trajec-

tories across the potential energy surface [428, 429]. Alternative methods involve the random-rupture neck model,1090

where it is assumed that the neck between the prefragments ruptures at two different locations nearly simultaneously,

the part of the neck between these two locations forming the light particle [430]. The rupture-neck model was also

combined with statistical theory (see Section 4.1) to account more realistically for the available excitation energy at

scission [431].
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5. Emission of Light Particles1095

〈sec:deexcitation〉
After the scission point, nuclear forces between the two fragments quickly drop to zero while Coulomb repulsion

drives the acceleration and kinematics of the fission fragments. This is the acceleration phase of the fragments. We

can estimate an order of magnitude for the time scale of the acceleration from the classical dynamics of two point-like

particles. Let us consider an initial situation where the surfaces of the two fragments are separated by a distance of a

few fermis and neglect the relative velocity between the fragments at this stage. Integrating the classical equation of1100

motion results in a fast acceleration of the two fragments that reach 90% of their final speed (2-5% of the speed of

light) within 5 zs. Within this time range, the fragments typically cover a distance of several tens of fermis.

The large deformation of the prefragments at scission, the effect of the Coulomb repulsion on the inhomogeneous

charge densities in the fragments, as well as the internal excitation created during the descent from the saddle point

to scission produce two excited fragments far from their ground-state equilibrium. On average, about 30 MeV of1105

excitation energy is shared between the two fragments in the fission of an actinide while several theoretical and

experimental arguments indicate that the typical spin of the fragments lies in the range of 5-12 ~ units (cf. Section 6).

The primary fragments lose their energy mostly by emitting neutrons and γ rays. The post-neutron pair of fragments

resulting from this neutron emission phase are called secondary fragments. Further β decays and possible delayed

neutron/γ emission may follow this process leading to a final pair of nuclei, the fission products; see Fig. 1.1110

The characteristics of the emitted fission neutrons and γ rays, such as their multiplicity and energy spectrum, are

key nuclear data for energy applications and give stringent constraints on our understanding of the primary fragments

formation. State-of-the-art theoretical approaches predicting these observables generally rely on a statistical deexcita-

tion model to simulate cascades of particle emissions from the excited fragments. In the specific case of fission, such

deexcitation simulations have to be repeated for every combination of primary fragments pairs and set of relevant ini-1115

tial properties that may impact the evaporation process. These generally include the kinetic energy, excitation energy,

spin and parity of the primary fragments. The final observables are then obtained by averaging fission events both

over the large set of primary fragments configurations as well as over the set of deexcitation cascades for each of these

configurations. Each event is weighted by its associated probability of appearance. This averaging can be performed

in a deterministic way [432] as long as the phase space considered for fission events is small enough. For more de-1120

tailed descriptions of deexcitation cascades including for instance the spin of the emitted particles the phase space of

fission events becomes so large that fragments deexcitation models often turn to a Monte-Carlo estimation [433] of

observables. In this case, the code samples a large but limited number of fission events according to their probability

distribution and the observables are deduced as averages over these events.

The success of such approaches relies on high-accuracy and high-precision estimates of the primary fission frag-1125

ment distributions, especially for the total kinetic energy, which directly determines the total energy available for

neutron/γ emission. As a consequence, it is customary to rely mostly on experimental data or empirical models for the

primary fragments distributions. In this section we will give an overview of such empirical treatments. More recent

efforts geared toward replacing progressively these inputs by genuine predictions from microscopic theories will be

discussed in Section 6.1130
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Code PbP [432] GEF [434] FREYA [435] CGMF [290] FIFRELIN [57]

Pre-fission emission – npe,nstat,γ npe,n n,γ –

Wide range of fissioning systems no yes no no no

Neutron-γ competition no yes partial full full

Gamma deexcitation no yes yes yes yes

Deexcitation model Weisskopf Weisskopf Weisskopf Hauser-Feshbach Hauser-Feshbach

Statistical fluctuation no no no no yes

Open-source no yes yes yes no

Table 1: Summary of some features of fission fragments deexcitation models. In the pre-fission emission row, npe denotes pre-

equilibrium neutrons and nstat corresponds to statistical neutrons. ’Statistical fluctuation’ denotes taking into account fluctuations

of nuclear structure properties on top of average quantities such as the level density and the averaged partial widths.
〈tab:deexcitation_models〉

The statistical description of nuclear deexcitation cascades is by itself an old problem quite independent of fission

studies. It started with the seminal paper of Weisskopf in 1937, which was concerned with the spectrum of neutrons

emitted from highly excited nuclei [281]. Grover and collaborators pioneered the use of the Hauser-Feshbach model

of deexcitation for the study of neutron, γ and α evaporation [436, 437, 438] and published the first study quantifying

the impact of the spin of the fission fragments on such decays [439]. Many of the developments of statistical reaction1135

theory in the 1970’s and 1980’s aiming at going beyond Hauser-Feshbach theory [288, 289], which were briefly

mentioned in Section 3.2.2, were not really tested in practical simulation of fission fragment decay. Interest for this

subject surged in the 2000’s, especially because of the growing issue of γ heating in nuclear reactors [440, 441, 442]

as well as the development of new technologies such as neutron/γ interrogation or advanced Monte-Carlo simulations

of detection devices.1140

Today, several codes, implementing different models, are dedicated to the description of fission fragment deexci-

tation. In this section we will only review the most commonly-used and complete ones: FREYA [435], GEF [434],

CGMF [290], FIFRELIN [57] and the Point-by Point-(PbP) [432] model. We summarize in Table 1 the main features

of these codes. The more recent code HF3D [443, 444] will not be discussed since it implements a similar physics

as CGMF with a different numerical resolution (deterministic for HF3D versus Monte Carlo for CGMF). Other codes1145

implement nuclear deexcitation cascades for specific applications, for example GEMINI++ for the deexcitation of

fragments produced in heavy-ion reactions [445]. Conversely, general-purpose codes such as TALYS [446] or EM-

PIRE [447] have a much broader scope of applications and aim at describing any type of nuclear reactions. For the

sake of completeness, let us also mention the work of Lestone [448] focused on the very precise reproduction of the

prompt fission neutron multiplicities, spectrum and angular correlations.1150

5.1. Distribution of Primary Fragments Properties

The properties of the primary fission fragments could in principle be obtained as the result of a statistical or dynam-

ical approach to the large-amplitude collective motion as outlined in Section 4. However, one should keep in mind that
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predictions of prompt particle emission are very sensitive to the characteristics of the primary fragments. For instance,

microscopic theories can predict the kinetic energy of the fragments at best within a few percent precision [355]. In1155

the fission of an actinide, this would typically lead to an uncertainty of a few MeV on the total excitation available for

deexcitation, which would translate into a 0.5 − 1 uncertainty on the average prompt neutron multiplicity. For com-

parison, measurements of the prompt neutron multiplicity can typically reach precision below one percent (' 0.015

neutrons for 252Cf spontaneous fission in [449]).

Adopting a pragmatic strategy, most fragments deexcitation models thus start by estimating the primary fragments1160

distributions either by directly using some available experimental data or by relying on empirical models previously

calibrated on a set of experimental measurements. These fragment distributions are then used as an input to the

statistical deexcitation model. Note that such an approach discards any quantum correlations between the various

primary fragments configurations. Let us highlight the different ingredients and models used to determine the empirical

distribution of the primary fragments configurations.1165

Proton and neutron numbers. The principal characteristics of the primary fragments configurations are the number of

protons and neutrons in each fragment. In the standard approach the probability distribution that fission produces a

fragment with a number of mass Af and a number of charge Zf given the excitation energy E of the compound system

is factorized into

P (Af , Zf |E) = Y (Af |E)P (Zf |Af). (32) {?}

The factor Y (Af |E) stands for the primary mass distribution whereas P (Zf |Af) accounts for the charge probability1170

distribution given the mass number Af . The complementary fragment is always determined through mass and charge

conservation (i.e. ternary fission is neglected)

Af2 = ACN −Af1, Zf2 = ZCN − Zf1. (33) {?}

Fragments deexcitation models assume a normal distribution for the charge with a mass-dependent mean Z̄f(Af) and

standard deviation σZ(Af),

P (Zf |Af) ∝ exp

[
−1

2

(
Zf − Z̄f(Af)

σZ(Af)

)2
]
. (34) {?}

The mean of this distribution is either directly determined from the Unchanged Charge Distribution (UCD) approxi-1175

mation (as in FREYA) or includes an additional polarization charge effect. In the later case, the polarization of charge

is parameterized as a function of Af (PbP model) or estimated from the Wahl’s systematics [450] (FIRELIN, CGMF).

As for the mass distributions, a possible strategy relies on using experimental data, either in tabulated form, or

described in terms of a few fission modes [184]. The codes FIFRELIN and PbP model implement such an approach,

which is limited to the few fissioning systems and energies for which experimental data is available. To overcome this1180

issue, several deexcitation models favor a description of the primary mass yields as a sum of a three or five Gaussians.

For a given fissioning system, the mean (average mass), the width, and the weight of each Gaussian (also known as

fission mode) are fitted to reproduce a set of experimental data spanning a range of excitation energies. For example,

the code CGMF implements a parameterization of the mass yields with 3 Gaussians whose means and widths linearly
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depend on the excitation energy [444, 290]. A similar technique is adopted in FREYA based on five Gaussians with1185

energy-independent means and a quadratic dependency of the widths [451]. Such an approach enables systematic

studies of prompt particles emission as a function of the energy in the input channel. Because of the dependency on

experimental data, this approach only enables calculations on a few well-known fissioning systems.

Going one step further, the philosophy of the GEF code is to provide an empirical yet systematic estimation of the

mass yields for a wide range of energies and fissioning systems. In this model, the fissioning system is described by1190

an elongation degree of freedom coupled to several transverse collective DoFs such as the mass of the fragments, and

to a thermal bath describing the remaining degrees of freedom. The distribution of proton and neutron number of the

fragments is determined from a two-step statistical process guided by the physics of the collective dynamics,

P (Af , Zf) = P (mode)P (Af , Zf |mode). (35) {?}

In the first step, a statistical population of the available states in the neighborhood of the outer saddle point gives the

probability for the system to choose a particular fission mode. The probability associated with a fission mode P (mode)1195

is proportional to

P (mode) ∝ exp
(
−E

0
mode

kT

)
, (36) {?}

where E0
mode is the minimum of the potential energy of the mode at an elongation corresponding to the outer barrier,

relatively to the energy of the lowest mode, and T is the temperature of the system. In practice, five to seven modes

are considered. In the second step, the distribution of particle numbers in the fragments P (Af , Zf |mode) is determined

from the properties of the system close to scission. The potential energy surfaces in the transverse directions associated1200

with either the charge or mass number are described as harmonic potentials functions of Z and A with a minimum

value at Zmode and Amode. A second statistical population of states in the neighborhood of scission configuration then

leads to the following distribution in each mode:

P (Af , Zf |mode) = P (Af |mode)P (Zf |Af ,mode), (37) {?}

with

P (Af |mode) ∝ exp

(
− (Af −Amode)

2

2σ2
A,mode

)
, P (Zf |Af ,mode) ∝ exp

(
− (Zf − Zmode)

2

2σ2
Z,mode

)
. (38) {?}

The widths σA,mode and σZ,mode depend on the energy balance estimated for each mode. Note that a special treatment1205

involving a non-harmonic potential is applied to the Standard 2 mode (S2). The GEF model finally includes the odd-

even staggering of the fission yields as an additive correction based on an equal-filling assumption of the intrinsic

states. Overall, the determination of the primary fission yields relies on a set of free parameters that are calibrated

to a large body of experimental data, which includes high-resolution data from inverse kinematic experiments [452].

This approach is then capable of estimating systematically and with good accuracy the primary fragments yields as1210

a function of the mass, charge and energy of the fissioning nucleus. This feature is quite unique, and other fragment

deexcitation models sometimes directly take the yields predictions from GEF as an input to their own deexcitation

engine [453, 454, 455].
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Energy sharing. The excitation energy available in each primary fragment before particle evaporation is a crucial

ingredient, since it is the primary driver of the prompt neutron emission. To estimate this quantity for any given mass1215

and charge split, most of the deexcitation codes rely on an energy balance of the system before the reaction and after

the complete acceleration phase of the fragments. For neutron-induced fission, the energy balance reads [442]

TXE + TKE +M(ZH, NH) +M(ZL, NL) = M(Z,N) + Sn(Z,N) + En, (39) eq:energy_balance

where M(Z,N) is the mass of the nucleus (Z,N), Sn the neutron separation energy in the nucleus (Z,N), En the

energy of the incident neutron in the center of mass frame, TXE the total excitation energy available to both fragments,

and TKE the total kinetic energy of the fragments. In the case of spontaneous fission, this formula can be applied with1220

Sn = En = 0; for photofission, Sn = 0 and En ≡ Eγ . The evaluation of masses and neutron separation energy is

performed on a regular basis (see [456, 457] for the latest one) and data are available in nuclear structure databases

such as ENSDF [29], leaving only the total kinetic energy and the total excitation energy to determine. Because of the

quantum fluctuations in fission, we can treat TKE as a random variable with a large variance. In fragments deexcitation

codes, its probability distribution is typically assumed Gaussian [290] with a mean and variance that depend on the1225

mass split

P (TKE|Af , Zf , E) ∝ exp

[
−1

2

(
TKE− TKE(Af)

σ(Af)

)2
]
. (40) eq:tke_distribution

These moments of the probability distribution are in general extracted from experimental measurements of the frag-

ments kinetic energies (e.g. see [458]) and may also include a dependency on the energy of the entrance channel [290].

Combining equations (40) and (39) yield a distribution of probability for the total excitation energy TXE available for

the emission of particles.1230

Note that such a scheme neglects the possible emission of particles (especially neutrons) before the complete

acceleration of the fragments. Although this hypothesis is strongly supported by the angular distribution of the prompt

neutrons [404], which is peaked at forward angles, it remains an open question whether, and to which extent, some of

the neutrons are emitted before the complete acceleration. Numerous papers from the 2010’s attempt the challenging

prediction of scission neutrons and/or pre-acceleration neutrons based on a time-dependent average nuclear potential1235

approach [459, 460, 461]. Other studies were performed based on static potentials [462] and even on a full TDHFB

calculation [56]. As of today, no clear consensus exists between the results of these theoretical approaches, and

experimentally verifying their predictions remains difficult. In practice, most deexcitation codes neglect this kind of

neutron emission.

After the determination of the total excitation energy available, one still needs to split this energy between the1240

two fragments. This energy sharing results from the complex competition between various energy reservoirs (intrinsic

energy, deformation energy, etc) that interact with each other during the fission dynamics. The repartition of the

energy strongly depends on the mass of the fragments and it is expected to be highly correlated with the prompt

neutron multiplicity ν̄(A). Fragments deexcitation codes therefore rely on empirical laws for the total excitation

energy sharing, which are guided by, or directly fitted on, this neutron multiplicity. The code CGMF assumes for1245

instance that the excitation energy is of thermal nature and build an empirical law for the temperature of the fragments
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as a function of its mass number. The code FREYA follows a similar approach with the introduction of a parameter that

governs the ratio of temperatures of the two fragments. In FIFRELIN, the excitation energy in each fragment is recast

into the sum of a rotational and a thermal contribution, with again a mass-dependent temperature ratio. The point by

point model (PbP) describes the excitation energy in terms of a thermal excitation and a deformation component that1250

depends on the mass. Finally, the GEF model shares the major part of TXE according to a maximum entropy principle

at scission and the remaining collective kinetic energy is split evenly between the fragments. Despite the apparent

diversity of assumptions in all the models, we note that the shape relaxation and the mass split dependency are the key

ingredients that enable all these models to reproduce a sawtooth shape for the neutron multiplicity ν̄(A).

Spin-Parity Distribution. As will be shown in Section 5.2, the spin distribution of the fission fragments plays a very1255

important role in setting the photon multiplicities, i.e., the average number of photons emitted during the deexcitation.

The statistical theory assumes that the probability for a nucleus to have spin J is approximately given by [463]

p(J) ∝ (2J + 1) exp

[
−1

2

(J + 1
2 )2

σ2

]
, (41) eq:spin_distribution

where σ is called the spin-cutoff parameter. Note that the spin-cutoff parameter is proportional to the expectation value

〈Ĵ2〉 of the total angular momentum in the system – the mean of the actual distribution p(J) [464, 465]. In the Fermi

gas model, it is proportional to the moment of inertia of the system as well as to its temperature (or excitation energy)1260

[466]. Given this background, we can now summarize the different features of each deexcitation code:

• CGMF – The spin of each fragment is sampled from the distribution (41). The spin-cutoff parameter is explicitly

parametrized by the product of the nuclear moment of inertia I and temperature T . The Z- and A-dependence

of I is taken into account but not the variations as a function of deformation, angular momentum or temperature

[290]. There is no constraint on the relative angular momentum between the fragments.1265

• FIFRELIN – The treatment of the spin is very similar to CGMF, but with an additional constraint used to

simulate the damping of shell effects with increasing temperature [467, 468].

• FREYA – This code uses a semi-classical treatment of angular momentum [469]. It assumes that the system can

be treated as a dinuclear (binary) system of a heavy and a light fragment, each characterized by their moments

of inertia IH and IL and spins JH and JL, as well as a relative angular momentum L. Angular momentum is1270

thus explicitly conserved in this treatment. The total rotational energy of the dinuclear system is then expressed

in terms of specific rotational modes, which are sampled separately based on a statistical formula [470]. The

dependency on nuclear structure inputs is encoded in the nuclear moments of inertia which, in most applications

of FREYA, was approximated by its A-dependent rigid-body value. This approximation was improved recently

following guidance from microscopic calculations [469].1275

• PbP – The spin of the fragments is not taken into account.

• GEF – As for CGMF and FIFRELIN, the spin of the fragments is sampled from (41), but this is only done for

the post-statistical emission spin. The statistical neutron and γ emission is spin-independent.
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Without any strong physical arguments as for the parity of the primary fragments, all these models assume equiproba-

ble parities.1280

   

GS

 Sn~7 MeV

Excitation
energy

~ 100 keV

Emitted
particle

n

n
γ

γ

γ
e-

Neutrons

Sn

Yrast 
line

Spin I

E
n
e
rg

y
 E

(I
)

Low spin
High E*

High spin
High E*

Statistical

Di
sc
re
te

Electron

Figure 24: Left: Schematic representation of particle emission as a function of the excitation energy. Right: Yrast plot showing

decay mechanisms in theE(I) plane. Neutron emission (in red) dominates at high excitation energy. Starting just above the neutron

separation energy Sn of the residual nucleus, statistical γ emission (dotted dark green) takes over until the Yrast line is reached, at

which point discrete γ transitions (green) occur until final deexcitation or the emission of a conversion electron (blue).
〈fig:fragmentDeexcitation〉

5.2. Prompt Particle Emission
〈subsec:prompt〉

Starting from a highly exited state, fission fragments first deexcite through successive emission of particles. As

pictured in the left panel of Fig. 24, the dominant type of emitted particle depends on the excitation energy and spin of

the fragment. For fission fragments, the α emission channel is usually closed and proton emission can be neglected.

At energies above 10 MeV, the neutron emission channel is open and state-of-the-art theories agree on the fact that it is1285

largely favored. Just above the neutron separation energy, the nucleus enters an area of competition between neutron

and γ emission. As the energy of the fragment decreases, the γ emission channel becomes dominant down to energies

of the order of 100 keV. At first, this γ emission is mostly statistical in nature and heavily fragmented i.e., one cannot

recognize individual rotational bands. Statistical models predict that these initial high-energy γ rays are mostly of E1

multipolarity [471]. Indeed, the γ-strength function associated with dipole radiation is several orders of magnitude1290

higher than its counterparts for other multipolarities. Measurements of the angular distribution of the prompt γ rays

indicate that typically one third of the total γ multiplicity would be of E1 nature [472]. When the nucleus has reached

the lowest possible energy at a given spin I , what is known as the Yrast line [102], discrete γ transitions take place all

the way down to the ground state. This kind of emission is mostly of E2 nature [249] and leads to various low-energy

peaks in the prompt γ spectrum [473]. At energies of the order of ∼ 100 keV, the internal conversion phenomenon1295

becomes important: the electromagnetic quanta emitted by the nucleus have a non negligible probability to interact

with the electrons of the atom, leading to the emission of an internal electron accompanied by X-rays.
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The prompt emission of particles takes place over a broad range of time scales. Arguments related to the statistical

evaporation of the neutrons lead to typical emission times ranging from 10−18 to 10−13 s [474]. This upper bound

is actually the official definition of prompt neutrons for the United State Department of Energy [475]. The prompt γ1300

emission mostly takes place within a few nanoseconds. During this cascade, isomeric states of the fission fragments

can be populated leading to γ transition at post-scission times of up to several microseconds. The relative population

of these isomeric states, which is quantified by the branching ratios, has a strong impact on various fission properties

[464, 476, 477, 478].

State-of-the-art theoretical approaches aiming at predicting the deexcitation process of the compound nucleus1305

and/or the fission fragments are based on a statistical deexcitation approach. In such models, the dynamics of the

deexcitation process is not explicitly described. Given an initial excited state |i〉 of the nucleus, the statistical model

predicts the probability for the emission of a series of particles leading to a final state |f〉 for the residual nucleus.

In this statistical picture, a deexcitation cascade is seen as a multi-step process in which the system jumps from one

intermediate state to another while emitting each time one particle. A cascade of deexcitation is therefore defined by1310

(i) a series of transitions |ik−1〉 → |ik〉 between nuclear states or resonances and (ii) the particles pk emitted at each

transition along with their physical properties (kinetic energy, spin/multipolarity, etc). Owing to the quantum nature

of the deexcitation dynamics, any possible deexcitation cascade or channel, generically denoted by the letter c below,

may happen with a given probability. In standard approaches this probability is factorized as a product of individual

transition probabilities1315

P (c) = P (i = i0 → i1, p1)× · · · × P (ik−1 → ik, pk)× · · · × P (in−1 → in = f, pn). (42) {?}

The probability P (ik−1 → ik, pk) represents the transition probability from the nuclear state |ik−1〉 to the nuclear state

|ik〉 with the emission of a particle pk. Such a factorization translates the Bohr hypothesis, which is assumed to be

valid at each step of the cascade. In particular, it neglects possible quantum interferences between the cascades. After

determining the probabilities associated with all possible deexcitation cascades, one can compute any observable

of interest as a statistical average over all these events. For example, the average γ multiplicity of the process is1320

determined as

Mγ =
∑
c∈C

P (c)Mγ(c), (43) {?}

where P (c) is the probability of occurrence of the cascade c and Mγ(c) the number of γ rays emitted during this

cascade. A key aspect of the method is the proper determination of the set of all possible cascades, which is related

both to the structure of the nuclei involved and to the probabilities P (ik−1 → ik, pk) driven by the strength of the

particle emissions.1325

At low excitation energies (below a few MeV), the structure of most of the fission fragments is partially known

from γ spectroscopy. The ENSDF database records the first discrete energy levels, their spin and parity, electronic

conversion coefficient and possibly the transition rates to other discrete levels. Deexcitation models such as FIFRE-

LIN, CGMF or FREYA include this experimental structure information in their deexcitation engine through tabulated

databases such as the RIPL library [466]. At higher excitation energies experimental data are not available and, ulti-1330
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mately, neighboring neutron resonances overlap. To tackle this energy range, deexcitation models rely on a statistical

description of nuclear structure [479, 480, 481] identical to the ideas developed for the compound nucleus in the con-

text of neutron-induced reactions; see Section 3. The level scheme is described by the level density, which encodes

the average number of states/resonances in the neighborhood of a given excitation energy. Fluctuations of the the

level spacing as determined from, e.g, the Gaussian orthogonal ensemble (GOE) may further refine the level density1335

information. Such a statistical description also applies to the transition probabilities from one level to the other. The

transmission coefficient Ta(ε) encodes the average probability to emit a particle characterized by the output channel a

and the energy ε. On top of this mean value, one can take into account the so-called Porter-Thomas fluctuations [482]

or Ericson fluctuations [483] at higher energies. These concepts form the backbone of all fragment deexcitation mod-

els. The details of their implementation vary significantly between models, with two major trends: models based on a1340

Weisskopf-Ewing deexcitation spectrum and models based on the Hauser-Feshbach framework.

Weisskopf-Ewing evaporation. The Weisskopf-Ewing approach gives the energy spectrum of particle evaporation

from an excited nuclear state. It originates from the seminal paper of Weisskopf focused on neutron emission far

above the neutron separation energy [281]. The Weiskopf evaporation spectrum χ(ε) in the center-of-mass frame

reads1345

χ(ε) ∝ σCN(ε) ε exp
(
− ε
T

)
, (44) eq:weisskopf_spectrum

where ε is the kinetic energy of the emitted particle (e.g. neutrons), σCN(ε) is the inverse cross section for the formation

of the excited compound nucleus by absorption of this same particle, and T is the temperature of the residual nucleus

after neutron emission. Such a spectrum results from the summation over all possible transitions for the particle energy

ε [193]. This implies that the detailed structure of the nuclei involved in the deexcitation cascade does not need to be

computed within this approach. Also, the spin/multipolarity of the particle and the spin-parity of the residual state are1350

not explicitly taken into account.

The deexcitation engine of the codes FREYA, PbP and GEF relies on the Weiskopf-Ewing evaporation spectrum.

For neutron emission, the probability P (ik−1 → ik, pk) of a transition is proportional to (44). The PbP model relies on

an optical model calculation for the inverse cross section σCN(ε) whereas FREYA assumes it is constant and GEF takes

its energy dependency as 1/
√
ε. The Weisskopf-Ewing approach does not provide the relative probability of neutron1355

emission versus γ emission. These deexcitation models therefore assume that successive neutron emissions take place

first, followed by the emission of γ rays; see Fig. 24. The excitation energy at which the nucleus switches to γ emission

is set to Sn in the case of the PbP model. To better account for the neutron/γ competition, FREYA implements an

empirical shift of this energy threshold toward higher energies. Another option explored by GEF consists in using

an empirical formula for the neutron versus γ relative probability that only depends on the excitation energy of the1360

fragment. Once the neutron evaporation is completed, γ emission can be treated in a similar manner. For instance,

FREYA uses the following Weiskopf-Ewing spectrum for γ emission

χγ(ε) ∝ ε2 exp
(
− ε
T

)
. (45) {?}
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Contrary to a complete Hauser-Feschbach approach, such Weisskopf-Ewing evaporation is expected to fail when the

level density of the residual nucleus starts to be discrete. The study in [484] compares the predictions obtained from

FREYA and the Hauser-Feshbach code CGMF to experimental measurements of 252Cf spontaneous fission. It found1365

quantitative differences between model predictions but an overall agreement of both models to experimental data.

Hauser-Feshbach Formalism. As briefly descried in Section 3.2.2, the Hauser-Feshbach approach associates with

each open channel (neutrons, γ, fission, etc.) a partial width Γ that is inversely proportional to the characteristic time

of the corresponding transition. The probability of a transition is directly proportional to its associated partial width

P (ik−1 → ik, pk) =
Γ(ik−1 → ik, pk)∑
i′p′ Γ(ik−1 → i′, p′)

. (46) eq:hauser_proba

Contrary to the Weisskopf-Ewing approach, the partial widths depend here on all characteristics of the emission1370

channel, including the spin of the emitted particle as well as the spin-parity of the residual nucleus. In addition,

this approach naturally accounts for the competition between different kinds of emissions. Computing the probability

distribution of any single emission requires the knowledge of the structure (discrete levels or statistical level scheme) of

all possible residual nuclei. Therefore, the implementation of one decay step amounts to (i) listing all possible emission

channels starting from the initial state, (ii) determining the structure of all potential residual nuclei, (iii) computing the1375

partial widths of all possible transitions, (iv) computing the sum of these partial widths to normalize the distribution

of probability. In the context of fission, the codes CGMF an FIFRELIN implement such a Hauser-Feschbach scheme.

At low excitation energy, the partial widths may be known from γ spectroscopy and directly incorporated into (46).

For higher excitation energies, one relies again on a statistical description of these quantities. For neutron emission,

the average partial width can be determined from an optical model calculation,1380

〈Γn(i→ f, l, j)〉 =
Tl,j(ε)

2πρ(Ei, Ji, πi)
. (47) {?}

The transmission coefficient Tl,j(ε) corresponds to a neutron emission with an orbital moment l, a total spin j and

a kinetic energy ε. In the denominator, ρ(Ei, Ji, πi) stands for the spin-parity-dependent level density of the mother

nucleus. The average γ partial width associated with the emission of a γ ray of multipolarity XL (X = E,M ) and

energy ε is given by

〈Γγ(i→ f,XL)〉 =
ε2L+1fXL(ε)

ρ(Ei, Ji, πi)
. (48) ?eq:DefFonctionDeForce?

The γ-strength function fXL contains the information related to the inverse cross section reaction. Although it can1385

be inferred from the results of QRPA calculations [485, 486, 487], it is most often parameterized as a Lorentzian

shape corrected for various physical effects (Pigmy resonance, low energy shift). Such a parameterization is rooted

in the Brink-Axel hypothesis that establishes a simple link between the γ-strength function, which depends only on

the energy and multipolarity, and the photoabsorption cross section from any excited state [488]. More elaborate

models such as the Enhanced Generalized Lorentzian (EGLO) overcome this assumption by including a temperature1390

dependency in the gamma strength function [466].

These partial widths correspond to probabilities of transition averaged over the detailed nuclear structure near the

initial and final states ik−1 and ik. Significant variations from these averages can occur due to Porter-Thomas fluc-
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tuations [482] (fluctuation in the strength of the decay) or Ericson fluctuations at higher energies [483]. Different

methods are possible to take into account these fluctuations [489]. Although their impact on the deexcitation ob-1395

servables is weak in general, it can become significant when the number of open neutron channels comes close to

unity.

5.3. Pre-fission Particle Emission
?〈sec:prefission〉?

If the entrance channel of the reaction supplies sufficient energy to the system, the emission of particles before

fission happens is likely. For example, in the neutron-induced fission of actinides with fast neutrons, the emission of1400

neutrons before fission leads to the well-known phenomenon of second- and third-chance fission: not only does the

original compound nucleus with Z and N neutrons undergoes fission, but so does the isotope with N − 1 neutrons

(second-chance), N − 2 neutrons (third-chance), etc. Since such processes carry away part of the energy and spin

of the initial system, it is essential to take them into account to obtain realistic estimates of the prompt emission

characteristics. The fission models discussed here may take into account this phenomenon with different degrees of1405

refinement.

As already mentioned in Section 3, fission competes with other light particles channels. The ratio of a channel

width Γc to the total width – the sum of widths over all channels – gives the relative probability of the channel c. For

instance the fission probability reads

Pf =
Γf

Γf + Γn + Γγ
. (49) {?}

Codes like FIFRELIN or PbP do not implement this competition mechanism and assume a probability one for fis-1410

sion. This restricts their usage at energies below the threshold of emission before fission. Other codes like GEF and

FREYA account for pre-fission emission of neutrons and/or γ rays. To do so they parameterize the total width of

pre-fission emissions channels with analytical formulas. For example, GEF evaluates the neutron and γ channels from

the compound nucleus mass, temperature of the intrinsic DoFs at different steps of the fission process as well as the

fission barrier [434]. In FREYA, only neutron emission is considered before the fission process (no γ). Both statistical1415

and pre-equilibrium neutrons emission are possible. The ratio Γn/Γf is determined based on the level density of the

residual nucleus. For the case of fission, the density considered is at the top of the fission barrier; see Eq. (2) of [435]

and [490] for more detailed information. Finally, the code HF3D, a deterministic equivalent of CGMF, computes the

fission widths coming from the Hill-Wheeler formula (20) like in TALYS [446] and EMPIRE [447]. In these calcula-

tions, the fission width competes with possible neutron- and γ-emission widths depending on the energies and possibly1420

multipolarities of the emission: this is a fully fledged Hauser-Feschbach calculation. Additional details are given in

[444].

5.4. Applications of Fragments Deexcitations Models

Deexcitation codes developed specifically to describe the decay of fission fragments are obviously important tools

to evaluate the prompt fission spectrum or provide constraints on the theoretical models aiming to describe the physics1425

of scission. In recent years, their range of application has also grown to encompass more specific applications in

nuclear technologies or transport codes. In this section, we summarize some of these developments.
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5.4.1. Benchmarks of Prompt Observables

The fission fragments (FF) deexcitation models have been extensively compared to the available experimental data

on prompt neutron and γ rays during the last decade. Most of the relevant literature is focused on the spontaneous1430

fission of 252Cf, because of the quality of the experimental data, and on the thermal neutron-induced fission of 235U

and 239Pu because of their importance in nuclear technology. Global benchmarks of the models with experimental

data can be found in [57] for FIFRELIN, [490] for FREYA, [432] for PbP, [434] for GEF and [491, 492] for CGMF.

A few benchmark comparisons between some of these models have also been published [493].

Figure 25: Left: Average prompt neutron multiplicity of 235U(nth,f) as a function of the primary fission fragment mass. Results

predicted by the BeoH code compared to experimental data. Figure reproduced with permission from [444] courtesy of A. Lovell;

copyright 2021 by The American Physical Society. Right: Prompt neutron spectrum from the thermal induced fission on 235U.

The spectrum is represented as its ratio to a Maxwellian with temperature T = 1.341 MeV. The predictions obtained with the FF

deexcitation models FIFRELIN, CGMF, FREYA and PbP are compared using the same primary FF mass and charge yields. Figure

reproduced with permission from [494] courtesy of R. Capote; copyright 2016 by Elsevier.
〈fig:lovell_prc_2021_fig6〉

One of the key observables in FF deexcitation is the average neutron multiplicity as a function of the mass/charge1435

of the primary fragment. The number of emitted neutrons is indeed closely related to the available excitation energy

in the primary FFs and presents a so-called sawtooth shape as shown in the left panel of Fig. 25. This sawtooth

behavior is mostly understood as coming from the shape relaxation of the fragments from their configuration close

to scission to their ground-state deformation. Typically, heavy fragments close to 132Sn are assumed to be produced

only with a low deformation at scission, which translates into a low excitation energy after shape relaxation. This1440

reasoning explains the dip in the observed neutron multiplicity ν̄(A) near A = 132. Reproducing the sawtooth shape

in the neutron multiplicity is the primary driver for current implementations of excitation energy sharing between

the fragments enumerated in Section 6.4. All deexcitation models discussed in this section reproduce qualitatively

this sawtooth behavior. A widespread discrepancy compared to experiment was the prediction of a minimum in the

neutron multiplicity at A = 132 instead of the the measured A=130 in the fission of actinides. This deviation was1445

recently attributed to the assumption of shell closure at A=132 which is actually shifted by a few mass units if one also

58



considers octupole deformations in the fragments [116].

Along with the neutron multiplicity, the prompt neutron spectrum is of particular interest for nuclear technology

applications. On this specific topic, [494] reviews in details predictions obtained from the available deexcitation

models with regard to measurements and needs for evaluated data. Despite the efforts of the community, deexcitation1450

models do not yet predict the prompt fission neutron spectrum (PFNS) with the accuracy required for such applications.

This is illustrated in the right panel of Fig. 25, which shows the large discrepancy between the PFNS predicted by

four state-of-the-art deexcitation models. Recent studies suggested that modifications both of the width of the FF

distribution and of the spin assignment of a few low-lying states in the FF structure could improve significantly the

PFNS predictions [443].1455

Figure 26: Left: Prompt γ multiplicity of 252Cf(sf) predicted by FREYA and compared with two experimental results. Figure

reproduced with permission from [490] courtesy of R. Vogt; copyright 2017 by the American Physical Society. Right: Comparison

of the prompt γ spectrum of 252Cf predicted by with FIFRELIN to experimental data. Figure reproduced with permission from [57]

courtesy of O. Litaize; copyright 2015 by Springer.
〈fig:vogt_prc_2017_fig21〉

Figure 26 is representative of typical predictions for the prompt γ multiplicity and spectrum. In general, the total

prompt γ ray multiplicity is less known than the neutron multiplicity and differences in theoretical predictions are

more pronounced. The total γ multiplicity as a function of the primary fragment mass is particularly sensitive to

the initial distribution of spins of the fragments [491, 495]. This makes deexcitation models a good tool to constrain

our knowledge of the primary fragments spins from γ multiplicity measurements as discussed in Section 6.3. The1460

right hand side of Fig. 26 compares the low-energy part of the prompt γ spectrum of 252Cf spectrum obtained from

FIFRELIN with three sets of experimental data. The overall magnitude of the spectrum reproduces the experimental

spectrum within ±1 γ per fission. It is also very noticeable that the deexcitation codes based on the Hauser-Feshbach

method reproduce very well the low-energy structures in the spectrum. This is directly related to the fact that the

low-energy structure of all possible FFs is taken into account as an input of these codes, usually by reading it from1465

existing data libraries [466].
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5.4.2. Probes into the Scission Mechanism

Beyond their ability to predict the prompt particles multiplicities and spectra, most of the deexcitation models

provide information on other observables such as the multipolarity of the γ transitions as well as their correlations.

Comparing these results with a large body of experimental data puts stringent constraints on the empirical modeling1470

of primary fragment properties and enables to infer information on the physics of scission itself. A recent example is

the study of the 237Np(n,f) reaction as a function of incident neutron energy [495]. This paper shows that different

models with incompatible energy sharing mechanism and primary fragment spin distributions reproduce equally well

the experimental neutron multiplicity ν̄(A) (cf. Fig. 27) but differ significantly on their predictions on the neutron-γ

correlation Mγ(ν̄).1475

Figure 27: Neutron multiplicity as a function of the primary fragment mass for two excitation energies of the fission system 238Np.

Increasing the excitation energy of the system mostly increases the neutron multiplicity of the heavy fragment. This behavior

is correctly reproduced when assuming an energy- and mass-dependent temperature ratio between the two fragments. Figure

reproduced with permission from [495] courtesy of O. Litaize; copyright 2019 by the American Physical Society.
〈fig:thulliez_prc_2019_fig5〉

Many studies have also attempted to unfold the primary fragments spin distribution by matching particle emission

predictions to known measurements. Work along this line have focused on the γ multiplicity [492, 491, 496, 470] as

well as on the isomeric ratios in the fragments [476, 497, 496]. We discuss in more details theoretical efforts to predict

from microscopic theory the primary fragments spins in Section 6.3.

5.4.3. Evaluated Data for Nuclear Technology1480

One possible application for deexcitation codes consists in contributing to the evaluation of nuclear data. The fact

that a model predicts the neutron and γ-rays spectra and multiplicities in a consistent way is a unique opportunity to

augment the nuclear databases with correlated evaluations as well as their associated uncertainties. The joint effort

in [494] is a first step in this direction, focusing on the evaluation of the PFNS based on various models including

the PbP model and FREYA. Covariance matrices of the uncertainty of the PFNS at various outgoing neutron energies1485
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were computed within FREYA.

Whereas alternative models exist to evaluate the prompt neutron spectrum, deexcitation models are basically the

only existing tools capable of predicting prompt γ observables. In the 2000’s, the needs for better nuclear data asso-

ciated with the prompt γ production were officially formulated in the Nuclear Data High Priority Request List of the

Nuclear Energy Agency of the OECD [441]. This surge of interest was mainly due to the topic of γ-ray heating in1490

the structural materials of GEN-IV reactors, especially in large reflectors [498]. For this reason, prompt γ multiplicity

distributions predicted with the CGMF code have been incorporated in the ENDF/B-VIII.0 [499]. In this work the

deexcitation code also supported the evaluation process of the prompt γ spectrum. Similarly, in the JEFF-3.3 libraries,

the code FIFRELIN was used to complete the experimental prompt fission γ spectrum data below and above experi-

mental energy thresholds [27]. These efforts illustrate a recent trend of including deexcitation codes into the evaluation1495

process. Further extensions of the scope of such codes suggested in [497] would be the evaluation of the independent

yields and of the branching ratios toward metastable states in the deexcitation cascade.

5.4.4. Fission Event Generators in Neutron Transport Codes

In general-purpose neutron transport codes such as MCNP or TRIPOLI, fission events and their associated emis-

sion of prompt particles are taken into account in an average way. The number of prompt neutrons generated is1500

typically sampled between the two integers closest to the average neutron multiplicity instead of a complete distribu-

tion ranging from 0 up to 10 neutrons. The correlations in energy or emission angles between the emitted particles

are neglected. This simple modeling of the prompt particles emission turns out to be sufficient for criticality problems

in large systems. On the other hand, neutron transport codes are nowadays targeting new applications requiring more

precise inputs related to fission. This includes simulation of detectors for experimental nuclear physics and neutron1505

interrogation technologies [500, 501]. Such applications often involve smaller geometries for which the anisotropy

of transported particles becomes important. The development of these applications together with the capability of FF

deexcitations codes to predict angular correlations (see for instance [502]) is an incentive to use these models as fission

events generators in neutron transport codes.

As of today, the codes FREYA and CGMF can be used as fission event generators in the MCNP6.2 [503] code1510

and were also interfaced with the MCNPX-PoliMi transport code [493]. On the other hand, the codes FREYA and

FIFRELIN can also be used within the TRIPOLI-4 transport code [504, 505]. Only a few applications have been

published so far. These include the simulation of a prompt neutron-neutron angular correlation detection apparatus

[505], which would not have been possible without a fission event generator, and the study of the neutron/photon

multiplicities correlations measurement [484].1515

5.4.5. Experimental Data Analysis
?〈sec:experimental_interpretation〉?

Fission fragments deexcitation models often provide important insights into the interpretation of experiments

thanks to their ability to estimate the sensitivity of various observables to an isolated physical effect. For example

the effect of the Doppler shift of the prompt γ-ray emission due to the velocity of the FFs on the low energy γ spec-

trum can be explicitly calculated [471]. Taking into account this effect reproduces quantitativaly the experimental1520
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prompt γ-ray spectrum of 252Cf measured in [506].

Fission events generators are capable of estimating the impact of experimental parameters such as the coincidence

time window or the detection energy threshold on the measured γ multiplicity. These two parameters turn out to be

critical for the precise determination of the γ multiplicity. Typically, the late-time γ emission from a few nanoseconds

to a few microseconds after scission represents a significant part of 3% to 7% of the total number γ rays [478, 507].1525

Finally, some specific features of the overall prompt particles spectra may sometimes be assigned to a specific FF

by a deexcitation code analysis. Interpreting an experiment measuring the high-energy γ spectrum between 0.8 and

20 MeV of 235U(n,f) with the code CoH, [508] showed that the high-energy γ (> 10 MeV) mostly come from a few

FFs. They were also able to assign a bump in the spectrum near 4 MeV to emission from the heavy fragments near the

shell closure Z = 50, N = 82.1530

Beyond these applications in the specific context of fission, fragments deexcitation codes contain general deexci-

tation models and have therefore been used in other fields such as the physics of neutrino detection [509, 510].

5.5. Delayed Emission
?〈subsec:delayed〉?

After the prompt emission, β decay in the fission fragments can still populate daughter nuclei with a significant

amount of energy. Reaching the ground state of the fission products requires the emission of delayed neutrons and/or1535

γ rays. A typical fission of actinide will emit approximately one delayed neutron every 100 fissions [450]. Most of the

deexcitation codes reviewed in this section do not simulate this delayed emission yet. There have been a few studies

performed with the HF3D code to simulate the delayed neutron emission [497, 511]. They especially focus on the

prediction of the cumulative fission yields as well as of isomeric ratios.

6. Toward a Consistent Description of Fission1540

〈sec:initial_fragments〉
The deexcitation of fission fragments is largely dictated by the properties of the primary fragments after their

complete acceleration. We have shown in Section 5 that state-of-the-art fragment deexcitation models rely on empir-

ical estimates of these properties, which are calibrated on experimental measurements. Yet, both technological and

astrophysical applications require robust predictions of the light-particle emission resulting from the fission of many

short-lived isotopes over a broad range of energies. In many cases, experimental data for such systems either are very1545

incomplete or simply do not exist. This provides a strong incentive to use theoretical models of the formation of pri-

mary fragments to provide inputs to fragments deexcitation codes. The past decade has witnessed tremendous progress

in this direction especially in the context of the EDF framework. In this section, we report on such recent achievements,

which bring us closer to a consistent description of both the formation and deexcitation of fission fragments.

The EDF framework, whether explicitly time-dependent or not, provides potentially powerful tools to characterize1550

the primary fission fragments starting from (effective) nuclear forces among nucleons. The most important problem

is to identify nearly-isolated fragments with good quantum numbers and well-defined excitation energy. Until very

recently, most work focused on estimating the properties of the fragments close to scission were based on average

properties only (i.e. expectation value of one-body operators). For instance the expectation value of any one-body,
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spatially local operator Ô such as, e.g., particle number, angular momentum, multipole moments, etc., in the left1555

fragment can be computed simply from

〈Ô〉L =

∫ ∞
−∞

dx

∫ ∞
−∞

dy

∫ zN

−∞
dz Ô(r)ρ(r), (50) eq:obs_classical

where zN refers to the position of the neck between the two prefragments along the axis of elongation. Several

pioneering studies of neutron-induced fission relied precisely on such average estimates in the neighborhood of scis-

sion [512, 392, 183, 513, 182, 167, 514]. The principal deficiency of this procedure is that some results are not realistic.

For example, the particle numbers in the fragments typically take non-integer values. In addition, static calculations do1560

not deal with isolated fragments but with entangled prefragments [182]. Although special procedures can be designed

to mitigate and somewhat quantify this effect, they do not completely solve the problem [182, 167]. In this respect,

TDDFT provides much cleaner estimates since one can wait until the fragments have fully separated and only interact

with one another through the Coulomb repulsion [368]. In the following, we are reviewing recent improvements on

the determination of these primary fragments properties crucial for the simulation of light particles emission.1565

6.1. Number of Particles
?〈subsec:particles〉?

The number of particles in the fragments is the most basic property one would expect a fission model to provide.

Yet, the naive application of (50) almost always gives fragments with non-integer numbers of particles – a problem

made worse in static theories where results depend on the definition of scission; see Section 2.3. The solution is

to extend well-known particle number projection (PNP) techniques to the case of a fission fragment following an1570

idea originally proposed by Simenel for heavy-ion collisions [515]. In this case, the “only” difference with standard

projection is the definition of the particle number operator, which now reads, e.g., for the left fragment,

N̂L =
∑
σ

∫ ∞
−∞

dx

∫ ∞
−∞

dy

∫ zN

−∞
dz c†(r, σ)c(r, σ), (51) {?}

where (c†(r, σ), c(r, σ)) are the usual particle creation and annihilation operators. The first application of this tech-

nique to fission was reported in [373]. It was later extended and formalized in [516] and applied to estimate particle

numbers for a large set of static scission configurations of 240Pu and 236U [517, 403].1575

The left panel of Fig. 28 illustrates that every single scission configuration, which is characterized by an average

number of particles as estimated from (50), contains in fact a superposition of states with different, integer-valued

particle numbers. For the smaller values of the neck radius, the method predicts the appearance of an odd-even

staggering in the charge distribution. This technique can be applied to both proton and neutron numbers in every

scission configuration. When combined with the time evolution of the collective packet in the TDGCM to populate1580

these scission configurations (see Section 4.4), this method enabled the first prediction of two-dimensional Y (A,Z)

isotopic primary fragments distributions within the EDF framework [403].

Another method to obtain integer-valued particle numbers in the fragments has been explored in the context of

the microscopic-macroscopic models. The idea is to rely on collective variables that specifically represent the average

number of particles in each fragment on a discrete mesh [519]. In addition to giving integer numbers, this technique1585
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Figure 28: Left: Charge fragmentation probabilities for the light fragment for a scission configuration in 240Pu. Each curve cor-

responds to a different size of the neck between the prefragments. Figure courtesy of Verriere. Right: Calculated post-neutron

fission-fragment average neutron-to-proton ratio 〈N〉 /Z versus fragment charge compared with experimental data and the un-

changed charge distribution (dashed line). Curves with blue and black symbols rely on different estimates of the average number

of emitted neutrons. Figure reproduced with permission from [518] courtesy of Schmitt; copyright 2021 by Elsevier.
〈fig:fragments_particles〉

was used to probe different neutron/proton ratios in the fragments and therefore computing isotopic yields [518, 519].

The right panel of Fig. 28 shows an application of this technique to compute the ratio of the mean number of neutrons

per element in the fragments, as a function of the fragment charge number. Results clearly indicate that the popular

Unchanged Charge Distribution (UCD) [520], which assumes that this ratio does not depend on the fragment charge

number and is the same as in the fissioning nucleus, is not valid. This result, well known from experiments, was also1590

reproduced by microscopic calculations with PNP [403].

6.2. Deformations of the Fragments
?〈subsec:frag_deform〉?

The deformation of fission fragments is another important property, which has a direct impact on the number

of emitted neutrons [521] and on the spin distribution of the fragments; see also next section. One of the major

advantages of EDF over macroscopic-microscopic approaches is that these deformations are predicted at scission,1595

simply owing to the variational nature of the (TD)HFB equation and the fact that deformations are outputs of the

calculations [183, 513]. By contrast, models based on parametrizing the nuclear shape treat deformations as inputs: to

obtain deformed fission fragments, one has to explicitly set these deformations.

Figure 29 is a spectacular confirmation of this property. Systematic TDDFT simulations of the fission of actinide

nuclei showed that the heavy fragment has a sometimes substantial octupole deformation [116]. This explains why1600

the charge of the most likely heavy fragment in actinide fission is not centered around Z = 50, as would naively be

expected from considerations of spherical shell effects in the fragments, but rather around Z = 52− 54, depending on

the fissioning system. This small shift is caused by the well-known octupole shell closure at Z = 56 [522].
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Figure 29: Identification of the heavy pre-fragment in asymmetric fission of actinides. Localization functions of the fissioning

nucleus at scission (upper half of the contour plot in each frame) and localization function of the octupole deformed 144Ba (lower-

half of the contour plots). Figures reproduced with permission from [116] courtesy of Scamps; copyright 2018 by Nature.
〈fig:fragments_deformations〉

6.3. Spin Distributions
〈subsec:spin〉

In addition to particle number, projection techniques have also been recently proposed to estimate the spin of fission1605

fragments using angular momentum projection (AMP), following again an idea borrowed from theoretical models of

heavy ion collisions [445]. The extension of AMP to fission fragments is very similar to particle number and involves

redefining the angular momentum operator so that it acts only in the subspace containing a single fragment. the

method was tested both in static HFB calculations for nearly all mass fragmentations of 240Pu [523] and in TDDFT

for the most likely fission [367]. Note that in this context the projection is always performed after the variational1610

determination of the (TD)HFB many-body state. Results of static calculations suggest that the average spin of the

light fragment is higher than the one of the heavy fragment and that shell effects at scission are very important to set
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the initial amount of angular momentum in the fragment. This is shown in Fig. 30. The left panel shows that the spin

distribution of a few primary fragments near 132Sn extends up to relatively high value of J , which is indicative of

deformed configurations. In their ground state, these same nuclei are spherical (as shown in the inset of the left panel),1615

which would give a spin distribution centered on 0. The right panel shows the average spin of the fragments before

and after the emission of neutrons and statistical photons. Surprisingly, static calculations (constrained HFB) and full

TDHFB simulations give very similar results for the spin distribution of the most probable fragment pair – even if the

fragments are much more excited in TDHFB than they are in static HFB calculations. Time-dependent calculations

also suggest that the intrinsic spins of the two FFs are correlated and perpendicular to each other [524].1620
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Figure 30: Panel (a): Spin distributions of a few primary fission fragments near the doubly-closed shell 132Sn at scission. The inset

shows that all three isotopes are spherical in their ground state, which would give a spin distribution centered on 0. Panel (b): Spin

distributions of fragment pairs at scission.Panel (c): Average angular momentum of the fission fragments of 240Pu before statistical

emission. Panel (d): Same as panel (a), only after statistical emission. Figures reproduced with permission from [523] courtesy of

Marevic; copyright 2021 by The American Physical Society.
〈fig:fragments_spins〉

These theoretical results partly confirm recent measurements of the spin distribution after the emission of statistical

neutrons and γ in three actinide nuclei [525]. Specifically, the overall dependency of the spin on the fragment mass

is very similar, and both theory and measurements suggest that the spin of the light fragment in the most probable

fragmentation is larger than the one of the heavy fragment. Such conclusions were also obtained independently from

studies of the fission spectrum with the code FIFRELIN [495], where a light fragment spin higher than the heavy one1625

naturally emerges from the fit of the spin-cutoff parameter to the light and heavy neutron multiplicities; see Section

5.2 for more details. Although several parameterizations of this code may lead to similar results, it shows at least that
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〈JL〉 > 〈JH〉 is not incompatible with a qualitative reproduction of both prompt-neutron and prompt-γ observables.

Contrary to the argument put forward in [525], the most advanced theoretical studies of the deexcitation of these

fragments did not show evidence that statistical photon emission leads to a constant shift of the average angular1630

momentum [526, 496]. All three different theoretical approaches explain this result by the fact that the spin of the

fragments is largely dependent on their deformation at scission [526, 523, 367].

6.4. Excitation Energy
〈subsec:initial_e〉

The determination of the excitation energy of fission fragments is more difficult. Two approaches are possible: (i)

estimate the total kinetic energy TKE (or rely on existing measurements), which sets the value of TXE, and model1635

how this total excitation energy is shared among the fragments, i.e., with a statistical model; (ii) try to directly estimate

the individual excitation energy of each fragment E∗H and E∗L. In this case, the total excitation energy is simply

TXE = E∗H + E∗L and can be used to reconstruct the value of the TKE.

Adiabatic models based on static PES give by definition cold fragments where the excitation energy comes entirely

from deformation effects and the fact that a fragment (Z,N) may have a different deformation from its ground-state1640

value. An estimate of the value of the excitation energy can still be set “by hand” based on the total energy balance of

the reaction at scission similar to (39). In this case, the first step consists in determining the total kinetic energy of the

static configurations in the neighborhood of scission. Since most of the kinetic energy carried away by the fragments

derives from the Coulomb repulsion between them, the most simple estimate of TKE is given by

TKE ≈ e2

4πε0

ZHZL

R
, (52) {?}

with R the distance between the two fragments, which can be estimated from the position of the two centers of1645

mass [527]. Refinements of this formula involve adding the pre-scission kinetic energy of the fragments, which can

be estimated as the collective energy term 1
2

∑
αβ Bαβ q̇αq̇β in the context of the Langevin equation (26); see, e.g.,

[528, 340, 343]. The remaining total excitation energy of the system then needs to be shared between the fragments.

This mechanism of energy sharing, also called energy sorting, is often described based on a statistical argument [529]:

in the Fermi gas model, the excitation energy of the fragment E∗ is related to its temperature through E∗ = aT 2,1650

where a is the level-density parameter [58]. If we assume statistical equilibrium between the two fragments at scission,

then the temperatures satisfy TH = TL, and one can easily estimate E∗H and E∗L. Simulations of the fission spectrum

prompted a discussion of the validity of the equality between the two temperatures and the need to phenomenologically

parametrize the ratio RT = TH/TL [530, 467, 531, 532, 533]. Since 2020, yet another energy sharing mechanism was

proposed, based on more realistic calculations of level densities in the fragments [534, 535].1655

The second approach to estimating directly the excitation energy of each fragment is the direct result of progress in

microscopic fission theory, especially real-time TDDFT simulations of fission events. In such cases, the total energy

of the system is conserved, and simulations can be run until the two fragments are well separated (up to ' 30 fm

between the fragments in [367]). At that point, the excitation energy of the fragment is simply the difference between

the computed value and the ground-state binding energy. In addition, the TKE can be computed directly as the relative1660

kinetic energy of the two moving fragments, rather than through the Coulomb energy proxy. This approach was first
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outlined in [368] and applied in [374] in the context of TDHF theory. With the inclusion of pairing in full TDHFB

calculations, estimates of TKE and fragment excitation energy in the low-energy fission of nuclei such as 240Pu became

possible [355] up to percent precision. Results for the most likely fission suggest the two fragments do not have the

same temperature.1665

7. Conclusion

In spite of its applications in nuclear engineering and its essential role in answering fundamental science questions

about the stability of superheavy elements or the formation of heavy elements in the Cosmos, the phenomenon of

fission remains shrouded in mysteries. In terms of sheer complexity, it has few rivals as it compounds the challenges of

any quantum many-body theory with those of open quantum systems, nuclear forces and out-of-equilibrium processes.1670

From a nuclear theory perspective, fission is a deep and unforgiving probe into many properties of atomic nuclei:

small errors in computing nuclear deformation properties can lead to orders of magnitude discrepancies on actual

observables.

In this article, we attempted to give as thorough a review on fission theories as possible. We highlighted that there

are, broadly speaking, three main phases in the process: the probability for a nucleus to fission, the large-amplitude1675

collective motion leading to the production of primary fragments and the deexcitation of these fragments after they

are formed. The first phase requires the tools of reaction theory to account for the competition between fission per se

and every other decay channel. Even though most of the theoretical formalism was developed between the 1950’s and

the early 1980’s, lack of proper nuclear structure inputs has been the major bottleneck and progress, while real, has

been relatively slow. In contrast, it is fair to say that the description of large-amplitude nuclear collective dynamics1680

has seen the most spectacular progress in the last two decades. This was largely caused by the possibility to perform

large-scale, precise energy density functional calculations with realistic energy functionals on supercomputers. The

last phase of the fission process, the prompt and delayed emission of particles from the fragments, is described by the

same methods of nuclear reaction theory as the entrance channel. In recent years, several codes have been published

to perform complete simulations of fission events and thereby connect with transport codes used in technological1685

applications.

Looking ahead, we see many opportunities to bridge these three phases of fission into a single, consistent theo-

retical framework. For example, the recent studies on the number of particles, excitation energy or spin distribution

of the fission fragments that were discussed in Section 6 have shown that one can start replacing phenomenological

inputs of deexcitation models with microscopic predictions based on actual simulations of fission dynamics. Simi-1690

larly, both the statistical and R-matrix formalisms for fission cross sections summarized in Secs. 3.2.2 and 3.2.3 rely,

most generally, on nuclear structure theory inputs that could be computed with more advanced models than used until

now. This global theoretical framework that we envision is bound to be based on the EDF approach, at least in the

foreseeable future: large-amplitude collective motion, γ emission or absorption and β decay are naturally described

within this framework. It is reasonable to think that formal developments and computational advances should soon1695

enable the calculation of the complete sets of nuclear wave functions with good quantum numbers needed to describe
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the entrance channel. Putting together all these ingredients will without a doubt require considerable effort, but is also

the promise of a bright future for fission theory.
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lowdin1955quantumc [78] P.-O. Löwdin, Quantum Theory of Many-Particle Systems. III. Extension of the Hartree-Fock Scheme to1915

Include Degenerate Systems and Correlation Effects, Phys. Rev. 97 (6) (1955) 1509. doi:10.1103/

PhysRev.97.1509.

75

http://dx.doi.org/10.1103/PhysRev.79.432
http://dx.doi.org/10.1103/PhysRev.81.331
http://dx.doi.org/10.1103/PhysRev.81.331
http://dx.doi.org/10.1103/PhysRev.81.331
http://dx.doi.org/10.1103/RevModPhys.48.385
http://dx.doi.org/10.1103/RevModPhys.48.385
http://dx.doi.org/10.1103/RevModPhys.48.385
http://dx.doi.org/10.1103/RevModPhys.44.320
http://dx.doi.org/10.1103/PhysRevC.5.1050
http://dx.doi.org/10.1006/adnd.1995.1002
http://dx.doi.org/10.1016/0375-9474(69)90691-5
http://dx.doi.org/10.1103/PhysRevLett.97.162502
http://dx.doi.org/10.1103/PhysRevLett.97.162502
http://dx.doi.org/10.1103/PhysRevLett.97.162502
http://dx.doi.org/10.1103/PhysRevC.76.024320
http://dx.doi.org/10.1016/j.adt.2015.10.002
http://dx.doi.org/10.1103/PhysRev.97.1474
http://dx.doi.org/10.1103/PhysRev.97.1490
http://dx.doi.org/10.1103/PhysRev.97.1509
http://dx.doi.org/10.1103/PhysRev.97.1509
http://dx.doi.org/10.1103/PhysRev.97.1509


kohn1965selfconsistent [79] W. Kohn, L. J. Sham, Self-Consistent Equations Including Exchange and Correlation Effects, Phys. Rev.

140 (4A) (1965) A1133. doi:10.1103/PhysRev.140.A1133.

nazarewicz1994microscopic [80] W. Nazarewicz, Microscopic origin of nuclear deformations, Nucl. Phys. A 574 (1) (1994) 27. doi:10.1920

1016/0375-9474(94)90037-X.

flocard1974selfconsistent [81] H. Flocard, P. Quentin, D. Vautherin, M. Veneroni, A. K. Kerman, Self-consistent calculation of the fission

barrier of 240Pu, Nucl. Phys. A 231 (1) (1974) 176. doi:10.1016/0375-9474(74)90300-5.
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rohozinski1981hexadecapole [109] S. G. Rohoziński, A. Sobiczewski, Hexadecapole Nuclear Potential for Non-Axial Shapes, Acta Phys. Pol. B

12 (10) (1981) 1001.1985

rohozinski1997parametrization [110] S. G. Rohoziński, Parametrization of nonaxial deformations in rotational nuclei, Phys. Rev. C 56 (1) (1997)

165. doi:10.1103/PhysRevC.56.165.

pomorski2015universal [111] K. Pomorski, B. Nerlo-Pomorska, J. Bartel, C. Schmitt, Universal, Low-dimensional Shape Parametrization of

Fissioning Nuclei, Acta Phys. Pol. B Proc. Suppl. 8 (3) (2015) 667. doi:10.5506/APhysPolBSupp.8.

667.1990

dobrowolski2016solving [112] A. Dobrowolski, K. Pomorski, J. Bartel, Solving the eigenvalue problem of the nuclear Yukawa-folded mean-

field Hamiltonian, Comput. Phys. Commun. 199 (2016) 118. doi:10.1016/j.cpc.2015.09.020.

jachimowicz2021properties [113] P. Jachimowicz, M. Kowal, J. Skalski, Properties of heaviest nuclei with 98 ≤ Z ≤ 126 and 134 ≤ N ≤ 192,

Atom. Data Nuc. Data Tab. 138 (2021) 101393. doi:10.1016/j.adt.2020.101393.
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zhao2020timedependent [209] J. Zhao, T. Nikšić, D. Vretenar, S.-G. Zhou, Time-dependent generator coordinate method study of fission:

Mass parameters, Phys. Rev. C 101 (6) (2020) 064605. doi:10.1103/PhysRevC.101.064605.

sadhukhan2013spontaneous [210] J. Sadhukhan, K. Mazurek, A. Baran, J. Dobaczewski, W. Nazarewicz, J. A. Sheikh, Spontaneous fission

lifetimes from the minimization of self-consistent collective action, Phys. Rev. C 88 (6) (2013) 064314.2210

doi:10.1103/PhysRevC.88.064314.

yuldashbaeva1999mass [211] E. K. Yuldashbaeva, J. Libert, P. Quentin, M. Girod, Mass parameters for large amplitude collective motion: A

perturbative microscopic approach, Phys. Lett. B 461 (1–2) (1999) 1. doi:10.1016/S0370-2693(99)

00836-9.

matsuo2000adiabatic [212] M. Matsuo, T. Nakatsukasa, K. Matsuyanagi, Adiabatic Selfconsistent Collective Coordinate Method for Large2215

Amplitude Collective Motion in Nuclei with Pairing Correlations, Prog. Theor. Phys. 103 (5) (2000) 959. doi:

10.1143/PTP.103.959.

85

http://dx.doi.org/10.1093/ptep/pts016
http://dx.doi.org/10.1103/PhysRevC.103.014306
http://dx.doi.org/10.1016/0003-4916(80)90210-9
http://dx.doi.org/10.1016/0003-4916(80)90210-9
http://dx.doi.org/10.1016/0003-4916(80)90210-9
http://dx.doi.org/10.1016/0375-9474(81)90010-5
http://dx.doi.org/10.1016/0375-9474(81)90010-5
http://dx.doi.org/10.1016/0375-9474(81)90010-5
http://dx.doi.org/10.1103/PhysRevC.85.024323
http://dx.doi.org/10.1103/PhysRevC.85.024323
http://dx.doi.org/10.1103/PhysRevC.85.024323
http://dx.doi.org/10.1103/PhysRevC.84.054321
http://dx.doi.org/10.1103/PhysRevC.84.054321
http://dx.doi.org/10.1103/PhysRevC.84.054321
http://dx.doi.org/10.1016/j.physletb.2018.10.045
http://dx.doi.org/10.1103/PhysRevC.101.064605
http://dx.doi.org/10.1103/PhysRevC.88.064314
http://dx.doi.org/10.1016/S0370-2693(99)00836-9
http://dx.doi.org/10.1016/S0370-2693(99)00836-9
http://dx.doi.org/10.1016/S0370-2693(99)00836-9
http://dx.doi.org/10.1143/PTP.103.959
http://dx.doi.org/10.1143/PTP.103.959
http://dx.doi.org/10.1143/PTP.103.959


hinohara2007gaugeinvariant [213] N. Hinohara, T. Nakatsukasa, M. Matsuo, K. Matsuyanagi, Gauge-Invariant Formulation of the Adiabatic Self-

Consistent Collective Coordinate Method, Prog. Theor. Phys. 117 (3) (2007) 451. doi:10.1143/PTP.

117.451.2220

giuliani2013fission [214] S. A. Giuliani, L. M. Robledo, Fission properties of the Barcelona-Catania-Paris-Madrid energy density func-

tional, Phys. Rev. C 88 (2013) 054325. doi:10.1103/PhysRevC.88.054325.

giuliani2014dynamic [215] S. A. Giuliani, L. M. Robledo, R. Rodrı́guez-Guzmán, Dynamic versus static fission paths with realistic inter-

actions, Phys. Rev. C 90 (5) (2014) 054311. doi:10.1103/PhysRevC.90.054311.

sadhukhan2014pairinginduced [216] J. Sadhukhan, J. Dobaczewski, W. Nazarewicz, J. A. Sheikh, A. Baran, Pairing-induced speedup of nuclear2225

spontaneous fission, Phys. Rev. C 90 (6) (2014) 061304. doi:10.1103/PhysRevC.90.061304.
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chadwick2011endf [254] M. B. Chadwick, M. Herman, P. Obložinský, M. E. Dunn, Y. Danon, A. C. Kahler, D. L. Smith, B. Pritychenko,

G. Arbanas, R. Arcilla, R. Brewer, D. A. Brown, R. Capote, A. D. Carlson, Y. S. Cho, H. Derrien, K. Gu-

ber, G. M. Hale, S. Hoblit, S. Holloway, T. D. Johnson, T. Kawano, B. C. Kiedrowski, H. Kim, S. Kunieda,

N. M. Larson, L. Leal, J. P. Lestone, R. C. Little, E. A. McCutchan, R. E. MacFarlane, M. MacInnes, C. M.2315

Mattoon, R. D. McKnight, S. F. Mughabghab, G. P. A. Nobre, G. Palmiotti, A. Palumbo, M. T. Pigni, V. G.

Pronyaev, R. O. Sayer, A. A. Sonzogni, N. C. Summers, P. Talou, I. J. Thompson, A. Trkov, R. L. Vogt, S. C.

van der Marck, A. Wallner, M. C. White, D. Wiarda, P. G. Young, ENDF/B-VII.1 Nuclear Data for Science and

Technology: Cross Sections, Covariances, Fission Product Yields and Decay Data, Nucl. Data Sheets 112 (12)

(2011) 2887. doi:10.1016/j.nds.2011.11.002.2320

koning2012modern [255] A. J. Koning, D. Rochman, Modern Nuclear Data Evaluation with the TALYS Code System, Nuclear Data

Sheets 113 (12) (2012) 2841. doi:10.1016/j.nds.2012.11.002.

smith2012experimental [256] D. L. Smith, N. Otuka, Experimental Nuclear Reaction Data Uncertainties: Basic Concepts and Documentation,

Nucl. Data Sheets 113 (12) (2012) 3006. doi:10.1016/j.nds.2012.11.004.

brown2015uncertainty [257] D. A. Brown, M. Herman, S. Hoblit, E. A. McCutchan, G. P. A. Nobre, B. Pritychenko, A. A. Sonzogni,2325

Uncertainty quantification in the Nuclear Data Program, J. Phys. G: Nucl. Part. Phys. 42 (3) (2015) 034020.

doi:10.1088/0954-3899/42/3/034020.

talou2015uncertainties [258] P. Talou, T. Kawano, M. B. Chadwick, D. Neudecker, M. E. Rising, Uncertainties in nuclear fission data, J.

Phys. G: Nucl. Part. Phys. 42 (3) (2015) 034025. doi:10.1088/0954-3899/42/3/034025.

kramers1940brownian [259] H. A. Kramers, Brownian motion in a field of force and the diffusion model of chemical reactions, Phys. 7 (4)2330

(1940) 284. doi:10.1016/S0031-8914(40)90098-2.

abe1996stochastic [260] Y. Abe, S. Ayik, P.-G. Reinhard, E. Suraud, On stochastic approaches of nuclear dynamics, Phys. Rep. 275 (2–3)

(1996) 49. doi:10.1016/0370-1573(96)00003-8.

risken1989fokker [261] H. Risken, The Fokker-Planck Equation - Methods of Solution and Applications, Springer, 1989. doi:10.

10071978-3-642-61544-3.2335

hanggi1990reactionrate [262] P. Hänggi, P. Talkner, M. Brokovec, Reaction-rate theory: Fifty years after Kramers, Rev. Mod. Phys. 62 (2)

(1990) 251. doi:10.1103/RevModPhys.62.251.

hofmann2008physics [263] H. Hofmann, The Physics of Warm Nuclei: With Analogies to Mesoscopic Systems, Oxford Studies in Nuclear

Physics, Oxford University Press, Oxford, 2008. doi:10.1093/acprof:oso/9780198504016.001.

0001.2340

89

http://dx.doi.org/10.13182/NSE09-41
http://dx.doi.org/10.1016/j.nds.2011.11.002
http://dx.doi.org/10.1016/j.nds.2012.11.002
http://dx.doi.org/10.1016/j.nds.2012.11.004
http://dx.doi.org/10.1088/0954-3899/42/3/034020
http://dx.doi.org/10.1088/0954-3899/42/3/034025
http://dx.doi.org/10.1016/S0031-8914(40)90098-2
http://dx.doi.org/10.1016/0370-1573(96)00003-8
http://dx.doi.org/10.10071978-3-642-61544-3
http://dx.doi.org/10.10071978-3-642-61544-3
http://dx.doi.org/10.10071978-3-642-61544-3
http://dx.doi.org/10.1103/RevModPhys.62.251
http://dx.doi.org/10.1093/acprof:oso/9780198504016.001.0001
http://dx.doi.org/10.1093/acprof:oso/9780198504016.001.0001
http://dx.doi.org/10.1093/acprof:oso/9780198504016.001.0001
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