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Abstract We present an elementary and self-contained proof that there are exactly four symmetry
classes of the elasticity tensor in two dimensions: oblique, rectangular, square, and isotropic. In two
dimensions, orthogonal transformations are either reflections or rotations. The proof is based on identifi-
cation of constraints imposed by reflections and rotations on the elasticity tensor, and it simply employs
elementary tools from trigonometry, making the proof accessible to a broad audience. For completeness,
we identify the sets of transformations (rotations and reflections) for each symmetry class and report
the corresponding equations of motions in classical linear elasticity.
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1 Introduction

Many materials exhibit symmetry in their material response. This can be captured to a certain degree
in linear elasticity by imposing symmetry on the elasticity tensor; however, the elasticity tensor is only
capable of describing a rather limited number of symmetry classes. In fact, it has been shown that the
elasticity tensor has exactly eight symmetry classes in three dimensions [6,4,11,3] and four symmetry
classes in two dimensions [1,8]. In addition to being important for describing material response, imposing
symmetry on the elasticity tensor is also necessary for dimension-reducing approximations such as plane
strain, plane stress, and axisymmetry [10].

In this work, we explore the symmetry classes of the two-dimensional elasticity tensor. In recent years,
several works studied various properties of the two-dimensional elasticity tensor, e.g., [1,2,7,8,13,14].
The aim of this paper is to present a new proof that the quantity of material symmetry classes in two-
dimensional linear elasticity is exactly four. While a proof was presented in [1,8], an additional focus of
the present work is the use of elementary methods in order to facilitate understanding among a broader
audience. In fact, by simply employing trigonometry and the definition of a group from abstract algebra,
we demonstrate that the elasticity tensor has exactly four symmetry classes1: oblique, rectangular,
square, and isotropic.

The organization of this paper is as follows. In Section 2, we review the classical theory of linear elasticity
to provide a background of material anisotropy, the elasticity tensor, and material symmetry. In Section 3,
we look at symmetry classes and present the main result showing there are four symmetry classes of the
elasticity tensor in two dimensions. Lastly, in Section 4, we present concluding remarks.

2 The elasticity tensor and the equation of motion in classical linear elasticity

In classical linear elasticity, the stress tensor σ and strain tensor ε are related via the generalized Hooke’s
law [10]:

σij = Cijklεkl, (1)

where Cijkl are the components of the fourth-order elasticity tensor C and Einstein summation convention
for repeated indices is employed. Due to the symmetries of the stress and strain tensors (i.e., σij = σji
and εkl = εlk), C inherits the minor symmetries:

Cijkl = Cjikl = Cijlk. (2)

1 There does not appear to be a consensus in the literature for the naming of the symmetry classes in two dimensions.
For instance, in [1] the symmetry classes are labeled monoclinic, orthotropic, tetragonal, and isotropic.
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Furthermore, the relation between the strain energy density W = 1
2σijεij and C,

Cijkl =
∂2W

∂εij∂εkl
=

∂2W

∂εkl∂εij
= Cklij ,

guarantees the major symmetry of C:

Cijkl = Cklij . (3)

Due to the major and minor symmetries, we may utilize Voigt notation to express the fourth-order tensor
C as a symmetric second-order tensor C and, similarly, represent the second-order tensors σ and ε as
vectors. In this formulation, we express (1) in two dimensions as σ = Cε, which in component form is
given by

σ11σ22
σ12

 =

C1111 C1122 C1112

· C2222 C2212

· · C1212

 ε11
ε22
2ε12

 . (4)

The inverse relation of (1) can be expressed as

εij = Sijklσkl, (5)

where Sijkl are the components of the fourth-order compliance tensor S. Similar to C, we may employ
Voigt notation to express the fourth-order tensor S as a symmetric second-order tensor S [10]. The
strain-stress relation (5) may be expressed in two dimensions as ε = Sσ, which in component form is
given by  ε11

ε22
2ε12

 =

S1111 S1122 2S1112

· S2222 2S2212

· · 4S1212

σ11σ22
σ12

 .
In classical linear elasticity, the strain tensor ε is related to the displacement field u through the relation

εij =
1

2

(
∂ui
∂xj

+
∂uj
∂xi

)
. (6)

We are now able to provide the equation of motion in classical linear elasticity [9]. Given a body B ⊂ Rd,
where d is the dimension, the equation of motion is given by

ρü = ∇ · σ + b, (7)

where ρ is the mass density, ü is the second derivative in time of the displacement field u, and b is a
prescribed body force density field. In component form, (7) may be written as (see (1) and (6))

ρüi =
∂σij
∂xj

+ bi = Cijkl
∂εkl
∂xj

+ bi

=
Cijkl

2

(
∂2uk
∂xj∂xl

+
∂2ul

∂xj∂xk

)
+ bi

=Cijkl
∂2uk
∂xj∂xl

+ bi,

(8)

where we used the minor symmetry Cijkl = Cijlk (see (2)).
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3 Material symmetry classes in two-dimensional classical linear elasticity

The fourth-order tensor C can be expressed in the basis {ei}i=1,...,d, where d is the dimension, as

C = Cijkl (ei ⊗ ej ⊗ ek ⊗ el) . (9)

A transformation between orthonormal bases of Rd, {ei}i=1,...,d and {e′i}i=1,...,d, where d is the dimension,
may be represented by an orthogonal matrix Q, where the components are given by

Qij = e′i · ej . (10)

We call Q a symmetry transformation of C when the components of C are invariant under the transfor-
mation. In Definition 1 we formalize this concept.

Definition 1 An orthogonal transformation Q between orthonormal bases {ei}i=1,...,d and {e′i}i=1,...,d

(see (10)) is a symmetry transformation of C if

Cijkl = QipQjqQkrQlsCpqrs, i, j, k, l ∈ {1, . . . , d} . (11)

In view of (11), one may show that if Q1 and Q2 are symmetry transformations of C then Q−11 (as well
as Q−12 ) and Q1Q2 are also symmetry transformations of C [10]. Clearly, the identity transformation, I,
is a symmetry transformation of C. Therefore, the set of symmetry transformations of C forms a group
(see, e.g., [5]), which we call the symmetry group of C and denote by GC. We call the set of symmetry
groups of C that are equivalent up to a change in orientation, the symmetry class of C. Given a material
described by C, its material symmetry class is the corresponding symmetry class of C.

In two dimensions, it is well known that every orthogonal transformation is either a reflection or a
rotation. For completeness, this result is presented along with a proof in Proposition 1 in Appendix C.
For convenience, we recall the corresponding transformation matrices. For a (counterclockwise) rotation
by an angle θ about the origin, the corresponding transformation matrix is given by

Rot(θ) :=

[
cos(θ) − sin(θ)
sin(θ) cos(θ)

]
. (12)

Remark 1 The transformation matrix (12) can be viewed as an active or passive transformation. As an
active transformation, (12) rotates a vector counterclockwise by θ. Conversely, as a passive transforma-
tion, (12) corresponds to rotating the coordinate system and the corresponding basis vectors clockwise
by θ.

For a reflection about the line through the origin making an angle of θ with the x-axis, the corresponding
transformation matrix is given by

Ref(θ) :=

[
cos(2θ) sin(2θ)
sin(2θ) − cos(2θ)

]
. (13)

From the periodicity of the sine and cosine functions, it is clear that any rotation may be represented by
a rotation of θ ∈ [0, 2π), while any reflection may be represented by a reflection through a line making
an angle of θ ∈ [0, π) with the x-axis. We recall a useful identity for later use:

Ref(φ)Ref(θ) = Rot(2[φ− θ]). (14)

Since reflections are their own inverses, we additionally have

Rot(2[φ− θ])Ref(θ) = Ref(φ). (15)

In the two-dimensional case, there are exactly four symmetry classes of C, as was shown in [1,8]. The
proof below of our main result, Theorem 1, provides an alternative proof of this fact. The proof utilizes
elementary methods with minimal machinery from abstract algebra.
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Theorem 1 Up to a change in orientation, there are exactly four symmetry groups of the elasticity
tensor C in two dimensions: oblique, rectangular, square, and isotropic (see Figure 1). The corresponding
elasticity tensors and group generators for each symmetry group are given by:

Symmetry Group Elasticity Tensor Group Generators

Oblique

C1111 C1122 C1112

· C2222 C2212

· · C1212

 {−I}

Rectangular

C1111 C1122 0
· C2222 0
· · C1212

 {−I,Ref(0)}

Square

C1111 C1122 0
· C1111 0
· · C1212

 {
−I,Ref(0),Ref(π4 )

}

Isotropic

C1111 C1122 0
· C1111 0
· · C1111−C1122

2

 {Ref(θ) : θ ∈ [0, π)}

Proof Suppose GC is the symmetry group of C. We show that, up to a change in orientation, GC is one
of the four symmetry groups from Lemma 1 below. By (11), it is clear that −I ∈ GC. Consequently, at
least one of the four symmetry groups described in Lemma 1 (i.e., oblique) is a subgroup of GC. Let
N be the most symmetric (largest quantity of group generators) such subgroup of GC. By construction,
N ⊆ GC. We now show that GC ⊆ N , which implies GC = N .

Up to a change in orientation, Lemma 1 implies every reflection in GC is contained in N , as otherwise
N would not be the most symmetric subgroup of GC from the groups described in Lemma 1. Similarly,
by Lemma 2, we know every rotation in GC is contained in N . Since orthogonal transformations in two
dimensions are either rotations or reflections, every element of GC is contained in N , i.e., GC ⊆ N .

Lemma 1 In two dimensions and up to a change in orientation, there are only four symmetry groups
of the elasticity tensor C generated by reflections and −I:

Symmetry Group Lines of Reflection Symmetry Group Generators

Oblique No lines of reflection symmetry {−I}

Rectangular Two lines of reflection symmetry {−I,Ref(0)}

Square Four lines of reflection symmetry
{
−I,Ref(0),Ref

(
π
4

)}
Isotropic All lines of reflection symmetry {Ref(θ) : θ ∈ [0, π)}

Proof No lines of reflection symmetry
By (11), the group generated by

{−I} (16)

is a subgroup of any symmetry group of C. This group, {I,−I}, imposes no restrictions on the elasticity
tensor, i.e., (11) holds under any transformation in the group. We call the symmetry group generated
by (16) the oblique symmetry group, and the corresponding elasticity tensor is given by (see (4))

C =

C1111 C1122 C1112

· C2222 C2212

· · C1212

 . (17)
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Oblique

Rectangular

Square

Isotropic

Ref(0)

Ref(π
4

)

Ref(θ) ∀θ

Fig. 1: The four symmetry groups (up to a change in orientation) of the elasticity tensor in two dimen-
sions.

One line of reflection symmetry
We now consider the implications of adding a reflection symmetry transformation to the subgroup
{I,−I}. Without loss of generality, we choose an orthonormal basis {ei}i=1,2 so that the line of re-
flection symmetry coincides with the x-axis. In this basis, we may write the corresponding reflection
transformation as (see (13))

Ref(0) =

[
1 0
0 −1

]
. (18)

We are interested in the restrictions the group generated by

{−I,Ref(0)} (19)

imposes on the elasticity tensor C.

In order for (11) to be satisfied for Q = Ref(0), any component Cijkl where 2 appears an odd number
of times in the indices requires Cijkl = −Cijkl and thus Cijkl = 0. Consequently,

C1112 = C2212 = 0. (20)

The transformations in (19) impose no additional restrictions on C. We call the symmetry group gener-
ated by (19) the rectangular symmetry group, and the corresponding elasticity tensor is given by

C =

C1111 C1122 0
· C2222 0
· · C1212

 . (21)

Notice Rot(π), a rotation by π, is equivalent to −I (see (12)). By (15), we have

Rot(π)Ref(θ) = Ref
(
θ +

π

2

)
. (22)
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First line of reflection

Second line of reflection

x

y

e1

e2
e′2

e′1
θ

Fig. 2: Basis {ei}i=1,2 and rotated basis {e′i}i=1,2 corresponding to two non-orthogonal lines of reflection
symmetry.

Since −I is in every symmetry group of C, by (22), a line of reflection symmetry automatically induces
a second line of reflection symmetry orthogonal to the first line of reflection symmetry. In particular,
this implies Ref

(
π
2

)
belongs to the rectangular symmetry group because the reflection transformation

Ref(0) belongs to the group. Thus, to consider a symmetry group distinct from the rectangular symmetry
group, we next consider a group containing two symmetry transformations corresponding to reflections
across two non-orthogonal lines.

Multiple non-orthogonal lines of reflection symmetry
Consider a group generated by −I and two symmetry transformations corresponding to reflections across
two non-orthogonal lines. Suppose the angle between the two lines of reflection symmetry is given by
θ. We further require θ 6= kπ

2 for k ∈ Z, so that the lines of reflection symmetry are distinct and not
orthogonal to each other.

Similar to [4], one may choose an orthonormal basis {ei}i=1,2 and a rotated basis {e′i}i=1,2 such that

e′1 = cos(θ)e1 + sin(θ)e2,

e′2 = − sin(θ)e1 + cos(θ)e2,

where e1 and e′1 are oriented along the two lines of reflection symmetry (see Figure 2). In the rotated
basis, following the argument for one line of reflection symmetry, the condition C ′1112 = C ′2212 = 0 holds.
The orthogonal matrix corresponding to such a basis rotation is Q = Rot(−θ). Using this Q in (11),
in combination with C ′1112 = C ′2212 = 0, leads to a system of two equations (one for C ′1112 and one for
C ′2212) from which the remaining symmetry groups may be identified. Nevertheless, in this work, we
instead directly use reflection transformations for the same purpose.

In the basis {ei}i=1,2, the group is generated by

{−I,Ref(0),Ref(θ)} . (23)

We consider (11) with Q = Ref(θ). Since Ref(0) is already in the set (23), we may assume (20),
and the transformation of the components C1112 and C2212 results in the following equations (after
simplification):

0 = C ′1112 = [C1111 − C2222 + (C1111 − 2C1122 + C2222 − 4C1212) cos(4θ)] sin(4θ), (24a)

0 = C ′2212 = [C1111 − C2222 − (C1111 − 2C1122 + C2222 − 4C1212) cos(4θ)] sin(4θ). (24b)
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We now consider all solutions of system (24).

First, let us consider the case θ = π
4 or 3π

4 (recall θ ∈ [0, π)). Recall from (22) that a line of reflec-
tion symmetry induces a second line of reflection symmetry perpendicular to the first one. Thus, the
choice of θ = π

4 or 3π
4 is irrelevant as either symmetry transformation induces the other one. Without

loss of generality, we suppose θ = π
4 . Consequently, sin(4θ) = 0 and no additional restrictions arise

from (24). However, in order for Q to be a symmetry transformation of C, the following remaining
equations from (11) need to also be satisfied for the components of the elasticity tensor (we currently
only impose (20)):

C ′1111 − C1111 = −C1111 + C1111 cos4(2θ) + C2222 sin4(2θ) +

[
1

2
C1122 + C1212

]
sin2(4θ) = 0, (25a)

C ′1122 − C1122 =
1

4
[C1111 − 2C1122 + C2222 − 4C1212] sin2(4θ) = 0, (25b)

C ′2222 − C2222 = −C2222 + C2222 cos4(2θ) + C1111 sin4(2θ) +

[
1

2
C1122 + C1212

]
sin2(4θ) = 0, (25c)

C ′1212 − C1212 =
1

4
[C1111 − 2C1122 + C2222 − 4C1212] sin2(4θ) = 0. (25d)

By our assumption that θ = π
4 , we know cos(2θ) = 0, sin(2θ) = 1, and sin(4θ) = 0. Thus, by (25a) or

(25c), we obtain the restriction C1111 = C2222. No additional restrictions are imposed by (25) on C. We
call the symmetry group generated by {

−I,Ref(0),Ref
(π

4

)}
(26)

the square symmetry group, and the corresponding elasticity tensor has the restrictions

C1112 = C2212 = 0 and C1111 = C2222. (27)

The elasticity tensor corresponding to the square symmetry group is given by

C =

C1111 C1122 0
· C1111 0
· · C1212

 . (28)

Now, let us consider the case θ 6= π
4 or 3π

4 . Then, sin(4θ) 6= 0, and we can simplify (24) by dividing the
equations by sin(4θ) to obtain:

C1111 − C2222 + (C1111 − 2C1122 + C2222 − 4C1212) cos(4θ) = 0, (29a)

C1111 − C2222 − (C1111 − 2C1122 + C2222 − 4C1212) cos(4θ) = 0. (29b)

In this case, adding (29a) and (29b), we obtain the restriction C1111 = C2222; then, using this relation
in any of the equations in (25), we obtain (after simplification2):

[C1111 − C1122 − 2C1212] sin2(4θ) = 0. (30)

As a consequence, we obtain the additional restriction C1212 = (C1111−C1122)/2. These two restrictions
ensure (29) is satisfied and thus no additional restrictions are imposed on C. The corresponding elasticity
tensor has the restrictions

C1112 = C2212 = 0, C1111 = C2222, and C1212 =
C1111 − C1122

2
, (31)

which produce the elasticity tensor

C =

C1111 C1122 0
· C1111 0
· · C1111−C1122

2

 . (32)

2 For (25a) and (25c), we employ the trigonometric identity sin4(x) + cos4(x) = 1 − 1
2

sin2(2x) in combination with
C1111 = C2222 to obtain (30).
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Moreover, given (32) one may show (11) holds for Q = Ref(θ) with any choice of θ. Thus, this elasticity
tensor remains invariant under reflection for any choice of line of reflection. We call this group the
isotropic symmetry group. A set of generators of this group is given by

{Ref(θ) : θ ∈ [0, π)} . (33)

The last piece to complete the proof is to consider adding an additional reflection symmetry transforma-
tion to the square symmetry group. In this case, we have two lines of reflection symmetry which do not
intersect at an angle of π

4 or 3π
4 and, consequently, from the second case above, we arrive at (30). This

in turn implies (33) is a set of generators for the group, i.e., we obtain the isotropic symmetry group.

The next lemma shows that adding rotations to the symmetry groups in Lemma 1 does not produce
new symmetry groups and therefore those symmetry groups actually describe all symmetry groups of C.

Lemma 2 The set of symmetry groups described in Lemma 1 is closed under the introduction of rotation
symmetry transformations of C. More specifically, if C is invariant under a rotation transformation Q
and the members of a symmetry group G from Lemma 1, then the symmetry group generated by {Q}∪G
is one of the four symmetry groups from Lemma 1.

Proof Let C be invariant under a rotation transformation Q and the members of a symmetry group G
from Lemma 1. If Q ∈ G then {Q}∪G = G and the conclusion of the lemma is immediate. Consequently,
we suppose Q /∈ G. We discuss each symmetry group G: isotropic, square, rectangular, and oblique.

Isotropic: In this case, G is generated by (33) and, consequently, contains all rotation transforma-
tions. This is easily seen through the closure property of groups and relation (14). Ergo, Q ∈ G, which
contradicts the assumption Q /∈ G.

Square: In this case, G is generated by (26). Recall that in two dimensions the composition of a reflection
and a rotation is a reflection (see (15)). Since Q /∈ G, the closure property of groups implies the group
generated by {Q}∪G contains a reflection symmetry transformation not in G. Consequently, by Lemma 1,
the symmetry group generated by {Q} ∪ G is the isotropic symmetry group.

Rectangular: In this case, G is generated by (19). As in the square case, since Q /∈ G, the group
generated by {Q} ∪ G contains a reflection symmetry transformation not in G. Therefore, by Lemma 1,
the isotropic symmetry group or the square symmetry group is a subgroup of the group generated by
{Q} ∪ G. Furthermore, the square and isotropic cases above guarantee the group generated by {Q} ∪ G
is either the square symmetry group or the isotropic symmetry group.

Oblique: In this case, G is generated by (16). We further suppose the rotation transformation Q is given
by (12) with θ 6= kπ for k ∈ Z since rotations by kπ are already in the group generated by (16). Because



10 Jeremy Trageser∗, Pablo Seleson

C is invariant under the rotation transformation Q, we have by (11) that

C1111 = C1111 cos4(θ)− 4C1112 sin(θ) cos3(θ) + 2C1122 cos2(θ) sin2(θ) + 4C1212 cos2(θ) sin2(θ)

− 4C2212 sin3(θ) cos(θ) + C2222 sin4(θ),
(34a)

C1112 = C1111 sin(θ) cos3(θ) + C1112(4 sin4(θ)− 5 sin2(θ) + 1)

+ C1122(sin3(θ) cos(θ)− sin(θ) cos3(θ)) + 2C1212(sin3(θ) cos(θ)− sin(θ) cos3(θ))

+ C2212(3 sin2(θ)− 4 sin4(θ))− C2222 sin3(θ) cos(θ),

(34b)

C1122 = C1111 cos2(θ) sin2(θ) + 2C1112(sin(θ) cos3(θ)− sin3(θ) cos(θ))

+ C1122(sin4(θ) + cos4(θ))− 4C1212 cos2(θ) sin2(θ)

+ 2C2212(sin3(θ) cos(θ)− sin(θ) cos3(θ)) + C2222 cos2(θ) sin2(θ),

(34c)

C1212 = C1111 cos2(θ) sin2(θ) + 2C1112(sin(θ) cos3(θ)− sin3(θ) cos(θ))

− 2C1122 cos2(θ) sin2(θ) + C1212(sin2(θ)− cos2(θ))2

+ 2C2212(sin3(θ) cos(θ)− sin(θ) cos3(θ)) + C2222 cos2(θ) sin2(θ),

(34d)

C2212 = C1111 sin3(θ) cos(θ) + C1112(3 sin2(θ)− 4 sin4(θ))

+ C1122(sin(θ) cos3(θ)− sin3(θ) cos(θ)) + 2C1212(sin(θ) cos3(θ)− sin3(θ) cos(θ))

+ C2212(4 sin4(θ)− 5 sin2(θ) + 1)− C2222 sin(θ) cos3(θ),

(34e)

C2222 = C1111 sin4(θ) + 4C1112 sin3(θ) cos(θ) + 2C1122 cos2(θ) sin2(θ) + 4C1212 cos2(θ) sin2(θ)

+ 4C2212 sin(θ) cos3(θ) + C2222 cos4(θ).
(34f)

Take the difference of (34a) and (34f) and simplify to find

0 = (C1111 − C2222) sin2(θ) + 2(C1112 + C2212) sin(θ) cos(θ). (35)

Similarly, sum the equations for C1112 and C2212 and then simplify to find

0 = (C1111 − C2222) sin(θ) cos(θ)− 2(C1112 + C2212) sin2(θ). (36)

Since θ 6= kπ, we know sin(θ) 6= 0 and we may divide (35) and (36) by sin(θ) to obtain

0 = 2(C1112 + C2212) cos(θ) + (C1111 − C2222) sin(θ), (37a)

0 = (C1111 − C2222) cos(θ)− 2(C1112 + C2212) sin(θ). (37b)

Multiplying (37a) by cos(θ) and (37b) by sin(θ), and taking the difference of the two equations, yields

0 = 2(C1112 + C2212)⇒ C1112 = −C2212. (38)

Imposing (38) on (35), recalling θ 6= kπ for k ∈ Z, and then simplifying produces

(C1111 − C2222) sin2(θ) = 0⇒ C1111 = C2222. (39)

Substituting (38) and (39) into (34) and simplifying results in just two unique equations:

0 = (C1111 − C1122 − 2C1212) sin2(2θ) + 4C1112 cos(2θ) sin(2θ), (40a)

0 = −4C1112 sin2(2θ) + (C1111 − C1122 − 2C1212) cos(2θ) sin(2θ). (40b)

We will consider two cases: sin(2θ) 6= 0 and sin(2θ) = 0.

Case 1: Let us consider sin(2θ) 6= 0. Multiply (40a) by cot(2θ) and then subtract the result by (40b) to
find (see (38))

0 = 4C1112

(
sin2(2θ) + cos2(2θ)

)
⇒ 0 = C1112 = −C2212. (41)

Imposing (41) on (40a) results in

0 = (C1111 − C1122 − 2C1212) sin2(2θ).



A new proof that the number of linear elastic symmetries in two dimensions is four 11

Since sin(2θ) 6= 0, we conclude

C1111 − C1122 − 2C1212 = 0⇒ C1212 =
C1111 − C1122

2
. (42)

Imposing (39), (41), and (42) on the elasticity tensor (17), we obtain (32) and thus the group generated
by {Q} ∪ G is the isotropic symmetry group.

Case 2: We suppose sin(2θ) = 0, i.e., θ = (2k+1)π
2 (recall θ 6= kπ by assumption) for some k ∈ Z. We

further suppose C1112 6= 0 as otherwise (17) reduces to the square elasticity tensor (see (38) and recall
(39)), and we have already treated the case where a rotation is added to the square symmetry group.
Note that

f(x) := 2(cot(2x)− tan(2x)) = 2

(
cos(2x)

sin(2x)
− sin(2x)

cos(2x)

)
is continuous on

(
0, π4

)
. Moreover,

lim
x→0

f(x) =∞ and lim
x→π

4

f(x) = −∞,

and thus f(x) has range (−∞,∞) on the domain
(
0, π4

)
by the Intermediate Value Theorem. Conse-

quently, we may find an α ∈
(
0, π4

)
such that

C1111 − C1122 − 2C1212

C1112
= 2 (cot(2α)− tan(2α)) . (43)

It turns out C is invariant with respect to the reflection transformation Ref(α) (see Lemma 3 in Ap-
pendix D). Thus, the group generated by {Q}∪G contains the reflection transformation Ref(α). Noticing

Rot
(
π
2

)
is guaranteed to be in G because Rot

(
(2k+1)π

2

)
and Rot (π) are, using (15) we see that

Ref
(
α+

π

4

)
= Rot

(π
2

)
Ref(α) (44)

is also in the group generated by {Q}∪G. Thus, the group generated by K :=
{
−I,Ref(α),Ref

(
α+ π

4

)}
is a subgroup of the group generated by {Q} ∪ G. On the other hand, by noticing Ref(α) is its own
inverse, from (44) we have

Rot
(π

2

)
= Ref

(
α+

π

4

)
Ref(α), (45)

and we deduce Q is in the group generated by K. Consequently, the groups generated by K and {Q}∪G
are the same. By considering a change in orientation, specifically a clockwise rotation by α, we see that
the group generated by K is in the square symmetry class (see (26)).

Remark 2 Notice that adding a rotation to the oblique symmetry group produces either the isotropic
symmetry group or the square symmetry group, but not the rectangular symmetry group. In Table 1, we
summarize the symmetry transformations and the corresponding restrictions imposed on the elasticity
tensor for each symmetry group. Unlike in the three-dimensional case, where symmetry groups in classical
linear elasticity can be distinguished by their rotations [6], in two dimensions we cannot distinguish
between the symmetry groups solely based on the rotations contained in the group.

4 Conclusions

The objective of this paper was to present a new, elementary, and self-contained proof that there are
exactly four symmetry classes of the elasticity tensor in two-dimensional linear elasticity: oblique, rectan-
gular, square, and isotropic. This was accomplished by an exhaustive search for the subgroups generated
by reflection symmetry transformations and then showing the set of those groups is closed under the
introduction of rotation symmetry transformations. We identified the sets of transformations (rotations
and reflections) for each symmetry class. It is interesting to note that unlike for the elasticity tensor in
three dimensions, in two dimensions the symmetry groups of the elasticity tensor cannot be characterized
solely based on rotation transformations. In addition, for the sake of convenience and completeness, in
appendices A and C, respectively, we describe the two-dimensional equations of motion of classical linear
elasticity for each of the symmetry classes and prove orthogonal transformations in two dimensions are
either rotations or reflections.



12 Jeremy Trageser∗, Pablo Seleson

Symmetry Group Reflections Rotations C Restrictions
Oblique None Rot(π) None
Rectangular Ref(0),Ref(π

2
) Rot(π) C1112 = C2212 = 0

Square Ref(0),Ref(π
4

),Ref(π
2

),Ref( 3π
4

) Rot(π
2

),Rot(π),Rot( 3π
2

)
C1112 = C2212 = 0
C1111 = C2222

C1112 = C2212 = 0
Isotropic Ref(θ), θ ∈ [0, π) Rot(θ), θ ∈ [0, 2π) C1111 = C2222

C1212 = C1111−C1122
2

Table 1: Symmetry transformations and elasticity tensor restrictions by symmetry group in two dimen-
sions.

A Equations of motion in two-dimensional classical linear elasticity

In this section, we consider the equation of motion (8) for representative members of each of the four symmetry classes.
The corresponding elasticity tensors are given in Theorem 1.

Oblique: There are no restrictions on the elasticity tensor C under oblique symmetry and thus the oblique equation of
motion (in component form) is given by (8), which we write out explicitly below:

ρü1 = C1111
∂2u1

∂x2
+ 2C1112

∂2u1

∂x∂y
+ C1212

∂2u1

∂y2
+ C1112

∂2u2

∂x2
+ (C1122 + C1212)

∂2u2

∂x∂y
+ C2212

∂2u2

∂y2
+ b1, (46a)

ρü2 = C1112
∂2u1

∂x2
+ (C1122 + C1212)

∂2u1

∂x∂y
+ C2212

∂2u1

∂y2
+ C1212

∂2u2

∂x2
+ 2C2212

∂2u2

∂x∂y
+ C2222

∂2u2

∂y2
+ b2. (46b)

Rectangular: Imposing the rectangular symmetry restrictions (20) on (46) produces the rectangular equation of motion (in
component form):

ρü1 = C1111
∂2u1

∂x2
+ C1212

∂2u1

∂y2
+ (C1122 + C1212)

∂2u2

∂x∂y
+ b1, (47a)

ρü2 = (C1122 + C1212)
∂2u1

∂x∂y
+ C1212

∂2u2

∂x2
+ C2222

∂2u2

∂y2
+ b2. (47b)

Square: Imposing the square symmetry restrictions (27) on (46) produces the square equation of motion (in component
form):

ρü1 = C1111
∂2u1

∂x2
+ C1212

∂2u1

∂y2
+ (C1122 + C1212)

∂2u2

∂x∂y
+ b1, (48a)

ρü2 = (C1122 + C1212)
∂2u1

∂x∂y
+ C1212

∂2u2

∂x2
+ C1111

∂2u2

∂y2
+ b2. (48b)

Isotropic: Imposing the isotropic symmetry restrictions (31) on (46) produces the isotropic equation of motion (in compo-
nent form):

ρü1 = C1111
∂2u1

∂x2
+

1

2
(C1111 − C1122)

∂2u1

∂y2
+

1

2
(C1111 + C1122)

∂2u2

∂x∂y
+ b1, (49a)

ρü2 =
1

2
(C1111 + C1122)

∂2u1

∂x∂y
+

1

2
(C1111 − C1122)

∂2u2

∂x2
+ C1111

∂2u2

∂y2
+ b2. (49b)

B Linearization of the components of the elasticity tensor under reflections and rotations

In this section, we linearize the expressions of the transformed components of the elasticity tensor in order to identify
interesting properties of the two-dimensional elasticity tensor. Under the transformation Q = Ref(α), the components of
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the elasticity tensor C are (see (11))

C′1111 =

(
C1111

8
−
C1122

4
−
C1212

2
+
C2222

8

)
cos(8α) +

(
C1112

2
−
C2212

2

)
sin(8α)

+

(
C1111

2
−
C2222

2

)
cos(4α) + (C1112 + C2212) sin(4α) +

(
3C1111

8
+
C1122

4
+
C1212

2
+

3C2222

8

)
,

C′1112 = −
(
C1112

2
−
C2212

2

)
cos(8α) +

(
C1111

8
−
C1122

4
−
C1212

2
+
C2222

8

)
sin(8α)

−
(
C1112

2
+
C2212

2

)
cos(4α) +

(
C1111

4
−
C2222

4

)
sin(4α),

C′1122 = −
(
C1111

8
−
C1122

4
−
C1212

2
+
C2222

8

)
cos(8α)−

(
C1112

2
−
C2212

2

)
sin(8α)

+

(
C1111

8
+

3C1122

4
−
C1212

2
+
C2222

8

)
,

C′1212 = −
(
C1111

8
−
C1122

4
−
C1212

2
+
C2222

8

)
cos(8α)−

(
C1112

2
−
C2212

2

)
sin(8α)

+

(
C1111

8
−
C1122

4
+
C1212

2
+
C2222

8

)
,

C′2212 =

(
C1112

2
−
C2212

2

)
cos(8α)−

(
C1111

8
−
C1122

4
−
C1212

2
+
C2222

8

)
sin(8α)

−
(
C1112

2
+
C2212

2

)
cos(4α) +

(
C1111

4
−
C2222

4

)
sin(4α),

C′2222 =

(
C1111

8
−
C1122

4
−
C1212

2
+
C2222

8

)
cos(8α) +

(
C1112

2
−
C2212

2

)
sin(8α)

−
(
C1111

2
−
C2222

2

)
cos(4α)− (C1112 + C2212) sin(4α) +

(
3C1111

8
+
C1122

4
+
C1212

2
+

3C2222

8

)
.

(50)

Similarly, under the transformation Q = Rot(α), the components of the elasticity tensor C are

C′1111 =

(
C1111

8
−
C1122

4
−
C1212

2
+
C2222

8

)
cos(4α)−

(
C1112

2
−
C2212

2

)
sin(4α)

+

(
C1111

2
−
C2222

2

)
cos(2α)− (C1112 + C2212) sin(2α) +

(
3C1111

8
+
C1122

4
+
C1212

2
+

3C2222

8

)
,

C′1112 =

(
C1112

2
−
C2212

2

)
cos(4α) +

(
C1111

8
−
C1122

4
−
C1212

2
+
C2222

8

)
sin(4α)

+

(
C1112

2
+
C2212

2

)
cos(2α) +

(
C1111

4
−
C2222

4

)
sin(2α),

C′1122 = −
(
C1111

8
−
C1122

4
−
C1212

2
+
C2222

8

)
cos(4α) +

(
C1112

2
−
C2212

2

)
sin(4α)

+

(
C1111

8
+

3C1122

4
−
C1212

2
+
C2222

8

)
,

C′1212 = −
(
C1111

8
−
C1122

4
−
C1212

2
+
C2222

8

)
cos(4α) +

(
C1112

2
−
C2212

2

)
sin(4α)

+

(
C1111

8
−
C1122

4
+
C1212

2
+
C2222

8

)
,

C′2212 = −
(
C1112

2
−
C2212

2

)
cos(4α)−

(
C1111

8
−
C1122

4
−
C1212

2
+
C2222

8

)
sin(4α)

+

(
C1112

2
+
C2212

2

)
cos(2α) +

(
C1111

4
−
C2222

4

)
sin(2α),

C′2222 =

(
C1111

8
−
C1122

4
−
C1212

2
+
C2222

8

)
cos(4α)−

(
C1112

2
−
C2212

2

)
sin(4α)

−
(
C1111

2
−
C2222

2

)
cos(2α) + (C1112 + C2212) sin(2α) +

(
3C1111

8
+
C1122

4
+
C1212

2
+

3C2222

8

)
.

(51)

One immediate observation from (50) and (51) is that the expressions do not contain sine and cosine of odd multiples of α.
This is not entirely unexpected as the transformation (see (11) with Q given by (12) or (13)) employs terms of the form
(cos(2α))n(sin(2α))4−n in (50) and (cos(α))n(sin(α))4−n in (51) for n ∈ {0, 1, 2, 3, 4}, which when linearized, produce
constant terms and terms of the form cos(2mα) and sin(2mα) for m ∈ {1, 2, 3, 4}. For rotations, this was observed in [12]
wherein the so-called parameters of Tsai and Pagano were introduced. Additionally, there are deeper connections between
the harmonic decomposition of the elasticity tensor and this linearized form of the transformed components of C under
rotations which were explored in [7].
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C Orthogonal transformations in two dimensions

For the sake of completeness, this section presents a proof that, in two dimensions, orthogonal transformations are either
rotations or reflections. The proof presented here is straightforward and we make no claims of originality.

Proposition 1 In two dimensions, orthogonal transformations are either rotations or reflections.

Proof Let

A :=

[
a b
c d

]
(52)

be an orthogonal transformation in two dimensions. Consequently, AAT = I with I the identity transformation, which
implies

1 = a2 + b2, 0 = ac+ bd, and 1 = c2 + d2. (53)

From (53), we see that the points (a, b) and (c, d) lie on the unit circle and without loss of generality we may introduce
angles θ, φ ∈ [0, 2π) such that

a = cos(θ), b = sin(θ), c = cos(φ), and d = sin(φ). (54)

From (53) and (54), we have

0 = ac+ bd = cos(θ) cos(φ) + sin(θ) sin(φ) = cos(θ − φ)⇒ θ − φ =
π

2
+ kπ, (55)

for some k ∈ Z. If k is even, then from the periodicity of the sine and cosine functions, as well as the fact that the sine
function is simply a quarter period shift of the cosine function, we have

A =

[
cos(θ) sin(θ)

cos(θ − π
2

) sin(θ − π
2

)

]
=

[
cos(θ) sin(θ)
sin(θ) − cos(θ)

]
. (56)

From (13), we see that (56) corresponds to a reflection about the line through the origin making an angle of θ
2

with the
x-axis. Alternatively, if k is odd, then from the periodicity of the sine and cosine functions, the fact that the sine function
is simply a quarter period shift of the cosine function, and the odd and even properties of the sine and cosine functions,
respectively, we have

A =

[
cos(θ) sin(θ)

cos(θ + π
2

) sin(θ + π
2

)

]
=

[
cos(θ) sin(θ)
− sin(θ) cos(θ)

]
=

[
cos(−θ) − sin(−θ)
sin(−θ) cos(−θ)

]
. (57)

From (12), we see that (57) corresponds to a clockwise rotation by an angle θ about the origin, or equivalently a counter-
clockwise rotation by an angle −θ about the origin.

D Invariance of the elasticity tensor with respect to Ref(α)

This section presents a proof that, under particular conditions on its components, the elasticity tensor C is invariant with
respect to a specific reflection transformation.

Lemma 3 Let Cijkl, for i, j, k, l ∈ {1, 2}, be the components of the elasticity tensor C. If C1111 = C2222, C1112 = −C2212,
and there exists an α ∈

(
0, π

4

)
such that

C1111 − C1122 − 2C1212 = 2C1112 (cot(2α)− tan(2α)) , (58)

then C is invariant under the transformation Ref(α).

Proof Recall C is invariant under the transformation Ref(α) if (11) holds with Q = Ref(α). Conveniently, the components
of the elasticity tensor under the transformation Ref(α) are presented in (50). Demonstrating C′ijkl = Cijkl for i, j, k, l ∈
{1, 2} in (50) proves the invariance of the elasticity tensor under the transformation Ref(α). We start by substituting the
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assumptions C2222 = C1111 and C2212 = −C1112 into (50) to obtain

C′1111 =

(
C1111

4
−
C1122

4
−
C1212

2

)
cos(8α) + C1112 sin(8α) +

(
3C1111

4
+
C1122

4
+
C1212

2

)
,

C′1112 = − C1112 cos(8α) +

(
C1111

4
−
C1122

4
−
C1212

2

)
sin(8α),

C′1122 = −
(
C1111

4
−
C1122

4
−
C1212

2

)
cos(8α)− C1112 sin(8α) +

(
C1111

4
+

3C1122

4
−
C1212

2

)
,

C′1212 = −
(
C1111

4
−
C1122

4
−
C1212

2

)
cos(8α)− C1112 sin(8α) +

(
C1111

4
−
C1122

4
+
C1212

2

)
,

C′2212 = C1112 cos(8α)−
(
C1111

4
−
C1122

4
−
C1212

2

)
sin(8α),

C′2222 =

(
C1111

4
−
C1122

4
−
C1212

2

)
cos(8α) + C1112 sin(8α) +

(
3C1111

4
+
C1122

4
+
C1212

2

)
.

(59)

Next, we subtract Cijkl from both sides of each equation, where the indices correspond to the indices of C′ijkl in each

equation. This is followed by combining like terms to find

C′1111 − C1111 = −
(
C1111

4
−
C1122

4
−
C1212

2

)
(1− cos(8α)) + C1112 sin(8α),

C′1112 − C1112 = − C1112 (1 + cos(8α)) +

(
C1111

4
−
C1122

4
−
C1212

2

)
sin(8α),

C′1122 − C1122 =

(
C1111

4
−
C1122

4
−
C1212

2

)
(1− cos(8α))− C1112 sin(8α),

C′1212 − C1212 =

(
C1111

4
−
C1122

4
−
C1212

2

)
(1− cos(8α))− C1112 sin(8α),

C′2212 − C2212 = C1112 (1 + cos(8α))−
(
C1111

4
−
C1122

4
−
C1212

2

)
sin(8α),

C′2222 − C2222 = −
(
C1111

4
−
C1122

4
−
C1212

2

)
(1− cos(8α)) + C1112 sin(8α).

(60)

Note that in the equations for C′2212 and C2222 in (60), we employed the assumptions C2212 = −C1112 and C2222 = C1111.
To complete the proof, we demonstrate the right-hand side of each equation in (60) is null. Up to a change in sign, there
are only two unique expressions on the right-hand sides of the equations in (60):

(
C1111

4
−
C1122

4
−
C1212

2

)
(1− cos(8α))− C1112 sin(8α),

C1112 (1 + cos(8α))−
(
C1111

4
−
C1122

4
−
C1212

2

)
sin(8α).

(61)

Based on the final assumption (58), we substitute
(
C1111

4
− C1122

4
− C1212

2

)
= 1

2
C1112 (cot(2α)− tan(2α)) into (61) to

obtain (
1

2
(cot(2α)− tan(2α))(1− cos(8α))− sin(8α)

)
C1112,(

1 + cos(8α)−
1

2
(cot(2α)− tan(2α)) sin(8α)

)
C1112.

(62)

Employing the trigonometric identities cot(2α)− tan(2α) = 2 cot(4α), 1− cos(8α) = 2 sin2(4α), 1 + cos(8α) = 2 cos2(4α),
and sin(8α) = 2 sin(4α) cos(4α), we may transform (62) into

(
2 cot(4α) sin2(4α)− 2 sin(4α) cos(4α)

)
C1112 = 0,(

2 cos2(4α)− 2 cot(4α) sin(4α) cos(4α)
)
C1112 = 0.

(63)

The equalities in (63) follow by recalling the identity cot(4α) =
cos(4α)
sin(4α)

. Consequently, the right-hand sides of (60) are null

and thus C′ijkl = Cijkl for i, j, k, l ∈ {1, 2}. We conclude C is invariant under the transformation Ref(α).
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