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ABSTRACT. We have characterized soot particles measured in situ in a laminar co-flow ethylene-

air diffusion flame using small-angle X-ray scattering (SAXS). The analysis includes temperature 

measurements made with coherent anti-Stokes Raman spectroscopy (CARS) and complements 

soot volume-fraction and maturity measurements made with laser-induced incandescence (LII). 

We compared the results of fits to the SAXS measurements using a unified model and a fractal 

core-shell model. Power-law parameters yielded by the unified model indicate that aggregates of 

primary particles are in the mass-fractal regime, whereas the primary particles are in the surface-

fractal regime in the middle of the flame. Higher and lower in the flame, the primary-particle 

power-law parameter approaches 4, suggesting smooth primary particles. These trends are 

consistent with fits using the fractal core-shell model, which indicate that particles have an 

established core-shell structure in the middle of the flame and are internally homogeneous at higher 

and lower heights in the flame. Primary-particle size distributions derived using the fractal core-

shell model demonstrate excellent agreement with distributions inferred from transmission 

electron microscopy (TEM) images in the middle of the flame. Higher in the flame, a second small 

mode appears in the size distributions, suggesting particle fragmentation during oxidation. Surface 

oxidation would explain (1) aggregate fragmentation and (2) loss of core-shell structure leading to 

smoother primary-particle surfaces by removal of carbon overlayers. SAXS measurements are 

much more sensitive to incipient and young soot particles than LII and demonstrate significant 

volume fraction from particles low in the flame where the LII signal is negligible.



3

1. INTRODUCTION

Soot is a toxic and environmentally destructive byproduct of incomplete combustion and pyrolysis 

of hydrocarbons. It has been linked to increased rates of morbidity and mortality from cancer and 

cardiovascular, pulmonary, and neurological illnesses [1-5]. Soot is also a very potent contributor 

to climate change and air pollution [6, 7]. There is hope that gaining a better understanding of soot 

formation and chemistry may enable new approaches to mitigating its emissions.

Incipient soot particles, produced in the first phase of soot formation, are largely composed of 

polycyclic aromatic hydrocarbons (PAHs) clustered together to form small (<~6 nm) [8-12], nearly 

spherical particles with disordered fine structure [13, 14]. As these particles age in the combustor, 

they lose hydrogen; their fine structure becomes more ordered, and they grow substantially in size 

and start to aggregate [14, 15]. Mature soot particles are composed of spherical or semi-spherical 

primary particles that have diameters in the approximate range of 10-50 nm [13, 14, 16-18]. These 

primary particles are tightly bound into secondary particles, dendritic aggregates with 

characteristic sizes on the order of 100 nm and larger. Mature primary particles are predominantly 

composed of graphite-like crystallites aligned parallel to the particle surface. The central region of 

these particles is typically randomly ordered [14]. This disordered region is on the order of 1-6 nm 

[19-23]. The near-surface crystallites are 4-10 layers thick and ≥~1 nm in length and width [24-

28]. 

Despite decades of research on soot, the mechanisms responsible for soot formation are poorly 

understood. Gaps in the understanding of these processes stem largely from the paucity of 

experimental techniques that can provide information about particle evolution without perturbing 

the environment in which they are formed [14]. 
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There have been many studies in which SAXS was used to measure particle sizes in flames [29-

44] and in explosion-detonation fronts [45-47]. In such studies, a collimated beam of 

monochromatic hard X-ray photons is passed through the flame or detonation front, and forward-

scattered photons are collected as a function of scattering angle on a position-sensitive detector 

downstream of the flame. Light-scattering models and approximations are used to extract 

information about the scattering population. The most commonly used model in studies of soot in 

flames is the so-called unified model [31, 35-37, 39-44, 48]. This model describes the SAXS signal 

over a range of sizes and morphologies with a combination of Guinier exponential and power-law 

functions [49-51]. The unified model does not explicitly provide information about the internal 

structure of the primary particles. Soot particles develop a core-shell structure as they evolve and 

mature, and it may be possible to extract information about the growth and maturation process 

using SAXS measurements and a model that accounts for this core-shell structure.

We collected SAXS data along the centerline of a sooting, partially premixed, ethylene-air 

diffusion flame, in which measurements were made previously of temperature using coherent anti-

Stokes Raman spectroscopy (CARS), volume fraction and optical properties using laser-induced 

incandescence (LII) and laser extinction, and surface maturity using X-ray photoelectron 

spectroscopy (XPS) [52-54]. We analyzed the SAXS data using two types of models. We used a 

multi-mode unified equation to fit the data, assuming a mode for the primary particles and a mode 

for the soot aggreges. We also used a core-shell fractal aggregate model that explicitly accounts 

for the density differences between the disordered core and the turbostratic shell of the primary 

particles and the fractal structure of the aggregates. The results from the different models were 

compared with each other, with primary-particle sizes from TEM data, and with soot-volume 

fractions from LII measurements. 
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SAXS-inferred volume fractions reach a maximum at a lower height in the flame than those 

measured using LII; this observation is consistent with X-ray scattering from young, internally 

disordered, hydrocarbon particles for which LII lacks sensitivity. The SAXS data indicate that, 

once mature, soot aggregates can be described as mass fractals whereas the primary particles that 

make up the soot aggregates are more appropriately described as surface fractals with rough 

surfaces. As we show in the present paper, SAXS can additionally provide information about the 

core-shell internal structure of the primary particles, either via the surface-fractal dimension, a 

measure of the surface roughness or surface area of a dense object [54], or explicitly using a model 

that accounts for the density differences between the disordered core and the turbostratic shell.

2. EXPERIMENTAL METHODS

2.1 Beamline. We performed SAXS measurements at Beamline 7.3.3 at the Advanced Light 

Source (ALS) synchrotron facility at Lawrence Berkeley National Laboratory. A paper by 

Hexemer et al. [55] provides details of the beamline setup. A detailed description of the 

experimental flame setup is provided by Michelsen et al. [56]. Only a brief description is provided 

here. 

The beam of 10-keV (1.24-Å) X-ray photons has a flux of ~1.3×1012 photons/s and a beam size 

of ~500×400 μm2 (W×H) at the location of the sample (i.e., flame) and is approximately 90% 

horizontally polarized. The burner and flame can be translated vertically and horizontally relative 

to the X-ray beam. On the downstream side of the flame, the scattered photons and collimated 

beam enter an evacuated flight tube through a Kapton polyimide film (DuPont) window. At the 

end of the flight tube, the scattered photons pass through a second Kapton film before reaching the 

two-dimensional detector (Dectris Ltd. model Pilatus 2M). The distance between the center of the 

flame and the detector for these studies was d = 1314 mm, which yielded a q range of 
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approximately 0.017 - 0.57 Å-1. This detector distance was chosen to optimize measurements in 

the q range of 0.1 – 0.6 Å-1, which corresponds to characteristic length scales of 1 – 6 nm, the size 

range of both incipient-soot particles and internal core-shell structures of mature-soot particles.  

Exposure times were 300 seconds for each position in the flame. 

Figure 1. Experimental geometry. The X-ray beam travels from left to right on this figure and is 

indicated by the dashed line. An example trajectory of scattered photons is represented by the 

dotted line. The angle between them is θ.

With the scattering angle θ defined as shown in Fig. 1, the momentum transfer q is given by

𝑞 = 4𝜋
𝜆  sin 𝜃

2
= 2𝜋

𝐿  , (1)

where λ is the wavelength of incident photons (1.24 Å), 𝜃 = tan―1 𝑟
𝑑

 is the scattering angle for 

a photon hitting the detector a distance r from the X-ray beam (d is the distance between the center 

of the flame and the detector beam stop) [36, 37, 40]. The scattering angle is inversely related to 

the size of the particles and structures observed, and the Fourier length L represents the 

characteristic size of particles leading to scattering at angle θ [36, 40]. 

2.2 Burner and Flames. We performed experiments using a linear Hencken-type burner, which 

produces partially-premixed laminar co-flow diffusion flames that are ~3 mm wide and ~38 mm 

long [52]. The burner consists of a row of 25 small-gauge fuel tubes (each with an inside diameter 
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of 508 μm) surrounded by hexagonal mesh 25 mm wide × 50 mm long for the co-flow of air. We 

recorded SAXS data along the long axis of the flame to minimize the relative contributions to the 

signal from flame edges, thus providing better comparisons with point measurements inside the 

flame from LII and CARS and simplifying the background subtraction and particle signal analysis.

Scattering from particles at the front and rear of the flame produces some uncertainty in the exact 

scattering length (dcm = 131.4±1.9 cm) and q (
∆𝑞
𝑞 ≤± 1.5%). This smearing effect results in ~1 Å 

(0.1 nm) uncertainty in the particle sizes reported here. Because the flame length changes with 

height above the burner, however, this smearing effect is not accounted for in the data modeling. 

The change in flame length with flame height is discussed in Michelsen et al. [56].  

The flow rate of ethylene, the fuel, was 0.200 standard liters per minute (SLM), calibrated 

relative to standard conditions of 0°C and 1 atm, and the flow of air was 14.0 SLM. These flow 

conditions produce a flame known as Flame E1 in previous publications [52]. There are three sets 

of measurements described in this analysis. They were recorded on different days. In this paper, 

we refer to these datasets as Flame E1a, Flame E1b, and Flame E1c. Mass flow controllers (MKS 

Instruments, Inc. Model GM50A) were calibrated (using a Sierra Instruments, Inc. Model SL-500) 

prior to use. Research-grade ethylene was supplied by Airgas, Inc. and was filtered (Swagelok 

Model SS-4F-05) immediately upstream of the mass flow controllers. House air was dried (Parker 

Hannifin Corp. Model IT0030-35) and passed through a carbon filter (Parker Hannifin Corp. 

Model 2002N-0A0-000/CI100-12-000) to remove hydrocarbons prior to entering the mass flow 

controller. The burner was maintained at a temperature of ~20°C by circulating cooled distilled 

water from a chiller (NESLAB Instruments, Inc. Model RTE-111) to the burner.  The burner and 

flame were enclosed in an acrylic box to capture exhaust and prevent flame fluctuations produced 
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by room-air currents; this setup, including the burner and enclosure, was attached to the beamline’s 

remotely controlled X-Z stage to allow for translation of the flame in the beam.  

2.3 Microscopy. We extracted soot samples from the flame using a sampling procedure 

described by Johansson et al. [53] and Michelsen et al. (submitted to Proc. Combust. Inst.). A tiny 

jet of N2 was directed across the short axis of the flame. The N2 jet and advected flame sample 

were captured by another probe connected to a slightly evacuated collection cell holding 3.05-mm-

diameter copper mesh grids (Ted Pella #01824 and #01830) on which the soot samples were 

collected. Samples were collected at heights above the burner (HABs) of 3 mm, 4 mm, 5 mm, 6 

mm, 7 mm, 8 mm, and 9 mm. TEM images were recorded for these samples using a JEOL USA, 

Inc. Model JEM-1200EX microscope, which was fitted with an eleven-megapixel digital camera 

(Gatan, Inc. model ES1000W). Most images were taken at 250,000-times magnification.  

To infer primary-particle sizes from TEM micrographs, we implemented a MATLAB-based 

semi-automated process by adapting original software developed by Anderson et al. [57]. The 

methodology applied here is referred to as center-selected edge scoring (CSES). In this algorithm, 

the operator manually selects a point on the image that is judged to be the center of a primary 

particle. Given this center point and its neighboring pixels, the tool searches for the best-fit circles 

based on the intensity gradients. Further details about the primary-particle processing algorithm 

can be found in the paper by Anderson et al. [57]. When particles overlap along the line-of-sight 

in microscopy imaging, the overlapping area is darker than the non-overlapping region and can be 

erroneously detected as particles. Such artifacts were eliminated in the semi-automated process by 

the operator’s judgement.

Prior to particle sizing, images were pre-processed to enhance the accuracy of the CSES 

algorithm and help the operator identify the centroids of primary particles. The pre-processing 
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involves inversion, contrast enhancement, background subtraction, thresholding, and edge-

preserved smoothing (e.g., median filtering). We analyzed more than 2100 primary particles to 

determine mean primary-particle sizes.

We examined soot-aggregate morphology by isolating and masking aggregates in the TEM 

images using ImageJ. We used these masked images to calculate the projected area Aagg and radius 

of gyration Rg0 for each aggregate using Igor Pro (Version 8.04, WaveMetrics) [58], as described 

previously [59]. We corrected the values of Rg0 for overlap between particles according to the 

recommendations of Brasil et al. [60], i.e., Rg=(1-Cov)Rg0. The primary-particle overlap coefficient 

Cov is given by Cov=1.1( ai + aj - dij)/( ai + aj) - 0.2, where ai and aj are the radii of two primary 

particles, and dij is the distance between their centers [60, 61]. We calculated the number of primary 

particles per aggregate Np from the projected aggregate area and the mean primary-particle cross-

sectional area App [60-62] and used these values of Np in the derivation of the aggregate mass-

fractal dimension Df and fractal pre-factor kg, i.e., 

𝑁𝑝 = 𝑘𝑎
𝐴𝑎𝑔𝑔

𝐴𝑝𝑝

𝛼𝑎

= 𝑘𝑔
𝑅𝑔

𝑟𝑝𝑝

𝐷𝑓
(2)

where App = (𝑟𝑝𝑝)2, assuming a spherical shape, and 𝑟𝑝𝑝 is the average primary-particle radius 

for each aggregate. The values for the projected-area pre-factor ka and projected area exponent a 

depend on the overlap coefficient [60-62]. Fits to data provided in Brasil et al. [61] yielded the 

relationships ka=k0 +k1Cov+k2𝐶2
𝑜𝑣 , where k0 = 1.10±0.01, k1 = 0.270±0.182, and k2 = 2.252±0.542, 

and a=0+1Cov, where 0 = 1.080±0.003 and 1 = 0.1854±0.0108. More details of these 

calculations are given in Section A of the supplementary material. 

3. DATA ANALYSIS

3.1 Background Subtraction. The processing of the raw data and background subtraction 

approach are described in detail by Michelsen et al. [56]. The scattering signal recorded on the 
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detector was azimuthally averaged using the Nika software (Release 1.74) [63], which yielded 1D 

profiles of scattering signal as a function of q. We normalized and background-corrected these 

profiles. Contributions to the uncorrected signal included flame-independent contributions from 

the instrument and background gas outside the flame and flame-dependent contributions from the 

temperature-varying and composition-varying combustion gases. We isolated and subtracted these 

contributions from the normalized signal. The SAXS data presented in this paper were processed 

used the scattering signal recorded at an HAB of 2 mm for the differenced signal, i.e., HAB0 = 2 

mm (see [56] for details). These data are supplied as tabulated text and Excel files in the 

supplementary material. We used Igor Pro (Version 8.04, WaveMetrics) to fit the background-

subtracted scattering profiles using the models described in Sections 3.2 and 3.3. The data were fit 

in the range of 0.02 - 0.57 Å-1, which corresponds to length scales of 1 - 30 nm.

3.2 Unified Fitting Method Assuming Homogeneous Primary Particles. We used the unified-

fitting method [49-51, 64] to derive size and morphology information for the soot particles from 

the background-subtracted scattering profiles. This model is especially useful for examining 

hierarchical systems, such as soot aggregates of smaller primary particles.  Different sizes of 

particles in the hierarchical structure are referred to as “modes”. In the unified model, the 

contribution from each particle-size mode to the background-subtracted scattering signal is 

approximated by the sum of a Guinier exponential function and a structurally limited power-law 

function. Within each mode, scattering at the high-q values is fit using the power-law function, 

and scattering at the low-q values is fit using the exponential function. A typical two-mode function 

is given by [49, 50]

𝐶𝐼𝑠𝑜𝑜𝑡(𝑞) ≈ 𝑃𝜓 𝐺𝑎𝑔𝑔 exp ― 𝑞2𝑅2
𝑔

3
+  𝐵𝑎𝑔𝑔 exp ― 𝑞2𝑅2

𝑠
3

erf
𝑞𝑅𝑔

6

3

𝑞

𝑃

+ 𝐺𝑝𝑝 exp ― 𝑞2𝑅2
𝑠

3
+ 𝐵𝑝𝑝

erf
𝑞𝑅𝑠

6

3

𝑞

𝑃𝑠

+ 𝐶0, (3)
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where Isoot(q) is the soot-scattering efficiency (i.e., the scattering intensity from soot, normalized 

by the beam intensity); C is an instrument-calibration constant, and C0 is a small constant 

background; Rg is the radius of gyration of the aggregates, and Rs is the radius of gyration of the 

primary particles; P is the power-law parameter for the aggregates, and Ps is the power-law 

parameter for the primary particles. 

The first and third terms on the right-hand side of this equation are expressions of the Guinier 

exponential function. The exponential (Guinier) pre-factors are [49, 50]

  𝐺𝑎𝑔𝑔 = 𝐶𝑒𝑁𝑎𝑔𝑔𝑛2
𝑎𝑔𝑔 = 𝐶𝑒𝑁𝑎𝑔𝑔𝜌2

𝑒𝑎𝑔𝑔𝑉2
𝑎𝑔𝑔 (4) 

and

  𝐺𝑝𝑝 = 𝐶𝑒𝑁𝑝𝑝𝑛2
𝑝𝑝 = 𝐶𝑒𝑁𝑝𝑝𝜌2

𝑒𝑝𝑝𝑉2
𝑝𝑝 , (5) 

and their ratio provides an approximation for the number of primary particles per aggregate [35, 

65], i.e.,

𝑁𝑝 =
𝐺𝑎𝑔𝑔

𝐺𝑝𝑝
 . (6) 

In Eq. (4) and Eq. (5), 𝑁agg is the average aggregate number density, and 𝑁pp is the average 

primary-particle number density; nagg is the number of electrons per aggregate, and npp is the 

number of electrons per primary particle; Vagg is the volume of the aggregate, and Vpp is the volume 

of the primary particle; eagg is the electron-density difference between the aggregate and the flame 

gases, and epp is the electron-density difference between the primary particle and the flame gases. 

Because the electron density is much larger in the particle than in the gas phase, we can assume 

that eagg  nagg/Vagg and epp  npp/Vpp. The constant Ce encompasses the instrument-calibration 

constant C, the single-electron scattering efficiency Ie(q), and the detection volume Vscat (7.610-3 

cm3 in our case), i.e., [66, 67]. 

  𝐶𝑒 =
𝐶𝐼𝑒(𝑞)𝑉𝑠𝑐𝑎𝑡

𝑃𝜓
= 𝐶𝑟2

0𝑑―2
𝑐𝑚𝑉𝑠𝑐𝑎𝑡 , (7) 
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where dcm is the distance to the detector in cm, and P is a polarization-correction term. The 

classical Thomson electron radius (i.e., Thomson scattering length) [68] r0 is given by 𝑟0 = 𝑒2

𝑚𝑐2 

[69], where e is the charge of an electron (1.60217710-19 C); m is the mass of an electron 

(9.109383610-28 g), and c is the speed of light (2.99792461010 cm/s), such that r0=2.8179410-

13 cm, and the differential Thomson cross section for a free electron [67] is 𝑟2
0=7.9407910-26 cm2. 

Beamline 7.3.3 at the ALS is approximately 90% horizontally polarized (the plane of polarization 

is defined by an azimuthal angle  of 90°); the polarization correction is derived in Section B of 

the supplementary material and is given by

𝑃𝜓 = 𝜋(1 + cos2𝜃). (8)

The q dependence of the polarization correction is small (<0.5% deviation from unity for our 

experiment) and can be included in either the integration of the 2D images of the raw data or in 

the fit. 

The second and fourth terms in Eq. (3) are expressions of the power-law function. The constant 

pre-factors for these terms depend on the type of power-law function observed. The power-law 

function can be used to define the following regimes observed in our results: 

1. The Porod regime (Ps = 4) [70, 71],

2. The surface-fractal regime (3 < Ps < 4) [42, 50, 71-73], and

3. The mass-fractal regime (P ≤ 3) [50, 71, 74]. 

In our study, the primary particles are associated with the Porod-law and surface-fractal regimes, 

as demonstrated in Section 4.4, and the aggregates are in the mass-fractal regime, as demonstrated 

in Section 4.3.
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Low in the flame (during particle formation) and high in the flame (during particle oxidation), 

the primary particles meet the Porod condition, i.e., Ps = 4, indicating that the surfaces are distinct 

and smooth. Under these conditions [35, 49], 

  𝐵𝑝𝑝(𝑃𝑠 = 4) = 2𝜋
𝐺𝑝𝑝

𝑉2
𝑝𝑝

𝑆𝑝𝑝 , (9) 

where Spp is the average primary-particle surface area. For primary particles in the middle of the 

flame, we have the conditions that 3 < Ps < 4, and thus the power-law parameter Ps is related to 

the mass-fractal dimension of the primary particle, Dfs, and surface-fractal dimension, Ds, such that 

Ps = 2Dfs  - Ds [42, 50, 72, 73], and [50, 72, 73]

  𝐵𝑝𝑝(3 < 𝑃𝑠 ≤ 4) = 𝜋
𝐺𝑝𝑝

𝑉2
𝑝𝑝

𝑆𝑝𝑝
Γ(𝑃𝑠 ― 1)sin 𝜋(𝑃𝑠 ― 3)

2
𝑃𝑠 ― 3

 , (10) 

where  represents the gamma function. Equation (10) reduces to Eq. (9) for a spherical particle 

with Ps = 4. Assuming a spherical shape for the primary particles, the average primary-particle 

diameter (𝑑𝑝𝑝 in nm) can be derived according to

𝑑𝑝𝑝(3 < 𝑃𝑠 ≤ 4) = 6
10

𝐺𝑝𝑝

𝐵𝑝𝑝

Γ(𝑃𝑠 ― 1)sin 𝜋(𝑃𝑠 ― 3)
2

𝑃𝑠 ― 3

1
4
 . (11) 

Alternatively, assuming a spherical shape, 𝑑𝑝𝑝 can be derived from the primary-particle radius of 

gyration (Rs in Å) according to [65, 75]

𝑑𝑝𝑝 = 5
3

2𝑅𝑠

10 =
𝑅𝑠

15 . (12)

In either case, the primary-particle volume Vpp is derived from the particle diameter, i.e.,  

𝑉𝑝𝑝 = 𝜋𝑑3
𝑝𝑝

6
 . (13) 

In the mass-fractal regime (P ≤ 3, P = Df) [50, 74],

  𝐵𝑎𝑔𝑔(𝑃 ≤ 3) = 𝐺𝑎𝑔𝑔
𝑃Γ 𝑃

2

𝑅𝑃
𝑔

 . (14) 
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For mass-fractal aggregates, the ratio Gagg/Bagg provides an estimate of Rg. Solving Eq. (14) for Rg 

gives

  𝑅𝑔 = 𝐺𝑎𝑔𝑔

𝐵𝑎𝑔𝑔
𝑃Γ 𝑃

2

1
𝑃 . (15) 

If the calibration factor C is known, a volume fraction for soot in the flame can be inferred from 

the SAXS signal. The volume fraction is given by 

  𝑉𝑓 = 𝑉𝑝𝑝
𝐺𝑝𝑝

𝐶𝑟2
0𝑑―2

𝑐𝑚𝑉𝑠𝑐𝑎𝑡𝑛2
𝑝𝑝

= 𝑉𝑝𝑝
𝐺𝑝𝑝

𝐶𝑒𝑛2
𝑝𝑝

 (16) 

The number of electrons per primary particle npp can be derived according to 

  𝑛𝑝𝑝 = 𝑉𝑝𝑝
𝜌𝑝𝑝

𝑊 𝑁𝑎𝑛atom , (17) 

where pp is the density of the primary particle; W is the average atomic weight of the atoms in the 

primary particle; Na is Avogadro’s number (6.022141023 mol-1), and natom is the average number 

of electrons per atom. The value for natom can be approximated relative to the estimated carbon-to-

hydrogen (C/H) ratio according to

  𝑛atom =
𝑛𝑐

𝐶
𝐻

+ 𝑛𝐻
𝐶
𝐻

+ 1  . (18) 

where nC is the number of electrons per carbon atom (6), and nH is the number of electrons per 

hydrogen atom (1). We estimated the C/H ratio as a function of HAB based on measurements of 

the dispersion exponent inferred from LII measurements between HABs of 4 and 9 mm [53] and 

the relationship between the C/H ratio and dispersion exponent  given by [76] 

  𝐶
𝐻 = [(0.39 ± 0.02)𝜉 ― (0.27 ± 0.03)]―1 . (19)

The ratio of density to atomic weight in Eq. (17) can be replaced by the inverse of the average 

atomic molar volume VM, which is relatively constant over a wide range of hydrocarbon 

composition but varies with temperature according to [76]

   𝑉𝑀(𝑇) = 𝑉𝑀(𝑇st)[1 + 𝛼𝑇𝐸(𝑇 ― 𝑇st)]3 , (20) 
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where the standard temperature Tst is 298.15 K; VM(Tst) is 5.91 cm3/mol; the linear thermal 

expansion coefficient TE is 2.16310-5 K-1 [76], and T is the flame temperature. The number of 

electrons per particle can thus be expressed as

  𝑛𝑝𝑝 = 𝑉𝑝𝑝
𝑁𝑎

𝑉𝑀

6 𝐶
𝐻

+ 1
𝐶
𝐻

+ 1
 , (21) 

and the electron density can similarly be expressed as

  𝜌𝑒𝑝𝑝 =
𝑁𝑎

𝑉𝑀

6 𝐶
𝐻

+ 1
𝐶
𝐻

+ 1
 , (22) 

for a known value of C/H ratio.

In regions of the flame where a single-mode model was adequate to describe the data, and the 

two-mode model did not converge, we fit the data using a single-mode equation, i.e.,

𝐶𝐼𝑠𝑜𝑜𝑡 ≈ 𝑃𝜓 𝐺1 exp ― 𝑞2𝑅2
1

3
+  𝐵1

erf
𝑞𝑅1

6

3

𝑞

𝑃1

+ 𝐶0 , (23)

where R1 is the radius of gyration, and P1 is the power-law parameter. For these fits, the exponential 

and constant pre-factors are 

𝐺1 = 𝐶𝑒𝑁1𝑛2
1 = 𝐶𝑒𝑁1𝜌2

𝑒1𝑉2
1 (24) 

and

𝐵1(𝑃1 ≤ 3) = 𝐺1
𝑃1Γ 𝑃1

2

𝑅𝑃1
1

 (25) 

when P1 ≤ 3, and 

𝐵1(3 < 𝑃1 ≤ 4) = 𝜋
𝐺1

𝑉2
1
𝑆1

Γ(𝑃1 ― 1)sin 𝜋 𝑃1 ― 3
2

𝑃1 ― 3
 (26) 

when 3 < P1 ≤ 4. 𝑁1 is the average particle number density; n1 is the number of electrons per 

particle; V1 is the volume per particle; S1 is the particle surface area, and the electron density 

difference between the particle and the gas is e1  n1/V1. For P1 ≤ 3, we calculated the average 

primary-particle diameter 𝑑1 by combining Eq. (25) and Eq. (12), i.e., 
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𝑑1(𝑃1 ≤ 3) =
1
15

𝐺1

𝐵1
𝑃1Γ 𝑃1

2

1
𝑃1 . (27) 

For P1 > 3, we used the relationship for the surface-fractal regime, i.e.,

𝑑1(3 < 𝑃1 ≤ 4) = 6
10

𝐺1

𝐵1

Γ(𝑃1 ― 1)sin 𝜋 𝑃1 ― 3
2

𝑃1 ― 3

1
4
 . (28) 

We used Eq. (13) combined with Eq. (16) to calculate volume fractions. 

Analysis of the TEM images from this flame demonstrates that the primary-particle sizes at 

each flame location can be represented by a log-normal distribution. This observation is consistent 

with previous studies of monomers [77, 78] and aggregated primary particles [79-81]. For 

comparisons with primary-particle size distributions inferred from TEM images, we derived log-

normal distributions from the results of the unified fits. The normalized log-normal distribution 

G(rpp) is expressed as

𝐺(𝑟𝑝𝑝) =
1

2𝜋𝑟𝑝𝑝 ln 𝜎𝑝𝑝
exp

― ln2 𝑟𝑝𝑝
𝑟0

2ln2(𝜎𝑝𝑝)
 , (29) 

where r0 is the geometric mean (i.e., median) of the distribution, and pp is the geometric standard 

deviation. From the work of Beaucage et al. [82], the natural log of pp can be calculated according 

to

ln 𝜎𝑝𝑝 =
1

2 3 ln 𝑅4
𝑠𝐵𝑝𝑝

1.62𝐺𝑝𝑝

1
2
 . (30) 

The median primary-particle radius r0 can be inferred from

𝑟0 = 10
2

𝑑𝑝𝑝exp ― ln2(𝜎𝑝𝑝)
2

 , (31) 

where 𝑑𝑝𝑝is the average primary-particle diameter in nm, as given in Eq. (11). Equation (31) 

differs from the equation given in Beaucage et al. [82] for r0, which appears to be incorrect and 

yields solutions that are very far from those of the TEM images or the fractal core-shell model.
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The bimodal unified model has 9 adjustable parameters, and the single-mode unified model has 

5 adjustable parameters. These parameters are summarized in Table 1.

Table 1. Summary of adjustable parameters in unified-fit and fractal core-shell models.

Single-mode 
unified-fit

Bimodal 
unified-fit

Fractal core-
shell

Bimodal fractal 
core-shell

Bimodal 
core-shell

Gagg Kpp Kpp Kpp

Rg Rg Rg

P Df Df

Bagg  

P1 Ps t t t

R1 Rs r0 r0 r0

G1 Gpp pp pp pp

B1 Bpp Ksmall Ksmall

r0small r0small

small small

C0 C0 C0 C0 C0

At most HABs, the data are best fit with the bimodal unified model. Fits with the bimodal unified 

model fail to converge for low HABs, where aggregates have not formed, and for high HABs, 

where aggregates have fragmented during oxidation. For these HABs, the single-mode unified 

model was used. 

At all HABs the value of C0 is negligible as a result of the background-subtraction process 

applied to the raw data [56]. The primary-particle mode of the bimodal unified model is well 

constrained by the data. Because the q range was limited to values ≥ 0.02 Å-1, fits for the aggregate 

mode are less well constrained, and aggregate parameters have larger uncertainties. 
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3.3 Model for Fractal Aggregates with Core-Shell Primary Particles. The first particles 

produced during the formation of soot are small (<~6 nm) [8-12] and disordered [13, 14] and have 

elemental carbon-to-hydrogen (C/H) ratios in the range of 1.4-2.5 [14, 76, 83-89]. As these 

particles grow and evolve to mature primary particles, they accumulate layers of turbostratic 

graphite with crystallites aligned parallel to the particle surface. Mature-soot primary particles 

have C/H ratios of 8-20 [14, 76, 83, 84, 87, 89] and a core-shell structure with disordered core 

regions of 1-6 nm [19-23], surrounded by turbostratic graphite crystallites that are 4-10 layers thick 

and ≥~1 nm in length and width [24-28]. In addition to fitting our data using Eq. (3), we performed 

fits to the data with a model that explicitly accounts for this core-shell structure of mature or 

partially mature soot particles. 

We fit the data using the following expression for scattering efficiency of a bimodal distribution 

of particles: 

𝐶𝐼𝑐𝑜𝑟𝑒―𝑠ℎ𝑒𝑙𝑙(𝑞) = 𝐾𝑝𝑝𝑃𝜓𝑉𝑝𝑝𝑃(𝑞)𝑆(𝑞) + 𝐾𝑠𝑚𝑎𝑙𝑙𝑃𝜓𝑉𝑠𝑚𝑎𝑙𝑙𝑃𝑠𝑚𝑎𝑙𝑙(𝑞) + 𝐶0, (32) 

where P(q) is a function of the primary-particle form factor (F(q)) [90] and is itself sometimes 

referred to as the “primary-particle form factor” [71, 91, 92] or “primary-particle structure factor” 

[93, 94]; S(q) is the aggregate structure factor, which describes interactions between the primary 

particles in the aggregate [50, 90, 94]; Psmall(q) is related to the form factor for a non-aggregated-

monomer mode; Vpp is the volume for the primary particles; Vsmall is the volume for the monomer-

mode particles, and C0 is a small constant background. The scaling constants for each mode are 

given by

𝐾𝑝𝑝 = 𝐶𝑒𝑁𝑝𝑝𝐶𝑆, and (33) 

𝐾𝑠𝑚𝑎𝑙𝑙 = 𝐶𝑒𝑁𝑠𝑚𝑎𝑙𝑙, (34) 

where 𝑁𝑝𝑝𝐶𝑆 is the average aggregated primary-particle number density, and 𝑁𝑠𝑚𝑎𝑙𝑙 is the average 

monomer-mode-particle number density. The form factor is given as [93]
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𝑃(𝑞) =
1

𝑉𝑝𝑝
∫∞

0 𝐺 𝑟′𝑝𝑝 𝐹2(𝑞)𝑑𝑟′𝑝𝑝, (35)

where G(rpp) is the probability distribution function for the primary-particle size; rpp is the radius 

of the primary particle; 𝑟′𝑝𝑝 represents the integration variable, and F(q) is the primary-particle 

form factor. If q is very small (i.e., if q-1 >> rpp), P(q) = 1 [92].  For a core-shell primary particle 

that has a core volume of Vcore, core radius of rcore, core electron density of ecore, and shell electron 

density of eshell, F(q) can be expressed as [75, 91, 93, 95]

𝐹(𝑞) =
3𝑉𝑐𝑜𝑟𝑒(𝜌𝑒𝑐𝑜𝑟𝑒 ― 𝜌𝑒𝑠ℎ𝑒𝑙𝑙)𝑗(𝑞𝑟𝑐𝑜𝑟𝑒)

(𝑞𝑟𝑐𝑜𝑟𝑒)3 +
3𝑉𝑝𝑝(𝜌𝑒𝑠ℎ𝑒𝑙𝑙)𝑗(𝑞𝑟𝑝𝑝)

(𝑞𝑟𝑝𝑝)3  . (36) 

To facilitate integration of Eq. (35) over a particle-size probability distribution, F(q) can 

alternatively be written in terms of the primary-particle radius [93], i.e.,

𝐹(𝑞) =
4𝜋
𝑞3 (𝜌𝑒𝑐𝑜𝑟𝑒 ― 𝜌𝑒𝑠ℎ𝑒𝑙𝑙)𝑗(𝑞𝑟𝑝𝑝 ― 𝑡𝑞) + (𝜌𝑒𝑠ℎ𝑒𝑙𝑙)𝑗(𝑞𝑟𝑝𝑝)  , (37) 

where

𝑗(𝑥) = sin 𝑥 ―𝑥cos 𝑥 , (38) 

and t is the shell thickness, such that 

𝑟𝑐𝑜𝑟𝑒 = 𝑟𝑝𝑝 ―𝑡 . (39) 

The form factor for the monomer mode is expressed as

𝑃𝑠𝑚𝑎𝑙𝑙(𝑞) =
1

𝑉𝑠𝑚𝑎𝑙𝑙
∫∞

0 𝐺 𝑟′𝑠𝑚𝑎𝑙𝑙 𝐹2(𝑞)𝑑𝑟′𝑠𝑚𝑎𝑙𝑙, (40)

where G(rsmall) is the probability-distribution function for the monomer-mode particle size; rsmall 

is the radius of the monomer-mode particle; 𝑟′𝑠𝑚𝑎𝑙𝑙 represents the integration variable, and Fsmall(q) 

is the monomer-mode form factor. We assume that the monomer-mode particles are internally 

homogeneous and have an electron density the same as that of the core of the core-shell particles. 

The associated form factor is then expressed as 

𝐹𝑠𝑚𝑎𝑙𝑙(𝑞) =
4𝜋
𝑞3[(𝜌𝑒𝑐𝑜𝑟𝑒)𝑗(𝑞𝑟𝑠𝑚𝑎𝑙𝑙)] . (41) 
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The electron density for the primary-particle core and shell can be estimated using Eq. (22). We 

assumed that the core was similar in elemental composition to incipient particles with a C/H ratio 

of 2, and we assumed that the shell was similar in elemental composition to mature particles with 

a C/H ratio 8. These values yielded electron densities for the core of 442 nm-3 at 298 K and 396 

nm-3 at 2000 K, and for the shell of 555 nm-3 at 298 K and 498 nm-3 at 2000 K. For reference, the 

electron density of graphite is 662 nm-3, given a density for graphite at room temperature of 2.2 

g/cm3. These values are similar to values of 348 nm-3 for incipient-soot particles and 546 nm-3 for 

mature-soot particles used by Hessler et al. [96]. Yon et al. [97] used a value of 3.59 nm-3, which 

is approximately two orders of magnitude smaller than those used here and by Hessler et al. [96].

We represented the probability-distribution function as a normalized log-normal distribution 

according to Eq. (29). The monomer mode was also assumed to be described by a log-normal size 

distribution, in which rsmall replaces rpp; r0small replaces r0, and small replaces  in Eq. (29). 

Using the relationships given in Heinson et al. [92], the aggregate structure factor can be 

expressed in terms of Df and Rg as

𝑆(𝑞) = 1 +
𝛾

𝑅
𝐷𝑓
𝑔

Γ 𝐷𝑓

𝛾

Γ
𝐷𝑓 + 2

𝛾

2Γ
𝐷𝑓
𝛾

𝐷𝑓
2

∫∞
0 𝑟′𝑝𝑝

𝐷𝑓―1
exp ― 𝑟′𝑝𝑝

𝜁

𝛾 sin 𝑞𝑟′𝑝𝑝

𝑞𝑟′𝑝𝑝
𝑑𝑟′𝑝𝑝, (42)

where  is the stretching exponent [92], and  is the cutoff parameter [92]. If  =1, this expression 

can be integrated analytically; we have integrated this expression numerically, using  as a fitting 

parameter and assuming that the cutoff parameter is given by [98]

𝜁 = 𝑅𝑔
Γ

𝐷𝑓 + 2

𝛾

2Γ
𝐷𝑓
𝛾

1
2
. (43)

In the discussion below, we refer to the model described by Eq. (32) as the “Bimodal Fractal 

Core-Shell (BiFCS) model”. For locations in the center of the flame, the data were fit well without 
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a monomer mode, and Ksmall tended toward zero. We refer to this model as the “Fractal Core-Shell 

(FCS) model”. For the lowest HABs, the BiFCS model was not able to fit the data. For these 

locations, we were able to fit the data using a bimodal-monomer model that did not assume 

aggregation. In these cases, we assumed S(q) = 1 but allowed one of the monomer modes to have 

a core-shell structure. We refer to this model as the “Bimodal Core-Shell (BiCS) model”.

The volume fraction for the core-shell model VfCS can be calculated from these results 

according to 

  𝑉𝑓𝐶𝑆 =
𝐾𝑝𝑝𝑉𝑝𝑝 + 𝐾𝑠𝑚𝑎𝑙𝑙𝑉𝑠𝑚𝑎𝑙𝑙

𝐶𝑟2
0𝑑―2

𝑐𝑚𝑉𝑠𝑐𝑎𝑡
=

(𝐾𝑝𝑝𝑉𝑝𝑝 + 𝐾𝑠𝑚𝑎𝑙𝑙𝑉𝑠𝑚𝑎𝑙𝑙)
𝐶𝑒

 . (44) 

where 

𝑉𝑝𝑝 = 4𝜋
3 ∫∞

0 𝑟′𝑝𝑝
3

𝐺 𝑟′𝑝𝑝 𝑑𝑟′𝑝𝑝, (45)

and

𝑉𝑠𝑚𝑎𝑙𝑙 = 4𝜋
3 ∫∞

0 𝑟′𝑠𝑚𝑎𝑙𝑙
3

𝐺 𝑟′𝑠𝑚𝑎𝑙𝑙 𝑑𝑟′𝑠𝑚𝑎𝑙𝑙. (46)

Values of Np were derived using Equation (2) with kg given by [92]

𝑘𝑔 = 𝜑Γ
𝐷𝑓
𝛾

𝛾

2Γ
𝐷𝑓
𝛾

Γ
𝐷𝑓 + 2

𝛾

𝐷𝑓
2

, (47)

where  represents the packing fraction or packing density [92, 99], which was assumed to have a 

value of 0.36 for compact aggregates (HABs of ≤ 4 mm) [99] and a value of 0.68 for more mature 

aggregates [92]. 

The fractal core-shell model and the bimodal core-shell model each have 8 adjustable 

parameters, and the bimodal fractal core-shell model has 11 adjustable parameters. These 

parameters are summarized in Table 1. 
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The data at most HABs are best fit with the fractal core-shell model. Fits require the bimodal 

fractal core-shell model or bimodal core-shell model at low HABs, where particles are just 

forming, and require the bimodal fractal core-shell model at high HABs, where particles appear to 

be fragmenting during oxidation. The bimodal models account for primary-particle monomers just 

forming at low HABs and generated during oxidation at high HABs. Fits using the fractal core-

shell model (neglecting primary-particle monomers) fail to converge at these HABs. 

At all HABs the value of C0 is essentially zero following the background-subtraction process 

described previously [56]. Parameters representing the primary particles are well constrained by 

the data. Parameters associated with the aggregates are less well constrained because of the limited 

range of q (0.02 – 0.57 Å-1 corresponding to 1-30 nm). Better assessment of aggregate 

characteristics would be achieved with lower values of q, but our focus in this study was on smaller 

features for which the q range was optimized.

4. RESULTS AND DISCUSSION

4.1 General Trends. Figure 2a shows the total normalized signal for a range of HABs. The peak 

at q of 0.37 Å-1 is an interference from the Kapton window at the flight-tube entrance. Figure 2b 

shows the background-subtracted scattering profiles from Michelsen et al. [56]. The signal from 

soot increases with increasing HAB between 2 and 6 mm and then decreases with HAB. This trend 

is consistent with the measurements of mature-soot volume fraction made using LII calibrated with 

laser extinction [52, 53].
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Figure 2. Scattering signal for a range of heights in the flame. The (a) total normalized signal and 

(b) background-subtracted signal, demonstrating contributions from soot, are shown as a function 

of q for HABs between 2 mm and 17 mm for a single representative dataset (Flame E1b). Lines 

are color coded by HAB as indicated by the color scale in (a). 

4.2 Particle Size.  Figure 3a presents results from fits using the unified model for values of the 

radius of gyration for soot aggregates Rg (purple) and primary-particle diameter dpp (green) from 

Eq. (3) and the monomodal radius of gyration (pink) from Eq. (23). The radius of gyration is 

indicated on the left axis, and the associated diameter (assuming spherical particles) is shown on 

the right axis. The results are plotted as a function of HAB. These results suggest that the aggregate 

radius of gyration increases with increasing height in the flame until ~5.5-6 mm at which point the 

particles stop growing. Between 3.75 mm and 5.5 mm, the radius of gyration increases by a factor 

of 58±27%. This change is attributable to the increase in size of the primary particles between 3.75 
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and 4.0 mm and the increase in number of primary particles per aggregate Np of factors of ~6 

between 3.75 and 5.5 mm, shown in Fig. 3b. The large uncertainties are likely partially attributable 

to the variability in aggregate size. In addition, the SAXS measurements did not sample small 

enough values in q to provide an accurate measure of the larger aggregate sizes; the error bars 

represent the standard deviation of the fit. Unfortunately, the number of aggregates sampled for 

TEM measurements was too small for a reliable estimate of aggregate parameters. 
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Figure 3. Radii of gyration, number of primary particles per aggregate, and primary-particle sizes 

derived from fits to scattering profiles. The ((a) and (b)) unified model and (c) fractal core-shell 

model were fit to three flame datasets assuming either two modes (purple and green points) or 

assuming a single mode (pink symbols). (a) Mean and (c) median primary-particle diameters 

(green symbols) are compared with (a) mean and (c) median primary-particle diameters from TEM 

analysis (green lines) (right axis). In (a), the green symbols were derived using Eqs. (11), (27), and 

(28), and the dashed green line was derived using Eq. (12). In (b), the numbers of primary particles 

per aggregate from the unified model (blue-green symbols) are compared with values from the 

fractal core-shell model (purple symbols). Error bars represent the standard deviation of the fit to 

the SAXS data. Error bars for TEM values represent one  standard deviation of the arithmetic 

mean values in (a) and geometric mean values in (c).

Results of fits using the fractal core-shell model also suggest that the radius of gyration of the 

aggregates, shown in Fig. 3c, increases with increasing HAB until ~5.5 mm. With the core-shell 

model, the increase in Rg between 3.75 mm and 5.5 mm is ~40%, which is within the large 

uncertainties of the increase inferred from the unified-fitting method. Np also increases (see Fig. 

3b), but this increase is difficult to assess because Np was derived according to Eq. (47) assuming 

values of  estimated from the literature. The weighted average radius of gyration from the fractal 

core-shell model is 104.4 ± 1.5 Å at an HAB of 5.5 mm, which is approximately 55% of the value 

of 188.3 ± 3.9 Å yielded by the unified-fitting method. These error bars represent precision error 

for the three measurements at each HAB. The error bars shown in Fig. 3 represent the estimated 

standard deviation from the fit provided by Igor Pro. Although the precision error demonstrates 

reasonable confidence in the fit, the systematic error is expected to be significant for size estimates 

of aggregates of this size over the q range sampled. 
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Figure 3a shows mean primary-particle diameters derived from the unified-fitting method 

compared with mean diameters inferred from TEM images, and Fig. 3c shows the corresponding 

comparison for median primary-particle diameters derived from the fractal core-shell model and 

TEM images. The primary-particle sizes derived from fits for both models increase between 3.75 

mm and 4 mm, and, for the fractal core-shell model, they continue to increase until 5 mm; they are 

approximately constant in the HAB range of 5-6 mm, above which they decrease. 

The values for primary-particle size for the unified-fitting method depend on whether they were 

derived using Eq. (12) (from the Rs produced by the fits) or using Eq. (11) (from the ratio of 

exponential and power-law pre-factors). Equation (11) yields values that are consistently lower 

than those from TEM measurements, and Eq. (12) gives values consistently higher than TEM 

values. In the range of HABs of 5-7 mm, the mean TEM value is 8.27 ± 1.67 nm; the mean value 

from Eq. (11) is 6.64 ± 0.35 nm, and the mean value from Eq. (12) is12.65 ± 0.36 nm. At low 

HABs, the unified model yields values of dpp that depend on whether the particle is in the surface-

fractal or mass-fractal regime. This observation may be attributable to the equations used to derive 

dpp for the different regimes or may indicate a bimodal-monomer size distribution between 2.5 and 

3.5 mm.

The fractal core-shell model results agree very well with median diameters derived from TEM 

images, as shown in Fig. 3c. For comparison, in the HAB range of 5-7 mm, the average value of 

the median of the primary-particle size distribution from the analysis of TEM images is 7.92±0.35 

nm, whereas the average median from the SAXS data using the fractal core-shell model is 

7.95±0.24 nm.

Figure 4 shows size distributions derived from the unified-fitting method using Eqs. (29), (30), 

and (31) (green lines) compared with size distributions inferred from TEM images at selected 
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HABs. Representative examples of these TEM images are shown in Fig. 5. The size distributions 

retrieved using the unified-fitting method are consistently smaller than those extracted from TEM 

data.  Median sizes from TEM data are 35±11% larger than those derived using the unified model 

over the HAB range of 5 – 7 mm. 

Figure 4. Primary-particle size distributions inferred from fits to SAXS data and TEM image 

analysis. Histograms derived from TEM data are shown for HABs of (a) 3 mm, (b) 4 mm, (c) 5 

mm, (d) 6 mm, (e) 7 mm, (f) 8 mm, and (g) 9 mm. Solid purple lines show the results of fits using 
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the fractal core-shell model; broken pink lines show the results of fits using the bimodal fractal 

core-shell model, and solid green lines show the results of fits using the unified model. The results 

are for fits to the data from Flame E1b. (a) and (b) have different scales on the x-axis than (c)-(g). 

Each panel lists median diameters inferred from TEM analysis and fits to the fractal core-shell 

(FCS) model, bimodal fractal core-shell model (BiFCS, larger mode), and unified-fit model. 

The size distributions derived using the fractal core-shell model demonstrate remarkably good 

agreement with the TEM values between 5 and 7 mm, as shown in Figs. 4c, 4d, and 4e; differences 

between them are not statistically significant. This model explicitly employs size distributions, 

rather than a single values of dpp, to fit the X-ray scattering at each HAB. In addition to the excellent 

agreement in median sizes between the measurements and the FCS model (discussed above), there 

is very good agreement in the widths of the size distributions in this HAB range. TEM images of 

particles extracted from the flame in this HAB range (Figs. 5c, 5d, and 5e) show quasi-spherical 

primary particles bound into larger aggregates typical of mature soot particles.

At HABs between 3.75 and 9.5 mm, the data could be fit with a single-mode primary-particle 

size distribution at each HAB. At higher and lower HABs, bimodal primary-particle size 

distributions were necessary to fit the data. At HABs of 7.5 – 9.5 mm, the data could be fit with 

either a single-mode distribution or with a bimodal distribution. The results for both types of fits 

are shown in Figs. 4f and 4g. The bimodal model suggests rapid growth in number density of a 

mode of particles with median diameters of ~2 nm at HABs of 7.5 mm and above. This mode is 

consistent with fragmentation of particles during oxidation [97, 100-104]. Sarofim, Lighty, and 

coworkers [100, 101] first observed small-mode production during soot oxidation using electric-

mobility analysis and attributed this mode to fragmentation and breakup of particles as they 

oxidize. Previous results suggest that, once the more ordered outer layers are removed, oxidation 
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of the disordered core occurs rapidly [105, 106]. The TEM images at 9 mm demonstrate smaller 

primary particles and significantly smaller aggregates (Fig. 5g), as would be expected for oxidized 

particles. The small (2-nm) mode is not apparent in the TEM images, but it is possible that the 

particle collection for the TEM analysis under sampled or missed these small-mode particles.

At lower HABs (3 – 4 mm), both models estimate particle sizes that are significantly smaller 

than those derived from the TEM images (factor of ~3.9 for the core-shell model and ~2.1 for the 

unified model), as shown in Figs. 4a and 4b. The corresponding TEM images, shown in Fig. 5a 

and Fig. 5b, demonstrate relatively large blobby particles. Condensation or adsorption and 

coagulation may have occurred during sampling for the TEM analysis, generating such particles. 

Alternatively, these particles may be present in the flame at concentrations too small to fit with 

confidence. In addition, the limited q range of this study hinders analysis of particles of this size, 

and the soot signal at low HABs is difficult to distinguish from the gas-phase signal [56], hindering 

retrieval of particle characteristics. The uncertainties are reflected in the error bars shown in Fig. 

3 for particle sizes at these HABs.

Figure 5. Representative TEM images of particles extracted at selected HABs. Images are shown 

for HABs of (a) 3mm, (b) 4 mm, (c) 5 mm, (d) 6 mm, (e) 7 mm, (f) 8 mm, and (g) 9 mm at 

250,000x magnification from Flame E1.

The radii of gyration derived using the fractal core-shell model appear to be relatively large at 

HABs ≤ 4 mm. At HABs of 3.5 mm and lower, the fractal core-shell model failed to converge, 
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and the bimodal-monomer model (BiCS) was required. The results suggest a second mode with a 

diameter of ~2 nm in this region of the flame.

4.3 Aggregate Shape.  Insight into particle shape is provided by the power-law parameters from 

the unified model and the mass-fractal dimension from the fractal core-shell model. The power-

law parameter P gives information about the aggregate morphology and how this morphology 

changes as the particles evolve. In the mass-fractal regime (P < 3), P can be equated with the mass-

fractal dimension Df. The unified model produces values of P less than 3, which vary little with 

HAB at all HABs between 3.5 and 10 mm, as shown in Fig. 6a. Between 4.5 and 7.5 mm, the 

average value of P is 2.54±0.11. Figure 6b shows the mass-fractal dimension derived from fits 

using the fractal core-shell model. Df derived with this model is also relatively constant with HAB 

with an average value of 2.21±0.11 between 4.5 and 7.5 mm. 

Figure 6. Power-law parameters and mass-fractal dimensions derived from fits to SAXS profiles. 

The (a) unified model and (b) fractal core-shell model were fit to three flame datasets assuming 
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either two modes (purple and green points) and using either (a) Eq. (3) or (b) Eq. (32) or assuming 

a single mode (pink symbols) and using (a) Eq. (23) or (b) Eq. (32) with Ksmall = 0. Power-law 

parameters are shown for the aggregate (purple symbols) and primary particles (green and pink 

symbols) in (a), and values for mass-fractal dimension for the aggregate (purple and pink symbols) 

are shown in (b). All error bars represent one  standard deviation of the fit.

Although values of Df inferred with the fractal core-shell model are lower than the values of P 

derived with the unified-fit model, both average values are much larger than the average given by 

TEM measurements of 1.65±0.30 in this HAB range.  Previous work has demonstrated that 

mature-soot particles typically have mass-fractal dimensions in the range of 1.7-1.9 [62, 107-112], 

and LII measurements on the present flame indicate that the particles are mature at HABs of 5 mm 

and higher [53]. We would expect values of P and Df from the SAXS measurements to be in the 

range of 1.7-1.9 at these HABs. The source of this significant discrepancy is likely attributable to 

the lack of data at small enough q values to capture the scattering behavior and retrieve the 

morphologies of particles in the aggregate size range.

4.4 Primary-Particle Shape and Internal Structure.  In the range of HABs of 4.5 – 7.5 mm, 

the power-law parameter for the primary-particle mode Ps given by the unified model is 

approximately constant at a value of 3.44±0.09. Assuming that the primary particles are spherical 

(Df = 3), homogeneous, and compact, the results yield a surface-fractal dimension Ds of 2.56±0.09 

(Ds = 2Df – Ps) [42, 72, 73], implying measurable surface roughness. A power-law parameter that 

approaches 4 is characteristic of a spatially homogeneous spherical object with a smooth surface, 

i.e., Ds  2. A power-law parameter less than 4 is also consistent with scattering from non-spherical 

particles with smooth surfaces. A smooth oblate or prolate spheroid could have a Ds of 2 with a Ps 

of 3 and a Df of 2.5. A prolate spheroid is consistent with the development of necking or bridging 



32

between primary particles during aggregate formation and growth [16, 20, 62, 97, 103, 104, 113-

115]. 

Values of Ps < 4 may also be consistent with the core-shell structure of the mature primary 

particle [116]. Figure 7 shows the ratio of the shell thickness to the primary-particle radius. A 

homogeneous particle would give a value of either one if the entire particle had the density of a 

mature soot particle or zero if the particle had the density of a young soot particle. In practice, the 

fits yielded results with reasonable error bars only in regions where a strong core-shell structure is 

expected. The results shown in Fig. 4 suggest that the core-shell structure is becoming established 

by ~4.25 mm. The core-shell structure appears to be stable between 5.0 and 6.5 mm with a shell 

thickness that is ~26% of the radius of the particle. The core diameter is ~6.0 nm, and the thickness 

is ~1.0 nm, i.e., ~4 turbostratic graphite layers, in this region of the flame. This structure is 

consistent with high-resolution TEM results showing mature soot particles with a disordered core 

of 1-6 nm in diameter [19-23] surrounded by more ordered turbostratic graphite crystallites 4-10 

layers thick [26, 27]. 
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Figure 7. Ratio of primary-particle shell thickness to the particle radius. Results shown are from 

the single-mode fractal core-shell model. Error bars on the symbols represent the standard 

deviation of the fits (symbols) and the standard deviation of the mean (line).

Collectively, these results indicate that, in the center of the flame (4.25-7.5 mm), the primary 

particles have either (1) rough surfaces on the length scale of the primary-particle size, (2) smooth 

surfaces with some necking between primary particles in the aggregates, and/or (3) a measurable 

core-shell structure. At HABs greater than 7.5 mm, Ps approaches 4; Ds decreases, and the particle 

becomes homogeneous as the thickness approaches one. These results suggest that (1) the particles 

become smoother as they lose their outer layers of graphene during oxidation, (2) oxidation 

removes the overlayers of carbon largely responsible for necking between particles, and/or (3) 

oxidation removes outer layers of the primary particles leading to loss of the core-shell structure. 

Any of these explanations is consistent with previous results indicating that oxidation occurs on 

the surface of the primary particles at these locations in this flame [53] and with other previous 

results demonstrating that oxidation of mature soot particles proceeds at the particle surface at 

atmospheric pressure and high temperatures [105, 106].

At HABs between 4.0 and 4.75 mm, the power-law parameter for the primary particles decreases 

with increasing HAB, from Ps = 4 at 4.0 mm to Ps = 3.48 at 4.75 mm. At these HABs, the primary 

particles are expected to be increasing in maturity, losing hydrogen, and undergoing carbonization, 

becoming more graphitic and more dense with increasing HAB [53]. In addition, the particles are 

growing by surface addition, but the surface is maturing more slowly than the particle interior [53]. 

Such a difference between the particle bulk and surface layers is consistent with the decrease in Ps 

in this flame region. The change in density may also explain the dramatic differences demonstrated 

between TEM images of particles extracted at HABs of 4 mm (Fig. 5b) and 5 mm (Fig. 5c). 
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Coagulation of hydrocarbon particles, either in the flame or during extraction, may lead to the 

blobby structures observed for particles extracted at 4 mm. After the particles undergo 

carbonization and graphitization as part of the maturation process, collisions between more mature 

particles lead to agglomeration and aggregation. By the time the particles reach 5 mm, they appear 

as dendritic aggregates characteristic of mature soot particles (Fig. 5c).

4.5 Volume fraction. The results of the volume-fraction calculation for the unified-fit model 

are shown in Fig. 8a. Volume fractions are expressed in units of ppb, which represents the volume 

of the particles per unit volume in the flame such that 1 ppb = 1  10-9 cm3 particle/cm3 flame. We 

used values of the dispersion exponent  inferred from LII measurements between HABs of 4 and 

9 mm [53] and Eqs. (16) – (21) to estimate volume fractions at these HABs. To estimate volume 

fractions at HABs larger than 9 mm, we used the average value of  measured between 5 and 9 

mm (0.904). At HABs below 4 mm, we used a linear equation for  that gave reasonable values 

for both  and the C/H ratio low in the flame, i.e.

 𝜉(HAB < 4mm) = 5.4 ― 1.1 HAB . (48) 

At an HAB of 3 mm, this equation yields values for  of 2.1 and the C/H ratio of 1.8, which are 

consistent with previous measurements of immature soot particles observed at low HABs [117-

119]. Volume fractions using Eq. (44) for the fractal core-shell model are shown in Fig. 8b. 
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Figure 8. Volume fractions derived from fits to scattering profiles. Results are shown for the (a) 

unified model and (b) fractal core-shell model from fits to three flame datasets assuming either 

two modes (green points) or assuming a single mode (pink symbols). A comparison of the two 

models is shown in (c). The dotted black lines in (a) and (b) and the solid lines with symbols in (c) 

represent the averages of the fits, and the solid black lines show the results from LII measurements 

[52, 53]. The shading in (c) represents one  standard deviation of the mean values. The accuracy 

of the LII measurements is estimated to be 17% [52].

These results are compared with the values derived using LII in all panels of Fig. 8 and with 

each other in Fig. 8c. The instrument calibration constant C was not measured directly. Estimates 

for this constant were derived by isolating the temperature-dependent gas-phase signal from the 
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temperature-independent instrument function at high q values in regions of the flame without soot 

[56]. Values derived from data taken on different days were in the range of 3.545 – 10.28  105. 

We assumed a value for the unified-model results of 1.028  106, and a value for the fractal core-

shell results of 3.858  105. These values yield the same total volume fraction over the HAB range 

of 2.5-10.5 mm for the two models and are within the range of C values derived from analysis of 

the gas-phase data given by Michelsen et al. [56]. As shown in Eq. (16) and Eq. (44), this constant 

is in the denominator of the equation for volume fraction; thus, for the same value of C, the volume 

fraction from the unified model is larger than that from the fractal core-shell model by a factor 

~2.7. With these scaling factors, the values of volume fraction yielded by the two models and the 

LII measurements are within 1.6% of one another at an HAB of 6.5 mm. Despite the difference in 

scaling between the two retrieval methods, the trends in volume fraction yielded by the models are 

consistent with each other.

The SAXS measurements demonstrate significantly higher signal at lower HAB values than do 

the LII measurements. This difference at lower HABs is likely attributable to soot maturity. LII is 

sensitive to soot only after it has undergone significant aging and graphitization, has strong 

absorption at visible and mid-infrared wavelengths, and is refractory and can reach higher 

temperatures. SAXS, on the other hand, should produce signal from very young particles to which 

LII has little sensitivity. At HABs where oxidation occurs, volume fractions inferred from LII 

measurements are larger than those from SAXS data. The lack of measurements at small enough 

q values to simulate aggregates accurately may introduce uncertainties in the volume fractions 

inferred from SAXS measurements. In addition, the SAXS measurements lacked an instrument 

calibration for these experiments; deriving C from gas-phase scattering leads to systematic 
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uncertainties in the absolute magnitude of the SAXS volume-fraction curve. Overall, our results 

suggest that LII and SAXS are a good complement for studying soot evolution.

Figure 9 shows the average of the volume-fraction data presented in Fig. 8 plotted as a function 

of temperature in the flame. Soot inception and maturation temperatures are extremely difficult to 

measure because many probes perturb the flame conditions, including temperature [120-131] and 

radical species concentrations [120-123, 132, 133]. Such perturbations can have dramatic effects 

on particle characteristics [128, 134-136]. The in situ techniques employed in this study provide 

an opportunity to measure temperatures and gain insight into particle characteristics without such 

perturbations. 

Figure 9. Soot volume fraction as a function of temperature. Results are shown for the (a) unified 

model and (b) fractal core-shell model. The dotted lines represent the average of the SAXS fits 

(same dotted lines as shown in Fig. 8) with error bars that represent one  standard deviation of 

the mean, and the solid lines show the results from LII measurements [52, 53].
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The SAXS measurements are valuable because they allow measurements of particles not mature 

enough to be detectable using LII and thus provide information about early soot formation. Figure 

9 shows that SAXS signal from particles is first observed at a temperature of 1590 K. Our results 

indicate an upper limit on the temperature onset of inception, i.e., that inception occurs at 

temperatures of ≤ 1590 K. Previous measurements with thermocouples and extractive sampling of 

particles have suggested inception temperatures in the range of 900 - 1700 K [13, 137-141]. 

The onset of LII signal, on the other hand, occurs at a temperature of 1700 K, as shown in Fig. 

9. Because LII is only sensitive to particles that are at least partially mature, this result suggests 

that particles start to mature at a temperature of ~1700 K. Future work will be required to quantify 

the difference between inception and maturation temperatures with the aim of developing an 

understanding of the processes that proceed between inception and maturation.

5. SUMMARY AND CONCLUSIONS

Soot SAXS signals were fit using a two-mode unified model and a fractal core-shell model. The 

results from the two models provide consistent qualitative information. When combined with 

complementary laser-based in situ diagnostics, the SAXS measurements provide a powerful means 

for gaining insight into particle inception, growth, chemical evolution, and oxidation. 

A summary of the results is shown in Fig. 10. Fits using the two models demonstrate large 

monomer formation and an additional small-monomer mode at low HABs (2.5 – ~3.75 mm). The 

fractal core-shell model indicates that these particles have a uniform internal structure. A uniform 

internal structure is consistent with the results of the unified model, which indicates that they have 

smooth surfaces. These results are consistent with TEM images of large smooth blobby structures, 

XPS results of chemical disorder [53], and lack of LII signal [52, 53], suggesting young non-

refractory particles with negligible absorption cross sections at visible and near-IR wavelengths. 
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Both models demonstrate an increase in volume fraction with HAB starting at 3.5 mm, 

accompanied by an increase in primary-particle size and aggregate size. Both models suggest that 

primary particles start to grow at HABs slightly lower (~0.25 mm) than that at which aggregates 

are formed. Between HABs of 4.25 and ~7.0 mm, the fractal core-shell model fits yield a core-

shell structure, and those of the unified model yield a surface-fractal structure for the primary 

particles. These results are consistent with LII measurements demonstrating that the particles 

become mature and graphitic in this region of the flame [53]. Oxidation leads to a decrease in 

volume fraction and primary-particle size with HAB, starting at ~5.5 mm for both models. At large 

HABs (≥7.5 or 8.0 mm), the core-shell model indicates that the particles are internally uniform, 

and the unified model indicates that the particle surfaces are smooth. These results are consistent 

with XPS measurements demonstrating surface oxidation of the particles in this HAB range.
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Figure 10. Summary of results of the unified model and fractal core-shell model. TEM images of 

representative particles are shown overlaid on a photo of the flame. Each particle image is shown 

at the HAB from which the particle was extracted. Corresponding summaries are shown to the 

right of the flame photo for results of the unified model, the fractal core-shell model, and previous 

experiments. Illustrations on the left side of the flame photo show schematic representations of 

primary particles that are consistent with the summary of results provided on the right side.

Primary-particle size distributions from the fractal core-shell model demonstrate excellent 

agreement with TEM size distributions throughout most of the flame (HABs ~5 - ~7 mm). In the 
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region of the flame where particles are significantly oxidized (HABs above 7 mm), fits using the 

fractal core-shell model indicate the appearance of a small mode with a median diameter of ~2 nm, 

suggestive of particle fragmentation during oxidation. Particle-size distributions derived from 

unified-model results are consistently smaller than those extracted from TEM data. Median sizes 

derived using the unified model are 26 ± 6% smaller than those from TEM data over the HAB 

range of 5 – 7 mm.

The analysis also demonstrates that SAXS-inferred volume fractions reach a maximum at a 

lower height in the flame than do LII measurements. This result demonstrates sensitivity of X-ray 

scattering to young, internally disordered, hydrocarbon particles to which LII lacks sensitivity and 

highlights the value of combining these complementary techniques for studies of soot evolution in 

flames. The SAXS analysis, combined with the CARS temperature measurements, demonstrates 

that particle inception occurs at temperatures ≤ 1590 K. The combined SAXS, LII, and CARS 

analysis shows that soot starts to mature at ~1700 K.

We have developed a new model for analyzing SAXS data recorded on aggregates of core-shell 

particles. This model provides reliable fits that yield information about core-shell structure. The 

results are consistent with complementary measurements. In comparisons with the unified model, 

the fractal core-shell model demonstrates better agreement with TEM particle-size distributions 

and better precision in retrieved parameters, such as radius of gyration and volume fraction, and 

requires one fewer fitting parameter for most conditions. Reducing uncertainties can be achieved, 

particularly for aggregate parameters, by recording data over a wider q range that includes smaller 

values of q, and, for volume fraction measurements, by measuring an instrument calibration 

function. 
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