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Optimal Control of the Energy Saving
Hybrid Hydraulic-Electric Architecture (HHEA)

for Off-Highway Mobile Machines
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Abstract—Most off-highway construction and agriculture
equipment use hydraulics, which has unmatched power density,
for power transmission and throttling as a means for control.
A novel Hybrid Hydraulic-Electric Architecture (HHEA) has
recently been proposed to improve efficiency for high power
machines that would have been cost-prohibitive to electrify
directly. HHEA uses a set of common pressure rails to transmit
the majority of power hydraulically and small electric motor-
drives to modulate that power and to achieve precise control.

This paper proposes a computationally efficient, Lagrange
multiplier method for computing the optimal sequence of pres-
sure rail selections to minimize energy use. This is needed
to evaluate HHEA’s energy saving potential and for iterative
architecture design and sizing. An interesting complication is that
the cost function is not fully defined until the candidate control
sequence is fully specified. This issue is dealt with by decomposing
the original problem into a set of sub-problems with additional
constraints that can be solved efficiently. Computational effort
can be further reduced if actuators are optimized individually
instead of together. However, additional steps are required to
prevent the constraint functions from becoming discontinuous
with respect to the Lagrange multipliers, which is necessary for
meeting the constraints. A case study of a construction machine
demonstrates the efficacy of the method and shows that the
HHEA reduces energy consumption by 68-73% compared to the
baseline load sensing architecture.

I. INTRODUCTION

Most off-highway machines for construction, agricultural
and mining etc. are actuated using hydraulics for its unsur-
passed power density. Yet, the average efficiency of existing
mobile machines is only 21% [1] from engine output to
work. Major losses are due to the use of throttling for con-
trol, hydraulic pumps and motors being inefficient especially
when operating in partial displacements, and the energy from
overrunning loads not being re-used. Electrification can use
efficient and controllable electric drives to improve efficiency.
Despite advances, the size and cost of electric drives are still
prohibitive for the full electrification of the high power mobile
machines in which each degree-of-freedom requires 100’s of
kW power.
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To address this issue, the Hybrid Hydraulic Electric Ar-
chitecture (HHEA) [2] was proposed to combine hydraulic
actuation and electric actuation in order to increase efficiency
and to maintain control performance. This architecture avoids
throttling, is regenerative and uses small electric drives for
precise control. By using a set of selectable common pressure
rails (CPRs) to provide the majority of power hydraulically, the
electric components need only modulate the power and thus
can be downsized significantly relative to full electrification.
This is the key to affording high power machines to reap the
benefits of electrification at reasonable cost.

To study HHEA’s energy saving potential and to compare
it with other architectures fairly, it is necessary to determine
the optimal control for each architecture. For the HHEA,
this involves determining the optimal selections of CPRs and
positions of the directional control valves. At this design stage,
performance is evaluated for a set of representative drive cycles
provided by OEMs. Thus, for our purpose, the drive cycles are
known. Computational efficiency is important if the algorithm
is to be used within an iterative design and sizing framework.
Literature survey of algorithms used for power-train energy
management of hydraulic and electric hybrid vehicles reveal
several camps. One the one hand, Dynamic Programming (DP)
is a general and versatile approach for finding true optimal
drive-train operation when the drive-cycle is known (see e.g.
[3]). The restriction that the drive-cycle must be known can be
relaxed by extracting control rules from DP’s optimal policy
in the so-called rule based methods [4], [5], [6], [7], [8], [9].
Similarly, by considering the drive cycle being generated by a
stationary Markov Process, the stochastic version of dynamic
programming (SDP) results in a feedback control law that can
be used in real time[10], [11], [12]. A drawback common to
both deterministic and stochastic DP is that they are computa-
tionally expensive making them unsuitable for iterative design.
Model Predictive Control (MPC) has also been proposed to
optimize the drive train’s performance in a short finite future
horizon, especially if there are constraints [13], [14], [15],
[16], [17]. Equivalent Consumption Minimization Strategies
(EMCS) is another popular approach which converts the
utilization of storage energy into fuel consumption for use in a
static minimization [18], [19], [20]. ECMS is computationally
efficient and has the potential to be used in real-time. Yet, its
optimality relies on the correct conversion factor between use
of energy storage and fuel. Finally, there is the approach based
on the Pontryagin Maximum Principle (PMP) that solves the
Hamilton-Jacobi-Bellman equation associated with an optimal
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control problem [21], [22]. It has been found that ECMS can
be thought of as an approximation of the PMP method.

In this paper, the computationally efficient Lagrange multi-
plier method (LMM) in [23], [24] originally developed for
hydraulic hybrid vehicles is adapted to determine HHEA’s
optimal operation. This requires the simplifying assumption
that the CPR pressures are constant (which is reasonable if
the accumulators on the rails are sized sufficiently large) and
no battery dynamics. Besides being orders of magnitude more
computationally efficient than DP, the optimal control can
potentially be applied in real time for drive cycles with similar
statistics. The computational structure of LMM is similar
to ECMS which involves instantaneous optimization at each
time point (which is computationally efficient), except that it
is optimal. However, applying LMM to the HHEA requires
resolving some peculiarities. Firstly, due to the assumption on
the accumulators, the marginal loss associated with rail flow
is conditional on the signs of the net rail flows which are
unknown a priori. This prevents the efficient computational
structure of normal LMM to be applied directly. Our solution
is to decompose the optimization problem into a set of con-
strained sub-problems that are then solved via standard LMMs.
Secondly, to further reduce computational complexity, it is
proposed to optimize individual actuators or small groupings
of actuators independently with a slight overestimation of the
optimal energy usage. However, for rotary actuators, LMM is
unable to meet the constraints of the sub-problems even when
they are feasible. This issue is analyzed and is found to be due
to the constraint function being discontinuous with respect to
the Lagrange multiplier. A simple solution of adding small
random noise to the loss function is proposed and is found
to be effective. The effect of the noise on the optimality of
the solution is also quantified. Although the solution method
is developed for HHEA, it is applicable to other optimal
control problems involving discrete options. For example, it
has been applied to a different architecture that also utilizes
multiple pressure rails [25]. A portion of this paper appears
in the conference paper [26]. The method for optimizing
the actuators individually to reduce computational effort is
new. The present paper also includes more extensive system
description, results and their discussions.

The rest of the paper is organized as follows. Section II
describes the HHEA and its mathematical model. The optimal
control problem is presented in Section III. The Lagrange
multiplier method is derived in section IV. Portions of sections
II-IV have been presented previously in [26]. Section V
expands significantly on the previous work by 1) defining
methods to optimize actuators individually and to combine
results for the machine, 2) presenting and analyzing the issue
of constraint function being discontinuous with respect to the
Lagrange multiplier, and 3) demonstrating a solution to the
numerical grouping using noise. A case study is presented in
section VI. Concluding remarks are given in section VII.

Fig. 1. An Electro-Hydraulic Actuator (EHA).

II. HYBRID HYDRAULIC-ELECTRIC
ARCHITECTURE (HHEA)

A. Overview

To understand HHEA, consider first the direct electrification
approach of an electro-hydraulic actuator (EHA) (Fig. 1)
where each actuator is controlled by an electric motor driven
hydraulic pump/motor. This uses the electric motor to precisely
control the actuator but also requires the electric motor to
produce the full power. If the pump/motor could be connected
to an elevated pressure, the electric motor driven pump/motor
would only need to produce the difference between the ele-
vated pressure and the required pressure resulting in smaller
torque and power requirements for the electrical components.

To realize this idea, HHEA utilizes a set of common
pressure rails (CPRs) (Fig. 2 top), each of which is equipped
with an accumulator to maintain its pressure. Flow on each rail
is replenished or drained by occasionally connecting it to the
main pump. For each actuator, a Hydraulic-Electric Control
Modules (HECM) moderates the power from the CPRs to
meet the demand of the actuator. Each HECM consists of an
electric motor-hydraulic pump/motor combination (eMPC for
short) and a set of on/off valves (Fig. 2-bottom). The on/off
valves determine which two pressurized rails are connected
to the actuator and to the eMPC. The eMPC modulates the
CPRs’ hydraulic power by bucking or boosting the pressure
of the selected CPR. Since the eMPCs need only account for
the difference between the drive cycle force/torque and the
force/torque that the CPRs would provide, the electric motor
of the eMPC can be significantly downsized compared to an
EHA if the CPRs are chosen judiciously.

B. System Model

Referring to Fig. 2, each degree-of-freedom is served by
a hybrid hydraulic-electric control module (HECM). Each
HECM is connected, selectively, to two pressure rails pA and
pB which are chosen from the set of nR common pressure
rails:

CPR = {pR1, pR2, . . . , pRnR
}

1) Linear Actuator: For a linear actuator, a two-position
directional control valve (DCV) determines which sides of the
actuator are connected to the pressure rails pA or pB via the
electric motor-hydraulic pump/motor combination (eMPC).
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Fig. 2. Top: The hybrid hydraulic-electric architecture (HHEA) with 3
services and 3 pressure rails at 0 MPa, 17.5 MPa, and 35 MPa. The
electric generator/motor at the engine is optional. Bottom: Linear and rotary
Hydraulic-Electric Control Modules (HECMs).

Let (ẋ(t), F (t)) be the drive cycle velocity and external load
(including dynamic forces) for the linear actuator. The pressure
drop across the eMPC, ∆p, is given by:

DCV = 0: eMPC on cap-side:

Acap(pA + ∆p)−ArodpB = F (1)

DCV = 1: eMPC on rod-side:

AcappB −Arod(pA + ∆p) = F (2)

where Acap and Arod are the cap and rod side areas.
Combinations of pA, pB ∈ CPR produce a set of n2R

(not necessarily unique) discrete actuator forces that can be
provided by the pressure rails:

Frail(pA, pB , DCV ) =

{
AcappA −ArodpB DCV = 0

AcappB −ArodpA DCV = 1
(3)

The role of the eMPC is to modulate Frail to meet the required
drive-cycle force F (t).

The flows through the eMPC, and from pressure rails pA
and pB are:

DCV = 0 : QA = Acapẋ; QB = −Arodẋ
DCV = 1 : QA = −Arodẋ; QB = Acapẋ

(4)

The required electric motor/generator’s speed and torque are:

ωeM = ωPM (QA,∆p) (5)
TeM = TPM (ωeM ,∆p) (6)

where ωPM (Q,∆P ), and TPM (ω,∆P ) are the hydraulic
pump/motor’s speed and torque maps.

2) Rotary Actuator: For a rotary degree-of-freedom, the
load torque T (t) is connected directly to the common mechan-
ical shaft of the eMPC, and the two ports of the hydraulic
pump/motor are selectively connected to two pressure rails,
pA, pB ∈ CPR. The pressure difference across the eMPC is
simply ∆p = pB−pA. Suppose that the drive cycle speed and
torque are (ωD(t), T (t)), the electric motor speed and torque
are given by:

ωeM (t) = ωD(t) (7)
TeM = T (t)− TPM (ωD(t),∆p) (8)

where TPM (ω,∆P ) is the torque map of the hydraulic
pump/motor. The discrete options for ∆p from the differ-
ent pressure rail combinations also generate the potential of
n2R − nR + 1 discrete ideal torque levels given by

Trail(∆p) =
DM

2π
∆p

where DM is the displacement of the pump/motor. The dif-
ference between the ideal rail torque Trail(∆p) and the actual
pump/motor torque TPM (ωD(t),∆p) is the torque loss. The
flows by pressure rail flows are:

QA = −QB = QDM (ωD,∆p) (9)

where QDM (ωD,∆P ) is the flow map of the hydraulic
pump/motor. The role of the electric motor torque TeM in
(8) is to modulate the achieved hydraulic torque to meet the
required drive-cycle torque T (t).

3) Battery power: Given the torque and speed of the
electric motor, the total battery power is the sum of the electric
power input to each HECM:

Pbattery =

ns∑
k=1

PeM,k(TeM,k, ωeM,k) (10)

where PeM,k(TeM,k, ωeM,k) is the electric power to actuated
the k-th eMPC, and ns denotes the number of actuators.

4) Pressure rail flows: The instantaneous flow supplied by
each pressure rail is given by:

QRi =

ns∑
k=1

QA,k · I(pA,k == pRi) +QB,k · I(pB,k == pRi)

(11)
where QA,k, QB,k are given by (4) or (9) for linear or rotary
actuators, and I(·) is an indicator function such that I(cond)
is 1 or 0 when cond is true or false.

C. HHEA Losses
1) HECM Losses: The HECM loss for each actuator is the

difference between electric power input and hydraulic power
output. The total HECM loss is therefore:

LossHECM =

ns∑
k=1

(PeM,k −∆pkQA,k) (12)
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Note that this is lower bounded by 0 when all the electrical
and hydraulic components are perfectly efficient.

2) Main Pump Losses: The main pump is mounted directly
on the engine and operates at a constant speed ωMP . It is
connected to each of the pressure rails in a time-multiplexed
manner so that flow apportioned to each rail is proportional
to how long it is connected to that rail. With an additional
directional control valve (not shown in Fig. 2), the main pump
can both provide or absorb flow from the pressure rails.

An accumulator is present on each pressure rail to maintain
near constant pressure. A key assumption is that on each
pressurized rail, the accumulators are large enough to accom-
modate any transient flow in the opposite direction from that
of the net pressure rail flow. This allows the flow between the
main pump and each pressure rail to be unidirectional. For
example, the net flow on one pressure rail may be towards the
application but the accumulator may at times absorb transient
return flow. Note that direction of the net flow can be different
on different pressurized rails. For example, the net flow on
one rail can be towards the actuators while that on another
rail can be towards the main pump(motor). The ability for
the accumulator to store and reuse energy is an important
mechanism for energy saving by avoiding energy re-circulation
and additional losses through the main pump.

The main pump’s efficiency and hence loss per unit of
flow volume are dependent on the pump speed and pressure,
and whether it is pumping or motoring. Therefore, the losses
per unit volume involved in filling or withdrawing flow (i.e.
pumping or motoring) for the i-th pressure rail are:

lPMP,i = pR,i ·
(

1

ζPMP (ωMP , pR,i)
− 1

)
filling

lMMP,i = −pR,i ·
(
1− ζMMP (ωMP , pR,i

)
withdrawing

(13)

where ζPMP (ωMP , pR,i) and ζMMP (ωMP , pR,i) are the pump-
ing and motoring efficiencies at the rail pressure pR,i for
i = 2, . . . , nR. The first pressure rail is assumed to be the
tank line (pR,1 = 0) so that no losses are incurred by taking
flow or returning flow to it, i.e. lPMP,1 = lMMP,1 = 0.

Denoting the net flow volume on the i-th rail as:

VRi :=

∫ tf

0

QRi dt (14)

where QRi is given in (11), with the above assumption on the
accumulators being large enough, the net main pump losses
for the i− th rail is:

EMP,i(VRi) =

∫ tf

0

lMP,i QRidt (15)

where

lMP,i(VRi) =

{
lPMP,iQRi if VRi ≥ 0

lMMP,iQRi if VRi < 0

Note that although (15) appears to be linear in QRi, it is
a nonlinear function of

∫ tf
0
QRidt since lMP,i cannot be

determined until the sign of the net flow volume VRi is
determined.

III. OPTIMIZATION PROBLEM STATEMENT

System operation consists of the set of valve decisions made
for each time point to select the CPRs and the DCV positions.
With nsL linear actuators, nsR rotary actuators, and ns =
nsL + nsR total degrees of freedom, nR number of pressure
rails, and each linear service having a directional control valve,
the potential number of decisions at each time is

N = 2nsL · n2ns

R

Let D be the set of these N decision options at each time and
d(t) ∈ D denote the decision variable at time t.

Note that the decision variable contains all information
about the selected pressures, pA and pB as well as the DCV.
In section II the losses were shown to be functions of these
variables and the drive cycle for a given time. Thus, the losses
can all be written as functions of t and d(t).

The optimal operation of the HHEA is defined as the
trajectory of decisions that results in the minimal amount of
input energy for a given finite duration drive cycle such that
the hydraulic and electric stored energy in the system is equal
at the beginning and end of the drive cycle. The purpose of the
constraint is to ensure that the system operation is repeatable
and thus not dependent on the starting charge of batteries or
accumulators.

The energy storage constraint manifests itself as ensuring
the battery charge and CPRs charge start and end at the same
values. The CPR are guaranteed to end at the same charge if
the main pump provides or absorbs the net flow VRi in (14) on
each rail. This leaves only the battery constraint to be actively
managed. Given the decision trajectory d(t) ∈ D, t ∈ [0, tf ],
the total energy loss over the duration of the drive cycle is:

Etotal(d(·)) :=

∫ tf

0

[LossHECM (t, d(t))

+

nR∑
i=2

lMP,i(d(·)) ·QRi(t, d(t))

]
dt

(16)

where lMP,i(d(·)) is main pump energy loss per volume of
flow on i-th pressure rail defined in (14), LossHECM (t, d(t))
is the power loss at the HECM at time t with decision d(t) ∈ D
defined via (12). Recall that lMP,i depends on whether the sign
of VRi, the net flow volume on the i-th pressure rail as given in
(15), hence it is a function of the complete decision trajectory
d(·). The dependence of LossHECM and QRi on (t, d(t)) is
due to the dependence on the operating point defined by drive
cycle and the rail and valve decision at that moment.

Thus, the optimal control problem is specified as:

min
d(·)

Etotal(d(·))

subject to
∫ tf

0

Pbattery(t, d(t))dt = 0.
(17)

A difficulty with this problem formulation is that the main
pump loss per rail flow volume, lMP,i, defined in (15),
depends on the signs of the net flows on the pressurized rails.
This is a consequence of our desire to not account for the
behavior of the accumulators explicitly or to determine the
policy for supplying or absorbing flow for the pressure rails.
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This means that the cost function cannot be evaluated as an
integral according to (16) until a complete candidate control
sequence is specified. As will be shown in the next section,
this complication will be treated as a sequence of sub-problems
with different inequality constraints.

IV. DUALITY / LAGRANGE MULTIPLIER METHOD

As formulated in (17), the only dynamics are associated
with the constraint in the net battery energy consumption, and
assumptions on the directions of the net pressure rail flows
VRi(d(·)) used to specify the main pump losses in (15).

A. Battery equality constraint

Assume for the moment that the signs of net flows of the
pressurized rails are known beforehand so that the main pump
loss terms lMP,i in (15) can be determined. The battery con-
straint in (17) is solved using the Lagrange multiplier method
of converting a constrained optimization into an unconstrained
one. Consider the modified cost function (Lagrangian):

J(λ,d(·)) =

∫ tf

0

[ LossHECM (t, d(t))

+

nR∑
i=2

lMP,i ·QRi(t, d(t)) + λ · Pbattery(t, d(t))

]
dt

(18)

where lMP,i ∈ {lPMP,i, l
M
MP,i} is defined according to the

assumed signs of the i-th net rail flow (ignoring tank) and
λ ∈ < is the Lagrange multiplier.

Let d∗(·) be the optimal decision trajectory for the assumed
signs for the pressurized pressure rail flows that satisfies
the battery equality constraint. For each λ ∈ <, since
J(λ, d∗(·)) = Etotal(d

∗(·)), we have:

min
d(·)

J(λ, d(·)) ≤ Etotal(d∗(·))

and
max
λ∈<

[
min
d(·)

J(λ, d(·))
]
≤ Etotal(d∗(·)) (19)

Under some regularity conditions, the inequality in (19) is an
equality so that the original problem (17) with known signs
of the pressure rail flows can be solved via:

d∗(·) = argmind(·) J(λ∗, d(·)) (20)

where λ∗ is obtained from the outer optimization in (19).

Remark: Although the max-min problem in (19) is not
guaranteed to solve the original problem, we can check if the
solution is indeed optimal. Specifically, since the solution must
yield a lower bound for the cost, if the solution satisfies the
constraint, then it must be optimal for the original problem.

Two advantages of the Lagrange multiplier method are:
1) it is computationally efficient, because for any λ, the

inner minimization in (19) can be computed in parallel
for each time t with no coupling between times, and the
outer maximization can be found from a 1-dimensional
search, such as bisection.

2) the optimal λ∗ value can be used for real-time use as
long as the drive cycle statistics are similar to the one
used to obtain λ∗. This is in contrast to other optimal
control policies such as those derived from dynamic
programming that are highly specific to the drive cycle.

B. Pressure rail flow inequality constraints

The problem formulation in subsection IV-A addresses the
situation when the signs of the non-tank net pressure rail
flows VRi, i = 2, . . . , nR are known. To account for the
fact that the signs of VRi are normally unknown a priori, the
optimal control problem (17) will be solved for each possible
combination of signs of the net non-tank rail flows:

S = {(s2, . . . , snR
)|si ∈ {+1,−1}} (21)

where si = +1 implies that VRi ≥ 0 and si = −1 implies
that VRi ≤ 0. For example, with 3 pressure rails, an optimal
control problem is solved for the four combinations of signs
of the 3− 1 = 2 non-tank rail flows.

(s2, s3) ∈ {(+1,+1), (+1,−1), (−1,+1), (−1,−1)} (22)

In reality, the case (−1,−1) can be ignored for drive cycles
that perform net positive work. This can be shown using
an energy balance. Since the true optimal solution will have
one of the sign combinations that we evaluated, the optimal
solution for the sign combination with the least cost will be
the optimal solution for the original problem.

For each of the sub-problems (with an assumed sign combi-
nation), it is necessary to also constrain the optimal solution to
observe the assumed sign combination. The nR−1 inequality
constraints are: for i = 2, . . . nR,

siVRi(d(·)) ≥ 0 (23)

where (s2, s3, . . . , snR
) are the assumed sign combinations.

To so do, additional Lagrange multipliers for inequality con-
straints are used. The cost function in (18) is augmented by:

nR∑
i=2

µisiVRi(d(·))

where µi ≤ 0, i = 2, . . . , nR are the non-positive Lagrange
multipliers. The augmented cost function can be written as:

Js(λ, µ, d(·)) =

∫ tf

0

[LossHECM (t, d(t))

+ λ · Pbattery(t, d(t)) (24)

+

nR∑
i=2

(lMP,i + siµi) ·QRi(t, d(t))

]
dt

Here µ = (µ2 . . . , µnR
) and lMP,i = lPMP,i if si = 1, and

lMP,i = lMMP,i if si = −1.
Similar to the case with the equality constraint, suppose that

d∗(·) is the optimal feasible solution (that satisfies the signs
of the rail flows), for any µ such that all µi ≤ 0,

min
d(·)

Js(λ, µ, d(·)) ≤ Js(λ, µ, d∗(·)) = Etotal(d
∗(·))
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Hence,

max
µ≤0,λ

[
min
d(·)

Js(λ, µ, d(·))
]
≤ Etotal(d∗(·)) (25)

Under some regularity condition, this becomes an equality.
In particular, if the solution of the max-min problem results
in a solution that satisfies both the equality and inequality
constraints, the solution is optimal.

Suppose that µ∗i ≤ 0, i = 2 . . . , nR are the solutions to the
outer optimization, and VRi ≥ 0 are the resulting rail flows,
then we must have the following complementary slackness
condition:

µ∗i VRi(d
∗) = 0. (26)

This is because the outer optimization in (25) must result in
µ∗i = 0 if VRi(d∗) > 0 and the alternative being VRi(d∗) = 0.
Because of this, each sub-problem with an assumed s, can
be further decomposed into a number of sub-sub-problems
treating each inequality constraint as either active (VRi = 0) or
in-active (VRi > 0). The former can be dealt with by treating
the inequality constraint as an equality constraint, and since
the latter corresponds to µi = 0, it is solved by ignoring the
constraint.

For example, for the sub-problem for a 3-rail system with
the assumption (s2, s3) = (+1,−1) (net flow is positive for
rail 2 and is negative for rail 3), the four sub-sub-problems
are:

{ (VR2 > 0, VR2 < 0), (VR2 = 0, VR3 < 0),

(VR2 > 0, VR3 = 0), (VR2 = 0, VR3 = 0) }
(27)

In practice, the number of sub-sub-problems that need to be
solved can be significantly reduced:

• If the sub-sub-problem with fewer constraints results in
a feasible solution, then the sub-sub-problems that are
more constrained can be ignored since they cannot result
in superior solutions. For example, if (VR2 > 0, VR3 < 0)
results in a feasible solution, then the other 3 sub-sub-
problems in (27) can be ignored.

• Some sub-sub-problems that are physically impossible
can be ignored. For example, for drive-cycles that require
energy input, the cases (VR2 = 0, VR3 = 0) and
(VR2 = 0, VR3 < 0) are physically impossible for there
can be no energy input from the pressure rails.

• Some sub-sub-problems are common to other sub-
problems. For example, (VR2 > 0, VR3 = 0) is also a
sub-sub-problem for s = (+1,+1).

In summary, the optimal control problem as stated in (17)
is solved by considering a number of related optimal control
problems with different assumptions on the signs of the net
pressure rail flows (and constraint on net battery use) and
if the constraints are active or inactive. The solution to the
sub-sub-problem that is consistent and has the lowest cost is
the solution of the original problem. For the system with 3
pressure rails, the set of sub-sub-problems to be solved are
illustrated in Fig. 3.

Fig. 3. The five sub-sub-problems to be solved for a 3-rail system and a drive
cycle that requires energy input.

TABLE I
DECISION COMPLEXITY FOR GROUPED VS INDIVIDUALLY OPTIMIZED

ACTUATORS

V. SIMPLIFIED COMPUTATION

To further reduce computational effort, actuators can be
optimized individually and the results from each actuator
combined to evaluate machine performance. While this is
a sub-optimal, the number of potential valve options and
hence computation effort and memory usage are dramatically
reduced. Table I shows the total number of potential valve
options at each time instant can be reduced 17857 times
for an excavator with 5 CPRs. Feasibility of this approach
is studied in this section and its impact on energy saving
prediction will be examined in Section VI. This technique can
also be used to break the actuators into smaller groups instead
of individual actuators resulting less saving in computational
effort but better energy saving estimates.

A. Individual Actuator Operation Optimization

For individualized actuator optimization, the HHEA is
treated as if it has only one actuator. Let dk be the deci-
sion variable for the kth (of ns) actuator such that d =
(d1, . . . , dns

). For the kth actuator, the primal optimization
problem (17) is adapted to:

min
dk(·)

∫ tf

0

LossHECM,k(t, dk(t))dt+

nR∑
i=2

lMP,k,i(dk(·))QRi(t, dk(t))

subject to
∫ tf

0

Pbattery,k(t, dk(t))dt = 0.

(28)
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where

lMP,k,i(dk(·)) :=

{
lPMP,i if V kRi(dk(·)) ≥ 0

lMMP,i if V kRi(dk(·)) < 0
(29)

V kRi(dk(·)) :=

∫ tf

0

QRi(t, dk(t))dt (30)

The optimal solution for each actuator, d∗k(·) is found us-
ing the modified Lagrange multiplier technique wherein (28)
is first decomposed into sub-problems involving inequality
constraints, and subsequently into sub-sub-problems involving
equality constraints only, as detailed in section IV. These
decisions, d∗k(·) ∀ k ∈ {1, 2, ..., ns} can then be used to
determine the total losses of the machine. The actuator HECM
losses are summed to determine total machine HECM losses.
For the main pump losses, the net flow for each rail is first
computed by summing the rail flow contributions of each
actuators, V kR,i(d

∗
k),

VR,i((d
∗
1(·), . . . , d∗ns

(·))) =

ns∑
k=1

V kR,i(d
∗
k(·)) (31)

the main pump losses are then calculated using Eq. (15).
Solving for the optimal decisions of individual actuators

only provides an upper bound for the optimal machine losses
for 2 reasons. 1) The optimal rail flow assumptions across actu-
ators may conflict, resulting in a discrepancy between modeled
and realized main pump losses. 2) The net battery charge for
each actuator is constrained to 0 while the original problem
requires only that the net battery charge for all actuators be
constrained. This suggests a trade-off between computational
complexity and energy performance which should be tested
for each machine. Note that this technique can also be used to
break the actuators into smaller groups instead of individual
actuators, with less computational benefits but with potentially
better energy savings.

B. Issue with meeting flow constraints

The modified Lagrange multiplier method described in
section IV depends on solving each of the sub-sub-problems
where equality constraints are imposed on the net battery
usage and the net flows on some pressure rails and comparing
the results. Solving a sub-sub-problem is dependent on the
algorithm’s ability to find a decision trajectory solution that
meets each of the active constraints so long as one exists.
Unfortunately, the max-min algorithm:

max
µ,λ

[
min
dk(·)

Jks (λ, µ, dk(·))
]

(32)

where Jks is the cost function augmented with active con-
straints similar to (24) but specialized for the kth actuator only
and with µ corresponding only to the pressure rails that are
actively constrained, may fail to find a decision trajectory to
meet sub-sub-problem active constraints even when a solution
exists.

As an illustration for a normal situation, consider a sub-
sub-problem for a linear actuator with 5 CPRs uniformly
distributed at {0, 10, 20, 30, 40} MPa in which the net

Fig. 4. The 2nd rail net flow is shown for the arm (linear) actuator of an
excavator. The number of time points that switch decisions across each value
of µ2 is shown. µ2 is graphed from 0 to 0.2 with a spacing of 4× 10−7.

flow for the 2nd CPR and the net battery usage are to
be constrained. Let d∗k(λ, µ2) (λ and µ2 are the Lagrange
multipliers for the battery and net flow constraints) be the
solution for the inner optimization in (32) and

VR,2(λ, µ2) :=

∫ tf

0

QR2(t, d∗k(t, λ, µ2))dt.

The drive cycle is provided by an OEM which was obtained
experimentally consisting of 2500 time samples at 0.1s in-
terval. Figure 4 shows the net rail flow VR,2(λ, µ2) as µ2

varies while holding λ constant. Notice that VR,2(λ, ·) appears
to be a smooth function and the constraint VR,2 = 0 is
solved when µ2 ≈ 1.26. As µ2 varies, some valve decisions
d∗k(t, λ, µ2) switch causing the net flow to vary. With a µ2

spacing of 4 × 10−7, the number of time points at which
d∗k(t, λ, µ2) switch between adjacent µ2’s are shown in Fig. 4
to be below 25. If the spacing for µ2 is decreased further,
the number of time points at which decisions switch will
decrease further. This indicates that VR,2(λ, µ2) is a close
approximation of a continuous function of µ2. Because the
drive cycle is discretized in time, VR,2(λ, µ2) will not be truly
continuous.

As an illustration for an abnormal situation, consider the
same sub-sub-problem (5 CPRs with net flow constraint on
the 2nd rail) for a rotary actuator. Figure 5 shows that the net
2nd rail flow VR,2(λ, µ2) as a function of µ2 is a discontinuous
function with segments of constant values and large discrete
jumps at several discrete µ2’s. Furthermore, the number of
decisions that switch at each jump is large (between 1500 −
5500) causing large jumps in the constraint function. Unlike
the linear actuator case in Fig. 4, the numbers of decision
switches do not decrease as the spacing for µ2 is decreased.
The discontinuous nature of VR,2(λ, µ2) means that no value
µ2 will solve the constraint of VR,2(λ, µ2) = 0 and the max-
min algorithm (32) fails.

C. Analysis of the issue

To understand why the rotary actuator is more prone to have
discontinuous constraint function of the Lagrange multiplier,
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Fig. 5. The 2nd rail net flow is shown for the swing (rotary) actuator of an
excavator. The number of time points that switch decisions across each value
of µ2 is shown. µ2 is graphed from 0 to 0.2 with a spacing of 4× 10−7.

TABLE II
RAIL PRESSURES AND RAILS FLOWS FOR TWO DECISIONS THAT PROVIDE

SAME ∆p

PA PB QR1 QR2 QR3 QR4 QR5

Di 30MPa 10MPa 0 −QC 0 QC 0
Dj 20MPa 0MPa −QC 0 QC 0 0

we analyze the condition at which the valve decision at
one time point d∗k(t, λ, µ2) switches from Di to Dj with
infinitesimal change in µ2. At the transition value of µ2, the
cost function at time t:

LossHECM,k(t, dk(t)) + λPbattery(t, dk(t))

+

nR∑
m=2

(lMP,m + smµm)QRm(t, dk(t)) (33)

evaluated at dk(t) = Di and dk(t) = Dj are the same. In
(33), only µ2 6= 0 since only the 2nd CPR is constrained in
this sub-sub-problem.

For the rotary actuator, the loss in the HECM
LossHECM,k(t, dk(t)), and battery power Pbattery(t, dk(t))
depend only on the angular speed ω(t) and the pressure
difference ∆p across the pump/motor in the HECM. ω(t)
is specified by the drive cycle and is independent of dk(t)
whereas ∆p is the pressure difference between the pressure
rails chosen by dk(t). Since the pressure rails are uniformly
distributed, multiple decisions can provide the same ∆p (see
Table II for an example).

Suppose that Di and Dj provide the same ∆p. Then,

LossHECM,k(t,Di) + λPbattery(t,Di)

= LossHECM,k(t,Dj) + λPbattery(t,Dj) (34)

Furthermore, with ω and ∆p the same for Di and Dj , the flows
through the pump/motor in the HECM are also the same. Let
this flow be QC , then depending on the valve decision, the
flow in each of the 5 pressure rails is either +Qc, −Qc or 0.
An example is given in Table II.

Equating (33) evaluated at Di and Dj and using these
properties, we have:

µ∗2 =

∑nR

m=2(ssm,j − ssm,i)
ss2,i − ss2,j

(35)

where ssm,i, ssm,j ∈ {+1,−1, 0} denote the signs of the mth

rail flow for decisions Di and Dj respectively. For the example
in Table II,

µ∗2 = −lMP,2 − lMP,3 + lMP,5

Eq.(35) is a necessary condition for decisions can switch
between Di and Dj at µ2. It is not a sufficient condition
because Di and Dj may not provide the same ∆p and they
may not be the minimal cost options (so neither is picked).
However, the significance of (35) is that the condition is not
dependent on drive-cycle points and is applicable at any time
points at which Di and Dj are the most optimal options.
This means that at these values of µ2, decision switches at
potentially many time points can occur. It is exactly what
happens at the large discrete jump points in Fig. 5. Each spike
in the number of decisions switching corresponds to a group of
time points switching between decisions with equal pressure
differentials.

This issue only occurs for rotary actuator but not for linear
actuator because the linear actuators have non-unity area
ratios so that the ∆p across the pump/motor in the HECM
for different valve decisions Di are not the same and are
dependent on the drive-cycle load force. Eq.(34), which is
possibly true for the rotary actuator, is not possible for the
linear actuator. Therefore, the condition for values of µ2 at
which decisions switch would be dependent on drive-cycle
force and speed. Since the drive cycle forces and speeds do not
have specific structure, it is unlikely for the switch condition
to be satisfied at multiple time points at each µ2. Similarly,
this issue is also absent when the rotary actuator is optimized
together with one or more linear actuators such as the full
optimization problem in Section III.

D. Solution to large discrete jumps

To avoid large groups of time points to switch decisions
at exactly the same value of Lagrange multipliers, a simple
solution is to add random noise n(t, i) to the loss function (32)
for each decision option Di and time step t. This serves to
distinguish the time points that would otherwise switch at the
same Lagrange multiplier values. Once the optimal decision
trajectory d∗(t) is determined, the input energy and losses are
computed without the noise.

The noise n(t, i) is chosen to be uniformly distributed on
[−M,M ] where M is the maximum noise power. The optimal
energy loss can be overestimated by at most 2M · tf where tf
is the duration of the drive cycle. This is because an incorrect
decision can only be made if the wrong decision and the true
optimal decision differ by less than 2M . This allows for the
possibility that with noise, the loss for a wrong decision is
decreased by M and that for the correct decision is increased
by M , hence making the wrong decision more attractive than
the true optimal decision. M should therefore be small but
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Fig. 6. The 2nd rail net flow is shown for the swing (rotary) actuator of an
excavator with noise added to the cost function. The number of time points
that switch decisions across each value of µ2 is shown. µ2 is graphed from
0 to 0.2 with a spacing of 4× 10−7.

not too small for the spacing of the Lagrange multiplier to
distinguish the switches in decisions.

The single rotary actuator sub-sub-problem is reconsidered
to demonstrate the efficacy of adding noise. Maximum noise
magnitude of M = 1W is added. The resulting 2nd rail
net flow function VR2(λ, µ2) is shown in Fig. 6. VR2(λ, µ2)
is now a smooth function of µ2 allowing the active rail
flow constraint to be met within a reasonable tolerance. Note
that the number of simultaneous decision switches has been
reduced significantly (< 25). It can be further reduced if the
spacing for µ2 is reduced.

VI. CASE STUDY

The HHEA modeling and optimization method described
in Sections II-IV is now applied to the work circuit of a 20-
ton excavator undergoing a ninety degree loading drive cycle
provided by an OEM partner. The work circuit includes three
linear actuator to control the boom, arm and bucket and one
rotary actuator to control the swing.

The eMPC for linear actuators are sized such that without
any losses, the peak required flow are achieved at the angular
velocity of 5000 rpm. The rotary actuator maintains the same
size pump/motor currently in use. The hydraulic pump/motor
map in Fig. 7 is applied to pump/motors of different sizes
by scaling the torque and flow losses under the assumption
that the mechanical and volumetric efficiencies for pumps of
varying sizes are constant given the same operating point.
Furthermore, efficiencies are functions of the pressure differ-
ence instead of absolute port pressures so that the issue of
net rail flows not being continuous functions of the Lagrange
multipliers in Section V can occur. The electrical component
loss map was obtained from a PLECS simulation 1 for a
3.2kW motor/generator and is shown in Fig. 7. The electrical
map is then scaled to the peak angular velocity and torque
requirements such that the shape of the efficiency map is
maintained.

1PLECS is a power electronics simulation software. See
https://www.plexim.com/plecs.

Fig. 7. Top: Efficiency map of the manufacturer 107cc/rev axial-piston
pump/motor operating at full displacement [27]. Bottom: Efficiency map of a
3.2 kW electrical motor/generator modeled using PLECs.

Scenarios with nR = 2, 3 and 5 pressure rails are consid-
ered. Consider first when the actuators are optimized together
as described in section IV. The optimal input energies and
required electrical motor corner powers for the various number
of pressure rails are shown in Table III. As a reference, the
drive cycle requires 3216 kJ if all components are ideal, and
a baseline load sensing architecture requires 16,427 kJ. If the
system is directly electrified using electrohydraulic actuators
(EHA), the total corner power of all electric actuators is in
excess of 850 kW.

For nR = 2, there is only one pressurized (i.e. non-tank)
rail. Since the drive cycle requires net positive work and the
net change in battery charge is constrained to be zero, the
net flow on this rail must be positive. Hence, only one sub-
sub-problem (VR2 > 0) is feasible that requires solving which
yields the results in Table III. Compared to the baseline load
sensing system, energy consumption is reduced by 68%.

For nR = 3, there are 4 sub-problems and potentially 16
sub-sub-problems as shown in Table IV. To fulfil the net
positive work requirement, at least one of the two pressurized
rail must have a positive net rail flow. All sub-sub-problems
for which no rails are assumed to have strictly positive net
flow are infeasible and do not need to be solved. Further
computational reduction is realized by eliminating duplicate
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TABLE III
ALL ACTUATORS OPTIMIZED TOGETHER

TABLE IV
SUB-SUB-PROBLEMS FOR nR = 3

sub-sub-problems. The duplicate sub-sub-problems in Table
IV reference the lowest indexed equivalent sub-sub-problem.

After eliminating infeasible and/or duplicate sub-sub-
problems, only 5 sub-sub-problems remain. In order to find
the optimal operation for the sub-sub-problem, the resulting
rail flows of the ”optimal” operation cannot conflict in sign
with the assumed rail flow directions. If the signs between
any assumed rail flow direction and the resulting net rail flow
conflict, then the assumed main pump loss constants used
to determine ”optimal” operation do not accurately capture
the realized main pump losses. This leaves only 2 sub-sub-
problems (#6 and #11) with #6 providing the lowest input
energy. The net battery energy use is checked to verify that
the primal constraint is met. This ensures that the optimal
set of decisions, d∗ for sub-sub-problem #6 are optimal for
the primal problem. Energy consumption is reduced by 73%
compared to the load sensing baseline architecture.

The same process is repeated for nR = 5. There are

potentially 256 sub-sub-problems but only 65 of them are
feasible that need to be solved.

Table III shows that increasing the number of CPRs ben-
efit both efficiency (decrease in input energy) and electric
component sizing (decrease in electric motor corner powers).
Increasing from nR = 2 to nR = 3 results in 14% reduction in
input energy and 72% in total corner power for the eMPC elec-
tric motors. The reduction in corner power is due to smaller
required HECM torque modulation which in turn reduces the
hydraulic and electric losses in the eMPCs. Increasing from
nR = 3 to nR = 5 results in only 1% reduction in input
energy and 50% in total corner power for the HECM electric
motors. There is a diminishing return in energy saving with
more pressure rails and the main benefit lies in the reduction
in electric component sizes.

With nR = 5 the electrical component size is very rea-
sonable, allowing for the electrification of a 20-ton excavator
with less costly/bulky electrical components. The electrical
component downsizing with increasing numbers of rails is
explained by the ability to more closely match the required
drive cycle force/torque with the force/torque provided by the
pressure rails without eMPC modulation. This is illustrated in
Fig. 8 with nR = 2, 3 for the arm actuator. Feasible Frail
values are shown as black lines while the drive cycle force
is blue. The orange lines indicate the Frail value associated
with the optimal decision trajectory. Note that the selected rail
force is able to more closely track the drive cycle force for
nR = 3 than nR = 2 resulting in a decrease in the magnitude
of torque required by the eMPC. This is also shown by the
compression of the arm eMPC electrical operating points to
lower magnitudes of torque.

It is also interesting that for nR = 2, 3 and 5, the optimal
sub-sub-problems had no pressurized rails for which the net
flow was negative, meaning the main pump avoided energy
cycling during optimal operation. This result could have im-
plications for system design, specifically whether valves to
allow motoring of the main pump are necessary.

Next the simplified computation in Section V in which
actuators are optimized individually (or in small groups) is
considered.

As an illustration, Table V shows the optimal net rail flows
for each individually optimized actuator for the nR = 3 CPRs
case. This case demonstrates a key difference in how the
main pump losses between when the actuators are individually
optimized and when they are optimized together. Note that
there is a discrepancy between the sign of the net 2nd rail flow,
VR2, for the boom and other actuators. If the main pump losses
computed from optimizing individual actuators were simply
added across all actuators, the losses associated with VR2

would include losses due to both motoring and pumping. To
avoid this, the main pump losses associated with the rails are
calculated by finding the net flow for each CPR (by summing
the flows for each actuator) and applying (15). This helps
to reduce the sub-optimality with the simplified computation
technique.

Table VI compares the input energy and the number of
decision options using the simplified computation technique
of optimizing individual actuators and if all actuators were
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Fig. 8. Top: Rail Force Comparison with Drive Cycle Force for HHEAs
with one (nR = 2) and two (nR = 3) pressurized CPRs. Bottom: Electrical
operating points for arm HECMs for one (nR = 2) and two (nR = 3)
pressurized CPRs.

TABLE V
OPTIMAL OPERATION NET RAIL FLOWS FOR nR = 3

TABLE VI
SIMPLIFIED COMPUTATION RESULTS BY PARTITIONING ACTUATOR

DECISIONS.

optimized together. For nR = 5, the case in which two pairs
of two actuators (boom/stick, bucket/swing) are optimized sep-
arately is also included. For all cases, the input energy results
of the partitioned actuators are within < 2% of the results
when all actuators are optimized together, indicating limited
coupling between actuators. Not surprisingly, the input energy
for the case where two pairs of two actuators are optimized
separately is between the individually optimized case and
the together optimized case. The is a promising result since
the computational complexity is significantly reduced. For
nR = 5, supercomputers at the Minnesota Supercomputing
Institute (MSI) was used to determine optimal operation with
all actuators grouped together. With 256 gigabytes of memory,
the sub-sub-problems took ∼ 10 hours to solve. When the
simplified technique is used, the problems can be solved on a
laptop with 16 gigabytes of memory in less than 3 minutes.

While the scope of the paper is to consider the optimal
control of the HHEA in order to evaluate its potential for
energy saving, we briefly mention how the architecture can be
controlled in real-time. We envision that the real-time control
system has a supervisory controller which determines which
pressure rails to utilize, and a motion-controller that controls
the electric motor in order to precisely control the desired
motion of the machine [28]. Although the precise trajectories
may not be known in real-time, the supervisory controller
may know what type of tasks are being performed (e.g.
grading/trenching/loading) and for those types of tasks, pre-
computed Lagrange multipliers λ∗, based upon representative
drive cycles, may be used to determine the near-optimal rail
selections and valve positions. For example, (20) can be solved
using the estimated λ∗ to find the d(t). Other adaptations of
the Lagrange Multiplier Method in real-time are discussed in
[29].

VII. CONCLUSIONS

The computationally efficient method of Lagrange mul-
tiplier has been adapted to determine the optimal discrete
pressure rail selections and valve positions of a novel hy-
brid hydraulic-electric power-train for off-road vehicles. The
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special characteristic that the marginal cost associated with
the main pump flow to each pressure rail depends on the
direction of the net flow on that pressure rail is accommodated
by dividing the optimal control problem into sub-problems
and sub-sub-problems. Each sub-sub problem can be solved
efficiently using the Lagrange multiplier method. To further
reduce computational complexity, it is shown that optimizing
the operation of individual actuators (instead of altogether)
increases energy loss slightly - indicating limited coupling
between the actuators, but the computational effort can be
reduced by as much as 17000 times. However, the Lagrange
multiplier method may fail to solve the constrained optimiza-
tion for a single rotary actuator. The issue is attributed to a
constraint function becoming discontinuous with the Lagrange
multiplier and was resolved by adding a small amount of noise
to the loss function.

The computation efficiency of the algorithm allows for rapid
design iteration. Although the optimal control approach was
motivated by the HHEA, it is also applicable for other systems
with discrete decisions. One example is for evaluating a hy-
draulic architecture known as STEAM that also uses multiple
pressure rails [25]. Interestingly, this system also leads to the
constraint functions being discontinuous with respect to the
Lagrange multipliers and requires adding random noise to the
loss function to resolve the issue.
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