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Abstract
Energy-related descriptors in machine learning (ML) are a promising strategy to predict
adsorption properties of metal-organic frameworks (MOFs) in the low-pressure regime.
Interactions between hosts and guests in these systems are typically expressed as a sum of
dispersion and electrostatic potentials. The energy landscape of dispersion potentials plays a
crucial role in defining Henry’s constants for simple probe molecules in MOFs. To incorporate
more information about this energy landscape, we introduce the Gaussian-approximated
Lennard-Jones (GALJ) potential, which fits pairwise Lennard-Jones potentials with multiple
Gaussians by varying their heights and widths. The GALJ approach is capable of replicating
information that can be obtained from the original LJ potentials and enables efficient
development of Gaussian integral (GI) descriptors that account for spatial correlations in the
dispersion energy environment. GI descriptors would be computationally inconvenient to
compute using the usual direct evaluation of the dispersion potential energy surface. We show
that these new GI descriptors lead to improvement in ML predictions of Henry’s constants for a

diverse set of adsorbates in MOFs compared to previous approaches to this task. .
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I. Introduction

Computational screening of adsorption properties of metal-organic frameworks (MOFs) has been
the subject of numerous studies, either based on molecular simulations or by coupling molecular
simulation data with machine learning (ML) methods'™ . A typical goal of these studies is to
predict the pressure-dependent isotherm for a given adsorbate in a well-defined set of MOFs or
similar materials. Under high pressure conditions, where a MOF’s pores are close to saturation,
various types of descriptors based on structural features of the pores have been found to be
useful®®. Obtaining the same prediction accuracy at dilute loadings has remained challenging'®-
12 This observation is important because Henry’s constants for adsorption in the dilute limit play
a pivotal role in determining adsorption selectivity and in applying mixing theories for multi-
component adsorption like Ideal Adsorbed Solution Theory!'*~16.

Recently, energy-property descriptors, as opposed to structure-property descriptors, have
emerged as a promising approach to accurately describing the subtleties of adsorbate-adsorbent
interactions that make predicting adsorption in the dilute limit challenging. With these
approaches the potential energy distribution of adsorbates, rather than (or in addition to) the
atomic structure of the material, is used as the basis for descriptor generation'*!7-!3, For example,
Bucior et al. succeeded at explaining H2 adsorption in MOFs using 1-dimensional histograms of
an energy landscape of H2and a simple linear regression model'”.

In molecular simulation of adsorption in MOFs and related materials, hosts and guests interact
with each other via Van der Waals and electrostatic potentials'®. For simplicity, we refer to the
contribution of Van der Waals interactions as dispersion interactions since long-range

interactions are of more interest in this study, even though a more precise terminology might

distinguish between long-range dispersion terms and short-range repulsive terms. Dispersion
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interactions are often calculated using pairwise Lennard-Jones (LJ) potentials?®. A common
approach to defining dispersion potentials between unlike pairs of atoms is to use the Lorentz-
Berthelot mixing rules?!, an empirical approach that combines LJ parameters of two atoms. The
1-dimensional energy histograms mentioned above comprise information about the fully 3-
dimensional potential energy surface defined by a point probe species, which is in turn made up
of a summation of many two-body interatomic dispersion potentials for each probe location.
The studies mentioned above focused on making predictions about the adsorption of one
adsorbate species in a collection of adsorbents. The enormous number of distinct molecular
species that exists means that an important generalization of this approach is to aim at making
adsorption calculations for larger sets of adsorbates'>!®222% In recent studies, potential energy

l.13

information from a given probe species has been used for this purpose. Yu et al.”” used a

methane (CH4) probe in MOF pores as a descriptor in a ML-based model to predict the Henry’s

constants of arbitrary molecules in MOFs. Li et al.'®

used a methyl group (CH3) probe to predict
adsorption loadings of ethane and propane molecules in MOFs. As might be expected, these
approaches typically had less accuracy when applied to complex molecules that differed
significantly from the probe used in the ML model. This suggests that further development in
energy-property relationships would be useful to establish approaches for translating energy
information from small probes to larger and more complex molecules.

To expand the use of dispersion potentials within ML descriptors of adsorption in porous
materials, we describe below an efficient scheme for representing two-body dispersion potentials
based on atom-centered Gaussian functions. We show applications of this concept specifically

for Lennard-Jones potentials, but the concept is readily generalizable to other dispersion

potential functions. The Gaussian-approximated Lennard-Jones (GALJ) potential mimics
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interactions between hosts and a single adsorption probe with a linear combination of simple
Gaussian functions centered on each atom. The accuracy of the GALJ approximation is
evaluated by computing Henry’s constants of methane in a large group of MOFs using the GALJ
potential and comparing them to the true interatomic potential, where both are integrated with
Monte Carlo integration, revealing numerically equivalent results at a reduced computational
cost. More importantly, we show that the GALJ representation enables efficient calculation of
novel Gaussian integral (GI) features that capture the potential energy of the methane probe at
varying length scales. We use the GALJ potential energy surface and the GI features as inputs to
a machine learning model for predicting Henry’s constants of molecular adsorption in MOFs,
and show that computational efficiency and accuracy are improved when compared to a state-of-

the-art model.

I1. Gaussian-Approximated Lennard-Jones Potentials

We consider the situation where the total dispersion interaction between a spherical probe
molecule and the atoms of an adsorbent is the sum of two-body interactions between the probe
and atoms of the host. We fixed our guest molecule of interest to methane and, for each element
in the periodic table of which LJ parameters are accessible from the UFF?>2° we obtained a
single LJ potential that expresses dispersion interactions between its single atom and a methane

united atom with the Lorentz-Berthelot combining rule:

Unn = tean | (%22) "~ (2] 0
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where A and B denote two particles in a given system, r is interatomic distance, g5 =

(04 + 05)/2, and €45 = Ve €.

Eight Gaussians were non-linearly optimized to approximate the Eq. (1) for each atom pair, with
all eight Gaussians centered at r = 0. This approach allows the total LJ potential, U, at any

position in space to be expressed as

U=~ Z]gatoms 218(:1 Gj,k (2)

Gy = Aj X exp(~yj, X 77) 3)
where A and y = 1/20? are heights and widths of Gaussian functions from the optimization step
described below, respectively.

The set of Gaussians we have adopted is not necessarily the best choice if our aim is to
accurately represent the LJ potential for all atomic separations, since the accuracy of the
approximation varies with interatomic distance. In describing adsorption, it is more important to
capture attractive interactions rather than repulsive ones since attractions contribute much more
significantly contribute to the Henry’s constant than repulsion. We aimed to manage this issue by
focusing the fitting within a window of [i/fc g — 1.54,%20,5 + 6.0 A] to include the
minimum of the curve as well as a long enough tail. The range of window was slightly modified
for some elements to obtain better optimization results. Heights and widths of Gaussians were
optimized nonlinearly via the Nelder-Mead algorithm?’ with the maximum iteration steps set to
50,000. See the supplementary materials for more details of this optimization.

An example of applying this approach to CHs-N interactions is shown in Fig. 1. Fig. 1(b) shows

the absolute errors of the GALJ of a N-CHa pair on a log scale. For interatomic distances shorter



than 2.3 A, the deviation increases, becoming a poor approximation for small distances. For
larger interatomic distances, the GALJ is at most 0.003 kJ/mol different from the true LJ
potential. Crucially, this region includes all interatomic distances which would make significant
contributions to the Henry’s constant for an adsorbing probe molecule. Optimized heights and
widths of 8 Gaussians for each element can be found in the supplementary materials.
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FIG. 1. (a) 8 Gaussians fitting the LJ potentials between a single N atom and a CH4 united atom

and (b) the absolute deviation between the sum of Gaussians and the true LJ potential.

(1) Precision of the Gaussian Approximation for the Dispersion PES

Given a potential energy surface for a point probe, the Henry’s constant for this probe can be

computed as**?*

—1_1 yN _Ui
Ky = N kgTp ~1=1 exp( kBT) )

where N, ks, T, p, and Ui are the number of Widom insertions, Boltzmann constant, temperature,

density of a structure, and total probe-framework potential energy at each insertion. This
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expression becomes exact in the limit of large N. Henry’s constants of methane for a diverse set
of 471 MOFs established by Tang et al.?? were calculated with 100,000 Widom insertions at 300
K by two different approaches that differ only in the way Uiis calculated (Eq. (1) vs. Eq. (2)).
The fitting quality of the Gaussian approximation in Eq. (2) was assessed by mean absolute error
(MAE) of log values of resulting Henry’s constants. As we have described in our previous study,
the MAE of log(Kn) can be expressed in a unit of kJ/mol'® (see S1.1).

A comparison between the methane Henry’s constants computed from the full LJ-based PES
(Eq. (1)) and the GALJ approximation (Eq. (2)) is shown in Fig. 2. The full LJ-based PES was
computed by the Widom insertion method using RASPA'. The set of MOFs explored in these
calculations have Henry’s constants that vary over 20 orders of magnitude. The MAE of the
GALJ calculations is 0.292 kJ/mol, which is an order of magnitude below the error
corresponding to chemical accuracy. This data supports the assertion made above that the
inaccuracies in the strongly repulsive core of individual LJ potentials due to the GALJ

approximation do not lead to significant inaccuracies when computing adsorption-related

properties.
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FIG. 2. Parity plot comparing Henry’s constants for CHs in 471 MOFs computed by direct

molecular simulation using RASPA and GALJ.

(2) Efficiency of GALJ in Defining Existing Descriptors

In this section, we show that using the GALJ approach leads to computational advantages in
defining the descriptors used in current ML models for predicting Henry’s constants in MOFs.
Specifically, we consider the model defined in Section 3.2 in our previous work'? where Henry’s
constants prediction was made for 12,848 pairs of 471 MOFs and 30 molecules. Not all pairs of
MOFs and molecules are present in the dataset as 1,282 pairs were dropped because they were
identified to have extremely low Henry’s constants (< 10> mol/kgPa) by the screening
algorithm defined in our earlier work'>. Details of the data can be found at
https://github.com/medford-group/predict_K_H. Along with 36 molecular descriptors that
discriminate between different adsorbates'?, three classes of MOF descriptors were used in this
existing approach: textural descriptors, APRDF descriptors®, and 1-D histograms of the potential
energy surface of a methane point probe. Here, we revisited the model by recalculating the
energy descriptors using GALJ instead of RASPA. A minor advantage of using GALJ over the
more usual evaluation of the potential energy with RASPA in our earlier work is that we can
reduce the amount of time for generating the energy histograms (see Fig. S1).

For each structure, we generated 3-D grids of the unit cell with a grid spacing of 0.2 A. We note
that the selection of grid points within a unit cell may affect the ML performance. Our initial test
identified that mean absolute error may vary by 3%, and the maximum absolute error may vary
by 10% at most. These deviations are within the error bars provided by training on different

random training sets and may also be reduced by using a smaller grid spacing'®. At each grid
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point, dispersion potential energies of a methane probe were computed using a cutoff radius of
10 A. In the prior study, the energy distributions of these 3-D grids were expressed as histograms
of bins ranging from -26 kJ/mol to 0 kJ/mol with a bin width of 1 kJ/mol and two additional bins
to count energy grid points below -26 kJ/mol and above 0 kJ/mol. In this work we also utilize
percentiles of the distribution instead of histograms to more effectively focus on the low-energy
region in each grid. Knowing the strong impact of low energies, we decided to consider energies
lower than the first quartile. We collected the energy values at the 0.01, 0.1, 0.25, 0.5, 0.75, 1.0,
2.5,5.0,7.5, 10, and 25% percentiles and used these as the fingerprint instead of the histogram.
As in our earlier work, a gradient boosting regressor was trained to predict log(Ku). To have a
fair comparison, the same model hyperparameters and ensemble modeling with the same data
splits were used as in our earlier work'®. Specifically, a 64/16/20 training/validation/test split was
applied to each data split and we compared prediction accuracy on 10 different test sets.

In Table I, we provide the average and standard deviation of MAE both in unitless form and
kJ/mol, coefficient of determination (r?), and Spearman’s coefficient (S) over 10 different test
sets. As expected, using the GALJ replacement both in histograms and percentiles maintained
the model performance in terms of all error metrics provided in Table I. From now on, the
GALJ-based approach refers to the model trained with the percentiles. We also provided the
maximum absolute error (MaxAE) in kJ/mol which collects the maximum of the absolute
deviations between the true and predicted values. The addition of MaxAE to our analysis is to
show the robustness of our model to various molecules. The MaxAEs are large because each
model makes imprecise predictions for some large molecules that differ significantly from
methane. This is discussed further below. A key observation from Table 1 is that the results from

the original model and the model based on GALJ are equivalent to within numerical accuracy.
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TABLE I. Mean Absolute Error (MAE), Maximum Absolute Error (MaxAE), Coefficient of

Determination (r?), and Spearman’s Coefficient (S) of Henry’s Constant Prediction

descriptors (# of descriptors) # of MOF MAE MAE MaxAE r? S
P P descriptors  [unitless] [kJ/mol] [kJ/mol]
textural (3), histograms (28), and APRDF (68)8 99 0.494 £0.016 2.836 £0.093 164.71 £55.90 0.879 £0.016 0.966 + 0.004
textural (3), GALJ histograms (28), and
APRDF (68) 99 0.475+£0.015 2.728 £0.085 158.57 £53.80 0.887 £0.017 0.968 £0.003
textural (3), GALJ percentiles (11), and
ARPDF (68) 82 0.476 £0.011 2.735+0.064 146.24 +£62.31 0.891 £0.018 0.968 + 0.003
textural (3), GALJ (11), and g 750,50 (22) 36 0.441 £0.013 2.537+0.073 143.92+54.88 0.910+0.016 0.971 £0.003
textural (3), GALJ (11), and pg 50 1.00 (22) 36 0.437 £0.011 2.508 £0.065 131.23 £58.46 0.914+0.018 0.971 £0.003
textural (3), GALJ (11), and i g0,2.00 (22) 36 0.448 £0.013 2.572£0.076 118.58 £59.69 0.912+£0.018 0.969 £ 0.004

I11. Gaussian Integral Descriptors

A key advantage of the Gaussian decomposition of the LJ potential introduced above is to
efficiently generate new descriptors for the potential energy surface of adsorbed molecules that
would otherwise be computationally complex. Here we consider a Gaussian Integral (GI)
descriptor scheme in which the local dispersion potential energy landscape is described by
integrating Gaussian “probes” of varying widths. The GI scheme is motivated by the work of Lei
and Medford, who featurized the electronic structure of chemical compounds using a
combination of Maxwell-Cartesian spherical harmonics and Gaussian functions*. A key
advantage of transforming the LJ potential into a sum of Gaussian functions is that it enables
further mathematical manipulation with well-known analytical solutions.

As an example, we consider descriptors that convolute the point-wise dispersion potential energy
with a Gaussian weighting function (G) to capture information about the local structure of the

PES. Given a full PES spatially resolved in 3-D space, these descriptors have the form
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160 = [[[ Gevumer

= [If exp (- =) u () dr® 5)

202

where G is centered at %, the dispersion energy U(F) is defined at a position #, and || || denotes
the Euclidean norm of a given vector.

The range of interest for nearby positions that are included in this point-wise descriptor is
dictated by the standard deviation (o) of the probe Gaussian. Computing this kind of quantity
directly from the full potential energy surface by direct numerical integration is computationally
expensive, limiting the value of these quantities as descriptors that are to be used in large
numbers of structures. Due to the Gaussian product rule, however, the analytical solution of Eq.
(5) is available without any numerical integration when expressing the dispersion potential using
the GALJ, making evaluation of these quantities readily feasible. The GI descriptor u(X) can be

expressed as

atoms 8
B =< G, D > G >
i k=1
= JJJ, GG X Eieea Gy () dV (©6)

atoms 8

B Z ; vaa(i)Gi,k(F) dv
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where <> denotes an inner product between two components, and V is the volume of the system.
In this case, T is a position of atoms of adsorbents and each Gk is centered at T. ¢ is the width of
G and multiple sets of GI descriptors with multiple ¢’s are abbreviated by listing those widths as
subscripts. The integrals in the last term in Eq. (6) can be evaluated analytically. Eq. (6) is
equivalent to the simplest form in the work of Lei and Medford in which case no spherical
harmonics takes part in the calculation®’, and thus maintains rotational and translational
invariance. The similarity between the approaches hints that more complex descriptors that use

spherical harmonics to capture angular variation could be explored in the future.

(1) ML Model Enhancement with the New GI Descriptors

We examined whether the addition of GI descriptors could improve the performance of the ML
model predicting Henry’s constants in MOFs described above. Specifically, GI descriptors were
added to the GALJ-based model to incorporate information about the energy environments
surrounding each grid point. Since the units of the GI descriptors are not the same as the original
energy histogram descriptors, the GI descriptors were converted to percentiles as in the previous
section. This created 11 additional descriptors for each 0. We generated three sets of GI
descriptors, each consisting of two ¢’s, resulting in the new 22 GI descriptors in each case. Our
choice of ¢’s was such that the weighting Gaussians cover at least a C-C bond of length 1.5 A3
To prevent improvement in model simply from having more descriptors, we replaced the
APRDF descriptor set in the original model with GI descriptors so that the total number of
descriptors in each model decreased to 36, roughly one-third of that of the original model. The
number of MOF descriptors of each model is represented in Table I. The results of this new

model are compared to the original model in the last three rows of Table I. In each metric listed
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in the Table I, addition of the GI descriptors improved the model performance. We reiterate that
use of these descriptors is straightforward using the GALJ formalism but would be
computationally impractical with a traditional representation of the potential energy surface.

It is useful to look in more detail at the value of including GI descriptors to make predictions
about large molecules. For extended molecules, the energy histogram from a point probe can
only partially account for the interactions of the molecule with the MOF framework, since the
overall interaction for an extended molecule is made up from contributions of multiple
interaction centers whose positions are highly correlated. We examined five molecules that have
low MAEs when using the GALJ-based model (methane, ethane, ethene, acetonitrile, and
propene) and another five molecules that have high MAEs (neopentane, methyl propyl ether,
methyl rert-butyl ether, 1,5-heptadiene and 4,4-dimethyl-1-pentene). Results for these 10
molecules are shown in Fig. 3(a). For the former group of molecules, adding the GI descriptors
make only a small difference to the model’s performance in all cases, with an average reduction
in MAE of 0.049 kJ/mol in case of the inclusion of pg 50 1.00- For the larger molecules, however,
the average reduction in MAE for the same model is 1.108 kJ/mol.

Given the excellent average error of ~2.5 kJ/mol, it becomes increasingly important to address
the more difficult cases where the maximum error can exceed 150 kJ/mol and yield qualitatively
incorrect conclusions. The results in Fig. 3(b) and Table 1 also confirm the effectiveness of GI
descriptors for reducing the maximum error. According to Fig. 3(b), the models without GI
descriptors tends to perform poorly for many branched molecules. However, the addition of GI
descriptors effectively enhances the quality of the worst predictions. Specifically, considering the
effect of (g 501.00, the average MaxAE of the extended molecules decreased by 16.2 kJ/mol,

while the average MaxAE was reduced by only 0.7 kJ/mol for the smaller five molecules.
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The GI scheme can be considered as scalarizing the energy environment within a sphere with a
soft limit centered at each grid point, as detailed in Eq. (6). This suggests that GI descriptors
should be more effective for molecules that are more spherical rather than for linear compounds.
Our results are in agreement with this expectation, with the biggest improvement in both MAE
and MaxAE coming from highly branched molecules such as neopentane and 4,4-dimethyl-1-
pentene. On the other hand, 1,5-heptadiene, the most linear molecule among depicted on Fig. 3,
shows a rise of 0.260 kJ/mol and 4.5 kJ/mol in MAE and MaxAE, respectively, after
incorporating GI descriptors (see Table S2 in the supplementary materials for more details).
These results support the hypothesis that the GI descriptors improve the ability of the model to
describe the behavior of spherical molecules inside the pore. At the same time, the results point
to the need for development of additional shape-based descriptors to fully account for the
dispersion potential for arbitrary molecules.

(a) MAE (b) MaxAE
100

N \O\O/O 75 —O— 4,4-dimethyl-1-pentene  —/A— acetonitrile
1,5-heptadiene ethane

i

©°

Ea ~0—

) O\O\\Oﬁ;_ﬁj 50 M —O— methyl tert-butyl ether —/\— propene
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FIG. 3. Comparison in (a) mean absolute errors and (b) maximum absolute errors for 5
molecules of high MAEs (marker: o) and 5 molecules of low MAEs (marker: A) between the

GALIJ-based model and the GI-augmented models.

Conclusion
We demonstrated an efficient featurization scheme which led to effective Henry’s constant

computation for arbitrary molecules in MOFs. Our results showed that GALJ can successfully
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reproduce the conventional calculation of dispersion energies based on pair-wise potentials with
faster computation but comparable accuracy. More importantly, the GALJ approach provides
opportunities to incorporate information associated with local convolution of the dispersion
potential via novel GI descriptors. GI descriptors were shown to lead to slightly lower average
errors and significantly lower maximum errors in Henry’s constants prediction while using
significantly fewer descriptors than previous work, especially for extended molecules whose shape
is relatively spherical. There is clearly still room for improvement in our current approach; the
current model still tends to have relatively high MAEs and MaxAEs for long and linear models
even after the inclusion of GI descriptors. This observation suggests that additional descriptors of
energy environments are needed to better predict the adsorption of molecules with non-isotropic
shapes. One possible strategy is to consider angular variations of environments using spherical

harmonics®>>3

. Exploring angular variations with spherical harmonics can be approached
systematically since varying orders of spherical harmonics would lead to ample descriptions of the
energy landscape. Moreover, the GALJ approach is not limited to LJ potentials and can be applied
to any other two-body pairwise dispersion potentials such as the Morse potential or the
Buckingham potential or can be directly parameterized based on numerically evaluated 2-body
interactions. These promising advantages of the GALJ approach suggests that it will serve as the
foundation for future machine-learning models that efficiently and accurately predict the

adsorption properties of MOFs and other sorbent materials across multitudes of possible adsorbate

molecules.

Supplementary Materials
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See the supplementary materials for the parameters of optimized Gaussians, ML predictions of

Henry’s constants from models in Table I, and the data used for Figs. 2, 3, and 4.
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