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Abstract—Power system control and transient stability analysis
play essential roles in secure system operation. Control of
power systems typically involves highly nonlinear and complex
dynamics. Most of the existing works address such problems
with additional assumptions in system dynamics, leading to a
requirement for a complete and general solution. This paper,
therefore, proposes a novel control framework for various power
system control and stability problems leveraging a learning-based
approach. The proposed framework includes a two-module struc-
ture that iteratively and jointly learns the candidate Lyapunov
function and control law via deep neural networks in a learning
module. Meanwhile, it guides the learning procedure towards
valid results satisfying Lyapunov conditions in a falsification
module. The introduced termination criteria ensure provable
system stability. This control framework is verified through
several studies handling different types of power system control
problems. The results show that the proposed framework is
generalizable and can simplify the control design for complex
power systems with the stability guarantee and enlarged region
of attraction.

Index Terms—Machine learning, power system stability, Lya-
punov function, neural Lyapunov control
I. INTRODUCTION

TABILITY is the primary objective in the power system
S control and operation, concerning the capability to main-
tain the operating equilibrium after severe disturbances [1].
The increased penetration of renewable energy sources brings
a variety of undesirable impacts and formidable challenges to
power system control [2]. In this context, future power systems
would be dominated by power electronic-interfaced small
devices with different characteristics rather than some large
synchronous generators (SGs) [3]. When a system is operated
in such stressed conditions, different instability phenomena
have emerged across the transient, frequency and voltage
stability timescales [1]. This work aims to design a novel and
general control approach to ensure stability in various power
system applications.

The dynamics of power systems are usually highly complex
and nonlinear. Numerous power system control methods have
been reported in transient stability, frequency control and
voltage control [4]-[9]. The transient stability is to maintain
synchronism and usually assessed by conventional eigenvalue
analysis and direct methods [1], or emerging passivity-based

T. Zhao is with Brookhaven National Laboratory, Upton, NY 11973, USA
(e-mail:tzhaol @bnl.gov).

J. Wang is with the Department of Electrical and Computer En-
gineering, Southern Methodist University, Dallas, TX 75275 USA (e-
mail:jianhui @ smu.edu)

X. Lu and Y. Du are
Temple University, Philadelphia, PA
nan.lu@temple.edu;tun22258 @temple.edu).

with the College
19122  USA

of Engineering,
(e-mail:  xiao-

methods [6]. However, these approaches require assumptions
such that the power system is governed by large SGs, and
needs to be dissipative. Frequency control ensures the power
system frequency at its nominal value when the power bal-
ance fluctuates. It is generally implemented in a hierarchical
architecture [10]. Various methods have been proposed to
improve the frequency stability in the presence of load-side
participation [9], uncertainties [5], and operational constraints
[4]. Lastly, voltage control aims to prevent power system
voltages from excessive fluctuations under either normal or
disturbed conditions. It is typically analyzed by Lyapunov-
based excitation control [8] or direct feedback linearization
[11]. The effectiveness of these above methods is verified
with additional assumptions on nonlinear and complex system
dynamics for different forms of power system stability and
control.

Furthermore, the concept of microgrids has been identified
as a key element for future power systems. It brings both
changes and challenges to traditional power systems since
microgrids are usually dominated by inverter-based dynamics
[12]. In current practice, droop methods have been widely
adopted for microgrid stability analysis using different kinds
of droop-based control [12]-[14]. In [12], a Lyapunov-based
method is introduced to assess the droop-based microgrid
stability. The performance of droop-based methods is further
investigated and improved in [14]. The key element in droop-
based control is the droop gain, where a higher gain leads to
increased sensitivity to power injections but may induce sys-
tem instability due to large frequency and voltage deviations
from disturbances.

Overall, the control methodology and stability analysis need
to be further developed for future power systems. However,
these model-based approaches have additional requirements
on the system, e.g., system positivity [6], lossless lines [7]
and a special form of bus dynamics [12]. More importantly,
their effectiveness highly relies on the system model to design
an energy function that evaluates system stability. Therefore,
any model inaccuracy would degrade system stability and con-
trol. The emerging learning-based approaches have recently
gained attention in power system research, leveraging the
advantage of the model-free feature and automatic knowledge
extraction. The authors in [15] introduced an analysis tool
for transient stability prediction based on deep learning. It
solves a regression problem to predict the stability margin
that evaluates system stability. The authors in [16] utilized
deep reinforcement learning (DRL) to prevent a power system
from ultra-low-frequency oscillations, which highly relies on



a linearized system model. [17] embeds deep neural networks
in a frequency-constrained scheduling problem in microgrid
islanding events, admitting a mixed-integer formulation. How-
ever, the proposed framework is restricted to a specific prob-
lem with less adaptability. Although [18] and [19] address
frequency and voltage control based on DRL respectively,
their frameworks are sensitive to problem settings (e.g., control
rewards).

Lyapunov function-based methods have been widely
adopted for power systems for both stability analysis and
control synthesis [6]-[8]. However, finding a valid Lyapunov
function remains a challenge. Recently, learning-based meth-
ods show their effectiveness in handling nonlinear control
problems in robotics [20] by learning a parametric control
Lyapunov function through interacting with an unknown en-
vironment in an episodic learning framework. However, there
still exist problems that impede their immediate use in power
systems due to the numerical sensitivity, complex nonlinearity
and extra operational requirements.

To summarize, existing literature faces emergent challenges
when applied to future power systems. First, although a lin-
earized small-signal model can guarantee asymptotic stability
using a Lyapunov function, the design of these controllers
based on the linearized model becomes unsuccessful when a
large disturbance occurs. Furthermore, constructing a quadratic
Lyapunov function is widely adopted to address transient
stability problems. It could be conservative and restrict them-
selves to transmission networks ignoring the high R/X ratio
in distribution networks, and meanwhile, they require specific
system dynamics to achieve asymptotic stability. Lastly, most
of the existing approaches focused on the transient stability
of the system where the buses have the same dynamics.
The authors in [21] developed stability conditions for power
systems with heterogeneous bus dynamics. It still relies on
the system passivity, and the stability condition requires the
passivity index of each bus that is greater than a network index.
Calculating this network index depends on the power flow
and system operating conditions. It may provide conservative
results and be sensitive to the modeling accuracy. Therefore, it
is necessary further to develop approaches for power systems
with heterogeneous bus dynamics.

This paper focuses on filling the existing gaps in designing
feedback laws for various stability problems in power systems,
capturing the core difficulty in power system transient stability
and control. Inspired by [22], a deep learning-based control
framework, Neural Power System Control, is developed for
modern power systems. Our proposed approach utilizes neural
networks to capture nonlinearity, which lifts dependence on
linear or specific models. In addition, our approach directly
handles various interface dynamics and rigorously satisfies the
Lyapunov conditions by using neural networks. It is novel not
in the use of machine learning but also in the combination
of discovering Lyapunov functions and learning control laws
simultaneously. It is more flexible to ensure the performance
of control laws by adding simpler terms in the loss function
to enlarge the region of attraction (ROA) on demand. The
proposed framework consists of two modules: 1) Learning
Module leveraging neural networks discovers parameters for

control and Lyapunov functions jointly; 2) Falsification Mod-
ule utilizing a J-complete-based algorithm [23] validates the
candidate control law and Lyapunov function obtained from
Learning Module and ensures the correctness of results. The
main contributions are summarized as follows:

« A novel control framework is proposed by exploiting the
advantage of neural networks and the completeness of
satisfying nonlinear constraints to guarantee Lyapunov
conditions fully. The model-free feature can deal with the
stability problem in power systems with heterogeneous
interface dynamics.

o The combination of the learning and falsification modules

produces controllers with performance guarantees, i.e.,

the validated function holds the Lyapunov conditions in

the verified state domain.

Introducing regulator costs of a ROA to the learning

process results in a significantly enlarged ROA for power

system stability assessment.

The feasibility and scalability of the proposed framework

are demonstrated through several power control problems,

i.e., transient stability and islanded microgrid control

II. PRELIMINARIES AND PROBLEM FORMULATION

This section introduces preliminaries and the problem for-
mulation to facilitate the control design.

A. Lyapunov Function and Stability Conditions

Consider a controlled system governed by

&= f(z,u), (D

where f : X — R" is locally Lipschitz-continuous with X
being a path-connected state-space and 0 € X. z(t) € X is
the state vector, and C(z) : R™ — R™ is the feedback control
law. Then the control synthesis problem is to design a feedback
law C(x) so that all traces z(-) of the closed-loop system are
asymptotically stable. To this end, we introduce the following
definition.

Definition 1: For the system (1), a continuously differen-
tiable function V' is a Lyapunov function if the following
condition holds for all z € X,

V' is positive definite and V' (0) =0 5
- 2)
glelﬂg(vf(w’u)v) <0
where V (., V is the Lie derivative of V' over the vector field
f(x,u). If there exists a Lyapunov function V/, it guarantees
the existence of K(x) stabilizing the trajectories of a system
to the equilibrium [24].

Definition 2: A controlled system (1) with equilibrium at
the origin is asymptotically stabilizable, if there exists a con-
tinuously differentiable function V' satisfying the conditions in
.

B. Power System Model

1) Bus Dynamic Model: A network-reduced power system
has n buses connected by transmission lines which is repre-
sented by the undirected graph G = (V, £), where V is the bus
set and & is the line set. Each bus includes a phasor voltage
V;Z6; and a complex power injection P; 4 j@);, where V; and
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Fig. 1. The model of power system networks

0; are the voltage magnitude and angle of bus i, respectively;
P; and Q); are active and reactive power injections of bus i,
respectively. For a bus with a dynamic power resource, its
dynamics can be described a dynamical relation which maps
the complex power injection to the complex voltage [21]:

{x'i = f(xi,u)

" Con i€V 3)

where x; = [;,0;,V;] and y; = Cix; = [0;,V;] with »; being
an auxiliary state indicating the corresponding dynamics of
each device. The introduction of 7, facilitates modeling bus
dynamics with heterogeneous devices. u; is the control input to
be designed later. Here, the load bus has no dynamics. How-
ever, the proposed solution can easily address the load-side
frequency stability as in [25] following the control framework
in Section III.

2) Power Network Model: The interconnection between
each bus is represented by the admittance matrix. The power
injections at bus ¢ are denoted by

Piinj = GZZVE + Z WV](BU sin(Gq;j) + Gij COS(aij))

JENI
(4a)
QP = —BuV? = Y ViVj(Bijcos(6i;) — Giysin(6y5)),
JENI
(4b)

where N7 is the set of adjacent buses to bus i; G;; and B;;
are the real and imaginary elements of the admittance matrix.

Combining (3) and (4), the power system is then modeled by
a feedback loop between the network and dynamical behavior
of each bus as in Fig. 1, which is written as the following
compact form,

&= f(x,u)
y=Cx (5)
u=K(z)

where f is assumed to be a continuously differentiable func-
tion; K(x) is a control law which maps the states to system
inputs. The aim is to design a control law, which stabilizes all
state trajectories of a given power system.

Note that the definition of (5) covers various classes of
bus dynamic models in power systems, such as classical syn-
chronous generators [6], [9], inverter-interfaced power devices
[3], and loads with frequency/voltage response [25]. Specific
modelings and their effectiveness are demonstrated by several
examples in Section IV. The following section will introduce
a learning-based approach for power system transient stability.

ITI. LEARNING NEURAL POWER SYSTEM CONTROL

As outlined before, a Lyapunov function is needed in order
to ensure the stability of (5) at hand. Discovering a Lyapunov
function is generally computationally expensive subjecting
to hard nonlinear constraints [20]. As shown in [26], [27],
the nonlinearity and uncertainty can be handled by generic
function approximators. This paper utilizes neural networks to
embed the power system dynamics and provide a data-based
solution to address the nonlinearity and uncertainty in solving
power flow problems. To deal with this problem, this section
presents a deep learning-based approach to search for a candi-
date Lyapunov function over a hypothesis space. Specifically,
the Lyapunov function is parameterized by a parameter vector
€ and defined by V.. For the sake of simplicity, we further
denote ¥ for both the feedback law and the corresponding
parameters which define the law.

Before presenting the main result, the following definitions
are introduced.

Definition 3: (Compatible Sample) Given a training set S :
{z},z € X, a set of compatible samples for an iteration is
defined by

C:{(z,0)} C X xU, (6)

which includes both training and falsifier samples defined later.

Definition 4: (Falsifier Compatibility) A candidate V. is
compatible with C iff V, respects the conditions in Definition
1:

3w :x#O0AV(2) > 0A VgV <0. 7)

Note that the condition of V(0) = 0 is not included in
Definition 4, and it will be guaranteed in advance using the
ICNN feature in Learning Module. Given a power system
governed by (5), the objective of neural power system control
is to discover € that ensures the existence of V, s.t. Definition
1, and synchronously returns a feedback control law stabilizing
the system.

Fig. 2 outlines the developed architecture. It includes Learn-
ing Module and Falsification Module interacting in a training
loop. Given a set of random samples S C X at iteration k,
Learning Module optimizes the weights € of neural networks
by back-propagating the Lyapunov risks (defined in Section
III.A) and discovers a parametric V to satisfy the conditions
in Definition 1. The returned V. satisfies all the conditions, i.e.,
Ve(0) = 0,Ve(s) > 0, or (Vy(s,u)V(s)) <0,Vs € S but not
necessarily over the entire region of X. In sequence, Falsifica-
tion Module reformulates the Lyapunov conditions following
satisfiability modulo theories (SMT) and adopts an SMT solver
(i.e., dReal [23]) to check whether the resulting V. violates
the conditions over X'. If any violation exists, the SMT solver
in Falsification Module generates the counterexamples Zyiolated
that violate either ‘/e(xviolated) > 07 (vf(mv;ola.ed,u)V(zviolated)) <
0. These samples are added to the sample set S for the next
learning iteration k+ 1. With the updated sample set, Learning
Module is enforced to discover a new candidate. The new V.
is fed to Falsification Module again, forming a training loop.
The loop repeats until Falsification Module certifies that no
violated samples exist, which proves the correctness of V..
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A. Learning Module

With a training set S, the objective is to construct a
candidate Lyapunov function V. satisfying the conditions in
Definition 1. Here, we will present a technique to discover
both control and Lyapunov functions at the same time, by
which the system stability can be ensured rigorously by the
Lyapunov conditions.

The Lyapunov conditions can be described by:

1) Ve(0)=0

2) Ve >0
3) Vi@uVe(z) <O.

In addition, the property of a Lyapunov function requires
only the local optima at 0. To enforce this constraint, we
represent V. (z) by utilizing an input convex neural network
(ICNN) function g [28] in Learning Module, and the structure
of ICNN is given in Fig.3. It updates the parameters for ¢ and
¥ simultaneously to improve the likelihood of non-violations,
such as

21 = oo(wox + bo),
Z1+1:QL(Ulzl+wtx+bt)7 7:217"'7[_17
g(x) = 2, ®)

where w; and U; are the real-valued and positive-valued
weights respectively, and b; is a real-valued bias. g; is a
convex, monotonically non-decreasing non-linear activation
function. Note that the non-smooth ReLu cannot be used in
this network because the Lyapunov conditions have to be
determined through their Lie derivatives such as

15 ©)
k=1 Zi—1

To address this issue, we adopt a smoothed ReLU as used
in [29] to make the Lyapunov function continuously differen-
tiable. Since g is convex in = [28], a single optimum of V is
guaranteed, and V; is defined by

Ve = 0it1(g9(x) — 9(0)) (10)

where we shift V; to ensure (1) V.(0) = 0. The learned
Lyapunov function needs to satisfy all conditions in (2).

oV
AVe=gr =

Learning Module will update both ¢ and ¥ to improve the
likelihood of constraint satisfaction. The design problem can
be written as the minimization of the following min-max cost,

inf sup (a max (0, —V.(z)) + S max(0, Vf(w,q,)Ve(x)))) .
&V pex (1 1)

where o and 3 are the tunable parameters. (11) iis the cost
conceptually indicating any violation of Lyapunov conditions
over the state space. The first term on RHS of (11) is the
penalty of the violation of the second condition in Lyapunov
conditions (i.e., V. > 0), and the second term is to penalize the
violation of the third condition (i.e., V¢, ) Ve(z) < 0). The
minimal zero-loss of (11) indicates that the learned function
satisfies all the Lyapunov conditions with a valid controller.

Note that the difficulty in calculating (11) is to estimate
the violation of the Lyapunov conditions and meanwhile, to
ensure the estimation over the entire state space. Discovering
all the estimations may be computationally intractable for a
large-dimensional space or deep networks during the learning
process. Therefore,inspired by [22], we propose the Lyapunov-
like cost that defines the expected cost with the learned
Lyapunov function and control law, evaluated by the sampled
state over the state space at each learning step.

Definition 5: (Lyapunov-like Cost) For a candidate V, the
Lyapunov-like cost is a defined by

L(e,¥), =Eqpp(x) (a max (0, —V(x))

+Amax(0, Ve Vele)),  (12)

where x is sampled over X with a distribution p. (12) can be
estimated through Monte Carlo simulation, i.e.,
1N
L(e,¥)n,=— Z o (max(0, —Ve(z))

N
k=1

-+ max(0, Vf(ack,m)‘/?(‘”k))) S

where z, k= 1,..., N, are the samples of X" over p.

One important metric for controller performance is its ROA.
The ROA is a forward invariant set containing the origin, in
which all possible system trajectories will never leave. When a
disturbance occurs, the ROA for a power system is a region in
which the operational status (e.g., rotor angles and frequencies)
can converge to the stable equilibrium [30]. Therefore, one can
enhance the power system robustness to a disturbance through
maximizing the ROA of a power system. Similar to [22], two
loss items are added to the Lyapunov-like cost. The loss items
measure the increasing rate of the Lyapunov function subject
to the radius of the level sets. The ROA-Lyapunov-like cost is
given by

N
1
L(e.W)np+ 55 2 lonll’ = eVe(an),  (4)

k=1

where c is a positive parameter. Learning Module learns a pair
of ¥ and V.. However, the learned V. needs not necessarily
be a Lyapunov function since the limited samples do not
cover all states in A'. To overcome this problem, the following
falsification module is introduced.



B. Falsification Module

With the pair (V, ¥) obtained in Learning Module, this
module implements a falsification process. It includes three
steps:

i) Check the Lyapunov conditions in (2)
ii) Seek any violated states
iii) Generate an updated training set Sy and store Compatible
Sample as in Definition 3.

An SMT problem is formulated over real numbers for formal
verification. In particular, V. is a Lyapunov function if the
following first-order logic formula is satisfied,

Ve(z) >0 A Vf(%\p)ve(a?) <0, z€X\0,

However, solving large and quantified formulas can be time-
consuming generally. To this end, we rewrite this formula to
smaller satisfiability queries that can be solved efficiently by
an SMT solver in practice. Specifically, we consider the dual
falsification problem as

(Vo) <0, 2 € X\ 0)V (Vo Velr) > 0, 2 € X\ 0),

©1 P2

15)
which is a nonlinear constraint satisfaction problem to deter-
mine the existence of counterexamples. Therefore, we only
need to verify two independent satisfiability queries, i.e., if
either ¢ or s is true. If any of them is true, an SMT solver
returns the violated samples for either of them, and the results
of each of the two formulas constitute the violated sample
set, i.e., Sg 1= Sk—1U{(zak)}, where (z,) is the violated
sample at iteration k. On the other hand, if both of them
have unsatisfied results, no samples will be returned, and the
corresponding Lyapunov function is validated Vo € X'. With
the repression of the original formula, we can speed up the
verification process.

Note that solving an SMT formula with nonlinear con-
straints is NP-hard and computationally expensive. The re-
cently developed SMT solver over reals, dReal [31], is adopted
in this work to handle this problem. The correctness and
completeness of violation reporting are guaranteed by the 6 -
complete” defined in [23]. A §-complete algorithm returns a 6-
weakening answer such as 1) (15) has no solution; 2) a solution
satisfies (15). Note that §-weakening is a syntactic relaxation
of the original problem where if the original problem is
satisfied, the J-weakening is always satisfied [23]. The detailed
effects of the  selection on the algorithm can be found in [31].

C. Termination

Recall that in the proposed framework, Learning Module
provides a learned Lyapunov function, and Falsification Mod-
ule refutes this function by reporting any violated states and
appends them into the training set. For a given Compatible set
C, the learning process is terminated when the dReal solver
computes () that is unsatisfying J-complete in Falsification
Module. A successful learning process returns a valid Lya-
punov function which satisfies (2) and stabilizes (5). In other
words, the learning algorithm succeeds if Falsification Module
can not return any counterexample that violates Falsifier

Initial Learning module:
Training Set b Find the candidate LF and control
Candid: No .
exists? |Failed
JYes
Falsification module:
Verify the candidate LF through an SMT solver
Violation | No .
exists? | | Reverify with
areduced §
}Yes N lYes
‘ Violated samples ‘ Success ‘
Y
€5 K< Ky No

Fig. 4. The control flowchart

Compatibility. Thus, Theorem 3.1 concludes that the candidate
function is a valid Lyapunov function.

Theorem 3.1: Considering the system (5) with a control
policy u with f being continuously differentiable, and the
initial states o C X, V.(z) is a Lyapunov function, and then
¥ is the corresponding control policy iff Falsification Module
returns an empty set.

Proof: See Appendix.A [ ]

Note that when the learning process is terminated, the
returned solution will be rechecked by a much smaller §
to verify its correctness and robustness further. If there is a
violation using this smaller J, these counterexamples will be
added to the training set, and the learning process is restarted
until meeting the termination condition.

Remark 3.1: The proposed solution deploys neural net-
works in Learning Module to equip our solution with the
model-free feature. In sequence, Falsification Module ensures
the correctness of the learned results building on the o-
completeness of an SMT solver [31]. Combining the above
two modules equips our solution with the robustness to model
uncertainties. Note that the uncertainty would not only from
the model development, but also from external disturbances.
The influence of external disturbances will be investigated in
our future work.

Remark 3.2: The time-delay effect on the system stability
has been investigated in [32]. The influence of time-delay
on system stability could be potentially integrated in our
framework by 1) changing the Lyapunov-like cost representing
Lyapunov conditions for a system with no delay to a cost
representing Lyapunov conditions for a time-delayed system
and 2) generating sample data from the time-delayed system.

D. Solution Implementation

The flowchart of the proposed framework is shown in
Fig. 4. The learning process works until not satisfying the 4-
complete or exceeding the maximum learning iteration K .x.
At iteration k, Learning Module contains a training set

Sk = {xq, ..

.,.’tk}CX. (16)

Accordingly, € defines the set of candidate parameters for

Ve, (z) similar to ¥j. The aim is to learn a set of parameters



respecting Falsifier Compatibility, i.e.,

/\ ‘/e(fﬂk) > 0N

17)
V f(ar,wy) Ve(Tr) <0

€k 1 Q€|
(z,¥%)ECK

Starting from an initialized sample set Sy # 0 and ¢, the
learning procedure includes the following steps.

1. Find the candidate Lyapunov function and control law:
given a learning period 7; and Sy, Learning Module
computes the candidate VET, (z) and Uy, ie., for j =
1,...,77,

Ve, (z), W (z) + Neural networks(z), Vo € S

€, U; < Lyapunov-like cost minimization
(18)

2. Verify the candidate: Falsification Module tests whether
Ver, (z) is a validated Lyapunov function over C, i.e.,
a. Reformulate the condition (15) in the dReal format
and utilize the SMT solver to check condition vio-
lation
b. Return the satisfiability, results and all violated sam-
ples if they exist.
3. Check the termination condition:

a. If true, it terminates the learning process and return
VeT, (z) and \I’k.
b. Otherwise, it reports all violated samples {Zviolated }
to Learning Module.
4. Update the training set: all violated samples are added to

the training set to produce the next learning iteration:

Sk+1 0 Sk U{xviolated}

The § - complete guarantees the obtained VeTl (z) 1S a
Lyapunov function and holds for all states in the state
space X, along with a stabilizer Ur,.

19)

Note that the interaction frequency between Leaning Mod-
ule and Falsification Module is one of the essentials that
affects the convergence speed. Adding violated samples too
frequently might result in overfitting learning results since
these samples resemble each other. To overcome this issue,
additional random samples from a neighborhood of Zyiojaeeq are
appended to Si41 as well. These samples do not need to be
the solution of (15). The introduced expedient does not hinder
the overall soundness of the solution but further enhances its
performance and generalization.

Remark 3.3: It should be noted that our framework could
potentially facilitate the assessment of small-signal stability.
In particular, we consider linearized power system dynamics
that are widely adopted in analyzing small-signal stability
[3], [7], and our framework can discover a corresponding
Lyapunov function. With the learned Lyapunov function, we
can estimate the security region to certify system small-signal
stability following [7].

IV. CASE STUDIES

In this section, we demonstrate the proposed solution that
can be potentially adapted to various power system control
objectives. In particular, we illustrate two widely adopted

TABLE I
HYPERPARAMETERS

Application I | Application IT | Application III

|

a | 025 | 025 | 025
3 | 042 | 036 | 053
c | o001 | o0l | 002
Learning rate | 0.01 | 0.01 | 0.01
Kicarning | 100 \ 100 \ 100
Komaz | 5000 | 8000 | 8000
J (training) | 0.05 | 0.05 | 0.05
§ (testing) | 0.01 | 0.01 | 0.01
Initial sample size | 300 | 1000 | 2000

Solver | Adam

examples in power system control and stability: i) power
system transient stability; ii) islanded microgrid control.

The hyperparameters used in each case are listed in Table 1.
The performance of our solution is mainly decided by the
parameters of o and 3. We provide an empirical procedure to
tune these parameters. Given an initial guess of o and 3, let V;
be the candidate function at iteration k. We can visualize the
results of V; and its derivative numerically, by which we may
determine the direction to tune some of the parameters based
on the violation(s) of Lyapunov conditions. Specifically, after
the k iterations, we visualize the learned ¢;, and its derivative
respecting X. Then, we can tune the parameters based on
the visualization. For example, suppose the visualization of ¢y,
returns a positive V, but the derivative of V; is non-negative,
we will fix the other parameters and increase  to recheck
their selections.

In the first two cases, the neural networks have 5 layers,
and the number of nodes in layers is set as x,, —4x,, —4x,, —
4x, — 1, where x,, is the dimension of states. In the last case,
it has 6 layers, and the number of nodes in layers is set as
xy, —6x, —6x, —6x, —62, — 1. The input features are system
states, and the output feature is V.. The parametric variables of
neural networks are trained using subgradient-based methods.
We introduce auxiliary control variables in system dynamics to
fulfill the control objective. For instance, an auxiliary control
variable is introduced to stabilize the system following [33]
in Application I. In Application II, we introduce two control
variables in the droop-based dynamics to regulate microgrid
frequency and voltage following [13]. To generate the initial
data set in Fig. 2, we sample a set of initial points from X,
e.g., St, and feed them to the system dynamics to obtain the
evaluation of states for only one step, e.g., S¢+1. All numerical
studies are learned and performed in Python on a personal
laptop.

A. Application I: Power system transient stability

In this application, the proposed solution is applied to design
the Lyapunov function and corresponding control law to ensure
power system transient stability. Following [7], we assume that
the interface voltage is constant in the transient period due
to its much slower dynamical behaviors. The dynamics of a
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power system are governed by the following swing equation
[7], ie.,

JENI
where 6; is the angle of the generator at bus ¢; m; and d; are
inertia and damping coefficients of a generator, respectively;
p; is the mechanical power. For a load bus, we let m; = d; =

0. Here, we transfer the states to steady states to obtain a
perturbed model,

3 Bij\/;*Vj*[sin(H;‘j) - sin(eg‘j - éij)] —0,
JENI
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where we denote §; = 6; — 07, éij =0, — éj and 6;“]- =
07 — 67 with " being the steady-state value. In the steady
state, p; = Y, jeni BigViTVjsin (9;}). The feedback control
law u; is added that stabilizes the system at the origin.

Remark 4.1: This case study adopts the classical swing
equation which is widely utilized to capture the power system
dynamics sufficiently well [34]. Note that following [35],
[36] the augmented damping term can represent the effects
of generator excitation control. Besides, following a similar
line in Application I, the proposed solution is applicable to
other types of SG models as long as the basic knowledge of
the system order and the sampled data of system states are
available.

The proposed solution is tested on the IEEE 39-bus system
with 10 machines, and the system parameters are taken from
[37], where we decrease the inertia of SGs to model the unsta-
ble feature. Assuming Bus 31 is the swing bus, the proposed
solution controls the dynamics of the other 9 machines. The
objective of the transient stability is to learn a control law wu;
that can ensure system stability while maximizing its ROA.
The training loss is given in Fig. 5. In Fig. 6, it includes
the evaluation of all system states. The two figures at the top
are the original system trajectories without control, and the
other two figures at the bottom are the system trajectories after
applying the proposed solution. It should be noted that some
of the original trajectories are unstable, and with the proposed
solution, these trajectories are stabilized and converging to the
equilibrium.

Figs. 7(a)-7(b) visualize the validated Lyapunov function
of SG 1, which verify the proposed solution can ensure the
existence of a Lyapunov function satisfying the conditions in
(2) in an operation region. We show the resulting trajectories
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Fig. 6. System trajectories of IEEE 39-bus system in Application I
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Fig. 7. The results of SG 1 in Application I: Vi > 0 in the upper figure and
V ¢ (z,w) Ve < 0 in the lower figure

of two example SGs (i.e., SG 1 and SG 5) that have the typical
system trajectories, where SG 1 is unstable at the origin and
SG 5 has a different attractor from the origin (see Figs.8(a)-
8(b)). After applying the learned control law, the resultant
trajectories of SG 1 and SG 5 are given in Fig. 9(a) and
Fig. 9(b), respectively. As in Figs. 9(a)-9(b), the trajectories
of both SGs converge to the origin, and in other words, they
are stabilized by our solution (see Fig.6).
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Furthermore, we compare our solution with an LQR-based
approach [38] and a recent Lyapunov-based approach [30] to
demonstrate the ability to learn a larger ROA. The ROA for
power systems provides a valuable analysis tool of the stability
level, referring to a subspace of states that can converge to an
equilibrium. The results in Figs. 10 - 11 illustrate the estimated
ROA, veritying the proposed solution enlarges the estimated
ROA significantly.

B. Application II: Islanded microgrid control

In this case, we consider the bus dynamics that are governed
by inverter-interfaced DGs in an islanded microgrid. Suppose
a DG is controlled by P —w and @Q — V' droop controllers
following [13],

0; = w; (22a)
Towi + (Wi — Wret) = =0, P + up; (22b)
Vi + (Vi = Viet) = —0,Qi + Uy i (22¢)
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Fig. 11. The estimated ROA for SG 5 in Application I

where 7, and 7, are the time constants, and o, and o, are the
P —w and  — V control gains, respectively. As the droop-
based control is a basic proportional controller, two feedback
laws u,, ; and u,,; are added to be learned. They play the role
of secondary controllers following [39]. The objective of (22)
for a DG is to achieve its frequency and voltage regulation
such as w; — wrer and V; — Vier, Where wres and Vs are
the related reference values, respectively. Note that in this
simulation, the system states are again transferred to the origin.

As in Fig. 12, to verify the performance, we further test the
solution using a sample 13-bus test system following [40]. The
test system has 5 DGs and 6 loads. In the illustrated system, we
assume that the proposed solution is applied to DG5 with 60Hz
and 1p.u. being the related reference values, and the other DGs
are only droop-controlled (i.e., primary control). Therefore,
the system frequency will be regulated to its reference, and
meanwhile the voltages are regulated by setting the voltage of
one DG to be the reference value. The DG capacity is 100
kVA. The R/X ratio of transmission lines is 0.8354 [40]. The
system is operated in the islanded mode at Os. The objective of
the proposed solution is to learn u,, ; and u,,; in (22) for DG5
so as to regulate the frequency and its voltage to the reference
values. The training set is generated by randomly perturbing
the islanded microgrid model. In sequence, the learned control
laws are used to control DGS.

The results are given in Figs. 13 - 15. Fig. 13 shows the
vector field of DG5S, where the red point is the origin (i.e.,
Aw = ws — weer = 0, AV = V5 — Vit = 0). Assuming the
system faces a large disturbance, we compare our solution with
LQR control. The upper figures in Fig. 14 and Fig. 15 show
the frequency and voltage magnitudes using LQR control. The
lower figures in Fig. 14 and Fig. 15 illustrate the results with
the learned control laws. As in the results, our solution can
maintain the system states within the operational range and
outperforms LQR control. Since LQR control is designed for
linearized systems, its performance may deteriorate when fac-
ing large power changes or model uncertainties. Our solution is
model-free, and its correctness has been proved over the entire
state region. Therefore, it would have better performance in
addressing various disturbances.
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Fig. 16. The results in Application III: Ve > 0 in the upper figure and
V ¢ (z,w) Ve < 0 in the lower figure

C. Application IlI: Power systems with heterogeneous inter-
face dynamics

In this case study, we test our solution on the IEEE 123-
node test feeder. It consists of 3 MGs and 2 traditional SGs
modified from [12], leading to the heterogeneous dynamics.
The MGs are connected to the grid via an inverter-interface
with angle droop control [12], and the dynamics of SGs are
governed by (20).

We consider MG 3 is isolated from the grid at ¢ = 0 and
control the rest of the MGs and SGs to maintain stability.
Figs. 16(a)-16(b) illustrate the results of the learned Lyapunov
function and its derivative for an SG. . Fig.16(a) verifies
the learned function is positive definite, i.e., V.(z) > 0
and Fig. 16(b) shows its derivative is negative definite, i.e.,
V ¢(z,9)Ve(x) < 0. Therefore, we can conclude our solution
is able to find Lyapunov functions for a complicated system.
Fig.17 shows the evaluation of system states when applying
our control laws. As shown in the results, the system maintains
synchronization when MG 3 disconnects from the grid. The
above findings demonstrate our solution is capable of dealing
with problems with the heterogeneous dynamics in a large test
system.
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D. Discussion

The above case studies demonstrate the effectiveness of our
solution from 1) the ability to discover a valid Lyapunov
function and control laws for various problems, 2) an en-
larged ROA compared with the existing works, and 3) the
capability of handling the heterogeneous interface dynamics.
The proposed framework could simplify the analysis tools for
nonlinear power system problems, providing the correctness
guarantee and model-free feature.

The statistics of applying our solution to different example
models are summarized in Table II. Note that the learning
time in Table II only reflects the offline computational time.
In a real-time implementation, the running time shows our
solution is able to be implemented in real-time for a large
system, which is also verified by the results in Application
III. Intuitively, a large model leads to a long learning time
since a large number of neurons are understandably needed in
Learning Module. We would like to highlight that the trade-off
between more layers needed to compute a Lyapunov function
over a large searching domain and the learning speed should
be optimized towards higher training efficiency.

Remark 4.2: The proposed framework is also applicable to
the stability analysis of large-scale systems. We can adjust
the size of the neural network and its hidden layer to capture
more complicated states of large systems and use Falsification
Module to ensure correctness following the procedure in
Section III.D. It should be noted that increasing the size of
neural networks would lead to a long learning time needed
in Learning Module as discussed in Section IV.D. Improving
computational efficiency and maintaining the effectiveness of
large systems would be one of our future directions.

TABLE I
STATISTICS OF LEARNING DIFFERENT TEST MODELS

N T
I-machine system | 0.01 | 300 | 234 | 1255 | 0.062s
3-bus system [41] | 001 | 300 | 634 | 3155 | 0.086s

13-bus system | 001 | 500 | 1083 | 3155 | 0.122s

39-bus system | 0.01 | 1000 | 4668 | 1264s | 0.393s
123-bus system | 0.01 | 2000 | 9668 | 2764s | 0.585s

V. CONCLUSION

This paper proposes a neural power system control frame-
work leveraging a deep learning approach to closing the exist-

ing gaps in power system stability. It can deal with a variety of
problems in power system control and stability analysis. The
proposed framework can produce the valid Lyapunov function
and control law simultaneously. The combination of learning
and falsification modules guarantees the system stability and
further demonstrates the performance of the obtained function
over the verified domain. With the flexible structure of the
framework, the control design for a typical power system prob-
lem is significantly simplified while providing a larger ROA.
Several case studies are carried out to verify the effectiveness
of the proposed framework in different problems.
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APPENDIX
A. Proof of Theorem 3.1

The proof includes three criteria according to [42].

1) The convexity of ICNN ensures the single optimum of
V. and by (10), it further guarantees V,.(0) = 0.

The termination of the learning process, i.e., Falsification
Module returns unsatisfaction, shows that z € {x € X'\
0 | Ve(x) > 0 and then Vi, ¢)Ve(z) < 0, which is
ensured by the correctness of the SMT solver [31]
Combining the above two criteria shows that the validated
Lyapunov function V, with the corresponding control law
U holds the Lyapunov conditions. One can conclude the
system is asymptotically stable with V; being a Lyapunov
function [42].

2)

3)
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