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Abstract

Statistical nuclear fuel failure analysis is critical for the design and development of advanced reactor tech-
nologies. Although Monte Carlo Sampling (MCS) is a standard method of statistical failure analysis for
fuels, the low failure probabilities of some advanced fuel forms and the correspondingly large number of
required model evaluations limit its application to low-fidelity (e.g., 1-D) fuel models. In this paper, we
present four other statistical methods for fuel failure analysis in Bison, considering tri-structural isotropic
(TRISO)-coated particle fuel as a case study. The statistical methods considered are Latin hypercube sam-
pling (LHS), adaptive importance sampling (AIS), subset simulation (SS), and the Weibull theory. Using
these methods, we analyzed both 1-D and 2-D representations of TRISO models to compute failure proba-
bilities and the distributions of fuel properties that result in failures. The results of these methods compare
well across all TRISO models considered. Overall, SS and the Weibull theory were deemed the most efficient,
and can be applied to both 1-D and 2-D TRISO models to compute failure probabilities. Moreover, since SS
also characterizes the distribution of parameters that cause TRISO failures, and can consider failure modes
not described by the Weibull criterion, it may be preferred over the other methods. Finally, a discussion on
the efficacy of different statistical methods of assessing nuclear fuel safety is provided.

Keywords: Monte Carlo; Variance Reduction; Bison; Nuclear Fuel; Risk; Reliability

1. Introduction

In many advanced reactor concepts currently under consideration (e.g., high-temperature gas-cooled
reactors and fluoride-salt-cooled high-temperature reactors), the reliability of nuclear fuel in preventing
fission product release into the coolant is critical from both operational and safety perspectives [4]. As
such, several recent studies have assessed not only the safety of advanced reactor fuels [22] [3], but also
the consequences of fuel failure to the overall safety of nuclear plants [23]. There has also been interest
in improving the modeling fidelity of computational fuel models for enhanced accuracy and robustness
[8, [6]. Failure assessment of nuclear fuels consists of a combination of (1) experiments to provide data
for specific conditions, (2) computational modeling, which is validated against the available data, and (3)
uncertainty quantification (UQ) to account for randomness in fuel properties and operating conditions.
Once the parameters of the computational model are calibrated, the quality and computational feasibility of
failure analysis depend on having a proper balance between the level of modeling fidelity and the efficiency
of the UQ method. Standard UQ methods such as Monte Carlo Sampling (MCS) are expensive to run both
in terms of the simulation time and computational resources, mostly permitting only the use of low-fidelity
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fuel models (e.g., 1-D models; see Jiang et al. [I1] and Miller et al. [I9]). Therefore, this paper presents
alternative statistical methods made available in the Bison fuel performance code [30] (itself built on the
Multiphysics Object-Oriented Simulation Environment [MOOSE] [24]) for failure analysis of nuclear fuels.
Tri-structural isotropic (TRISO)-coated particle fuel was chosen as a case study for the present work, and
some of the presented methods are able to consider both low- and high-fidelity models of the TRISO fuel
for statistical failure analysis.

Due to its ability to contain fission products under even extreme operating temperatures, the use of
TRISO particle fuel in advanced reactor technologies has generated a great deal of interest. As detailed
in Williamson et al. [29] and Jiang et al. [I2], each TRISO particle is composed of the fuel kernel, buffer,
inner pyrolytic carbon (IPyC), silicon carbide (SiC), and outer pyrolytic carbon (OPyC) layers. This fuel is
considered “failed” if the SiC layer fails [12], though the probability of failure is low, with values typically
ranging from 1E — 3 to 1F — 7, depending on the fuel properties and irradiation conditions. The SiC layer
failure is mostly caused due to the cracking of the IPyC layer resulting in stress concentration in the SiC
layer, although other failure modes are also possible. From a modeling viewpoint, while the MCS approach is
a standard and widely accepted method, it requires numerous evaluations of the TRISO model (on the order
of hundreds of thousands to millions) to accurately calculate the failure probabilities [12] [19]. Thus, most
TRISO failure studies have relied on 1-D approximations of the TRISO model, with the multidimensional
stress state in the TRISO layers being approximated by a 1-D stress state [12] [19]. However, it is desirable
to consider high-fidelity TRISO models (i.e., 2-D models) when performing failure analysis, and for this,
statistical methods beyond MCS are necessary. Also, because of TRISO fuel’s robustness and resulting
very low probability of failure, its statistical analysis particularly stands to benefit from the more advanced
methods studied here.

For failure analysis of TRISO fuel, we present four methods as alternatives to MCS. Figure [I| presents
an overview of the uncertain input parameters of the TRISO model, multifidelity TRISO models, and
statistical methods of failure analysis. Among these methods, Latin hypercube sampling (LHS), while
more effectively partitioning the input parameter space than MCS, is considered a standard method. More
advanced variance reduction methods such as adaptive importance sampling (AIS) and subset simulation
(SS) reduce the uncertainty (as compared to MCS and LHS) in failure probability estimates for a given
number of model evaluations by intelligently exploring the input space. The final method, referred to here
as Weibull theory, is tied to the use of Weibull statistics [3I] in defining the failure criterion for the PyC
and SiC layers. The Weibull model directly provides a failure probability for a given sample, and the failure
probability for a set of samples can be taken as the average of the failure probability from each of those
samples. Failure analysis of TRISO fuel can be used both to accurately determine the failure probability
and to characterize distributions of the input parameters that cause TRISO failure. While the former is
important for ensuring fuel safety, the latter aids in optimizing fuel design and fabrication [7].

We consider four 1-D models of TRISO fuel with varying characteristics and operating conditions, then
apply the five statistical analysis methods in Figure[I]to compute outcomes such as failure probabilities and
the distributions of parameters that cause model failures. We compare the five methods in terms of their
accuracy and efficiency in simulating these results. Next, we consider 2-D versions of the four TRISO models
to compute the failure probabilities and parameter distributions when using SS and the Weibull theory. We
not only compare the results from the SS and Weibull theory with each other, but also compare the 2-D
results with the corresponding 1-D results for these two methods. Note that the other three methods are
too computationally prohibitive for use with 2-D TRISO models. Since the statistical methods presented
in Figure [I| do not all have the same efficacy and capabilities for fuel safety analysis, a discussion on this is
also provided.

This paper is organized as follows. Section [2| provides background on TRISO fuel modeling in Bison by
discussing the thermo-mechanical properties, fuel failure modes, and considered TRISO models. Section
presents the algorithmic details of the five statistical methods listed in Figure[l] Section 4] discusses the 1-D
TRISO model results for failure probabilities and input parameter distributions of failed TRISO particles.
Section [f] discusses these results for 2-D TRISO models. Section [f] discusses the efficacy of the different
statistical methods. Finally, Section [7] summarizes this paper and presents its conclusions.
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Figure 1: Overview of the uncertain input parameters of the TRISO model, multifidelity TRISO models, and statistical methods
for failure analysis. (Abbreviations IPyC: inner pyrolytic carbon; SiC: silicon carbide; OPyC: outer pyrolytic carbon; and
BAF: Bacon Anisotropy Factor)

2. Background on TRISO modeling with Bison and the models considered

2.1. Governing equations

As detailed in Jiang et al. [12] and Williamson et al. [29], fuel simulations are generally governed by two
equations: heat and momentum conservation. The heat equation is given by:

T .
pcp%—tJrv-(—kVT)—EfF:o (1)

where T' is the unknown temperature and k, Cp, p, Ey, and F are the thermal conductivity, specific heat,
density, energy released per fission, and volumetric fission rate, respectively. The momentum conservation
equation (neglecting body forces) is given by:

V-6=0 (2)

where o is the Cauchy stress tensor. The constitutive law (assuming small strains) is given by:

c=C:(e—€e.—€ —¢€;) (3)

where C is the elasticity tensor and €, €., €, and &; are the total strain, irradiation creep strain, thermal
expansion strain, and irradiation-induced eigenstrain, respectively.

2.2. Thermo-mechanical properties

The thermo-mechanical behavior of each TRISO particle layer (i.e., the fuel kernel, buffer, IPyC, SiC, and
OPyC) depends on a number of properties. Thermal conductivity, specific heat, thermal expansion, Young’s
modulus, and Poisson’s ratio are among these important properties, and Table [I| gives a brief overview of
these properties for each layer. Modeling of a TRISO particle also depends on parameters and properties not
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included in Table [I} Furthermore, some of the properties in Table [1| themselves depend on other material
properties. For example, the molar mass of the fuel kernel depends on the initial U-235 enrichment, initial
oxygen-to-uranium and carbon-to-uranium stoichiometries, etc. The irradiation-creep-induced deformation
of the buffer and IPyC/OPyC layers, which is proportional to the fast neutron fluence, depends on the
steady-state creep coefficient. The buffer also experiences an isotropic irradiation-induced strain modeled as
a quartic polynomial function whose coefficients depend on temperature. Under irradiation, IPyC/OPyC
layers experience strains in both the tangential and radial directions, and these are modeled as a quartic
polynomial function whose coefficients depend on both the temperature and Bacon anisotropy factor (BAF).
Jiang et al. [I2] provides a more exhaustive description of the thermo-mechanical properties that must be
considered when modeling a TRISO particle.

Table 1: Summary of the thermo-mechanical properties used in the TRISO model.

Fuel Buffer IPyC/OPyC SiC
kernel layer layers layer
v
Thermal 0.0132 exp(0.001887¢) T = kinkinpen
conductivity | + s H(Tc —1650) (pth — pin) 4 T 42,0
k (W/K/m) | +1.9—1.9 H(To — 1650)
y = kenpen(pen — p)
+kinp(p — pin)
Specific 27 (52.1743 + 87.951 tx 925.65 + 0.377Tk
heat —84.2411 t3 + 31.542 5 720 720 —7.926E — 5 Tk
Cyp (J/K/kg) —2.6334 ti + %) —3.194E + 7 Tp?
1F — 6 (73
1 = radial
Thermal (30 — 37.5R;)
5(140.11
expansion — gc j_400) (1+ O.ll[TK7E§’73]) 4.9FE -6
a (1/K) 700
i = tangential
(36[Ry — 1) + 1)
(1+0.11[TK_0731)
428 (T« 25°
219(1.0 - 1.1E — 4 Tc 25.5(0.384+ 8 (To <25°C)
Yo ’ —2.1F — 7 T2 324E —
oung's 7 03 03 3 0) Linear interpolation [19]
modulus +3.1FE - 10 T (1+0.239) (Er + Ev)/2 (25°C < Te: < 1600°C)
E (GPa) ~1.6E — 13 TZ) (14+151E —4 ©
1.92p—0.92p4p -
= [Tc —200) 198 (Te > 1600°C)
Poisson’s
0.33 0.33
t 1. 1.92p-0.92p45 | _ | 1
raylo 35<1-66P*0-660th 0.5 (creep) 0.5 (creep) 0-13

Notations. T¢: temperature in °C; Tk: temperature in K; tx : Tk /1000; p: density; pn: theoretical density;
pin: initial density; k: thermal conductivity; k:,: theoretical thermal conductivity; kin: initial thermal conduc-
tivity; E, and E:: radial and tangential components of the Young’s modulus; R, and R:: radial and tangential
components of orientation parameter; ¢: fast neutron flux; and M: molar mass of the kernel

2.8. Failure characterization using multifidelity models
Three failure modes for TRISO particles are considered here [12]:

1. Pressure vessel failure of a spherical particle: While the PyC layers shrink, causing compressive stresses
in the SiC during the initial irradiation, the creep in the PyC layers eases this compression. SiC failure
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occurs when the maximum tangential tensile stress exceeds the SiC strength. Gas pressure buildup in
the buffer and IPyC gap can also lead to tensile stresses in the SiC. However, this failure mode is not
likely to occur in an intact particle at low or intermediate temperatures for the UCO fuel kernel.

2. IPyC cracking: Shrinking of the IPyC layer during irradiation can cause the tensile stress to exceed
the IPyC strength and result in IPyC cracking. As presented in Figure [2| once the IPyC cracks, the
SiC layer experiences a significant degree of stress concentration. If the tangential tensile stress in the
SiC exceeds the SiC strength, this can lead to TRISO particle failure.

3. Pressure vessel failure of an aspherical particle: Fabrication defects in the TRISO particle can lead to
asphericity, potentially exacerbating the effects of the PyC layer shrinkage and the fission gas buildup
in the fuel kernel. These effects could cause the tangential tensile stresses in the SiC to exceed its
strength.

In addition to the three failure modes described above, other failure modes such as layer debonding [I7] are
also possible and could contribute to TRISO particle failure. Modeling of additional failure modes using
Bison is being actively investigated.

Stress concentration
\K — :
’ IPyC cracking

2D model 1D representation
Estimates SiC stresses due to pressure vessel Approximates the SiC stresses with
failure or IPyC cracking via XFEM with or modification factors

without particle asphericity

Each evaluation is computationally expensive Each evaluation is computationally cheap

Figure 2: 1-D and 2-D representations of the TRISO model. While the 2-D model can directly account for SiC stresses due to
IPyC cracking and pressure vessel failure, the 1-D model indirectly considers such aspects by using stress modification factors.

The IPyC and SiC layers are considered failed when the maximum tensile stress exceeds their strength.
A Weibull distribution is used for modeling the layer strength (o) [12]:

Ty~ W(Opss m) = — ( s )m_lexp(— s )m (4)

O—ms Ums Ums
where 0, is the mean strength, which depends on the characteristic strength [I2], and m is the Weibull
modulus (9.5 and 6 for the IPyC and SiC, respectively).

Analysis of some of the failure modes in TRISO fuel involves the modeling of particle asphericity and
cracks in the IPyC layer, thus requiring a 2-D model. Standard methods such as MCS or LHS require
hundreds of thousands to millions of evaluations of the TRISO model to accurately estimate the failure
probability. Numerous model evaluations using the 2-D model can be infeasible, even with parallel com-
puting. Thus, fast-running 1-D approximations of the 2-D model were developed for the PARFUME code
[19], and also adopted by Jiang et al. [I2] in Bison. As presented in Figure 2| to appropriately account for
phenomena such as stress concentrations in SiC as well as SiC stresses due to particle asphericity, stress
modification factors were used to modify the stresses from the 1-D model. The modification factor for the
SiC stress concentration due to IPyC cracking is [12]:

OIPyC _crack — 6’7 01D (5)

where d2p and G1p are the maximum mean stresses in the 2-D and 1-D models, respectively, and o;1p is
the stress in the 1-D model. The modification factor for SiC stress due to particle asphericity is [12]:
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02D Adap

= —— O1D._min + ACle,min (6)
01D

Oasphericity AG1p
where AGap, Adip, and Aoy p_min represent changes in stresses oop, 01p, and 01p_min, respectively, going
from the beginning to the end of irradiation. The factors ?—D and A"w for the TRISO models considered
in this study are presented next. Note that, in this study, both the 2 D model and 1-D approximation are
used to characterize TRISO failure. Also, both the 2D and 1D TRISO models have the same failure modes.

2.4. TRISO models considered

We consider four TRISO models studied by Jiang et al. [I2] for which a variety of characteristics and
operating conditions are explored. These four models mainly differ in terms of their randomized input pa-
rameters, input parameter distributions, fuel characteristics, and irradiation temperatures. Table [2| presents
the input parameters for the four TRISO models considered. Models 1 and 2 correspond to the Advanced
Gas Reactor (AGR)-2 experiment compacts 5-1-3 and 5-3-3, respectively, from the study by Jiang et al. [12].
Models 3 and 4 correspond to the benchmark verification cases with PARFUME under conditions 1 and 2,
respectively, from the study by Jiang et al. [I2]. In line with Jiang et al. [12], it is noted that, while Models
1 and 2 have seven random parameters, Models 3 and 4 have eleven. Additionally, the irradiation tempera-
tures across the four models are also different. These temperatures for Models 1 and 2 depend on the fluence
value which changes on a daily basis and have [minimum, maximum] values of [207.4°C, 1226.84°C] and
[195.84°C, 1281.84°C], respectively. For Models 3 and 4, the constant irradiation temperatures are 700.0°C
and 1000.0°C, respectively. Figure [3] presents the time versus temperature and fluence versus temperature
plots for models 1 and 2 which have variable temperatures.

Table 2: Input parameters for the four TRISO models considered in this study. Models 1 and 2 correspond to the AGR-2
experiment compacts 5-1-3 and 5-3-3, respectively. Models 3 and 4 correspond to benchmark verification cases with PARFUME.
These parameters and the corresponding distributions (if any) were obtained from the study by Jiang et al. [12].

Category Parameter Models 1 & 2 | Models 3 & 4
Fuel Z57 enrichment (wt %) 14.029 15.5
characteristics Carbon/Uranium (atomic ratio) 0.392 0.4
Oxygen/Uranium (atomic ratio) 1.428 1.5
Kernel radius (pm) N(213.35, 4.4) | N(212.5, 5.0)
Buffer thickness (um) N(98.9, 8.4) N (100.0, 10.0)
Particle IPyC thickness (um) N(40.4, 2.5) N (40.0, 3.0)
geometry SiC thickness (um) N(35.2, .2) N(35.0, 2.0)
OPyC thickness (um) N(43.4, 2.9) N (40.0, 3.0)
Asphericity 1.0 1.04
Kernel density (g/cm?) 10.966 11.0
Kernel theoretical density (g/cm®) 11.37 11.4
Buffer density (g/cm?) 1.05 1.05
Fuel Buffer theoretical density (g/cm?) 2.25 2.25
properties IPyC density (g/cm?) 1.89 N (1.9, 0.02)
OPyC density (g/cm®) 1.907 N(1.9, 0.02)
IPyC BAF 1.0465 N(1.05, 0.005)
OPyC BAF 1.0429 N(1.05, 0.005)
Layer IPyC W(0ms, 9.5) W(oms, 9.5)
strengths SiC W(oms, 6.0) W(oms, 6.0)

Notations: N (z, y): normal distribution with mean x and standard deviation y; oms: mean strength, which is
dependent on the characteristic strength obtained from Jiang et al. [12]; W(oms, m): Weibull distribution with
mean strength o,,s and Weibull modulus m.



1200 1200
© 1000 ’ < 1000
£ 800 [ £ 800
2 600 F £ 600
= 400 F — Model 1 = 400
| Model 2
200 200
0 2 3 4 5 0 1
Time (s) x107 Fluence (N/m*m)

(a)

(b)

Figure 3: (a) Time versus temperature plot and (b) fluence versus temperature plot for models 1 and 2.

For the 1-D TRISO models, the stress modification factors described in Equations and @ also differ
for each of the four considered models. Table [3] presents these modification factors for both IPyC cracking
and particle asphericity. These stress modification factors are obtained from Jiang et al. [12] who used a
regular Monte Carlo simulation to compute TRISO failure probabilities considering 1D models.

Table 3: Stress modification factors for the 1-D models obtained from Jiang et al. [12]

Modification

factor

Model 1

Model 2

Model 3

Model 4

IPyC cracking

92D

-1.19

-1.239

-0.87

-0.97

91D
Asphericity
92D
91D
Asphericity
Adap
Acip

1.39 1.41 1.41 1.59

1.21 1.24 1.22 1.41

3. Description of the statistical methods for fuel failure analysis

For estimating the TRISO failure probability, we are interested in computing the following integral:

= R (7)

where Py is the failure probability, ¢(x) is the joint distribution of the input parameters (which are the
product of the distributions presented in Table [2| due to the lack of input parameter correlations), and
F(z) > F represents the TRISO particle failure criterion. Herein, the TRISO particle is considered to have
failed if the SiC stress exceeds the SiC strength which is likely caused due to IPyC cracking resulting in stress
concentrations in the SiC layer, as discussed in Section As such, in Equation , F(z) corresponds to
the difference between the SiC stress and strength, and the failure threshold F is set to zero. Along with
the failure probability value, we are interested in the distribution of input parameters that cause TRISO
particle failures. This distribution is defined as ¢(z | F(z) > F) and is important for optimizing the fuel
design and fabrication [7]. A number of Monte-Carlo-type methods are presented below for estimating both
the failure probability and ¢(z | F(z) > F).

3.1. Standard method: Monte Carlo Sampling

In a MCS simulation, numerous sets of TRISO input parameters are randomly and independently drawn
from appropriate distributions. The TRISO model is then independently evaluated for each set of input
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parameters. The TRISO failure probability is computed based on the outcomes of those evaluations as [16]:

YOS = = 3 I1(Fla) > 7) 0

i=1

where p}v[cs is the failure probability estimator computed via MCS, NN is the total number of TRISO model
evaluations, &; is a random set of TRISO input parameters, F'(2;) > F represents the failure criterion for
the i** model evaluation (i.e., F'(x;)), and I(.) is an indicator function for the TRISO model failure criterion.
This indicator function is taken to be one if the failure criterion is met, and zero otherwise. The accuracy
of the TRISO failure probabibility calculations is influenced by the number of TRISO model evaluations
(N) relative to the magnitude of PMCS A higher N results in a more accurate estimate of this failure
probability when using MCS. Likewise, the higher the true failure probability value, the greater the average
accuracy in estimating it via MCS. Note that the true failure probability is not known in advance and that
the estimator P}\/ICS converges to the true value as N — oo [10].

Since N is a finite (albeit large) value for practical applications, and because TRISO fuel failure evaluation
is safety-critical, a measure of the accuracy of the failure probability estimate should always be specified
along with the failure probability estimate itself. This measure of accuracy is termed the coefficient of
variation (COV) and is derived using the variance estimate of I:’}VICS [16]:

R PMCS 1— PMCS
Var(P}VICS) = ( N P (9)

where Var(P}V[CS) is the variance estimator over the failure probability estimate. Now, COV (denoted by &)
is defined as the ratio of square root of Var(p}vlcs) to P}\/ICS:

\/Var(lf’}\/lcs) 1 — pMcs

SMCs _
B p}vlcs - p}wcs N

(10)

As expected, the smaller the COV value, the greater the accuracy in estimating the failure probability
(on average). Figure |4 presents a histogram of these failure probability estimates for each COV value. The
lower the COV value, the narrower the histogram’s spread of failure probability estimates. As the COV
tends toward zero, the two independent evaluations of the failure probability will produce the exact same
results; namely, the true value. However, with a reducing COV, the number of TRISO model evaluations
will increase dramatically. COVs of 0.1 and 0.01 require ~ 1E6 and ~ 1E8 TRISO evaluations, respectively,
if the true failure probability is 1E — 4. The number of required TRISO evaluations N for a target failure
probability and COV can be computed using Equation .
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Figure 4: The COV’s influence on the variability of the failure probability estimates. A smaller COV leads to more confidence
in the failure probability.

A benefit of using MCS is that the TRISO model evaluations can be run in parallel, since they are
independent of each other. For example, when using 1,000 processors for a target COV of 0.1 and a failure
probability of 1E — 4, each processor only runs 1E3 TRISO evaluations—as compared to 1E6 evaluations
when using serial computing. For a target COV of 0.01, each processor runs 1E5 TRISO evaluations, as
compared to 1E8 evaluations in serial. Section discusses parallel computing in Monte Carlo simulations
in more depth in the context of the parallel SS method.

3.2. Standard method: Latin hypercube sampling

Drawing the input parameters completely at random using MCS sampling can result in the input sam-
ples being clustered and some parts of the parameter space being inadequately explored when taking into
consideration the finite number of samples drawn and the corresponding model evaluations performed due to
computational budget limitations [21]. To some extent, LHS mitigates this clustering issue and improves the
confidence over the failure probability estimate for a given number of TRISO evaluations (N), as compared
to MCS (although for low failure probability values, this improvement is insignificant [20]). In LHS, if n is
the number of random input parameters, an n-dimensional cube (i.e., a hypercube) bounded between [0, 1]
is first created. Each dimension of this hypercube is equally divided into N partitions (the required number
of TRISO evaluations). For example, as presented in Figure if n =2 and N =5, a 2-D hypercube (i.e., a
square) is created, with each side equally partitioned into five. The goal is for one—and only one—sample
in each partition to correspond to an input dimension. Therefore, for a given sample and input dimension,
the partition index is assigned randomly, without replacement. Partition indices corresponding to different
input dimensions are randomly combined to define the location of a sample in the hypercube space; that is,
the location of a sample is characterized by the cell location. In terms of the simple example in Figure [5]
this means that each row and column will have only one sample, and that the row and column combinations
are randomly assigned, without replacement. Once the location of a sample in the hypercube is defined via
the cell location, the position of the sample within this cell can be either at the center (as in Figure [5)) or
randomly chosen. The final step in the LHS process is to transform the input sample from the hypercube
space bounded between [0, 1] to that of the input parameters. This means transforming the location of a
sample along an input dimension j (i.e., Uj) to its probability distribution space g(z;). This transformation
is accomplished using z; = Q7' (U,), where Q~'(.) is the inverse cumulative distribution function (CDF).
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Figure 5: Partitioning scheme in LHS, illustrated for a 2-D parameter space for five samples. Partition indices are shown in
blue, while probabilities are shown in black.

Once N Latin hypercube samples are generated and the corresponding TRISO model evaluations are
made, the failure probability is estimated in a fashion identical to MCS [I5] 26]:

N
- 1
PpHS = ¥ > I(Fi(x) > F) (11)
i=1
The variance estimate of P}“HS is composed of two terms [15], [26]:

Var(PfHS) = Vary (PF19) + Vary(PF19)
- prHS(l — JSJI;HS) n N -1 1 Z (s PLHS) (4 ALHS)
- N N Nov(N-pn e i U

where /i; is the mean value of cell i and R denotes the N™ (N —1)" cell combinations with no common cell
locations. The first variance term, Var; (Pp"®), is the same as that of MCS, and the second variance term,

(12)

Vary (PJI;HS), is referred to as the cell covariance. The LHS variance estimate would only be smaller than
a MCS variance for N samples when Varg(p}HS) is negative. However, for small failure probabilities, the

reduction in total variance Var(P}JHS) is insignificant compared to that of MCS [20]. Thus, the COV can
be approximated as:

ans _ VaPP) 1 pps
- prHS ~ p)I;Hs N

(13)

which is the same as a MCS estimate for COV. As with MCS, LHS can be accelerated via parallel computing
by first setting up the Latin hypercube samples and then evaluating the TRISO model for the input samples
by using several processors simultaneously.
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3.3. Variance reduction method: adaptive importance sampling

Both MCS and LHS require a large number of TRISO model evaluations to estimate the TRISO failure
probability. Using more advanced variance reduction methods, it is possible to significantly reduce the
number of model evaluations. For a given number of model evaluations, variance reduction methods can
greatly decrease the amount of variance (and hence the COV) over the failure probability estimate, as
compared to either MCS or LHS. Importance sampling is one such classical variance reduction method. In
importance sampling, the definition of the failure probability is rewritten as [25]:

z) f(x
F@)>F [ (z)

where f(z) is termed the importance density. Equation is equivalent to the failure probability definition

in Equation . Due to the presence of the importance density f(z), the statistical estimator for the failure

probability is [25]:

N
: 1 q(x)
PMS = — N [(Fi(x) > F) =% 1
7=y LI 2F) 5o (15)
If the importance density f(x) is chosen appropriately, the failure probability can be estimated with more
confidence and by using significantly fewer TRISO model evaluations than when applying either MCS or
LHS. An appropriate choice of f(z) can be [1]:

f(@) o [I(Fi(z) > F) =1] q(=) (16)

meaning that it is preferable for f(z) to have a high probability density in the region of input parameter
space where the TRISO model fails. Since identifying such a region of the parameter space can be difficult, an
adaptive approach for constructing the importance density can be used. In this paper, the method of adaptive
importance sampling (AIS) proposed by Au and Beck [I] is used. We first sample from the conditional

distribution q(m‘I(Fi () > ]-') = 1) (i.e., the distribution of the input parameters that cause TRISO model
failure) using Markov chain Monte Carlo (MCMC). Upon sufficiently sampling from ¢ (z‘I(Fl- () > .7-') = 1),

we construct the importance density f(z) using these samples. Finally, we sample from f(z) and estimate
the failure probability by using Equation . Figure |§| illustrates AIS, in which (1) an MCMC sampler
always results in samples corresponding to failed TRISO particles, (2) these samples are used to construct
the importance density f(z), and (3) the constructed f(z) is appropriate because it is nearly proportional to
[I(Fi(z) > F) = 1] q(z) and can sufficiently sample from the input parameter space resulting in numerous
TRISO failures.

Following Au and Beck [1]], for sampling from q(m‘I(FZ— () > ]—') = 1) using MCMC, assume we have an

input sample z! that causes the TRISO model to fail. A proposal distribution ((z) is then selected, and a
new sample £* is proposed from this distribution. the MCMC sampling is performed by transforming all the
input parameters £ into a standard normal space, and by using a multivariate Gaussian with a covariance
as an identity matrix centered around z’ as the proposal distribution ((z|z?). Note that this choice of ((x)
is a symmetric distribution permitting the use of the Metropolis algorithm without the correction proposed
by Hastings for non-symmetric proposals. With ((z|z’) being a symmetric distribution, the Metropolis
acceptance ratio («) is computed to decide whether or not to accept z*:

*
ot = I{Fiw) 2 ]:) Na) [N() is a standard multivariate Gaussian] (17)

N (z?)
which is accepted only if o, is greater than a uniformly distributed random variable bounded by [0, 1].
The process of proposing * from ((z) and evaluating c;y; in terms of whether or not to accept z* is
repeated until a sufficient number of importance samples is generated. According to Au and Beck [1], z!
may be deterministically selected using expert judgement, or probabilistically selected by running a few
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Figure 6: Adaptive importance sampling with a Markov chain characterizing the importance density that results in model
failures.

TRISO evaluations. Additionally, ¢ represents a previously accepted sample that causes the TRISO model
to fail. Upon sufficiently sampling from q(m‘I(Fz(x) > ]-') = 1) using MCMC, we employed an uncor-
related multivariate Gaussian importance distribution—unlike Au and Beck [I], who used a multivariate
kernel density to construct the importance distribution. In our assessments of several TRISO models, an
uncorrelated multivariate Gaussian led to more robust failure probability estimation than when using a mul-

tivariate kernel density. Sampling from this importance density f(z) was performed to evaluate Equation
. If M is the total number of TRISO evaluations, then M = P + N, with P evaluations to sample

from q(z‘I(Fi () > }') = 1) using MCMC, and N evaluations to sample from f(z) to estimate ]5]{“8. The

variance of PP was estimated via [I]:

; 1 f1
Var(Pf®) = + {N >

=1

2
I(F;(z) > F) q(z)] - (15;“5)2} (18)

and the COV was estimated via:

Var(ﬁ?ls)

FAIS _ ;
AIS
Py

(19)

As presented in Figure [6] a single Markov chain in this version of AIS was used to construct the im-
portance density. Since samples from MCMC are history dependent, it is impossible to parallelize AIS by
simultaneously conducting the TRISO evaluations on several different processors. Therefore, in general, the
computational efficiency of AIS when run using a single processor on a local machine would be similar to
that of either MCS or LHS run using hundreds of processors on a supercomputer. The SS method, discussed
next, uses numerous independent Markov chains and is thus parallelizable.

3.4. Variance reduction method: subset simulation

SS is another popular variance reduction method for estimating small failure probabilities [2]. Unlike AIS,
it can be parallelized, as it relies on numerous independent Markov chains to estimate failure probabilities,
and does not require specification of a starting input value (z') that causes the TRISO model to fail. The
basic idea of SS is to express a small failure probability as the product of N, larger failure probabilities,
such that the total probability theorem is satisfied [2]:
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ili—1

N
s = pgs T PSS (20)
1=2

where PSS = ppS (F(z) > Fy) is the first unconditional failure probability and 131.8‘1.871 = Pislisfl(F () >
F; | F(z) > F;—1) is the i (i € [2,3,...,N,]) conditional failure probability. Using intermediate failure
probabilities (PSS and JADZSMSA) creates intermediate failure thresholds (i.e., 7; (i € [1,2,..., N, — 1])) before
the required failure threshold. The region of the input parameter space bounded between two successive
intermediate failure thresholds is termed the subset. Also, Fy, = F is the required failure threshold.
Figure [7] illustrates these intermediate failure thresholds. Either the intermediate failure thresholds can be
specified a priori, in which case plss and ]%Slis_l in Equation must be estimated, or plss and ]%Slzs_l can be
specified a priori, in which case the intermediate failure thresholds should be computed. The latter approach

is more popular, with PSS and Pisll.SA (i € [2,3,...,Ns_1]) all usually being set to 0.1, and Pﬁlekl being

estimated by counting the fraction of samples that exceed the required failure threshold F. Since P]%E‘ No,
is a conditional failure probability, generating conditional samples for estimating it requires determination
of the intermediate failure threshold Fy, ,. In turn, determination of Fy, , depends on the determinations
of all the previous intermediate failure thresholds Fn, ,,...,F2, Fi.

Subset 4

Subset 3

Required failure
threshold F

Subsetl ¢ o Markon Intermediate failure
Monte
nont chains threshold F3

Intermediate failure
threshold F,

Figure 7: SS with numerous Markov chains exploring the input parameter space to efficiently reach the required failure threshold
at some point.

In practice, SS is implemented in the following manner. If N is the total number of TRISO evaluations,
each subset will have M = N/N; samples. An MCS is first used to generate M samples, as represented
by the purple dots in Figure If the intermediate failure probabilities (except Pf,f‘ Ns—l) are all fixed

to 0.1, then the first intermediate failure threshold Fi is estimated as the 90" percentile value of all the
M sample outputs. The samples’ outputs that do not exceed F; constitute Subset 1. To determine the
next failure threshold F3, conditional samples should be generated such that the TRISO model outputs
always exceed F1. An MCMC method—in particular, a component-wise Metropolis method—is used to
estimate F» by simulating several Markov chains, as presented in Figure [7]] From the M MCS samples,
those that exceeded the threshold F; are used as seeds (or starting values) for the Markov chains. If M
samples need to be simulated such that the outputs exceed Fi, there will be int(0.1 M) Markov chains,
with each chain simulating int(1/0.1) samples (where int is the nearest integer operation). In general, if
the intermediate failure probabilities in Equation (except Pl%sl Ns—l) are fixed to p, instead of 0.1, there
will be int(p, M) Markov chains, with each chain simulating int(1/p,) samples. For simulating a Markov
chain, the components z; are all first transformed into a standard normal space, and a Gaussian whose unit
variance is centered around x;“ € x¥ is used as the proposal distribution ¢ (7). A new sample x is proposed
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from the symmetric proposal distribution ¢(z;) for the 4™ input parameter in the vector z (i.e., zj € T).
The Metropolis acceptance ratio is computed as:

N(z*)
k1 _ J . .
aftt = N [NV () is a standard Gaussian]| (21)

J

where the proposed sample z] is only accepted if aji; is greater than a uniformly distributed random
variable bounded by [0, 1]. The Metropolis acceptance step is repeated for all the parameters in the vector
2. Accepted components represent the vector £*, which is only accepted as the new sample z**! if the TRISO
output exceeds the threshold F;. z* is a previously accepted sample whose TRISO output has exceeded the
failure threshold F;. If k = 1, x! is the seed sample for the Markov chain. Once M samples are generated
from int(p, M) Markov chains, the second intermediate failure threshold F5 is the (1 —p,) x 100 percentile
value of all the samples’ outputs. Samples between F; and F» comprise the second subset, as presented
in Figure |7} A similar procedure of simulating int(p, M) Markov chains is repeated for determining the
subsequent failure thresholds until the final required failure threshold F is reached. More details on the
practical implementation of the SS method are presented in Li and Cao [13].

Since there are multiple intermediate failure probabilities in SS, each has an associated COV value. The
COV for the i*" subset is estimated as:

A 1- P pPVvVi=1
5.SS = ! here, P; = ~ 22
i v {Pf?_lwe[Q,...,NS] (22)
The COV of the failure probability estimate of Equation is computed as:
(23)

Equation is an approximation to the COV, as it ignores the auto-correlations between samples in
a Markov chain. Au and Beck [2] proposed a more accurate COV estimate that considers such auto-
correlations. Furthermore, Shields et al. [27] refined the COV estimate proposed by Au and Beck [2] to also
consider the cross correlations between different Markov chains. In practice, it is still common to estimate
the COV using Equation [13] although it underestimates the COV.

Since the SS method consists of numerous Markov chains in each subset, the TRISO evaluations for
separate Markov chains can be conducted in parallel using multiple processors. It is important to note
that parallelization is only feasible across Markov chains, and not within a given chain. A single processor
should be used to completely evaluate an entire Markov chain consisting of int(1/p,) samples. Also, subset
i+ 1 cannot begin before simulating subset ¢ which means that a single processor should at least evaluate
int(1/p,) N, samples. If there are P processors and int(p, M) N, samples across all the subsets, each
processor evaluates the following number of samples:

int(po M) Ny

NS = max { (24)

P
int(l/po) Ny

where NIS;S is the number of samples per processor in the parallel SS implementation. Figures and
[8D] present the samples-per-processor comparison between SS and MCS for COV values of 0.1 and 0.05,
respectively, considering the failure probabilities 1E — 4 and 1E — 6. In general, the parallel SS method
requires significantly fewer TRISO evaluations per processor than MCS, especially for lower failure proba-
bilities and/or a low COV. Owing to this computational efficiency of parallel SS, it is possible to directly
evaluate the 2-D TRISO model without making the 1-D approximation, as discussed in Section [5| Notice
that, in both Jiang et al. [I2] and PARFUME [19], TRISO failure evaluations relied on an approximate 1-D
model because it is computationally infeasible to use the 2-D model in a MCS method, even with parallel
computing.
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Figure 8: Comparison of samples per processor between MCS and SS, considering the two failure probabilities of 1E — 4 and
1E — 6, and COVs of (a) 0.1 and (b) 0.05. For SS, these plots assume that each processor runs one complete Markov chain per
subset consisting of 1/p, samples.

3.5. Distribution sampling: the Weibull theory

As explained in Section a Weibull criterion is used to determine failure of the IPyC and SiC layers.
This means that, for a given set of random input parameters and the computed stresses in the IPyC and
SiC layers, we can estimate the Weibull failure probability using the CDF of a Weibull distribution:

Wi(z) ~ 1 — exp ( U(’”)> (25)
(UmS)m

where o.(z is the stress in either the IPyC or SiC layers, o,,s) is the mean strength of either IPyC or

SiC, m is the Weibull modulus of either IPyC or SiC, and W;(z) is a realization of the Weibull failure

probability. W;(z) will be random due to the randomness in the input parameters. Therefore, the mean

failure probability of either the IPyC or SiC layer cracking is given by replacing the indicator function in

Equation with the realization of the Weibull failure probability for sample i:

R 1 X
P =+ ZWM (26)

The COV over the failure probability estimate is given as:

1 ¢ SN W2 (B o
PJ}’V N2 N

Note that, in Equations and , unlike when using the other Monte Carlo approaches, the strengths
of the IPyC and SiC layers are not part of the input parameter vector £. As the failure probability is
estimated by averaging the Weibull failure probabilities, the COV is expected to decrease rapidly as the
number of samples increases. Figure [0 illustrates that the COV is less than a mere 0.05 for 100 evaluations
of the TRISO model. It is therefore possible to directly use the 2-D TRISO model to estimate the failure
probability via the Weibull theory.

Although the Weibull theory is computationally inexpensive for estimating failure probabilities, it does
not directly provide information on the distributions of input parameters that cause IPyC and/or SiC
failures. Such information can be crucial for optimizing fuel design and fabrication [7]. Also, TRISO fuel
can have other failure modes (e.g., kernel migration [19]) not characterized by the Weibull failure criterion.
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Figure 9: COV evolution with number of samples when using the Weibull theory.

The Weibull theory cannot accommodate these additional failure criteria, unlike the other Monte Carlo
approaches presented previously.

4. Statistical failure analysis considering 1-D TRISO models

In this section, the failure probabilities and distributions of input parameters that cause TRISO failure
are compared across the four Monte-Carlo-based approaches and the Weibull theory discussed earlier. One-
dimensional versions of the four TRISO models discussed in Section [2.4] are considered. It is noted that,
in the 1-D TRISO model, IPyC layer cracking is not directly simulated, and the effects of cracking (e.g.,
stress concentration in the SiC layer) are accounted for by stress modification factors. In addition, the 1-D
TRISO model assumes spherical symmetry, meaning that the effects of particle asphericity (itself a result
of the fuel fabrication process) on SiC layer stresses must also be accounted for through stress modification
factors. These modification factors were discussed in Section[2.3] Finally, the TRISO model is considered to
have failed if the SiC stresses exceed its strength, either due to IPyC cracking or particle asphericity. Such
failure criterion details were also discussed in Section 2.3

4.1. Failure probability estimates

Table 4| provides the failure probabilities (P;), COV values (§), and number of TRISO model evaluations
(N) for the four models and five Monte-Carlo-based methods. These Pf values account for the three
failure modes (i.e., SiC failure due to IPyC cracking and pressure vessel failure for spherical and aspherical
particles) as discussed in Section However, it was found across the four models that SiC failure due
to IPyC cracking is the most dominant failure mode and has jﬁf values that are at least 3-4 orders of
magnitude greater than the other two failure modes. The MCS, LHS, and SS methods were run using
parallel computing on 1,000 processors. The number of TRISO evaluations per processor when using these
methods was N/1000. For each of the five methods, we performed enough TRISO evaluations to ensure that
the COV values were mostly between ~ 0.05 and ~ 0.1, providing a similar basis for comparisons between
the methods. For the AIS method, it is infeasible to determine a priori the number of required TRISO
evaluations for a target COV value; and so for Model 4, the COV value is 0.15, even with 1E£4 evaluations.
There is good agreement among the Pf values obtained via the five methods across all four models taking
into account the COV values. In addition, these 15]« values are in agreement with the study by Jiang et al.
[12] which verified Bison results with the PARFUME code [19]. For model 3, the failure probabilities seem
higher because this case corresponds to the benchmark verification case with PARFUME from Jiang et al.
[12]. Variance reduction methods such as AIS and SS, which aim to reduce the number of evaluations of the
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TRISO model, may be preferred over MCS and LHS, which require a large number of model evaluations.
With the use of parallel computing, MCS and LHS require a total wall clock time (or, elapsed time since
the simulation begins) similar to AIS, which can only be run in a serial fashion. Parallel SS requires a much
smaller number of TRISO evaluations per processor than either AIS or parallel MCS and LHS. Even with
serial computing, the number of TRISO evaluations per processor required by the Weibull theory is similar
to that required by parallel SS. However, the Weibull theory does not provide additional information such
as the statistics of failure-causing input parameters.

Table 4: Failure probabilities, COVs, and number of 1-D TRISO evaluations for five different statistical methods across four
models.

Monte Carlo Latin Adaptive Subset Weibull
. Hypercube | Importance . .
Qol Sampling Sampling Sampling Simulation | approach
(MCS) (LHS) (AIS)T (SS) (W)
Py 1.06F — 4 1.06FE — 4 1F -4 1.27F — 4 1.01F —4
Model 1 5 0.098 0.098 0.073 0.056 0.042
(Spherical) N 1E6 1E6 1F4 4F4 100
T* 3.06 hrs 3.06 hrs — 0.12 hrs 0.31 hrs
P 1000 1000 1 1000 1
Py 3.84F — 5 3.2E -5 3.29F -5 4.52F — 5 3.29F -5
Model 2 ) 0.102 0.111 0.042 0.059 0.041
(Spherical) N 2.5FE6 2.5FE6 1F4 4F4 100
Tt 7.64 hrs 7.64 hrs — 0.12 hrs 0.31 hrs
P 1000 1000 1 1000 1
Py 9.26F — 4 8.6F —4 7T.69F — 4 8.92F — 4 8.33F — 4
Model 3 5 0.085 0.088 0.073 0.052 0.045
(Aspherical) N 1.5E5 1.5E5 1F4 4F4 100
Tt 0.46 hrs 0.46 hrs — 0.12 hrs 0.31 hrs
P 1000 1000 1 1000 1
Py 1.45E —5 1.31E —5 1.6E -5 1.87E —5 1.39E — 5
1) 0.083 0.087 0.15 0.063 0.061
Modeld ) 1B7 1B7 1E4 AE4 100
(Aspherical) | 30.6 hrs 30.6 hrs — 0.12 hrs 0.31 hrs
P 1000 1000 1 1000 1

Abbreviation Qol: Quantity of Interest

Notations pf: Failure probability estimate; 5: COV estimate; N: number of TRISO evaluations across all the
processors; T: Average elapsed time; P: Number of processors used

¥ Computed by multiplying the average time for each model evaluation (i.e., 11 seconds) with the number of
evaluations per processor

t AIS samples mostly from the model failure region and each model evaluation takes less time than the average
time. These simulation times were not recorded and hence not reported in this table.

4.2. Distributions of input parameters that cause TRISO failures

Figure |10 presents, for Model 1, the empirical CDF (eCDF) plots of the distributions of input parameters
that cause TRISO failures. Along with the eCDF plots from the four Monte-Carlo-based methods, the
nominal (or given) distributions of the input parameters are also provided. Note that all the distributions
are transformed into a standard normal space using a one-to-one mapping, thus establishing a common basis
for making comparisons across the input parameters. The IPyC and SiC strengths are the most sensitive
input parameters, as seen from Figure[I0] and all four methods quite consistently represent these sensitivities,
manifested by similar eCDF plots. While the eCDF plots for the four methods are quite consistent for most
of the input parameters, the kernel radius eCDF for the AIS method is quite different from that obtained
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with the other methods. The AIS method uses a single Markov chain to explore the input parameter space,
as discussed in Section Such a localized random walk may lead to underexploration of the input space
and mischaracterization of the failure-causing-parameter distributions, especially when the TRISO failure
is not sensitive to the parameter of interest. From both Jiang et al. [I2] and Skerjanc et al. [28], TRISO
failures are known to be negligibly sensitive to the kernel radius. The parallel SS method improves on the
ATS method, as it uses hundreds of Markov chains (as opposed to just one) to better explore the input space
(see Section . As parallel SS is a computationally effective approach for characterizing TRISO failure,
its performance compared with MCS (which is generally considered reliable) is studied next in more detail.

SS
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g Nomjinal g g g
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Figure 10: Empirical cumulative distribution functions of failure-causing input parameters for the five statistical methods
applied to TRISO Model 1 (1-D). The input parameters are (a) kernel radius, (b) buffer thickness, (c) IPyC thickness, (d)
SiC thickness, (¢) OPyC thickness, (f) IPyC strength, and (g) SiC strength. All distributions are transformed into a standard
normal space.

For TRISO Model 1, Figure [11] presents a grid plot of the TRISO-failure-causing input parameter distri-
butions and correlations for both the MCS and SS methods. While the plot diagonals compare the kernel
density distributions of MCS and SS, the off-diagonals compare the correlations of the parameters in terms
of scatter plots (lower off-diagonal) and kernel contour plots (upper off-diagonal). It is again noted that
all distributions were transformed into a standard normal space using a one-to-one mapping. Overall, good
agreement between the MCS and SS methods is found in both the individual parameter distributions (the
diagonals in Figure and their correlations (the off-diagonals in Figure [11]).
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Figure 11: Pair grid plot of failure-causing input parameter distributions for TRISO Model 1 (1-D), using the MCS and SS
methods. The diagonals represent kernel densities, and the upper and lower diagonals represent kernel contour plots and scatter
plots of input parameter pairs, respectively. All distributions are transformed into a standard normal space. (Abbreviations
rad: radius; th: thickness; and str: strength)

Figure presents the mean values of the failure-causing input parameters under the MCS and SS
methods for all four considered models. Also presented in Figure [12| are the nominal mean values of these
parameters, which are all zeroes due to the transformation into a standard normal space. Overall, the MCS
and SS methods show good agreement in the mean failure-causing-parameter values across the four models.
The strengths of SiC and IPyC are the most sensitive parameters to TRISO failures, with lower strength
values causing more failures. IPyC thickness is second in terms of TRISO failure sensitivity, with higher
thickness values causing more failures. Also, lesser SiC thicknesses are seen to cause more TRISO failures.
The other input parameters are seen to be less sensitive to TRISO failures. These observations mostly
align with the conclusions drawn by Jiang et al. [I2] and Skerjanc et al. [28] regarding the effects of input
parameters on TRISO failures. Also, for model 3, the mean value of the failure-causing IPyC strength is
not very different from the nominal case. This is due to the comparatively lower temperature of model 3
than the other models as discussed in Section [2.4] which is not causing enough creep and stress relaxation in
the IPyC layer. Therefore, the stresses in the IPyC layer, in general, are higher than the other three models
causing more IPyC failures and showing no significant difference in the mean IPyC strength between the
failure-causing and nominal cases.

19



3 3 3 3
9 - Nominal 5
] —e— MCS g -
g1 —— S £ 1
= _ 5
£ () | b—m——————yy —_— . . P - . . S0 %
2 n
Z -1 Z -1
=, =,
-3 -3 -3 -3
1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4
Model Model Model Model
(a) (b) (c) (d)
3 3 3 3
2 L2 b 2 2
£ Z z =
g 1 z 1 g 1 o1
g = < —-
O | S—m—r—t % Z 0= 0 3
Z -1 = -1 | g -1
g = K =
= 9 -2 = -2 —2
-3 -3 -3 -3
1 2 3 4 3 4 3 4 3 4
Model Model Model Model
(e) (f) (8) (h)
3 3
!
2 = 2 =
& E 2
S g 1 g 2
@) i 7
£ 0 EE— U o0e . . o 0
o & n
5 -1 z -1 \/\ =,
= R =
-2 ) D,
—4
-3 -3
3 ! 1 2 3 | 1 2 3 |
Model Model Model

® (©) (k)

Figure 12: Mean values of the failure-causing input parameters, as computed by applying the MCS and SS methods on all
four 1-D TRISO models. All distributions are transformed into a standard normal space. Note that some parameters are not
shown for Models 1 and 2 because they were held constant.

5. Statistical failure analysis considering 2-D TRISO models

Because of the large number of evaluations required by the commonly-used statistical analysis methods
and the relatively high computational cost of 2-D models, statistical analyis of TRISO fuel has generally
been limited to using 1-D models in conjunction with techniques such as the stress modification factors
described in Section to capture higher-dimensional effects. The SS method and Weibull theory have
a demonstrated ability to provide accurate failure probability estimates with a small number of samples,
so it is reasonable to expect that these approaches could be directly applied to 2-D models for improved
accuracy with a relatively modest computational cost. Moreover, due to its higher fidelity, the 2-D model
results can be more accurate than the 1-D model. In this section, 2-D versions of the four TRISO models
discussed in Section are considered using the parallel SS method and Weibull theory, and the results of
these simulations are assessed.

5.1. Modeling details

The 2-D model is an axisymmetric model of the TRISO particle. Instead of using line elements to
represent each of the TRISO layers, the 2-D model is composed of rings. Cracking in the IPyC layer can be
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directly modeled using the XFEM mesh-cutting module [I1] within Bison. Particle asphericity can also be
directly accounted for in the 2-D model. Neither of these phenomena, which are a departure from spherical
symmetry, can be represented directly in a 1-D model. Figures[I3a] and [I3b] present the finite element mesh
of a spherical and aspherical 2-D model, respectively. In these models, the kernel, buffer, IPyC, SiC, and
OPyC layers have 20, 8, 5, 3, and 4 elements in the radial direction, respectively. These layers have 60
elements in the circumferential direction. Both the IPyC and SiC layers are considered failed if the stress
exceeds their strength. Since the SiC layer can fail mostly fails due to IPyC cracking, its failure is modeled
in two stages: (1) fracture initiation in the IPyC layer, with no explicit representation of a crack; and (2)
SiC failure that is conditional on IPyC failure, with XFEM being used to represent a crack in the IPyC layer
at the start of the simulation. Particle asphericity, if present, is considered automatically in a 2D TRISO
model through the mesh geometry. The probability of SiC layer failure is computed as follows:

P(SiC fail) = P(SiC fail | IPyC fail) P(IPyC fail) + P(SiC fail due to pressure vessel) (28)

P(SiC fail | IPyC fail) and P(IPyC fail) are computed independently, then multiplied to calculate the
final failure probability of the SiC layer due to IPyC cracking. We did not explicitly calculate
P(SiC fail due to pressure vessel) in view of the computational expense because it is at least 3-4 orders of
magnitude smaller than SiC layer failure due to IPyC cracking, as noted in the 1D TRISO model discussion
in Section even in the presence of asphericity and its contribution to the overall SiC failure would be
negligible.

(a) (b)

Figure 13: 2-D axisymmetric mesh of a TRISO particle with (a) no asphericity and (b) asphericity. (Gray: kernel; red: buffer;
green: IPyC; blue: SiC; and yellow: OPyC)

5.2. Fuailure probability estimates

The failure probability of the TRISO particles is computed by applying the SS and Weibull methods to
the 2-D TRISO model. The other Monte-Carlo-type methods discussed in Section [3] are computationally
prohibitive for use with the 2-D TRISO model, and the AIS algorithm cannot be used in parallel, which
similarly limits its applicability to the 2-D TRISO model. For the SS method, 4E4 and 1F4 evaluations were
used to independently compute P(SiC fail | IPyC fail) and P(IPyC fail) in Equation (28), respectively. The
SS method was used with 1,000 processors, each of which evaluated the 2-D TRISO model 40 and 10 times
for P(SiC fail | IPyC fail) and P(IPyC fail), respectively. For the Weibull method, P(SiC fail | IPyC fail)
and P(IPyC fail) were each computed using 100 2-D TRISO evaluations. Table presents the results for the
four 2-D models. For comparison, the 1-D TRISO model results are also presented. All failure probabilities
in Table [5| have a similar COV of around 0.05. In terms of 2-D modeling, both the SS and Weibull methods
generate similar failure probability estimates across all four models. Also, in general, the 1-D and 2-D failure
probability estimates show good agreement. The 1-D and 2-D results compare better for model 1 and 2
which are the spherical particle cases than for models 3 and 4 which are the aspherical particle cases, where

21



higher failure probabilities are predicted for the 2-D model than for the 1-D model. In addition, as noted
from Section [2.4] models 3 and 4 have lower temperatures than models 1 and 2. The results from the 2-D
model can be sensitive to mesh density, especially at lower temperatures and under particle asphericity. For
example, in regard to Model 4, when the mesh was made twice as dense as the one presented in Figure
the failure probability estimate generated via the Weibull method was 2.56 F — 5, agreeing slightly
better with the 1-D model. However, the computational expense for a single sample increased from ~ 0.55
hours using the mesh in Figure to ~ 9 hours using the denser mesh. Additionally, the quality of the
approximation made by the 1-D model’s stress modification factors in Section [2:4]is also responsible to the
differences in the 1-D and 2-D results. In conclusion, the mesh density and approximation quality of the
1-D model’s stress modification factors can explain the differences between the 2-D and 1-D model results
under lower temperatures and particle asphericity.

Table 5: Failure probabilities, COVs, and number of 2-D TRISO evaluations for the SS and Weibull methods across four
models. The corresponding 1-D model results are also presented for comparison.

QoI Subset ‘Weibull Subset ‘Weibull
Simulation | approach | Simulation | approach
2-D TRISO model 1-D TRISO model
P; 1.19E—4 [ 099E—4 | 1.271E—4 | 1.01E—4
) 0.055 0.04 0.056 0.042
(;\I/)I ESZIC;D N 5E4 200 4E4 100
T 27.5 hrs 27.5 hrs 0.12 hrs 0.31 hrs
P 1000 4 1000 1
P; 34E —5 586E —5 | 452E—5 | 3.29E—5
) 0.06 0.041 0.059 0.041
(;\I/)I ESZIC;) N 5E4 200 4E4 100
T 27.5 hrs 27.5 hrs 0.12 hrs 0.31 hrs
P 1000 4 1000 1
P; 249F —3 | 242E—3 | 0.89E—3 | 0.83E—3
) 0.045 0.052 0.052 0.045
: Al\i;i icsal) N 4E4 200 4E4 100
Tt 22 hrs 27.5 hrs 0.12 hrs 0.31 hrs
P 1000 4 1000 1
P; 375E—5 | 384E—5 | 18TE—5 | 1.39E—5
) 0.067 0.055 0.063 0.061
( Al\i;i ijal) N 5E4 200 4E4 100
T 27.5 hrs 27.5 hrs 0.12 hrs 0.31 hrs
P 1000 4 1000 1

Abbreviation Qol: Quantity of Interest

Notations If’f: Failure probability estimate; 6: COV estimate; N: number of TRISO evaluations across all the
processors; P: Number of processors used

t Parallel computing was used

¥ Computed by multiplying the average time for each model evaluation (i.e., 33 minutes) with the number of
evaluations per processor

5.3. Input parameters that cause TRISO failures

Considering Model 1, Figure presents the pair grid plots of failure-causing input parameter distri-
butions and densities for the SiC conditional on IPyC failures from the 2-D model simulations using the
SS method. Also presented for comparison are the pair grid plots from the 1-D model SS results. An
explanation of these pair grid plots was provided in Section Overall, there is good agreement between
the 2-D and 1-D model results in both the individual parameter distributions (the diagonals in Figure
and their correlations (the off-diagonals in Figure . Next, the mean values of the failure-causing input
parameters for all four models are studied.
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Figure 14: Pair grid plots of the SiC failure conditional on IPyC distributions of failure-causing input parameters for TRISO
Model 1, in light of SS for 1-D and 2-D models. The diagonals represent kernel densities, and the upper and lower diagonals
represent kernel contour plots and scatter plots of input parameter pairs, respectively. All distributions are transformed into a
standard normal space. (Abbreviations rad: radius; th: thickness; and str: strength)

Figure [15] presents the mean values of the failure-causing input parameters computed via SS for all four
2-D and 1-D versions of the models. Overall, the 2-D and 1-D models show good agreement in the mean
failure-causing parameter values across the four models. SiC layer strength is the parameter most sensitive
to TRISO failure. Next, larger IPyC thicknesses are seen to cause more failures in both the 2-D and 1-D
TRISO models. Also, while lesser SiC thicknesses are seen to cause more TRISO failures, the effect of SiC
thickness is seen to be more pronounced in the 1-D models (especially models 3 and 4). Owing to asphericity,
the results of the 2-D versions of models 3 and 4 are sensitive to mesh density. This sensitivity, coupled
with the approximation quality of the stress modification factors for 1-D models, can explain the deviations
in mean SiC thicknesses when comparing the 2-D and 1-D models (see Figure .
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Figure 15: Mean values of the SiC failure-causing input parameters conditional on IPyC failure, computed via SS for all four
2-D and 1-D TRISO models. All distributions are transformed into a standard normal space.

6. Discussion on the efficacy of different statistical methods for the failure characterization of
nuclear fuels

Several statistical methods were discussed and implemented for failure analysis of nuclear TRISO fuel.
The advantages and disadvantages of these methods are assessed here with respect to five characteristics:
number of model calls, amenability to parallelization, level of modeling fidelity that can be considered,
information on the input parameters that cause model failures, and ability to consider multiple failure
modes. Table [6] concisely compares the five methods in terms of these characteristics.

Both MCS and LHS require a very large number of calls to the model, especially when the failure
probabilities are low. Variance reduction methods such as AIS and SS require 2-3 orders of magnitude fewer
model calls than either MCS or LHS. The Weibull theory requires even fewer model calls than does either
AIS or SS (1-2 orders of magnitude fewer). However, the number of model calls should be discussed in
combination with the method’s amenability for parallelization, and more specifically, the number of model
calls per processor. All the methods except the version of AIS presented in this paper can be parallelized.
Therefore, the parallel versions of MCS and LHS require a similar number of model calls as AIS, and the
parallel SS still requires considerably fewer model calls than parallel MCS or LHS.
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Table 6: Capabilities of different statistical methods for the safety assessment of nuclear fuels.

. Input parameter .
M 1 Multipl
Method Model calls' | Parallelization ode. 'ne distributions of . ultiple
fidelity . failure modes
failed models
Standard methods
Monte Carlo
. Low-
Sampling ~ 1E6 — 1E7 Yes fdelit Yes Yes
(MCS) Y
Latin Hypercube Low-
~ 1FE6 — 1E7 Ye Ye Ye
Sampling (LHS) e fidelity e e
Variance reduction methods
Adaptive
Low- t
Importance ~ 1F4 No fdelit Yes Yes
Sampling (AIS) v
Subset Low- and high-
~ 1F4 Ye Y Ye
Simulation (SS) e fidelity s o
Distribution sampling
Weibull Low- and high- A
~ 1E2 Ye N N
Approach (W) e fidelity © ©

t For a target failure probability of ~ 1E — 4 and a coefficient of variation of 0.05-0.1
¥ Can potentially be inaccurate due to reliance on a single Markov chain
A Can be used only when failure is described by the Weibull failure criterion [31]

Even with parallel computing, both MCS and LHS are too computationally prohibitive to be used with
high-fidelity fuel models. Therefore, their use is limited to low-fidelity models. Since the AIS version
presented in this paper cannot be parallelized, its applicability is also limited to low-fidelity fuel models.
Parallel SS and the Weibull theory require fewer model calls per processor and can consider high-fidelity
fuel models such as the 2-D TRISO model. Tables ] and [5] provide more information on the computational
times and the number of processors used by the parallel SS and the Weibull theory for 1D and 2D TRISO
fuel models.

In principle, all methods except the Weibull theory can characterize the distribution of input parameters
that cause model failure. However, with MCS and LHS, when the failure probability is small and the COV
is high, a very small set of the simulations indicates failure, which leads to significant uncertainties in these
distributions. While AIS can characterize these distributions, the characterizations could be inaccurate,
since this method may underexplore the input parameter space, due to its reliance on a single Markov
chain. SS relies on multiple Markov chains (on the order of hundreds) and is thus better able to explore the
parameter space.

Nuclear fuels can have several interdependent failure modes. For example, TRISO fuel can fail due to
tensile stresses in the SiC layer as a result of fission gas buildup in the fuel kernel, stress concentration in the
SiC layer as a result of IPyC cracking, debonding between the IPyC and SiC layers [17] (consideration of
this failure mode in Bison is under active development), kernel migration [19], and thinning or degradation
of the SiC layer [18]. An ideal statistical method would be able to consider multiple interdependent failure
modes. MCS, LHS, and AIS rely on generic indicator functions to characterize model failure and can
consider interdependent failure modes. SS, while relying directly on the model outputs and not on indicator
functions to characterize failure, can also consider interdependent failure modes. Studies such as Hsu and
Ching [10], Li et al. [14] describe in greater detail the use of SS with interdependent failure modes. The
Weibull method can only be used if the Weibull criterion [31] is used to characterize failure. When failure is
not described by the Weibull criterion or when some of the interdependent failure modes do not follow the
Weibull criterion, the Weibull method may not be strictly applicable [19].

Apart from the five aspects discussed in Table [6] calculation of fission product release is an important
component of nuclear fuel safety analysis [9]. To compute the fraction of fission product release, the time to
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failure of the fuel and the location of failure [T9] must both be known. Standard methods such as MCS and
LHS can calculate fission product release but are computationally expensive when used with high-fidelity
fuel models. Miller et al. [19] extended the Weibull theory for fission product release by making certain
approximations. With respect to the use of AIS and parallel SS, although they are, in principle, capable
of calculating fission product release, a future study will investigate this in more detail and compare their
accuracies and efficiencies with those of the other methods.

7. Summary and conclusions

Failure analysis of nuclear fuel models typically involves numerous model evaluations by varying the
uncertain geometric and material parameters of the fuel. Since numerous model evaluations are compu-
tationally expensive, low-fidelity fuel models are used for failure analysis. However, it is desirable to use
high-fidelity fuel models in view of their improved accuracy, though this further increases the computational
expense. This study presented several statistical methods recently implemented in MOOSE (the compu-
tational framework underpinning Bison) for failure analysis of nuclear fuels, and applied these methods to
TRISO fuel analysis. These methods include standard approaches (i.e., MCS and LHS) as well as alternative
approaches (i.e., AIS, SS, and the Weibull theory) that can dramatically accelerate TRISO failure analysis.
Among these methods, AIS and SS are classified as variance reduction Monte Carlo methods. Both 1-D
and 2-D representations of the four TRISO models were considered, and their results across the different
statistical methods were compared in terms of failure probabilities and distributions of input parameters
that cause TRISO failure. Based on this study, the efficacy of the different statistical methods was compared
with respect to the number of model calls, amenability for parallelization, level of modeling fidelity, input
parameter distributions of failed models, and ability to consider multiple failure modes.

The following conclusions can be drawn from this study:

e Under the 1-D representation, all five methods generated similar estimates of failure probabilities for
each of the four TRISO models. Importantly, SS and the Weibull theory required about 2-3 orders of
magnitude fewer model calls per processor compared to MCS, LHS, and AIS.

e The input parameter distributions of failed TRISO particles obtained using the MCS, LHS, and SS
methods were consistent. AIS, while capable of characterizing these distributions, resulted in some
inaccuracies due to reliance on a single Markov chain, as well as underexploration of the parameter
space. It is infeasable to obtain these parameter distributions using the Weibull theory.

e Because of the relatively high computational cost of the 2-D model, only SS and the Weibull theory
were used to analyze failure probabilities of the 2-D models of the four TRISO models. The failure
probability estimates generated were consistent between the SS and Weibull methods for the 2-D
models.

e While the failure probability estimates were also consistent between the 1-D and 2-D models for
spherical particles, the 1-D model led to lesser predicted failure probabilities for the aspherical particles
subjected to lower temperatures. These differences can be explained by the approximation quality of
the 1-D model stress modification factors and the 2-D model mesh density.

e Because of their ability to directly use high-fidelity fuel models, both the SS and the Weibull theory
offer significant benefits for fuel failure analysis. Unlike the Weibull theory, SS can provide information
on the input parameters that cause fuel failure, while also considering interdependent failure models
that do not follow the Weibull failure criterion.

In addition to fuel failure analysis, calculating fission product release is an important component of
nuclear fuel safety analysis. A future study will investigate the efficiency and accuracy of these statistical
methods—especially SS and the Weibull theory, given their ability to consider high-fidelity models—for
fission product release assessments. From an algorithmic viewpoint, there has been interest in using active
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learning concepts to perform statistical failure analysis of expensive numerical models. By substituting high-
fidelity model outputs with efficient machine learning predictions and calling the computationally expensive
model only when required, active learning can considerably reduce the computational expense of statistical
failure analysis (by about 2-3 orders of magnitude, compared to SS; see Dhulipala et al. [5]). Application
of active learning concepts to nuclear fuel safety assessments will also be explored in the future.
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