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Abstract
In this article, we analyze observed count data such as the number of defects in
a steel product where the observed counts are the true counts measured with
errors. We account for the measurement error by using a measurement error
model based on a latent lognormal (LLN) distribution.We considermaking infer-
ence about a single population (e.g., from samples of a production lot) and a
regressionmodel (e.g., from runs of a designed experiment), where themeasure-
ment system properties are known, that is, the parameters of the LLN distribu-
tion are known. Then, we consider simultaneous inference for the single popula-
tion and regression model as well as the measurement system. We demonstrate
the proposed methodology with both simulated and real observed counts.

KEYWORDS
Bayesian inference, designed experiment, gauge R & R study, latent lognormal distribution,
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1 INTRODUCTION

Count measurements arise in many applications, for example, the number of paint imperfections on an automobile hood
or steel product defects from inclusion of nonmetallic materials during production. Later we report on an application that
counted the number of bubbles blown according to various bubble recipes.
In this article, we consider the analysis of observed count data where the true counts are a sample of the population.

For example, the true counts could be Poisson-distributed but the observed counts are measured with error. Here, we
want to make inference about the population. We also consider the relationship between a covariate 𝑥 and the true counts
through a Poisson regression model or more generally in a designed experiment when there are multiple covariates, that
is, a vector 𝐱 of covariates corresponding to main effects and interactions. Again we consider the analysis of observed
count data, that is, the true counts measured with error. In this article, we use the recent count measurement error model
proposed in Osthus et al.1 This article is the first to show how inference about a single population or regression model
can be done with a known count measurement system based on the this count measurement error model. This article is
also the first to show how inference about a single population or regression model can be done simultaneously while also
assessing the count measurement system.
An outline of the paper is as follows. In Section 2, we consider Poisson models for the true counts. Then, we consider

a model for the observed counts where the true counts are measured with error in Section 3. The measurement error
model allows for under- and over-dispersion by a deflation/inflation factor where deflation and inflation correspond to
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under-dispersion and over-dispersion, respectively. Then, in Section 4, we briefly discuss Bayesian inference for observed
counts. Next, we consider a number of cases. First, we consider a single population with known measurement system
properties in Section 5. Then, we consider regression with known measurement system properties in Section 6. Next,
in Section 7, we consider a gauge R & R study in which we simultaneously consider a single population and assess a
measurement system (when the measurement system properties are unknown). Then, in Section 8, we consider a mix-
ture experiment in which we simultaneously consider a regression model and assess a measurement system. Finally, we
conclude with a discussion in Section 9.

2 MODELS FOR TRUE COUNTS

For a sample of true counts 𝜃𝑖 , we assume that the population of true counts is described by a Poisson distribution with
mean 𝜃.
In a Poisson regression model, the true count 𝜃𝑖 is related to the covariate 𝑥𝑖 by 𝜃𝑖 ∼ 𝑃𝑜𝑖𝑠𝑠𝑜𝑛(𝜆𝑖), where mean 𝜆𝑖 =

exp(𝛽0 + 𝛽1𝑥𝑖) and 𝜷 = (𝛽0, 𝛽1) is a vector of regression coefficients. There can bemultiple covariates such as in a designed
experiment corresponding to main effects and interaction effects. Here 𝜃𝑖 is the true count for the 𝑖th run, 𝐱𝑖 is a vector of
covariates for the 𝑖th run, and 𝜷 is the vector of regression coefficients so that 𝜆𝑖 = exp(𝐱𝑖𝜷). If the experiment is replicated,
then 𝜃𝑖𝑗 is the true count of the 𝑗th replicate at the 𝑖th run, and 𝜃𝑖𝑗 ∼ 𝑃𝑜𝑖𝑠𝑠𝑜𝑛(𝜆𝑖).
Let 𝑦𝑖 be the observed count, that is, the true count measured with error, corresponding to the true count 𝜃𝑖 . In a

designed experiment with replicates, let 𝑦𝑖𝑗 be the observed count of the 𝑗th replicate at the 𝑖th run corresponding to the
true count 𝜃𝑖𝑗 . Later, when we consider experiments that allow the simultaneous inference of a single Poisson population
or a Poisson regression model as well as the count measurement system, the structure of the observed counts 𝑦 will be
more complicated and therefore have more indices.

3 AMODEL FOR OBSERVED COUNTS

Weconsider ameasurement processwhere themeasurements are counts (non-negative integers).More concretely, let 𝑦𝑖 ∈
{0, 1, 2, …} be the observed count where 𝜃𝑖 denotes the true count. Osthus et al.1 consider measurement system assessment
(MSA) for counts and are motivated by the Poisson distribution for observed counts𝑌, where𝑉𝑎𝑟(𝑌) = 𝐸(𝑌). To be more
flexible, Osthus et al.1 consider

𝑆𝑡𝑑𝐷𝑒𝑣(𝑌) ≈ 𝛼𝐸(𝑌), (1)

where 𝛼 < 1 deflates the standard deviation and 𝛼 > 1 inflates the standard deviation so that 𝛼 is a deflation/inflation
factor. Note that Osthus et al.1 is the first article to consider count data MSA. Following Osthus et al.1, we propose a latent
lognormal (LLN) model, 𝑌 ∼ 𝐿𝑎𝑡𝑒𝑛𝑡𝐿𝑜𝑔𝑛𝑜𝑟𝑚𝑎𝑙(𝜇, 𝜎2), where 𝑌 is the discretized 𝑌̃ and 𝑌̃ ∼ 𝐿𝑜𝑔𝑛𝑜𝑟𝑚𝑎𝑙(𝜇, 𝜎2), that is,
𝑌̃ has a lognormal distribution. We discretize 𝑌̃ by specifying the interval cut points as {0, 0.5, 1.5, 2.5, 3.5, …}, that is,
𝑌 = 0 if 𝑌̃ < 0.5, 𝑌 = 1 if 0.5 ≤ 𝑌̃ < 1.5, and so on. In Equation (1), the relationship is approximate because 𝑆𝑡𝑑𝐷𝑒𝑣(𝑌̃) =
𝛼𝑌̃𝐸(𝑌̃), that is, on the 𝑌̃ scale. This relationship is nearly exact because the 𝐸(𝑌) and 𝑆𝑡𝑑𝐷𝑒𝑣(𝑌) are nearly equal
to 𝐸(𝑌̃) and 𝑆𝑡𝑑𝐷𝑒𝑣(𝑌̃), respectively. For example, for 𝑌 ∼ 𝐿𝑎𝑡𝑒𝑛𝑡𝐿𝑜𝑔𝑛𝑜𝑟𝑚𝑎𝑙(50, 12), 𝐸(𝑌) = 82.2497, 𝐸(𝑌̃) = 82.2493,
𝑆𝑡𝑑𝐷𝑒𝑣(𝑌) = 107.4670, and 𝑆𝑡𝑑𝐷𝑒𝑣(𝑌̃) = 107.4665.
Now, let us use the LLN model to specify the 𝑦𝑖 distribution as

𝑦𝑖|𝜇𝑖, 𝜎𝑖 ∼ 𝐿𝑎𝑡𝑒𝑛𝑡𝐿𝑜𝑔𝑛𝑜𝑟𝑚𝑎𝑙(𝜇𝑖, 𝜎2𝑖 ), (2)

for

𝜇𝑖 = ln

⎛⎜⎜⎝
√√√√ (𝜃𝑖𝛾)2

1 + (
𝛼𝑌̃

𝛾
)2

⎞⎟⎟⎠ and

𝜎2
𝑖
= ln

(
1 + (

𝛼𝑌̃
𝛾
)2
)
, (3)



HAMADA et al. 3

where 𝜃𝑖 is the true count and 𝛾 is the multiplicative bias for the operator making the measurement. From Equations (2)
and (3), we have

𝐸(𝑦̃𝑖|𝜇𝑖, 𝜎𝑖) = 𝜃𝑖𝛾 and

𝑆𝑡𝑑𝐷𝑒𝑣(𝑦̃𝑖|𝜇𝑖, 𝜎𝑖) = 𝛼𝑌̃𝜃𝑖. (4)

We see that 𝛼𝑌̃ is a deflation/inflation factor.
If the MSA has been done and the particular operator that did the measurement 𝑦𝑖 is known, say the 𝑘th operator, then

𝛾𝑘 would replace 𝛾 in Equation (3). Otherwise,

𝛾𝑘|𝜎𝛾 ∼ 𝐿𝑜𝑔𝑛𝑜𝑟𝑚𝑎𝑙(0, 𝜎2𝛾), (5)

where the operators used in the gauge R & R study to perform the MSA are assumed to be a random sample from a
population of operators whose 𝛾𝑘 follow a lognormal distribution. Note that the median of 𝛾𝑘 is 1 so that 𝛾𝑘 under- or
over-estimates 𝜃𝑖 if 𝛾𝑘 < 1 or 𝛾𝑘 > 1, respectively.
In the case where there are replicates 𝜃𝑖𝑗 , all indexing with 𝑖 in Equations (2)–(4) is replaced with the indexing 𝑖𝑗. If the

𝑘th operator took the measurement, then the notation 𝑦𝑖𝑗𝑘 is used; if no replicates were taken, we use the notation 𝑦𝑖⋅𝑘,
where ⋅ indicates that the second index 𝑗 is not used. If the operator is not known, then we use 𝑦𝑖𝑗⋅. If there are repeat
measurements on the 𝑖th true count, then the index 𝑙 is used, so that 𝑦𝑖𝑗𝑘𝑙 denotes the corresponding observed count.
Again we use the ⋅ notation where the index is not applicable, for example, with no replicates, but where the operator is
known and there are repeats, 𝑦𝑖⋅𝑘𝑙 denotes the observed counts.

4 BAYESIAN INFERENCE

In the subsequent examples, we use Bayesian inference through Bayes’ Theorem (Gelman et al.2) to obtain posterior
distributions for the unknownmodel parameters. For example, if the measurement system parameters are known (which
we refer to as a known measurement system), we treat them as constants and they are not updated in the analysis of the
example data. Modern Bayesian computing throughMarkov chainMonte Carlo or MCMC has made it possible to sample
from the posterior distribution (Gelman et al.2). We implement the various data analyses presented in the examples using
JAGS (Plummer3) called by the R (R Core Team4) package rjags to obtain draws or samples from the parameter posterior
distributions. In the examples, we use at least 1000 burnin draws and at least 100,000 subsequent draws with a thinning of
every 10 draws. Diagnostics (Gelman and Rubin’s convergence diagnostic5) and plots of these draws suggest convergence,
that is, that these draws are from the appropriate posterior distributions. In the examples, we provide the parameter prior
distributions that we use.

5 SINGLE POISSON POPULATIONWITH KNOWNMEASUREMENT SYSTEM
PROPERTIES

In this section, we consider a single population with known measurement system. We simulate a sample of 𝑁 = 50 true
counts 𝜃𝑖 distributed as 𝑃𝑜𝑖𝑠𝑠𝑜𝑛(𝜃)with 𝜃 = 50. We assume that themeasurement system properties are known: 𝛾𝑘 = 𝛾 =
1 for all the operators, that is, the measurement system is unbiased, and 𝛼𝑌̃ = 1. We use the known measurement system
to simulate observed counts 𝑦𝑖 from the true counts. See Figure 1 that plots the true counts 𝜃𝑖 and the observed counts 𝑦𝑖 .
For the prior distribution for 𝜃, we use 𝜃 ∼ 𝐿𝑜𝑔𝑛𝑜𝑟𝑚𝑎𝑙(3.91, 12); the prior median and 0.95 probability interval are 49.90
and (7.029, 354.236). We see that this prior is quite diffuse. In practice, one can use an appropriate diffuse prior or one that
is more informative if knowledge is available to choose a narrower prior.
See Table 1 that displays posterior summaries (50, 2.5, 97.5 percentiles) when the true counts are analyzed, when the

observed counts are analyzed but the measurement error is ignored, and when the observed counts are analyzed account-
ing for the measurement error. When the measurement error is ignored, the results in the second row are very similar to
those for the true counts in the first row. However, the 0.95 probability interval (2.5 and 97.5 percentiles) is too narrow as
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F IGURE 1 Single Poisson population with
𝜃 = 50, true count versus observed count from
measurement system with 𝛾 = 1, 𝛼𝑌̃ = 1 for
sample size 𝑁 = 50

TABLE 1 Posterior summaries (50, 2.5, 97.5 percentiles) for 𝜃, single Poisson population with mean 𝜃 = 50

Case 50% 2.5% 97.5%
True counts 50.120 48.182 52.118
𝛾 = 1, 𝛼𝑌̃ = 1
Ignore meas. err. 50.203 48.261 52.194
Account meas. err. 48.213 38.347 60.745
𝛾 = 0.75, 𝛼𝑌̃ = 1
Ignore meas. err. 37.660 35.958 39.394
Account meas. err. 48.491 36.648 64.126

seen by the results when the measurement error is accounted for in the third row. In this case, we see that the estimate of
𝜃, say the 50 percentile, is not affected by ignoring the measurement error.
Next, we assume that the measurement system is biased low: 𝛾𝑘 = 0.75 for all the operators and 𝛼𝑌̃ = 1. When the

measurement error is ignored, we see in the fourth row of Table 1 that inference for 𝜃 is biased low and also that the 0.95
probability interval is too narrow as seen by the results when the measurement error is accounted for in the fifth row. We
also see that inference for 𝜃 is not biased when the measurement error is accounted for in the fifth row.
Instead of the one parameter Poisson population, consider a LLN population with 𝜃 = 50 and 𝛼𝜃 = 0.25 (𝛾𝜃 is set to

1 and is known) and LLN measurement error with 𝛾𝑌̃ = 1 and 𝛼𝑌̃ = 1. As before, we simulate 𝑁 = 50 true counts and
simulate observed counts with measurement error.
See Table 2 that displays posterior summaries (50, 2.5, 97.5 percentiles) when the true counts are analyzed, when the

observed counts 𝑦𝑖 are analyzed but the measurement error is ignored, and when the observed counts are analyzed
accounting for the measurement error. When the measurement error is ignored, the estimate for 𝜃, the 50 percentile
in the third row for 𝜃 is similar to that for the true counts in the first row; the width of the 0.95 probability interval is
slightly wider than that when the measurement error is accounted for. However, the inference for 𝛼𝜃 is very biased with
the median much greater than the true value as seen in the results in the fourth row as compared with that for the true
counts in the second row.When themeasurement error is accounted for in the sixth row, inference for 𝛼𝜃 is similar to that
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TABLE 2 Posterior summaries (50, 2.5, 97.5 percentiles) for 𝜃, single latent lognormal population with 𝜃 = 50, 𝛼𝜃 = 0.25, 𝛾𝑌̃ = 1, and
𝛼𝑌̃ = 1

Case Parameter 50% 2.5% 97.5%
True counts 𝜃 49.513 46.206 53.334

𝛼𝜃 0.253 0.208 0.317
Ignore meas. err. 𝜃 51.053 39.786 69.724

𝛼𝜃 1.015 0.789 1.405
Account meas. err. 𝜃 52.536 40.933 69.914

𝛼𝜃 0.210 0.009 0.661

for the true counts albeit more uncertain, that is, the 0.95 probability interval is wider. The inference for 𝜃 is also more
uncertain than that for the true counts, another impact of the measurement error.

6 POISSON REGRESSIONWITH KNOWNMEASUREMENT SYSTEM PROPERTIES

In this section, we consider a regression with counts, that is, Poisson regression, with known measurement system. Wu
and Hamada6 present an experiment on a wave soldering process that reports the solder-joint defects on circuit boards
made by the process. Because we do not know the true values of the effects nor anything about the measurement system,
we decided to simulate true and observed counts with measurement error to assess the impact of measurement error in
the regression setting much like we did for the single population case. We use a 24 design for four factors replicated five
times so that there are𝑁 = 80 observations and consider all 16 effects: INT for intercept, (1, 2, 3, 4) for the fourmain effects,
(12, 13, 14, 23, 24, 34) for the six two-factor interactions, (123, 124, 134, 234) for the four three-factor interactions, and 1234
for the four-factor interaction. For the 𝑖th run mean, we have 𝜆𝑖 = exp(𝐱𝑖𝜷) and 𝐱𝑖 are the associated covariates for the
𝑖th run, where 𝜷 = (2, 1, .75, .5, 0, .5, .25, 0, 0, 0, 0, 0, 0, 0, 0, 0) so that INT, 1, 2, 3, 12, 13 are active. The prior distribution for
𝜷 is 𝛽0 ∼ 𝑁𝑜𝑟𝑚𝑎𝑙(3, 𝜎2𝛽0 = 1

2) for INT and 𝛽𝑖 ∼ 𝑁𝑜𝑟𝑚𝑎𝑙(0, 𝜎2𝛽0 = 1
2) for 𝑖 = 2, … , 16, that is, associated with effects (1, 2,

…, 1234). We assume that the measurement system is known: 𝛾𝑘 = 𝛾 = 1 for all the operators, that is, the measurement
system is unbiased, and 𝛼𝑌̃ = 1.
Table 3 displays the posterior 50, 2.5, and 97.5 percentiles of the effects for the three cases: true counts, observed counts

but ignore measurement error (i.e., treat as true counts), and observed counts where measurement error is accounted for.

TABLE 3 Posterior summaries (50, 2.5, 97.5 percentiles) for Poisson regression example with unbiased measurement error

True counts Ignore meas. err. Account meas. err.
Effect True Value 50% 2.5% 97.5% 50% 2.5% 97.5% 50% 2.5% 97.5%
INT 2 1.910 1.786 2.026 1.577 1.426 1.714 1.999 1.788 2.201
1 1 1.059 0.942 1.183 1.104 0.965 1.254 1.021 0.823 1.227
2 0.75 0.849 0.731 0.974 0.799 0.659 0.947 0.756 0.554 0.961
3 0.5 0.456 0.335 0.580 0.485 0.344 0.632 0.455 0.251 0.658
4 0 0.006 −0.115 0.128 −0.025 −0.169 0.118 −0.022 −0.227 0.184
12 0.5 0.418 0.294 0.536 0.463 0.316 0.604 0.472 0.268 0.679
13 0.25 0.269 0.147 0.390 0.258 0.114 0.403 0.272 0.068 0.480
14 0 0.007 −0.114 0.129 −0.002 −0.146 0.142 −0.019 −0.222 0.187
23 0 0.067 −0.057 0.188 0.124 −0.020 0.266 0.108 −0.097 0.313
24 0 0.076 −0.044 0.200 0.067 −0.076 0.211 0.034 −0.172 0.240
34 0 0.012 −0.108 0.133 0.049 −0.094 0.194 0.008 −0.199 0.211
123 0 −0.052 −0.173 0.072 −0.099 −0.244 0.044 −0.099 −0.306 0.102
124 0 −0.095 −0.220 0.026 −0.119 −0.266 0.022 −0.087 −0.292 0.119
134 0 −0.079 −0.201 0.041 −0.101 −0.246 0.041 −0.072 −0.274 0.132
234 0 −0.047 −0.169 0.074 0.003 −0.143 0.145 0.019 −0.187 0.223
1234 0 0.094 −0.025 0.218 0.064 −0.078 0.210 0.043 −0.160 0.251
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TABLE 4 Posterior summaries (50, 2.5, 97.5 percentiles) for Poisson regression example with biased measurement error

True counts Ignore meas. err. Account meas. err.
Effect True Value 50% 2.5% 97.5% 50% 2.5% 97.5% 50% 2.5% 97.5%
INT 2 1.910 1.786 2.026 1.102 0.904 1.279 2.04 1.808 2.266
1 1 1.059 0.942 1.183 1.148 0.968 1.346 1.021 0.792 1.255
2 0.75 0.849 0.731 0.974 0.815 0.632 1.007 0.722 0.493 0.953
3 0.5 0.456 0.335 0.580 0.493 0.307 0.687 0.441 0.208 0.673
4 0 0.006 −0.115 0.128 −0.018 −0.210 0.169 −0.009 −0.233 0.221
12 0.5 0.418 0.294 0.536 0.422 0.230 0.607 0.455 0.224 0.685
13 0.25 0.269 0.147 0.390 0.230 0.038 0.416 0.253 0.018 0.482
14 0 0.007 −0.114 0.129 0.007 −0.180 0.198 −0.014 −0.243 0.218
23 0 0.067 −0.057 0.188 0.154 −0.036 0.343 0.133 −0.097 0.360
24 0 0.076 −0.044 0.200 0.059 −0.126 0.250 0.017 −0.208 0.250
34 0 0.012 −0.108 0.133 0.067 −0.117 0.260 0.002 −0.230 0.231
123 0 −0.052 −0.173 0.072 −0.105 −0.295 0.085 −0.088 −0.322 0.141
124 0 −0.095 −0.220 0.026 −0.129 −0.320 0.056 −0.089 −0.321 0.142
134 0 −0.079 −0.201 0.041 −0.134 −0.328 0.048 −0.080 −0.309 0.154
234 0 −0.047 −0.169 0.074 −0.037 −0.229 0.145 0.003 −0.229 0.233
1234 0 0.094 −0.025 0.218 0.120 −0.063 0.314 0.071 −0.165 0.303

When the measurement error is ignored, the results are similar to those for true counts, except that the posterior for INT
is somewhat lower although this has no impact on determining active effects. However, the uncertainty is too small (i.e.,
the 0.95 probability intervals are too narrow) as compared with the results when the measurement error is accounted for;
also the results for INT agree with those for true counts when the measurement error is accounted for. The main impact
of ignoring the measurement error is that more effects could be identified as active because the uncertainty is too small so
that 0.95 probability intervals might not contain zero, whereas those when the measurement error is accounted for could
contain zero.
Next we consider the case when the measurement system is biased: 𝛾𝑘 = 𝛾 = 0.75 for all the operators and 𝛼𝑌̃ = 1.

Table 4 displays the posterior 50, 2.5, and 97.5 percentiles of the effects for the three cases: true counts (i.e., same as in
Table 3), observed counts but ignore measurement error (i.e., treat as true counts), and observed counts where measure-
ment error is accounted for. The Table 4 results are similar to those of Table 3 except that the posterior for INT is much
lower although this has no impact on determining active effects.
Like the single population case, we consider a LLN distribution for the true counts with mean 𝜆𝑖 and 𝛼𝜃 = 0.25. The

measurement error is also a LLN distribution with 𝛾𝑘 = 𝛾 = 1 and 𝛼𝑌̃ = 1. Table 5 displays the posterior 50, 2.5, and 97.5
percentiles of the effects for the three cases: true counts, observed counts but ignore measurement error (i.e., treat as true
counts), and observed counts where measurement error is accounted for. When the measurement error is ignored, we see
that 𝛼𝜃 is overestimated. Unlike the previous results, the 0.95 probability intervals are similar in width to those when the
measurement error is accounted for; they are wider when the measurement error is accounted for than for true counts
as expected.

7 SIMULTANEOUS INFERENCE FOR A SINGLE POISSON POPULATION ANDMSA

In this section, we consider simultaneous inference for a single population with unknownmeasurement system. A gauge
R & R study is an experiment that provides data to perform MSA. Typically, there is a random sample of 𝑛𝑃 parts, a
random sample of 𝑛𝐾 operators and each operator measures each part 𝑛𝑟 times, that is, 𝑛𝑟 repeats.7 Let 𝜃𝑖 be the true
counts and 𝑦𝑖⋅𝑘𝑙 are the observed counts for 𝑖 = 1, … , 𝑛𝑃, 𝑘 = 1,… , 𝑛𝐾 , and 𝑙 = 1, … , 𝑛𝑟. As in the Section 5, we assume
that 𝜃𝑖 ∼ 𝑃𝑜𝑖𝑠𝑠𝑜𝑛(𝜃). The 𝛾𝑘 ∼ 𝐿𝑜𝑔𝑛𝑜𝑟𝑚𝑎𝑙(0, 𝜎2𝛾) are the operator biases and 𝛼𝑌̃ is the deflation/inflation factor that the
observed count mean and variance depend on 𝜇𝑖⋅𝑘 and 𝜎𝑖⋅𝑘 in Equation (3) replacing 𝛾 with 𝛾𝑘 as given in Equation (4),
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TABLE 5 Posterior summaries (50, 2.5, 97.5 percentiles) for latent lognormal regression example with unbiased measurement error

True counts Ignore meas. err. Account meas. err.
Effect True Value 50% 2.5% 97.5% 50% 2.5% 97.5% 50% 2.5% 97.5%
𝛼𝑌̃ 0.25 0.264 0.216 0.329 1.156 0.825 1.852 0.365 0.018 1.037
INT 2 2.010 1.949 2.073 2.052 1.762 2.474 2.056 1.787 2.445
1 1 1.003 0.943 1.065 0.970 0.701 1.233 0.965 0.702 1.231
2 0.75 0.718 0.658 0.779 0.717 0.450 0.981 0.718 0.454 0.986
3 0.5 0.452 0.391 0.513 0.316 0.050 0.579 0.317 0.053 0.582
4 0 0.028 −0.032 0.090 −0.132 −0.398 0.130 −0.136 −0.398 0.129
12 0.5 0.480 0.419 0.541 0.420 0.154 0.681 0.419 0.155 0.680
13 0.25 0.223 0.162 0.284 0.224 −0.046 0.490 0.223 −0.047 0.485
14 0 0.017 −0.043 0.078 0.107 −0.160 0.377 0.104 −0.161 0.366
23 0 −0.005 −0.066 0.056 0.143 −0.125 0.405 0.145 −0.119 0.403
24 0 −0.003 −0.064 0.058 0.063 −0.205 0.328 0.065 −0.199 0.338
34 0 −0.006 −0.067 0.055 0.225 −0.044 0.488 0.221 −0.042 0.483
123 0 0.000 −0.062 0.061 0.008 −0.257 0.275 0.009 −0.255 0.277
124 0 0.030 −0.031 0.091 0.061 −0.205 0.326 0.058 −0.217 0.322
134 0 −0.024 −0.085 0.038 −0.123 −0.393 0.140 −0.124 −0.394 0.145
234 0 0.033 −0.027 0.095 0.124 −0.144 0.389 0.123 −0.139 0.393
1234 0 0.006 −0.055 0.067 −0.110 −0.375 0.155 −0.112 −0.378 0.152

where 𝛾 = 𝛾𝑘 is associatedwith observed counts 𝑦𝑖⋅𝑘𝑙. That is, 𝜃 describes the single population and 𝛾𝑘, 𝜎𝛾, and 𝛼𝑌̃ describe
the measurement system.
We could also add a non-negative multiplicative part by operator effects 𝛿𝑖𝑘 to 𝜇𝑖⋅𝑘 and 𝜎2𝑖⋅𝑘 in Equation (3) so that

𝐸(𝑦̃𝑖⋅𝑘𝑙|𝜇𝑖⋅𝑘, 𝜎𝑖⋅𝑘) = 𝜃𝑖𝛾𝑘𝛿𝑖𝑘 and
𝑆𝑡𝑑𝐷𝑒𝑣(𝑦̃𝑖⋅𝑘𝑙|𝜇𝑖⋅𝑘, 𝜎𝑖⋅𝑘) = 𝛼𝑌̃𝜃𝑖, (6)

where

𝛿𝑖𝑘|𝜎𝛿 ∼ 𝐿𝑜𝑔𝑛𝑜𝑟𝑚𝑎𝑙(0, 𝜎2𝛿). (7)

Note that the median of 𝛿𝑖𝑘 is 1 so that 𝛿𝑖𝑘 also under- or over-estimates 𝜃𝑖 .
The prior distributions can be specified as:

𝜃 ∼ 𝐿𝑜𝑔𝑛𝑜𝑟𝑚𝑎𝑙(𝜇𝜃, 𝜎
2
𝜃
),

𝜎𝛾 ∼ 𝐻𝑎𝑙𝑓𝑁𝑜𝑟𝑚𝑎𝑙(0, 𝜎
2
𝛾0
),

𝜎𝛿 ∼ 𝐻𝑎𝑙𝑓𝑁𝑜𝑟𝑚𝑎𝑙(0, 𝜎
2
𝛿0
),

𝛼𝑦 ∼ 𝐻𝑎𝑙𝑓𝑁𝑜𝑟𝑚𝑎𝑙(0, 𝜎
2
𝛼𝑌̃0
).

(8)

We use the same sample of the Poisson population in Section 5, that is, 𝑛𝑃 = 50, that was generated from 𝑃𝑜𝑖𝑠𝑠𝑜𝑛(50)
so that 𝜃𝑖 ∼ 𝑃𝑜𝑖𝑠𝑠𝑜𝑛(𝜃), where 𝜃 = 50. For the measurement error, we use 𝛼𝑌̃ = 0.25. Also, 𝛿𝑖𝑗 = 1 for all 𝑖 and 𝑗, so that
𝜎𝛿 = 0. We also have 𝑁𝐾 = 5 operators and 𝑛𝑟 = 3 repeats. That is, each of five operators measure each of the 𝑛𝑃 = 50
parts, 𝑛𝑟 = 3 times. We set 𝜎𝛾 = 0.1 and generated true 𝜸 = (0.978, 1.067, 1.264, 0.831, 1.047). For the prior distributions
for 𝜃, 𝛼𝑌̃ , 𝜎𝛾, and 𝜎𝛿, we use 𝜇𝜃0 = 3.91, 𝜎𝜃0 = 1, 𝜎𝛼𝑌̃0 = 1, 𝜎𝛾0 = 1, and 𝜎𝛿0 = 1. Table 6 displays posterior distribution
summaries (50, 2.5, and 97.5 percentiles). These results show that for themost part, the true parameter values are contained
within the 0.95 probability intervals (2.5 and 97.5 percentiles). For example, the 0.95 probability interval contains the
true value of 𝜃, the mean of the Poisson population. The results for 𝜎𝛿 also show that it is small. Note that Equation (5)
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TABLE 6 Posterior summaries for Gauge R & R Study data

Parameter True value 50% 2.5% 97.5%
𝜃 50.000 50.535 48.405 52.729
𝛼𝑌̃ 0.250 0.238 0.224 0.253
𝛾1 0.978 0.959 0.927 0.991
𝛾2 1.067 1.050 1.017 1.083
𝛾3 1.264 1.234 1.198 1.270
𝛾4 0.831 0.781 0.751 0.810
𝛾5 1.047 1.032 0.994 1.069
𝜎𝛾 0.100 0.212 0.107 0.634
𝜎𝛿 0.000 0.034 0.005 0.058

TABLE 7 Bubble count data, five replicates, three operators

W S G Soap Brand Water Type 1 2 3
0.7 0.25 0.05 Joy Spring 11 12 14

13 14 14
15 15 15
9 13 13
16 16 17

. . . . . . . . . . . . . . . . . . . . . . . .
. . . . . . . . .
. . . . . . . . .
. . . . . . . . .
. . . . . . . . .

0.8 0.2 0 Joy Tap 14 16 16
12 11 13
16 14 16
12 13 16
14 12 16

assumes that the 𝛾𝑘 are distributed about 0, that is, with no bias, but in a real data set, we would not be able to assess this
assumption unless the true counts 𝑌̃ were known. Nevertheless, the relative biases can still be assessed with the proposed
methodology.

8 SIMULTANEOUS INFERENCE FOR A DESIGNED EXPERIMENT ANDMSA

Steiner et al.8 present a mixture experiment whose response was the number of bubbles counted that were blown from
different bubble recipes. In their analysis, they used the data from one operator; there were actually three operators. In
the experiment, 48 bubble recipes were made and bubbles were blown five times from each recipe or five sets of bubbles
per recipe. In other words, there were five replicates for each of the 48 runs where each operator measures it once, that is,
a single repeat. The measured counts of the three operators from two of these runs are displayed in Table 7. For example,
in the first replicate of the first run, the three operators counted 11, 12, and 14 bubbles, respectively. A bubble recipe is a
mixture of soap (𝑆), water (𝑊), and glycerin (𝐺) whose proportions sum to 1. There are two other factors, Soap Brand (Joy,
Ivory) and Water Type (Spring, Tap); these factors are referred to as noise factors (and denoted by 𝑁1 and 𝑁2) because it
is desirable to find a recipe robust across the level combinations of the noise factors.
For the 𝑗th replicate at the 𝑖th run, we assume the true count 𝜃𝑖𝑗 ∼ 𝑃𝑜𝑖𝑠𝑠𝑜𝑛(𝜆𝑖). See Figure 2 that displays the run sample

variance/run average versus run average plot for the replicates and shows that the average of the run sample variance/run



HAMADA et al. 9

0 5 10 15 20

0
1

2
3

4

Run Average

R
un

 S
am

pl
e 

V
ar

ia
nc

e/
R

un
 A

ve
ra

ge

F IGURE 2 Bubble recipe experiment, run sample variance/run average versus run average

average 0.978 as a dashed line that is consistent with a Poisson (whose ratio would be equal to 1). For the run mean 𝜆,
we have 𝜆𝑖 = exp(𝐱𝑖𝜷) and 𝐱𝑖 are the associated covariates for the 𝑖th run; the names of the effects associated with these
covariates are listed in Table 8. Note that there is no intercept (to avoid redundancy) because the experiment design is for
a mixture experiment. For measurement error, the LLNmodel is assumed for the observed count, that is, 𝐸(𝑌̃𝑖𝑗𝑘) = 𝛾𝑘𝜃𝑖𝑗
and 𝑆𝑡𝑑𝐷𝑒𝑣(𝑌̃) = 𝛼𝑌̃𝜃𝑖𝑗 for the 𝑘th operator.
The prior distribution for 𝜷 is 𝛽𝑖 ∼ 𝑁𝑜𝑟𝑚𝑎𝑙(0, 𝜎2𝛽0 = 1

2). The prior distribution parameters for 𝛼𝑌̃ and 𝜎𝛾 are 𝜎𝛼𝑌̃0 = 1
and 𝜎𝛾0 = 1. Note that no part by operator interactions 𝛿𝑖𝑘 was considered in the LLNmodel because there were no repeats
in this experiment; that is, there was a single repeat for each of the three operators. Table 8 displays posterior distribution
summaries (50, 2.5, and 97.5 percentiles) for the MSA (𝛼𝑌̃ , 𝜎𝛾, 𝛾1-𝛾3). These results show that the measurement system is
quite good with both 𝛼𝑌̃ and 𝜎𝛾 small. For the bubble recipe experiment, the 0.95 probability intervals show that𝑊, 𝑆, 𝐺,
𝑊𝑆, and𝑊𝑁1 effects are active, that is, their 0.95 probability intervals do not contain 0.

9 DISCUSSION

In this article, we proposed methodology for analyzing count data with measurement error using a measurement error
model based on a LLN distribution. The measurement error model is flexible in that it can accommodate either under-
or over-dispersion by a deflation/inflation factor. Through examples, we showed how inference for a single population
or a regression model that arises in analyzing a factorial experiment can be done. Our analysis approach allows for the
measurement system to have known properties or we can estimate the measurement system properties, provided that
appropriate data are collected. Then simultaneous inference for the single population or regression model and the mea-
surement systemparameters can be performed. The examples showed that properly accounting for themeasurement error
provides better inference than otherwise can be obtained when the measurement error is ignored.
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TABLE 8 Posterior distribution summaries (50, 2.5, and 97.5 percentiles) for the bubble recipe experiment

Effect 50% 2.5% 97.5%
𝛼𝑌̃ 0.200 0.187 0.215
𝛾1 0.996 0.975 1.009
𝛾2 1.000 0.984 1.017
𝛾3 1.005 0.990 1.026
𝜎𝛾 0.013 0.001 0.234
𝑊 1.130 0.949 1.306
𝑆 1.997 0.963 3.023
𝐺 1.572 0.279 2.871
𝑊𝑆 2.499 0.856 4.155
𝑊𝐺 0.431 −1.230 2.088
𝑆𝐺 1.050 −0.865 2.977
𝑊𝑆𝐺 0.697 −1.267 2.650
𝑊𝑁1 −0.225 −0.406 −0.044
𝑆𝑁1 −0.811 −1.840 0.222
𝐺𝑁1 −0.601 −1.887 0.675
𝑊𝑆𝑁1 −1.502 −3.166 0.168
𝑊𝐺𝑁1 0.116 −1.532 1.756
𝑆𝐺𝑁1 −1.049 −2.921 0.864
𝑊𝑆𝐺𝑁1 −0.695 −2.600 1.261
𝑊𝑁2 0.044 −0.132 0.216
𝑆𝑁2 −0.439 −1.454 0.580
𝐺𝑁2 0.284 −1.001 1.582
𝑊𝑆𝑁2 0.014 −1.632 1.633
𝑊𝐺𝑁2 0.419 −1.266 2.084
𝑆𝐺𝑁2 −0.208 −2.123 1.678
𝑊𝑆𝐺𝑁2 −0.147 −2.082 1.796
𝑊𝑁1𝑁2 0.028 −0.148 0.209
𝑆𝑁1𝑁2 0.015 −1.022 1.052
𝐺𝑁1𝑁2 0.266 −1.024 1.527
𝑊𝑆𝑁1𝑁2 −0.592 −2.277 1.036
𝑊𝐺𝑁1𝑁2 −0.004 −1.685 1.610
𝑆𝐺𝑁1𝑁2 0.353 −1.543 2.263
𝑊𝑆𝐺𝑁1𝑁2 0.207 −1.711 2.145
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