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SPACE-TIME BLOCK PRECONDITIONING FOR1

INCOMPRESSIBLE FLOW �2

FEDERICO DANIELI y , BEN S. SOUTHWORTH z , AND ANDREW J. WATHEN y3

Abstract. Parallel-in-time methods have become increasingly popular in the simulation of time-4
dependent numerical PDEs, allowing for the e�cient use of additional MPI processes when spatial5
parallelism saturates. Most methods treat the solution and parallelism in space and time separately.6
In contrast, all-at-once methods solve the full space-time system directly, largely treating time as7
simply another spatial dimension. All-at-once methods o�er a number of bene�ts over separate8
treatment of space and time, most notably signi�cantly increased parallelism and faster time-to-9
solution (when applicable). However, the development of fast, scalable all-at-once methods has10
largely been limited to time-dependent (advection-)di�usion problems. This paper introduces the11
concept of space-time block preconditioning for the all-at-once solution of incompressible 
ow. By12
extending well-known concepts of spatial block preconditioning to the space-time setting, we develop13
a block preconditioner whose application requires the solution of a space-time (advection-)di�usion14
equation in the velocity block, coupled with a pressure Schur complement approximation consisting of15
independent spatial solves at each time-step, and a space-time matrix-vector multiplication. The new16
method is tested on four classical models in incompressible 
ow. Results indicate perfect scalability17
in re�nement of spatial and temporal mesh spacing, perfect scalability in nonlinear Picard iterations18
count when applied to a nonlinear Navier-Stokes problem, and minimal overhead in terms of number19
of preconditioner applications compared with sequential time-stepping.20

Key words. Parallel-in-time integration, block preconditioning, incompressible 
ow, �nite ele-21
ment methods22

AMS subject classi�cations. 65F08, 65Y05, 76D07, 65M6023

1. Introduction. Parallel-in-Time (PinT) algorithms have received signi�cant24

attention in recent years because of their potential to expose further concurrency in25

the numerical solution of partial di�erential equations (PDEs). At some number of26

MPI processes, traditional (sequential) time-stepping methods that rely on spatial27

parallelism reach saturation, that is, further increasing the number of MPI processes28

no longer reduces the total time to solution. Due to the increasing number of pro-29

cessors available for computation, it is then desirable to also utilise parallelism in30

the temporal dimension. One of the original PinT algorithms is Parareal [14, 21],31

introduced by Lions, Maday, and Turinici in 2001, which is essentially a two-level32

multigrid method in time. Since then, a wide range of approaches for PinT have been33

developed. For a complete overview of PinT algorithms, we point to the review by34

Gander [11]. Broadly, we will split time-parallelisation techniques into two categories:35

(i) PinT methods (excusing the slight abuse of terminology), which treat the tempo-36

ral dimension and its parallelisation separately from the spatial dimensions, and (ii)37

all-at-once methods, which treat time and spacetogether, and achieve parallelisation38

by solving the full monolithic system representing the space-time discretisation of a39

time-dependent PDE.40
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2 F. DANIELI, B. S. SOUTHWORTH, AND A. J. WATHEN

A variety of all-at-once methods have been proposed [12, 13, 15, 22, 25]. Some of41

the most successful ones (particularly for the heat equation) are rooted on multigrid42

techniques, and directly apply geometric multigrid (GMG) or algebraic multigrid43

(AMG) to full space-time linear systems [9,17,37]. Such an approach naturally allows44

for adaptive mesh re�nement in both space and time [37], and has shown to o�er45

signi�cantly more parallelism and faster time-to-solution [9] compared with PinT46

methods that treat space and time separately such as Parareal and multigrid reduction47

in time (MGRIT) [8]. While in general multigrid approaches have been successful for48

the space-time parallelisation of single-variable (advection-)di�usion equations, to our49

knowledge no multigrid methods have been developed and proven e�ective on systems50

of PDEs in space and time. Indeed, e�ectively handling at the same time both the51

complications introduced by inter-variable coupling in systems of PDEs, as well as52

the purely advective term in one dimension representing a time derivative, is beyond53

the capabilities of the current state-of-the-art.54

Flow problems are a particularly appealing target for time-parallelisation because55

of their long time dynamics and the high computational cost typically associated with56

their solution. See [42] for a discussion on the need for time parallelism in numerical57


uid dynamics on emerging architectures. In this paper, we focus on incompressible58


ow. Parareal has been applied to incompressible 
ows in a number of works, e.g.,59

[3,10,27,40,41], which have generally shown successful results. Save for few exceptions,60

in most of the articles listed above the treatment of space and time is still kept61

separate, and one does not get the same bene�ts that can arise from a true all-at-once62

approach. A number of papers have also considered the all-at-oncediscretisation of63

incompressible 
ow using space-time �nite elements (for example, see [31, 32]), but64

to our knowledge, none of these papers have developed e�cient, parallel methods for65

the all-at-once solution of such space-time discretisations.66

In this paper, we take a new approach and develop aspace-time block precondi-67

tioner for the all-at-once solution of incompressible 
ow. Applying our preconditioner68

requires solving a space-time advection-di�usion equation involving only the veloc-69

ity variable, and inverting an approximate space-time pressure Schur complement.70

The latter relies on the solution of a pressure Laplacian and mass matrix at each71

time-step; these are independent for each time instant, which makes this procedure72

naturally parallel in time. For the former, there already exist e�cient methods for73

the time-parallel solution of single-variable advection-di�usion equations, and their74

development remains more tractable than for the fully-coupled space-time system.75

The block separation introduced by our preconditioner allows for great freedom in76

the choice of the solver for the velocity block, and it makes it straightforward to ap-77

ply, e.g., space-time multigrid as in [9,17,37]. The proposed method takes motivation78

from well-developed spatial block preconditioning techniques used in sequential time-79

stepping or steady-state problems [5]. The development of many such methods is80

based on a commuting argument involving some spatial operators, which then allows81

one to �nd an e�ective approximation of the Schur complement. Noting that formally82

(that is, without boundary conditions) spatial and temporal derivatives commute, we83

claim that similar principles can be generalised to the space-time setting, where an84

additional time derivative is present. Indeed, in section 3, our preconditioner is de-85

rived using multiple di�erent frameworks that can be seen as natural extensions from86

the spatial block preconditioning setting.87

Similar in spirit to this paper is the approach described in [39], where the authors88

propose a preconditioner for a time-dependent optimal control problem, exploiting89

the block structure of the system at the space-time level. However, to our knowledge,90

This manuscript is for review purposes only.



SPACE-TIME BLOCK PRECONDITIONING FOR INCOMPRESSIBLE FLOW 3

similar concepts have not been applied before for the purpose of time-parallelisation.91

Moreover, while our focus in this manuscript is incompressible 
ow, we believe the92

underlying principle of space-time block preconditioning can be extended to other93

systems of PDEs for which e�ective spatial block preconditioners have been developed94

for the single time-step case (or for its stationary counterpart).95

The content of this article is as follows. Section 2 introduces our target prob-96

lem, together with notation that will be used throughout the paper. A derivation97

of the space-time block preconditioner representing our main contribution is given98

in section 3, together with multiple theoretical justi�cations. In section 4 we inves-99

tigate the e�ectiveness of the proposed preconditioner, testing its performance on100

four classical models in incompressible 
ow. Results indicate perfect scalability in101

re�nement of spatial and temporal mesh spacing, perfect scalability in nonlinear Pi-102

card iteration count when applied to a nonlinear Navier-Stokes problem, and minimal103

overhead in terms of number of preconditioner applications compared with sequential104

time-stepping. Section 5 summarises our �ndings and discusses directions for future105

work.106

2. Problem de�nition and discretisation. This section introduces notation107

that is used throughout the manuscript. Here we describe a time-dependent version108

of the Oseen equations, as well as the discrete operators arising from its �nite element109

discretisation.110

Our target system is111

(2.1)

8
>><

>>:

@u
@t

(x ; t) + ( w (x ; t) � r )u (x ; t)

� � r 2u(x ; t) + r p(x ; t) = f (x ; t)

r � u (x ; t) = 0

in 
 � (T0; T ];112

de�ned on a spatial domain 
 � Rd. Its unknowns are the d-dimensional vector �eld113

u(x ; t), and the scalar �eld p(x ; t), representing velocity and pressure, respectively;114

� is the viscosity coe�cient, which we consider constant on 
. The vector function115

f (x ; t) is a given forcing term, while w (x ; t) represents a givend-dimensional advec-116

tion �eld. The special case wherew(x ; t) � 0 gives rise to a time-dependent version117

of Stokes equations:118

(2.2)

8
<

:

@u
@t

(x ; t) � � r 2u(x ; t) + r p(x ; t) = f (x ; t)

r � u (x ; t) = 0
in 
 � (T0; T ]:119

While most of the analysis conducted in this paper considers the more general problem120

(2.1), we will at times refer to (2.2) for some simpli�cations. Conversely, by intro-121

ducing the nonlinearity w (x ; t) � u (x ; t) we produce the Navier-Stokes equations for122

incompressible 
ow123

(2.3)

8
>><

>>:

@u
@t

(x ; t) + ( u (x ; t) � r )u (x ; t)

� � r 2u(x ; t) + r p(x ; t) = f (x ; t)

r � u (x ; t) = 0

in 
 � (T0; T ]:124

The Oseen system can then be interpreted as a linearisation of Navier-Stokes, implying125

that the analysis conducted here can be extended to more general frameworks: this126

is addressed more in detail in subsection 4.3.127

This manuscript is for review purposes only.



4 F. DANIELI, B. S. SOUTHWORTH, AND A. J. WATHEN

In order to provide closure to the de�nition of the initial-boundary value problem,128

we also equip (2.1) with an initial condition129

(2.4) u (x ; T0) = �u 0(x ) on 
 ;130

and appropriate boundary conditions (BC)131

(2.5)
u (x ; t) = u D (s; t) on � D � (T0; T ]; and

� r u (s; t) n (s) � p(s; t) n (s) = g(s; t) on � N � (T0; T ];
132

where we split the boundary @
 into its Dirichlet and Neumann parts, respectively,133

with @
 = � D [ � N and � D \ � N = ? . In (2.5), n (s) 2 Rd represents the outward-134

pointing normal to the boundary, while u D (s; t), g(s; t), and �u 0(x ) are some known135

functions.136

At any given instant t 2 [T0; T ], the velocity unknown lives in the functional137

space [30, Chap. 2.4.2]138

(2.6) u (�; t) 2 V (
) �
�
H 1

� D
(
)

� d
;139

including the Dirichlet condition in the form of u D , while for the pressure we have140

(2.7)

p(�; t) 2 Q(
) � L 2(
) ; or Q(
) � L 2
0(
) =

�
q(x ) 2 L 2(
) :

Z



q(x ) dx = 0

�
;141

where the zero-mean valued counterpart,L 2
0(
), is chosen if Dirichlet boundary con-142

ditions are imposed everywhere on the boundary of the domain, �D � @
. In either143

case, having introduced (2.6) and (2.7), we can provide the weak formulation [30,144

Chap. 17.2] of (2.1): we seeku(x ; t) and p(x ; t) such that145

(2.8)

8
>>>><

>>>>:

@
@t

hu; v i + � hr u ; r v i

+ h(w � r )u ; v i � h p; r � v i = hf ; v i +
Z

� N

g � v 8v(x ) 2 V (
)

� h q;r � u i = 0 8q(x ) 2 Q(
)

;146

for each instant t 2 (T0; T ], whereha(x ); b(x )i =
R


 a(x ) � b(x ) dx denotes the spatial147

scalar product (notice we dropped the variables' dependence onx and t in order to148

contract notation).149

Space-time discretisation. The temporal derivative in (2.8) is discretised using150

implicit Euler. To this end, we introduce a uniformly-spaced grid, f tk g, over the151

temporal domain, where152

(2.9) tk = T0 + k� t; with � t = ( T � T0)=Nt and k = 0 ; : : : ; N t ;153

at whose nodes we seek to recover our numerical solution. Following a �nite element154

approach [30, Chap. 4] [5, Chap. 10], we discretise (2.8) in space by introducing a tri-155

angularisation of 
 of characteristic length � x, on which we build �nite-dimensional156

approximations to both V (
) and Q(
), named Vh (
) and Qh (
). These are identi-157

�ed by their basis functions158

Vh (
) := spanf � 0(x ); : : : ; � N u � 1(x )g; and(2.10a)159

Qh (
) := spanf  0(x ); : : : ;  N p � 1(x )g;(2.10b)160161

This manuscript is for review purposes only.



SPACE-TIME BLOCK PRECONDITIONING FOR INCOMPRESSIBLE FLOW 5

with Nu and Np being the number of degrees of freedom associated with the velocity162

and pressure variables, respectively, so that vectorsv 2 RN u and q 2 RN p correspond163

to functions in Vh (
) and Qh (
) via164

(2.11) v(x ) =
N v � 1X

j =0

[v ]j � j (x ) and q(x ) =
N p � 1X

j =0

[q]j  j (x );165

respectively. In the remainder of the manuscript, we will refer somewhat interchange-166

ably to functions in our discrete spaces and their vector representations according167

to the bases (2.10). With this, we can assemble the Galerkin matrices, namely the168

discrete counterparts of the bilinear forms appearing in (2.8). In particular, we de�ne169

the mass and sti�ness matrices for the velocity variable, respectively,170

[M u ]N u � 1
m;n =0 :=

Z



� m (x ) � � n (x ) dx and(2.12a)171

[A u ]N u � 1
m;n =0 :=

Z



r � m (x ) : r � n (x ) dx ;(2.12b)172

173

the discrete (negative) divergence matrix, responsible for the coupling between veloc-174

ity and pressure,175

(2.13) [B]N p � 1;N u � 1
m;n =0 := �

Z



 m (x )r � � n (x ) dx ;176

and discretisations of the advection operator for each temporal instanttk in (2.9):177

(2.14) [Wu ;k ]N u � 1
m;n =0 :=

Z



((w (x ; tk ) � r ) � n (x )) � � m (x ) dx :178

Combining spatial and temporal discretisations gives rise to the following discrete179

linear system approximating (2.8):180

(2.15)( 1
� t

M u
�
u k � u k � 1�

+ � A u u k + Wu ;k u k + BT pk = f k

Bu k = 0
; k = 1 ; : : : N t ;181

where0 is an all-zero vector of sizeNp. Here,
�
u k

�
j and

�
pk

�
j represent the coe�cients182

corresponding to the j -th basis function for the velocity and pressure variables in183

(2.10a) and (2.10b), respectively, evaluated at thek-th temporal instant; analogously,184

[f k ]j identi�es the L 2-projection of the right-hand side of (2.8) on the j -th basis185

function for Vh (
), at the instant tk :186

(2.16) [f k ]j :=
Z



f (x ; tk ) � � j (x ) dx +

Z

� N

g(s; tk ) � � j (s) ds:187

We now have all the ingredients necessary to assemble the monolithic space-time188

system corresponding to (2.15). To simplify notation, we introduce the operators189

(2.17) Fu ;k :=
M u

� t
+ Wu ;k + � A u ; k = 1 ; : : : N t :190

This manuscript is for review purposes only.



6 F. DANIELI, B. S. SOUTHWORTH, AND A. J. WATHEN

We can then arrange all the equations of (2.15) in a single block matrix, as191

(2.18)

Fu ;1 BT

B

M u
� t

. . .

. . . Fu ;N t BT

B

2

6
6
6
6
6
6
6
6
6
6
6
6
4

3

7
7
7
7
7
7
7
7
7
7
7
7
5

u 1

p1

...

u N t

pN t

2

6
6
6
6
6
6
6
6
6
6
6
4

3

7
7
7
7
7
7
7
7
7
7
7
5

=

f 1

0
...

f N t

0

2

6
6
6
6
6
6
6
6
6
6
6
4

3

7
7
7
7
7
7
7
7
7
7
7
5

;192

where, with a slight abuse of notation, we re-de�nef 1 from (2.16) in order to include193

the initial condition (2.4),194

(2.19)
�
f 1�

j
:=

Z




�
f (x ; t1) +

1
� t

�u 0(x )
�

� � j (x ) dx +
Z

� N

g(s; tk ) � � j (s) ds:195

Notice that the system in (2.18) is of the block lower-triangular structure typical196

of space-time discretisations [8, 14]; moreover, since we use aone-step method to197

approximate the time derivative, the system is made oftwo block diagonals, with the198

2 � 2 blocks composing them highlighted in (2.18). Usually, the solution to (2.15) is199

recovered via a time-stepping routine, which corresponds to solving (2.18) directly via200

(block) forward substitution. There are several methods to accelerate this procedure,201

mostly focusing on accelerating the inversion of the main diagonal blocks202

(2.20) A k :=
�

Fu ;k BT

B

�
; k = 1 ; : : : ; N t ;203

by designing an optimal preconditioner (see for example [30, Chap. 17.8], or [5,204

Chap. 4] for an overview). The pressure convection-di�usion (PCD) preconditioner205

is one of the most successful among these [36], preconditioning the block structure of206

(2.20) by �nding an accurate and computable approximation to the pressure Schur207

complement. Our work stems from the same principles as PCD, but considers the208

whole space-time system (2.18), rather than just the spatial diagonal blocks (2.20).209

Motivation and derivation of our preconditioner are described in the following section.210

3. Space-time block-preconditioning. Rather than inverting (2.18) using se-211

quential time-stepping (i.e., forward substitution), here we tackle the solution of the212

full space-time system (2.18) all at once by using preconditioned GMRES [35], with213

an appropriate space-time block preconditioner. In particular, we focus on developing214

a preconditioner that treats space and time together and in parallel, which may yield215

faster time-to-solution than block forward substitution when su�cient processors are216

available. In the remainder of this section, we show how we can e�ectively build217

on concepts developed in the study of the single time-step matrix (2.20) to design218

preconditioners that are e�ective in the full space-time setting.219

To develop our preconditioner, we start by reordering the space-time operator in220

This manuscript is for review purposes only.



SPACE-TIME BLOCK PRECONDITIONING FOR INCOMPRESSIBLE FLOW 7

(2.18) to take the form221

(3.1)

Fu ;1 BT

� M u
� t

. . .
. . .

. . . Fu ;N t BT

B

.. .

B

2

6
6
6
6
6
6
6
6
6
6
6
6
4

3

7
7
7
7
7
7
7
7
7
7
7
7
5

u 1

...

u N t

p1

...
pN t

2

6
6
6
6
6
6
6
6
6
6
6
4

3

7
7
7
7
7
7
7
7
7
7
7
5

=

f 1

...

f N t

0
...
0

2

6
6
6
6
6
6
6
6
6
6
6
4

3

7
7
7
7
7
7
7
7
7
7
7
5

:222

This rearrangement favours a separation of variables based on the physical unknown223

they refer to, rather than on the individual time-steps. We further denote the blocks224

composing (3.1) by225

(3.2) Fu :=

2

6
6
4

Fu ;1

� M u
� t

. . .

. . . Fu ;N t

3

7
7
5 ; and B := diag

N t

(B);226

where diagN (� ) denotes a block diagonal matrix with N blocks containing (� ). As227

in the single time-step case [5, Chap. 9.2], we exploit the block structure of (3.1),228

and look for a right preconditioner for GMRES in the following block upper triangular229

form:230

(3.3) PT :=
�

Fu B T

� X

�
() P � 1

T :=
�

F � 1
u F � 1

u B T X � 1

� X � 1

�
;231

where X approximates the space-time pressure Schur complement232

(3.4) X � Sp := BF � 1
u B T :233

Convergence of GMRES applied to the full space-time system and preconditioned234

by P � 1
T is then exactly de�ned by convergence of GMRES applied to the Schur-235

complement problem, preconditioned byX � 1 [38].236

The key advantage of the reordering in (3.1) and the block preconditioning dis-237

cussed above is that we have e�ectively decoupled the imposition of the Lagrangian238

constraint from the solution of the PDE. Applying the preconditioner then requires239

inverting Fu (that is, time-integrating the velocity �eld), and applying an approxi-240

mate Schur complement inverse (3.4). The former represents the discretisation of a241

single-variable parabolic PDE, which is much simpler to solve in parallel in space-242

time than the fully-coupled system (3.1); indeed parallel-in-time and -space-time al-243

gorithms have shown to behave well on such problems [9,37]. Moreover, we claim that244

the pressure Schur complement (3.4) can naturally be approximated in a time-parallel245

fashion. To derive such an approximation, we follow two approaches which have been246

inspirational in designing e�cient preconditioners for the single time-step case.247

Remark 3.1. One could also consider a block diagonal preconditioner, but due to248

the nonsymmetry of (3.2) and (3.4), MINRES [28] cannot be applied, thus negating249

one of the primary bene�ts of using a preconditioner in this form. With GMRES,250

block diagonal preconditioners are typically expected to require twice as many iter-251

ations [38] as block triangular ones, and in this case o�er only a marginal reduction252
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8 F. DANIELI, B. S. SOUTHWORTH, AND A. J. WATHEN

in computational cost. Block lower triangular preconditioning is another option, but253

numerical tests (not included here) have favoured using an upper triangular precondi-254

tioner. The latter is also more suited for right-preconditioning [38], which is required255

by 
exible GMRES [34] (and 
exible Krylov methods are necessary if we use an inner256

Krylov method to approximately invert Fu ). For these reasons,PT (3.3) remains our257

preconditioner of choice.258

3.1. Small commutator approach. In [36], an e�ective preconditioning strat-259

egy for (2.20) is recovered by starting from an assumption on the commuting of260

certain operators. Although our Schur complement (3.4) di�ers from the case con-261

sidered there, as it involves a time-derivative, we can still follow a similar line of262

reasoning. Let us begin by characterising our space-time Schur complement in more263

detail. Firstly, we can explicitly write F � 1
u in the following form:1264

(3.5) F � 1
u =

2

6
6
6
6
4

F � 1
u ;1

F � 1
u ;2

� M u
� t F � 1

u ;1

�
F � 1

u ;2

F � 1
u ;3

� M u
� t F � 1

u ;2
M u
� t F � 1

u ;1

�
F � 1

u ;3

� M u
� t F � 1

u ;2

� . . .
...

. . .
. . .

3

7
7
7
7
5

:265

Multiplying on the left and right by the block diagonal matrices B and B T , respec-266

tively, results in inner operators (i.e., blocks) of the form267

(3.6) BF � 1
u ;k

 
jY

i =1

�
M u

� t
F � 1

u ;k � i

� !

BT ; with
�

k = 1 ; : : : ; N t

j = 0 ; : : : ; k � 1
;268

where the product is assumed to expand towards the right, i.e.,
Q k

i =0 ai = a0
Q k

i =1 ai ,269

and returns identity if the subscript is larger than the superscript. We seek to ad-270

equately approximate the operators appearing in (3.6): to do so, we follow [36] as271

well as [5, Chap. 9.2], and make the assumption that the reaction-advection-di�usion272

operator and the gradient operator approximately commute, that is:273

(3.7) r
�

I
� t

+ ( w (x ; t) � r ) � � r 2
�

�
�

I
� t

+ ( w (x ; t) � r ) � � r 2
�

r � 0:274

Notice that the \reaction" term stems from the presence of the temporal derivative,275

and is mimicked by the scaled identity operatorI =� t, which automatically commutes276

with the gradient operator. To provide a discrete analogous of (3.7), let us de�ne, for277

eachFu ;k in (2.17), an equivalent reaction-advection-di�usion operator acting on the278

pressure �eld:279

Fp;k :=
M p

� t
+ Wp;k + � A p; k = 1 ; : : : ; N t ;(3.8)280

1 If we were solving the time-dependent Stokes equations (that is, if w (x ; t ) � 0), the structure of
(3.5) would be further simpli�ed, as Fu would be block Toeplitz; the presence of a time-dependent
advection �eld, instead, causes the main diagonal block to vary down the diagonal. A similar
disruption would be caused by using a non-uniform temporal grid when discretising Stokes: in that
context, the di�erence between the blocks down the same diagonal is given by the factor � tk by
which we divide the mass matrix. A similar analysis as the one reported here can be applied to that
case as well.
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where M p, A p, and Wp;k play the same role as the mass, sti�ness, and advection281

matrices ((2.12a), (2.12b), and (2.14)), but for the pressure variable, namely282

[M p]N p � 1
m;n =0 :=

Z



 m (x ) n (x ) dx ;(3.9a)283

[A p]N p � 1
m;n =0 :=

Z



r  m (x ) � r  n (x ) dx ; and(3.9b)284

[Wp;k ]N p � 1
m;n =0 :=

Z



(w (x ; tk ) � r )  n (x ) m (x ) dx ; for k = 1 ; : : : ; N t :(3.9c)285

286

More details on how to assemble these operators are provided in subsection 3.1.2.287

Translating the commutation assumption to the discrete form introduced in section 2,288

we have289

(3.10)
�
M � 1

u BT � �
M � 1

p Fp;j
�

�
�
M � 1

u Fu ;j
� �

M � 1
u BT �

� 0290

for each j = 1 ; : : : ; N t . Here, re-scaling by the corresponding mass matrices is neces-291

sary, since the Galerkin operators have the e�ect of mapping functions tofunctionals,292

integrating over the whole spatial domain.293

To get closer to our desired operators (3.6), we left-multiply (3.10) byF � 1
u ;j M u294

and right-multiply by F � 1
p;j M p, thus obtaining295

(3.11) F � 1
u ;j BT � M � 1

u BT F � 1
p;j M p:296

Continuing to left-multiply by F � 1
u ;j + i

M u
� t , increasingi until we reach j + i = k, using297

(3.11) for eachj + i , and �nally left-multiplying by B, gives us298

F � 1
u ;j +1

�
M u

� t
F � 1

u ;j

�
BT �

F � 1
u ;j +1

� t
BT

| {z }
�M � 1

u BT F � 1
p;j +1

M p
� t

F � 1
p;j M p

=) BF � 1
u ;k

0

@
k � 1Y

i = j

�
M u

� t
F � 1

u ;i

�
1

A BT � BM � 1
u BT F � 1

p;k

0

@
k � 1Y

i = j

�
M p

� t
F � 1

p;i

�
1

A M p;

(3.12)

299

for any desired indexk = 1 ; : : : ; N t . This produces an approximation for each of the300

operators in (3.6), and consequently identi�es the following candidate for a reasonable301

approximation of the whole space-time pressure Schur complement (3.4):302

(3.13)

X := diag
N t

(BM � 1
u BT )

2

6
6
6
6
6
6
4

F � 1
p;1

F � 1
p;2

�
M p

� t F � 1
p;1

�
F � 1

p;2

F � 1
p;3

�
M p

� t F � 1
p;2

M p

� t F � 1
p;1

�
F � 1

p;3

�
M p

� t F � 1
p;2

� . . .

...
. . .

. . .

3

7
7
7
7
7
7
5

diag
N t

(M p):303

The expression above can be simpli�ed by noticing that the central matrix shares304

the same structure as (3.5). In fact, it is exactly the inverse of the block bi-diagonal305

matrix306

(3.14) Fp :=

2

6
6
4

Fp;1

� M p

� t

. . .

. . . Fp;N t

3

7
7
5 ;307
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10 F. DANIELI, B. S. SOUTHWORTH, AND A. J. WATHEN

which can be interpreted as a system stemming from the implicit Euler discretisation308

of a time-dependent PDE, just like its velocity counterpart (3.2). Moreover, by making309

use of the discrete inf-sup condition, it has been shown [5, Chap. 3.5] that the operator310

BM � 1
u BT in (3.13) is spectrally equivalent to a discrete Laplacian operator acting on311

the pressure �eld. In principle, this operator can di�er from the one appearing in312

(3.8), hence we denote it as313

(3.15) ~A p � BM � 1
u BT ;314

and delay a more in-depth discussion on its de�nition to subsection 3.1.2. Further-315

more, to simplify notation, we de�ne the following block diagonal matrices316

(3.16) M p := diag
N t

(M p) and Ap := diag
N t

�
~A p

�
;317

which ultimately allows us to write our approximation to the space-time pressure318

Schur complement (3.13) as319

(3.17) X := ApF � 1
p M p () X � 1 := M � 1

p FpA � 1
p :320

We point out that the derivation in this section has been outlined with the pur-321

pose of drawing a connection with the commuting assumption typically made in the322

design of Schur complement approximations for the steady-state or time-stepping323

frameworks. An analogous approximation can be derived by directly considering the324

commutator between the gradient and the whole parabolic operator,325

(3.18) r
�

@
@t

+ ( w(x ; t) � r ) � � r 2
�

�
�

@
@t

+ ( w(x ; t) � r ) � � r 2
�

r � 0;326

(which is equivalent to (3.7), given how temporal and spatial derivatives automatically327

commute). In fact, its discrete counterpart is given by328

(3.19) (M � 1
u B T )(M � 1

p Fp) � (M � 1
u Fu )(M � 1

u B T ) � 0;329

with M u := diag N t
(M u ). Left-multiplying by BF � 1

u M u and right-multiplying by330

F � 1
p M p, we recover331

(3.20) BF � 1
u B T � BM � 1

u B T F � 1
p M p;332

which de�nes our approximate space-time pressure Schur complement (3.13).333

Remark 3.2. The most recent edition of [5] proposes to consider the commutator334

between the discretedivergence (rather than gradient) operator, and the reaction-335

advection-di�usion operator. The pressure Schur complement approximation stem-336

ming from this choice is very similar to (3.17), but with M p and Ap swapped. As such,337

its application cost is virtually the same, and preliminary numerical experiments did338

not provide signi�cant improvements over (3.17) in terms of convergence. Moreover,339

the form (3.17) is more prone to simpli�cations similar to the one illustrated in (3.25)340

when solving Oseen equations, which is why we consider the gradient commutator341

(3.17) for the remainder of this paper.342
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3.1.1. Comparison with single time-step case. As brie
y remarked at the343

end of section 2, the PCD preconditioner [36] which is used for the acceleration of the344

solution for the single time-step system (2.20), and which largely motivates our work,345

for each instant k is given by346

(3.21) PT;k :=
�

Fu ;k BT

�X k

�
() P � 1

T;k :=
�

F � 1
u ;k F � 1

u ;k BT X � 1
k

�X � 1
k

�
;347

where the single time-step pressure Schur complement,Sp;k := BF � 1
u ;k BT , is approxi-348

mated as349

(3.22)
Sp;k � X k := ~A pF � 1

p;k M p () X � 1
k := M � 1

p Fp;k ~A � 1
p ; with k = 1 ; : : : ; N t ;350

rendering it strikingly similar to (3.17). The total computational cost associated with351

applying the pressure Schur complement approximation (3.22) at each time-step is352

analogous to that of its space-time counterpart; moreover, the application of (3.17)353

can be conducted in parallel over time naturally. We can convince ourselves of this354

by considering the block-diagonal structure of the matrices in (3.17): applying the355

inverses ofAp and M p requires solving N t independent systems involving ~A p and356

M p, similarly to applying (3.22) for each of the N t time-steps. The sole overhead357

with respect to sequential time-stepping comes from thebi-diagonal structure of Fp:358

the o�-diagonal coupling between one time-step and the next must be accounted for359

for each application of the space-time preconditioner, rather than once per time-step.360

This extra cost is however negligible compared to the other operations. In terms of361

set-up cost, the single time-step preconditioner is cheaper when solving Stokes. In362

this case, in fact, the relevant operators in (3.21) are constant for each time-step,363

and they can hence be assembled once and for all and reused throughout the time-364

stepping procedure. Conversely, in the space-time setting, to ensure that the applica-365

tion of PT can be done in parallel, each processor should assemble its own operators366

(at least in principle), thus e�ectively multiplying the total set-up cost by N t . Even367

the assembly operations, however, can be conducted in parallel among the proces-368

sors. Moreover, this advantage is largely lost when considering time-dependent Oseen369

or Navier-Stokes, as di�erent convection-di�usion operators and the corresponding370

preconditioners must be assembled for each time-step or nonlinear iteration.371

In light of these considerations, we conclude that the di�erence in performance372

between using (3.21) at each time-step, and tackling the whole space-time system373

at once with (3.3), is given by two factors: (i) the di�erence in the total number of374

GMRES iterations to convergence using the space-time block preconditioner (3.3),375

which we denote with N ST
it , and the average number of GMRES iterations to conver-376

gence per time-step using (3.21), identi�ed byN 0
it ; and (ii) the computational time377

associated with inverting the velocity spatial operator Fu ;k at each time-step versus378

inverting the whole space-time velocity blockFu . We denote the latter asCFu , while379

for the former we consider an average ofCF u per time-step, so that the total time is380

given by CF u � N t . We expect our approach to be competitive if381

(3.23)
N ST

it

N 0
it

CFu < C F u N t :382

The ratio N ST
it =N0

it de�nes the overhead cost of the all-at-once approach in terms of383

the total number of preconditioner applications. Numerical results in subsection 4.4384

indicate that this ratio is between 1 and 2 for most cases, in some extreme settings385
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increasing to 3. Thus, the overhead in performing all-at-once block preconditioning in386

the space-time setting is quite marginal compared to standard spatial precondition-387

ing in sequential time-stepping. The e�ciency of our approach then directly depends388

on the speed-up that can be obtained when solving a vector-based time-dependent389

(advection-)di�usion problem using PinT or all-at-once techniques. Moreover, with a390

su�ciently large number of MPI processes available, PinT and all-at-once solutions391

to space-time (advection-)di�usion problems have shown signi�cant speed-ups over392

sequential time-stepping. For instance, one example in [9] demonstrated as large as393

a 325� speed-up using the all-at-once multigrid solution of space-time di�usion over394

sequential time-stepping. Thus, coupling with the space-time block preconditioning395

approach developed here, we expect a time-dependent Stokes problem with a compa-396

rable problem size in space and time and the same number of MPI processes to lead397

to a speed-up between� 100-300� over sequential time-stepping.398

3.1.2. De�ning the pressure operators. One issue associated with the def-399

inition of the pressure reaction{advection-di�usion operator (3.8) and the pressure400

Laplacian (3.15) involves the choice of BC to impose on said operators. In [6] and [5,401

Chap. 9.2.2], it is suggested thatFp;k should be assembled as if Robin BC,402

(3.24) � r p(s; t) n (s) � (w (s; t) � n (s)) p(s; t) = 0 ;403

were imposed everywhere, while~A p should have Dirichlet BC on the out
ow boundary404

(that is, on s 2 @
 : u (s)�n (s) > 0), and Neumann BC everywhere else. In particular,405

this choice implies that A p in (3.8) might di�er from ~A p. However, prescribing the406

same BC for the assembly of both the pressure reaction-advection-di�usion operator407

and the pressure Laplacian has the advantage of further simplifying (3.17) for the408

Stokes equations (2.2). Under the assumptionA p � ~A p, in fact, this becomes409

(3.25) X � 1 = 
if A p � ~A p

w � 0

!

2

6
6
6
4

A � 1
p

� t + � M � 1
p

�
A � 1

p

� t

. . .

. . .

3

7
7
7
5

:410

In comparison to (3.17), we need to multiply by one fewer operator, and inverting411

M p and A p can be done independently. Notice that a preconditioner in this form412

is reminiscent of the Cahouet-Chabard preconditioner [2]. Keeping performance in413

mind, then, in our code we rather choose to assemble both the pressure Laplacian and414

the pressure reaction-advection-di�usion operator considering homogeneous Dirichlet415

BC at the out
ow of the domain, and homogeneous Neumann BC everywhere else,416

thus mimicking the implementation in the IFISS package [7] (available at [19]). More-417

over, early experiments showed that the two approaches provide comparable results418

in terms of acceleration of convergence for the test-cases considered.419

We also remark that, using the BC prescribed above, (3.9b) becomes singular420

when dealing with fully enclosed Stokes 
ows, for whichu(s) � n (s) = 0, 8s 2 @
.421

In this context, in fact, the operator mimics the action of a Laplacian with Neumann422

BC everywhere on the boundary, whose kernel contains all constant functions. The423

GMRES procedure remains robust also in this case [5, Chap. 9.3.5], but we need to424

ensure that the chosen solver for ~A p can deal with singular matrices.425

Finally, since with (2.7) we only require L 2-regularity in space for the pressure426

variable, the operator (3.9b) might be ill-de�ned, depending on the discretisation427

chosen. A solution to this issue when considering a discontinuous pressure �eld is428

detailed in [5, Chap. 9.2.1].429
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3.2. Green's function approach. Alternatively to the small-commutator ap-430

proach described in subsection 3.1, another heuristic for recovering a good candidate431

preconditioner for the Oseen equations has been proposed in [20]. It is based on432

mapping the operators appearing in (2.1) to Fourier space, �nding the associated433

Green's tensor in Fourier domain, and taking inspiration from its form to recover an434

approximation of the Schur complement. Here we demonstrate that such principles435

can also be extended to the space-time setting, and, in fact, arrive at the same Schur-436

complement approximation as derived in (3.17), providing additional validation for437

our choice of preconditioner.438

We start by arranging the operators appearing in (2.1) in tensor form,439

(3.26)

"
D ' r

r� 0

# "
u (x ; t)

p(x ; t)

#

=

"
f (x ; t)

0

#

;440

where D( � ) denotes the block diagonal operator responsible for applying (� ) to each441

component of a vector inRd, while ' is de�ned as442

(3.27) ' :=
@
@t

+ w � r � � r 2:443

The (tensor) operator associated to (2.1) is then given by444

(3.28) L :=

"
D ' r

r� 0

#

:445

We seek to recover a candidate approximation for the pressure Schur complement446

appearing in our preconditioner (3.3), by following the form of the Green's tensorG447

associated with (3.28), under the assumption of an advection �eld constant over the448

spatial domain (but not necessarily in time), w (x ; t) � w (t). To this purpose, we can449

exploit the fact that the Fourier transform of the Green's tensor Ĝ is given by the450

inverse of the Fourier transform of (3.28), that is, Ĝ = L̂ � 1. The operator equivalent451

to (3.27) in Fourier space is given by452

(3.29) ^' =
@
@t

+ i w � k + � jk j2;453

wherek = [ k0; : : : ; kd� 1]T is the frequency vector, and i represents the imaginary unit;454

consequently, the Fourier equivalent of (3.28) is given by455

(3.30) L̂ =

"
D ^' ik

ik � 0

#

:456

Let �̂ p denote the (2,2) Schur complement in Fourier space,457

(3.31) �̂ p := � ik T D ^' � 1 ik = jk j2 '̂ � 1:458

Then, using the classic formula for inversion of a 2� 2 block operator based on a block459

LDU decomposition, we recover460

Ĝ = L̂ � 1 =

"
D ^' � 1 � D ^' � 1 k �̂ � 1

p k T D ^' � 1 �D ^' � 1 ik �̂ � 1
p

� �̂ � 1
p ik T D ^' � 1 �̂ � 1

p

#

=
�
'̂ jk j2

� � 1

"
D j k j2 � kk T � ik '̂

� ik T '̂ '̂ 2

#

:

(3.32)461
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We focus our attention on the bottom-right block of (3.32). Transforming back from462

Fourier space to physical space, and using the properties of Fourier transforms, namely463

the correspondence of the operatorsjk j2 $ �r 2 and � kk T $ r (r� ), as well as the464

identity r � (r� ) = r (r� ) � r 2, we get an expression for the Green's tensor:465

(3.33) G =

"
(r � (r� ))DG' r 2 (�r )G�r 2

(�r� )DG�r 2 ( @
@t + w � r � � r 2)G�r 2

#

;466

where G�r 2 is the fundamental solution for the negative Laplacian operator, while467

G' r 2 is the fundamental solution for the operator r 2
�

@
@t + w � r � � r 2

�
. Keep-468

ing only the bottom-right block and discarding the rest, we get that the space-time469

pressure Schur complement operator� p satis�es470

(3.34) � � 1
p q �

��
@
@t

+ w � r � � r 2
�

G�r 2

�
� q; 8q 2 Q(
) ;471

and on this we base its approximation. Considering thatG�r 2 � q should represent472

the solution to a (negative) Laplacian de�ned on the pressure space, we can discretise473

it using ~A � 1
p q de�ned in (3.15). Analogously, the space-time operator acting on the474

pressure space can be discretised viaFp � @
@t + w � r � � r 2, introduced in (3.14).475

Altogether, this analysis suggests that a discrete approximation to the space-time476

pressure Schur complementSp should satisfy477

(3.35) S� 1
p � X � 1 := M � 1

p FpA � 1
p ;478

where M p and Ap are de�ned as in (3.16). Note, we re-scale the operator by the479

pressure mass matrix for similar reasons as discussed for (3.10), and as has also been480

applied to the single time-step case in [20]. We can see that the Green's function481

heuristic followed in this section yields the same approximation to the space-time482

pressure Schur complement as found via the small-commutator approach in subsec-483

tion 3.1. This is not necessarily surprising, as both analyses in some sense rely on484

neglecting boundary conditions, but the fact that two approaches provide the same485

approximation (3.35) gives con�dence in the validity of the proposed preconditioner.486

3.3. Eigenvalues clustering. To provide an indication of the e�ectiveness of487

(3.3) as a preconditioner, we investigate how the eigenvalues of the resulting precondi-488

tioned system spread in the complex plane. Although eigenvalues are not necessarily489

indicative of fast convergence for GMRES, particularly for highly nonsymmetric sys-490

tems [16], poor clustering of eigenvalues is likely to yield poor convergence, while491

nicely bounded and clustered eigenvalues is still often indicative of an e�ective pre-492

conditioning procedure.493

We are interested in solving the following generalised eigenvalue problem:494

(3.36)
�

Fu B T

B

� �
u
p

�
= �

�
Fu B T

� X

� �
u
p

�
:495

The system presents� = 1 as a solution with multiplicity Nu ; the remaining ones are496

given by satisfying497

(3.37)
�
X � 1BF � 1

u B T � �I
�

p = 0 :498

From this, it can be seen that the general eigenvalues of (3.36) directly relate to499

the eigenvalues of the matrixX � 1BF � 1
u B T . Substituting our approximation to the500
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space-time pressure Schur complement (3.17), we have that the operator of interest501

becomes502

(3.38) X � 1BF � 1
u B T = M � 1

p FpA � 1
p BF � 1

u B T :503

This matrix is block lower triangular because Fp and F � 1
u are both block lower trian-504

gular and the remaining factors are block diagonal. Thus, to �nd its eigenvalues, we505

just need to recover the eigenvalues of the blocks on the main diagonal. These blocks506

consist of the operators507

(3.39) M � 1
p Fp;k A � 1

p BF � 1
u ;k BT ; with k = 1 ; : : : ; N t :508

Although we were unable to derive a tight theoretical bound on the eigenvalues of509

(3.39), we can demonstrate nice clustering of preconditioned eigenvalues numerically.510

In Figure 1 are shown plots of eigenvalues of (3.39) in the complex plane, for varying511

values of � t, � x, and intensity of the advection �eld w(x ; t) in (2.1) (the latter is512

regulated by the P�eclet number, Pe; see problem 4 for its de�nition). We can see that513

in all cases the eigenvalues are nicely bounded, they remain away from the origin,514

and are largely independent of variations in the discretisation parameters, providing515

semi-rigorous theoretical support for the proposed preconditioner.516

It is worth pointing out that increasing the P�eclet number has the e�ect of push-517

ing some eigenvalues towards 2, and spreading more of them away from the real518

0 0:5 1 1:5 2 2:5

� 0:5

0

0:5

� x � 2� 4

� t = 2 � 3

< (� )

=
(�

)

Pe = 100
Pe = 10
Pe = 0

0 0:5 1 1:5 2 2:5

� 0:5

0

0:5
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=
(�
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�S�2= 100
�S�2= 10
�S�2= 0

0 0:5 1 1:5 2 2:5

� 0:5

0

0:5

� x � 2� 6

� t = 2 � 3

< (� )

=
(�

)

�S�2= 100
�S�2= 10
�S�2= 0

Fig. 1 . Eigenvalue distribution of the operators (3.39), corresponding to problem 4, for varying
values of � t , � x, and P�eclet number, Pe, which represents the intensity of the advection �eld. Here,
Pe denotes the continuous P�eclet number (i.e., not scaled by mesh spacing); see subsection 4.1 for
its de�nition (notice choosing Pe = 0 corresponds to problem 1). The eigenvalues are computed
numerically using the MATLAB function eigs .
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axis. It also makes the distributions more sensitive with respect to the level of re-519

�nement in the spatial discretisation, as can be seen comparing top and bottom plots520

in Figure 1: the dark blue tokens become more orderly distributed as �x decreases.521

These considerations makes us wary of a possible degradation in the performance of522

the preconditioner as advection becomes predominant, an issue that is observed and523

discussed in subsection 4.2.2. In general, however, most of the eigenvalues remain524

clustered inside [0:1; 2] � [� 0:6; 0:6] in the complex plane.525

4. Results. To demonstrate the performance of the preconditioner introduced526

in section 3, we consider its application for the solution of a variety of 
ow con�gu-527

rations. For simplicity, we focus on problems de�ned on 
 � R2, although we point528

out that the applicability of (3.3) is by no means limited to 2D simulations. The529

test-cases hereby proposed have been adapted from problems used extensively in the530

literature (see for example [5, Chap. 3.1 and Chap. 6.1]), and are brie
y described in531

subsection 4.1. The experiments conducted provide evidence for the optimal scalabil-532

ity of (3.3), as well as its potential for speed-up via time-parallelisation. Additionally,533

we investigate simple extensions to more general frameworks, such as the solution of534

nonlinear incompressible 
ow, and its applicability in advection-dominated regimes.535

4.1. Model problems. The �rst three problems described in this section are536

test-cases for the time-dependent Stokes equations (2.2), while the last one is designed537

for Oseen (2.1). They are de�ned as follows.538

Problem 1 Driven cavity 
ow. This represents a fully enclosed 
ow, de�ned on539

a square spatial domainx = ( x; y)T 2 [0; 1]2 =: 
 � . No forcing term is considered,540

and homogeneous Dirichlet BC are imposed on the bottom, left and right sides of the541

domain. To accelerate the 
ow, we prescribe the velocity on the top side542

(4.1) u C (x jy=1 ; t) = 8 tx (1 � x)(2x2 � 2x + 1) :543

This pro�le is regularised so as to smoothly match the BC on the left and right sides.544

Notice that, in order to introduce time-dependency, the velocity is ramped up linearly545

from a quiet state: this is done in the following test-cases as well. An example solution546

for this problem is shown in Figure 2.547

Problem 2 Poiseuille 
ow. Also de�ned on 
 � , this set-up models laminar 
ow548

Fig. 2 . Velocity magnitude and streamlines (left), and pressure contour plot (right) for an
example solution of the driven cavity 
ow problem 1.
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Fig. 3 . Velocity magnitude and streamlines (left), and pressure contour plot (right) for the
analytical solution of the Poiseuille 
ow problem 2.

along a channel, for which the following analytical solution can be recovered:549

(4.2) u P (x ; t) = 4 t
�

y(1 � y)
0

�
; pP (x ; t) = 8(1 � x):550

The forcing term is de�ned so as to counterbalance the time-derivative:f P = 4[y(1�551

y); 0]T . No-slip conditions are included in the top and bottom sides of the channel, and552

a parabolic in
ow pro�le is prescribed at x = 0. At the out
ow x = 1, homogeneous553

Neumann BC are imposed. The analytical solution is plotted in Figure 3.554

Problem 3 Flow over backward-facing step. This is another example of 
ow555

through a channel, except the 
uid undergoes a sudden expansion. The domain is a556

stretched L-shape, 
 L = [0 ; 8]� [0; 1][ [1; 8]� [0; � 1], and the BC imposed are similar557

to those for Poiseuille (the in
ow, where the parabolic velocity pro�le is prescribed, is558

on the sidex = 0). As for problem 1, no forcing term is included; an example solution559

is provided in Figure 4.560

Problem 4 Double-glazing. The set-up for this problem is analogous to that of561

the driven cavity 
ow, except now the e�ect of a recirculating wind is included in the562

system:563

(4.3) w G (x ; t) = 2 t
�

� (2y � 1)(4x2 � 4x + 1)
(2x � 1)(4y2 � 4y + 1)

�
� Pe;564

whose intensity can be adjusted by tweaking the value of the P�eclet number Pe [30,565

Chap. 13.2]. This parameter describes the relative intensity of advective transport566

with respect to di�usive transport, and for a generic advection �eld w(x ; t) it can be567

de�ned as568

(4.4) Pe :=
LU
�

=
L
�

 
1

T � T0

Z T

T0

max
x 2 


w(x ; t) dt

!

;569

where L is a characteristic length of the spatial domain (L = 1 for this problem),570

and U a characteristic speed (considered averaged over the temporal domain). The571

impact that the added advection �eld has on the solution is illustrated in Figure 5.572

For each test-case the temporal domain is given byt 2 [0; 1], and the viscosity573

parameter is �xed to � = 1. The discrete functional spaces are approximated using574
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Fig. 4 . Velocity magnitude and streamlines (top), and pressure contour plot (bottom) for an
example solution of the 
ow over backward-facing step problem 3.

Taylor-Hood �nite elements: P2 for velocity and P1 for pressure [30, Chap. 17.4], both575

de�ned on a triangular mesh. The code developed for our experiments is publicly576

available at the repository [4]. It makes use of the MFEM �nite element package [26]577

for the assembly of the �nite element matrices, and we rely on the PETSc [1] and578

hypre [18] implementations of the various solvers used. Unless otherwise speci�ed, the579

space-time initial guess for the GMRES iterations is null (apart from the Dirichlet580

nodes, where we substitute the given data), although preliminary experiments with581

a random initial guess (uniformly distributed in [ � 1; 1]) show negligible sensitivity of582

the convergence behaviour to this choice.583

Fig. 5 . Velocity magnitude and streamlines (left), and pressure contour plot (right) for an
example solution of the double-glazing 
ow problem 4 with Pe = 10 .
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4.2. Performance of preconditioner. In this section, we conduct a series of584

experiments aimed at measuring the e�ectiveness of the proposed preconditioner (3.3)585

in accelerating GMRES. We chose the total number of iterations to convergence as586

the main measure of performance. The reason behind this preference (rather than,587

for example, computational time), lies in the fact that we believe it provides a more588

indicative metric for assessing the e�cacy of our preconditioning strategy. This is589

in fact less dependent on the details of the actual implementation of the underlying590

solvers, and particularly of the one for the space-time velocity block (3.2), the optimal591

design of which is beyond the purpose of this manuscript: indeed a key point of our592

approach is the 
exibility it provides in choosing such a solver.593

4.2.1. Exact versus approximate solvers. As a �rst experiment, we test594

directly the application of our preconditioner to the solution of the model problems595

introduced in subsection 4.1. We provide two di�erent set-ups for the solvers involved596

in the application of (3.3): an ideal one, in which we make use of exact solvers, in597

order to provide a best-case scenario for the performance of such preconditioner; and598

an approximate case, which instead gives us a measure of the performance degradation599

we can expect by applying iterative solvers instead of exact solvers, which is more600

realistic in practice.601

In more detail, the application of the inverse of (3.3) involves inverting three602

di�erent operators: two of these are associated with the application of the approximate603

space-time Schur complement (3.17), and require inverting the pressure mass matrix604

M p (3.9a), and the pressure \Laplacian" ~A p (3.15); the last one must deal with the605

monolithic space-time matrix for the velocity variable Fu (3.2). In the ideal case, we606

exploit LU solvers for both (3.9a) and (3.15), and a sequential time-stepping procedure607

for (3.2) (the latter further requires inverting the spatial velocity operator Fu ;k (2.17)608

at each time-stepk, for which we also use LU).609

However, resorting to direct methods becomes infeasible when solving systems of610

large size, both in terms of memory and of computations required. Moreover, our611

�nal goal is to actually parallelise in time the solution of the monolithic system. In612

order to do so, we must substitute the time-stepping procedure for the space-time613

velocity block Fu with a parallel alternative. Here, we use GMRES preconditioned614

by nonsymmetric AMG based on approximate ideal restriction (AIR) [23,24], as im-615

plemented in hypre. AIR was designed as a reduction-based classical AMG solver for616

advection-dominated problems, but was shown to be e�ective on advection-di�usion617

problems as well. More recently, AIR was demonstrated as an e�ective algebraic618

solver for space-time �nite element discretisations of advection(-di�usion) [37]. Al-619

though likely not as e�ective as space-time geometric multigrid techniques (e.g., [17])620

for di�usive problems, AIR is likely more robust for advective regimes and also less621

intrusive to apply, as we simply need to form the space-time velocity matrix and pass622

it to hypre. Due to the use of an inner Krylov method, we swap the outer GMRES623

solver with a 
exible -GMRES (FGMRES) solver [34]. The inversions of the pressure624

mass and sti�ness matrices are also approximated: forM p, we apply a �xed number625

of Chebyshev iterations [43], making use of the bounds on its eigenvalues provided626

by [44]; for ~A p, we apply hypre's BoomerAMG [33].627

Results from using direct or approximate solvers are reported side-by-side in Ta-628

ble 1, for ease of comparison. The two cases show a remarkably similar convergence629

behaviour, with the total number of iterations to convergence remaining substan-630

tially unchanged. The only notable disparities are observed for the most complex631

problem 4, likely because the 15 AIR iterations used as an approximate solver for632
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Table 1
Number of GMRES iterations to 10� 10 residual tolerance, when applied to the monolithic space-

time system (3.1) right-preconditioned with P � 1
T (3.3) . Di�erent levels of re�nement are considered

both for the spatial (rows) and temporal meshes (columns). The four sets of results refer to the four
test problems introduced in subsection 4.1 (problem 4 has P�eclet number Pe = 10 ). Results on the
left of each column are recovered using exact solvers, and results on the right of each column (in
brackets) are recovered using approximate iterative solvers (inversion of M p is approximated with
8 Jacobi-preconditioned Chebyshev iterations, inversion of A p is approximated using 15 iterations
of AMG, and the solution of the space-time velocity block Fu is recovered applying 15 iterations of
GMRES preconditioned by AIR). The outer solver in the latter case is FGMRES. Crosses identify
crashing simulations (due to memory requirements becoming too severe).

Pb � t !
� x # 2� 1 2� 2 2� 3 2� 4 2� 5 2� 6 2� 7

1

2� 2 23 (23) 24 (24) 25 (25) 26 (26) 25 (25) 26 (26) 26 (26)
2� 3 22 (22) 22 (22) 23 (23) 24 (26) 24 (26) 24 (24) 25 (25)
2� 4 22 (22) 22 (22) 23 (23) 23 (22) 22 (22) 23 (31) 22 (28)
2� 5 20 (20) 21 (21) 21 (21) 20 (20) 20 (20) 20 (28) 20 (21)
2� 6 19 (19) 19 (19) 19 (18) 19 (19) 19 (18) 19 (19) 20 (20)
2� 7 18 (18) 18 (18) 19 (18) 18 (18) 19 (19) 18 (18) 19 (19)
2� 8 17 (17) 18 (18) 18 (17) 17 (17) 18 (18) 17 (17) 16 (17)

2

2� 2 28 (28) 32 (32) 34 (34) 36 (36) 40 (40) 43 (43) 49 (50)
2� 3 31 (31) 34 (34) 35 (35) 36 (41) 38 (42) 39 (38) 38 (39)
2� 4 30 (30) 32 (32) 33 (33) 34 (34) 34 (36) 35 (49) 35 (44)
2� 5 29 (29) 31 (30) 32 (32) 33 (33) 34 (35) 34 (49) 34 (37)
2� 6 28 (28) 30 (30) 31 (31) 32 (32) 32 (32) 33 (34) 31 (32)
2� 7 27 (27) 29 (28) 30 (30) 30 (30) 30 (30) 29 (30) 29 (30)
2� 8 25 (25) 26 (26) 27 (26) 28 (27) 26 (26) 26 (27) 26 (27)

3

2� 2 33 (34) 35 (40) 37 (42) 38 (38) 42 (42) 46 (46) 53 (55)
2� 3 33 (33) 35 (35) 36 (37) 37 (49) 39 (47) 39 (39) 40 (40)
2� 4 31 (31) 33 (33) 34 (34) 35 (47) 35 (38) 36 (53) 37 (48)
2� 5 30 (30) 32 (32) 33 (33) 34 (34) 34 (35) 36 (53) 35 (39)
2� 6 28 (28) 31 (31) 32 (32) 32 (32) 33 (33) 33 (34) 33 (35)
2� 7 27 (27) 29 (29) 30 (30) 31 (31) 31 (31) 30 (30) 30 (30)
2� 8 25 (26) 27 (27) 28 (28) 28 (28) 28 (28) 26 (27) � (� )

4

2� 2 25 (25) 27 (27) 27 (27) 27 (27) 28 (28) 27 (27) 27 (27)
2� 3 24 (24) 25 (25) 25 (25) 26 (28) 26 (27) 26 (26) 26 (26)
2� 4 24 (24) 25 (25) 25 (25) 25 (26) 24 (25) 24 (31) 23 (28)
2� 5 24 (24) 24 (26) 23 (25) 23 (24) 22 (24) 23 (32) 22 (24)
2� 6 21 (23) 22 (25) 22 (26) 21 (26) 21 (26) 22 (28) 21 (28)
2� 7 20 (24) 21 (26) 21 (28) 20 (28) 21 (31) 21 (32) 20 (33)
2� 8 19 (24) 20 (27) 20 (28) 19 (30) 20 (32) 19 (32) 19 (34)

the space-time velocity block do not provide as accurate of an approximation as for633

problems 1 to 3. Even here, the increase in iterations compared with exact inner634

solves is nicely bounded, remaining below a factor of 2 with respect to the ideal case.635

This shows that the approximate solvers employed can be as e�ective as their direct636

counterparts, and gives an example of an e�ective time-parallel procedure which can637

work well in tandem with the preconditioner proposed.638

To draw a clearer picture of the sensitivity of our space-time block precondition-639

ing procedure to the approximate solution of the velocity block, we analyse more in640

detail how the tolerance of the solver chosen forFu impacts the total number of it-641

erations to convergence for the outer solver. This gives some indication of the target642

accuracy required by the PinT solver for the space-time block preconditioner to still643

be e�ective. From the results shown in Figure 6, it transpires that we can a�ord644

solving the space-time velocity system with a tolerance as lax as� 10� 3, and still645

retain convergence with a reasonably small number of iterations. Remarkably, this646

is in line with the required tolerance for the velocity block solve Fu ;k in the single647
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Fig. 6 . Number of outer FGMRES iterations to convergence for di�erent tolerances of the
inner GMRES solver for the space-time velocity block Fu in (3.3) . The discretisation parameters
are �xed to � x � � t = 2 � 7 for all problems in subsection 4.1. The remaining options for the
solvers involved are the same ones used to �ll the right column in Table 1.

time-step preconditioner (3.21) as observed, for example, in [38].648

We point out that, for the largest problems considered, the relevant systems have649

sizesNu = 526; 338, Np = 66; 049, andN t = 128, for a total number of unknowns of650

(Nu + Np) � N t � 76 � 106; this further increases to Nu = 5 ; 775; 362, Np = 722; 945,651

and N t = 64, totalling � 416�106, for problem 3 (a simulation with � 832�106 degrees652

of freedom crashed due to lack of memory). Compared to the noticeable size of the653

system, the total number of iterations to convergence reported in Table 1 remains654

small, regardless of mesh size and problem type, providing evidence of the optimal655

scalability of the preconditioners proposed. This is further con�rmed by tracking656

more in detail the evolution of the residual as the GMRES iterations progress: an657

example of this is provided in Figure 7, which shows reasonably uniform convergence658

pro�les, independently of the choice of both � x and � t.659

Fig. 7 . Details on relative (with respect to the norm of the right-hand side) residual evolution
of GMRES applied to problem 1, using P � 1

T with ideal components as a right-preconditioner. Results
on the left refer to simulations with �xed � t = 2 � 7 and varying � x; results on the right are obtained
by �xing � x � 2� 8 and varying � t . The set-up for the solvers is similar to the one used for Table 1.
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4.2.2. Dependence on P�eclet number. When applied to the solution of Os-660

een equations, we observe that the performance of the preconditioner degrades as we661

increase the intensity of the advection �eld imposed, as foreshadowed by the analysis662

in subsection 3.3. This is shown in Table 2, where we progressively ramp up the663

value of Pe in problem 4, solving for various � x: convergence fails for coarser spatial664

meshes and largest P�eclet numbers. This hints at the necessity of either employing665

appropriately re�ned meshes, or relying on stabilisation techniques [30, Chap. 13.8]666

(which we did not apply in our analysis), whenever advection-dominated 
ows need667

to be resolved. The preconditioner for the single time-step case (3.21) was shown to668

su�er from a similar lack of robustness [5, Table 9.3], so it is somewhat expected that669

this weakness carries over to the whole space-time case. However, we point out that670

the performance of the preconditioner does not vary signi�cantly as long as we keep671

constant the grid P�eclet number ~Pe := � xPe=L [30, Chap. 13.2]. Unlike its global672

counterpart (4.4), this parameter provides alocal measure of the dominance of advec-673

tion over di�usion, and is useful in identifying conditions for which instabilities and674

oscillations might arise in the numerical solution. This parameter is kept �xed down675

each diagonal of Table 2, which show only slow growth in the number of iterations to676

convergence with increasing Pe.677

4.3. The nonlinear setting: incompressible Navier-Stokes. As stated in678

section 2, Oseen equations (2.1) can be interpreted as a linearisation of the Navier-679

Stokes system (2.3). If we then introduce anouter solver to tackle the nonlinear680

advection term in Navier-Stokes, we can use our preconditioner to accelerate the681

solution of the corresponding inner (linearised) problems, much like what is done682

for the single time-step case in [5, Chap. 10]. We experiment on the performance of683

our preconditioner PT (3.3) in this situation, and resolve the nonlinearity in (2.3) via684

Picard iterations [29]. That is, we iteratively solve the linearised system685

(4.5)

"
Fu ((u ) j ) B T

B 0

# "
(u ) j +1

(p) j +1

#

=

"
f

0

#

;686

until convergence is reached. Here, (u ) j +1 and (p) j +1 denote the whole space-time687

velocity and pressure solutions at thej +1-th Picard iteration, while we made explicit688

the dependence of the space-time velocity blockFu = Fu (w ) on the advection �eld,689

which we substitute with the approximate solution at the previous iteration ( u ) j .690

Linear and nonlinear convergence obtained by applying a Picard linearisation (4.5)691

to the problems in subsection 4.1 are reported in Table 3. Especially for problem 1,692

both the inner and outer solve iterations remain O(1), independently on the spatial693

Table 2
Number of iterations to convergence for problem 4 with di�erent values of Pe. Dashes represent

simulations that did not converge in the maximum prescribed number of iterations ( 100). Same
solvers set-up as for the ideal case in Table 1.

� t !
� x # 2� 4 2� 5 2� 6 2� 7

Pe! 24 25 26 27 28 24 25 26 27 28 24 25 26 27 28 24 25 26 27 28

2� 2 32 60 == == == 32 57 == == == 31 55 == == == 31 54 == == ==
2� 3 28 35 54 == == 28 35 53 == == 28 35 53 == == 27 35 52 == ==
2� 4 27 32 40 55 == 27 32 39 55 == 25 31 38 53 == 25 31 38 52 ==
2� 5 25 30 35 45 66 25 28 35 44 66 24 28 34 44 64 23 27 34 43 63
2� 6 24 27 32 39 49 23 27 32 38 49 23 27 32 37 48 22 26 30 37 47
2� 7 23 26 31 35 40 22 26 30 35 41 22 26 29 33 41 21 25 29 33 40
2� 8 22 25 29 32 37 21 25 29 32 37 21 25 28 32 37 20 24 27 32 37
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Table 3
Convergence results for Navier-Stokes with the setup of problems 1 and 3. Picard iterations

used as the outer nonlinear solver, which achieves convergence with a tolerance of 10� 9 . Inside
each column, on the left is reported the number of outer iterations to convergence, while on the
right (in brackets) the average number of inner GMRES iterations per outer Picard iteration. The
inner GMRES solver has the options used for recovering the results in the left column of Table 1.
Notice problem 2 is missing: this is because the nonlinearity does not a�ect the analytical solution
for Poiseuille, and hence results are not particularly informative in this case (convergence occurs at
the very �rst Picard iteration in almost the totality of the experiments). Also problem 4 is missing,
since it already represents a linearisation of Navier-Stokes for problem 1. Crosses identify crashing
simulations (due to memory requirements becoming too severe).

Pb � t !
� x # 2� 1 2� 2 2� 3 2� 4 2� 5 2� 6 2� 7

1

2� 2 5 (11:60) 4 (14:75) 4 (14:25) 4 (14:50) 4 (13:50) 4 (13:25) 4 (13:00)
2� 3 4 (13:50) 4 (13:25) 4 (13:25) 4 (13:00) 4 (12:50) 4 (12:25) 5 (9:40)
2� 4 4 (12:50) 4 (12:50) 4 (12:25) 4 (12:00) 4 (11:50) 5 (8:80) 5 (8:60)
2� 5 4 (11:50) 4 (11:00) 4 (11:50) 4 (10:75) 5 (8:00) 5 (8:20) 4 (9:25)
2� 6 4 (10:50) 4 (10:00) 4 (10:00) 4 (9:50) 4 (9:25) 4 (8:50) 4 (8:75)
2� 7 4 (9:75) 4 (9:00) 4 (9:25) 5 (6:80) 4 (8:25) 4 (8:00) 4 (7:75)
2� 8 3 (11:00) 3 (11:00) 3 (10:67) 3 (10:33) 3 (10:33) 4 (7:25) 4 (6:75)

3

2� 2 5 (19:80) 5 (18:20) 5 (18:00) 5 (18:00) 5 (18:40) 5 (19:00) 5 (21:40)
2� 3 5 (21:80) 5 (19:60) 5 (17:80) 5 (17:00) 5 (16:80) 5 (16:40) 5 (16:20)
2� 4 5 (22:60) 5 (20:60) 5 (18:80) 5 (16:80) 5 (15:60) 5 (14:80) 5 (14:20)
2� 5 5 (26:60) 5 (22:80) 5 (20:60) 5 (17:60) 5 (16:20) 5 (15:80) 5 (14:20)
2� 6 4 (36:00) 4 (31:75) 4 (28:25) 5 (18:00) 5 (17:20) 5 (16:00) 5 (14:80)
2� 7 4 (43:00) 4 (37:00) 4 (31:75) 4 (24:75) 5 (18:40) 5 (18:60) 5 (15:00)
2� 8 4 (52:50) 4 (46:25) 4 (33:50) 4 (28:25) 5 (22:40) � (� ) � (� )

and temporal mesh spacing. Similar results holds for the in
ow-out
ow problem694

problem 3, but here the average number of inner GMRES iterations is larger. In695

the speci�c case of a very large time-step relative to the spatial mesh, the number696

of inner iterations can be a fair amount larger. However, this is not necessarily697

surprising, as problem 3 o�ers more complex dynamical behavior and we are resolving698

the nonlinearity over a very large time-step. This likely results in a very sti� and ill-699

conditioned linear system to solve for each nonlinear iteration. Nevertheless, the outer700

space-time Picard linearisation remains perfectly scalable.701

4.4. Comparison with sequential time-stepping. Subsection 3.1.1 explains702

how the two main factors in analysing the e�ectiveness of our preconditioning strat-703

egy compared with classical time-stepping are given by the ratiosCFu =(CF u N t ) and704

N ST
it =N0

it . The �rst ratio directly refers to the e�ciency of the method chosen for the705

parallel-in-time integration of the velocity block Fu : identifying the optimal solver in706

this sense is still a matter of research, and a detailed investigation comparing the ef-707

fectiveness of the various parallel-in-time methods available in the literature [11] goes708

well beyond the scope of this paper. Here, we focus on the second ratio because it is709

intrinsic to the preconditioning strategy proposed: in fact, it describes the overhead710

produced by tackling the whole space-time system at once, rather than via sequential711

time-stepping.712

To give an indication of how N 0
it and N ST

it compare with each other when ideal713

solvers are employed, we collect convergence results from the application of (3.21)714

within the time-stepping procedure, for problems equivalent to those analysed in715

Table 1. To render the comparison more fair, for the single time-step we ask for a716

stricter tolerance on convergence, scaled by a factor
p

N t with respect to the whole717

space-time case: in this way, the Euclidean norm of the �nal space-time residual is718

similar in the two cases. We report the resulting ratio N ST
it =N0

it in Table 4. We can see719

that this sits between roughly 1 and 3, in most cases closer to one, but becoming larger720
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Table 4
Ratio N ST

it =N 0
it , where N ST

it is taken from the ideal case in Table 1, while N 0
it represents the

average number of iterations to convergence per time-step, solving for (2.18) via forward substitution.
For the latter, GMRES is used at each time-step, right-preconditioned with the single time-step
counterpart of PT , (3.21) with (3.22). Convergence is reached with a tolerance of 10� 10 =

p
N t . The

remaining options for the solvers involved are the same ones used to �ll the left column in Table 1.
Crosses identify crashing simulations (due to memory requirements becoming too severe).

Pb � t !
� x # 2� 2 2� 3 2� 4 2� 5 2� 6 2� 7 2� 2 2� 3 2� 4 2� 5 2� 6 2� 7 Pb

1

2� 2 1:17 1:32 1:33 1:39 1:58 1:78 1:39 1:55 1:76 2:11 2:43 2:98

3

2� 3 1:02 1:08 1:23 1:45 1:60 1:74 1:28 1:42 1:64 1:81 2:00 2:27
2� 4 1:02 1:16 1:30 1:33 1:46 1:51 1:21 1:31 1:44 1:58 1:80 2:09
2� 5 1:06 1:17 1:15 1:21 1:27 1:34 1:17 1:28 1:42 1:56 1:82 2:07
2� 6 1:03 1:07 1:09 1:14 1:21 1:33 1:18 1:27 1:37 1:57 1:86 2:28
2� 7 1:00 1:09 1:04 1:17 1:16 1:33 1:15 1:26 1:45 1:70 1:98 2:35
2� 8 1:03 1:05 1:03 1:16 1:20 1:27 1:16 1:29 1:52 1:74 1:92 �

2

2� 2 1:42 1:62 1:83 2:12 2:53 3:13 1:24 1:29 1:34 1:48 1:59 1:81

4

2� 3 1:36 1:44 1:61 1:82 2:08 2:26 1:10 1:12 1:25 1:46 1:61 1:73
2� 4 1:19 1:26 1:34 1:49 1:74 1:96 1:12 1:16 1:30 1:33 1:42 1:41
2� 5 1:15 1:20 1:28 1:48 1:66 1:99 1:19 1:17 1:21 1:22 1:30 1:29
2� 6 1:10 1:17 1:28 1:44 1:81 2:19 1:10 1:10 1:11 1:17 1:22 1:29
2� 7 1:10 1:20 1:30 1:57 1:89 2:46 1:06 1:05 1:06 1:19 1:25 1:26
2� 8 1:07 1:19 1:42 1:58 1:95 2:54 1:05 1:05 1:05 1:19 1:21 1:37

as � t ! 0, particularly � t � � x. This observation can be explained by pointing out721

that most of the advantage of time-stepping is given by the fact that, at each iteration,722

a good initial guess is provided by the value of the solution at the previous time-step,723

which we exploit in our experiments: with a reduced step-size, it is safe to expect724

that also the solution varies less between one time-step and the next. Nevertheless,725

results demonstrate little-to-no degradation in convergence speed between the two726

approaches and, thus, minimal overhead in applying block preconditioning techniques727

in an all-at-once fashion, compared with sequential time-stepping.728

5. Conclusion and future work. In this work, we introduce a novel all-at-729

once block preconditioner for the discretised time-dependent Oseen equations. We730

take inspiration from heuristics that have proven successful in the single time-step731

or steady-state settings, and apply similar principles to the space-time setting. The732

preconditioning procedure is designed to better expose the system to e�ective strate-733

gies for time-parallelisation by partitioning the preconditioning into two stages: (i)734

the space-time solution of a time-dependent advection-di�usion equation, and (ii) a735

(spatial) mass-matrix inverse and pressure Laplacian inverse at each time point. The736

latter can easily be applied in a fast parallel manner using existing methods and737

is nearly analogous to sequential time-stepping. Stage (i) reduces the solution of a738

space-time system of PDEs to the (approximate) solution of a single-variable space-739

time PDE, a much more tractable problem for fast, parallel solvers. In particular, a740

number of approaches have already seen success here, including space-time geometric741

multigrid [9,17] and AMG applied to the space-time matrix [37], as well as the more742

standard PinT methods [11].743

The approach pursued here provides a di�erent take on time-parallelisation for744

time-dependent incompressible 
ows, compared with what is typically done in the745

literature [3,10,27,40,41]. To our knowledge, most of the latter leaves the underlying746

time-stepping procedure for solving (2.18) largely unchanged, and rather focuses on747

building an overarching framework which breaks its innate sequentiality. Instead, our748

method exploits the block structure of the systemat the space-time level, in order to749
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simplify the type of problem we need to (parallel-)integrate in time. We can draw an750

analogy between the role of the preconditioner for the single time-step case (3.21) and751

our space-time preconditioner (3.3): the �rst provides an e�ective method for solving752

Oseen via sequential time stepping, so long as a fast solver for an elliptic operator is753

available; the second provides an e�ective method for solvingspace-time Oseen, so754

long as a fast (time-parallel) solver for aparabolic operator is available.755

The e�ectiveness of our preconditioner is demonstrated by applying it to a variety756

of model problems taken from the literature, which cover a range of 
ow con�gura-757

tions. The main measure for performance is given by the number of iterations required758

for convergence, which we have shown to be scalable in spatial and temporal mesh size,759

and comparable to those required for a classical time-stepping (non-time-parallel) rou-760

tine. A simple extension to a nonlinear Navier-Stokes problem is investigated as well,761

which is linearised via a Picard iteration, wherein we observe near perfect scalability762

of linear and nonlinear iterations.763

Future research will revolve around developing fast, robust, and time-parallel764

solution methods for the scalar space-time velocity block in our preconditioner, and765

extending the principles developed in this paper to the space-time solution of other766

time-dependent systems of PDEs.767
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