Experimental observation of cnoidal waveform of nonlinear dust acoustic waves
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The experimentally measured waveform of nonlinear dust acoustic waves in a plasma is shown to be
accurately described by a cnoidal function. This function, which is predicted by nonlinear theory, has
broad minima and narrow peaks. Fitting the experimental waveforms to the cnoidal function also
provides a measure of the wave’s nonlinearity, namely, the elliptical parameter k. By characterizing
experimental results at various wave amplitudes, we confirm that the parameter k increases and
approaches a maximum value of unity, as the wave amplitude is increased. The underlying theory
that predicts the cnoidal waveform as an exact solution of a Korteweg-de Vries model equation
takes account of the streaming ions that are responsible for the spontaneous excitation of the dust

acoustic waves.

I. INTRODUCTION

Waves can easily grow to be nonlinear in dusty plas-
mas [1-14]. A dusty plasma contains microparticles, i.e.,
dust grains, which absorb electrons and ions, and thereby
gain a large negative charge. When a cloud of these mi-
croparticles undergoes a compression or rarefaction, elec-
tric fields arise, and this can lead to the propagation of
a density wave, which is called the dust acoustic wave
(DAW) [15-32]. At low amplitudes, the DAW obeys a
linear dispersion relation that has been widely studied;
this dispersion relation can depend on physical processes
including not only dust particle charge and gas friction,
but also other effects such as ion-neutral friction and ion
kinetic effects [30]. The amplitude of the DAW can easily
attain large amplitudes, due to the large electric forces
experienced by the microparticles. Wave electric fields
can result in these large forces due to the large charges
on each microparticle, so that the microparticle motion
associated with the waves can easily become nonlinear.
In such nonlinear waves, the dust number density can
fluctuate with a large percentage, as can be seen eas-
ily in an experiment by video imaging [24, 25]. A com-
mon mechanism of exciting the waves in an experiment
is energy input from flowing ions [26]. The DAWSs have
been observed in numerous experiments, for example [16—
25, 33-37] including those under microgravity conditions
provided by parabolic flights [34-37].

Here we use experimental data to demonstrate that the
waveform of these nonlinear dust acoustic waves has the
shape of a cnoidal function. This cnoidal function, which
will be defined in Sec. II, has been predicted theoretically
for nonlinear waves in various physical systems [38-43].
Theories have also been developed specifically for dusty

plasmas [44-50], under various assumptions, predicting
cnoidal solutions for nonlinear waves. For example, Ya-
dav et al. [44, 45] derived a theory predicting a cnoidal
solution for dust acoustic waves under an assumption
that included Boltzmann electrons and ions and cold dust
with fluctuating charges. Saini et al. [49] used a model
consisting of two components of superthermal electrons
to study cnoidal solutions for nonlinear dust ion-acoustic
waves while Tolba et al. [50] studied cnoidal forms of
dust acoustic waves in positively charged dusty plasmas.

The connection between the cnoidal wave function and
the physical system is that the oscillations in the dusty
plasma can sometimes be modeled by the classical Ko-
rteweg de Vries (KdV) equation, and it is this equation
that allows a cnoidal solution. One can derive the KdV
equation from a fluid description of the plasma, and the
derivation can result in essentially the same KdV equa-
tion even if one makes varying assumptions; different as-
sumptions made deriving the equation show up as mod-
ifications in the coefficients of the equation. In Sec. VI
we will show that the KdV equation can be obtained for
nonlinear DAWSs not only with the original assumptions
of Yadav et al. [44, 45], but also if the assumptions are
altered to make the ion flow less responsive to changes
in the local electric potential. This derivation leads us
to remark that the KdV description of nonlinear waves
is robust; in particular, it is robust in the sense that it is
not greatly sensitive to all the physical assumptions.

The experimental literature for cnoidal waveform is
more sparse than for the theory. We are aware of only one
previous plasma experiment that tested the cnoidal solu-
tion; that experiment was for nonlinear drift waves [40]
in a non-dusty plasma. Other physical systems that have
been studied experimentally, for the cnoidal shape of



their nonlinear waves, include surface gravity waves in
shallow water [38, 39, 43], and laser interference fringes in
the photorefractive bismuth titanate oxide (BTO) crys-
tal [42].

In this paper, we find that the cnoidal wave solution
accurately describes the waveform of nonlinear dust
acoustic waves in a ground-based experiment. We will
analyze the data from a previous experiment [25], where
the level of the wave’s nonlinearity was regulated by
adjusting the damping level due to gas drag. In the
present analysis, we will fit the experimental data to a
cnoidal wave solution of an appropriate KdV equation,
derived in Sec. VI. This fit will also yield a useful
parameter k to quantify the nonlinearity of the waves.
As a measure of nonlinearity, we will also compare the
cnoidal parameter k£ to the total harmonic distortion,
which was reported in the previous experiment in
Ref. [24].

II. THEORETICAL FORMULA

The cnoidal wave solution of the KdV equation can be
represented in the form,

olast) = B + (0 — Ba)en |2 (0) (5 + 10 )sk |, (1)

where, By and (3 are wave’s minimum and maximum
amplitudes, respectively; the function cn is one of the
Jacobi elliptic functions, with an elliptic parameter k =
V(B3 — B2)/(Bs — B1), where B is a constant; K (k) is
the complete elliptic integral of the first kind; A and f
are the wavelength and wave frequency, respectively.

In this paper, we will test Eq. (1) with experimental
waveform data. This test will also generate a value for
the elliptic parameter k in Eq. (1). The parameter k
characterizes the shape of the cnoidal function. For k = 0
the cnoidal solution becomes a cosine function, while for
values close to unity the cnoidal function gets sharpened
peaks and flattened bottoms.

III. EXPERIMENT

Here we review a few key points about the experiment.
Further details are found in Ref. [24]. In the experiment,
a three-dimensional dust cloud was trapped using a glass
box in an Argon plasma. The plasma was sustained by
a radio-frequency (13.6 MHz) voltage applied between a
horizontal lower electrode and a grounded vacuum cham-
ber. Ten runs were performed, at gas pressures ranging
from 372 to 420 mtorr. Gas flow was negligible, especially
in our region of interest within the glass box. Polymer
microspheres of 4.8 um diameter were introduced into
the plasma, and they were electrically confined by natu-
ral electric fields, which were enhanced in the horizontal

direction by the glass box, which was open on the top.
The fields’ vertical component provided levitation of the
particles and it also drove a downward ion flow that could
excite DAWs. Aside from these waves, there was no gen-
eral motion of the dust particles in the vertical direction.
The dust cloud was imaged with a digital video camera
viewing from the side. Here, we will analyze the image
data from the experiment, which were recorded at a speed
of 500 frames/s. In Fig. 1, we show snapshots of the dust
cloud, which exhibits compressive wave fronts, which are
horizontal and propagate. As discussed in Ref. [24], the
image intensity is linearly related to the number density
of dust particles, due to the design of the experiment.
The degree of the wave’s nonlinearity in the experiment
was regulated by adjusting the gas pressure. The gas
pressure was different in each of the ten experimental
runs. The wave was self-excited by ion flow, and this
energy input to the wave competed with gas frictional
damping. As seen in the snapshots of Fig. 1(f), for the
gas pressure of p = 420 mTorr, no wave was detectable.
By reducing the pressure slightly to 416 mTorr, Fig. 1(e),
waves were excited; the wave amplitude was significant
and even attained a nonlinear amplitude. Further small
reductions in the gas pressure yielded even higher wave
amplitudes, Fig. 1(a)-1(d). The gas pressure can be used
to calculate a damping rate, in s~!, using the formula [6],
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where the Epstein constant dg is in the range 1.0 to 1.442.
In Eq. (2), p is dust particle’s mass density in kg/m?, r4
is particle radius in microns, p is gas pressure in mTorr,
Tyes is gas temperature in K, and Zgq, is the atomic
mass of gas molecule. Here, we use dp = 1.26, as in
Ref. [6], p = 1510 kg/m3 for the particle’s mass density,
Zgas = 39.948 for Argon, and Ty,s = 290 K because the
experiment was performed with a vacuum chamber at
room temperature. Our calculated values for vg are pre-
sented in Table I. The damping rate was in a range from
112 to 125 s~!. This level of damping rate significantly
hinders the wave growth in the experimental system. An
instability with a growth rate slightly greater than this
damping rate, however, can overcome the friction and
result in a substantial wave, as described in [24].

IV. ANALYSIS METHOD

A. Obtaining experimental waveform

Our analysis mainly centers on the waveforms of dust
number density fluctuations, which we obtain from a se-
quence of video images. We exploit the linear relationship
of image brightness and dust number density to calculate
the density, in arbitrary units.
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FIG. 1. Images of a cross section of a 3D dust cloud. Waves are seen in (a) to (e), as indicated by density compression and
rarefaction (i.e., the spatial variation in pixel brightness). The observed wave propagated from the top downward, and the
wave grew in amplitude as it propagated downward through the cloud. The series of images shown here, (a)-(f), are for six
experiment runs, each for a different value of the damping rate, as controlled by gas pressure. Each panel is from one frame of
a video.
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FIG. 2. (a) Regions of interest ROI-1 to ROI-5. These equally-spaced rectangles (1.65 by 0.26 mm) each span the image’s
width. The same five locations are used for the ROIs in all experimental runs. Within a ROI, for one video frame, we spatially
average the pixel intensities, yielding a measure of local number density at a particular time, in arbitrary units. Repeating for
a sequence of video frames yields a times series of local number density for an experimental run, as in (b) and (d), which are
for ROI-3. The inset (c) is a zoomed view of a portion of (b). Fourier transforming the time series in (b) and (d) yields the
spectra in (e) and (f), respectively.



For an image from one video frame, we choose a re-
gion of interest (ROI), as identified in Fig. 2(a). Within
the rectangular boundary of the ROI, 1.65 x 0.26 mm,
we spatially average the image intensity, yielding one in-
stantaneous measure of the number density. We repeat
this measurement for every frame of the recorded video
data. In this way we obtain a raw waveform, with about
50 oscillations, as in Figs. 2(b) and 2(d).

In this experiment, the raw waveform had a frequency
of about 26 Hz (i.e., a period of about 38.5 ms), and the
peak-to-peak amplitude was typically 55% of the maxi-
mum value. The frequency (inverse period) was the re-
sult of the instability, which is responsible for the waves,
having a growth rate that is greatest for a preferred wave-
length, which can vary depending on the plasma condi-
tions. For the same run, the frequency and amplitude
were not constant; the period varied from 34.5 to 41.7
ms, and the peak-to-peak amplitude varied from 50% to
60% of the maximum value. These variations can arise
because the wave was self-excited; the experimental setup
did not include any measures to control the wave, such
as external modulation to provide synchronization [28].

Due to these variations in the amplitude and period in
the raw waveform, we processed the raw waveforms by
averaging them to yield a smoothed waveform. This aver-
aging process involved choosing ten non-overlapping seg-
ments, each starting at the same phase, which was a peak
value. The segment lengths were such that they included
approximately four wave periods. Averaging these ten
segments yielded a smoothed waveform, like the exam-
ples shown in Fig. 3. The waveform is nearly sinusoidal
only when the wave’s amplitude is small, Fig. 3(e). At
larger amplitude the waveform has distinctive sharpened
peaks with a flattened bottom, Fig. 3(a)-3(d), indicating
strong nonlinearity.

B. Determining wave’s amplitude and frequency

We obtain the wave’s amplitude and frequency by
an inspection of the peaks in the smoothed waveform.
The average of the peak values yields the maximum
amplitude B3 as defined in Eq. (1), while the average of
the time interval between the peaks yields the frequency
f. The minimum amplitude S is obtained by finding
the minimum of the waveform. We then calculate the
peak-to-peak amplitude, H = (83 — 2)/f2, which is
normalized by the minimum amplitude 5.

V. EXPERIMENTAL RESULTS
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FIG. 3. Experimental waveform of dust number density n
and cnoidal fit. (The normalized quantity plotted here is the
dust number density, not the peak-to-peak amplitude An as
in Table I.) The experimental data (circles) shown here are
smoothed waveforms, obtained by an averaging of the raw
waveform time series such as those in Figs. 2(b)-2(e). The
dust number density data is normalized by the minimum 7min
(left axis) and the mean nay (right axis) of the waveform. Dif-
ferent panels (a)-(e) correspond to different damping levels,
as characterized by the damping rate vg, but for the same
ROI-3. The fit is shown as continuous curves, computed us-
ing Eq. (3). The excellent agreement between the fitted and
experimental data demonstrates that the cnoidal wave solu-
tion can accurately describe the waveforms of nonlinear dust
acoustic waves. The values of k, f, and vg are presented in
Table I.

A. Fitting

Our main result is a fit of the cnoidal function to the
smoothed experimental waveforms, in Fig. 3. The data



TABLE I. Experimental parameters and results, for various gas pressure p and regions of interest (ROIs). The position of each
ROI is marked in Fig. 2(a). The peak-to-peak amplitude An is presented two ways, An/ng, and H = An/nmin, normalized
by the mean ng, and the minimum 7,,:», respectively. The damping rate vg, normalized by the frequency f, is calculated
using Eq. (2) for each gas pressure. As measures of the wave’s nonlinearity, both the total harmonic distortion THD and the
cnoidal fit parameter k are presented.

Gas pressure  ROI | Analysis of waveform Gas damping Nonlinearity |cnoidal fit
p(mtorr) An/ne., H  f(Hz) ve/2nf THD (%) k
372 ROI-3| 0.88 1.20 27.1 0.66 48.0 0.989
380 ROI-3 0.98 134 26.6 0.68 72.7 0.995
384 ROI-3 095 1.29 26.1 0.70 55.9 0.993
392 ROI-3 1.02 1.40 259 0.73 48.6 0.995
396 ROI-3| 1.04 141 254 0.75 52.5 0.997
400 ROI-3| 090 1.16 25.3 0.76 81.7 0.997
404 ROI-1| 0.27 0.30 24.6 0.79 32.2 0.890
ROI-2| 045 0.53 25.0 0.77 39.5 0.949
ROI-3| 092 1.20 24.7 0.78 57.7 0.996
ROI-4| 0.83 1.12 249 0.78 69.0 0.986
ROI-5| 0.78 1.07 24.8 0.78 50.6 0.959
408 ROI-1 0.23 0.26 24.6 0.79 19.0 0.812
ROI-2 0.29 0.33 244 0.80 25.5 0.857
ROI-3| 059 0.72 244 0.80 37.8 0.985
ROI-4| 0.79 1.02 24.6 0.79 53.2 0.993
ROI-5 099 1.39 244 0.80 48.4 0.995
412 ROI-1| 0.14 0.15 28.2 0.70 10.0 0.708
ROI-2| 024 0.27 28.7 0.69 32.1 0.863
ROI-3| 0.44 0.53 28.5 0.69 55.2 0.966
ROI-4| 0.66 0.84 28.6 0.69 74.2 0.988
ROI-5 0.58 0.75 284 0.69 67.5 0.938
416 ROI-1 0.13 0.14 28.1 0.71 8.1 0.174
ROI-2 0.18 0.20 28.1 0.71 13.8 0.742
ROI-3| 0.27 0.36 28.4 0.70 20.2 0.880
ROI-4| 0.50 0.61 28.3 0.70 39.2 0.965
ROI-5| 0.69 091 284 0.70 45.8 0.984

points are the smoothed experimental waveforms, for var-
ious damping levels. The continuous curve is

B. Measures of nonlinearity

Beyond previous experimental measures of a wave’s

¢1(z,t) = 1+ Hen? 2K (k) ft; k], (3)

which is Eq. (1) evaluated at a specific value of . Using
only one free parameter, k, we fit our experimental data
to Eq. (3) by minimizing chi-squared.

The fitted curves match the experimental waveforms
well. This agreement was found not only for Fig. 3, (for
ROI-3 and five gas pressures), but also for all the data we
tested. This agreement is seen for waves with small and
large amplitudes alike. At large amplitude (i.e., at low
pressure), the features of sharpened peaks and flattened
bottoms are captured well by the cnoidal wave solution,
Eq. (3). We should mention one small feature in the ex-
perimental waveform that is not captured by the cnoidal
solution. There is a very small but detectable skewness
in the wave trough in Fig. 3(a) and 3(b).

This agreement leads us to conclude that the cnoidal
wave solution can accurately describe the waveform of
nonlinear dust acoustic waves in experimental data. Hav-
ing thus confirmed the usefulness of the cnoidal solution,
we can now turn our attention to practical uses for it. In
particular, we will evaluate the parameter & in the cnoidal
formula, as a useful measure of wave’s nonlinearity.

nonlinearity, such as the percentage of density fluctua-
tion or the total harmonic distortion THD, we find here
that the elliptic parameter k is also useful for quantify-
ing the wave’s nonlinearity. This parameter is obtained
experimentally as the free parameter in the fitting.

As expected, we find that k increases with increasing
nonlinearity, as can be seen in Fig. 3. For the largest
wave amplitudes, the nonlinear waveform has sharpened
peaks and a flattened bottom, and in that case we find
that k£ has a large value of 0.997, which is close to the
theoretical maximum of unity. On the other hand, for
small wave amplitudes in Fig. 3(e), the waveform is al-
most sinusoidal, and the parameter k has a smaller value
0.88. In Fig. 4(a) the parameter k is shown as a function
of wave amplitude.

For comparison, we also calculate the total harmonic

distortion (THD),
2 2
THD = 4 /‘42;2‘43. (4)
Al

Here, Ay, A, and Az are the amplitudes of the fun-
damental, second, and third harmonics of the waves;
they are obtained from a Fourier transformation of raw
waveforms. The parameter THD was previously used to
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FIG. 4. Measures of the wave’s nonlinearity. The nonlinear-
ity is quantified by (a) the elliptic parameter k, and (b) the
total harmonic distortion THD. The peak-to-peak amplitude
An is normalized by a time-average density m4., not by the
undisturbed dust density ng. Data shown here are taken from
Table I. Each data point corresponds to one pressure and one
ROL. (For each symbol there is more than one data point be-
cause we used various values of the gas pressure.) Note that
the parameter k in (a) reaches its theoretical maximum of
unity and no longer varies as wave amplitude An/nq, 2 0.4,
while THD in (b) exhibits a monotonic trend that persists
even at a higher wave amplitude.

characterize the nonlinearity of DAWs by Flanagan and
Goree [24]. We do the same here, except that our formula
Eq. (4) is a ratio of amplitudes instead of powers. Our
results for THD are presented in Table I and Fig. 4(b).
We find that, as measures of nonlinearity, both k and
THD exhibit monotonic trends, varying upward with
wave amplitude, as the wave amplitude is increased from
a low level. However, the sensitivity of these parame-

ters is not the same. The parameter k exhibits most of
its variation for relatively low amplitudes An/ng, < 0.4,
as defined in Table I. For larger amplitudes, k reaches
its theoretical maximum of unity. On the other hand,
THD exhibits a monotonic trend that does not rapidly
saturate at high wave amplitude. This comparison sug-
gests that, as a quantitative indicator of wave’s nonlinear-
ity, the cnoidal elliptic parameter k has great sensitivity
to the nonlinearity at relatively small wave amplitudes,
while THD is more sensitive at larger amplitudes. An-
other difference is that THD exhibits larger scatter than
for the parameter k.

VI. THEORETICAL DISCUSSION
A. The role of ions in the cnoidal theory

Next we will present a theoretical derivation to demon-
strate that the cnoidal solution for nonlinear dust acous-
tic waves is robust. Since the basic nonlinear model equa-
tion, the KdV equation, always has a cnoidal solution,
our key point here is that the KdV equation itself can
be obtained for various assumptions about the ions. In
the previous derivation of [44, 45] for DAWSs, Yadav et
al. assumed a Boltzmann ion response. Here we assume
cold ions responding ballistically to the wave electric po-
tential. Despite this change in the assumption, we still
obtain a KdV equation, which admits a cnoidal wave so-
lution.

We next briefly outline a derivation of the model KdV
equation including the cold-ion response. We use a sim-
ple description of the dusty plasma system as being com-
posed of three fluid components representing the dust,
the ions and the electrons [15]. The dust dynamics is
then given by,

on  O0(nu)
FZ T (5)
ou ou  Zgedp
o e Myor " ©
0%
e —dme(n; — ne — Zgn). (7)

Here, Eq. (5) is the dust continuity equation with n and
u denoting the dust density and velocity respectively.
Equation (6) is the dust momentum equation with ¢ rep-
resenting the electrostatic potential, and Z; and My be-
ing the dust charge and mass respectively. Equation (7)
is the Poisson equation, with n; denoting the ion density
and n. the electron density. Dust pressure is neglected
(cold dust fluid). Since the electron mass is negligible
compared to that of the massive dust particles it is ap-
propriate to assume the electrons to obey a Boltzmann
distribution,

Ne = NeneXP <§fb> . (8)



A similar assumption of a Boltzmann response for ions
was of Yadav et al. [44], but this assumption will likely
lead to an exaggerated variation in ion density. This is
so in part because of the low ion temperature T; in a
gas discharge plasma. In general, T; in such a plasma is
smaller than 0.1 eV. There is evidence, from nonlinear
DAW experiments similar to ours [51], that the wave’s
potential can vary with an amplitude of 0.1 V or more.
Such a small ion temperature combined with a large ex-
cursion of wave potential would cause a large change in
ion density. In fact, besides the ion thermal energy, there
is also the energy associated with ion flow, and the latter
is generally much greater in the sheath region of a gas
discharge plasma. The ion flow velocity must be large,
comparable to the ion acoustic speed, as described by
the Bohm sheath criterion. The cooling effect of neutral
gas acting on the ions, however, can cause a temperature
ratio T;/T. < 1, so that the ion thermal velocity is low.
For these gas discharge conditions, a more reasonable ap-
proximation for modeling the change in ion density due
to a variation in electric potential can be made by a bal-
listic approximation.

A different approximation for the ions, which results in
a much smaller variation in the ion density, is the cold-
ion ‘ballistic response model.” This description neglects
ion kinetic effects, and describes the ions with just two
hydrodynamic parameters that can vary in response to
the wave: a local ion density n; and a local ion fluid
velocity v;. The fluid equations for ions are

nivV; = N;oV;0 9)
|
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where u,, = BC; is the linear phase velocity. Equa-
tion (13) has the form of the KdV equation, a fully inte-
grable nonlinear PDE, which has many exact analytic so-
lutions including the well known soliton solutions. There
is a difference, in comparing Eq. (13) to Eq. (12) of Yadav
et al. [44], in the details of the coefficients. An exact pe-
riodic solution of the KdV equation, Eq. (13), is a chain
of solitons, of the form given by Eq. (1).

B. Wave amplitude

Two chief approximations are made in the derivation
of the KdV equation Eq. (13): weak dispersion and weak
nonlinearity. The weak dispersion approximation is jus-
tified for dust acoustic waves since they have long wave-
lengths (¢gA\p < 1). The weak nonlinearity condition,
which needs a more detailed examination, requires the
normalized perturbed quantities to be small, because

52:| ¢1
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where m; is the ion mass, and v;g is the equilibrium ion

streaming velocity.
Quasi-neutrality at equilibrium gives,

Ni0 = Neg + LqNg. (11)

A linear dispersion relation can be obtained by a linear
perturbation analysis of Eqs. (5) to (11), with perturba-
tions expli(qz — wt)], yielding

—1
1 77(5} (12)
~ (2027 (for ¢*Mh << 1),

52022[1+q)\

where 32 = Z4(6 — 1)/(1 = nd), Cs = (To/Ma)'/?,
§ = n40/neo, n = T./(mv3) and A\p = (Te/47m062)1/2.

The KdV equation can be obtained by employing the
stretched variables,

E=e€(x —upnt) ; T=et

[If this were done at the lowest order of the perturbation,
the analysis would yield the linear dispersion relation of
Eq. (12).] To include nonlinear terms, one retains terms
of the next significant order, giving the following non-
linear evolution equation for the perturbed potential (or
density or velocity),

8¢1 §—1 3¢y
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(

the derivation of KdV equation involves an expansion
of quantities such as wave potential and dust density in
terms of an expansion parameter €. In contrast to the lin-
ear dispersion relation, which retains only terms of order
€, the derivation of the KdV equation retains higher or-
der terms. For example, terms of order e = 3/2, 5/2, and
2 are retained in the dust continuity equation, dust mo-
mentum equation, and Poisson’s equation, respectively.
For the normalized wave potential, e¢/T., the weak
nonlinearity condition is probably well satisfied. We es-
timate that e¢/T. is of order 0.1 for this experiment.
This estimate is based on experimental determination of
values, in a separate but similar experiment [51], of ¢ in
the range 0.12 to 0.26 V, and an electron temperature
measured as [51] T, = 3 eV or even higher values [24].
For dust denslty7 perturbations can be larger than for
other physical parameters. The highly charged dust has a
strong response to an electric field, even if singly charged
electrons and ions do not. For this reason, the weak non-



linearity condition is not always satisfied for the dust, in
our experiments. In particular, during portions of the
waveforms in the runs at low gas pressure, the dust den-
sity fluctuation briefly attains fairly high levels, as indi-
cated in Table I.

Our experimental result in Fig. 3, that there is good
agreement with the cnoidal waveform, is particularly in-
teresting. The cnoidal waveform is found to be reason-
ably accurate even beyond its intended application, un-
der weak nonlinearity condition assumed by the KdV
equation.

A further theoretical step can improve upon the KdV
model by including higher orders in the perturbation ex-
pansion. The result of this generalization is an extended
KdV equation [52, 53]; although this equation is not fully
integrable, it still has an exact cnoidal wave solution
[53] of the form Eq. (3) used in our present analysis.
This point suggests the cnoidal waveform is accurate be-
yond the applicability of the KdV equation and may help
explain the excellent theoretical fit to the experimental
data, even at high amplitude.

VII. CONCLUSION

We find that the cnoidal wave solution of Eq. (1) ac-
curately describes the waveform of nonlinear dust acous-
tic waves in a ground-based experiment. This finding
is based on our analysis of experimental waveforms of

dust particle’s number density, which are found to be
fitted well by the cnoidal solution over a wide range of
amplitudes. This agreement is found even at fairly large
amplitudes for the dust density perturbations, suggesting
that the cnoidal solution is reasonably accurate even be-
yond the weak-nonlinearity conditions that are assumed
by the KdV equation.

The fit yields a useful measure for the wave’s nonlin-
earity, the so-called elliptic parameter k. We find that
the parameter k is useful for waves at smaller amplitude.
For larger amplitude, the total harmonic distortion THD
is found to be a more useful indicator.

We believe it will be interesting to further test the
cnoidal wave solution, using the data in other dusty
plasma experiments, including PK-4 instrument on the
International Space Station [54]. Such experiments, un-
der microgravity conditions, do not require a large verti-
cal electric field, thus have a lesser ion flow.
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