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A robust three-parameter reference curve for condensed phase materials

Eduardo Lozano® and Tariq D. Aslam

Physics and Chemistry of Materials (T-1), Los Alamos National Laboratory, Los Alamos, NM 87545,

USA
(Dated: 8 December 2021)

Many isothermal equations of state lead to numerical problems under tension conditions due to negative bulk modulus.
We summarize the properties of four existing models and devise a continuous non-piecewise reference curve to address
this issue. The final functional form contains three fitting parameters that are directly related to the bulk modulus
and its pressure derivative at the reference state and at infinite pressures. We also include bounds that guarantee the
monotonicity of its pressure derivative in all volume space. To demonstrate the qualitative features of each isotherm,
we conduct calibrations against experimental data for cyclotetramethylene tetranitramine (HMX), magnesium oxide
(MgO), gold (Au), and platinum (Pt). Pressure residuals and root mean square deviations show that the proposed
functional form is capable of adequately fitting the data compared to other three-parameter models.

I. INTRODUCTION

Modeling the high-pressure response of substances is cen-
tral to multiple fields including geophysics, astrophysics,
aerospace, and high explosives (HEs). Continuum hydrody-
namic calculations can be used to simulate practical applica-
tions where the thermodynamic properties of the materials are
described by an equation of state (EOS).

Empirical high-pressure models base the full EOS on a ref-
erence curve which can be a Hugoniot, an isentrope, or an
isotherm. Hugoniots as a reference are able to fit shock data in
a simple fashion but they will become ill-posed outside a cer-
tain density range!. Isentropes are the preferred choice when
dealing with incomplete EOSs since they offer a relatively ro-
bust and wide sampling of phase space without knowledge
of specific heats. However, they can potentially contain re-
gions of thermodynamic instability due to negative isothermal
and/or isentropic bulk moduli. The same issue occurs with ref-
erence isotherms which typically become problematic at low
temperatures and high specific volumes.

To be able to construct a complete or incomplete equation
of state, a mathematical description of the reference curve
is needed. Reference isotherms are usually expressed as
P = P(V) with P being the thermodynamic pressure and V
the specific volume. The functional forms also contain a num-
ber of free parameters that are calibrated using experimental
data or density functional theory”. These parameters are of-
ten related to physical thermodynamic properties such as the
bulk modulus K = —VdP/dV and its derivative with respect
to pressure K’ = dK /dP.

There are many two-parameter and three-parameter ana-
lytic isotherms reported in the literature?. Three popular func-
tional forms are the Birch—Murnaghan4, the Rose-Vinet®, and
the Keane®. These three forms provide an accurate represen-
tation of condensed-phase materials over an existing range
of isothermal compression data but their mathematical prop-
erties can lead to stability problems under tension. Solids
and liquids can go into expanded states where the material
will eventually fail under certain tensile loading conditions
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(spallation/cavitation). Failure models, such as Rajendran-
Dietenberger-Grove (RDG)’ or tensile plasticity (TEPLA)®,
aim to capture the dynamic deformation of ductile materi-
als and include a rate-dependent law for the nucleation and
growth of voids. Under an arbitrary amount of expansion,
the reference curve must remain qualitatively correct prior to
the appearance of those voids. If the material enters a re-
gion where the EOS has unphysical properties—e.g., negative
compressibility—the simulation will break down.

To address this problem, most reactive flow models for
high explosives use reference curves defined by piecewise
functions with multiple branches. For instance, the Wescott-
Stewart-Davis (WSD)? and Arrhenius WSD (AWSD)!Y mod-
els use the Davis reactants EOS'!> which is based on a
piecewise reference isentrope that guarantees positivity of the
sound speed'®. Whitworth and Lambourn'# also use a piece-
wise reference isentrope. Menikoff'> fits the kinks in isother-
mal data for triaminotrinitrobenzene (TATB) using a Keane
form with two separate set of parameters. Velizhanin and
Coe!® use a piecewise cold curve by combining the Birch-
Murnaghan in compression (V < V) and the Lennard-Jones
in expansion (V > Vj)). These functions can be designed care-
fully to be continuous differentiable everywhere and avoid the
appearance of nonphysical states. However, having multiple
branches will always result in a more intricate algebra, slower
computations, and more extensive verification.

The goal in this work is to derive a robust three-parameter
non-piecewise functional form that remains strictly well-
behaved in all volume space and with enough flexibility to
fit isothermal compression data. The energy term from inte-
grating P(V') must also be analytic with each fitting parameter
being related to the bulk modulus and its derivative with re-
spect to pressure.

The structure of this manuscript is described next. Sec-
tion II summarizes the properties of four popular functional
forms, namely Birch-Murnaghan®, Rose-Vinet®, Keane®, and
Davis®!!.  Section III presents the derivation of a three-
parameter reference curve along with its properties. To
demonstrate the qualitative features of each isotherm, several
calibrations against experimental data for cyclotetramethylene
tetranitramine (HMX), magnesium oxide (MgO), gold (Au),
and platinum (Pt) are given in Section IV. Section V sum-
marizes the conclusions and possible avenues for future work.
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Relevant thermodynamic relations and reference curve param-
eters are given in Appendices A and B.

Il. REVIEW OF EXISTING REFERENCE CURVES

In high-pressure applications, infinitesimal strain theories
break down and elastic moduli becomes a strong function of
pressure. Such behavior has driven a large body of work in the
subject of isothermal equations of state®!7. The main charac-
teristics of each functional form are revealed by the bulk mod-
ulus K and its derivative with respect to pressure K’. Their
value at the reference state (K, K(’)) and at infinite pressures
(K. determine the fit to experimental data. In the following
sections, the subscript "0" will be used to represent the refer-
ence state at zero pressure, the subscript "e" indicate infinite
pressures, and 17 =V /V} is the expansion ratio with Vj being
the reference specific volume.

The behavior as P — oo constitutes an important qualita-
tive aspect of the model that is subject to thermodynamic con-
straints. Some authors'®1° suggest that K, is defined by the
Thomas-Fermi theory (K, = 5/3), while others®?? argue that
it should be a property dependent on the material. Using ther-
modynamic arguments, Stacey and Davis?® propose two mini-
mum conditions for a solid EOS: (i) 5/3 < K., < e, (ii)) P > 0
and K > 0 over the entire compression range (1 < 1). The
first condition is related to the assertion K, = (P/K )<, which
simply states that the bulk modulus becomes linear in pres-
sure in the infinite pressure limit. Additional constraints on
the gradient of (1/K’) versus (P/K) at infinite pressures have
been proposed more recently by Stacey and Hodgkinson?!.

Apart from these conditions, we will analyze the response
over the expansion range (1 > 1). This regime has not re-
ceived the same degree of attention but a correct qualitative
behavior in expansion is arguably as important as the infinite
pressure limit. Specifically, thermodynamic stability requires
the bulk modulus to remain positive for all V > 0. The im-
plications of such stability constraint become apparent when
conducting hydrodynamic calculations. Using a convex EOS
and neglecting any material strength, a rarefaction wave prop-
agates at the characteristic velocity u & ¢, where u is the par-
ticle velocity and c is the isentropic sound speed. If the EOS
enters a region where the isentropic bulk modulus is negative,
the sound speed becomes an imaginary number causing nu-
merical instability due to the loss of hyperbolicity of the gov-
erning equations. We will now analyze the main character-
istics of four commonly utilized reference curves: the third-
order Birch-Murnaghan®, the Rose-Vinet, the Keane®, and
the Davis'""!? forms.

A. Birch-Murnaghan

Birch* defined the Helmholtz free energy as a n-th order
polynomial expansion in terms of the Eulerian finite strain €.
Truncating the terms beyond ¢'(¢*) and differentiating with
respect to the specific volume V at constant temperature T
provides an expression for P(V'). The polynomial coefficients
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FIG. 1. Regions in the n =V /V;) domain with negative bulk modulus
(gray area) for the Birch-Murnaghan based on the value of K. The
dash-dotted line marks the location of a vertical asymptote for 15

in the expansion are determined in terms of the isothermal
bulk modulus at the reference state Ky and its derivative with
respect to pressure K. These steps result in the third-order
Birch-Murnaghan:

Poiren (1) %Ko (n3-n%)

x {1+i(1{64) (n_gl)}

The two parameters that control the shape of the curve,
namely Ky and K}, are material properties defined at the ref-
erence state. At high pressures, Eq. (1) satisfies the algebraic
constraint K/, = (P/K)« with a limit K., = 3 identical for all
materials. The Birch-Murhaghan isotherm leads to a concave
downward principal Hugoniot locus in the shock velocity (Uy)
versus particle velocity (up) plane®?. This feature is charac-
teristic of molecular crystals, amorphous solids, and liquids'.
Despite satisfying the thermodynamic bound K., > 5/3, the
functional form in Eq. (1) displays an anomalous behavior
for K, < 4 with negative pressure values at high compression.
Additionally, the K’ function is not strictly decreasing in com-
pression for K}, € (4,14/3) resulting in the appearance of an
inflection point in the K-P curve.

In expansion, the third-order Birch-Murnaghan is not a
strictly decreasing function of 11 which leads to unphysical
regions of negative compressibility independently of the cal-
ibration for Ko and K{. It is useful to identify these regions
for practical applications. The bulk modulus can be written in
closed-form as

)]

1
Khirch (1) =gkon 2 27(Kp—4) o
4
3

— 14m3 (3K — 14) +5n 7 (3K5 - 16),

which has two roots 7; and 1} in the n > 0 and K; > 0 quad-
rant. Fig. 1 shows the value of each one of them as a function
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of K{). Note from Eq. (2) that n); and 7} are independent of
K since it multiplies the entire right hand side. From the def-
inition of the bulk modulus, these roots mark the location of
local extrema in P(1). That is, ;" correspond to a local pres-
sure minimum and 775 to a local pressure maximum. For any
K}, at expansion ratios larger than 1}, the bulk modulus be-
comes negative. The domain of the second root 77 is marked
by a vertical asymptote at K, = 16/3. If K| > 16/3, n; is
real-valued and the bulk modulus becomes positive again at
expansions 1) > 1;. The third-order Birch-Murnaghan also
loses convexity past 17 where K’ < —1 (see Appendix A).

B. Rose-Vinet

Rose et al.?? proposed a potential function for the binding
energy in metals as a function of the interatomic distance. The
authors®* then found such relation to be also representative of
other materials and they utilize it to derive an algebraic ex-
pression for the pressure as a function of the specific volume.
Using the thermodynamic definition of the bulk modulus, the
atomic spacing can be replaced in favor of K( and K}, resulting
in the Rose-Vinet isotherm®:

Puned(m) =3Kon ™% (1-1%)
X exp [; (Kp—1) (1 —né)} .

Despite being credited to Vinet et al.>?*, Eq. (3) was first
presented by Stacey and co-workers!” who derived it directly
from the alternative form of the Morse potential®> proposed by
Rydberg?®. The Rose-Vinet is also a two-parameter isotherm
where the shape of the function is governed by the bulk mod-
ulus and its pressure derivative at the reference state. Similar
to Eq. (1), it satisfies the algebraic constraint K/, = (P/K)e
but with an asymptotic value K., = 2/3. This value is below
the lower thermodynamic bound for K’, derived by Stacey?".
Hama and Suito?’ and Holzapfel?® modified the original form
to render the Thomas-Fermi limit. But this change affects the
Helmbholtz free energy at T = 0 which can no longer be writ-
ten in closed-form.

The expansion characteristics of Eq. (3) are better under-
stood by analyzing the bulk modulus,

(©))

1 2 |
Kvinet(n) ZEKO |:4T’3 +n7§(3K(/J _5)

~3(K)— 1)} exp B (Ky—1) (1 —né)} .

Eq. (4) contains a single root n* in the 1 > 0 and K{; > 0 quad-
rant. The location of the root in K}, space is shown in Fig. 2.
At unphysically small K, values, n* is complex and the Rose-
Vinet isotherm has a positive bulk modulus for all V > 0. For
K}, 2 0.9, the root takes a real value with limgs .1 (K)) =1
which results in an unphysical behavior at finite compression
ratios. Similar to the Birch-Murnaghan, one can expect the
Rose-Vinet to cause numerical problems in the presence of
relatively weak rarefaction waves.
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FIG. 2. Regions in the n =V /V;) domain with negative bulk modulus
(gray area) for the Rose-Vinet based on the value of Kj. The dash-
dotted line marks the location of a vertical asymptote for n*

C. Keane

Keane® assumes that the pressure can be written as a n-th
order polynomial expansion of the strain €. For n = 2, the
author suggests that the quadratic and linear coefficients are
linearly dependent on each other resulting in an analytic K’-K
relation: K’ = K., 4 (K, — K.,)Ko/K. Such relation is param-
eterized not only by K and K, but also K.,. Upon integration,
the Keane form can be written as:

!

Rene(m) =Ko 6 (17 1)+ (12 =1 Y] 9

K2 K’

A notable feature of Eq. (5) is that one recovers the classic
Murnaghan isotherm®® for K, = Kj. The Keane isotherm
is a three-parameter reference curve and is credited to be
the first one that recognizes the importance of the infinite
pressure limit?’. Eq. (5) satisfies the linear algebraic con-
straint K, = (P/K ). although the infinite pressure value is
now material-dependent. Using a simple potential function®,
Keane® provides upper and lower bounds for the K/, parame-
ter but these have been the subject of a later revision®!. K7, is
generally left as a free parameter in fitting high-pressure data.
Alternatively, Stacey et al.!” provides an expression for K, in
terms of Ko, K, and K{].

Integrating the original K’-K relation with respect to the
compression ratio yields a simple expression for the bulk
modulus,

K/ _p

Kkeane(n) =Ko |:I(? (n Ke _ 1) + 1:| . (6)
Eq. (6) contains a single root n* which is now a function
K}, and K.,. Fig. 3 shows a contour plot for n* such that
Kieane(N*) = 0 in Kj-K., space. As indicated by the color-
bar, n* > 1 thus Eq. (6) is expected to be positive for all
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FIG. 3. Left endpoint in the n =V /Vjy domain (colormap) with neg-
ative bulk modulus for the Keane based on K, and K,

compression values (17 < 1). The Keane isotherm would be-
come strictly decreasing with a positive bulk modulus in all
n > 0 if and only if K., > K}, i.e., N* is a complex number.
However, high-pressure data shows that K] is negative im-
plying a concave downward K-P curve and K., < K. Under
that condition, Fig. 3 shows that there is always a limiting n*
value such that the bulk modulus becomes negative and the
Pieane (1) curve reaches a minimum at finite expansions. Sim-
ilar to Birch-Murnaghan and Rose-Vine, the Keane isotherm
also loses convexity past n*.

D. Davis

Based on the work of Enig32, Davis!!:33 derives a reference
curve using the Walsh mirror-image approximation®* and the
Riemann relation for the particle velocity on an isentrope. To
allow for calibration at high pressures, Stewart et al.'? re
placed the definition of the principal isentrope in compression
by a truncated expansion of the original exponential form. The
final piecewise form constitutes the reference curve for the
WSD? and AWSD!? reactive burn models and can be written
as:

i 4By (4By)4
j=1 4! <1:
Paavis() = yz ] =0
+ )
(1—y)*

Plexp(4By) — 1],

where y =1 —7n and P =A? /4BVy. Both branches in Eq. (7)
are continuous at 1 = 1 up to y> avoiding any problems
when computing sound speeds. Eq. (7) contains three fit-
ting parameters A, B, C but only A and B can be related to
the bulk modulus and its derivative with respect to pressure:
Ko = A%/Vy, K\, = 4B +1/2B — 1. At high pressures, Eq. (7)

n>1;
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satisfies the algebraic constraint K, = (P/K). with a limit
K!, = 4 identical for all materials. Despite being derived using
isentropic flow arguments—see Appendix A in Davis'!—the
Davis functional form can be utilized to fit isothermal data
under a suitable calibration.

The bulk modulus can be derived analytically from Eq. (7)
yielding

on[g
4 —1)! 3!
= U <1
n =~ 1,
Kaavis(1) = 2y(1 —i—y)]
X (1=y) |’
4PB(1—y)exp(4By), n>1l;
(®)

which is positive for all 7 > 0. Similar to the Murnaghan
isotherm, the second branch in Eq. 8 decreases monotonically
to zero as 1 — oo. The bulk modulus K in compression is
also monotonic but K’ displays an oscillatory behavior with
local minima that can go below 5/3 for certain calibrations.
Despite having a non-monotone K’, the Davis reference curve
remains convex since K’ > —1 for any realistic A, B, C set.
See Appendix A for a discussion on EOS convexity.

I1l.  THREE-PARAMETER REFERENCE CURVE

The four reference curves described in Section II can lead
to problems in expansion or contain multiple branches that
increase the algorithmic complexity and computational cost.
Based on the points described, the objective is to design a ro-
bust non-piecewise functional form with: (i) appropriate K-P
relation and limit at infinite pressures, (ii) qualitatively correct
characteristics in expansion, (iii) flexible enough to fit a wide
range of data with variable Ko, Kj, and K., and (iv) with a
closed-form Helmholtz free energy term at 7 = 0.

A. Derivation

The classical Murnaghan isotherm® satisfies some of the
above properties but it is only able to reproduce experimental
data up to approximately Ky /2 in pressure®>. Along the T =
0 isotherm, we can obtain an expression for Helmholtz free
energy by integrating the pressure-volume relation,

V()K() N (. -k B
qumaghan(n)— 0+ 1 |:K6 (T] 0 1) +n 1:| .9

Eq. (9) contains a power law and a linear term where the latter
dominates in the expansion regime. Another functional form
with positive bulk modulus everywhere is the Walsh mirror-
image!! that appears in the Davis reference curve for n > 1.
Integrating the second branch of Eq. (7) gives

A2 4B(1—-n))—1
Faatn(n) = Fo+ exp(4B(1—-mn))

1B 1B +n=1, a0



AlP

Publishing

10

1

20

2

o

30

35

40

which also contains a linear term that dominates in expan-
sion. The exponential term in Eq. (10) results in a consid-
erably softer function than the power law in Eq. (9). This
generally allows fitting isothermal data more easily but it has
the unwanted characteristic of reaching a finite P value as
n — 0. The goal is to retain some of the features in Eq. (9)
and Eq. (10) in a purely mathematical sense by constructing
a flexible functional form that remains well-behaved for all
n > 0. Therefore, we suggest the following four-parameter
Helmholtz free energy along the cold curve:

n~Pexp (g(l —nD))

+n(B+C)—(B+C+1)

F(T]) =F+AV,

an

The compression regime is described by a power law with an
exponential cutoff where the B, C, D parameters control the
stiffness of the curve. As the material goes into tension, this
term approaches zero and the linear portion takes over. The
functional form can be interpreted as the Murnaghan com-
bined with the Walsh mirror-image and it is denoted as the
MACAW reference curve.

The change in the bulk modulus with increasing pressure
depends on the value of B and D and it is highly unconstrained
for the four-parameter model in Eq. (11). Experimental high-
pressure data for most materials suggests that K-P is concave
downwards, thus we would like to find a relation between B
and D such that K’ decreases monotonically down to a min-
imum value K.,. Departing from Eq. (11), we can compute
analytically the second derivative of the bulk modulus with
respect to pressure K” (see Appendix A). The roots of K" (1)
indicate the location where K’ contains local extrema. We can
then use these roots to determine the minimum B as a function
of D such that all roots are complex-valued and K" < 0 for
all n > 0. Considering only the physically-relevant B,D > 0
quadrant, such relation is given by:

D, D<1;

1 2 2
Buin = 4 T35 [D (7D*— 6D +3)

1
+—(17D" + D* —2) +a)},

where,

1/3
= (a + 2\/5) ,
a=D%71D% —15D* +9D* — 1),
b=D"(32D* - 3D +3)(D* —1)>.

Eq. (12) is indicated by the red piecewise curve in Fig. 4.
Any (B,D) point located above Bpi, guarantees the mono-
tonicity of K’ for all 7 > 0. Points located below By, result
in a local minimum in K’ that falls below K_..

Since the model in Eq. (11) implies that P — o« as n — 0,
we obtain the following relation:

K, =1limK'(n)=B+1, (13)
n—0

5 [ T T T 1
[ Y (o
4t A
3F—K"<0 .
@
2 b .
WAL K.=503
0 ’ 1 1 1 1

FIG. 4. Minimum B as a function of D that guarantees monotonicity
of K’ for all n > 0 (red curve) and limiting value of D for f.o = 1.6
(blue curve)

where the thermodynamic bound K., > 5/3 then implies that
B should always be larger than 2/3. The parameter D is also

as related to A, a relevant derivative of the Griineisen coef-

ficient ' at infinite pressures where A = (dIng/InV )7 and
g=(dInT'/InV)7 (see Stacey*®). That is,

1 KK"
— !/
M:Q+K<

————| =D VD<K, (14
1K’P/K)w <Ko (9)

Stacey and Hodgkinson?! shows that A., must be positive with

so a value bounded by the following restriction:

Ao <K;*§foo, 5)

where f., € (1.4,1.8) is a parameter that depends on statistical
details of atomic thermal vibrations with a range of values

that varies between different theories?!. Given the relation

ss in Eq. (14), the above inequality can be used to impose an

additional constraint on B as a function of D. Replacing K.,
and A in Eq. (15) yields

B>D+§fm—1. (16)

Since Eq. (16) depends on f. which can vary, we select

s0o the midpoint value of the interval (f. = 1.6) as an estima-

tor—blue curve in Fig. 4. The intersection point between the
red and blue curves can be then used to approximate D. For
algebraic simplicity, we set D = 3/2 reducing Eq. (11) to a
three-parameter model. Substituting D = 3/2 in Eq. (12) also

es provides a lower bound B 2 45/29 that can be applied in the

P-V fitting step. The rational number 45/29 stems from the

[2/1] Padé approximant of By, centered at D = 1 and evalu-

ated at D = 3 /2. These values generally provide enough flex-

ibility to fit a wide range of isothermal data yielding plausible
s Ko, K{), and K, (Section IV).
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The final three-parameter P(n) fitting form is written as

2 3
_ —(B+1) = m3
Pracaw (1) = AN exp<3C(l 772)>

X (Cn%+B) —A(B+C).

a7

where A, B, C are non-negative fitting parameters. Similar to
K., both Ky and K, are uniquely defined in terms of A, B, C.
For the three-parameter model in Eq. (17), these are given by

KozA(B—;C+(B+C)2>, (18)
, ., 3[4BB+C+1)-C
Ky=B+C 2+4[B_C/2+(B+C)2]. (19)

It is also possible to invert Eq. (13), Eq. (18), and Eq. (19) to
obtain A, B, C in terms of the physically meaningful Ky, K('),
and K. The expressions are summarized in Appendix B.

B. Properties

The MACAW reference curve in Eq. (17) is a robust three-
parameter functional form designed to overcome some of the
deficiencies described in Section II while keeping simple an-
alytic expressions for the free energy and sounds speeds. It
satisfies the linearity constraint K, = (P/K ). with a material-
dependent value at infinite pressures that provides additional
flexibility. Similar to the Keane isotherm, the pressure func-
tion Ppacaw(7) becomes stiffer with increasing K., and re-
duces to the Murnaghan limit for K, = K. Computing the
bulk modulus from Eq. (17) yields the following expression:

_ 2 3
Kmacaw (1) = AN (B+D) eXp (3C (1 — 2>>

X [(Cn3+3)2— (;Cng—B)].
(20)

Eq. (20) is a strictly monotonic function with no real roots.
The bulk modulus remains positive in all volume space and
asymptotes to zero at infinite expansions. Therefore, the
minimum pressure value Pyin = —A(B+C) is also reached
as 1 — oo. As mentioned in the introduction, this behav-
ior is required to maintain the hyperbolicity of the govern-
ing equations under all flow conditions. The derivative of the
bulk modulus with respect to pressure is also monotone for
B > By, reaching the minimum at K/, as P — oo,

Stacey and Hodgkinson?! recently suggested an additional
constraint on the gradient of (1/K’) versus (P/K) at infinite
pressures. This constraint can be written as

d(1/K") Ao 2 foo
[d(P/K)LZl‘ g @D

K.~ 3K.’

where the right-hand side of the inequality arise from the re-
striction in Eq. (15). The three-parameter model in Eq. (17)

o

o

(=]

meets this criteria for f.. < 3/2(K., —3/2) since Eq. (15) was
utilized in the derivation. Stacey>° includes a list of isothermal
equations of state that pass and fail this test.

A shortcoming of the three-parameter MACAW with D =
3/2 is that any calibration with B < By ~ 45/29 will have
a local minimum in K’ at finite compressions, i.e., K, #
min(K’). Therefore, it is recommended to constrain B >
45/29 to guarantee K” < 0. This imposes a lower bound on
the range of permitted values for K/, and the stiffness of the
curve. Relaxing this constraint may occasionally lead to bet-
ter fits in pressure-volume space but care should be exercised
to ensure an adequate extrapolation in the compression range
of interest. Recall that Birch-Murnaghan also displays a local
minimum in K’ for K{j € (4,14/3). Convexity of the reference
curve simply requires K’ > —1 and it is guaranteed for any
B > 0in Eq. (17).

Other three-parameter alternatives can be constructed by re-
placing D in Eq. (11) with other numerical values or expres-
sions. For instance, one could use a linear approximation of
Eq. (12) such that D becomes a function of B. However, this
approach leads to a bulk modulus that does not increase uni-
formly with B, thus two different B values will produce sim-
ilar fits. We disregard this option since P(7) should become
stiffer with increasing K...

IV. CALIBRATION TO ISOTHERMAL DATA

The five functional forms given in Sections II and III
are calibrated against isothermal compression data for the
molecular high explosive cyclotetramethylene tetranitramine
(HMX), single-crystal magnesium oxide (MgO), and two no-
ble metals, namely gold (Au) and platinum (Pt). We employ
the basin-hopping global optimization algorithm of Wales and
Doye’” with the implementation included in the LMFIT38
Python package. This algorithm is noticeably slower than
the more traditional Levenberg-Marquardt or Gauss-Newton
methods, but it generally prevents falling into a local mini-
mum for poor initial guesses. This is a common issue when
fitting experimental pressure-volume data over small com-
pression ratios or with significant data scatter.

The pressure residuals for each material and reference
curve are shown in Fig. 5 over the compression ratio (1/7).
Table I contains the numerical value for the parameters along
with the root-mean-square deviation (RMS). The values in
parentheses indicate the standard deviation of the fitting pa-
rameter. This metric is not given when the value is either
fixed (Birch, Vinet) or calculated using the fitting parameters
(Davis, MACAW). The tabulated experimental data for the
four materials can be found in pressure-volume or pressure-
density format in each reference. The reference density pg
is used to evaluate 1 and is held constant in the calibration.
The parameters in Table I are obtained by fitting the nominal
pressure values without accounting for the experimental un-
certainty. Using a different error metric that accounts for such
uncertainty will give a slightly different calibration.

To highlight certain features, some thermodynamic quanti-
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FIG. 5. Pressure residuals resulting from the nonlinear fit to isothermal compression data for (a) HMX?, (b) Mg040, (b) Au*!, and (c) Pt"

TABLE 1. Parameter values and root mean square deviation in GPa for each calibration to isothermal compression data. The values in
parentheses indicate the standard deviation of the fitting parameter. The reference density py displayed in the first column corresponds to the
experimental value at ambient pressure and is held constant in the calibration.

Material Ref. Curve A®) B (-) C(-) Ko (GPa) Kj (-) K. (-) RMS (GPa)
Birch - - - 14.56 (1.02)  8.69 (0.68) 3 0.3640
Vinet - - - 15.15(0.75)  7.91 (0.29) 2/3 0.3639
HMX?? Keane - - - 14.38 (3.87)  9.21(5.15) 4.41(1.32)  0.3642
(po=1.893g/em’)  Davis 3.06 (0.37)  1.31(0.87)  9.10(18.07) 17.72 4.61 4 0.3622
MACAW  0.19(0.12)  1.63(2.20)  7.36 (4.78) 15.22 7.54 2.63 0.3634
Birch - - - 160.27 (0.04)  4.027 (0.002) 3 0.0272
Vinet - - - 157.61 (0.15)  4.315 (0.007) 2/3 0.0834
MgO*0 Keane - - - 160.05 (0.16)  4.07 (0.02)  2.92(0.02)  0.0281
(po=3584g/ecm’)  Davis  6.706 (0.003) 1.108 (0.004)  1.93 (0.03) 161.18 3.88 4 0.0276
MACAW  6.94(0.07)  1.75(0.01)  3.04 (0.04) 160.40 4.00 2.75 0.0268
Birch - - - 198.18(0.82)  4.83(0.01) 3 3.0052
Vinet - - - 170.27 (0.59)  5.89 (0.01) 2/3 2.4267
Aut! Keane - - - 161.19 (2.35)  7.09 (0.16)  3.11(0.02) 1.7841
(po=19.32g/em*)  Davis 3.31(0.01)  0.880(0.005) 10.98 (0.17) 211.85 3.09 4 2.1742
MACAW  4.53(0.16)  1.87(0.03)  4.48 (0.11) 180.83 5.30 2.87 2.1734
Birch - - - 282.13(1.30)  5.07 (0.02) 3 2.3031
Vinet - - - 260.87 (0.52)  5.818 (0.008) 2/3 1.0138
ptt! Keane - - - 235.74 (2.09)  7.50(0.12)  3.02(0.02)  0.9208
(pp=2145g/em’)  Davis  3.677(0.009)  1.08(0.01)  7.12(0.17) 290.10 3.79 4 0.7602
MACAW  5.26(0.02)  1.55(0.00) 5.522(0.007) 256.69 5.76 2.55 0.6451

4 The units are (km/s) for Davis and (GPa) for MACAW
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ties are plotted versus the following independent variable:

v _P Yo
Cp+p V+W
Using x instead of 1 or 1/1 has the distinct advantage of dis-

playing all volume space for x € [0,1]. That is, x = 0 indi-
cates infinite expansion, x = 1 indicates infinite compression,

(14+n)""

and x = 1/2 corresponds to the reference state with p = py or

s I = 1. The expressions in Sections II and III can be plotted

over the x plane by replacing n — (1 —x)/x.
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A. Cyclotetramethylene tetranitramine (HMX)

Yoo and Cynn® report pressure-volume relations and vi-
brational Raman spectra of B-HMX obtained from diamond-
anvil cell, angle-resolved synchrotron X-ray diffraction, and
micro-Raman spectroscopy. Their hydrostatic data contains a
kink near a pressure of 27 GPa that the authors attribute to a
phase transition. It should be noted that isentropic compres-
sion experiments*? of HMX do not reveal a phase transition
at these pressures. To avoid these issues, we only utilize the
Yoo-Cynn hydrostatic data below 27 GPa.

The residuals in Fig. 5(a) and RMS in Table I indicate that
all five reference curves yield a similar fit over the range of
data. Despite this result, the parameters for Keane, Davis, and
MACAW have large relative standard deviations suggesting
a fairly unconstrained optimization. Yoo and Cynn® report
Ko = 12.4 GPa and K|, = 10.4 from a fit to the third-order
Birch-Murnaghan below 27 GPa. These values differ consid-
erably from those in Table I. This discrepancy in the least
squares fit was already pointed out by Menikoff and Sewell>?
who obtained Ky = 14.7 £ 1.3 GPa and K(’) = 8.6 0.8 after
accounting for the experimental uncertainty.

Fig. 6(a) depicts the five fits and data points over a wider
expansion-compression range. Beyond 1.5x compression ra-
tios, each reference curve display different degrees of stiffness
with Davis being the softest and Keane the stiffest. A zoomed
view into the expansion regime (Fig. 6(b)) highlights major
qualitatively differences between all five isotherms. As de-
scribed in Section II, the non-monotone P(7n) profile of Birch-
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Murnaghan, Rose-Vinet, and Keane results in a negative bulk
modulus at moderate expansion ratios. Davis and MACAW
differ from the rest with a strictly decreasing P as a function
of 1 until reaching a finite Pp;,. The Birch-Murnaghan con-
tains a local maximum and a local minimum before reaching
zero pressure at infinite expansion. This is due to K, > 16/3 as
depicted in Fig. 1 which also translates into two vertical asym-
totes in the K’-x plane. As shown in Fig. 6(d), only MACAW
has a strictly monotonone K’ in all volume space. Davis is also
monotonically decreasing along the expansion branch, but it
becomes discontinuous in K’ at the reference state x = 1/2.

B. Magnesium oxide (MgO)

Jacobsen et al.*® report pressure-volume data of magne-

sium oxide from diamond-anvil cells loaded with helium to
118 GPa. The hydrostatic data was collected using angle-
dispersive, monochromatic synchrotron X-ray diffraction.

The tabulated pressure values using the MgO scale, as op-
posed to the ruby scale, are used to fit each of the reference
isotherms at room temperature. Birch-Murnaghan, Keane,
Davis, and MACAW yield similar fits as shown in Fig. 5(b)
and the RMS in Table I. The RMS from Rose-Vinet is approx-
imately three times larger than the other four functional forms
with the largest discrepancy in Ky. Both Davis and Rose-Vinet
also show K|, values that deviate from typical ultrasonic and
Brillouin scattering values of 4.0-4.1 in MgO*,

Except for Rose-Vinet, Fig. 7(a) and Fig. 7(c) indicate
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that the pressure and bulk modulus extrapolations from each
model follow a close path in compression. In expansion,
Fig. 7(b) shows that only Davis and MACAW remain mono-
tonically decreasing. The predicted values for Ky and K, from
Birch-Murnaghan, Keane, and MACAW are in close agree-
ment. However, Fig. 7(d) reveals that the value of K{j for MgO
results in a non-monotonic K’ curve for Birch-Murnaghan in
compression since K; € (4,14/3).

C. Gold (Au) and platinum (Pt)

Fratanduono et al.*! recently reported high-pressure shock-
less dynamic compression results for gold and platinum col-
lected at the National Ignition Facility and the Z machine.
The authors use adiabatic ramp compression data to determine
the reduced 298 K isotherm after applying a pressure correc-
tion. They report a standard deviation of 5.0% and 3.9% at
800 GPa for Au and Pt respectively, where the magnitude of
the pressure correction is comparable with the experimental
uncertainty*!.

Fig. 5 and Table I show the residuals and root-mean square
deviation from fitting the nominal pressure values without ac-
counting for the data uncertainty. For gold, all five residu-
als in Fig. 5(b) display two distinct kinks past 1.9 x compres-
sion ratios with the overall best fit given by Keane. Fig. 5(c)
for platinum shows a more uniform residual distribution with
MACAW yielding the lowest root-mean square deviation. Ta-
so ble I for Pt also show a zero standard deviation for the pa-

(=]

rameter B in MACAW. This indicates that B is being forced
to its prescribed lower bound 45/29 and that the best fit
occurs for even lower values—specifically B = 1.488 gives
RMS = 0.6108. We discard any B < 45/29 based on the anal-
ysis in Section IIT A.

Fig. 8 and Fig. 9 display similar qualitative features to the
HMX and MgO fits where MACAW is strictly monotonic in
P, K, and K’. The Birch-Murnaghan isotherm only contains a
local minimum in P-1~! space due to K, < 16/3, thus a single
vertical asymptote in K’. Regarding Ky and K}), both MACAW
and Rose-Vinet yield similar values for all three materials ver-
sus Keane and Davis.

V. SUMMARY AND CONCLUSIONS

Most analytic isothermal models lead to numerical prob-
lems in expansion due to negative bulk modulus or are de-
fined by piecewise functions with multiple branches. We
briefly summarize the main features of four commonly-used
reference curves, namely third-order Birch-Murnaghan, Rose-
Vinet, Keane, and Davis. After identifying some of their ad-
vantages and deficiencies, we design a robust non-piecewise
functional form with enough flexibility to fit high-pressure
isothermal data and well-behaved in all volume space. The
MACAW reference curve is a three-parameter form with a
concave-downwards K-P relation that satisfies the linearity

10s condition at infinite pressures. The three fitting parameters

A, B, C are related to the physically-meaningful Ko, K|, K.,
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and the Helmholtz free energy along the cold curve can be
written analytically. A shortcoming of the present model is
that there is a minimum value allowed for K., that guarantees
K" < 0. Enforcing this lower bound limits how soft the curve
can become for a particular calibration. Each of the five func-
tional forms are fitted to experimental isothermal data at room
temperature for HMX, magnesium oxide, gold, and platinum
using the nominal pressure values. MACAW is able to fit the
data adequately with similar residuals to Keane and Davis and
Ko, K, values close to those of Birch-Murnaghan and Rose-
Vinet. This reference curve is part of a new thermodynami-
cally consistent and complete equation of state currently be-
ing develop to model high-explosive reactants. Future work
will include calibrating MACAW to Density Functional The-
ory (DFT) results for multiple condensed-phase explosives.

Appendix A: Derivatives of bulk modulus and convexity

The isothermal and isentropic bulk modulus is defined as

oP
K=-Vos

o
T,S_ an

(AD)

)
7,8

where 1 =V /Vj and V} is the reference specific volume. As-
suming a reference curve P(V) or a complete EOS P(V,T), we
can differentiate Eq. A1 with respect to pressure by applying
the chain rule:

K = aiK
IP ;s
Vo oK| v
~ Voov T,Saip .8 (A2)
Cok| [op| \
I TS (977 T,s> .

Using the definition of the bulk modulus, K’ can be rewritten
in terms of K as

, n JdK
==, (A3)
Kdn|rg
or alternatively in terms of P as
2P op| )
K'=—-1-7 3 -— . (A4)
IN?|rs\ 9Mirs

Applying the same steps to K’ yield an expression for the
second derivative of the bulk modulus with respect to pres-
sure,

y_ NIK
K an

(A5)

1.8

All three quantities—K, K’, K”—can be obtained analytically
for the each of the P(n) reference curves described in this
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paper. The bulk modulus K has units of pressure, K’ is dimen-
sionless, and K" has units of inverse of pressure.

The expressions in Eq. (A1), Eq. (A3), and Eq. (AS) are
general thermodynamic definitions and the derivation steps
apply to both isothermal and isentropic bulk moduli. The con-
vexity property of an equation of state is determined by the
sign of the fundamental derivative*3,

332

— lvi (97P , (A6)
22 9V2
which determines the variation of the characteristic velocity
along a rarefaction wavel. If > 0, the EOS is called convex
with compressive shocks and expansive rarefaction waves.
Since Ks = ¢?/V, the square of the isentropic sound speed
is given by

JoP
A=-V—

v (A7)

N

Substituting Eq. (A7) in Eq. (A6) and V = V1 yields,

oP )1
il ) (A8)
s (377 S

Replacing the above expression in Eq. (A4) results in the fol-
lowing identity for the pressure derivative of the isentropic
bulk modulus:

N
2”8112

K =29 —1. (A9)

Therefore, a convex equation of state requires K¢ > —1. Since
the isentrope and the isotherm are coincident at T=0, this
condition can be generalized to K’ > —1 for the cold curve.
Menikoff and Plohr** summarizes the properties of the Rie-
mann problem and the implications for numerical algorithms
when the convexity condition is violated. An anomalous wave
structure caused by kinks or a smooth loss of convexity often
occurs near phase transitions—see for instance in the van der
Waals EOS near the vapor dome™®.

Appendix B: MACAW parameters

This appendix gives the A, B, C parameters in Eq. (17) in
terms of Ko, K, and K.,. Solving for C using the expression
for K|, results in one real root and two complex conjugates.
The real root is the only one with physical relevance and can
be expressed as:

1 1
11 1 273 23 (b
C=—+-K)—-K.+~—o+= = Bl

where,

1/3

= <a+ a2732b3) :

a=16(K})? +84(K})? + 192K}, — 972K, + 1177,
b =2(K})* + 7K} — 27K., +38.



From Eq. (13), B is simply given by:

B=K._—1. (B2)

70

Finally, A can be computed using the values of B, C, and Kj:

-1
A=K (B — %C—i— (B+C)2> . (B3)
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