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Abstract: Soil is a scattering media that inhibits imaging of plant-microbial-mineral 17 
interactions that are essential to plant health and soil carbon sequestration. However, optical 18 
imaging in the complex media of soil has been stymied by the seemingly intractable problems 19 
of scattering and contrast. Here we develop a wavefront shaping method based on adaptive 20 
stochastic parallel gradient descent optimization with Hadamard basis to focus light through 21 
soil mineral samples. Our approach allows a sparse representation of the wavefront with 22 
reduced dimensionality for the optimization. We further divide the used Hadamard basis set 23 
into subsets and optimize a certain subset at once. Simulation and experimental optimization 24 
results demonstrate our method has a ~7 times higher convergence rate and overall better 25 
performance compared to that with optimizing all pixels at once. The proposed method can 26 
benefit other high-dimensional optimization problems in adaptive optics and wavefront 27 
shaping.  28 

© 2021 Optical Society of America under the terms of the OSA Open Access Publishing Agreement 29 

1. Introduction 30 

Plant-microbiome interactions are a critical determinant of plant health and organic matter 31 
turnover in soil [1-4]. Advancing our ability to visualize these interactions is crucial to studies 32 
of C cycling, sustainable food and biofuel production. However, optical imaging in the complex 33 
media of soil has previously been stymied by the seemingly intractable problems of scattering 34 
and contrast in soil. In the last decade, it has become increasingly clear that scattering need not 35 
be a fundamental limitation for imaging. The scattering process is complex yet deterministic 36 
and the light focused through the scattering media can be controlled [5]. 37 

Wavefront shaping has been developed to focus light through [6] or inside scattering media 38 
[7]. Representing different ends of the scattering spectrum, conventional adaptive optics (AO) 39 
techniques work in the regime of aberration correction by expanding the wavefront in Zernike 40 
modes, whereas wavefront shaping techniques are conceived for the regime of scattering where 41 
the wavefront is heavily distorted [5]. Therefore, AO normally employs a wavefront sensor to 42 
measure aberrations, whereas wavefront shaping often relies on feedback signals to improve 43 
the image quality metric. By shaping the incident wavefront, light can be manipulated and 44 
focused deep inside strongly scattering objects. Iterative feedback-based optimization 45 
algorithms for wavefront shaping to focus light in the presence of scattering have been 46 
demonstrated, such as genetic algorithm [8], random partitioning algorithm [9], hill climbing 47 
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[10], random search methods [10] and stochastic parallel gradient descent (SPGD) [11]. Among 48 
these, SPGD is a parallel method yielding faster convergence [11] than the other methods by 49 
perturbing all the degrees of freedom simultaneously along the stochastic gradient direction. 50 
However, for complex high-dimensional optimization problem, SPGD leads to low 51 
convergence rate and high probability of falling into local optima [12]. 52 

An advanced version of SPGD, called adaptive stochastic parallel gradient descent 53 
(ASPGD) algorithm has been proposed for efficient fiber coupling [13] and laser beam cleanup 54 
[14]. ASPGD is inspired by the algorithm Adam [15], which integrates the momentum and the 55 
adaptive gain coefficient estimation to SPGD in order to improve the convergence rate and 56 
reduce the probability of falling into the local optima suffered from SPGD [13]. However, for 57 
the wavefront shaping application in soil imaging, the number of control variables can reach 58 
hundreds to a few thousands, which means ASPGD needs to search in hundreds to thousands 59 
control variable space. With the massive expansion of dimension, even ASPGD results in 60 
laggard optimization progress. 61 

One solution to reduce the overwhelming dimensionality for ASPGD optimization is to 62 
adopt an appropriate control basis, which can facilitate a sparse representation of the wavefront. 63 
This sparse representation only has large coefficients in the region of dominant modes. The rest 64 
of the coefficients are sufficiently small and may be set exactly equal to zero with negligible 65 
loss of quality [16]. Therefore, a well-chosen basis requires fewer modes to characterize the 66 
wavefront, which in turn reduces the dimensionality of the optimization. The Hadamard basis 67 
is a complete orthogonal basis set [17-18] which enables a sparse representation of the soil 68 
wavefront, allowing us to acquire the spatial information of the soil wavefront structure and 69 
characterize it with less coefficients. In previous works, Hadamard basis has been used in 70 
transmission matrix measurement [19-21], single-pixel detection and image reconstruction 71 
[22], and sequential optimization [23] in scattering imaging.  72 

In this paper, we present a wavefront shaping method based on parallel ASPGD with 73 
modified Hadamard basis as the control basis for focusing through soil mineral samples. 74 
Compared with other commonly used basis, such as pixel basis, Hadamard basis holds the 75 
ability of reducing the dimensionality of the optimization; Compared with the Zernike 76 
polynomial basis [24] that is widely used in representing optical aberrations, the Hadamard 77 
basis is a universal complete orthogonal basis, which can represent any arbitrary wavefront. 78 
ASPGD with Hadamard basis allows a sparse representation of the wavefront with reduced 79 
dimensionality in the control space. We further divide the selected Hadamard basis set into 80 
different subsets: a subset of modes is optimized then frozen, while another subset is then 81 
optimized, which in turn accelerates the optimization process. 82 

2. Methods 83 

2.1 ASPGD algorithm working principles 84 

ASPGD is an iterative stochastic gradient descent optimization method. The gradient 85 
estimation 𝑔𝑘  of the system performance metric 𝐽 is calculated by simultaneously applying 86 
random perturbations ±𝛿𝑢𝑘 = ±{𝛿𝑢1

𝑘, 𝛿𝑢2
𝑘 , … , 𝛿𝑢𝑛

𝑘}  to all the control variables 𝑢𝑘 =87 
{𝑢1

𝑘 , 𝑢2
𝑘, … , 𝑢𝑛

𝑘} and measuring the variation of system performance metric 𝛿𝐽 caused by the 88 
perturbations. 𝑛  is the number of control variables, 𝑘 indicates the current iteration,  𝛿𝑢𝑘 have 89 
identical amplitudes which satisfy Bernoulli probability distribution. To increase the 90 
convergence rate, the 1st momentum 𝑚𝑘 , which is exponential moving average of the past 91 
gradients, is introduced. To adaptively adjust the gain rate for different variables, the 2nd 92 
momentum 𝑣𝑘 is introduced which sums up the weighted square results of the past gradients. 93 
𝛽1 and 𝛽2 are exponential decay rate hyper-parameters controlling the decay rates of the 1st and 94 
2nd momentum in the previous steps. To correct the moment estimates that are biased towards 95 
zero, especially during the initial timesteps, bias-corrected 1st and 2nd moment estimates, 𝑚𝑘̂ 96 
and  𝑣𝑘̂  are used [15]. In the optimization process, the control variables are updated as follows: 97 



𝑢𝑘+1 = 𝑢𝑘 + 𝛼 ∙ 𝑚𝑘̂/√𝑣𝑘̂ + 𝜀                                               (1) 98 
where 𝛼 is the update step-size and 𝜀 is a small positive number to avoid division by zero. 99 

 100 
Fig. 1. Flowchart of ASPGD working principles. 101 

 102 

2.2 Orthogonalization of Hadamard basis over a circular pupil 103 

There are different representations of control variable space 𝑢𝑘, such as individual or binned 104 
pixel basis, Fourier basis and Zernike polynomial basis. However, the pixel basis is an 105 
overcomplete set [18] with high dimensionality and leads to slow convergence speed. The 106 
Fourier basis can cause quantization errors when using a phase-only spatial light modulator 107 
(SLM) to generate Fourier basis patterns [18]. The Zernike polynomial basis [24] usually 108 
represents lower-order aberration modes that are not suitable for imaging applications in the 109 
presence of scattering [5]. On the other hand, the Hadamard basis is a universal complete 110 
orthogonal basis, which perfectly fits with the use of SLM [19], can represent any arbitrary 111 
wavefront and holds the ability of reducing the dimensionality of the representation. 112 

The Hadamard basis is derived from the Hadamard matrix: a square matrix with elements 113 
±1 whose rows (or columns) are orthogonal to each other [17]. Each Hadamard basis pattern is 114 
formed by reshaping a row (or a column) of the Hadamard matrix into a two-dimensional square 115 
array. To accommodate the fact that the Hadamard basis pattern will represent the wavefront 116 
with a wrapped phase range from 0 to 2π, we replace the elements -1 with 0. Figure 2 shows an 117 
exemplary Hadamard basis set with order of 4. Figure 2(a) shows the original Hadamard basis 118 
set. First, we re-order the original Hadamard basis set such that the modes representing lower 119 
frequencies will have a lower index when we reshape the 4-by-4 Hadamard basis array into a 120 
16-by-1 vector for the sake of programming convenience, as shown in Fig. 2(b). Next, 121 
considering our optical system has a circular pupil shape, we multiply the rectangular 122 
Hadamard basis pattern with our circular pupil mask, and then conducted Gram-Schmidt 123 
orthogonalization [25] to the new circular Hadamard basis set and finally obtain an 124 
orthogonalized Hadamard basis set over the circular pupil, as shown in Fig. 2(c). By 125 
orthogonalizing the Hadamard basis over the circular shape, any subset of Hadamard basis can 126 
approximate a wavefront pattern with a circular pupil. Without doing so, the complete set of 127 
square Hadamard basis is needed to represent a wavefront pattern with a circular pupil.  128 



  129 
Fig. 2. Hadamard basis. (a). Original Hadamard basis set. (b). Re-ordered Hadamard basis set. (c). Re-ordered 130 
orthogonalized Hadamard basis set over a circular pupil. 131 

 132 

2.3 Dimensionality reduction with Hadamard basis 133 

Figure 3(a) shows a simulated soil phase map based on the power spectral density (PSD) model 134 
derived from scatterometer measurements (ScatterScope4, The Scatter Works, Inc.) on a 135 
synthetic smectite sample [26]. Smectite is a common soil mineral that allows us to have a 136 
standardized sample. Firstly, the scatterometer measurements are converted to radial average 137 
profile of the point spread function (PSF). Secondly, the PSF radial average profile is fit to the 138 
PSD model to obtain the soil wavefront characteristics and coefficients which model the 139 
aberration and distortion distribution caused by the sample. A random soil phase profile is 140 
generated from the PSD using standard noise filtering methods. The modified Hadamard basis 141 
set is used to represent the soil phase map. The dimension of the phase map is 848 × 848, which 142 
is consistent with the dimension of the pupil on the SLM in the experimental setup (see section 143 
3.2). The Hadamard basis set we are using to decompose the soil phase is of order of 32 and 144 
the total number of modes is 812 after orthogonalization over the circular pupil. We combine a 145 
block of 26 × 26 pixels to represent one binned pixel. Figure 3(b) plots the Hadamard 146 
coefficient for each mode in the decomposition of the soil phase. It can be observed that lower 147 
order Hadamard basis modes (corresponding to lower spatial frequencies) have larger 148 
coefficients, indicating that they have more impact in representing the soil phase; higher order 149 
Hadamard basis modes (corresponding to higher spatial frequencies) have smaller coefficients, 150 
indicating less impact in representing the soil phase.  151 

To verify the observation and quantify the impact, Fig. 3(d) shows the soil phase 152 
approximation with different truncated sets of Hadamard basis and the corresponding partially 153 
corrected PSF, which indicates the ability of a system to correct the soil phase using only these 154 
modes. The PSF is modeled on a 3647 × 3647 grid size with 848 × 848 pixels across the pupil. 155 
It is computed with Fraunhofer propagation of the difference between the full soil phase and 156 
the soil phase approximation with a truncated set of Hadamard basis. To have a better 157 
visualization effect, Fig. 3(c) plots the Strehl ratio improvement of the partially corrected PSF 158 
with the number of Hadamard basis mode used to approximate the soil phase. It shows that PSF 159 
correction performance improves with the increasing number of Hadamard basis mode used to 160 
approximate the soil phase; The improvement is rapid in the low order Hadamard basis range, 161 
and there is only a marginal improvement in the high order Hadamard basis range even with a 162 
large number of modes, which is consistent with the observation of Hadamard coefficient 163 
distribution in Fig. 3(b). This is expected given the power law structure of the soil phase map, 164 
which indicates that most of the wavefront power is in the lower-frequency Hadamard modes, 165 
so correction those first has the largest impact on the correction, whereas the higher-frequency 166 
Hadamard modes have less impact. This means a truncated set of Hadamard basis can 167 
approximate the soil phase with a good balance between correction performance and number 168 
of modes used. This reduces the dimensionality of the soil phase representation and 169 
consequently reduces the optimization dimensionality of wavefront shaping in soil imaging. 170 
This will lead to a faster convergence rate.  171 

(a) (b) (c) 



 172 
Fig. 3. Soil phase decomposition and approximation with Hadamard basis. (a). Simulated soil phase. (b). Soil phase 173 
decomposition with Hadamard basis. (c). PSF correction performance plot with truncated sets of Hadamard basis. (d). 174 
Visualization of soil phase approximation with truncated sets of Hadamard basis (upper row) and the corresponding 175 
partially corrected PSF (bottom row). 176 

 177 

3. Results 178 

3.1 Simulation results 179 

The system modeling and ASPGD algorithm are developed in Python. PSFs are estimated with 180 
Fraunhofer propagation via Fast Fourier Transform. For the implementation of ASPGD 181 
algorithm (in both simulation and experiment), the default hyper-parameter setting, e.g., 𝛽1 =182 
0.9, 𝛽2 = 0.999, and 𝜀 = 1𝑒−8 are kept constant, while learning rate 𝛼 and the amplitude of 183 
random perturbations |𝛿𝑢𝑘| are varied in order to obtain the optimal optimization performance 184 
for each scenario (see supplementary materials for details). Besides, we reduce the learning rate 185 
in an exponential decay fashion as the optimization progresses, e.g., 𝛼𝑘 =  𝛼0 ∙ 𝜂𝑘/𝐾, where 𝛼0 186 
is the initial learning rate, 𝛼𝑘 is the learning rate for the current iteration, 𝜂 is a hyper-parameter 187 
controlling the decay of learning rate, 𝑘 is the current iteration step and 𝐾 is the pre-defined 188 
total iteration step. For each iteration, three performance metrics are measured corresponding 189 
to base control command 𝑢𝑘 , positive and negative perturbed control command 𝑢𝑘 ± 𝛿𝑢𝑘 , 190 
respectively. 191 

We apply ASPGD with Hadamard basis to iteratively optimize soil imaging with Strehl 192 
ratio as the performance metric. We first divide the whole set of 812 Hadamard basis modes 193 
into different subsets, as shown in Fig. 4. Initialized at zero, ASPGD starts to optimize the first 194 
subset of Hadamard basis and we observe a rapid increase of Strehl ratio. This indicates that 195 
the first subset of 1-60 Hadamard basis modes has a large contribution to the soil phase 196 
representation and they are rapidly being corrected by ASPGD. Due to the orthogonal property 197 
of Hadamard basis set, we can freeze the Hadamard coefficients for the first subset of Hadamard 198 
modes and continue to optimize the second subset of Hadamard modes. The Strehl ratio 199 
continues to climb up, indicating that the 61-180 Hadamard basis modes are continuously being 200 
corrected by ASPGD. After a plateau is reached, we manually freeze this subset of Hadamard 201 
coefficients and move on to the third subset. The Strehl ratio continues to increase but slowly, 202 
which is consistent with the lower contribution of 181-300 Hadamard basis modes to soil phase 203 
representation. We continue the optimization with the remaining subsets of Hadamard basis, 204 

(a) (b) (c) 

(d) 



and again, the Strehl ratio only has a marginal improvement even with nearly 1000 iteration 205 
steps.  206 

The optimization curve with Hadamard basis in Fig. 4 resembles the PSF correction 207 
performance curve with truncated subset of Hadamard basis in Fig. 3(c), indicating that the 208 
optimization can find the coefficients for the Hadamard modes that closely fit the soil phase. 209 
Large Hadamard coefficients are primarily in the region of low spatial frequency, and most 210 
Hadamard coefficients in the region of high spatial frequency are small thus can be ignored 211 
with negligible loss of quality. Thanks to this feature, we could choose to just optimize certain 212 
subset of Hadamard basis, e.g., the first 300 Hadamard basis modes, which gives a good balance 213 
between correction performance and the optimization time. We can come back to re-optimize 214 
61-180 Hadamard basis modes if needed without interfering with other Hadamard basis modes, 215 
which is shown at the last region of the optimization curve. This capability and flexibility 216 
cannot be achieved by using pixel basis. 217 

To verify the faster convergence rate provided by Hadamard basis, we also conducted the 218 
ASPGD optimization in pixel basis with binning factor of 26, as shown Fig. 4. It shows that 219 
ASPGD with Hadamard basis has a clear advantage in the beginning stage of optimization and 220 
continues to overperform the ASPGD optimization with pixel basis. Quantitatively, 221 
optimization with Hadamard basis has an 1805 / 278 = 6.5 times higher convergence rate than 222 
that with pixel basis, which is calculated as the ratio of the iteration step needed with pixel basis 223 
to that with Hadamard basis to reach Strehl ratio of 24.3%. If we fix the iteration step of 1805, 224 
with Hadamard basis the Strehl ratio improves to 35.9%, instead of 24.3% obtained with pixel 225 
basis.  226 

 227 
Fig. 4. ASPGD optimization with Hadamard basis converges 6.5x faster in simulation. 228 

 229 

3.2 Experimental setup 230 

The experimental setup of wavefront shaping for soil imaging is shown in Fig. 5. Light from a 231 
632.8 nm He-Ne laser is collimated and expanded (not shown) before impinging on the SLM 232 
(Meadowlark, HSP1920-500-1200-HSP8). A half-wave-plate is used to rotate the polarization 233 
direction of the laser to make sure it matches the polarization direction of the SLM. Reflected 234 
light from SLM is modulated and the modulated wavefront is relayed by a 1:1 relay system to 235 
the entrance pupil plane of the objective (Mitutoyo, 20x, NA=0.42). The SLM is conjugate to 236 
the entrance pupil of the objective. The beam pupil on the SLM is a circle of diameter 848 237 
pixels. The light is aberrated and scattered by the sample before reaching the focal plane. To 238 
prepare the sample, the synthetic smectite (Syn-1 Clay Minerals Society) was separated into 239 
the < 2 µm size fraction through centrifugation in deionized water using Stokes law. The < 2 240 
µm size fraction was then flocculated using 2M NaCl and transferred into dialysis tubing to 241 
remove excess salts. The sample was then freeze dried overnight and then rehydrated with 0.5% 242 



agarose and heated to 65°C. The agarose was used to maintain hydration of the Syn-1 during 243 
analysis and prevent the movement of the mineral particles. The Syn-1 agarose mixtures (1 244 
g/mL) were then spread onto a microscope slide with a cover slip, pressed into thin films and 245 
sealed. A second objective Obj2 (Mitutoyo, 20x, NA=0.42) images the target focus and a 246 
CMOS camera (Hamamatsu, C13440-20CU) monitors the intensity distribution of the 247 
transmitted light in the target focus and provides feedback for our ASPGD algorithm to control 248 
the SLM. 249 

 250 
Fig. 5. Schematic of the experimental setup. L: lens, M: mirror, HWP: half-wave-plate. 251 

 252 

3.3 Experimental results 253 

To demonstrate the performance of our method in the real-world applications, we have 254 
implemented ASPGD with Hadamard basis in our experimental system and used it to focus 255 
through the soil mineral sample. The sample we are using is ~ 200 µm, located 5 mm from the 256 
target focus. The target focus is aberrated and scattered by the sample and the transmitted 257 
intensity distribution on the target plane is detected by the camera, as shown in Fig. 6(a).  258 

We optimize the first 300 Hadamard modes, which are divided into 5 subsets with each 259 
subset containing 60 modes. Initialized at zero, we optimize the first subset, using the maximum 260 
intensity of the captured camera image as the performance metric. For each iteration, a 261 
perturbation step size for control basis mode is selected so that it matches the quantization on 262 
the SLM. To reduce the measurement noise, for each SLM phase pattern, we capture 4 frames 263 
and calculate the maximum intensity for each frame. We then remove the frames with the 264 
highest and lowest maximum intensity and use the averaged maximum intensity from the other 265 
two frames as the final maximum intensity. Starting at the initial point with maximum intensity 266 
of 752 with zero SLM pattern, a rapid increase of the performance metric is observed once the 267 
optimization starts, as shown in Fig. 6(g), where the ratio of improvement of the maximum 268 
intensity to its initial point is plotted. After a plateau is reached for the current subset of 269 
Hadamard basis, we manually freeze the current subset of Hadamard coefficients and continue 270 
the optimization with the next subset of Hadamard basis. The performance metric continues to 271 
increase and gradually reaches the overall plateau. At the end of optimization, an SLM phase 272 
pattern represented by 300 Hadamard basis modes is acquired as shown in Fig. 6(d), which 273 
results in a bright and tight focus of the final transmitted intensity distribution after the sample 274 
as shown in Fig. 6(b). 275 

This is one example of the experimental results to demonstrate the optimization process. 276 
The performance of our proposed method is further verified in multiple repeated experiments 277 
with four out of five showing obvious advantages of using Hadamard basis (see supplementary 278 
materials). 279 

To compare the above optimization performance with that using pixel basis, we also used 280 
pixel basis with binning factor of 26 as the control basis and conducted the ASPGD with this 281 
pixel basis to correct the same sample. In total, there are 849 binned pixels across the pupil 282 
being optimized. The corresponding optimization evolution curve is plotted in Fig. 6(g). We 283 
have swept a range of parameter choices and find 𝛼0 = 0.06 and |𝛿𝑢𝑘| = 0.05 give the best 284 
optimization performance with pixel basis. We use these two values during the optimization 285 
process. Starting at the maximum intensity of 1023, the optimization with pixel basis has a slow 286 
start in the beginning stage of optimization and continues to underperform the optimization 287 



with Hadamard basis. The difference between the initial starting intensity of the optimization 288 
with Hadamard basis and that with pixel basis may be caused by the laser intensity fluctuation, 289 
SLM phase modulation variation, sample drift over time and the camera noise. The final SLM 290 
phase pattern expressed by the binned pixel found at the end of optimization and the resultant 291 
transmitted intensity distribution are shown in Fig. 6(e) and Fig. 6(c), respectively. Figure 6(c) 292 
shows a focus is formed but it is much dimmer than the focus in Fig. 6 (b), indicating the 293 
inferior optimization result comparing to that with Hadamard basis. Comparing Fig. 6(d) with 294 
Fig. 6(e), the SLM phase representation with Hadamard basis are dominant with lower spatial 295 
frequency structure and supplemented with higher spatial frequency information, which is 296 
consistent with the general spatial frequency characterization of the wavefront structure to 297 
correct the aberration and scattering from soil mineral sample; Whereas, the frequency 298 
distribution characterization doesn’t appear on the SLM phase representation with pixel basis. 299 
To compare the convergence rate between the Hadamard basis and pixel basis, we chose the 300 
point where the optimization with pixel basis gives the best performance for the fairest 301 
comparison. Quantitatively, the optimization with Hadamard basis has a 523 / 71 = 7.4 times 302 
higher convergence rate than that with pixel basis, which is calculated as the ratio of the 303 
iteration step taken with pixel basis to reach its best performance to that with Hadamard basis 304 
to reach the same performance metric; If we fix the iteration step of 523, with Hadamard basis 305 
the performance metric improves by a factor of 3.5, whereas with pixel basis it only improves 306 
by a factor of 1.8.  307 

The potential reasons for the slight difference between the convergence rate improvement 308 
factors in simulation and experiment are: first, the simulated soil wavefront is different from 309 
the soil wavefront in the real experiment. The simulated soil wavefront may not fully represent 310 
the soil wavefront in the real experiment. As we have observed in various experiments, different 311 
soil wavefront structures have slightly different optimization convergence rates; second, the 312 
achievable maximum quality enhancement is limited by the signal to noise ratio (SNR) for the 313 
experiments in a noisy environment [5]. Optimization with the Hadamard basis is less sensitive 314 
to noise errors, as previously reported in others’ work [19,27,28]. Thus, the optimization with 315 
the Hadamard basis has a better performance and the optimization with pixel basis often 316 
saturates at a lower performance enhancement in the real experiment when the noise is not 317 
negligible.  318 



 319 

 320 
Fig. 6. Experimental results. (a). The transmitted intensity distribution of the target focus caused by the sample with 321 
SLM phase pattern equal to zero. (b). Final transmitted intensity distribution after the optimization with Hadamard 322 
basis. (c). Final transmitted intensity distribution after the optimization with pixel basis. (d). Final SLM phase pattern 323 
found by the optimization with Hadamard basis. (e). Final SLM phase pattern found by the optimization with pixel 324 
basis. (f). The intensity distribution plot along the rows where the maximum intensities locate. (g). The optimization 325 
evolution curve. 326 

 327 
The advantage of the spatial frequency efficiency of the Hadamard basis in soil imaging 328 

that we are asserting comes from the fact that the soil samples at the scale we are interested in 329 
won’t induce a fully randomly distorted wavefront. Soil phases have a structured power-law 330 
model. Therefore, the soil wavefront facilitates a sparse representation with the Hadamard 331 
basis, with lower-frequency Hadamard patterns having larger coefficients and the rest of the 332 
coefficients are negligibly small. This allows us to represent the soil wavefront with fewer basis 333 
modes, which leads to a faster optimization convergence rate. 334 

We have used the first 300 Hadamard basis modes to represent the wavefront pattern. In the 335 
future work, we would like to explore what the optimal truncated set of Hamdard basis is for 336 
the best balance between performance and number of Hadamard basis modes used; we will also 337 
pursue generating the tailored basis specially for representing soil samples which is expected 338 
to dramatically reduce the basis modes needed for focusing light through soil samples, which 339 
is also expected to give a better correction performance and further increase the optimization 340 
convergence rate. 341 

(a) (b) (c) 

(d) (e) 

(g) 

(f) 



4. Conclusion  342 

We have developed a wavefront shaping method based on ASPGD with the Hadamard basis 343 
for focusing light through soil samples. With Hadamard basis we can approximate the 344 
wavefront phase with fewer coefficients. This reduces the dimensionality of the soil phase 345 
representation and consequently reduces the optimization dimensionality of wavefront shaping 346 
in soil imaging with fewer control variables. Simulation results show that our method has a 6.5 347 
times higher convergence rate and better optimization performance compared to that with pixel 348 
basis. Experimentally we have demonstrated ASPGD with Hadamard basis to focus light 349 
through soil mineral samples. The experimental results showed the ASPGD with Hadamard 350 
basis has a 7.4 times higher convergence rate and better overall correction performance than 351 
that with pixel basis. The proposed method is a general optimization approach which can 352 
benefit other high-dimensional optimization problems in adaptive optics and wavefront 353 
shaping.  354 

 355 
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document 428 

During the adaptive stochastic parallel gradient descent (ASPGD) optimization, the learning 429 
rate 𝛼  and the amplitude of random perturbations |𝛿𝑢𝑘|  are critical to the optimization 430 
performance. They must be carefully chosen in order to obtain the optimal optimization 431 
performance. A value that is too small leads to painfully slow convergence, while a value that 432 
is too large can hinder convergence or even cause divergence. The parameter setting for the 433 
experimental results in Fig. 6 is listed in Table S1. 434 

Table S1. Parameter setting for the experimental results in Fig. 6 435 

Modes 𝛼 |𝛿𝑢𝑘| 

Hadamard 0-60 5 2 

Hadamard 61-120 3 2 

Hadamard 121-180 3 2 

Hadamard 181-240 2 2 

Hadamard 241-300 2 1.6 

Pixel basis 0.06 0.05 

 436 
 437 
To verify the repeatability of our method, we repeated the experiments for multiple times 438 

on the similar soil mineral samples, whose optimization evolution curves are plotted in Fig. S1. 439 
It successfully demonstrates the repeatability of our method with majority of the experimental 440 
results showing the obvious advantages of using Hadamard basis. For the results from repeated 441 
experiment 1 shown in Fig. S1(a), optimization with pixel basis performs unexpectedly well 442 
and the optimization with Hadamard basis just shows a marginal advantage. One of the possible 443 
reasons is that the phase map of the soil mineral sample in repeated experiment 1 contains less 444 
low spatial frequencies thus optimizing Hadamard modes with low spatial frequencies doesn’t 445 
provide a rapid progress of the improvement of the performance metric. It can also be due to 446 
the sub-optimal parameter setting for Hadamard basis. 447 



 448 
Fig. S1.  The optimization evolution curves. (a). Repeated experiment 1. (b). Repeated experiment 2. 449 

(c). Repeated experiment 3. (d). Repeated experiment 4. 450 

 451 
The found optimal parameter setting for the repeated experimental results in Fig. S1 is 452 

listed in Table S2. The optimal parameter setting varies for each experiment, which depend 453 
on the initial intensity distribution before optimization, the soil mineral sample under test and 454 
its optical aberration and scattering characteristics.  455 

Table S2. Parameter setting for the repeated experimental results in Fig. S1 456 

 Repeated Exp 1 Repeated Exp 2 Repeated Exp 3 Repeated Exp 4 

Modes 𝛼 |𝛿𝑢𝑘| 𝛼 |𝛿𝑢𝑘| 𝛼 |𝛿𝑢𝑘| 𝛼 |𝛿𝑢𝑘| 

Hadamard 0-60 6 3 8 3 7 3 5 3 

Hadamard 61-120 4 3 
4 4 3 3 2 3 

Hadamard 121-180 2.8 2.4 

Hadamard 181-240 2 2 
1.6 4.5 0.8 3 1 3 

Hadamard 241-300 1.6 1.6 

Pixel basis 0.06 0.05 0.07 0.05 0.04 0.05 0.05 0.05 

 457 

(a) (b) 

(c) (d) 


