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Abstract

A level set topology optimization approach that uses an auxiliary density field to nucleate holes during
the optimization process and achieves minimum feature size control in optimized designs is explored.
The level set field determines the solid-void interface, and the density field describes the distribution
of a fictitious porous material using the solid isotropic material with penalization. These fields are
governed by two sets of independent optimization variables which are initially coupled using a penalty
for hole nucleation. The strength of the density field penalization and projection are gradually increased
through the optimization process to promote a 0-1 density distribution. This treatment of the density
field combined with a second penalty that regulates the evolution of the density field in the void phase,
mitigate the appearance of small design features. The minimum feature size of optimized designs is
controlled by the radius of the linear filter applied to the density optimization variables. The structural
response is predicted by the extended finite element method, the sensitivities by the adjoint method, and
the optimization variables are updated by a gradient-based optimization algorithm. Numerical examples
investigate the robustness of this approach with respect to algorithmic parameters and mesh refinement.
The results show the applicability of the combined density level set topology optimization approach for
both optimal hole nucleation and for minimum feature size control in 2D and 3D. This comes, however, at
the cost of a more advanced problem formulation and additional computational cost due to an increased
number of optimization variables.

1 Introduction

In topology optimization (TO), mesh-independent and manufacturable designs are achieved by controlling
the length scale of structural members. Density-based TO methods possess robust and reliable approaches
for this; see for example Liu and Ma (2016) or Lazarov et al. (2016). In contrast, less mature strategies are
available for level set (LS) methods. In this paper, a novel approach that controls the minimum feature size
in LS TO using density fields is developed and studied for linear elastic structural problems in two and three
dimensions.

In density-based TO approaches, control of the minimum feature size is achieved by filtering and project-
ing the optimization variables; see, for example, Guest (2009a); Guest et al. (2004); Guest (2009b); Sigmund
(2007a, 2009). The filtering scheme widens the area of influence of each design variable while projecting the
densities alleviates the blurriness introduced by filtering. This strategy reliably achieves features with the
desired length scale but allows for the existence of point hinges in optimal designs. Hence, alternatives such
as robust optimization were introduced, see, for example, Schevenels et al. (2011a); Asadpoure et al. (2011);
Fernandez et al. (2020); Sigmund (2011). In this strategy, the filter size is perturbed to alter the shape



of design by the desired minimum feature size, the worst-case configuration identified, and its performance
optimized. This results in a nominal design that is insensitive to the imposed shape variations which is typ-
ically achieved by the minimum feature of the optimized nominal design being larger than desired minimum
feature size.

Implicit LS methods solve some form of the Hamilton-Jacobi equation to track the evolution of external
and internal boundaries in the optimization process (van Dijk et al. (2013); Sigmund and Maute (2013)).
For such LS methods, the skeleton approach has been proposed to control feature size (Guo et al. (2014); Xia
and Shi (2015); Liu et al. (2018)). Here, the skeleton is defined as the location of centers of maximum circles
(in 2D) or spheres (in 3D) contained within the body that is defined by the zero LS isocontour (Montanari
(1968)). It is extracted from a signed distance field (SDF) constructed through reinitialization of the LSF
when solving the Hamilton-Jacobi equation. Hence, the skeleton approach assumes a unit gradient of the level
set field (LSF) to measure the feature size using the LS values of skeleton points (Alexandrov and Santosa
(2005); Kimmel and Bruckstein (1993)). Despite commonly used, this approach suffers from convergence
issues. Small perturbations in shape may lead to a drastically different skeleton, which prevents a smooth
design evolution; see Allaire et al. (2016).

In explicit LS methods, the parameters of the discretized LSF are defined as explicit functions of the
optimization variables and updated by optimization algorithms. Recently, Geiss (2019) studied the skeleton
approach using an explicit LS method. In his work, the skeleton is constructed from the Laplacian field of a
SDF generated using the heat method of Crane et al. (2017). Control on the feature size is achieved following
the work of Guo et al. (2014). It was found that this approach requires a fine mesh to sufficiently resolve
the Laplacian of the SDF, which leads to an increased computational cost. In addition, the SDF needs to
be filtered to obtain sufficiently smooth higher-order spatial derivatives. This, in turn, leads to smearing of
the LS skeleton which affects the accuracy of enforcing feature size.

The work of Villanueva (2016) and Coffin and Maute (2016) proposed an alternative to the skeleton
approach for explicit LS methods. Their strategy focuses on using explicit geometric distance measures to
control the size of minimum features. However, their approach lacks generality as it is limited to controlling
features of the size of an element of the mesh.

In this paper, the classical solid isotropic material with penalization (SIMP) approach is included into
an explicit LS TO framework to achieve minimum feature size control. Similar ideas have been explored by
various authors. In Jansen (2019), feature size control is achieved via geometric constraints on a density field,
which is an extension of the approach presented by Dunning (2018). Furthermore, a combined LS-density
approach was presented in Geiss and Maute (2018); Geiss et al. (2019b) where the LS and density fields
are coupled while optimizing the material distribution within the solid phase. While this approach enables
solving of multi-material TO problems, it provides no means of feature size control. Recently, Jansen and
Pierard (2020) introduced a hybrid approach for multi-scale TO using density and LS methods. In their
work, the density field is used to represent homogenized material properties at a micro-scale while the LSF
is used to describe the geometry at a macro scale. Minimum length scale control has also been explored by
introducing two additional geometric constraints, as initially proposed by Zhou et al. (2015) for three-field
SIMP problems. Most recently, Andreasen et al. (2020) introduced a hybrid LS-density TO scheme for 2D
problems which provides length-scale control via a density approach and then performs shape optimization
via the LS method. In their work, a density field is used as the design variable on which linear filtering is
applied and ultimately a LSF is computed. While minimum feature size is achieved via the robust density
approach (Sigmund (2009)), holes are created via a separate heuristic nucleation scheme which requires
additional parameter tuning.

The TO approach proposed in this paper nucleates holes informed by a density field and enables minimum
feature size control via the same density field. This approach is an extension of the work presented by
Barrera et al. (2019b) addressing the issue of minimum feature size control in explicit LS TO. In the solid-
void problems considered in this study, a LSF is used to distinguish between the two material phases
through a crisp, well-defined interface. This LSF is parameterized by local shape functions and the nodal
LS values are defined as explicit functions of LS optimization variables. The density field interpolates the
material properties within the material phase using the SIMP scheme (Bendsge and Sigmund (2004)) and is
discretized on the same mesh as the LSF. This density field is obtained via linear filtering and projection of
nodal density design variables, represented by a dedicated set of density optimization variables. The density



field is used to nucleate holes in the LSF and to provide minimum feature size control on the explicit LS TO
problems. The weak form of the governing equations is discretized by the extended finite element method
(XFEM) Belytschko et al. (2009). The proposed approach is studied for compliance and mass minimization
problems in 2D and 3D, considering linear elasticity. The combined LS-density TO approach successfully
demonstrates the ability to obtain feature size control and to yield mesh-independent designs. To achieve
this, a penalization term for removing high density areas in the void phase needs to be employed and a
globally regularized LSF is indispensable.

The remainder of this paper is organized as follows: Section 2 introduces the LS and density problems
in the proposed TO approach. Section 3 details the strategies used for hole seeding and feature size control
using the density method. The optimization framework and problem formulation are introduced in Section
4. Numerical examples illustrating the properties of the proposed minimum feature size control approach
are studied in Section 5, and conclusions and topics for future work are discussed in Section 6.

2 Topology optimization approach

2.1 Explicit level set topology optimization

Considering a two-phase configuration, a LSF defined on the design domain, Q2p, describes the geometry as
follows:

>0, VX €,
d(X) 1 <0, VX € Qp, (1)
=0, VXEFIJ[.

The material domains of phases I and I1 are identified by Q; and ;, respectively, such that Qp = Q;UQp;
and the zero LS isocontour, ¢(X) = 0, defines the interface, I'r ;7. In the solid-void problems studied in this
paper, solid is assigned to phase I and void to phase II.

The LSF is discretized by local shape function and defined as an explicit function of a vector of LS
optimization variables, s? := {s% € RN*| Glo < ¥ < bup,i = 1,...,N.}. Here, a LS optimization variable
is assigned to each node of a structured mesh; thus, N, equals the number of nodes in this mesh. The
optimization variables are updated via a nonlinear programming method. Note that this framework does
not require solving a Hamilton-Jacobi-type equation, which is commonly needed in implicit LS optimization
approaches; see van Dijk et al. (2013) for details.

The LS optimization variables, s, are filtered following the formulation presented in Kreissl and Maute
(2012) to generate a vector of filtered LS coefficients, 3% .= {.§¢ € RNs| o < é? < ¢up,i=1,...,Ng}. The
purpose of this distance-based linear filter is to enhance the smoothness and the convergence of the design
problem. A filtered LS coefficient, §f, at node i, is defined as a function of its neighboring LS optimization

variables, s?, at nodes 7, as follows:
87 =Fy(r}) (2)
where the operator Fj; is function of the LS filter radius, rj? as follows:
N
"r
Fyj(r}) = wiy(r])) Y wig(r). (3)

J

The parameter N, o denotes the number of nodes within r?, and the weights w;; are defined as:
§

wi;(r}) = max(0,7¢ — |X; — X)), (4)

where the expression |X; —X;| represents the Euclidean distance between nodes i and j. The LSF is linearly
interpolated by the filtered LS coefficients, 3%, on linear quadrilateral and hexahedral meshes in 2D and 3D,
respectively, using:

.
B(X) = Do N(X) 7. )



Linear shape functions are denoted by N (X), and the LSF is defined as ¢(X) := {¢(X) € H'(Q2p)| ¢row <
a® < ¢yp :a? € S?(X)}, with H! denoting the Sobolev space. The upper and lower bounds of the LSF are
denoted by the parameters @0, and ¢, respectively.

2.2 Density method

In addition to the LS optimization variables introduced above, we define a second vector, s? := {s? €
RN| 0 < s/ < 1,i = 1,...,N;}, of density optimization variables to control a fictitious density field as
described in this Section. Hence, the proposed framework considers a set composed of nodal LS and density
optimization variables, i.e., s = [s?, 5.

Similar to the filtering described in the previous Section for the LS optimization variables, here a vector
of filtered density coefficients, §” := {8 € RNs| 0 <& < 1,i=1,...,N;}, is generated using the following:

87 = Fy(r}) s, (6)

with Fj; defined in Eq. 3. Note that the density filter radius, r? in this expression is not required to be the
same as the LS filter radius, r? in Eq. 2. The set §” is used to linearly interpolate a filtered density design
variable field, $7(X) := {S7(X) € H'(Qp)| 0 < a” < 1:a” € §”(X)}. This field is also linearly interpolated
using:

»
S7(X) = YTN(X) . (7)

It has been shown by Guest et al. (2004); Sigmund (2007b); Guest (2009c); Wang et al. (2011), among
others, that TO using density methods can provide certain control on the minimum feature size by using a
large penalization in combination with projection of the density field. Thus, 3”(X) is projected to obtain
the nodal, filtered, projected fictitious density field, p(X), hereinafter referred to as projected density field
for brevity. To this end, the threshold projection formulation of Wang et al. (2011) is adopted:

Gp _
A(X) = tanh (v, (SP(X) — 7pr) + tanh(vperT). (8)
tanh(7pr (1 — 7pr) + tanh(yp,7p,)

The parameters 7,, and <y, represent the projection threshold and sharpness, respectively. For increasing
values of 7,,, this formulation projects any value above 7,, to 1, and the values below to 0. In this work,
Tpr is set to a value sufficiently close to zero, i.e. 7, = 0.001 to ensure minimum length scale on the solid
phase, emulating the strategy presented in Guest et al. (2004). Note that setting 7, to a higher value
(e.g., Tpr = 0.5) would impede minimum length scale control, as demonstrated in Wang et al. (2011). Also,
methods such as the robust approach (Schevenels et al. (2011b)) are needed to mitigate the appearance of
point hinges in converged designs.

2.2.1 Material interpolation

In the linear elastic problems studied in Section 5, material properties are interpolated using the SIMP
approach. The material density, 6(X), is defined as a linear function of the projected density field as follows:

0(X) = 0o p(X). (9)
In addition, the Young’s modulus, F(X), is interpolated using the following power law:
E(X) = By (p(X))”. (10)

The parameters ¢y and Ey denote the bulk material density and Young’s modulus, respectively. The 3,
parameter symbolizes the SIMP exponent. The nodal densities are averaged within each element, and an
element-wise constant density is used for interpolation purposes. Note that, despite the projected density
field is defined in the entire design domain, the physical response is computed only in the solid phase, ;.



2.2.2 Continuation scheme for density method

Both the projection of 5(X) defined in Eq. 8 and the SIMP exponent in Eq. 10 are updated throughout
the course of the optimization process using a continuation scheme. The projection sharpness, 7., is set
initially to a low value, i.e. ypr = 'ygr = 0.001, to eliminate the effect of the projection at the beginning of
the optimization process; and is gradually increased to vy, = %J;r = 40.0 to strengthen its effect and promote
a 0-1 density field. The expression used reads:

Dy \ "
71())7" + (’Ygr - ’Ygr) <D > s v Dy <D,

7};7 otherwise,

Ypr = (11)

where D;; is the design iteration index. The parameter D, is the number of design iterations for which the
continuation is active. The continuation step size, D, is assumed to be constant. The projection is kept
at its maximum value until the optimization problem converges (i.e., for Dy > D.). The increase of 7,
between continuation steps is controlled by the exponent 7, , which is set to n,, = 2.0. Similarly, the
SIMP exponent (3, is updated using the following expression:

D;
52+(6£52)(Dt

ﬁ,{, otherwise.

n8,
) ) v Dit S Dc

Bp = (12)

The parameters BS and ﬁ}; are set to 2.0 and 12.0, respectively, and the exponent 7, is also set to 2.0. The
values for VST, 71{7'7 2, and Bg were determined through numerical experiments. These values are sufficient
to achieve both a high projection parameter (to counteract the smoothing introduced by the linear density
filter) and high SIMP exponent (to promote convergence to a 0-1 design) without excessively increasing the
nonlinearity of the problem. Figure 1 illustrates the continuation strategy used for updating both ~,, and
B, (ie., Egs. 11 and 12 , respectively). Note that an exponent greater than 1.0 attenuates changes in the
updated parameters at early stages of the optimization process.

X
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e //
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Figure 1: Continuation strategy for projection sharpness and SIMP exponent.

3 Hole nucleation and minimum feature size control via density
methods

This section introduces an approach that aims to alleviate two shortcomings of the explicit LS optimization
framework outlined above: (i) dependency of the optimization result on the initial hole seeding, and (ii) lack
of control of the minimum length scale. In this approach, a density field that is independent of the design
LSF is constructed. The mechanism that affords hole nucleation during the optimization process uses the
hole seeding strategy summarized in Section 3.1. The strategy for minimum feature size control is discussed
in Section 3.2.



Figure 2: Hole seeding coupling penalization plotted over density and level variables.

3.1 Hole seeding strategy

Building on the work of Geiss (2019); Barrera et al. (2019a,b), hole nucleation is established by coupling
the LS and density fields such that: (i) high densities are present only in the solid phase, where the LSF
is positive; and (ii) densities close to zero exist only in the void phase, where the LSF is negative. This is
achieved by introducing a differentiable penalty term that couples the LSF to the projected density field
into the objective function.

3.1.1 Hole seeding penalty
The smooth penalty formulation that relates the LSF, ¢(X), and the projected density field , 5(X), reads:

¢ — (bthhs ? 2 ; _
{ |:maX <07 ¢up - ¢th}Ls >:| " 5 } 5
Ppo(X) = (1+ 52)% —¢ ’ (13)

v ﬁ < pthhs’
0, otherwise;

where the parameter £ smooths the transition of the penalty and is set to £ = 0.1. Fig. 2 shows a schematic of
this coupling penalty formulation. The LS threshold, ¢;p,, ., is set to a value below zero, i.e. ¢4p,, = 0.10¢;00
with ¢ < 0, to ensure that the penalty is active until after the LSF crosses the zero isocontour. The hole

seeding density threshold, pip, ., increases from an initial low value, p?hm, to a value close to 1.0, i.e.

p{hhs = 0.98, during the optimization process.

In the original strategy described in Barrera et al. (2019b), the psp, , threshold is decreased to zero. In
contrast, here a gradual increase of this threshold is preferred since it widens the area of influence of the
coupling penalty, and thus promotes the nucleation of holes in regions dominated by intermediate densities at
a later stage in the design process. The extended hole nucleation effect together with projecting the density
field largely mitigates the presence of intermediate densities in the solid phase away from the interface.

Another difference with respect to the work of Barrera et al. (2019b) consists of the treatment of the
density field used to interpolate material properties. Previously, the density field was gradually shifted
through the optimization process until a uniform field of 1.0 was obtained in the entire design domain. The
goal of the shifting scheme was to guarantee that the optimization problem transitioned from a pure density
problem to a pure LS problem. That is no longer the case in the approach presented here. The design is
sensitive to both the density and LS components during the entire optimization process. A discussion of
these and other differences between current and previous work are provided in Section 3.3.



3.1.2 Continuation scheme for hole seeding strategy

A continuation scheme similar to the one presented in Section 2.2.2 is used to update the pp,, threshold.
This parameter is increased every D, design iterations using:

D’i npthh,s
pghhs + Ap (Dt) ) v Dit S Dc7
Prhne =\ o, ¥ D, <Dy < D, + Dy, (14)
0.0, otherwise,
with
Ap=ply, = P (15)

as depicted in Fig. 3. The parameter pghhs is chosen to be a fraction of the initial prescribed homogenous
density in the design domain. The exponent 7,,, ~is set to 2.0. The ps,, threshold is set to zero for
Dit > Dy (Ds = D.+ Dg;) to deactivate the hole seeding penalty at a later stage of the optimization process
and use the projected density field only to provide control on the minimum feature size allowed.

Pthps

N — ”pthhsz 1.0
pf —_ ﬂpmhs= 15
thhs —_ npthhsz 2.0
Dit
P?hhs >
DS Dmax

Figure 3: Continuation strategy for hole seeding density threshold.

3.2 Feature size control strategy

The explicit LS framework introduced here enforces the minimum length scale provided by a density method.
To achieve this, the configuration illustrated at the inset in the middle of Fig. 4 is considered. The I',(X)
curve/surface in 2D /3D identifies the material and void phases using the projected density field. Here, the
zero isocontour of the LSF (i.e., the interface) tracks this contour within a tolerance e. The I',(X') reference
contour is constructed such that it separates regions of high densities (2 1.0) from regions of intermediate
and low densities. This contour is defined only for explanation purposes, but it is not explicitly used in the
proposed framework.

Attaining the scenario mentioned above while having two independent fields is far from trivial. As is
demonstrated later in Section 5, setting algorithmic parameters inappropriately can result in configurations
where the interface is away from I'y(X), i.e. |I'q,,;, — ;| > €. In such cases, the interface would either
“overcut” or “undercut” the projected density field, as shown at the left and right insets of Fig. 4. These
two configurations suggest a disconnection between the LSF and projected density field, which needs to
be avoided. Otherwise, the optimization framework is unable to reliably provide control of the minimum
feature size. Overcutting implies that regions of low density are located in the solid phase at convergence.
Extreme overcutting, i.e., large regions of low densities in the solid phase are unlikely to occur because both
the density and LS problems are governed by the same optimization formulation and will remove material
similarly. However, the interface may converge in the transition region to benefit from weak material near
the interface. On the other hand, undercutting, i.e., regions of high densities in the void phase, can be
mitigated by forcing the projected density field to be zero in the void phase. A penalty to achieve this is
proposed next.
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Figure 4: Insets with zoomed-in regions of vicinity of interface for three configurations: (lefft) overcutting,
(center) desired cut and (right) undercutting of the density field by the interface.

3.2.1 Void domain density removal penalty

In conventional SIMP and SIMP-like approaches, the material response is evaluated in a fixed design domain
throughout the optimization process. In contrast, the approach described here restricts the effect of the
density method to only the solid phase ), which is defined by a moving interface. Hence, performance
measures, i.e., criteria used to formulate objective and constraints, are insensitive to changes in the projected
density field in the void phase. The evolution of this field is not determined by nor affects the optimization
problem when ¢(X) < 0. As a result, in absence of a mechanism to keep the densities in the void phase close
to zero, the feature size control reference contour, I',(X), is lost. To overcome this issue, an additional void
domain density removal (VDDR) penalty, Pperr, is introduced. This penalty is active only in the void phase
and does neither affect the performance measures nor the physical response. Undercutting of the density
field is averted by the following formulation of the VDDR, penalty:

8/(X), V¢ < by,
s (X) = ’ fe 16
Po (X) {O, otherwise. (16)

This formulation penalizes the filtered density field, Sp(X). In our experience, a smoother and quicker
removal of high densities is achieved if the VDDR, penalty is applied on the filtered density field instead of
the projected density field (i.e., p(X)). The threshold ¢y, is set to a value such that it limits the influence
of the penalty to the void side with an offset (from the zero isocontour), i.e., ¢¢n,, = [0.25 — 0.75]di00,. Note
that enforcing this penalty too close to the interface, within an element length, can result in overcutting of
the density. This is demonstrated in Example 5.1.2.

Figure 5: VDDR penalty in the void phase plotted over density and LS variables.



3.3 Discussion

In the proposed TO framework, the design is driven by both the LS and density optimization variables until
convergence. Thus, the optimization problem does not transitions from a pure density problem to a pure
LS problem, as it was the case in previous work; see Barrera et al. (2019a). Conceptually, the framework
described here resembles a combined LS-density approach rather than a LS approach that uses a density
field to mitigate some of its disadvantages. Consequently, since the projected density field can be optimized
within the solid domain, a uniform density field of 1.0 cannot be guaranteed in the optimized design. The
hole seeding penalty alleviates this issue by promoting hole nucleation in regions with intermediate densities;
see Section 3.1.1. However, designs with intermediate densities are still possible if the optimization problem
benefits from them (Maute (2017)).

Unlike in previous works where the density field in the void phase had no influence on the optimization
problem, here low densities are necessary in regions of the design domain where ¢ < 0 to prevent under-
cutting. Nevertheless, this can be easily achieved by a penalty term; see Section 3.2. Also, since the length
scale is controlled only by the filter radius of the density optimization variables, 7’?, the LS filter radius is
not required to change as function of the desired minimum feature size.

A total of three parameters, i.e. ¢up,,, Vpr, and 3,, are updated simultaneously through the optimization
process every Dg; design iterations; see Eqs. 11, 12, and 14. As a result, the functionality provided by the
projected density field transitions from first nucleating holes to finally controlling the minimum feature size.
The ¢ip,, threshold of the VDDR penalty formulated in Section 3.2.1 determines an offset between the
interface and the region where this penalty is active. A LSF with irregular gradients (i.e., locally too flat
or steep) in the vicinity of the interface cannot be used to adequately enforce the VDDR penalty. Hence, a
regularized LSF with a close to uniform gradient norm is critical. In this work, this is achieved by the LS
regularization scheme presented in Section 4. It is possible to avoid explicitly enforcing a VDDR penalty
pserr for a specific set of optimization problem formulations. This is explored in Section 5.2.3 with a mass
minimization TO problem that defines the mass in the entire domain. In that setup, the void phase is part
of the minimization problem, and thus high densities are penalized in the void phase by construction.

4 Optimization problem formulation
The optimization problems considered in this work are formulated as follows:
S

min z(s, u(s)) = wy F(s,u(s)) + w2 Ppe,(s)
)

“+ w3 PReg(S =+ wy Pp¢(S)

(17)
+ws Pjor;(s)
st.: gi(s,u(s)) <0,i=1,...,Ng.
The objective, z, is minimized over the vector of admissible optimization variables, s = [s?, s?]. The

state variables, u, with u € IRN» N, being the number of state variables, are defined as functions of the
optimization variables through the governing equations. The first component of the objective represents the
performance measure to be minimized, F (e.g., strain energy, mass). The second term is the normalized

perimeter control penalty,
/ dA
M1

PPe'r = T (18)
dA
o
which prevents the emergence of irregular geometric features. The perimeter of the design domain is denoted
by I'p. The LS regularization penalty, Preg, is included in the objective to avoid spurious oscillations in the
LSF. Following the regularization scheme of Geiss et al. (2019a), a truncated signed distance field used as
target field, q~5, is constructed in the entire design domain. The target field is enforced through a penalty in



the objective, Preg, of the following form:
| e-drav [ vo-vipay
QD QD

— e T Wrsa ;
P 7
Qp Qp

PReg = w¢ (19)

where ¢~> Bna 1s the difference between the upper, QNSUP, and lower, élowa bounds in the target LSF. The weights
wg and w rgare kept constant and equal to one in the entire design domain. The fourth component denotes
the normalized hole seeding coupling penalty,
/ p,3¢dV
Qo

Pﬁ¢ =—L (20)
dA
p

with pse(X) as formulated in Eq. 13. The last term is the normalized VDDR penalty to prevent undercutting,

and is defined as
/ Pporr av
QO

PﬁQH =2 (21)
dA
p

The field pjo;, (X) is computed using Eq. 16. The weights w1, wa, ws, and w4 in Eq. 17 are chosen such
that all penalty contributions in the objective are significantly lower (&~ 1 — 5%) than F. Since a strong
perimeter control penalty might prevent the nucleation of small holes (Wang et al. (2007)), its contribution
is kept below 1% by gradually updating the wo weight, following the continuation scheme presented for the
density method; see Section 2.2.2. The weight of the VDDR penalty ws; does not need special considerations
since it affects only the density field in the void domain. Numerical examples have shown that using a value
between 0.01 and 10.0 provides a relatively fast reduction of densities in the void phase.

The design needs to satisfy a set of IV, problem dependent inequality constraints, [g1, ..., gn,] (e.g., target
mass, maximum allowable stress, maximum eigenvalue). The constraints are defined for each problem studied
in Section 5. Note that the integral form of the coupling and VDDR penalties can be alternatively formulated
via agglomerated nodal constraints such that they are enforced per node of the discretized domain. In such
cases, an augmented Lagrange multiplier approach can provide a viable implementation (Bertsekas (2014)).

4.1 Structural Analysis

The physical responses of the systems are predicted by the XFEM in this paper. A generalized Heaviside
enrichment strategy (Makhija and Maute (2014); Terada et al. (2003); Tran et al. (2011)) is employed to avoid
artificial coupling of disconnected material domains. The response is consistently interpolated in elemental
subdomains with the same phase. The reader is referred to Barrera and Maute (2020) for more details on
this topic. An in-depth description of the governing equations, including weakly enforcement of boundary
conditions, and face-oriented ghost stabilization can be found in Barrera et al. (2019b). Since LS TO is not
restricted to a particular immersed boundary technique, alternative approaches such as CutFEM (Burman
et al. (2015, 2019)) or HIFEM (Soghrati and Barrera (2016)) could also be used for physical and sensitivity
analyses.

5 Numerical Examples
The proposed approach is studied using single material, solid-void linear elastic problems in 2D and 3D.
Algorithmic parameter dependencies and performance are investigated with a typical structural beam prob-

lem. Strain energy minimization with mass constraint, and mass minimization with target strain energy
optimization problem formulations are considered. The analyses provided in this section are focused on the
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minimum feature size control capability of the proposed approach. For details on algorithmic aspects of the
hole nucleation strategy, the reader is referred to Barrera et al. (2019a).

The optimization problems are solved by the Globally Convergent Method of Moving Asymptotes (GCMMA,
Svanberg (2002)), with no inner iterations. The sensitivity analysis is performed via the adjoint method as
detailed in Sharma et al. (2017). The optimization problem terminates when the constraints are satisfied and
the relative change in the objective between three consecutive design iterations is less or equal to 1 x 1073,
In all problems, the upper and lower bound of the LSF are function of the element size, h, and set to
Gup = 3h and @0y = —3h, respectively, unless specified otherwise. In all initial designs, a uniform LSF of
#(X) = ¢o = 0.10¢,,, is prescribed, i.e., holes are not present a priori, unless specified otherwise. In addition,
0 = Gup, is prescribed in the vicinity of the Neumann and Dirichlet conditions to exclude them from the
design domain. All simulations start with a uniform density of pg, except the portions excluded from the
design domain, which are prescribed a density of 1.0. Thus, a homogeneous porous material fills the entire
design domain at the beginning of the optimization process.

The continuation schemes described in Sections 2.2.2 and 3.1.2 are used to update the projection sharp-
ness, 7pr, the SIMP exponent, 3,, and the coupling density threshold, ¢, using Egs. 11, 12, and 14,
respectively. The update is performed every 10 optimization iterations in a total of 100 continuation steps.
In addition, the VDDR penalty threshold is set to pin,, = 0.5¢y,, and the LS filter radius in Eq. 2 is kept
constant at r2=1.5h and r¢=1.8h in 2D and 3D, respectively. Additional relevant parameters for the con-
tinuation schemes can be found in Table 1. Note that this continuation strategy was adopted for simplicity;
however, more sophisticated schemes that update the algorithmic parameters based on the evolution of the
design can be used.

Table 1: Default continuation and LS filter parameters for numerical examples.

Parameter Value
Continuation step size Dy =10
Number of design iterations in continuation D. =100
Maximum number of design iterations Diaz = 175
Initial density threshold p%, = 0.25p0
Initial SIMP exponent By =20
Initial projection threshold v = 0.001
Final density threshold p{hhs = 0.9p9
Final SIMP exponent Bg =12.0
Final projection threshold %{T =40.0
Continuation density threshold exponent Npen,,, = 2.0
Continuation SIMP exponent exponent ng, = 2.0
Continuation projection threshold exponent Ny, = 2.0

The XFEM is used to discretize the governing equations. The bulk material properties are shown in Table
2 in self-consistent units. The physical and sensitivity analyses are performed using a domain decomposition
approach and parallel computing. The linearized systems of equations are solved using the Multifrontal
Massively Parallel Solver (MUMPS, Amestoy et al. (2006)).

5.1 Beam optimization (2D)

A beam optimization problem in 2D is studied to demonstrate the feature size control capability of the
proposed framework. This first example focuses on examining the influence of algorithmic parameters of the
projection and penalization of the density method, as well as the VDDR penalty. The loads and boundary
conditions applied to this problems are specified in Fig. 6. A vertical traction of T'x, = —10.0 is applied at
the center of the top boundary of the design domain. Zero displacements are applied to the bottom corners
in X, direction, and along the vertical axis (at X; = 0) in the X; direction of the design domain, to impose
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Table 2: Material properties interpolation parameters for numerical examples 1 and 2.

Figure 6: Problem setup of the 2D beam design problem. Only half of the domain is simulated considering

symmetry.

Property Value
Young’s Modulus (Q7) Eg = 2.0x10°
Young’s Modulus (Q;7) Ey =1x1078
Poisson Ratio (2; and Qy7) | vs = vy = 04
Material Density (€2r) 0s=1.0
Material Density (2rr) Oy = 0.0
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Figure 7: Optimized designs of 2D beam problem using different density filter radii.
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symmetry about X5. Regions excluded from the design domain are highlighted in dark grey in Fig. 6. Half
of the domain of size 240 x 40 is discretized by a structured mesh with a uniform element size of h = 0.5.
The strain energy minimization problem with mass constraint is formulated as follows:

msin z(s,u(s)) = wy \Il(s,le)(s))

+ w3 PRreg(s) +wa Ppy(s)

+wa Pper (S)

22
+ws Phay, (s) (22)
M1 (s)
R = — — v, <0.
str gl = 2y

The strain energy, ¥, is normalized by the strain energy of the initial design, ¥(. Details of the remaining
objective components can be found in Section 4. The initial objective weights are w; =[ 0.8345, 0.005, 0.015,
0.150, 1.50]. The perimeter penalty, ws, is updated at every continuation step using the formulation in
Eq. 14 until it reaches 0.01. In constraint g;, the mass of the solid phase, M, is normalized by a mass,
M, defined as the volume of the design domain, 2p, multiplied by a density of 1.0 for unit consistency.
The target mass is set to v, = 0.40.

R
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Figure 8: Strain energy and constraint evolution of 2D beam problem.

5.1.1 Minimum feature size control

Figure 7 shows the optimized designs of the 2D beam problem using five different density filter radii: 7“;:[0.367
0.71, 1.42, 2.84, 5.68]. The density field provides appropriate guesses for hole nucleation during the first
stages of the optimization process. In addition, connections thinner than the density filter radius, T?, are
effectively removed in all optimized designs. The desired feature size control is achieved without changing
the LS filter radius, ij. As expected, there is a trade-off between increasing the minimum length allowed
and the performance of the converged design. The larger r?, the larger the final strain energy is.

The evolution of ¥ and g; for all the problem setups of Fig. 7 are depicted at the top and bottom
of Fig. 8, respectively. Considerable variations in both ¥ and g; at the initial stages of the optimization
process are observed at every update of the continuation scheme, where most of the holes are nucleated.
Note that the effect of these jumps diminishes as the optimization problem progresses due to having a more
uniformly defined density field in the solid phase. This is a direct result of the gradual increase of 8, and
~pr- A smooth evolution of both the objective and the mass constraint is observed at a later stage of the
optimization process for all cases.
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Figure 9: Half of the optimized designs of the the 2D beam optimization problem showing the (top) LS,
(center) filtered projected density, and (bottom) unfiltered unprojected density fields for two different filter
radii.

5.1.2 Interplay of design fields

Figure 9 shows the optimized designs of Fig. 7 corresponding to r?=[1.42, 2.84] colored by three fields: the
LSF, projected density field, and an unfiltered unprojected density field, p(X). This last field is constructed
by linearly interpolating the density optimization variables as follows:

v
pX) = S N(X) . (23)

In addition, insets with the contours described in Section 3.2 are shown to assess the effectiveness of the
minimum feature size functionality.

The top row of Fig. 9 shows that the LSF has a smooth transition between material and void with a
unit gradient norm, as well as a uniform truncated field between [+3h,-3h] away from the interface. This is
achieved by the regularization penalty summarized in Section 4. The yellow contour ¢(X) = ¢¢p,, = 1.5h
follows closely the interface while leaving room for intermediate densities to develop in the space between
this contour and the interface. A smooth LSF is observed with both filter radii. As explained in Section
3.2.1, failing to enforce a regularized LSF like the one shown in this example prevents the control on the
region where the VDDR penalty is active in the void phase.

The projected density fields of the optimized designs shown in the middle row of Fig. 9 illustrate fields
predominantly filled with uniform densities of 0.0 and 1.0 in the void and solid phases, respectively. Insets
of this field display narrow transition regions for both density filter radii. It can be seen that for r§:1.42
the interface and the density contour I', (depicted using yellow dashed lines) overlap, and thus achieve the
desired behavior; see Fig. 4. However, overcutting, i.e., placing low-density material within the solid phase
in the vicinity of the interface is observed for 7“]’?:2.84. In general, the larger r; is, the more diffuse is the
transition region of the filtered projected density field. Despite the projection promoting a narrow transition
region, its width strongly depends on the filter radius. Note that overcutting can be mitigated by choosing
the bounds of the truncated regularized LSF and the ¢y, threshold as function of r? appropriately. This
way, material is not removed too closely to the interface. Figure 10 shows this effect on the results with
7=2.84 by using ¢y, = 8h and ¢joy = —8h as the bounds of the regularized LSF.

The unfiltered unprojected density field, p(X), is shown at the bottom row of Fig. 9. Only the solid
phase is displayed for clarity but a uniform field, p(X) = 0.0, is obtained in the void phase. The insets
show a skeleton delineated at the center of regions where the minimum feature size is enforced in both cases.
This is achieved by promoting a density of zero in the void phase through the VDDR penalty. Note that

14



ry =284
O $=23x10° 0 = Qthy.

00k P @:&

Figure 10: Half of the optimized designs of the 2D beam optimization problem showing the (top) LS, (center)
filtered projected density, and (bottom) unfiltered unprojected density fields using 7"5}:2.847 ¢up = 8.0h and
Dlow = —8.0h.
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Figure 11: Optimized design of 2D beam problems using two different filter radii and a setup without the
components that provide minimum feature size control.

the skeleton is better resolved for the results with r?:2.84 due to the VDDR penalty pushing the transition
region to the solid phase. However, if the density field on the solid phase is uniform, as seen in Figure 10,
the skeleton is characterized by intermediate unfiltered unprojected densities.

5.1.3 Comparison against results without minimum feature size control

The goal of this section is to show that the components considered in the proposed TO approach, i.e.,
large SIMP exponent and projection sharpness, as well as a VDDR penalty are indeed essential to achieve
minimum feature size control. To demonstrate this, a similar problem setup with a (low) constant SIMP
exponent (39 = 6522.0) no projection (49, = 'ygrzo.0001), and no VDDR penalty (w5 = 0.0) is considered.
Both the smallest and largest density filter radii of the configurations shown in Fig 7, namely r?:[0.36, 5.68],
are used.

The optimized designs are shown in Fig. 11. It can be seen that increasing 7’? has a noticeable effect on
the final topologies. This is a consequence of the employed hole nucleation strategy; see Section 3.1. A larger
7"? reduces the number of holes seeded through the optimization process. Thus, the problems converge to
different local optima. Nonuniform density distributions in both phases and a lack of control of the minimum
features of the optimized designs are observed in both cases. On the left side of Fig 11, the solid phase of
the optimized design is characterized by multiple regions with intermediate and low densities. Furthermore,
the projected density field in the void phase settles to p =~ 0.30 since no VDDR penalty is enforced. On
the right side of Fig 11, considerable undercutting by the LSF is observed. In addition, the design domain
is predominantly populated by intermediate densities. In both cases, a simplified problem setup that relies
solely on the density filter radius fails to provide explicit minimum feature size control.
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5.2 Beam optimization (3D)

An equivalent 3D setup of the 2D beam described above is studied next. The behavior of the proposed
approach is examined using two optimization problem formulations. Mesh independence of the proposed
approach is studied using a strain energy minimization with mass constraint formulation. In addition, an
alternative to the VDDR penalty to promote low densities in the void phase is investigated in a mass
minimization with strain energy constraint optimization problem. A design domain of 240 x 40 x 40 is
simply supported at all corners of the bottom face. In addition, a traction load Tx, = —10.0 is applied on
a rectangular region at the center of the top face. Only one quarter of the design domain is analyzed and
optimized to exploit symmetry. The 3D beam problem characteristics are shown in Fig. 12. The quarter
domain of size 120 x 40 x 20 is discretized by a structured mesh. The material properties assigned to both
phases are the same as in the previous example; see Table 2.

X1 =X Tx, 66

Xg - X2
symmetry
« plane

Figure 12: Quarter of design domain with boundary conditions, symmetry planes and dimensions.

5.2.1 Strain energy minimization: hole seeding and minimum feature size control through
density method

Mesh-independence of the proposed approach is studied in this section using three meshes with element edge
lengths of h = [2.50,1.875,1.25]. The optimization problem formulation of Eq. 22 is used. The objective
weights in this setup are w; =[ 0.739, 0.001, 0.010, 0.250, 2.500]. A mass constraint of v,, = 0.15 is enforced.
The optimized structures for all three levels of refinement are summarized in Fig. 13. The same density
filter radius, i.e., r? = 4.50, is used in all simulations. Similar performances are achieved, and the converged
topologies differ only locally. Truss-like structures with partial shear webs are obtained. These results
suggest that the TO approach introduced in this paper leads to mesh-independent converged designs, at
least for the class of optimization problems studied by the numerical examples studied.

 h=250 h = 1.875 ~ h=125
r¢ = 4.50 “r2 =450 e =450

Y =3.35x10*

Y =355 x 10* W =341x10*

Figure 13: Optimized 3D beams using three mesh sizes for a strain energy minimization with mass constraint
problem.
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5.2.2 Strain energy minimization: minimum feature size control through density method
without hole seeding

To demonstrate that the minimum length control is completely decoupled from the hole seeding strategy, a
modified version of the optimization formulation of Eq. 22 is investigated. The same meshes of the previous
setup are used, i.e. h = [2.50,1.875,1.25]. In this case, the hole seeding penalty term is deactivated by
setting w4 to zero. Instead, the initial designs contain a hole seeding pattern of cuboid primitives, as seen
in the first row of Fig. 14. In this setup, the projected density field is initially set to 1.0 in the entire design
domain and can freely evolve throughout the optimization process.

The second row of Fig. 14 shows the optimized designs. The final topologies consist of the typical shear-
webs observed in 3D benchmark LS TO beam problems. Truss-like connections are not observed since holes
are no longer seeded through the optimization process, and the projected density field is used only to provide
minimum feature size control. Overall, the optimized structures differ only locally, and similar minimum
length is achieved. The difference in converged designs is less pronounced between the two finest meshes
since the difference in the initial hole seeing patterns is small. Note that identical initial hole seeding patterns
cannot be achieved because the hole arrangement is constraint by the element length, h. Placing holes closer
than done in the first row of Fig. 14 may result in spurious connections between them; see, for example,
Barrera and Maute (2020).

The design domain colored by the projected density field is shown at the bottom row of Fig. 14 together
with two views of 2D cuts in the Xs — X3 plane. These cuts are located at X; = 75.0 and X; = 150.0
and show the mesh along with a yellow sphere which radius is equal to the prescribed density filter radius.
The spheres are placed where the minimum features are located. It can be seen that the VDDR penalty
effectively enforces a density of zero in the void phase, and neither undercutting nor overcutting is observed
for any of the refinement levels. In addition, a uniform projected density field of 1.0 is observed in the solid
phase. As expected, the resolution of the transition region increases as the mesh is refined and, in all cases,
it is located close to the interface in the void phase, achieving the desired configuration shown in Fig. 4. In
general, a consistent minimum length scale control is achieved by the proposed TO approach regardless of
whether the projected density field is used for hole nucleation or not.

5.2.3 Total mass minimization

An optimization problem formulation which incorporates the functionality of the VDDR penalty in the
void phase is investigated in this section. The proposed mass minimization problem with a strain energy

constraint reads: M
min z(s,u(s)) = wy (s)

S MO
+ w3 Ppreg (S) + wy Pp¢ (S)

+ wa PPer (S)

24
+ Ws P‘}QII (S) ( )
v
st.: gi(u,s) = Lis,u(s) 1.0 <0.
res
The first term in the objective is the mass of the entire design domain, M, defined as:
M(s) = OdV + 0dV, (25)

Qr Qrr

which indicates that the mass is minimized in both the solid and void phases. Note that the mass constraint
in the previous optimization problem only considers the solid phase, see Eq. 22. The remaining components
are explained in Section 4. The initial objective weights are w; =[0.819, 0.001, 0.03, 0.15, 0.00]. Note
that ws is set to zero to deactivate the VDDR penalty. A strain energy constraint that is normalized by
W,.r = 1.5 x 10° is enforced.

The first, second and third row of Fig. 15 display the entire design domain colored by the projected
density field, the optimized designs together with a yellow sphere that represents the desired minimum
feature, and the skeleton of the converged designs in the solid phase, respectively. The results for this new
setup are shown in the left and middle columns, for 7"; = [7.50,3.75]. The first row shows that a uniform
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Figure 14: 3D beam strain energy minimization with mass constraint problem using three mesh sizes and
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density of 0.0 is achieved in the void phase without including a VDDR penalty in the optimization problem
formulation. However, the explicit control of the effect of the VDDR penalty, i.e., how far from the interface
it is enforced, is lost. This has a number of implications: (i) the transition region develops within the bounds
of the filter radius; (ii) the interface enforces a minimum feature drastically different from the desired one,
and its effect is more pronounced with larger filter radii (see second row of Fig. 15); and (iii) a clearly defined
skeleton is less likely to occur (see third row of Fig. 15).

To show the effect of having explicit control of the minimum feature size, the optimization problem
formulated in Eq. 24 is solved with a VDDR penalty weight different than zero, i.e. ws = 10.0. Also, the
mass is defined on the solid side only as follows:

M(s) = /Q OdV = M (s). (26)

The right column of Fig. 15 shows the optimized design of this modified problem using a filter radius of
7“? = 3.75. It can be seen that a reliable minimum feature size is recovered. Thus, the VDDR penalty is
crucial to achieve the desired control on the minimum feature.

6 Conclusions and Future Work

A TO approach that provides mechanisms for continuous hole seeding and minimum feature size control
was introduced. This approach combines LS and density methods. LS and density optimization variables
are coupled directly through a penalty term in the objective function to nucleate holes at the initial stages
of the optimization process. In addition, the projection and penalization of the density field are gradually
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Figure 15: 3D beam mass minimization problem. Showing: (top) only solid domain, (center) the entire
design domain colored by the filtered projected density field, and (bottom) the solid domain highlighting in
red unfiltered unprojected densities greater than a threshold.

increased through the optimization process, and the density field in the void phase is kept near zero through a
VDDR penalty added to the objective function. The minimum feature size control is provided by the density
filter radius. This has the advantage that thin members can be removed during the optimization process
if physically meaningful and changes in topology are not prohibited, as seen by typical LS-based feature
size control schemes. In the proposed approach, the LS and density fields are optimized simultaneously
throughout the entire optimization process. Hence, this approach has the flavor of a combined LS-density
TO method. Despite projecting the density field, converged designs without intermediate densities cannot
be avoided.

Numerical examples in 2D and 3D demonstrated the capabilities of the proposed approach. Strain energy
and mass minimization optimization problems were considered. It was shown that the VDDR penalty, which
is a function of a LS threshold, requires the LS field to be regularized (i.e., use a method to avoid locally too
flat or steep LSF in the vicinity of the interface) to effectively control the minimum feature size. Otherwise,
this penalty may not be activated sufficiently away from the interface in the void phase. Mesh-independent
designs were obtained for typical structural beam problems with minimized strain energy and mass, with
and without hole seeding capabilities. Due to the number of components and algorithmic parameters needed
in this framework, its applicability requires an in-depth understanding of the design optimization problem
at hand.

Future work should study the proposed approach for setups with intricate optimization problem formu-
lations and different physics models to assess complexities associated with achieving well-posed optimization
problem formulations. Also, more sophisticated continuation schemes that update the algorithmic parame-
ters based on the evolution of the design should be explored.
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