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Abstract

A level set topology optimization approach that uses an auxiliary density field to nucleate holes during
the optimization process and achieves minimum feature size control in optimized designs is explored.
The level set field determines the solid-void interface, and the density field describes the distribution
of a fictitious porous material using the solid isotropic material with penalization. These fields are
governed by two sets of independent optimization variables which are initially coupled using a penalty
for hole nucleation. The strength of the density field penalization and projection are gradually increased
through the optimization process to promote a 0-1 density distribution. This treatment of the density
field combined with a second penalty that regulates the evolution of the density field in the void phase,
mitigate the appearance of small design features. The minimum feature size of optimized designs is
controlled by the radius of the linear filter applied to the density optimization variables. The structural
response is predicted by the extended finite element method, the sensitivities by the adjoint method, and
the optimization variables are updated by a gradient-based optimization algorithm. Numerical examples
investigate the robustness of this approach with respect to algorithmic parameters and mesh refinement.
The results show the applicability of the combined density level set topology optimization approach for
both optimal hole nucleation and for minimum feature size control in 2D and 3D. This comes, however, at
the cost of a more advanced problem formulation and additional computational cost due to an increased
number of optimization variables.

1 Introduction

In topology optimization (TO), mesh-independent and manufacturable designs are achieved by controlling
the length scale of structural members. Density-based TO methods possess robust and reliable approaches
for this; see for example Liu and Ma (2016) or Lazarov et al. (2016). In contrast, less mature strategies are
available for level set (LS) methods. In this paper, a novel approach that controls the minimum feature size
in LS TO using density fields is developed and studied for linear elastic structural problems in two and three
dimensions.

In density-based TO approaches, control of the minimum feature size is achieved by filtering and project-
ing the optimization variables; see, for example, Guest (2009a); Guest et al. (2004); Guest (2009b); Sigmund
(2007a, 2009). The filtering scheme widens the area of influence of each design variable while projecting the
densities alleviates the blurriness introduced by filtering. This strategy reliably achieves features with the
desired length scale but allows for the existence of point hinges in optimal designs. Hence, alternatives such
as robust optimization were introduced, see, for example, Schevenels et al. (2011a); Asadpoure et al. (2011);
Fernández et al. (2020); Sigmund (2011). In this strategy, the filter size is perturbed to alter the shape
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of design by the desired minimum feature size, the worst-case configuration identified, and its performance
optimized. This results in a nominal design that is insensitive to the imposed shape variations which is typ-
ically achieved by the minimum feature of the optimized nominal design being larger than desired minimum
feature size.

Implicit LS methods solve some form of the Hamilton-Jacobi equation to track the evolution of external
and internal boundaries in the optimization process (van Dijk et al. (2013); Sigmund and Maute (2013)).
For such LS methods, the skeleton approach has been proposed to control feature size (Guo et al. (2014); Xia
and Shi (2015); Liu et al. (2018)). Here, the skeleton is defined as the location of centers of maximum circles
(in 2D) or spheres (in 3D) contained within the body that is defined by the zero LS isocontour (Montanari
(1968)). It is extracted from a signed distance field (SDF) constructed through reinitialization of the LSF
when solving the Hamilton-Jacobi equation. Hence, the skeleton approach assumes a unit gradient of the level
set field (LSF) to measure the feature size using the LS values of skeleton points (Alexandrov and Santosa
(2005); Kimmel and Bruckstein (1993)). Despite commonly used, this approach su↵ers from convergence
issues. Small perturbations in shape may lead to a drastically di↵erent skeleton, which prevents a smooth
design evolution; see Allaire et al. (2016).

In explicit LS methods, the parameters of the discretized LSF are defined as explicit functions of the
optimization variables and updated by optimization algorithms. Recently, Geiss (2019) studied the skeleton
approach using an explicit LS method. In his work, the skeleton is constructed from the Laplacian field of a
SDF generated using the heat method of Crane et al. (2017). Control on the feature size is achieved following
the work of Guo et al. (2014). It was found that this approach requires a fine mesh to su�ciently resolve
the Laplacian of the SDF, which leads to an increased computational cost. In addition, the SDF needs to
be filtered to obtain su�ciently smooth higher-order spatial derivatives. This, in turn, leads to smearing of
the LS skeleton which a↵ects the accuracy of enforcing feature size.

The work of Villanueva (2016) and Co�n and Maute (2016) proposed an alternative to the skeleton
approach for explicit LS methods. Their strategy focuses on using explicit geometric distance measures to
control the size of minimum features. However, their approach lacks generality as it is limited to controlling
features of the size of an element of the mesh.

In this paper, the classical solid isotropic material with penalization (SIMP) approach is included into
an explicit LS TO framework to achieve minimum feature size control. Similar ideas have been explored by
various authors. In Jansen (2019), feature size control is achieved via geometric constraints on a density field,
which is an extension of the approach presented by Dunning (2018). Furthermore, a combined LS-density
approach was presented in Geiss and Maute (2018); Geiss et al. (2019b) where the LS and density fields
are coupled while optimizing the material distribution within the solid phase. While this approach enables
solving of multi-material TO problems, it provides no means of feature size control. Recently, Jansen and
Pierard (2020) introduced a hybrid approach for multi-scale TO using density and LS methods. In their
work, the density field is used to represent homogenized material properties at a micro-scale while the LSF
is used to describe the geometry at a macro scale. Minimum length scale control has also been explored by
introducing two additional geometric constraints, as initially proposed by Zhou et al. (2015) for three-field
SIMP problems. Most recently, Andreasen et al. (2020) introduced a hybrid LS-density TO scheme for 2D
problems which provides length-scale control via a density approach and then performs shape optimization
via the LS method. In their work, a density field is used as the design variable on which linear filtering is
applied and ultimately a LSF is computed. While minimum feature size is achieved via the robust density
approach (Sigmund (2009)), holes are created via a separate heuristic nucleation scheme which requires
additional parameter tuning.

The TO approach proposed in this paper nucleates holes informed by a density field and enables minimum
feature size control via the same density field. This approach is an extension of the work presented by
Barrera et al. (2019b) addressing the issue of minimum feature size control in explicit LS TO. In the solid-
void problems considered in this study, a LSF is used to distinguish between the two material phases
through a crisp, well-defined interface. This LSF is parameterized by local shape functions and the nodal
LS values are defined as explicit functions of LS optimization variables. The density field interpolates the
material properties within the material phase using the SIMP scheme (Bendsøe and Sigmund (2004)) and is
discretized on the same mesh as the LSF. This density field is obtained via linear filtering and projection of
nodal density design variables, represented by a dedicated set of density optimization variables. The density
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field is used to nucleate holes in the LSF and to provide minimum feature size control on the explicit LS TO
problems. The weak form of the governing equations is discretized by the extended finite element method
(XFEM) Belytschko et al. (2009). The proposed approach is studied for compliance and mass minimization
problems in 2D and 3D, considering linear elasticity. The combined LS-density TO approach successfully
demonstrates the ability to obtain feature size control and to yield mesh-independent designs. To achieve
this, a penalization term for removing high density areas in the void phase needs to be employed and a
globally regularized LSF is indispensable.

The remainder of this paper is organized as follows: Section 2 introduces the LS and density problems
in the proposed TO approach. Section 3 details the strategies used for hole seeding and feature size control
using the density method. The optimization framework and problem formulation are introduced in Section
4. Numerical examples illustrating the properties of the proposed minimum feature size control approach
are studied in Section 5, and conclusions and topics for future work are discussed in Section 6.

2 Topology optimization approach

2.1 Explicit level set topology optimization

Considering a two-phase configuration, a LSF defined on the design domain, ⌦D, describes the geometry as
follows:

�(X)

8
><

>:

> 0, 8 X 2 ⌦I ,

< 0, 8 X 2 ⌦II ,

= 0, 8 X 2 �I,II .
(1)

The material domains of phases I and II are identified by ⌦I and ⌦II , respectively, such that ⌦D = ⌦I[⌦II ;
and the zero LS isocontour, �(X) = 0, defines the interface, �I,II . In the solid-void problems studied in this
paper, solid is assigned to phase I and void to phase II.

The LSF is discretized by local shape function and defined as an explicit function of a vector of LS
optimization variables, s� := {s� 2 IRNs | �low  s�i  �up, i = 1, ...,Ns}. Here, a LS optimization variable
is assigned to each node of a structured mesh; thus, Ns equals the number of nodes in this mesh. The
optimization variables are updated via a nonlinear programming method. Note that this framework does
not require solving a Hamilton-Jacobi-type equation, which is commonly needed in implicit LS optimization
approaches; see van Dijk et al. (2013) for details.

The LS optimization variables, s�, are filtered following the formulation presented in Kreissl and Maute
(2012) to generate a vector of filtered LS coe�cients, ŝ� := {ŝ� 2 IRNs | �low  ŝ�i  �up, i = 1, ...,Ns}. The
purpose of this distance-based linear filter is to enhance the smoothness and the convergence of the design
problem. A filtered LS coe�cient, ŝ�i , at node i, is defined as a function of its neighboring LS optimization

variables, s�j , at nodes j, as follows:

ŝ
�
i = Fij(r

�
f ) s

�
j (2)

where the operator Fij is function of the LS filter radius, r�f as follows:

Fij(r
�
f ) = wij(r

�
f )/

N
r
�
fX

j

wij(r
�
f ).

(3)

The parameter Nr�f
denotes the number of nodes within r

�
f , and the weights wij are defined as:

wij(r
�
f ) = max(0, r�f � |Xi �Xj |), (4)

where the expression |Xi�Xj | represents the Euclidean distance between nodes i and j. The LSF is linearly
interpolated by the filtered LS coe�cients, ŝ�, on linear quadrilateral and hexahedral meshes in 2D and 3D,
respectively, using:

�(X) =
NeX

i=1

Ni(X) ŝ�i . (5)
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Linear shape functions are denoted by N (X), and the LSF is defined as �(X) := {�(X) 2 H
1(⌦D)| �low 

a
�  �up : a� 2 Ŝ�(X)}, with H

1 denoting the Sobolev space. The upper and lower bounds of the LSF are
denoted by the parameters �low and �up, respectively.

2.2 Density method

In addition to the LS optimization variables introduced above, we define a second vector, s⇢ := {s⇢ 2
IRNs | 0  s⇢i  1, i = 1, ...,Ns}, of density optimization variables to control a fictitious density field as
described in this Section. Hence, the proposed framework considers a set composed of nodal LS and density
optimization variables, i.e., s = [s�, s⇢].

Similar to the filtering described in the previous Section for the LS optimization variables, here a vector
of filtered density coe�cients, ŝ⇢ := {ŝ⇢ 2 IRNs | 0  ŝ⇢i  1, i = 1, ...,Ns}, is generated using the following:

ŝ
⇢
i = Fij(r

⇢
f ) s

⇢
j , (6)

with Fij defined in Eq. 3. Note that the density filter radius, r⇢f in this expression is not required to be the

same as the LS filter radius, r�f in Eq. 2. The set ŝ⇢ is used to linearly interpolate a filtered density design

variable field, Ŝ⇢(X) := {Ŝ⇢(X) 2 H
1(⌦D)| 0  a

⇢  1 : a⇢ 2 Ŝ⇢(X)}. This field is also linearly interpolated
using:

Ŝ⇢(X) =
NeX

i=1

Ni(X) ŝ⇢i . (7)

It has been shown by Guest et al. (2004); Sigmund (2007b); Guest (2009c); Wang et al. (2011), among
others, that TO using density methods can provide certain control on the minimum feature size by using a
large penalization in combination with projection of the density field. Thus, Ŝ⇢(X) is projected to obtain
the nodal, filtered, projected fictitious density field, ⇢̂(X), hereinafter referred to as projected density field
for brevity. To this end, the threshold projection formulation of Wang et al. (2011) is adopted:

⇢̂(X) =
tanh(�pr(Ŝ⇢(X)� ⌧pr) + tanh(�pr⌧pr)

tanh(�pr(1� ⌧pr) + tanh(�pr⌧pr)
. (8)

The parameters ⌧pr and �pr represent the projection threshold and sharpness, respectively. For increasing
values of �pr, this formulation projects any value above ⌧pr to 1, and the values below to 0. In this work,
⌧pr is set to a value su�ciently close to zero, i.e. ⌧pr = 0.001 to ensure minimum length scale on the solid
phase, emulating the strategy presented in Guest et al. (2004). Note that setting ⌧pr to a higher value
(e.g., ⌧pr = 0.5) would impede minimum length scale control, as demonstrated in Wang et al. (2011). Also,
methods such as the robust approach (Schevenels et al. (2011b)) are needed to mitigate the appearance of
point hinges in converged designs.

2.2.1 Material interpolation

In the linear elastic problems studied in Section 5, material properties are interpolated using the SIMP
approach. The material density, ✓(X), is defined as a linear function of the projected density field as follows:

✓(X) = ✓0 ⇢̂(X). (9)

In addition, the Young’s modulus, E(X), is interpolated using the following power law:

E(X) = E0 (⇢̂(X))�⇢
. (10)

The parameters ✓0 and E0 denote the bulk material density and Young’s modulus, respectively. The �⇢

parameter symbolizes the SIMP exponent. The nodal densities are averaged within each element, and an
element-wise constant density is used for interpolation purposes. Note that, despite the projected density
field is defined in the entire design domain, the physical response is computed only in the solid phase, ⌦I .
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2.2.2 Continuation scheme for density method

Both the projection of ⇢̂(X) defined in Eq. 8 and the SIMP exponent in Eq. 10 are updated throughout
the course of the optimization process using a continuation scheme. The projection sharpness, �pr, is set
initially to a low value, i.e. �pr = �

0
pr = 0.001, to eliminate the e↵ect of the projection at the beginning of

the optimization process; and is gradually increased to �pr = �
f
pr = 40.0 to strengthen its e↵ect and promote

a 0-1 density field. The expression used reads:

�pr =

8
<

:
�
0
pr + (�f

pr � �
0
pr)

✓
Dit

Dc

◆⌘�pr

, 8 Dit  Dc

�
f
pr, otherwise,

(11)

where Dit is the design iteration index. The parameter Dc is the number of design iterations for which the
continuation is active. The continuation step size, Dst, is assumed to be constant. The projection is kept
at its maximum value until the optimization problem converges (i.e., for Dit > Dc). The increase of �pr
between continuation steps is controlled by the exponent ⌘�pr , which is set to ⌘�pr = 2.0. Similarly, the
SIMP exponent �⇢ is updated using the following expression:

�⇢ =

8
<

:
�
0
⇢ + (�f

⇢ � �
0
⇢)

✓
Dit

Dc

◆⌘�⇢

, 8 Dit  Dc

�
f
⇢ , otherwise.

(12)

The parameters �0
⇢ and �

f
⇢ are set to 2.0 and 12.0, respectively, and the exponent ⌘�⇢ is also set to 2.0. The

values for �0
pr, �

f
pr, �

0
⇢ , and �

f
⇢ were determined through numerical experiments. These values are su�cient

to achieve both a high projection parameter (to counteract the smoothing introduced by the linear density
filter) and high SIMP exponent (to promote convergence to a 0-1 design) without excessively increasing the
nonlinearity of the problem. Figure 1 illustrates the continuation strategy used for updating both �pr and
�⇢ (i.e., Eqs. 11 and 12 , respectively). Note that an exponent greater than 1.0 attenuates changes in the
updated parameters at early stages of the optimization process.
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Figure 1: Continuation strategy for projection sharpness and SIMP exponent.

3 Hole nucleation and minimum feature size control via density
methods

This section introduces an approach that aims to alleviate two shortcomings of the explicit LS optimization
framework outlined above: (i) dependency of the optimization result on the initial hole seeding, and (ii) lack
of control of the minimum length scale. In this approach, a density field that is independent of the design
LSF is constructed. The mechanism that a↵ords hole nucleation during the optimization process uses the
hole seeding strategy summarized in Section 3.1. The strategy for minimum feature size control is discussed
in Section 3.2.
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<latexit sha1_base64="wjwnlFyF6S1UyxS1T9IHHS6a9Lo=">AAAXLnicnRhZb9vIWdleW/XatI2Boi+DBgqkylJISXaSAsqu4cSpithxV7bWgGkRI3JEMctrSWpjZzx672v7R/prCvSh6Gt/RB/6zQxvHVhUgM3hfPc533AWOHYUK8o/H3zyve//4Ic/+vTH9Z/8 9Gc//8VnD385ifxlaJBLw3f88GqGI+LYHrmM7dghV0FIsDtzyFezr485/KtvSRjZvncR3wXkxsWWZ89tA8ewpT/89X8b2oxYtkfJN0uxx+oNLVz4Tc3F8WI2p1esBTvvXGJhnY5GAP6o28Nr7Tyy9891ek5Cxp9fEks8Oa0WLGx2U284vqVTVWFNbR5ig3ISRj9yfhkE eD39OKW/Zy0EjIdatHQR7KEh4tjtREA7EdAuCgCtYtsxybq2r8uvkU7jBUfnmwZ26Cv+QmI87HUVaa3AmCpDpauKV9gOCqIyfrfCGa+IE2N0O+Xw3BbNIfO4Kf5rExLGKLE6wGFsYwd9ZPk65RcxhrTQthaSRC5BxEBZ4yuYgWu4BzO8emP85OQYaVrBjCe5FRKQm61T OwY4567F5Dam10ztKXJ5ywbZKt27YVwEd4FOowVLhcCSByhdTxXURk2kdhXUKe22kNQ99URZEYgrK+8ZLLVsSnl82K4ogOknx39YFXQCu5V7vSqGDdXUxzgM/Q9cz01YVU3qjQvgj6A6YiyVAE7dzHOe73VMEtmWh0zfxbbHVk0JmflOHD2NlkHgh3HE9pEsnimk4Uik j8BKaKPlLCeXeGaKV1Qo4nb091FFy6GqKJVNF9+yYU9RKgwAd8A31Y6GnWCBgcrCrgumJbXFQ3og7NsOF/WyMSRXuWVvx52rk9ent/uILZIKm+FQu1iAIzlO8lyLUuZa8Dt4/3UBZwI4YZxUrRQvIp7pxJsFcFC7LzYEaCU9vGoG+M7xsYlm/u0+W2U9jU2DSlhWlZgI JLO1g7UIepnpbBd+mh5lkqgY9lNu3aD7/DCtSlWZ0k6fSWu3wrJuRlPGE57MsohL+2NWKbAKSQLaRQFabGYAmNAUtjLPYdto1vTnkdeMhV1vQIh5V4I1iK+n55cBp2DEEXe0nGrD4Tuo1HKECKjZJ8DAD7HjrKoEvKd9U61D0WjVnWQvqzTcJs/M9BaGcAXAeN5dsxfR Xrlaq9S0HCSqnXfdInZ2OiQVnHLM39ZZFmAZzxJ+znQtwcY8DZqb9ltTcSQUBG1H2wKhLtThLumTLdIn3036ZKv0ybr0QwQjh0sidIga2bJQsm8hsAPgcKTTNitOHG8AoK6ldJFM1G4G5Z0DLyvdFapIlnvn2PdimAB52lzp/c6V3kMSggIHewRFd65L4vAO4INETTXV d1BvhNA8dcr4gfkMimmi06ML9hQexUrknVXNDBb9RT0AXzS2EYh5LMPl9ix1CqpVDolQnwNvtXtQb9ATcMmlROICle6LF/WG2VqNjjv9tHkeuTPbWvrLCMVgEl4QM+SDwZvxu7cgH5qqi8U0YnsxuobihNnXxDnEypdt9CF/aeaAabs17aEbZEprQLDoHSo0C2CaGUlY XsFnDJnJuc6yYW4ESzgHTPA+PKi2wDFN9GFgaNNrqy1W1BkKrans76YpUFS0KSpTsDLVC4GvrWm7Kg/BvJBj87Sqegx8yafwAnuYx0uKpbhIDOFyuYNK8oUuyNZD3usOIBEEXsTEQC2Hf9m9gaNO3w955ZzBBDAHEgih/Z4hwNbfJwM4o1yLbajQzFcJ0ZCrx10OOdi5 z7NStzuFl/f3rW6hOIVuY6kbpE0hl4eaaUdQcHdRfOcQqYEtNZiWkwVsKhKiFUos1u3EhuolRk7Ohan1O+izrnSp9NBwnUd1hpMu2iBovRWVPIHkeAEzGmiUXhd4892lEGdUyP0IZvDiq9SuuseVyZJ2SqGmRFyzd9ZBp7xVMdkRNFPc1T7oFrKQOak3/gTYRYSz6QU6 y+Co+TloNdezVAfsTpKMYizWqaUnCQ3tQV4E40RUHm/gWWoVE8Q24XCppdKdpE0PIo89a+ngmJhg7pFeGp6GCE9VvTJP4WlPr5wvgpU9Z80y/cujUuOGXIt9FAzzrdVKkhInIvCSgyYlrpuOvQ4T+QEDP00jDXcpGG7hwBDndLYp9qYqV7262WOtp73y+TjIBEe+kZ5+ YuoaJVeePiodkSMPLpiB72TfNHK1RX5uVpG9VP4vd4wXOCQmgn8YwSj2gRAPAT+EPRN5BKp45oe2ZxWOMBSQEEFCcZZVT2YXBzjnvyWhBZzl9YHtSxvhYDjTj/nR8KWulgtY8/h0WsGpnsEJXGlt3j/TR9t5oypSlTlIXXUSl40gCCICyJ8jo2rNeiPJCN+OTzLnHhMv Dn3bTEcmzw9d8NU5K7sh7V0bwT0xn5TAmaxzEs75pmeQ8lcieTHtJXde6GAiv2Q7zLsSusridemZJDSWccxjDRYz0eeTDi8wXoHlPFPAF3MYa8I0Pe+1N/K2LXOLjvZHIyY6aLrPxd7DUG7BmMQvueI+XQ4PDoLQv0Vqch/udfsH+UjWT++A3Ffgmnk5+MMc3NsA/lyC h+k1EpBKV9Xh8+5BRVgBqJY0GZSBoGavRJncAPNpmbuimqn8k0LlzHyZboo5Hobb/kE905cuIpZeubJPnfpnj2HmfH7YGxxyryrP1J7KF71ng/6AfygSv8e15HeuP3zwG830jaULKWk4OIquVSWIbyj/rGc4kD7aMiIBNr7GFrmGpYfBrBsqvtMy1IAdE0GuwR8cBmK3 SEGxG/GcAkxuVVSF8c0M1igCyRKcWZEez5/fUNsLljHxDCl8vnQQNDf+IRiZkIdG7NzBAhuhDfojA7oYNqBkI/GREwwMySkIO+InH7Q1bRZl92dG352OGTXc6I7RGaPCmanH0PbFBG4Vg+7BnwePv2gmbv209tva72rNmlp7Vvui9sfaee2yZjwyHv3l0V8f/W3v73v/ 2PvX3r8l6icPEppf1Uq/vf/8D+xuOFI=</latexit>

⇢thhs

<latexit sha1_base64="i5NfzFsJYYt1mCkXBekvThsi2cs=">AAAXLnicnRhZb9vIWdleW/XatI2Boi+DBgqk2lJIWU6cAsqu4cSpithxV7bWgGkSI3JEMctrSWpjZzx672v7R/prCvSh6Gt/RB/6zQxvHVjUQCLyu+/5htPQdeJEUf754JPvff8HP/zRpz9u/uSn P/v5Lz57+MtJHCwik1yagRtEV1McE9fxyWXiJC65CiOCvalLvpp+fczxX31LotgJ/IvkLiQ3HrZ9Z+aYOAGQ8fDX/21pU2I7PiXfLASMNVtaNA/amoeT+XRGr1gHIO88YmODjkaA/mg4w2vtPHb2zg16TiLGf78ktvjlvFo4d9hNs+UGtkFVhbW1WYRNylkY/cjl5RiQ 9fSjTn/POggED7V44SGAoSHi1Lupgt1UwW5ZAViVOK5FVq19XX2NDZrMOTkHmtilr/gLSfCw31Okt4JCV4ZKTxWvAA5LqnJ5tyIYr4ibYHSrc3zhi+aSWdIW/2sTEiUo9TrEUeJgF31kxXMmL2YMaZFjzyWLfAQVA2VFrhAGoeERzOmarfGTk2OkaSU3nhReSEThtkGd BPBcupaQ24ReM7WvyMdbNsifMtgN4yp4CAwaz1mmBB55grJnXUG7qI3UnoK6FWgHSduzSFQNgbyyKsxkmWc65flh27IArp8c/2FZsgn8Vu6Nuho2VLMY4ygKPnA711HVLWm2LkA+gu5IsDQCJPXyyPmB37VI7Ng+sgIPOz5btiVmGrhJ/DRehGEQJTHbQ7J5dCjDkSgf QZXyxotpwS7prIyubFDM/djfQzUrh6qi1IAevmXDvqLUBADtgAPVrobdcI6By8aeB66lvcVTeiD824wX/bI2JVeFZ2/H3auT16e3e4jN0w6b4ki7mEMgOU36u5KlPLQQd4j+6xLNBGiiJO1aqV5kPLeJDwuQoPZerEnQUkZ42Q7xnRtgC02D2z22zGca08NaWpa1nAgi q7NFtEh6Veh0G31WHlWWuJz2U+7doHf4LOtKVdFpd59Jbzfi8mlGM8ETXsyyiSvwMas1WI0lRW3jACvWCwBKGAobhRe4TTwr9vPMa+bcabYgxXwqwTOob2bnlwmnYMwJt4yc+sDhEFQZOUIF9OwTEBBE2HWXdQY+076p96EYtOpWtpd1Hu6Tb+V2C0e4AeA8n675ixiv 3Kxl5lqBEt3Op26ZOj8d0g7OJBZvqyJLuFxmhb4QulJgY14G7XXwji6OhJKizWQbMNSDPtymfbJB++S7aZ9s1D5Z1f4MwcrhkRg9Q638sdSybyGxA5BwZNBdVt443gBCXSnpMpvo3RzLJwde1KYrdJFs9+5x4CewAfKyuTL2u1dGH0kMCl3sExTfeR5JojvAD1Iz1cze QbMVwfA0KOMH5nNopolBjy7YU/gpdyKfrGrusJgv6gHEorWJQexjOS33Z2FQMK12SETGDGSrvYNmi55ASC4lEVeo9F68aLasznJ03N3PhueRN3XsRbCIUQIu4TmxIr4YvBm/ewv6Yah6WGwjjp+ga2hO2H0tXGDs4nEXfShe2gVC3+3ofXSDLOkNKBazQ4VhAUJzJwkr OviMISs911m+zI3gEc4BC6IPP1Sb44Sm9jBwtO3vqh1Wthkara3sbecpcdSsKRtT8jKzC0GsbX23rg/BvlBQ87KqRwxiybfwknjYxyuGZbRILOHycQuXlAtTkK2mvN8bQCEIupiJhVou/3J6g0SDvh/yzjmDDWAGLJBC5z1DQG28TxdwRrkVm0hhmC9TpiE3j4ccarB7 X1Sl4XRLL+/vO71ScwrbxtI2KJtSLQ81y4mh4e7i5M4l0gJHWqBXiwV8KjOiJUo9NpzUh/olRm7Opa31O9izanSl9dBwVUZ9h5MhWqNodRRVIoHkegE7GliUXRf48N1mEBdUqv0YdvDyq7SuDuPG5EWrU+gpkdf8nXXRKR9VTE4EzRJ3tQ+GjWxkTZqtPwF1meBMv0Bn OR61PwerZkZe6kDdTYtRrMUGtY20oGE8yItgkqoq8g0yK6Nigtg6Gq610rqTbOhB5rFvL1ycEAvcPTIqy9MQYV01avsU1vtG7XwRopwZa1f5Xx5VBjfUWhKgcFiAlkvJStyYwEuBmlSkrjv2ukzUByz8NMs03KVguYUDQ5zTOVDAdJWbXgf2Wedpv3o+DnLFcWBmp5/Y ukbplWcfVY7IkQ8XzDBw828ahdmiPtebyF4q/1c4xnMcEQvBfxjBKvaBEB+BPIR9C/kEungaRI5vl44wFJIIQUFxkfVI5hcHOOe/JZENkuX1ge1JH+FgODOO+dHwpaFWG1jz+XZao6mfwSle6ayHnxmjzbJRnaguHLQuu2nIRpAEkQEUzJBZ92Z1kOSMb8cneXCPiZ9E gWNlK5MfRB7E6pxVw5DNrrXovthPKuhc1zmJZhzom6T6lUheTPvpnRcmmKgvOQ6LqYSu8nxd+haJzEWS8FyDx0zM+XTCC4pX4DmvFIjFDNaaKCvPe+2NvG3L2qKjvdGIiQmawbnae1jKbViT+CVX3Ker6cFhGAW3SE3vw/3e/kGxku1nd0AeKwjNrJr8YYHur0F/LtHD 7BoJRJWr6vCwd1BTVkKqFUsGVSSY2a9wpjfAYlvmoahXKv+kUDszX2ZAscfDcrt/0MxeDTqPWXblyj91Gp89hmAqiqqqPKqK+vyZIrbQw756yD8Uib/HjfTv3Hj44DeaFZgLD0rSdHEcX6tKmNxQ/lnPdKF8tEVMQmx+jW1yDY8+BrduqPhOy1ALIBaCWoN/cBgIaJmD Yi/mNQWU3Ku4juPAHNcqI8kCglnTnswOb6jjh4uE+KZUPlu4CIYb/xCMLKhDM3Hv4AGbkQP2IxOmGDahZWPxkRMcjMgpKDviJx+MNW0a5/dnRt+djhk1vfiO0SmjIphZxNDmhwncKga9gz8PHn/RTsP6aeO3jd812g218bzxReOPjfPGZcN8ZD76y6O/Pvrbzt93/rHz r51/S9JPHqQ8v2pU/nb+8z/lKThO</latexit>

⌦I

<latexit sha1_base64="n140NCSxlFZm/XlLOfKKc+vqY/w=">AAAXRXicnRjbbhvHlU7SNmUviRNIQNGXQQ0aZCTSuxTl2AHoRJAtl4UlK5HECNCKi+HukFxnb9ldxpJGw2/pa/sj/YZ+RN+KvrZnZvY6vCAoAWln59yvc2bHoevEiab988EHH370i1/+6uNf13/z 29/9/pNPH342jIN5ZJELK3CD6HKMY+I6PrlInMQll2FEsDd2yffjHw45/PufSBQ7gX+e3Ibk2sNT35k4Fk5gy3y49XnDGJOp41Py41zssXrDiGZB0/BwMhtP6CVrwc5bj0yxSQcDAN+ZTv/KOI2d3VOTnpKI8ed3ZCqenNYIZw67rjfcYGpSXWNNYxJhi3ISRu84vxwC vJ7cjegXrIWAcd+I5x6CPdRHHHsnFbCTCtgpCwCtEse1ybK2r6qvsUmTGUfnmxZ26Uv+QhLc73Y0aa3AGGl9raOLV9gOS6JyfjfCGS+Jm2B0M+LwwhbDJZOkKf4bQxIlKLU6xFHiYBfdsWKd8YsZQ0bkTGeSRC5BRE9b4iuYgWu4B3O8euPs8dEhMoySGY8LKySgMNuk TgJwzt1IyE1Cr5je1eTyhvXyVbZ3zbgI7gKTxjOWCYElD1C2HmloBzWR3tFQu7LbQlL3zBNVRSCurLpnscyyEeXxYZuiAKYfHX61KOkEdmv3piqG9fXMxziKgvdcz1VYqib1xjnwR1AdCZZKAKdO7jk/8Ns2iZ2pj+zAw47PFk0JGQduEj+J52EYREnMdpEsnhGk4UCk j8BKaeP5uCCXeHaGV1Yo5nbs7SJFy76uacqmh29Yv6tpCgPA7fFNvW1gN5xhoJpizwPT0triId0X9q2Hi3pZGZLLwrI3Z+3Lo1fHN7uIzdIKG+PIOJ+BIzlO+lyKUu5a8Dt4/1UJZwg4UZJWrRQvIp7rxJsFcNA7z1cEaCE9vGiG+NYNsI3Gwc0uW+Q9jY1CJSwLJSYC yW5tYC2CXmU63oSfpUeVJC6H/Zhb1+s8e5pVpa6NaHuPSWvXwvJuRjPGQ57Msogr+2dMKTCFJAVtogAtVjMATGgKa5kXsHU0S/rzyBvWzKk3IMS8K8EaxNez88uCUzDmiBtajtpw+A6qtBwhAmr2MTAIIuy6C5WA97Qf1ToUjVbfSPZCpeE2+XautzCEKwDG8+6av4j2 ytVaZKYVIFHtvOuWsfPTIa3gjGPxtsyyBMt5VvALpksJdsbToLlqvzUSR0JJ0Hq0NRDqQR1ukj5cI33486QP10ofLkt/imDk8EiMnqJGviyV7BsIbA84HJh0h5UnjtcA0JdSukwmajeH8s6B50p3hSqS5d4+DPwEJkCeNpfmXvvS7CIJQaGLfYLiW88jSXQL8F6qpp7p 26s3ImieJmX8wPwSimlo0oNz9gQe5UrknVXPDRb9Rd8HXzTWEYh5LMfl9sxNCqoph0RkToC33tmvN+gRuORCInGBWuf583rDbi0Gh+29rHkeeGNnOg/mMUrAJDwjdsQHg9dnb9+AfGiqHhbTiOMn6AqKE2ZfGxeQabHcQe+Ll2YBGO20Rl10jWxpDQgWvUOHZgFMcyMJ Kyr4hCE7PddZPswNYAnngA3ehwc1ZjihqT4MDG36O3qLlXWGQmtqu5tpShSKNmVlSlZmeiHw9XS0o8pDMC8U2DytVI+BL/kUXmIP83hFsQwXiSFcLjdQSb7QBdlyyLudHiSCwIuZGKjl8C+7N3A06bs+r5wTmAAmQAIhdN4xBNjmu3QAZ5RrsQ4VmvkiJepz9bjLIQfb 90VWmk679PLuvtUpFafQ7UzqBmlTyuW+YTsxFNxtnNy6RGrgSA1G1WQBm8qEaIFSi00ntUG9xMjJuTS1/gx9lpWulB7qL/NQZzjpohWClltRxRNIjhcwo4FG2XWBN99NCnFGpdyPYQYvv0rt1D2uTJ60Iwo1JeKav7M2OuatismOYNjirvbenKIpsof1xl8Au4xwMjpH JzkcNb8GrSZmnuqA3U6TUYzFJp2aaUJDe5AXwSQVVcQbeFZaxRCxVThcaqV0h1nTg8hjfzp3cUJsMPfArAxPfYRHuqnMU3jUNZXzRbByJqxZpX9xUGnckGtJgMJ+sbVYSFLixgReCtCwwnXVsddmIj9g4KdZpOEuBcMtHBjinM43xd5I56qrm13WetKtno+9XHAcWNnp J6auQXrl2UOVI3LgwwUzDNz8m0ahtsjP1SqyF9r/5Y6zGY6IjeAfRjCKvSfER8APYd9GPoEqHgeR409LRxgKSYQgoThL1ZP5xQHO+Z9INAXO8vrAdqWNcDCcmIf8aPjO1KsFbPh8OlVw1DM4hWut1fsn5mA9b6QiqcxB6qKdumwAQRARQMEEWao1y40kJ3xzdpQ795D4 SRQ4djYy+UHkga9OWdUNWe9aCe6K+aQCzmWdkmjCN32LVL8SyYtpN73zQgcT+SXbYdGV0GUerwvfJpE1TxIea7CYiT6fdniB8RIs55kCvpjAWBNl6XlvvJa3bZlbdLA7GDDRQbN9LvYeGp2LDBLGjhv4wFNcqqsxwmEYBTdITy/F3c7efjGX7WUXQe4w8M+kmgH9Atxd Af5agvvZXRKQKvfV/rPOviKsBNQrmvSqQFCzW6FMr4HFyMz9oaYr/66gHJwvsk0xzMOEu7efemJPkV/cu9ObWP4F1Pz0kdbRxA8tL/R08aiW/k7Nhw/+YNiBNfcgUy0Xx/GVroXJNeVf+ywXssqYxyTE1g94Sq5g6WPQ4pqKz7cMNWDHRpCC8AdnhNgtU1DsxTzVAJPb GaswvpnDGmUgmYN7FenJ5Nk1dfxwnhDfksIncxdBz+Pfh5EN6Wkl7i0ssBU5oD+yoLlhCyo5Ft8+wcCIHIOwA34gQrczxnF+rWb07fEZo5YX3zI6ZlQ4U1ddt7wYwmWj19n/tvfom2bq1o9rf6z9qdas6bUva9/U/lw7rV3UrK27rb9u/W3r79v/2P7X9r+3/yNRP3iQ 0nxeq/y2//s/w5w++g==</latexit>

⌦II

<latexit sha1_base64="NGuSk5FYxEMU3kv3RqLedwt4Uj4=">AAAXRnicnRjbbhvHlU7TNmEviZvIQdGXQQ0aZCnSuxTl2AHoRJAtl4Ulq5HECNCKi+HukFxnb9ldxpJHw3/pa/sj/YX+RN+KvvbMzF6HFwQlIO3snPt1zuwkdJ040bR/3fvgZx/+/Be//Ojj+q9+ /ZvffvLp/d+N4mARWeTCCtwgupzgmLiOTy4SJ3HJZRgR7E1c8t3k+0MO/+5HEsVO4J8ntyG59vDMd6aOhRPYMu/vfN4wJmTm+JT8sBB7rN4wonnQNDyczCdTeslasPPGIzNs0uEQwO9NZ3BlnMbO7qlJT0nE+PNbMhNPTmuEc4dd1xtuMDOprrGmMY2wRTkJo+85vxwC vB6/H9M/sRYCxgMjXngI9tAAcex2KqCdCmiXBYBWiePaZFXbl9XX2KTJnKPzTQu79AV/IQke9LqatFZgjLWB1tXFK2yHJVE5vxvhjBfETTC6GXN4YYvhkmnSFP+NEYkSlFod4ihxsIves2Kd8YsZQ0bkzOaSRC5BRF9b4SuYgWu4B3O8euPs0dEhMoySGY8KKySgMNuk TgJwzt1IyE1Cr5je0+TyhvXzVbZ3zbgI7gKTxnOWCYElD1C2HmuojZpI72qoU9ltIal75omqIhBXVt2zWGbZmPL4sG1RANOPDr9alnQCu7U7UxXDBnrmYxxFwTuu5zosVZN64xz4I6iOBEslgFM395wf+B2bxM7MR3bgYcdny6aETAI3iR/HizAMoiRmu0gWzxjScCjS R2CltPFiUpBLPDvDKysUczv2dpGi5UDXNGXTwzds0NM0hQHg9vmm3jGwG84xUM2w54FpaW3xkO4L+zbDRb2sDcllYdnrs87l0cvjm13E5mmFTXBknM/BkRwnfa5EKXct+B28/7KEMwKcKEmrVooXEc914s0COOjdZ2sCtJQeXjZDfOsG2EaT4GaXLfOexsahEpalEhOB ZLe2sBZBrzKdbMPP0qNKEpfDfsyt63efPsmqUtfGtLPHpLUbYXk3oxnjEU9mWcSV/TOmFJhCkoK2UYAW6xkAJjSFjcwL2CaaFf155A1r7tQbEGLelWAN4uvZ+WXBKRhzxC0tR204fAdVWo4QATX7CBgEEXbdpUrAe9oPah2KRqtvJXuu0nCbfDvXWxjCFQDjeXfNX0R7 5WotM9MKkKh23nXL2PnpkFZwxrF4W2VZguU8K/gF05UEO+Np0Fy33xqLI6EkaDPaBgj1oA63SR9tkD76adJHG6WPVqU/QTByeCRGT1AjX5ZK9jUEtg8cDkzaZuWJ4xUA9JWULpOJ2s2hvHPghdJdoYpkuXcOAz+BCZCnzaW517k0e0hCUOhin6D41vNIEt0CvJ+qqWf6 9uuNCJqnSRk/ML+EYhqZ9OCcPYZHuRJ5Z9Vzg0V/0ffBF41NBGIey3G5PQuTgmrKIRGZU+Ctd/frDXoELrmQSFyg1n32rN6wW8vhYWcva54H3sSZLYJFjBIwCc+JHfHB4NXZm9cgH5qqh8U04vgJuoLihNnXxgVkVizb6F3x0iwA43Zr3EPXyJbWgGDRO3RoFsA0N5Kw ooJPGLLTc53lw9wQlnAO2OB9eFBjjhOa6sPA0Kbf1lusrDMUWlPb3U5TolC0KStTsjLTC4GvZ+O2Kg/BvFBg87RSPQa+5FN4iT3M4xXFMlwkhnC53EIl+UIXZKsh73X7kAgCL2ZioJbDv+zewNGkbwe8ck5gApgCCYTQecsQYJtv0wGcUa7FJlRo5suUaMDV4y6HHOzc FVlpOp3Sy9u7VrdUnEK3M6kbpE0plweG7cRQcLdxcusSqYEjNRhXkwVsKhOiJUotNp3UBvUSIyfn0tT6E/RZVbpSemiwykOd4aSL1ghabUUVTyA5XsCMBhpl1wXefLcpxBmVcj+GGbz8KrVT97gyedKOKdSUiGv+zjromLcqJjuCYYu72jtzhmbIHtUbfwHsMsLJ+Byd 5HDU/Bq0mpp5qgN2J01GMRabdGamCQ3tQV4Ek1RUEW/gWWkVI8TW4XCpldIdZU0PIo/92cLFCbHB3AOzMjwNEB7rpjJP4XHPVM4XwcqZsmaV/vlBpXFDriUBCgfF1nIpSYkbE3gpQKMK13XHXoeJ/ICBn2aRhrsUDLdwYIhzOt8Ue2Odq65u9ljrca96PvZzwXFgZaef mLqG6ZVnD1WOyKEPF8wwcPNvGoXaIj/Xq8iea/+XO87mOCI2gn8YwSj2jhAfAT+EfRv5BKp4EkSOPysdYSgkEYKE4ixVT+YXBzjnfyTRDDjL6wPblTbCwXBiHvKj4VtTrxaw4fPpVMFRz+AUrrXW75+Yw828kYqkMgepy07qsiEEQUQABVNkqdasNpKc8PXZUe7cQ+In UeDY2cjkB5EHvjplVTdkvWstuCfmkwo4l3VKoinf9C1S/UokL6a99M4LHUzkl2yHRVdCl3m8LnybRNYiSXiswWIm+nza4QXGC7CcZwr4YgpjTZSl553xSt62ZW7R4e5wyEQHzfa52DtodC4ySBg7buADT3GprsYIh2EU3CA9vRT3unv7xVy2l10EucPAP9NqBgwKcG8N +GsJHmR3SUCq3FcHT7v7irASUK9o0q8CQc1ehTK9BhYjM/eHmq78u4JycD7PNsUwDxPu3n7qiT1FfuWbpriK5Z9AzU8fal1N/NDqQk8XD2vp79S8f+/3hh1YCw9S1XJxHF/pWphcU/65z3IhrYxFTEJsfY9n5AqWPgY1rqn4fstQA3ZsBDkIf3BIiN0yBcVezHMNMLmh sQrjmzmsUQaSBfhXkZ5Mn15Txw8XCfEtKXy6cBE0Pf6BGNmQn1bi3sICW5ED+iMLuhu2oJRj8fETDIzIMQg74CcitDtjEuf3akbfHJ8xannxLaMTRoUzddV1q4sR3Db63f2/9h9+00zd+lHtD7U/1po1vfZl7Zvan2untYuatUN3/rbz951/PPjng38/+M+D/0rUD+6l NJ/VKr8vav8DEnQ+Tg==</latexit>

Figure 2: Hole seeding coupling penalization plotted over density and level variables.

3.1 Hole seeding strategy

Building on the work of Geiss (2019); Barrera et al. (2019a,b), hole nucleation is established by coupling
the LS and density fields such that: (i) high densities are present only in the solid phase, where the LSF
is positive; and (ii) densities close to zero exist only in the void phase, where the LSF is negative. This is
achieved by introducing a di↵erentiable penalty term that couples the LSF to the projected density field
into the objective function.

3.1.1 Hole seeding penalty

The smooth penalty formulation that relates the LSF, �(X), and the projected density field , ⇢̂(X), reads:

p⇢̂�(X) =

8
>>>>>>><

>>>>>>>:

(
max

✓
0,

�� �thhs

�up � �thhs

◆�2
+ ⇠

2

) 1
2

� ⇠

(1 + ⇠2)
1
2 � ⇠

,

8 ⇢̂ < ⇢thhs ,

0, otherwise;

(13)

where the parameter ⇠ smooths the transition of the penalty and is set to ⇠ = 0.1. Fig. 2 shows a schematic of
this coupling penalty formulation. The LS threshold, �thhs , is set to a value below zero, i.e. �thhs = 0.10�low

with �low < 0, to ensure that the penalty is active until after the LSF crosses the zero isocontour. The hole
seeding density threshold, ⇢thhs , increases from an initial low value, ⇢

0
thhs

, to a value close to 1.0, i.e.

⇢
f
thhs

= 0.98, during the optimization process.
In the original strategy described in Barrera et al. (2019b), the ⇢thhs threshold is decreased to zero. In

contrast, here a gradual increase of this threshold is preferred since it widens the area of influence of the
coupling penalty, and thus promotes the nucleation of holes in regions dominated by intermediate densities at
a later stage in the design process. The extended hole nucleation e↵ect together with projecting the density
field largely mitigates the presence of intermediate densities in the solid phase away from the interface.

Another di↵erence with respect to the work of Barrera et al. (2019b) consists of the treatment of the
density field used to interpolate material properties. Previously, the density field was gradually shifted
through the optimization process until a uniform field of 1.0 was obtained in the entire design domain. The
goal of the shifting scheme was to guarantee that the optimization problem transitioned from a pure density
problem to a pure LS problem. That is no longer the case in the approach presented here. The design is
sensitive to both the density and LS components during the entire optimization process. A discussion of
these and other di↵erences between current and previous work are provided in Section 3.3.
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3.1.2 Continuation scheme for hole seeding strategy

A continuation scheme similar to the one presented in Section 2.2.2 is used to update the ⇢thhs threshold.
This parameter is increased every Dst design iterations using:

⇢thhs =

8
>>><

>>>:

⇢
0
thhs

+�⇢

✓
Dit

Dc

◆⌘⇢thhs

, 8 Dit  Dc,

⇢
f
thhs

, 8 Dc  Dit  Dc +Dst,

0.0, otherwise,

(14)

with
�⇢ = ⇢

f
thhs

� ⇢
0
thhs

, (15)

as depicted in Fig. 3. The parameter ⇢
0
thhs

is chosen to be a fraction of the initial prescribed homogenous
density in the design domain. The exponent ⌘⇢thhs

is set to 2.0. The ⇢thhs threshold is set to zero for
Dit > Ds (Ds = Dc +Dst) to deactivate the hole seeding penalty at a later stage of the optimization process
and use the projected density field only to provide control on the minimum feature size allowed.
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⇢thhs

<latexit sha1_base64="lH/xvMqxs7hpb4fh6HTZWUikK4E=">AAAXLnicnRhZbxvHmU7TJmGvOI0FFH0Z1KBBlod3KcqxA9CJIFsuC0tWQ4kRoBUXw93hcp29sruMJY+G731t/0h/TYE+FH3tj+hDv5nZmweCEpB2dr77nG92Fjh2FCvKP+998JMPf/qzjz7+pP7z X/zyV7/+9P5nk8hfhga5MHzHDy9nOCKO7ZGL2I4dchmEBLszh3w7++6Iw7/9gYSR7Xvn8W1Arl1sefbcNnAMW/r9z//b0GbEsj1Kvl+KPVZvaOHCb2oujhezOb1kLdh54xIL63Q0AvB73R5eaWeR3TnT6RkJGX9+Qyzx5LRasLDZdb3h+JZOVYU1tXmIDcpJGH3P+WUQ 4PX4/ZT+gbUQMB5q0dJFsIeGiGO3EwHtREC7KAC0im3HJOvaviy/RjqNFxydbxrYoS/4C4nxsN9TpLUCY6oMlZ4qXmE7KIjK+N0IZ7wgTozRzZTDc1s0h8zjpvivTUgYo8TqAIexjR30nuXrlF/EGNJC21pIErkEEQNlja9gBq7hHszw6o3xo+MjpGkFMx7lVkhAbrZO 7RjgnLsWk5uYXjG1r8jlDRtkq3TvmnER3AU6jRYsFQJLHqB0PVVQGzWR2lNQt7TbQlL31BNlRSCurLxnsNSyKeXxYbuiAKYfH325KugEdit3elUMG6qpj3EY+u+4npuwqprUG+fAH0F1xFgqAZx6mec83+uaJLItD5m+i22PrZoSMvOdOHocLYPAD+OIdZAsnimk4Uik j8BKaKPlLCeXeGaKV1Qo4nbsd1BFy6GqKJVNF9+wYV9RKgwAd8A31a6GnWCBgcrCrgumJbXFQ3og7NsOF/WyMSSXuWWvx93L45cnNx3EFkmFzXConS/AkRwnea5FKXMt+B28/7KAMwGcME6qVooXEc904s0COKi9ZxsCtJIeXjUDfOv42EQz/6bDVllPY9OgEpZVJSYC yWztYC2CXmY624WfpkeZJCqG/YRbN+g9fZJWpapMaXefSWu3wrJuRlPGE57MsohL+2NWKbAKSQLaRQFabGYAmNAUtjLPYdto1vTnkdeMhV1vQIh5V4I1iK+n55cBp2DEEXe0nGrD4Tuo1HKECKjZR8DAD7HjrKoEvKd9X61D0WjVnWTPqzTcJs/M9BaGcAXAeN5dsxfR Xrlaq9S0HCSqnXfdInZ2OiQVnHLM39ZZFmAZzxJ+znQtwcY8DZqb9ltTcSQUBG1H2wKhLtThLumTLdInP076ZKv0ybr0JwhGDpdE6AlqZMtCyb6GwA6Aw6FO26w4cbwCgLqW0kUyUbsZlHcOvKx0V6giWe7dI9+LYQLkaXOp73cv9T6SEBQ42CMounVdEoe3AB8kaqqp voN6I4TmqVPGD8wvoJgmOj08Z4/hUaxE3lnVzGDRX9QD8EVjG4GYxzJcbs9Sp6Ba5ZAI9TnwVnsH9QY9BpdcSCQuUOk9e1ZvmK3V6Ki7nzbPQ3dmW0t/GaEYTMILYoZ8MHg1fvMa5ENTdbGYRmwvRldQnDD7mjiHWPmyjd7lL80cMG23pn10jUxpDQgWvUOFZgFMMyMJ yyv4lCEzOddZNsyNYAnngAnehwfVFjimiT4MDG16bbXFijpDoTWVzm6aAkVFm6IyBStTvRD42pq2q/IQzAs5Nk+rqsfAl3wKL7CHebykWIqLxBAulzuoJF/ogmw95P3eABJB4EVMDNRy+JfdGzjq9O2QV84pTABzIIEQ2m8ZAmz9bTKAM8q12IYKzXyVEA25etzlkIPd uzwrdbtbeHl71+oVilPoNpa6QdoUcnmomXYEBXcbxbcOkRrYUoNpOVnApiIhWqHEYt1ObKheYuTkXJhaf4Q+60qXSg8N13lUZzjpog2C1ltRyRNIjhcwo4FG6XWBN99dCnFGhdyPYAYvvkrtqntcmSxppxRqSsQ1e2dddMJbFZMdQTPFXe2dbiELmZN640+AXUQ4nZ6j 0wyOml+BVnM9S3XA7ibJKMZinVp6ktDQHuRFME5E5fEGnqVWMUFsEw6XWirdSdr0IPLYs5YOjokJ5h7qpeFpiPBU1SvzFJ729cr5IljZc9Ys0z8/LDVuyLXYR8Ew31qtJClxIgIvOWhS4rrp2OsykR8w8NM00nCXguEWDgxxTmebYm+qctWrm33Wetwvn4+DTHDkG+np J6auUXLl2UelI3LkwQUz8J3sm0autsjPzSqy58r/5Y7xAofERPAPIxjF3hHiIeCHsGcij0AVz/zQ9qzCEYYCEiJIKM6y6sns4gDn/A8ktICzvD6wjrQRDoZT/YgfDd/oarmANY9PpxWc6hmcwJXW5v1TfbSdN6oiVZmD1FU3cdkIgiAigPw5MqrWrDeSjPD1+Dhz7hHx 4tC3zXRk8vzQBV+dsbIb0t61EdwX80kJnMk6I+Gcb3oGKX8lkhfTfnLnhQ4m8ku2w7wrocssXheeSUJjGcc81mAxE30+6fAC4wVYzjMFfDGHsSZM0/NOeyVv2zK36KgzGjHRQdN9LvYOhnILxiR+yRX36XJ4cBCE/g1Sk/twv7d/kI9k++kdkPsKXDMvB3+Yg/sbwF9J 8DC9RgJS6ao6fNo7qAgrANWSJoMyENTslyiTG2A+LXNXVDOVf1KonJnP000xx8Nwu39QT191uohYeuXKPnXqnz4EZ4ofWl+oyeJhLfmd6ffv/VYzfWPpQkoaDo6iK1UJ4mvKP+sZDqSPtoxIgI3vsEWuYOlhMOuaiu+0DDVgx0SQa/AHh4HYLVJQ7EY8pwCTWxVVYXwz gzWKQLIEZ1akx/On19T2gmVMPEMKny8dBM2NfwhGJuShETu3sMBGaIP+yIAuhg0o2Uh85AQDQ3ICwg75yQdtTZtF2f2Z0TcnY0YNN7pldMaocKZadd36YgK3ikHv4M+Dh193Erd+XPtd7fe1Zk2tfVH7uvbH2lntomY8MB785cFfH/xt7+97/9j7196/JeoH9xKa39RK v73//A+KNzgc</latexit>

⌘⇢thhs

<latexit sha1_base64="SSDh46feY8a2nSo4brwuleX1xJA=">AAAXNXicnRjbbuPGVZukbapekk1gA0VfBl1oIUWWlpTlzW4AbWJ411sVa68T2YoB0yJG5Iiiw1tIKmvvePQNfW1/pN/Sh74Vfe0v9MwM77ogqACbwzn365zhNHDsKFaUfz744MOPfvHLX3386/pv fvu733/y6cPPxpG/CA1yYfiOH15OcUQc2yMXsR075DIICXanDvl++sMRh3//Ewkj2/fO47uAXLvY8uyZbeAYtvSHOx82tCmxbI+SHxdij9UbWjj3m5qL4/l0Ri9ZC3beusTCOh0OAfxetwdX2llk753p9IyEjD+/I5Z4clotmNvsut5wfEunqsKa2izEBuUkjL7n/DII 8HryfkK/YC0EjAdatHAR7KEB4tjtREA7EdAuCgCtYtsxyaq2r8qvkU7jOUfnmwZ26Ev+QmI86HUVaa3AmCgDpauKV9gOCqIyfrfCGS+JE2N0O+Hw3BbNIbO4Kf5rYxLGKLE6wGFsYwe9Z/k65RcxhrTQtuaSRC5BRF9Z4SuYgWu4BzO8emP0+PgIaVrBjMe5FRKQm61T OwY4567F5DamV0ztKXJ5y/rZKt27ZlwEd4FOozlLhcCSByhdTxTURk2kdhXUKe22kNQ99URZEYgrK+8ZLLVsQnl82LYogOnHR18tCzqB3cq9XhXDBmrqYxyG/juu5zqsqib1xjnwR1AdMZZKAKdu5jnP9zomiWzLQ6bvYttjy6aETH0njp5EiyDwwzhie0gWzwTScCjS R2AltNFimpNLPDPFKyoUcTv291BFy4GqKJVNF9+yQU9RKgwAt8831Y6GnWCOgcrCrgumJbXFQ3og7NsMF/WyNiSXuWVvRp3L41cnt3uIzZMKm+JQO5+DIzlO8lyJUuZa8Dt4/1UBZww4YZxUrRQvIp7pxJsFcFC7z9cEaCk9vGwG+M7xsYmm/u0eW2Y9jU2CSliWlZgI JLO1hbUIepnpdBt+mh5lkqgY9hNuXb/77GlalaoyoZ19Jq3dCMu6GU0Zj3kyyyIu7Y9YpcAqJAloGwVosZ4BYEJT2Mg8h22iWdGfR14z5na9ASHmXQnWIL6enl8GnIIRR9zScqoNh++gUssRIqBmHwMDP8SOs6wS8J72Y7UORaNVt5K9qNJwmzwz01sYwhUA43l3zV5E e+VqLVPTcpCodt51i9jZ6ZBUcMoxf1tlWYBlPEv4OdOVBBvxNGiu229NxJFQELQZbQOEulCH26SPN0gf/zzp443Sx6vSnyIYOVwSoaeokS0LJfsGAtsHDoc6bbPixPEaAOpKShfJRO1mUN458KLSXaGKZLl3jnwvhgmQp82lvt+51HtIQlDgYI+g6M51SRzeAbyfqKmm +vbrjRCap04ZPzC/hGIa6/TwnD2BR7ESeWdVM4NFf1EPwBeNTQRiHstwuT0LnYJqlUMi1GfAW+0e1Bv0GFxyIZG4QKX7/Hm9YbaWw6POfto8D92pbS38RYRiMAnPiRnyweD16O0bkA9N1cViGrG9GF1BccLsa+IcYuXLNnqXvzRzwKTdmvTQNTKlNSBY9A4VmgUwzYwk LK/gU4bM5Fxn2TA3hCWcAyZ4Hx5Um+OYJvowMLTptdUWK+oMhdZU9rbTFCgq2hSVKViZ6oXA19akXZWHYF7IsXlaVT0GvuRTeIE9zOMlxVJcJIZwudxCJflCF2SrIe91+5AIAi9iYqCWw7/s3sBRpzcDXjmnMAHMgARCaN8wBNj6TTKAM8q12IQKzXyZEA24etzlkIOd +zwrdbtTeLm5b3ULxSl0G0ndIG0KuTzQTDuCgruL4juHSA1sqcGknCxgU5EQLVFisW4nNlQvMXJyLkytP0OfVaVLpYcGqzyqM5x00RpBq62o5AkkxwuY0UCj9LrAm+82hTijQu5HMIMXX6V21T2uTJa0Ewo1JeKavbMOOuGtismOoJnirvZOt5CFzHG98RfALiKcTs7R aQZHza9Bq5mepTpgd5JkFGOxTi09SWhoD/IiGCei8ngDz1KrGCO2DodLLZXuOG16EHnsWQsHx8QEcw/10vA0QHii6pV5Ck96euV8EazsGWuW6V8clho35Frso2CQby2XkpQ4EYGXHDQucV137HWYyA8Y+GkaabhLwXALB4Y4p7NNsTdRuerVzR5rPemVz8d+JjjyjfT0 E1PXMLny7KPSETn04IIZ+E72TSNXW+TnehXZC+X/csdojkNiIviHEYxi7wjxEPBD2DORR6CKp35oe1bhCEMBCREkFGdZ9WR2cYBz/icSWsBZXh/YnrQRDoZT/YgfDd/parmANY9PpxWc6hmcwJXW+v1TfbiZN6oiVZmD1GUncdkQgiAigPwZMqrWrDaSjPDN6Dhz7hHx 4tC3zXRk8vzQBV+dsbIb0t61FtwT80kJnMk6I+GMb3oGKX8lkhfTXnLnhQ4m8ku2w7wrocssXheeSUJjEcc81mAxE30+6fAC4yVYzjMFfDGDsSZM0/Neey1v2zK36HBvOGSig6b7XOw9DOUWjEn8kivu0+Xw4CAI/VukJvfhXnf/IB/J9tM7IPcVuGZWDv4gB/fWgL+W 4EF6jQSk0lV18Kx7UBFWAKolTfplIKjZK1EmN8B8WuauqGYq/6RQOTNfpJtijofhdv+gXvxgAFrTecRYevPKvnjqnz4Cn4ofWl2oyeJRLfmd6Q8f/EEzfWPhQmYaDo6iK1UJ4mvKv+4ZDmSRtohIgI0fsEWuYOlhsO6ais+1DDVgx0SQcvAHZ4LYLVJQ7EY8tQCTGxdV YXwzgzWKQLIAn1akx7Nn19T2gkVMPEMKny0cBD2Ofw9GJqSjETt3sMBGaIP+yIBmhg2o3Eh86wQDQ3ICwg75AQjdTZtG2TWa0bcnI0YNN7pjdMqocKZadd3qYgyXi3734Nv+o2/2Erd+XPtj7U+1Zk2tfVn7pvbn2lntombs3Oz8dedvO3/f/cfuv3b/vfsfifrBg4Tm 81rpt/vf/wGWhDpQ</latexit>

⌘⇢thhs

<latexit sha1_base64="SSDh46feY8a2nSo4brwuleX1xJA=">AAAXNXicnRjbbuPGVZukbapekk1gA0VfBl1oIUWWlpTlzW4AbWJ411sVa68T2YoB0yJG5Iiiw1tIKmvvePQNfW1/pN/Sh74Vfe0v9MwM77ogqACbwzn365zhNHDsKFaUfz744MOPfvHLX3386/pv fvu733/y6cPPxpG/CA1yYfiOH15OcUQc2yMXsR075DIICXanDvl++sMRh3//Ewkj2/fO47uAXLvY8uyZbeAYtvSHOx82tCmxbI+SHxdij9UbWjj3m5qL4/l0Ri9ZC3beusTCOh0OAfxetwdX2llk753p9IyEjD+/I5Z4clotmNvsut5wfEunqsKa2izEBuUkjL7n/DII 8HryfkK/YC0EjAdatHAR7KEB4tjtREA7EdAuCgCtYtsxyaq2r8qvkU7jOUfnmwZ26Ev+QmI86HUVaa3AmCgDpauKV9gOCqIyfrfCGS+JE2N0O+Hw3BbNIbO4Kf5rYxLGKLE6wGFsYwe9Z/k65RcxhrTQtuaSRC5BRF9Z4SuYgWu4BzO8emP0+PgIaVrBjMe5FRKQm61T OwY4567F5DamV0ztKXJ5y/rZKt27ZlwEd4FOozlLhcCSByhdTxTURk2kdhXUKe22kNQ99URZEYgrK+8ZLLVsQnl82LYogOnHR18tCzqB3cq9XhXDBmrqYxyG/juu5zqsqib1xjnwR1AdMZZKAKdu5jnP9zomiWzLQ6bvYttjy6aETH0njp5EiyDwwzhie0gWzwTScCjS R2AltNFimpNLPDPFKyoUcTv291BFy4GqKJVNF9+yQU9RKgwAt8831Y6GnWCOgcrCrgumJbXFQ3og7NsMF/WyNiSXuWVvRp3L41cnt3uIzZMKm+JQO5+DIzlO8lyJUuZa8Dt4/1UBZww4YZxUrRQvIp7pxJsFcFC7z9cEaCk9vGwG+M7xsYmm/u0eW2Y9jU2CSliWlZgI JLO1hbUIepnpdBt+mh5lkqgY9hNuXb/77GlalaoyoZ19Jq3dCMu6GU0Zj3kyyyIu7Y9YpcAqJAloGwVosZ4BYEJT2Mg8h22iWdGfR14z5na9ASHmXQnWIL6enl8GnIIRR9zScqoNh++gUssRIqBmHwMDP8SOs6wS8J72Y7UORaNVt5K9qNJwmzwz01sYwhUA43l3zV5E e+VqLVPTcpCodt51i9jZ6ZBUcMoxf1tlWYBlPEv4OdOVBBvxNGiu229NxJFQELQZbQOEulCH26SPN0gf/zzp443Sx6vSnyIYOVwSoaeokS0LJfsGAtsHDoc6bbPixPEaAOpKShfJRO1mUN458KLSXaGKZLl3jnwvhgmQp82lvt+51HtIQlDgYI+g6M51SRzeAbyfqKmm +vbrjRCap04ZPzC/hGIa6/TwnD2BR7ESeWdVM4NFf1EPwBeNTQRiHstwuT0LnYJqlUMi1GfAW+0e1Bv0GFxyIZG4QKX7/Hm9YbaWw6POfto8D92pbS38RYRiMAnPiRnyweD16O0bkA9N1cViGrG9GF1BccLsa+IcYuXLNnqXvzRzwKTdmvTQNTKlNSBY9A4VmgUwzYwk LK/gU4bM5Fxn2TA3hCWcAyZ4Hx5Um+OYJvowMLTptdUWK+oMhdZU9rbTFCgq2hSVKViZ6oXA19akXZWHYF7IsXlaVT0GvuRTeIE9zOMlxVJcJIZwudxCJflCF2SrIe91+5AIAi9iYqCWw7/s3sBRpzcDXjmnMAHMgARCaN8wBNj6TTKAM8q12IQKzXyZEA24etzlkIOd +zwrdbtTeLm5b3ULxSl0G0ndIG0KuTzQTDuCgruL4juHSA1sqcGknCxgU5EQLVFisW4nNlQvMXJyLkytP0OfVaVLpYcGqzyqM5x00RpBq62o5AkkxwuY0UCj9LrAm+82hTijQu5HMIMXX6V21T2uTJa0Ewo1JeKavbMOOuGtismOoJnirvZOt5CFzHG98RfALiKcTs7R aQZHza9Bq5mepTpgd5JkFGOxTi09SWhoD/IiGCei8ngDz1KrGCO2DodLLZXuOG16EHnsWQsHx8QEcw/10vA0QHii6pV5Ck96euV8EazsGWuW6V8clho35Frso2CQby2XkpQ4EYGXHDQucV137HWYyA8Y+GkaabhLwXALB4Y4p7NNsTdRuerVzR5rPemVz8d+JjjyjfT0 E1PXMLny7KPSETn04IIZ+E72TSNXW+TnehXZC+X/csdojkNiIviHEYxi7wjxEPBD2DORR6CKp35oe1bhCEMBCREkFGdZ9WR2cYBz/icSWsBZXh/YnrQRDoZT/YgfDd/parmANY9PpxWc6hmcwJXW+v1TfbiZN6oiVZmD1GUncdkQgiAigPwZMqrWrDaSjPDN6Dhz7hHx 4tC3zXRk8vzQBV+dsbIb0t61FtwT80kJnMk6I+GMb3oGKX8lkhfTXnLnhQ4m8ku2w7wrocssXheeSUJjEcc81mAxE30+6fAC4yVYzjMFfDGDsSZM0/Neey1v2zK36HBvOGSig6b7XOw9DOUWjEn8kivu0+Xw4CAI/VukJvfhXnf/IB/J9tM7IPcVuGZWDv4gB/fWgL+W 4EF6jQSk0lV18Kx7UBFWAKolTfplIKjZK1EmN8B8WuauqGYq/6RQOTNfpJtijofhdv+gXvxgAFrTecRYevPKvnjqnz4Cn4ofWl2oyeJRLfmd6Q8f/EEzfWPhQmYaDo6iK1UJ4mvKv+4ZDmSRtohIgI0fsEWuYOlhsO6ais+1DDVgx0SQcvAHZ4LYLVJQ7EY8tQCTGxdV YXwzgzWKQLIAn1akx7Nn19T2gkVMPEMKny0cBD2Ofw9GJqSjETt3sMBGaIP+yIBmhg2o3Eh86wQDQ3ICwg75AQjdTZtG2TWa0bcnI0YNN7pjdMqocKZadd3qYgyXi3734Nv+o2/2Erd+XPtj7U+1Zk2tfVn7pvbn2lntombs3Oz8dedvO3/f/cfuv3b/vfsfifrBg4Tm 81rpt/vf/wGWhDpQ</latexit>

⌘⇢thhs
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Figure 3: Continuation strategy for hole seeding density threshold.

3.2 Feature size control strategy

The explicit LS framework introduced here enforces the minimum length scale provided by a density method.
To achieve this, the configuration illustrated at the inset in the middle of Fig. 4 is considered. The �⇢(X)
curve/surface in 2D/3D identifies the material and void phases using the projected density field. Here, the
zero isocontour of the LSF (i.e., the interface) tracks this contour within a tolerance ✏. The �⇢(X) reference
contour is constructed such that it separates regions of high densities (⇡ 1.0) from regions of intermediate
and low densities. This contour is defined only for explanation purposes, but it is not explicitly used in the
proposed framework.

Attaining the scenario mentioned above while having two independent fields is far from trivial. As is
demonstrated later in Section 5, setting algorithmic parameters inappropriately can result in configurations
where the interface is away from �⇢(X), i.e. |�⌦I,II � �⇢| � ✏. In such cases, the interface would either
“overcut” or “undercut” the projected density field, as shown at the left and right insets of Fig. 4. These
two configurations suggest a disconnection between the LSF and projected density field, which needs to
be avoided. Otherwise, the optimization framework is unable to reliably provide control of the minimum
feature size. Overcutting implies that regions of low density are located in the solid phase at convergence.
Extreme overcutting, i.e., large regions of low densities in the solid phase are unlikely to occur because both
the density and LS problems are governed by the same optimization formulation and will remove material
similarly. However, the interface may converge in the transition region to benefit from weak material near
the interface. On the other hand, undercutting, i.e., regions of high densities in the void phase, can be
mitigated by forcing the projected density field to be zero in the void phase. A penalty to achieve this is
proposed next.
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⌦I

<latexit sha1_base64="YsWfjJeE5tOU2lOqkvfnYykmQfY=">AAAVfXicnRjbctvGlU6aNmHT1o7ip7zs1EMPWYo0QNF2nBm61ihWyo4lK6FMa0YQMEtgCcLBLQBoS14vP6//0H/Ia/uanN3FnZfJhDMSFnvu1z2LWeg6caIo/7310cd/+OSPf/r0s+afP//LX/92 +84X0zhYRiZ5ZQZuEF3McExcxyevEidxyUUYEezNXPJ69uMRh79+S6LYCfzz5CYkVx62fWfumDiBLePOntHSZsR2fEp+Woo91mxp0SJoax5OFrM5vWAd2HnpERsbdDwG8HvDGV1qZ7Gzf2bQMxIx/vyB2OLJabVw4bCrZssNbIOqCmtr8wiblJMw+p7zyyHA68F7nf6D dRAwHmnx0kOwh0aIY3dTAd1UQLcsALRKHNci69o+r77GBk0WHJ1vmtil3/IXkuDRoK9IawWGroyUvipeYTssicr5XQtnfEvcBKNrncMLWzSXzJO2+K9NSZSg1OoQR4mDXfSeFeuMX8wY0iLHXkgSuQQRQ2WNr2AGruEezPGarcn94yOkaSUz7hdWSEBhtkGdBOCcu5aQ 64ReMnWgyOU1G+arbO+KcRHcBQaNFywTAkseoGytK6iL2kjtK6hX2e0gqXvmiaoiEFdW3TNZZplOeXzYriiA6cdH36xKOoHdygejLoaN1MzHOIqCd1zPTVh1TZqtc+CPoDoSLJUATv3cc37g9ywSO7aPrMDDjs9WbQmZBW4SP4iXYRhEScz2kSweHdJwLNJHYKW08XJW kEs8K8MrKxRzOw72UU3LkaootU0PX7PRQFFqDAB3yDfVnobdcIGBysaeB6altcVD+lDYtx0u6mVjSC4Ky15MehfHz0+u9xFbpBU2w5F2vgBHcpz0uRal3LXgd/D+8xLOFHCiJK1aKV5EPNeJNwvgoPafbAjQSnp41Q7xjRtgC82C6322ynsa08NaWFa1mAgkq7ODtQh6 lelsF36WHlWSuBz2E27dsP/1o6wqVUWnvQMmrd0Ky7sZzRhPeTLLIq7sT1itwGokKWgXBWixmQFgQlPYyryAbaNZ059HXjMXTrMFIeZdCdYgvpmdXyacgjFH3NFy6g2H76BKyxEioGbvA4Mgwq67qhPwnvZTvQ5Fo1V3kj2t03CbfCvXWxjCFQDjeXfNX0R75WqtMtMK kKh23nXL2PnpkFZwxrF4W2dZguU8K/gF07UEm/A0aG/a7+jiSCgJ2o62BUI9qMNd0qdbpE9/m/TpVunTdemPEIwcHonRI9TKl6WSfQGBHQKHQ4N2WXni+A4A6lpKl8lE7eZQ3jnwstZdoYpkufeOAj+BCZCnzYVx0LswBkhCUOhin6D4xvNIEt0AfJiqqWb6DputCJqn QRk/MB9DMU0NenjOHsCjXIm8s6q5waK/qA/BF61tBGIey3G5PUuDgmq1QyIy5sBb7T9stugxuOSVROIClf6TJ82W1VmNj3oHWfM89GaOvQyWMUrAJLwgVsQHg+8mL1+AfGiqHhbTiOMn6BKKE2ZfCxcQu1h20bvipV0A9G5HH6ArZElrQLDoHSo0C2CaG0lYUcGnDFnp uc7yYW4MSzgHLPA+PKi2wAlN9WFgaNvvqh1W1hkKra3s76YpUdS0KStTsjLTC4Gvbb1bl4dgXiiweVrVPQa+5FN4iT3M4xXFMlwkhnC53EEl+UIXZOshH/SHkAgCL2ZioJbDv+zewNGgb0a8ck5hApgDCYTQecMQYBtv0gGcUa7FNlRo5quUaMTV4y6HHOx9KLLScHql lzcfOv1ScQrdJlI3SJtSLo80y4mh4G7i5MYlUgNHaqBXkwVsKhOiFUotNpzUhvolRk7Opan1N+izrnSl9NBonUd9hpMu2iBovRVVPIHkeAEzGmiUXRd4892lEGdUyv0YZvDyq9SuvseVyZNWp1BTIq75O+uhE96qmOwImiXuau8MG9nImjZb/wbsMsKpfo5Oczhq/xO0 mht5qgN2L01GMRYb1DbShIb2IC+CSSqqiDfwrLSKKWKbcLjUSulOs6YHkce+vXRxQiww99CoDE8jhHXVqM1TWB8YtfNFsHLmrF2lf3pYadyQa0mAwlGxtVpJUuLGBF4K0LTCddOx12MiP2Dgp1mk4S4Fwy0cGOKczjfFnq5y1eubA9Z5MKiej8NccByY2eknpq5xeuU5 QJUjcuzDBTMM3PybRqG2yM/NKrKnyu9yx2SBI2Ih+IcRjGLvCPER8EPYt5BPoIpnQeT4dukIQyGJECQUZ1n3ZH5xgHP+LYls4CyvD2xf2ggHw6lxxI+GHwy1WsCaz6fTGk79DE7hSmfz/qkx3s4b1ZHqzEHqqpe6bAxBEBFAwRyZdWvWG0lO+GJynDv3iPhJFDhWNjL5 QeSBr85Y1Q1Z79oIHoj5pALOZZ2RaM43fZNUvxLJi+kgvfNCBxP5Jdth0ZXQRadZ3OHSqT7/mmbcvqf0FfFD6ws1XdxrpL8z486tTzQrMJceWG26OI4vVSVMrij/cmS6oKG2jEmIzR+xTS5h6WOYua6o+BTIUAt2LATmwB/0G7FbpqDYi7nagMntjOswvrkJdrlM5l9f UccPlwnxTSlovnQR1Ar/rogsJyJm4t7AApuRA7oiE4oCm5ABsfhmBsZE5AQYH/JGClWizeL8Osboy5MJo6YX3zA6Y1Q4Tq27aX0xhSF12B9+P7z3rJ268NPGV42/N9oNtfG48azxr8ZZ41XD3PvP3s97/9v7/5e/3G3d3b/bl6gf3Upp9hqV393HvwI8Np9C</latexi t>

⌦II

<latexit sha1_base64="gLahYd68MDPgPvYvQ+Rs0atdZAM=">AAAVfnicnRjbctvGlU6aJmXTJo5GT33ZiYceshQpgKIduzN0olGslB1LVkKZ0YwgIEtgCcLBLQAYS14vf6/f0I/oa/Kas7u48zKZaMbm4tzve4BZ6Dpxoij/u/fe+3/64M8ffvSX5l8//tvfP/n0 /mfTOFhGJnllBm4QXc1wTFzHJ68SJ3HJVRgR7M1c8v3sxxOO//5nEsVO4F8mdyG58bDtO3PHxAmAjPt7P7S0GbEdn5KflgLGmi0tWgRtzcPJYjanV6wDkJcesbFBx2NAvzWc0bV2ETsHFwa9IBHjv98RW/xyXi1cOOym2XID26CqwtraPMIm5SyMvuXycgzIOnyr03+y DgLBIy1eeghgaIQ4dTdV0E0VdMsKwKrEcS2ybu3z6mNs0GTByTnQxC79mj+QBI8GfUV6Kyh0ZaT0VfEI4LCkKpd3K4LxNXETjG51ji980VwyT9rif21KogSlXoc4ShzsoresOGfyYsaQFjn2QrLII6gYKmtyhTAIDY9gTtdsTR6eniBNK7nxsPBCIgq3DeokgOfStYTc JvSaqQNFHm/ZMD9lsBvGVfAQGDResEwJHHmCsrOuoC5qI7WvoF4F2kHS9iwSVUMgr6wKM1nmmU55ftiuLIDrpyf/WpVsAr+Vd0ZdDRupWYxxFAVvuJ2bqOqWNFuXIB9BdyRYGgGS+nnk/MDvWSR2bB9ZgYcdn63aEjML3CQ+jJdhGERJzA6QbB4dynAsykdQpbzxclaw SzoroysbFHM/jg5QzcqRqig1oIdv2WigKDUBQDvkQLWnYTdcYOCyseeBa2lv8ZQ+Ev5tx4t+2ZiSq8KzF5Pe1enzs9sDxBZph81wpF0uIJCcJv1dy1IeWog7RP95iWYKNFGSdq1ULzKe28SHBUhQ+083JGglI7xqh/jODbCFZsHtAVvlM43pYS0tq1pOBJHV2SFaJL0q dLaLPiuPKktcTvsZ927Yf/I460pV0WnviElvt+LyaUYzwVNezLKJK/AJqzVYjSVF7eIAKzYLAEoYCluFF7htPGv288xr5sJptiDFfCrBGdQ3s/vLhFsw5oQ7Rk594HAIqowcoQJ69iEICCLsuqs6A59pP9X7UAxadSfbszoP98m3cruFI9wAcJ5P1/xBjFdu1ipzrUCJ budTt0yd3w5pB2cSi6d1kSVcLrNCXwhdK7AJL4P2JnhHF1dCSdF2si0Y6kEf7tI+3aJ9+vu0T7dqn65rf4xg5fBIjB6jVn4stewLSOwQJBwbtMvKG8c3gFDXSrrMJno3x/LJgZe16QpdJNu9dxL4CWyAvGyujKPelTFAEoNCF/sExXeeR5LoDvDD1Ew1s3fYbEUwPA3K +IX5BTTT1KDHl+wQfsqdyCermjss5ov6CGLR2sYg9rGclvuzNCiYVrskImMOstX+o2aLnkJIXkkirlDpP33abFmd1fikd5QNz2Nv5tjLYBmjBFzCC2JFfDH4ZvLyBeiHoephsY04foKuoTlh97VwgbGLYxe9KR7aBULvdvQBukGW9AYUi9mhwrAAobmThBUdfM6Qld7r LF/mxnCEe8CC6MMP1RY4oak9DBxt+121w8o2Q6O1lYPdPCWOmjVlY0peZnYhiLWtd+v6EOwLBTUvq3rEIJZ8Cy+Jh328YlhGi8QSLo87uKRcmIJsPeWD/hAKQdDFTCzUcvmX0xskGvT1iHfOOWwAc2CBFDqvGQJq43W6gDPKrdhGCsN8lTKNuHk85FCDvXdFVRpOr/Tw +l2nX2pOYdtE2gZlU6rlkWY5MTTcXZzcuURa4EgL9GqxgE9lRrRCqceGk/pQf4mRm3Npa/0d9qwbXWk9NFqXUd/hZIg2KFofRZVIILlewI4GFmWvC3z47jKICyrVfgw7ePlRWleHcWPyotUp9JTIa/7MeuiMjyomJ4JmiXe1N4aNbGRNm63/AHWZ4Fy/ROc5HrW/BKvm Rl7qQN1Li1GsxQa1jbSgYTzIF8EkVVXkG2RWRsUUsU00XGuldafZ0IPMY99eujghFrh7bFSWpxHCumrU9imsD4za/SJEOXPWrvI/O64Mbqi1JEDhqACtVpKVuDGBhwI1rUjddO31mKgPWPhplml4l4LlFi4McU/nQAHTVW56HThgncNB9X4c5orjwMxuP7F1jdNXniNU uSLHPrxghoGbf9MozBb1udlE9kz5Q+GYLHBELAT/YQSr2BtCfATyEPYt5BPo4lkQOb5dusJQSCIEBcVF1iOZvzjAPf8ziWyQLF8f2IH0ES6Gc+OEXw3fGWq1gTWfb6c1mvodnOKVzmb4uTHeLhvVierCQeuql4ZsDEkQGUDBHJl1b9YHSc74YnKaB/eE+EkUOFa2MvlB 5EGsLlg1DNns2ogeiP2kgs51XZBozoG+SapfieSL6SB954UJJupLjsNiKqGrTrPyfUys9fnnNOPTB0pfEX9o/aCmhweN9O/CuH/vA80KzKUHbpsujuNrVQmTG8o/HZkumKgtYxJi80dsk2s4+hiWrhsqvgUy1AKIhcAf+AcDR0DLHBR7MbcbKLmjcR3HgZtw18tk/uSG On64TIhvSkXzpYugWfiHRWQ5ETET9w4O2IwcsBWZ0BXYhBKIxUczcCYiZyD4mE9SaBNtFufvY4y+PJswanrxHaMzRkXg1HqY1g9T2FKH/eG3wwdftdMQftT4R+PzRruhNr5ofNX4d+Oi8aph7v137/97v+z9ut/Yf7jf2z+UpO/dS3n2GpW//Se/AcdynpY=</latexi t>

⇢̂(X)

<latexit sha1_base64="8iyAX0Eo+rkcsj2HHS1t24a3CAI=">AAAVh3icnRjbbttGVum23VbbbZv1+qkvgw0USJUlk7KSJgWU1nDjrorYcStHNWCaxIgcUUx5K0k1diajb9zX/ZG+7p6Z4V0XFDWQaHju9znkLHSdOFGU/9577y/vf/DhXz/6uPm3T/7+6Wef3//H NA6WkUlemYEbRFczHBPX8cmrxElcchVGBHszl/w8++WE43/+jUSxE/iXyV1Ibjxs+87cMXECIOP+ntPSZsR2fEp+XQoYa7a0aBG0NQ8ni9mcXrEOQF56xMYGHY8B/dZwRtfaRewcXBj0gkSM//5EbPHLebVw4bCbZssNbIOqCmtr8wiblLMw+pbLyzEg6/CtTr9kHQSC R1q89BDA0Ahx6m6qoJsq6JYVgFWJ41pk3drn1cfYoMmCk3OgiV36HX8gCR4N+or0VlDoykjpq+IRwGFJVS7vVgTjO+ImGN3qHF/4orlknrTF/9qURAlKvQ5xlDjYRW9Zcc7kxYwhLXLshWSRR1AxVNbkCmEQGh7BnK7Zmjw8PUGaVnLjYeGFRBRuG9RJAM+lawm5Teg1 UweKPN6yYX7KYDeMq+AhMGi8YJkSOPIEZWddQV3URmpfQb0KtIOk7VkkqoZAXlkVZrLMM53y/LBdWQDXT0++XpVsAr+Vd0ZdDRupWYxxFAVvuJ2bqOqWNFuXIB9BdyRYGgGS+nnk/MDvWSR2bB9ZgYcdn63aEjML3CQ+jJdhGERJzA6QbB4dynAsykdQpbzxclawSzor oysbFHM/jg5QzcqRqig1oIdv2WigKDUBQDvkQLWnYTdcYOCyseeBa2lv8ZQ+Ev5tx4t+2ZiSq8KzF5Pe1enzs9sDxBZph81wpF0uIJCcJv1dy1IeWog7RP95iWYKNFGSdq1ULzKe28SHBUhQ+083JGglI7xqh/jODbCFZsHtAVvlM43pYS0tq1pOBJHV2SFaJL0qdLaL PiuPKktcTvsZ927Yf/I460pV0WnviElvt+LyaUYzwVNezLKJK/AJqzVYjSVF7eIAKzYLAEoYCluFF7htPGv288xr5sJptiDFfCrBGdQ3s/vLhFsw5oQ7Rk594HAIqowcoQJ69iEICCLsuqs6A59pv9b7UAxadSfbszoP98m3cruFI9wAcJ5P1/xBjFdu1ipzrUCJbudT t0yd3w5pB2cSi6d1kSVcLrNCXwhdK7AJL4P2JnhHF1dCSdF2si0Y6kEf7tI+3aJ9+se0T7dqn65rf4xg5fBIjB6jVn4stewLSOwQJBwbtMvKG8f3gFDXSrrMJno3x/LJgZe16QpdJNu9dxL4CWyAvGyujKPelTFAEoNCF/sExXeeR5LoDvDD1Ew1s3fYbEUwPA3K+IX5 FTTT1KDHl+wQfsqdyCermjss5ov6CGLR2sYg9rGclvuzNCiYVrskImMOstX+o2aLnkJIXkkirlDpP33abFmd1fikd5QNz2Nv5tjLYBmjBFzCC2JFfDH4fvLyBeiHoephsY04foKuoTlh97VwgbGLYxe9KR7aBULvdvQBukGW9AYUi9mhwrAAobmThBUdfM6Qld7rLF/m xnCEe8CC6MMP1RY4oak9DBxt+121w8o2Q6O1lYPdPCWOmjVlY0peZnYhiLWtd+v6EOwLBTUvq3rEIJZ8Cy+Jh328YlhGi8QSLo87uKRcmIJsPeWD/hAKQdDFTCzUcvmX0xskGvT1iHfOOWwAc2CBFDqvGQJq43W6gDPKrdhGCsN8lTKNuHk85FCDvXdFVRpOr/Tw+l2n X2pOYdtE2gZlU6rlkWY5MTTcXZzcuURa4EgL9GqxgE9lRrRCqceGk/pQf4mRm3Npa/0D9qwbXWk9NFqXUd/hZIg2KFofRZVIILlewI4GFmWvC3z47jKICyrVfgw7ePlRWleHcWPyotUp9JTIa/7MeuiMjyomJ4JmiXe1N4aNbGRNm60fgLpMcK5fovMcj9rfgFVzIy91 oO6lxSjWYoPaRlrQMB7ki2CSqiryDTIro2KK2CYarrXSutNs6EHmsW8vXZwQC9w9NirL0whhXTVq+xTWB0btfhGinDlrV/mfHVcGN9RaEqBwVIBWK8lK3JjAQ4GaVqRuuvZ6TNQHLPw0yzS8S8FyCxeGuKdzoIDpKje9DhywzuGgej8Oc8VxYGa3n9i6xukrzxGqXJFj H14ww8DNv2kUZov63Gwie6b8qXBMFjgiFoL/MIJV7A0hPgJ5CPsW8gl08SyIHN8uXWEoJBGCguIi65HMXxzgnv+NRDZIlq8P7ED6CBfDuXHCr4afDLXawJrPt9MaTf0OTvFKZzP83Bhvl43qRHXhoHXVS0M2hiSIDKBgjsy6N+uDJGd8MTnNg3tC/CQKHCtbmfwg8iBW F6wahmx2bUQPxH5SQee6Lkg050DfJNWvRPLFdJC+88IEE/Ulx2ExldBVpymQ61/N+H6ff1czPn+g9BXxh9YPanp40Ej/Loz79z7QrMBceuC/6eI4vlaVMLmh/BuS6YKt2jImITZ/wTa5hqOPYfu6oeKjIEMtgFgIHIN/MHkEtMxBsRdzB4CS2xzXcRy4CXe9TOZPbqjj h8uE+KZUNF+6CLqGf2FElhMRM3Hv4IDNyAFbkQntgU2ohVh8PQNnInIGgo/5SIV+0WZx/mLG6MuzCaOmF98xOmNUBE6th2n9MIV1ddgf/jh88G07DeFHjS8a/2q0G2rjq8a3jX83LhqvGubef/Z+3/vfPxv7H+8f7j/efyJJ37uX8uw1Kn/7x/8HnhKhcA==</latexi t>

0.0

<latexit sha1_base64="XbmhxjBshkPz+iAOYVYjSn6VE0s=">AAAVdnicnRjbjtvGVU6TNlHSJu7WTwGCQQ25UrWSSa3sxAHkZrHxpiq86020VgQsl8SIHFF0eAtJxbsej34t39EP6Gv7msecmeFdFwRdwNbw3O9zyHnoOnGiKP++887v3n3v9394/4Pmhx/98U8f f3L3z9M4WEUmeWkGbhDN5jgmruOTl4mTuGQWRgR7c5d8P//hhOO//4lEsRP4l8ltSK49bPvOwjFxAiDj7sGspc2J7fiU/LgSMNZsadEyaGseTpbzBZ2xDkBeeMTGBh2PAf3GcEZX2kXsHF4Y9IJEjP9+R2zxy3m1cOmw62bLDWyDqgpra4sIm5SzMPqGy8sxIOvhG53+ nXUQCB5p8cpDAEMjxKm7qYJuqqBbVgBWJY5rkU1rn1UfY4MmS07OgSZ26df8gSR4NOgr0ltBoSsjpa+KRwCHJVW5vBsRjK+Jm2B0o3N84YvmkkXSFv9rUxIlKPU6xFHiYBe9YcU5kxczhrTIsZeSRR5BxVDZkCuEQWh4BHO6Zmvy4PQEaVrJjQeFFxJRuG1QJwE8l64l 5CahV0wdKPJ4w4b5KYNdM66Ch8Cg8ZJlSuDIE5SddQV1URupfQX1KtAOkrZnkagaAnllVZjJMs90yvPD9mUBXD89+XJdsgn8Vt4adTVspGYxxlEUvOZ2bqOqW9JsXYJ8BN2RYGkESOrnkfMDv2eR2LF9ZAUedny2bkvMPHCT+GG8CsMgSmJ2iGTz6FCGY1E+girljVfz gl3SWRld2aCY+3F0iGpWjlRFqQE9fMNGA0WpCQDaIQeqPQ274RIDl409D1xLe4un9JHwbzde9MvWlMwKz55PerPTZ2c3h4gt0w6b40i7XEIgOU36u5GlPLQQd4j+sxLNFGiiJO1aqV5kPLeJDwuQoPafbEnQWkZ43Q7xrRtgC82Dm0O2zmca08NaWta1nAgiq7NHtEh6 Veh8H31WHlWWuJz2M+7dsP/F46wrVUWnvSMmvd2Jy6cZzQRPeTHLJq7AJ6zWYDWWFLWPA6zYLgAoYSjsFF7gdvFs2M8zr5lLp9mCFPOpBGdQ38zuLxNuwZgT7hk59YHDIagycoQK6NkHICCIsOuu6wx8pv1Y70MxaNW9bE/rPNwn38rtFo5wA8B5Pl3zBzFeuVnrzLUC JbqdT90ydX47pB2cSSyeNkWWcLnMCn0hdKPAJrwM2tvgHV1cCSVFu8l2YKgHfbhP+3SH9ulv0z7dqX26qf0xgpXDIzF6jFr5sdSyzyGxQ5BwbNAuK28c3wBC3SjpMpvo3RzLJwde1aYrdJFs995J4CewAfKymRlHvZkxQBKDQhf7BMW3nkeS6Bbww9RMNbN32GxFMDwN yviF+Tk009Sgx5fsIfyUO5FPVjV3WMwX9RHEorWLQexjOS33Z2VQMK12SUTGAmSr/UfNFj2FkLyURFyh0n/ypNmyOuvxSe8oG57H3tyxV8EqRgm4hJfEivhi8M3kxXPQD0PVw2IbcfwEXUFzwu5r4QJjF8cuel08tAuE3u3oA3SNLOkNKBazQ4VhAUJzJwkrOvicISu9 11m+zI3hCPeABdGHH6otcUJTexg42va7aoeVbYZGayuH+3lKHDVrysaUvMzsQhBrW+/W9SHYFwpqXlb1iEEs+RZeEg/7eMWwjBaJJVwe93BJuTAF2WbKB/0hFIKgi5lYqOXyL6c3SDToqxHvnHPYABbAAil0XjEE1MardAFnlFuxixSG+TplGnHzeMihBntvi6o0nF7p 4dXbTr/UnMK2ibQNyqZUyyPNcmJouNs4uXWJtMCRFujVYgGfyoxojVKPDSf1of4SIzfn0tb6G+zZNLrSemi0KaO+w8kQbVG0OYoqkUByvYAdDSzKXhf48N1nEBdUqv0YdvDyo7SuDuPG5EWrU+gpkdf8mfXQGR9VTE4EzRLvaq8NG9nImjZb/wLqMsG5fonOczxq/wOs Whh5qQN1Ly1GsRYb1DbSgobxIF8Ek1RVkW+QWRkVU8S20XCtldadZkMPMo99e+XihFjg7rFRWZ5GCOuqUdunsD4waveLEOUsWLvK//S4Mrih1pIAhaMCtF5LVuLGBB4K1LQiddu112OiPmDhp1mm4V0Kllu4MMQ9nQMFTFe56XXggHUeDqr34zBXHAdmdvuJrWucvvIc ocoVOfbhBTMM3PybRmG2qM/tJrKnyv8VjskSR8RC8B9GsIq9JsRHIA9h30I+gS6eB5Hj26UrDIUkQlBQXGQ9kvmLA9zzP5HIBsny9YEdSh/hYjg3TvjV8J2hVhtY8/l2WqOp38EpXulsh58b492yUZ2oLhy0rntpyMaQBJEBFCyQWfdmc5DkjM8np3lwT4ifRIFjZSuT H0QexOqCVcOQza6t6IHYTyroXNcFiRYc6Juk+pVIvpgO0ndemGCivuQ4LKYSmnWaingJ5et8/hnN+OQ+QMUf2jyo6eF+I/27MO7eeU+zAnPlgbumi+P4SlXC5JryT0amC6Zpq5iE2PwB2+QKjj6GZeuaim+ADLUAYiHwA/7BoBHQMgfFXsztBUruYFzHceA23NUqWXxx TR0/XCXEN6WixcpF0CT8gyKynIiYiXsLB2xGDtiKTOgGbELqY/GxDJyJyBkIPuYTFNpDm8f5exijL84mjJpefMvonFEROLUeps3DFLbTYX/47fD+V+00hO83Pm38tdFuqI3PG181/tm4aLxsmAc/H/zn4L8H//vLL/c+u9e69zdJ+s6dlOegUfm7p/wKAi6bpQ==</la texit>

1.0

<latexit sha1_base64="8sMmWKaTHYQm6mrI73BIGwGgfDM=">AAAVdnicnRjbjtvGVU6TNlHSJu7WTwGCQQ25UrWSSa3sxAHkZrHxpiq86020VgQsl8SIHFF0eAtJxbsej34t39EP6Gv7msecmeFdFwRdwNbw3O9zyHnoOnGiKP++887v3n3v9394/4Pmhx/98U8f f3L3z9M4WEUmeWkGbhDN5jgmruOTl4mTuGQWRgR7c5d8P//hhOO//4lEsRP4l8ltSK49bPvOwjFxAiDj7sGspc2J7fiU/LgSMNZsadEyaGseTpbzBZ2xDkBeeMTGBh2PAf3GcEZX2kXsHF4Y9IJEjP9+R2zxy3m1cOmw62bLDWyDqgpra4sIm5SzMPqGy8sxIOvhG53+ nXUQCB5p8cpDAEMjxKm7qYJuqqBbVgBWJY5rkU1rn1UfY4MmS07OgSZ26df8gSR4NOgr0ltBoSsjpa+KRwCHJVW5vBsRjK+Jm2B0o3N84YvmkkXSFv9rUxIlKPU6xFHiYBe9YcU5kxczhrTIsZeSRR5BxVDZkCuEQWh4BHO6Zmvy4PQEaVrJjQeFFxJRuG1QJwE8l64l 5CahV0wdKPJ4w4b5KYNdM66Ch8Cg8ZJlSuDIE5SddQV1URupfQX1KtAOkrZnkagaAnllVZjJMs90yvPD9mUBXD89+XJdsgn8Vt4adTVspGYxxlEUvOZ2bqOqW9JsXYJ8BN2RYGkESOrnkfMDv2eR2LF9ZAUedny2bkvMPHCT+GG8CsMgSmJ2iGTz6FCGY1E+girljVfz gl3SWRld2aCY+3F0iGpWjlRFqQE9fMNGA0WpCQDaIQeqPQ274RIDl409D1xLe4un9JHwbzde9MvWlMwKz55PerPTZ2c3h4gt0w6b40i7XEIgOU36u5GlPLQQd4j+sxLNFGiiJO1aqV5kPLeJDwuQoPafbEnQWkZ43Q7xrRtgC82Dm0O2zmca08NaWta1nAgiq7NHtEh6 Veh8H31WHlWWuJz2M+7dsP/F46wrVUWnvSMmvd2Jy6cZzQRPeTHLJq7AJ6zWYDWWFLWPA6zYLgAoYSjsFF7gdvFs2M8zr5lLp9mCFPOpBGdQ38zuLxNuwZgT7hk59YHDIagycoQK6NkHICCIsOuu6wx8pv1Y70MxaNW9bE/rPNwn38rtFo5wA8B5Pl3zBzFeuVnrzLUC JbqdT90ydX47pB2cSSyeNkWWcLnMCn0hdKPAJrwM2tvgHV1cCSVFu8l2YKgHfbhP+3SH9ulv0z7dqX26qf0xgpXDIzF6jFr5sdSyzyGxQ5BwbNAuK28c3wBC3SjpMpvo3RzLJwde1aYrdJFs995J4CewAfKymRlHvZkxQBKDQhf7BMW3nkeS6Bbww9RMNbN32GxFMDwN yviF+Tk009Sgx5fsIfyUO5FPVjV3WMwX9RHEorWLQexjOS33Z2VQMK12SUTGAmSr/UfNFj2FkLyURFyh0n/ypNmyOuvxSe8oG57H3tyxV8EqRgm4hJfEivhi8M3kxXPQD0PVw2IbcfwEXUFzwu5r4QJjF8cuel08tAuE3u3oA3SNLOkNKBazQ4VhAUJzJwkrOvicISu9 11m+zI3hCPeABdGHH6otcUJTexg42va7aoeVbYZGayuH+3lKHDVrysaUvMzsQhBrW+/W9SHYFwpqXlb1iEEs+RZeEg/7eMWwjBaJJVwe93BJuTAF2WbKB/0hFIKgi5lYqOXyL6c3SDToqxHvnHPYABbAAil0XjEE1MardAFnlFuxixSG+TplGnHzeMihBntvi6o0nF7p 4dXbTr/UnMK2ibQNyqZUyyPNcmJouNs4uXWJtMCRFujVYgGfyoxojVKPDSf1of4SIzfn0tb6G+zZNLrSemi0KaO+w8kQbVG0OYoqkUByvYAdDSzKXhf48N1nEBdUqv0YdvDyo7SuDuPG5EWrU+gpkdf8mfXQGR9VTE4EzRLvaq8NG9nImjZb/wLqMsG5fonOczxq/wOs Whh5qQN1Ly1GsRYb1DbSgobxIF8Ek1RVkW+QWRkVU8S20XCtldadZkMPMo99e+XihFjg7rFRWZ5GCOuqUdunsD4waveLEOUsWLvK//S4Mrih1pIAhaMCtF5LVuLGBB4K1LQiddu112OiPmDhp1mm4V0Kllu4MMQ9nQMFTFe56XXggHUeDqr34zBXHAdmdvuJrWucvvIc ocoVOfbhBTMM3PybRmG2qM/tJrKnyv8VjskSR8RC8B9GsIq9JsRHIA9h30I+gS6eB5Hj26UrDIUkQlBQXGQ9kvmLA9zzP5HIBsny9YEdSh/hYjg3TvjV8J2hVhtY8/l2WqOp38EpXulsh58b492yUZ2oLhy0rntpyMaQBJEBFCyQWfdmc5DkjM8np3lwT4ifRIFjZSuT H0QexOqCVcOQza6t6IHYTyroXNcFiRYc6Juk+pVIvpgO0ndemGCivuQ4LKYSmnWa8sMAX+fzz2jGJ/eVviL+0OZBTQ/3G+nfhXH3znuaFZgrD9w1XRzHV6oSJteUfzIyXTBNW8UkxOYP2CZXcPQxLFvXVHwDZKgFEAuBH/APBo2Aljko9mJuL1ByB+M6jgO34a5WyeKL a+r44SohvikVLVYugibhHxSR5UTETNxbOGAzcsBWZEI3YBNSH4uPZeBMRM5A8DGfoNAe2jzO38MYfXE2YdT04ltG54yKwKn1MG0eprCdDvvDb4f3v2qnIXy/8Wnjr412Q2183viq8c/GReNlwzz4+eA/B/89+N9ffrn32b3Wvb9J0nfupDwHjcrfPeVXA/ibpg==</la texit>

Overcutting of ⇢̂

<latexit sha1_base64="2xWC9ngQy+/RNwoWrxjhXvvlIac=">AAAVknicnRj7b9vGWenWrVP3aJb4p/1yWKBAmiyFlJW0KaCshht3GmzHqxzVgGkSJ/JEMeVDJU+Nncvp/xz2z+y7O771QFEDiY7f+30fOVv6XkI17b8PPvnNbz/93e8/+0Pz8z/+6c9/+eLhX6dJ tIpt8taO/Ci+nuGE+F5I3lKP+uR6GRMczHzyw+zHE4H/4WcSJ14UXtH7JbkNsBt6c8/GFEDWw0e0ZcyI64WM/LSSMN5sGfEiahsBpovZnF3zDkDeBMTFFhuPAf3B8kY3xmXiHV5a7JLEXPx+T1z5K3iN5cLjt82WH7kW0zXeNuYxtplg4eyDkJdjQNazDyb7B+8gEDwy klWAAIZGSFB3UwXdVEG3rACsop7vkE1rX1cfE4vRhSAXQBv77FvxQCgeDfqa8lZSmNpI6+vyEcDLkqpc3p0MxrfEpxjdmQJf+GL4ZE7b8n9jSmKKUq+XOKYe9tEHXpwzeQnnyIg9d6FY1BFUDLUNuVIYhEZEMKdrtiZPT0+QYZTceFp4oRCF2xbzKOCFdIOSO8puuD7Q 1PGOD/NTBrvlQoUIgcWSBc+UwFEkKDubGuqiNtL7GupVoB2kbM8iUTUE8sqrMJtnnplM5IfvywK4fnry9bpkE/itfbTqavhIz2KM4zh6L+zcRlW3pNm6AvkIuoNiZQRI6ueRC6Ow55DEc0PkRAH2Qr5uK8ws8mnyLFktl1FME36IVPOYUIZjWT6SKuVNVrOCXdE5GV3Z oET4cXSIalaOdE2rAQN8x0cDTasJANqhAOo9A/vLBQYuFwcBuJb2lkjpc+nfbrzsl60puS48O5v0rk9fn98dIr5IO2yGY+NqAYEUNOnvRpby0ELcIfqvSzRToIlp2rVKvcx4bpMYFiBB77/ckqC1ivC6vcT3foQdNIvuDvk6n2ncXNbSsq7lRBI5nT2iZdKrQmf76LPy qLIk5bSfC++G/a9eZF2paybrHXHl7U5cPs1YJngqilk1cQU+4bUGq7GkqH0cYMV2AUAJQ2Gn8AK3i2fDfpF5w154zRakWEwlOIP6ZnZ/2XALJoJwz8ipDxwBQZWRI1VAzz4FAVGMfX9dZxAz7ad6H8pBq+9le1XnET6FTm63dEQYAM6L6Zo/yPEqzFpnrhUo2e1i6pap 89sh7eBMYvG0KbKEy2VW6AuhGwU2EWXQ3gbvmPJKKCnaTbYDwwLow33apzu0T3+Z9ulO7dNN7S8QrBwBSdAL1MqPpZY9g8QOQcKxxbq8vHF8Bwh9o6TLbLJ3c6yYHHhVm67QRardeydRSGEDFGVzbR31rq0BUhi09HFIUHIfBITG94Afpmbqmb3DZiuG4WkxLi7ML6GZ phY7vuLP4KfciWKy6rnDcr7ozyEWrV0Mch/LaYU/K4uBabVLIrbmIFvvP2+22CmE5K0iEgq1/suXzZbTWY9PekfZ8DwOZp67ilYJouASXhAnFovBd5M3Z6AfhmqA5TbihRTdQHPC7uvgAuMWxy56Xzy0C4TZ7ZgDdIsc5Q0olrNDh2EBQnMnCS86+IIjJ73Xeb7MjeEI 94AD0YcfZiwwZak9HBxth129w8s2Q6O1tcP9PCWOmjVlY0peZnYhiLVrduv6EOwLBbUoq3rEIJZiCy+Jh328YlhGi+QSro57uJRcmIJ8M+WD/hAKQdIlXC7UavlX0xskWuzdSHTOBWwAc2CBFHrvOAJq6126gHMmrNhFCsN8nTKNhHki5FCDvY9FVVper/Tw7mOnX2pO adtE2QZlU6rlkeF4CTTcfULvfaIs8JQFZrVYwKcyI1qj1GPLS32ov8Sozbm0tf4CezaNrrQeGm3KqO9wKkRbFG2OokokkFovYEcDi7LXBTF89xkkBJVqP4EdvPyorKvDhDF50ZoMekrmNX/mPXQuRhVXE8Fw5Lvae8tFLnKmzda/gbpMcGFeoYscj9r/BKvmVl7qQN1L i1GuxRZzrbSgYTyoF0GaqiryDTIro2KK+DYaobXSutNs6EHmceiufEyJA+4eW5XlaYSwqVu1fQqbA6t2v0hR3py3q/yvjiuDG2qNRmg5KkDrtWIlfkLgoUBNK1K3XXs9LusDFn6WZRrepWC5hQtD3tM5UMJMXZheBw5459mgej8Oc8VJZGe3n9y6xukrzxGqXJHjEF4w l5Gff9MozJb1ud1E/kr7VeGYLHBMHAT/YQSr2HtCQgTyEA4dFBLo4lkUe6FbusLQksQICkqIrEcyf3GAe/5nErsgWb0+8EPlI1wMF9aJuBq+t/RqAxuh2E5rNPU7OMVrne3wC2u8WzaqE9WFg9Z1Lw3ZGJIgM4CiObLr3mwOkpzxbHKaB/eEhDSOPCdbmcIoDiBWl7wa hmx2bUUP5H5SQee6Lkk8F8DQJtWvROrFdJC+88IEk/WlxmExldB1p6kEvQH37BWlItPgL5dTPp3vYtXPP7FZXzzR+pr8Q5sHPT08aaR/l9bDB58aTmSvAgiF7eMkudG1Jb1l4nOS7YPZxiohS2z/iF1yA8cQwyJ2y+T3QY5aAHEQ+Aj/YAhJaJmD4SARvgClcD6p4wRw G+5mRedf3TIvXK4oCW2laL7yETSQ+NiIHC8mNvXv4YDt2ANbkQ2dgm0oi0R+SANnYnIOgo/FdIXWMWZJ/o7G2ZvzCWd2kNxzNuNMBk6vh2nzMIXNddgf/mf45Jt2GsLPGn9r/L3RbuiNLxvfNP7VuGy8bdiP/vf4wePm488PHh98fXB8cKJIP3mQ8jxqVP4Ozv4PmSek WQ==</latexit>

Undercutting of ⇢̂

<latexit sha1_base64="q2DJXlniqEnhzPclaoMvUEgkGzg=">AAAVk3icnRj7b9vGWUnXrVW7rVnin/bLYYECabYUUlbSZoOyek7caYgdr7JVA6ZJnMiTxJSvkqfGzuX0fw7YH7Pv7vjWA0UNJDp+7/d95DTy3IRq2n/v3f/kN5/+9neffd784svf/+GPXz340yQJ l7FNLu3QC+OrKU6I5wbkkrrUI1dRTLA/9cgP0x+PBf6Hn0mcuGFwQe8icuPjeeDOXBtTAFkPHi5bxpTM3YCRn5YSxpstI16EbcPHdDGdsSveAchbn8yxxUYjQH+w3OG1cZ64B+cWOycxF7/fk7n8FbxGtHD5TbPlhXOL6RpvG7MY20ywcPZByMsxIOvpB5P9lXcQCB4a ydJHAENDJKj3UwX7qYL9sgKwirqeQ9atfV19TCxGF4JcAG3ssVfigVA87Pc05a2kMLWh1tPlI4Cjkqpc3q0MxiviUYxuTYEvfDE8MqNt+b8xITFFqdcRjqmLPfSBF+dMXsI5MmJ3vlAs6ggqBtqaXCkMQiMimNM1W+MnJ8fIMEpuPCm8UIjCbYu5FPBCukHJLWXXXO9r 6njLB/kpg91woUKEwGLJgmdK4CgSlJ1NDe2jNtJ7GupWoB2kbM8iUTUE8sqrMJtnnplM5IfvygK4fnL8t1XJJvBb+2jV1fChnsUYx3H4Xti5iapuSbN1AfIRdAfFygiQ1MsjF4RB1yGJOw+QE/rYDfiqrTDT0KPJ02QZRWFME36AVPOYUIYjWT6SKuVNltOCXdE5GV3Z oET4cXiAalYOdU2rAX18y4d9TasJANqBAOpdA3vRAgPXHPs+uJb2lkjpM+nfdrzsl40puSo8ezPuXp28Pr09QHyRdtgUx8bFAgIpaNLftSzloYW4Q/Rfl2gmQBPTtGuVepnx3CYxLECC3nuxIUErFeFVO8J3XogdNA1vD/gqn2ncjGppWdVyIomczg7RMulVodNd9Fl5 VFmSctpPhXeD3jfPs67UNZN1D7nydisun2YsEzwRxayauAIf81qD1VhS1C4OsGKzAKCEobBVeIHbxrNmv8i8YS/cZgtSLKYSnEF9M7u/bLgFE0G4Y+TUB46AoMrIkSqgZ5+AgDDGnreqM4iZ9lO9D+Wg1XeyvazzCJ8CJ7dbOiIMAOfFdM0f5HgVZq0y1wqU7HYxdcvU +e2QdnAmsXhaF1nC5TIr9IXQtQIbizJob4J3THkllBRtJ9uCYT704S7tky3aJ79M+2Sr9sm69ucIVg6fJOg5auXHUsu+gcQOQMKRxfZ5eeP4DhD6WkmX2WTv5lgxOfCyNl2hi1S7d4/DgMIGKMrmyjrsXll9pDAo8nBAUHLn+4TGd4AfpGbqmb2DZiuG4WkxLi7Mr6GZ JhY7uuBP4afciWKy6rnDcr7ozyAWrW0Mch/LaYU/S4uBabVLIrZmIFvvPWu22AmE5FIRCYVa78WLZsvprEbH3cNseB75U3e+DJcJouASXhAnFovBd+O3b0A/DFUfy23EDSi6huaE3dfBBWZeHPfR++KhXSDM/Y7ZRzfIUd6AYjk7dBgWIDR3kvCig884ctJ7nefL3AiO cA84EH34YcYCU5baw8HRdrCvd3jZZmi0tnawm6fEUbOmbEzJy8wuBLGem/t1fQj2hYJalFU9YhBLsYWXxMM+XjEso0VyCVfHHVxKLkxBvp7yfm8AhSDpEi4XarX8q+kNEi32big65ww2gBmwQArddxwBtfUuXcA5E1ZsI4VhvkqZhsI8EXKowe7Hoiott1t6ePex0ys1 p7RtrGyDsinV8tBw3AQa7i6hdx5RFrjKArNaLOBTmRGtUOqx5aY+1F9i1OZc2lp/gT3rRldaDw3XZdR3OBWiDYrWR1ElEkitF7CjgUXZ64IYvrsMEoJKtZ/ADl5+VNbVYcKYvGhNBj0l85o/8y46FaOKq4lgOPJd7b01R3PkTJqtfwN1meDMvEBnOR61/wFWzay81IG6 mxajXIstNrfSgobxoF4EaaqqyDfIrIyKCeKbaITWSutOsqEHmcfBfOlhShxw98iqLE9DhE3dqu1T2OxbtftFinJnvF3lf3lUGdxQazRE0bAArVaKlXgJgYcCNalI3XTtdbmsD1j4WZZpeJeC5RYuDHlP50AJM3Vheh3Y552n/er9OMgVJ6Gd3X5y6xqlrzyHqHJFjgJ4 wYxCL/+mUZgt63Ozifyl9qvCMV7gmDgI/sMIVrH3hAQI5CEcOCgg0MXTMHaDeekKQxGJERSUEFmPZP7iAPf8zySeg2T1+sAPlI9wMZxZx+Jq+N7Sqw1sBGI7rdHU7+AUr3U2w8+s0XbZqE5UFw5aV900ZCNIgswACmfIrnuzPkhyxjfjkzy4xySgceg62coUhLEPsTrn 1TBks2sjui/3kwo613VO4pkABjapfiVSL6b99J0XJpisLzUOi6mErjpNJegycEhsLykVqQaHuRzz6YAXu37+jc366rHW0+QfWj/o6eFxI/07tx7c+9RwQnvpQyxsDyfJta5F9IaJ70m2B3Yby4RE2P4Rz8k1HAMMm9gNkx8IOWoBxEHgJPyDKSShZQ6G/UQ4A5TC+6SO E8BNuOslnX1zw9wgWlIS2ErRbOkh6CDxtRE5bkxs6t3BAduxC7YiG1oF21AXifySBs7E5BQEH4nxCr1jTJP8JY2zt6djzmw/ueNsypkMnF4P0/phAqvroDf4z+Dxt+00hJ81/tz4S6Pd0BtfN75t/Ktx3rhs2A//9+j+oy8efbm3t/f3vX/uvVKk9++lPA8blb+90/8D gH6kxQ==</latexit>

Desired configuration

<latexit sha1_base64="+4wIxeuwOIpWbvVZAUecBR9xuFo=">AAAVsXicnRjbctvGlU6aNmVvcWw99WWnHnrIUKQBinbiztCNRrZSdSxZDSVGHUFAl8CShI1bgGUseb38iX5df6VPPbuLOy+TCWckLPbcr3sW08hzE6pp/733yae/+uzXv/n8t83f/f4Pf/zTF/e/ nCThMrbJpR16YXw1xQnx3IBcUpd65CqKCfanHvlh+u5IwH/4icSJGwYX9C4iNz6eB+7MtTGFLev+g/+0jCmZuwEjPy7lHm+2jHgRtg0f08V0xq54B3be+GSOLXZyAuAPlju6Ns4Td//cYuck5uL5PZnLp6A1ooXLb5otL5xbTNd425jF2GaChLMPgl8OAV5PPpjsK95B wHhkJEsfwR4aIYHdTQV0UwHdsgDQirqeQ9a1fVV9TSxGFwJdbNrYYy/FC6F4NOhrylqJYWojra/LV9iOSqJyfrfSGS+JRzG6NQW8sMXwyIy25X9jQmKKUqsjHFMXe+gDL9YZv4RzZMTufKFI1BJEDLU1vpIZuEZ4MMdrtsaPj4+QYZTMeFxYoQCF2RZzKcAFd4OSW8qu uT7Q1PKWD/NVtnfDhQjhAoslC54JgaUIULY2NdRFbaT3NdSr7HaQ0j3zRFURiCuv7tk8s8xkIj58VxTA9OOjv65KOoHd2kerLoaP9MzHOI7D90LPTVh1TZqtC+CPoDooVkoAp37uuSAMeg5J3HmAnNDHbsBXbQWZhh5NniTLKApjmvB9pIrHhDQ8kekjsVLaZDktyBWe k+GVFUqEHQf7qKblSNe02qaPb/looGk1BoA7FJt6z8BetMBANce+D6altSVC+lTatx0u62VjSK4Ky16Pe1fHr05v9xFfpBU2xbFxsQBHCpz0uRal3LXgd/D+qxLOBHBimlatEi8jnuskmgVw0PvPNwRopTy8akf4zguxg6bh7T5f5T2Nm1EtLKtaTCSS09nBWga9ynS6 Cz9LjypJUg77qbBu2P/mWVaVumay3gFX1m6F5d2MZYwnIplVEVf2x7xWYDWSFLSLArTYzAAwoSlsZV7AttGs6S8ib9gLt9mCEIuuBGsQ38zOLxtOwUQg7mg59YYjdlCl5UgRULOPgUEYY89b1QlET/uxXoey0eo7yV7UaYRNgZPrLQ0RCoDxorvmL7K9CrVWmWkFSFa7 6Lpl7Px0SCs441i8rbMswXKeFfyC6VqCjUUatDftd0x5JJQEbUfbAmE+1OEu6ZMt0ic/T/pkq/TJuvRnCEYOnyToGWrly1LJvobADoHDocW6vDxxfAcAfS2ly2SydnOo6Bx4WeuuUEWq3HtHYUBhAhRpc2Ud9K6sAVIQFHk4ICi5831C4zuAD1M19UzfYbMVQ/O0GBcH 5tdQTBOLHV7wJ/AoV6LorHpusOwv+lPwRWsbgZzHclxhz9JioFrtkIitGfDW+0+bLXYMLrlUSEKg1n/+vNlyOquTo95B1jwP/ak7X4bLBFEwCS+IE4vB4Lvxm9cgH5qqj+U04gYUXUNxwuzr4AIyL5Zd9L54aRcAs9sxB+gGOcoaECx7hw7NApjmRhJeVPAZR056rvN8 mDuBJZwDDngfHsxYYMpSfTgY2g66eoeXdYZCa2v7u2lKFDVtysqUrMz0QuDrudmty0MwLxTYIq3qHgNfiim8xB7m8YpiGS6SQ7ha7qBSfKEL8vWQD/pDSASJl3A5UKvhX3Vv4GixtyNROWcwAcyABELovuUIsK236QDOmdBiGyo081VKNBLqCZdDDvY+Fllpub3Sy9uP nX6pOKVuY6UbpE0pl0eG4yZQcHcJvfOI0sBVGpjVZAGbyoRohVKLLTe1oX6JUZNzaWr9GfqsK10pPTRa51Gf4ZSLNghab0UVTyA1XsCMBhpl1wXRfHcpJBiVcj+BGbz8qrSr7wll8qQ1GdSUjGv+znvoVLQqrjqC4ci72ntrjubImTRb/wDsMsKZeYHOcjhq/w20mll5 qgN2L01GORZbbG6lCQ3tQV0EaSqqiDfwrLSKCeKbcITUSulOsqYHkcfBfOlhShww99CqDE8jhE3dqs1T2BxYtfNFsnJnvF2lf3FYadyQazRE0ajYWq0UKfESAi8FaFLhuunY63GZHzDwsyzScJeC4RYODHlO55tyz9SF6vXNAe88GVTPx2EuOAnt7PSTU9dJeuU5QJUj 8iSAC2YUevk3jUJtmZ+bVeQvtF/kjvECx8RB8A8jGMXeExIg4Idw4KCAQBVPw9gN5qUjDEUkRpBQgmXdk/nFAc75n0g8B87q+sD3lY1wMJxZR+Jo+N7SqwVsBGI6reHUz+AUrnU2759ZJ9t5ozpSnTlIXfVSl51AEGQEUDhDdt2a9UaSE74eH+fOPSIBjUPXyUamIIx9 8NU5r7oh610bwQM5n1TAuaxzEs/EZmCT6lcidTEdpHde6GAyv1Q7LLoSusrjdRk4JLaXlIpYg8Vc9nnZ4RXCSzBcJAq4YgZTTZxnp7gJ5F/grC8eaX1N/tD6Qk8Xjxrp79y6f+8zwwntpQ+esj2cJNe6FtEbJr422R5YZSwTEmH7HZ6Ta1gGGOa0GyY/H3LUgh0HgQvg D3qU3C1TMOwnwlTAFL5J6jCxuQl2vaSzb26YG0RLSgJbCZotPQT1Jb5FIgd8YVPvDhbYjl3QFdlQSNiGrEnkdzYwJianwPhQNF+oLGOa5Fc4zt6cjjmz/eSOsyln0nF63U3riwkMtsP+8J/DR9+2Uxd+3vhz4y+NdkNvfN34tvH3xnnjsmE/+N9D9LDz8Ku9g71/7f17 b6pQP7mX0jxoVH577/4PgBixkQ==</latexit>

⌦I

<latexit sha1_base64="YsWfjJeE5tOU2lOqkvfnYykmQfY=">AAAVfXicnRjbctvGlU6aNmHT1o7ip7zs1EMPWYo0QNF2nBm61ihWyo4lK6FMa0YQMEtgCcLBLQBoS14vP6//0H/Ia/uanN3FnZfJhDMSFnvu1z2LWeg6caIo/7310cd/+OSPf/r0s+afP//LX/92 +84X0zhYRiZ5ZQZuEF3McExcxyevEidxyUUYEezNXPJ69uMRh79+S6LYCfzz5CYkVx62fWfumDiBLePOntHSZsR2fEp+Woo91mxp0SJoax5OFrM5vWAd2HnpERsbdDwG8HvDGV1qZ7Gzf2bQMxIx/vyB2OLJabVw4bCrZssNbIOqCmtr8wiblJMw+p7zyyHA68F7nf6D dRAwHmnx0kOwh0aIY3dTAd1UQLcsALRKHNci69o+r77GBk0WHJ1vmtil3/IXkuDRoK9IawWGroyUvipeYTssicr5XQtnfEvcBKNrncMLWzSXzJO2+K9NSZSg1OoQR4mDXfSeFeuMX8wY0iLHXkgSuQQRQ2WNr2AGruEezPGarcn94yOkaSUz7hdWSEBhtkGdBOCcu5aQ 64ReMnWgyOU1G+arbO+KcRHcBQaNFywTAkseoGytK6iL2kjtK6hX2e0gqXvmiaoiEFdW3TNZZplOeXzYriiA6cdH36xKOoHdygejLoaN1MzHOIqCd1zPTVh1TZqtc+CPoDoSLJUATv3cc37g9ywSO7aPrMDDjs9WbQmZBW4SP4iXYRhEScz2kSweHdJwLNJHYKW08XJW kEs8K8MrKxRzOw72UU3LkaootU0PX7PRQFFqDAB3yDfVnobdcIGBysaeB6altcVD+lDYtx0u6mVjSC4Ky15MehfHz0+u9xFbpBU2w5F2vgBHcpz0uRal3LXgd/D+8xLOFHCiJK1aKV5EPNeJNwvgoPafbAjQSnp41Q7xjRtgC82C6322ynsa08NaWFa1mAgkq7ODtQh6 lelsF36WHlWSuBz2E27dsP/1o6wqVUWnvQMmrd0Ky7sZzRhPeTLLIq7sT1itwGokKWgXBWixmQFgQlPYyryAbaNZ059HXjMXTrMFIeZdCdYgvpmdXyacgjFH3NFy6g2H76BKyxEioGbvA4Mgwq67qhPwnvZTvQ5Fo1V3kj2t03CbfCvXWxjCFQDjeXfNX0R75WqtMtMK kKh23nXL2PnpkFZwxrF4W2dZguU8K/gF07UEm/A0aG/a7+jiSCgJ2o62BUI9qMNd0qdbpE9/m/TpVunTdemPEIwcHonRI9TKl6WSfQGBHQKHQ4N2WXni+A4A6lpKl8lE7eZQ3jnwstZdoYpkufeOAj+BCZCnzYVx0LswBkhCUOhin6D4xvNIEt0AfJiqqWb6DputCJqn QRk/MB9DMU0NenjOHsCjXIm8s6q5waK/qA/BF61tBGIey3G5PUuDgmq1QyIy5sBb7T9stugxuOSVROIClf6TJ82W1VmNj3oHWfM89GaOvQyWMUrAJLwgVsQHg+8mL1+AfGiqHhbTiOMn6BKKE2ZfCxcQu1h20bvipV0A9G5HH6ArZElrQLDoHSo0C2CaG0lYUcGnDFnp uc7yYW4MSzgHLPA+PKi2wAlN9WFgaNvvqh1W1hkKra3s76YpUdS0KStTsjLTC4Gvbb1bl4dgXiiweVrVPQa+5FN4iT3M4xXFMlwkhnC53EEl+UIXZOshH/SHkAgCL2ZioJbDv+zewNGgb0a8ck5hApgDCYTQecMQYBtv0gGcUa7FNlRo5quUaMTV4y6HHOx9KLLScHql lzcfOv1ScQrdJlI3SJtSLo80y4mh4G7i5MYlUgNHaqBXkwVsKhOiFUotNpzUhvolRk7Opan1N+izrnSl9NBonUd9hpMu2iBovRVVPIHkeAEzGmiUXRd4892lEGdUyv0YZvDyq9SuvseVyZNWp1BTIq75O+uhE96qmOwImiXuau8MG9nImjZb/wbsMsKpfo5Oczhq/xO0 mht5qgN2L01GMRYb1DbShIb2IC+CSSqqiDfwrLSKKWKbcLjUSulOs6YHkce+vXRxQiww99CoDE8jhHXVqM1TWB8YtfNFsHLmrF2lf3pYadyQa0mAwlGxtVpJUuLGBF4K0LTCddOx12MiP2Dgp1mk4S4Fwy0cGOKczjfFnq5y1eubA9Z5MKiej8NccByY2eknpq5xeuU5 QJUjcuzDBTMM3PybRqG2yM/NKrKnyu9yx2SBI2Ih+IcRjGLvCPER8EPYt5BPoIpnQeT4dukIQyGJECQUZ1n3ZH5xgHP+LYls4CyvD2xf2ggHw6lxxI+GHwy1WsCaz6fTGk79DE7hSmfz/qkx3s4b1ZHqzEHqqpe6bAxBEBFAwRyZdWvWG0lO+GJynDv3iPhJFDhWNjL5 QeSBr85Y1Q1Z79oIHoj5pALOZZ2RaM43fZNUvxLJi+kgvfNCBxP5Jdth0ZXQRadZ3OHSqT7/mmbcvqf0FfFD6ws1XdxrpL8z486tTzQrMJceWG26OI4vVSVMrij/cmS6oKG2jEmIzR+xTS5h6WOYua6o+BTIUAt2LATmwB/0G7FbpqDYi7nagMntjOswvrkJdrlM5l9f UccPlwnxTSlovnQR1Ar/rogsJyJm4t7AApuRA7oiE4oCm5ABsfhmBsZE5AQYH/JGClWizeL8Osboy5MJo6YX3zA6Y1Q4Tq27aX0xhSF12B9+P7z3rJ268NPGV42/N9oNtfG48azxr8ZZ41XD3PvP3s97/9v7/5e/3G3d3b/bl6gf3Upp9hqV393HvwI8Np9C</latexi t>

⌦II

<latexit sha1_base64="gLahYd68MDPgPvYvQ+Rs0atdZAM="></latexit>

⌦I

<latexit sha1_base64="YsWfjJeE5tOU2lOqkvfnYykmQfY=">AAAVfXicnRjbctvGlU6aNmHT1o7ip7zs1EMPWYo0QNF2nBm61ihWyo4lK6FMa0YQMEtgCcLBLQBoS14vP6//0H/Ia/uanN3FnZfJhDMSFnvu1z2LWeg6caIo/7310cd/+OSPf/r0s+afP//LX/92 +84X0zhYRiZ5ZQZuEF3McExcxyevEidxyUUYEezNXPJ69uMRh79+S6LYCfzz5CYkVx62fWfumDiBLePOntHSZsR2fEp+Woo91mxp0SJoax5OFrM5vWAd2HnpERsbdDwG8HvDGV1qZ7Gzf2bQMxIx/vyB2OLJabVw4bCrZssNbIOqCmtr8wiblJMw+p7zyyHA68F7nf6D dRAwHmnx0kOwh0aIY3dTAd1UQLcsALRKHNci69o+r77GBk0WHJ1vmtil3/IXkuDRoK9IawWGroyUvipeYTssicr5XQtnfEvcBKNrncMLWzSXzJO2+K9NSZSg1OoQR4mDXfSeFeuMX8wY0iLHXkgSuQQRQ2WNr2AGruEezPGarcn94yOkaSUz7hdWSEBhtkGdBOCcu5aQ 64ReMnWgyOU1G+arbO+KcRHcBQaNFywTAkseoGytK6iL2kjtK6hX2e0gqXvmiaoiEFdW3TNZZplOeXzYriiA6cdH36xKOoHdygejLoaN1MzHOIqCd1zPTVh1TZqtc+CPoDoSLJUATv3cc37g9ywSO7aPrMDDjs9WbQmZBW4SP4iXYRhEScz2kSweHdJwLNJHYKW08XJW kEs8K8MrKxRzOw72UU3LkaootU0PX7PRQFFqDAB3yDfVnobdcIGBysaeB6altcVD+lDYtx0u6mVjSC4Ky15MehfHz0+u9xFbpBU2w5F2vgBHcpz0uRal3LXgd/D+8xLOFHCiJK1aKV5EPNeJNwvgoPafbAjQSnp41Q7xjRtgC82C6322ynsa08NaWFa1mAgkq7ODtQh6 lelsF36WHlWSuBz2E27dsP/1o6wqVUWnvQMmrd0Ky7sZzRhPeTLLIq7sT1itwGokKWgXBWixmQFgQlPYyryAbaNZ059HXjMXTrMFIeZdCdYgvpmdXyacgjFH3NFy6g2H76BKyxEioGbvA4Mgwq67qhPwnvZTvQ5Fo1V3kj2t03CbfCvXWxjCFQDjeXfNX0R75WqtMtMK kKh23nXL2PnpkFZwxrF4W2dZguU8K/gF07UEm/A0aG/a7+jiSCgJ2o62BUI9qMNd0qdbpE9/m/TpVunTdemPEIwcHonRI9TKl6WSfQGBHQKHQ4N2WXni+A4A6lpKl8lE7eZQ3jnwstZdoYpkufeOAj+BCZCnzYVx0LswBkhCUOhin6D4xvNIEt0AfJiqqWb6DputCJqn QRk/MB9DMU0NenjOHsCjXIm8s6q5waK/qA/BF61tBGIey3G5PUuDgmq1QyIy5sBb7T9stugxuOSVROIClf6TJ82W1VmNj3oHWfM89GaOvQyWMUrAJLwgVsQHg+8mL1+AfGiqHhbTiOMn6BKKE2ZfCxcQu1h20bvipV0A9G5HH6ArZElrQLDoHSo0C2CaG0lYUcGnDFnp uc7yYW4MSzgHLPA+PKi2wAlN9WFgaNvvqh1W1hkKra3s76YpUdS0KStTsjLTC4Gvbb1bl4dgXiiweVrVPQa+5FN4iT3M4xXFMlwkhnC53EEl+UIXZOshH/SHkAgCL2ZioJbDv+zewNGgb0a8ck5hApgDCYTQecMQYBtv0gGcUa7FNlRo5quUaMTV4y6HHOx9KLLScHql lzcfOv1ScQrdJlI3SJtSLo80y4mh4G7i5MYlUgNHaqBXkwVsKhOiFUotNpzUhvolRk7Opan1N+izrnSl9NBonUd9hpMu2iBovRVVPIHkeAEzGmiUXRd4892lEGdUyv0YZvDyq9SuvseVyZNWp1BTIq75O+uhE96qmOwImiXuau8MG9nImjZb/wbsMsKpfo5Oczhq/xO0 mht5qgN2L01GMRYb1DbShIb2IC+CSSqqiDfwrLSKKWKbcLjUSulOs6YHkce+vXRxQiww99CoDE8jhHXVqM1TWB8YtfNFsHLmrF2lf3pYadyQa0mAwlGxtVpJUuLGBF4K0LTCddOx12MiP2Dgp1mk4S4Fwy0cGOKczjfFnq5y1eubA9Z5MKiej8NccByY2eknpq5xeuU5 QJUjcuzDBTMM3PybRqG2yM/NKrKnyu9yx2SBI2Ih+IcRjGLvCPER8EPYt5BPoIpnQeT4dukIQyGJECQUZ1n3ZH5xgHP+LYls4CyvD2xf2ggHw6lxxI+GHwy1WsCaz6fTGk79DE7hSmfz/qkx3s4b1ZHqzEHqqpe6bAxBEBFAwRyZdWvWG0lO+GJynDv3iPhJFDhWNjL5 QeSBr85Y1Q1Z79oIHoj5pALOZZ2RaM43fZNUvxLJi+kgvfNCBxP5Jdth0ZXQRadZ3OHSqT7/mmbcvqf0FfFD6ws1XdxrpL8z486tTzQrMJceWG26OI4vVSVMrij/cmS6oKG2jEmIzR+xTS5h6WOYua6o+BTIUAt2LATmwB/0G7FbpqDYi7nagMntjOswvrkJdrlM5l9f UccPlwnxTSlovnQR1Ar/rogsJyJm4t7AApuRA7oiE4oCm5ABsfhmBsZE5AQYH/JGClWizeL8Osboy5MJo6YX3zA6Y1Q4Tq27aX0xhSF12B9+P7z3rJ268NPGV42/N9oNtfG48azxr8ZZ41XD3PvP3s97/9v7/5e/3G3d3b/bl6gf3Upp9hqV393HvwI8Np9C</latexi t>

⌦II

<latexit sha1_base64="gLahYd68MDPgPvYvQ+Rs0atdZAM=">AAAVfnicnRjbctvGlU6aJmXTJo5GT33ZiYceshQpgKIduzN0olGslB1LVkKZ0YwgIEtgCcLBLQAYS14vf6/f0I/oa/Kas7u48zKZaMbm4tzve4BZ6Dpxoij/u/fe+3/64M8ffvSX5l8//tvfP/n0 /mfTOFhGJnllBm4QXc1wTFzHJ68SJ3HJVRgR7M1c8v3sxxOO//5nEsVO4F8mdyG58bDtO3PHxAmAjPt7P7S0GbEdn5KflgLGmi0tWgRtzcPJYjanV6wDkJcesbFBx2NAvzWc0bV2ETsHFwa9IBHjv98RW/xyXi1cOOym2XID26CqwtraPMIm5SyMvuXycgzIOnyr03+y DgLBIy1eeghgaIQ4dTdV0E0VdMsKwKrEcS2ybu3z6mNs0GTByTnQxC79mj+QBI8GfUV6Kyh0ZaT0VfEI4LCkKpd3K4LxNXETjG51ji980VwyT9rif21KogSlXoc4ShzsoresOGfyYsaQFjn2QrLII6gYKmtyhTAIDY9gTtdsTR6eniBNK7nxsPBCIgq3DeokgOfStYTc JvSaqQNFHm/ZMD9lsBvGVfAQGDResEwJHHmCsrOuoC5qI7WvoF4F2kHS9iwSVUMgr6wKM1nmmU55ftiuLIDrpyf/WpVsAr+Vd0ZdDRupWYxxFAVvuJ2bqOqWNFuXIB9BdyRYGgGS+nnk/MDvWSR2bB9ZgYcdn63aEjML3CQ+jJdhGERJzA6QbB4dynAsykdQpbzxclaw SzoroysbFHM/jg5QzcqRqig1oIdv2WigKDUBQDvkQLWnYTdcYOCyseeBa2lv8ZQ+Ev5tx4t+2ZiSq8KzF5Pe1enzs9sDxBZph81wpF0uIJCcJv1dy1IeWog7RP95iWYKNFGSdq1ULzKe28SHBUhQ+083JGglI7xqh/jODbCFZsHtAVvlM43pYS0tq1pOBJHV2SFaJL0q dLaLPiuPKktcTvsZ927Yf/I460pV0WnviElvt+LyaUYzwVNezLKJK/AJqzVYjSVF7eIAKzYLAEoYCluFF7htPGv288xr5sJptiDFfCrBGdQ3s/vLhFsw5oQ7Rk594HAIqowcoQJ69iEICCLsuqs6A59pP9X7UAxadSfbszoP98m3cruFI9wAcJ5P1/xBjFdu1ipzrUCJ budTt0yd3w5pB2cSi6d1kSVcLrNCXwhdK7AJL4P2JnhHF1dCSdF2si0Y6kEf7tI+3aJ9+vu0T7dqn65rf4xg5fBIjB6jVn4stewLSOwQJBwbtMvKG8c3gFDXSrrMJno3x/LJgZe16QpdJNu9dxL4CWyAvGyujKPelTFAEoNCF/sExXeeR5LoDvDD1Ew1s3fYbEUwPA3K +IX5BTTT1KDHl+wQfsqdyCermjss5ov6CGLR2sYg9rGclvuzNCiYVrskImMOstX+o2aLnkJIXkkirlDpP33abFmd1fikd5QNz2Nv5tjLYBmjBFzCC2JFfDH4ZvLyBeiHoephsY04foKuoTlh97VwgbGLYxe9KR7aBULvdvQBukGW9AYUi9mhwrAAobmThBUdfM6Qld7r LF/mxnCEe8CC6MMP1RY4oak9DBxt+121w8o2Q6O1lYPdPCWOmjVlY0peZnYhiLWtd+v6EOwLBTUvq3rEIJZ8Cy+Jh328YlhGi8QSLo87uKRcmIJsPeWD/hAKQdDFTCzUcvmX0xskGvT1iHfOOWwAc2CBFDqvGQJq43W6gDPKrdhGCsN8lTKNuHk85FCDvXdFVRpOr/Tw +l2nX2pOYdtE2gZlU6rlkWY5MTTcXZzcuURa4EgL9GqxgE9lRrRCqceGk/pQf4mRm3Npa/0d9qwbXWk9NFqXUd/hZIg2KFofRZVIILlewI4GFmWvC3z47jKICyrVfgw7ePlRWleHcWPyotUp9JTIa/7MeuiMjyomJ4JmiXe1N4aNbGRNm63/AHWZ4Fy/ROc5HrW/BKvm Rl7qQN1Li1GsxQa1jbSgYTzIF8EkVVXkG2RWRsUUsU00XGuldafZ0IPMY99eujghFrh7bFSWpxHCumrU9imsD4za/SJEOXPWrvI/O64Mbqi1JEDhqACtVpKVuDGBhwI1rUjddO31mKgPWPhplml4l4LlFi4McU/nQAHTVW56HThgncNB9X4c5orjwMxuP7F1jdNXniNU uSLHPrxghoGbf9MozBb1udlE9kz5Q+GYLHBELAT/YQSr2BtCfATyEPYt5BPo4lkQOb5dusJQSCIEBcVF1iOZvzjAPf8ziWyQLF8f2IH0ES6Gc+OEXw3fGWq1gTWfb6c1mvodnOKVzmb4uTHeLhvVierCQeuql4ZsDEkQGUDBHJl1b9YHSc74YnKaB/eE+EkUOFa2MvlB 5EGsLlg1DNns2ogeiP2kgs51XZBozoG+SapfieSL6SB954UJJupLjsNiKqGrTrPyfUys9fnnNOPTB0pfEX9o/aCmhweN9O/CuH/vA80KzKUHbpsujuNrVQmTG8o/HZkumKgtYxJi80dsk2s4+hiWrhsqvgUy1AKIhcAf+AcDR0DLHBR7MbcbKLmjcR3HgZtw18tk/uSG On64TIhvSkXzpYugWfiHRWQ5ETET9w4O2IwcsBWZ0BXYhBKIxUczcCYiZyD4mE9SaBNtFufvY4y+PJswanrxHaMzRkXg1HqY1g9T2FKH/eG3wwdftdMQftT4R+PzRruhNr5ofNX4d+Oi8aph7v137/97v+z9ut/Yf7jf2z+UpO/dS3n2GpW//Se/AcdynpY=</latexi t>

⌦I

<latexit sha1_base64="YsWfjJeE5tOU2lOqkvfnYykmQfY=">AAAVfXicnRjbctvGlU6aNmHT1o7ip7zs1EMPWYo0QNF2nBm61ihWyo4lK6FMa0YQMEtgCcLBLQBoS14vP6//0H/Ia/uanN3FnZfJhDMSFnvu1z2LWeg6caIo/7310cd/+OSPf/r0s+afP//LX/92 +84X0zhYRiZ5ZQZuEF3McExcxyevEidxyUUYEezNXPJ69uMRh79+S6LYCfzz5CYkVx62fWfumDiBLePOntHSZsR2fEp+Woo91mxp0SJoax5OFrM5vWAd2HnpERsbdDwG8HvDGV1qZ7Gzf2bQMxIx/vyB2OLJabVw4bCrZssNbIOqCmtr8wiblJMw+p7zyyHA68F7nf6D dRAwHmnx0kOwh0aIY3dTAd1UQLcsALRKHNci69o+r77GBk0WHJ1vmtil3/IXkuDRoK9IawWGroyUvipeYTssicr5XQtnfEvcBKNrncMLWzSXzJO2+K9NSZSg1OoQR4mDXfSeFeuMX8wY0iLHXkgSuQQRQ2WNr2AGruEezPGarcn94yOkaSUz7hdWSEBhtkGdBOCcu5aQ 64ReMnWgyOU1G+arbO+KcRHcBQaNFywTAkseoGytK6iL2kjtK6hX2e0gqXvmiaoiEFdW3TNZZplOeXzYriiA6cdH36xKOoHdygejLoaN1MzHOIqCd1zPTVh1TZqtc+CPoDoSLJUATv3cc37g9ywSO7aPrMDDjs9WbQmZBW4SP4iXYRhEScz2kSweHdJwLNJHYKW08XJW kEs8K8MrKxRzOw72UU3LkaootU0PX7PRQFFqDAB3yDfVnobdcIGBysaeB6altcVD+lDYtx0u6mVjSC4Ky15MehfHz0+u9xFbpBU2w5F2vgBHcpz0uRal3LXgd/D+8xLOFHCiJK1aKV5EPNeJNwvgoPafbAjQSnp41Q7xjRtgC82C6322ynsa08NaWFa1mAgkq7ODtQh6 lelsF36WHlWSuBz2E27dsP/1o6wqVUWnvQMmrd0Ky7sZzRhPeTLLIq7sT1itwGokKWgXBWixmQFgQlPYyryAbaNZ059HXjMXTrMFIeZdCdYgvpmdXyacgjFH3NFy6g2H76BKyxEioGbvA4Mgwq67qhPwnvZTvQ5Fo1V3kj2t03CbfCvXWxjCFQDjeXfNX0R75WqtMtMK kKh23nXL2PnpkFZwxrF4W2dZguU8K/gF07UEm/A0aG/a7+jiSCgJ2o62BUI9qMNd0qdbpE9/m/TpVunTdemPEIwcHonRI9TKl6WSfQGBHQKHQ4N2WXni+A4A6lpKl8lE7eZQ3jnwstZdoYpkufeOAj+BCZCnzYVx0LswBkhCUOhin6D4xvNIEt0AfJiqqWb6DputCJqn QRk/MB9DMU0NenjOHsCjXIm8s6q5waK/qA/BF61tBGIey3G5PUuDgmq1QyIy5sBb7T9stugxuOSVROIClf6TJ82W1VmNj3oHWfM89GaOvQyWMUrAJLwgVsQHg+8mL1+AfGiqHhbTiOMn6BKKE2ZfCxcQu1h20bvipV0A9G5HH6ArZElrQLDoHSo0C2CaG0lYUcGnDFnp uc7yYW4MSzgHLPA+PKi2wAlN9WFgaNvvqh1W1hkKra3s76YpUdS0KStTsjLTC4Gvbb1bl4dgXiiweVrVPQa+5FN4iT3M4xXFMlwkhnC53EEl+UIXZOshH/SHkAgCL2ZioJbDv+zewNGgb0a8ck5hApgDCYTQecMQYBtv0gGcUa7FNlRo5quUaMTV4y6HHOx9KLLScHql lzcfOv1ScQrdJlI3SJtSLo80y4mh4G7i5MYlUgNHaqBXkwVsKhOiFUotNpzUhvolRk7Opan1N+izrnSl9NBonUd9hpMu2iBovRVVPIHkeAEzGmiUXRd4892lEGdUyv0YZvDyq9SuvseVyZNWp1BTIq75O+uhE96qmOwImiXuau8MG9nImjZb/wbsMsKpfo5Oczhq/xO0 mht5qgN2L01GMRYb1DbShIb2IC+CSSqqiDfwrLSKKWKbcLjUSulOs6YHkce+vXRxQiww99CoDE8jhHXVqM1TWB8YtfNFsHLmrF2lf3pYadyQa0mAwlGxtVpJUuLGBF4K0LTCddOx12MiP2Dgp1mk4S4Fwy0cGOKczjfFnq5y1eubA9Z5MKiej8NccByY2eknpq5xeuU5 QJUjcuzDBTMM3PybRqG2yM/NKrKnyu9yx2SBI2Ih+IcRjGLvCPER8EPYt5BPoIpnQeT4dukIQyGJECQUZ1n3ZH5xgHP+LYls4CyvD2xf2ggHw6lxxI+GHwy1WsCaz6fTGk79DE7hSmfz/qkx3s4b1ZHqzEHqqpe6bAxBEBFAwRyZdWvWG0lO+GJynDv3iPhJFDhWNjL5 QeSBr85Y1Q1Z79oIHoj5pALOZZ2RaM43fZNUvxLJi+kgvfNCBxP5Jdth0ZXQRadZ3OHSqT7/mmbcvqf0FfFD6ws1XdxrpL8z486tTzQrMJceWG26OI4vVSVMrij/cmS6oKG2jEmIzR+xTS5h6WOYua6o+BTIUAt2LATmwB/0G7FbpqDYi7nagMntjOswvrkJdrlM5l9f UccPlwnxTSlovnQR1Ar/rogsJyJm4t7AApuRA7oiE4oCm5ABsfhmBsZE5AQYH/JGClWizeL8Osboy5MJo6YX3zA6Y1Q4Tq27aX0xhSF12B9+P7z3rJ268NPGV42/N9oNtfG48azxr8ZZ41XD3PvP3s97/9v7/5e/3G3d3b/bl6gf3Upp9hqV393HvwI8Np9C</latexi t>

⌦II

<latexit sha1_base64="gLahYd68MDPgPvYvQ+Rs0atdZAM=">AAAVfnicnRjbctvGlU6aJmXTJo5GT33ZiYceshQpgKIduzN0olGslB1LVkKZ0YwgIEtgCcLBLQAYS14vf6/f0I/oa/Kas7u48zKZaMbm4tzve4BZ6Dpxoij/u/fe+3/64M8ffvSX5l8//tvfP/n0 /mfTOFhGJnllBm4QXc1wTFzHJ68SJ3HJVRgR7M1c8v3sxxOO//5nEsVO4F8mdyG58bDtO3PHxAmAjPt7P7S0GbEdn5KflgLGmi0tWgRtzcPJYjanV6wDkJcesbFBx2NAvzWc0bV2ETsHFwa9IBHjv98RW/xyXi1cOOym2XID26CqwtraPMIm5SyMvuXycgzIOnyr03+y DgLBIy1eeghgaIQ4dTdV0E0VdMsKwKrEcS2ybu3z6mNs0GTByTnQxC79mj+QBI8GfUV6Kyh0ZaT0VfEI4LCkKpd3K4LxNXETjG51ji980VwyT9rif21KogSlXoc4ShzsoresOGfyYsaQFjn2QrLII6gYKmtyhTAIDY9gTtdsTR6eniBNK7nxsPBCIgq3DeokgOfStYTc JvSaqQNFHm/ZMD9lsBvGVfAQGDResEwJHHmCsrOuoC5qI7WvoF4F2kHS9iwSVUMgr6wKM1nmmU55ftiuLIDrpyf/WpVsAr+Vd0ZdDRupWYxxFAVvuJ2bqOqWNFuXIB9BdyRYGgGS+nnk/MDvWSR2bB9ZgYcdn63aEjML3CQ+jJdhGERJzA6QbB4dynAsykdQpbzxclaw SzoroysbFHM/jg5QzcqRqig1oIdv2WigKDUBQDvkQLWnYTdcYOCyseeBa2lv8ZQ+Ev5tx4t+2ZiSq8KzF5Pe1enzs9sDxBZph81wpF0uIJCcJv1dy1IeWog7RP95iWYKNFGSdq1ULzKe28SHBUhQ+083JGglI7xqh/jODbCFZsHtAVvlM43pYS0tq1pOBJHV2SFaJL0q dLaLPiuPKktcTvsZ927Yf/I460pV0WnviElvt+LyaUYzwVNezLKJK/AJqzVYjSVF7eIAKzYLAEoYCluFF7htPGv288xr5sJptiDFfCrBGdQ3s/vLhFsw5oQ7Rk594HAIqowcoQJ69iEICCLsuqs6A59pP9X7UAxadSfbszoP98m3cruFI9wAcJ5P1/xBjFdu1ipzrUCJ budTt0yd3w5pB2cSi6d1kSVcLrNCXwhdK7AJL4P2JnhHF1dCSdF2si0Y6kEf7tI+3aJ9+vu0T7dqn65rf4xg5fBIjB6jVn4stewLSOwQJBwbtMvKG8c3gFDXSrrMJno3x/LJgZe16QpdJNu9dxL4CWyAvGyujKPelTFAEoNCF/sExXeeR5LoDvDD1Ew1s3fYbEUwPA3K +IX5BTTT1KDHl+wQfsqdyCermjss5ov6CGLR2sYg9rGclvuzNCiYVrskImMOstX+o2aLnkJIXkkirlDpP33abFmd1fikd5QNz2Nv5tjLYBmjBFzCC2JFfDH4ZvLyBeiHoephsY04foKuoTlh97VwgbGLYxe9KR7aBULvdvQBukGW9AYUi9mhwrAAobmThBUdfM6Qld7r LF/mxnCEe8CC6MMP1RY4oak9DBxt+121w8o2Q6O1lYPdPCWOmjVlY0peZnYhiLWtd+v6EOwLBTUvq3rEIJZ8Cy+Jh328YlhGi8QSLo87uKRcmIJsPeWD/hAKQdDFTCzUcvmX0xskGvT1iHfOOWwAc2CBFDqvGQJq43W6gDPKrdhGCsN8lTKNuHk85FCDvXdFVRpOr/Tw +l2nX2pOYdtE2gZlU6rlkWY5MTTcXZzcuURa4EgL9GqxgE9lRrRCqceGk/pQf4mRm3Npa/0d9qwbXWk9NFqXUd/hZIg2KFofRZVIILlewI4GFmWvC3z47jKICyrVfgw7ePlRWleHcWPyotUp9JTIa/7MeuiMjyomJ4JmiXe1N4aNbGRNm63/AHWZ4Fy/ROc5HrW/BKvm Rl7qQN1Li1GsxQa1jbSgYTzIF8EkVVXkG2RWRsUUsU00XGuldafZ0IPMY99eujghFrh7bFSWpxHCumrU9imsD4za/SJEOXPWrvI/O64Mbqi1JEDhqACtVpKVuDGBhwI1rUjddO31mKgPWPhplml4l4LlFi4McU/nQAHTVW56HThgncNB9X4c5orjwMxuP7F1jdNXniNU uSLHPrxghoGbf9MozBb1udlE9kz5Q+GYLHBELAT/YQSr2BtCfATyEPYt5BPo4lkQOb5dusJQSCIEBcVF1iOZvzjAPf8ziWyQLF8f2IH0ES6Gc+OEXw3fGWq1gTWfb6c1mvodnOKVzmb4uTHeLhvVierCQeuql4ZsDEkQGUDBHJl1b9YHSc74YnKaB/eE+EkUOFa2MvlB 5EGsLlg1DNns2ogeiP2kgs51XZBozoG+SapfieSL6SB954UJJupLjsNiKqGrTrPyfUys9fnnNOPTB0pfEX9o/aCmhweN9O/CuH/vA80KzKUHbpsujuNrVQmTG8o/HZkumKgtYxJi80dsk2s4+hiWrhsqvgUy1AKIhcAf+AcDR0DLHBR7MbcbKLmjcR3HgZtw18tk/uSG On64TIhvSkXzpYugWfiHRWQ5ETET9w4O2IwcsBWZ0BXYhBKIxUczcCYiZyD4mE9SaBNtFufvY4y+PJswanrxHaMzRkXg1HqY1g9T2FKH/eG3wwdftdMQftT4R+PzRruhNr5ofNX4d+Oi8aph7v137/97v+z9ut/Yf7jf2z+UpO/dS3n2GpW//Se/AcdynpY=</latexi t>

|�⌦I,II � �⇢| < ✏
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

� > 0

<latexit sha1_base64="dozP/T1jCNVHuH/7y+e6DyWBUw8=">AAAXPnicnRjbbhvHlU56Sdm0jVNIQNGXQQ0aZCjSuyTl2AXoRJAtl4Ulq6HECNCKi+HucLnO3rK7jCWPhv/R1/ZH+hv9gb4Vfe1jz8zsnRcEJSDt7Jz7dc7sLHDsKFaUfz746OOf/PRnP//kF/Vf fvqrX//ms4efTyJ/GRrk0vAdP7ya4Yg4tkcuYzt2yFUQEuzOHPLt7LtjDv/2BxJGtu9dxHcBuXGx5dlz28AxbOkP9z5taDNi2R4l3y/FHqs3tHDhNzUXx4vZnF6xFuy8dYmFdToaAfiDbg+vtfPIPjjX6TkJGX9+Qyzx5LRasLDZTb3h+JZOVYU1tXmIDcpJGP3A+WUQ 4PXkw5R+wVoIGA+1aOki2ENDxLHbiYB2IqBdFABaxbZjknVtX5VfI53GC47ONw3s0Jf8hcR42Osq0lqBMVWGSlcVr7AdFERl/G6FM14SJ8bodsrhuS2aQ+ZxU/zXJiSMUWJ1gMPYxg76wPJ1yi9iDGmhbS0kiVyCiIGyxlcwA9dwD2Z49cb48ckx0rSCGY9zKyQgN1un dgxwzl2LyW1Mr5naU+Tylg2yVbp3w7gI7gKdRguWCoElD1C6niqojZpI7SqoU9ptIal76omyIhBXVt4zWGrZlPL4sF1RANNPjv+4KugEdiv3elUMG6qpj3EY+u+5npuwqprUGxfAH0F1xFgqAZy6mec83+uYJLItD5m+i22PrZoSMvOdOHoSLYPAD+OIHSBZPFNIw5FI H4GV0EbLWU4u8cwUr6hQxO3oH6CKlkNVUSqbLr5lw56iVBgA7oBvqh0NO8ECA5WFXRdMS2qLh/RQ2LcdLuplY0iucsvejDtXJ69Obw8QWyQVNsOhdrEAR3Kc5LkWpcy14Hfw/qsCzgRwwjipWileRDzTiTcL4KB2n28I0Ep6eNUM8J3jYxPN/NsDtsp6GpsGlbCsKjER SGZrB2sR9DLT2S78ND3KJFEx7KfcukH32dO0KlVlSjt9Jq3dCsu6GU0ZT3gyyyIu7Y9ZpcAqJAloFwVosZkBYEJT2Mo8h22jWdOfR14zFna9ASHmXQnWIL6enl8GnIIRR9zRcqoNh++gUssRIqBmHwMDP8SOs6oS8J72fbUORaNVd5K9qNJwmzwz01sYwhUA43l3zV5E e+VqrVLTcpCodt51i9jZ6ZBUcMoxf1tnWYBlPEv4OdO1BBvzNGhu2m9NxZFQELQdbQuEulCHu6RPtkif/Djpk63SJ+vSnyIYOVwSoaeokS0LJfsGAjsADkc6bbPixPEaAOpaShfJRO1mUN458LLSXaGKZLl3jn0vhgmQp82V3u9c6T0kIShwsEdQdOe6JA7vAD5I1FRT fQf1RgjNU6eMH5hfQjFNdHp0wZ7Ao1iJvLOqmcGiv6iH4IvGNgIxj2W43J6lTkG1yiER6nPgrXYP6w16Ai65lEhcoNJ9/rzeMFur0XGnnzbPI3dmW0t/GaEYTMILYoZ8MHg9fvsG5ENTdbGYRmwvRtdQnDD7mjiHWPmyjd7nL80cMG23pj10g0xpDQgWvUOFZgFMMyMJ yyv4jCEzOddZNsyNYAnngAnehwfVFjimiT4MDG16bbXFijpDoTWVg900BYqKNkVlClameiHwtTVtV+UhmBdybJ5WVY+BL/kUXmAP83hJsRQXiSFcLndQSb7QBdl6yHvdASSCwIuYGKjl8C+7N3DU6bshr5wzmADmQAIhtN8xBNj6u2QAZ5RrsQ0VmvkqIRpy9bjLIQc7 93lW6nan8PLuvtUtFKfQbSx1g7Qp5PJQM+0ICu4uiu8cIjWwpQbTcrKATUVCtEKJxbqd2FC9xMjJuTC1/gh91pUulR4arvOoznDSRRsErbeikieQHC9gRgON0usCb767FOKMCrkfwQxefJXaVfe4MlnSTinUlIhr9s466JS3KiY7gmaKu9p73UIWMif1xp8Bu4hwNr1A ZxkcNb8CreZ6luqA3UmSUYzFOrX0JKGhPciLYJyIyuMNPEutYoLYJhwutVS6k7TpQeSxZy0dHBMTzD3SS8PTEOGpqlfmKTzt6ZXzRbCy56xZpn9xVGrckGuxj4JhvrVaSVLiRARectCkxHXTsddhIj9g4KdppOEuBcMtHBjinM42xd5U5apXN3us9aRXPh8HmeDIN9LT T0xdo+TK00elI3LkwQUz8J3sm0autsjPzSqyF8r/5Y7xAofERPAPIxjF3hPiIeCHsGcij0AVz/zQ9qzCEYYCEiJIKM6y6sns4gDn/A8ktICzvD6wA2kjHAxn+jE/Gr7R1XIBax6fTis41TM4gSutzftn+mg7b1RFqjIHqatO4rIRBEFEAPlzZFStWW8kGeGb8Unm3GPi xaFvm+nI5PmhC746Z2U3pL1rI7gn5pMSOJN1TsI53/QMUv5KJC+mveTOCx1M5Jdsh3lXQldZvC49k4TGMo55rMFiJvp80uEFxkuwnGcK+GIOY02Ypue99lretmVu0dHBaMREB033udh7GMotGJP4JVfcp8vhwUEQ+rdITe7DvW7/MB/J+ukdkPsKXDMvB3+Yg3sbwF9J 8DC9RgJS6ao6fNY9rAgrANWSJoMyENTslSiTG2A+LXNXVDOVf1KonJkv0k0xx8Nw2z9MPNGvyOdWwIVMSa5g2adP/bNH4FzxQ+sLNVk8qiW/c/3hg99ppm8sXUhRw8FRdK0qQXxD+Wc+w4F00pYRCbDxHbbINSw9DDrcUPHdlqEG7JgIcg/+4HAQu0UKit2I5xhgciuj KoxvZrBGEUiW4NyK9Hj+7IbaXrCMiWdI4fOlg6DZ8Q/DyIS8NGLnDhbYCG3QHxnQ1bABJRyJj55gYEhOQdgRPwmhzWmzKLtPM/r2dMyo4UZ3jM4YFc5Uq65bX0zgljHoHv5l8OjrZuLWT2q/r/2h1qyptS9rX9f+VDuvXdaMvWjvr3t/2/v7/j/2/7X/7/3/SNSPHiQ0 v62Vfvv//R+l3TpI</latexit>

� < 0

<latexit sha1_base64="DwjuTTn16CZp+je4nJgpmdXNKw0=">AAAXPnicnRjbbtvIVdledqtu280WNlD0ZdBAgVRZCinJ2aSosms4caoidtyVrTVgWsSIHFHM8rYktbEzHv1HX9sf6W/0B/pW9LWPPTPDuy5YVIDN4Zz7dc5wFjh2FCvKPx989KMf/+SnH3/ys/rP P/3FL3/12cPPJ5G/DA1yafiOH17NcEQc2yOXsR075CoICXZnDvlm9u0xh3/zPQkj2/cu4ruA3LjY8uy5beAYtvSHe582tBmxbI+S75Zij9UbWrjwm5qL48VsTq9YC3beusTCOh2NAPxBt4fX2nlkH5zr9JyEjD+/JpZ4clotWNjspt5wfEunqsKa2jzEBuUkjH7g/DII 8HryYUp/z1oIGA+1aOki2ENDxLHbiYB2IqBdFABaxbZjknVtX5VfI53GC47ONw3s0Jf8hcR42Osq0lqBMVWGSlcVr7AdFERl/G6FM14SJ8bodsrhuS2aQ+ZxU/zXJiSMUWJ1gMPYxg76wPJ1yi9iDGmhbS0kiVyCiIGyxlcwA9dwD2Z49cb48ckx0rSCGY9zKyQgN1un dgxwzl2LyW1Mr5naU+Tylg2yVbp3w7gI7gKdRguWCoElD1C6niqojZpI7SqoU9ptIal76omyIhBXVt4zWGrZlPL4sF1RANNPjv+wKugEdiv3elUMG6qpj3EY+u+5npuwqprUGxfAH0F1xFgqAZy6mec83+uYJLItD5m+i22PrZoSMvOdOHoSLYPAD+OIHSBZPFNIw5FI H4GV0EbLWU4u8cwUr6hQxO3oH6CKlkNVUSqbLr5lw56iVBgA7oBvqh0NO8ECA5WFXRdMS2qLh/RQ2LcdLuplY0iucsvejDtXJ69Obw8QWyQVNsOhdrEAR3Kc5LkWpcy14Hfw/qsCzgRwwjipWileRDzTiTcL4KB2n28I0Ep6eNUM8J3jYxPN/NsDtsp6GpsGlbCsKjER SGZrB2sR9DLT2S78ND3KJFEx7KfcukH32dO0KlVlSjt9Jq3dCsu6GU0ZT3gyyyIu7Y9ZpcAqJAloFwVosZkBYEJT2Mo8h22jWdOfR14zFna9ASHmXQnWIL6enl8GnIIRR9zRcqoNh++gUssRIqBmHwMDP8SOs6oS8J72XbUORaNVd5K9qNJwmzwz01sYwhUA43l3zV5E e+VqrVLTcpCodt51i9jZ6ZBUcMoxf1tnWYBlPEv4OdO1BBvzNGhu2m9NxZFQELQdbQuEulCHu6RPtkif/DDpk63SJ+vSnyIYOVwSoaeokS0LJfsGAjsADkc6bbPixPEaAOpaShfJRO1mUN458LLSXaGKZLl3jn0vhgmQp82V3u9c6T0kIShwsEdQdOe6JA7vAD5I1FRT fQf1RgjNU6eMH5hfQDFNdHp0wZ7Ao1iJvLOqmcGiv6iH4IvGNgIxj2W43J6lTkG1yiER6nPgrXYP6w16Ai65lEhcoNJ9/rzeMFur0XGnnzbPI3dmW0t/GaEYTMILYoZ8MHg9fvsG5ENTdbGYRmwvRtdQnDD7mjiHWPmyjd7nL80cMG23pj10g0xpDQgWvUOFZgFMMyMJ yyv4jCEzOddZNsyNYAnngAnehwfVFjimiT4MDG16bbXFijpDoTWVg900BYqKNkVlClameiHwtTVtV+UhmBdybJ5WVY+BL/kUXmAP83hJsRQXiSFcLndQSb7QBdl6yHvdASSCwIuYGKjl8C+7N3DU6bshr5wzmADmQAIhtN8xBNj6u2QAZ5RrsQ0VmvkqIRpy9bjLIQc7 93lW6nan8PLuvtUtFKfQbSx1g7Qp5PJQM+0ICu4uiu8cIjWwpQbTcrKATUVCtEKJxbqd2FC9xMjJuTC1/gB91pUulR4arvOoznDSRRsErbeikieQHC9gRgON0usCb767FOKMCrkfwQxefJXaVfe4MlnSTinUlIhr9s466JS3KiY7gmaKu9p73UIWMif1xp8Bu4hwNr1A ZxkcNb8EreZ6luqA3UmSUYzFOrX0JKGhPciLYJyIyuMNPEutYoLYJhwutVS6k7TpQeSxZy0dHBMTzD3SS8PTEOGpqlfmKTzt6ZXzRbCy56xZpn9xVGrckGuxj4JhvrVaSVLiRARectCkxHXTsddhIj9g4KdppOEuBcMtHBjinM42xd5U5apXN3us9aRXPh8HmeDIN9LT T0xdo+TK00elI3LkwQUz8J3sm0autsjPzSqyF8r/5Y7xAofERPAPIxjF3hPiIeCHsGcij0AVz/zQ9qzCEYYCEiJIKM6y6sns4gDn/PcktICzvD6wA2kjHAxn+jE/Gr7W1XIBax6fTis41TM4gSutzftn+mg7b1RFqjIHqatO4rIRBEFEAPlzZFStWW8kGeGb8Unm3GPi xaFvm+nI5PmhC746Z2U3pL1rI7gn5pMSOJN1TsI53/QMUv5KJC+mveTOCx1M5Jdsh3lXQldZvC49k4TGMo55rMFiJvp80uEFxkuwnGcK+GIOY02Ypue99lretmVu0dHBaMREB033udh7GMotGJP4JVfcp8vhwUEQ+rdITe7DvW7/MB/J+ukdkPsKXDMvB3+Yg3sbwF9K 8DC9RgJS6ao6fNY9rAgrANWSJoMyENTslSiTG2A+LXNXVDOVf1KonJkv0k0xx8Nw2z9MPNGvyOdWoD8iJbmCZZ8+9c8egXPFD60v1GTxqJb8zvWHD36jmb6xdCFFDQdH0bWqBPEN5Z/5DAfSSVtGJMDGt9gi17D0MOhwQ8V3W4YasGMiyD34g8NB7BYpKHYjnmOAya2M qjC+mcEaRSBZgnMr0uP5sxtqe8EyJp4hhc+XDoJmxz8MIxPy0oidO1hgI7RBf2RAV8MGlHAkPnqCgSE5BWFH/CSENqfNouw+zejb0zGjhhvdMTpjVDhTrbpufTGBW8age/iXwaOvmolbP6n9tva7WrOm1r6ofVX7U+28dlkz9qK9v+79be/v+//Y/9f+v/f/I1E/epDQ /LpW+u3/93+iITpG</latexit>

|�⌦I,II � �⇢| � ✏

<latexit sha1_base64="Jmoisvet7LjWc5+CB85U63frIjA=">AAAXOXicnRjbbhvHlU7aJmVvcQMJKPoyqEGDDEV6l6QcuwCdCLLlsrBkNZQYAVpxMdwdLtfZW3aXseTR8Cv62v5Iv6SPfSv62h/omZm984KgBKSdnXO/zpmdBY4dxYryzwcfffyTn/7sk09/Xv/F L3/169989vC3k8hfhga5NHzHD69mOCKO7ZHL2I4dchWEBLszh3w7++6Yw7/9gYSR7XsX8V1AblxsefbcNnAMW/rDvU8a2oxYtkfJ90uxx+oNLVz4Tc3F8WI2p1esBTtvXWJhnY5GAP6g28Nr7TyyD851ek5Cxp/fEEs8Oa0WLGx2U284vqVTVWFNbR5ig3ISRj9wfhkE eD35MKVfsBYCxkMtWroI9tAQcex2IqCdCGgXBYBWse2YZF3bV+XXSKfxgqPzTQM79CV/ITEe9rqKtFZgTJWh0lXFK2wHBVEZv1vhjJfEiTG6nXJ4bovmkHncFP+1CQljlFgd4DC2sYM+sHyd8osYQ1poWwtJIpcgYqCs8RXMwDXcgxlevTF+fHKMNK1gxuPcCgnIzdap HQOcc9dichvTa6b2FLm8ZYNsle7dMC6Cu0Cn0YKlQmDJA5SupwpqoyZSuwrqlHZbSOqeeqKsCMSVlfcMllo2pTw+bFcUwPST4z+uCjqB3cq9XhXDhmrqYxyG/nuu5yasqib1xgXwR1AdMZZKAKdu5jnP9zomiWzLQ6bvYttjq6aEzHwnjp5EyyDwwzhiB0gWzxTScCTS R2AltNFylpNLPDPFKyoUcTv6B6ii5VBVlMqmi2/ZsKcoFQaAO+CbakfDTrDAQGVh1wXTktriIT0U9m2Hi3rZGJKr3LI3487VyavT2wPEFkmFzXCoXSzAkRwnea5FKXMt+B28/6qAMwGcME6qVooXEc904s0COKjd5xsCtJIeXjUDfOf42EQz//aArbKexqZBJSyrSkwE ktnawVoEvcx0tgs/TY8ySVQM+ym3btB99jStSlWZ0k6fSWu3wrJuRlPGE57MsohL+2NWKbAKSQLaRQFabGYAmNAUtjLPYdto1vTnkdeMhV1vQIh5V4I1iK+n55cBp2DEEXe0nGrD4Tuo1HKECKjZx8DAD7HjrKoEvKd9X61D0WjVnWQvqjTcJs/M9BaGcAXAeN5dsxfR Xrlaq9S0HCSqnXfdInZ2OiQVnHLM39ZZFmAZzxJ+znQtwcY8DZqb9ltTcSQUBG1H2wKhLtThLumTLdInP076ZKv0ybr0pwhGDpdE6ClqZMtCyb6BwA6Aw5FO26w4cbwGgLqW0kUyUbsZlHcOvKx0V6giWe6dY9+LYQLkaXOl9ztXeg9JCAoc7BEU3bkuicM7gA8SNdVU 30G9EULz1CnjB+aXUEwTnR5dsCfwKFYi76xqZrDoL+oh+KKxjUDMYxkut2epU1CtckiE+hx4q93DeoOegEsuJRIXqHSfP683zNZqdNzpp83zyJ3Z1tJfRigGk/CCmCEfDF6P374B+dBUXSymEduL0TUUJ8y+Js4hVr5so/f5SzMHTNutaQ/dIFNaA4JF71ChWQDTzEjC 8go+Y8hMznWWDXMjWMI5YIL34UG1BY5pog8DQ5teW22xos5QaE3lYDdNgaKiTVGZgpWpXgh8bU3bVXkI5oUcm6dV1WPgSz6FF9jDPF5SLMVFYgiXyx1Uki90QbYe8l53AIkg8CImBmo5/MvuDRx1+m7IK+cMJoA5kEAI7XcMAbb+LhnAGeVabEOFZr5KiIZcPe5yyMHO fZ6Vut0pvLy7b3ULxSl0G0vdIG0KuTzUTDuCgruL4juHSA1sqcG0nCxgU5EQrVBisW4nNlQvMXJyLkytP0KfdaVLpYeG6zyqM5x00QZB662o5AkkxwuY0UCj9LrAm+8uhTijQu5HMIMXX6V21T2uTJa0Uwo1JeKavbMOOuWtismOoJnirvZet5CFzEm98WfALiKcTS/Q WQZHza9Aq7mepTpgd5JkFGOxTi09SWhoD/IiGCei8ngDz1KrmCC2CYdLLZXuJG16EHnsWUsHx8QEc4/00vA0RHiq6pV5Ck97euV8EazsOWuW6V8clRo35Frso2CYb61WkpQ4EYGXHDQpcd107HWYyA8Y+GkaabhLwXALB4Y4p7NNsTdVuerVzR5rPemVz8dBJjjyjfT0 E1PXKLny9FHpiBx5cMEMfCf7ppGrLfJzs4rshfJ/uWO8wCExEfzDCEax94R4CPgh7JnII1DFMz+0PatwhKGAhAgSirOsejK7OMA5/wMJLeAsrw/sQNoIB8OZfsyPhm90tVzAmsen0wpO9QxO4Epr8/6ZPtrOG1WRqsxB6qqTuGwEQRARQP4cGVVr1htJRvhmfJI595h4 cejbZjoyeX7ogq/OWdkNae/aCO6J+aQEzmSdk3DONz2DlL8SyYtpL7nzQgcT+SXbYd6V0FUWr0vPJKGxjGMea7CYiT6fdHiB8RIs55kCvpjDWBMm6XmvvZaXbZladHQwGjHRQNN9LvUeZnILaSSIbMf3gKW4U5dDhIMg9G+RmtyJe93+YT6W9dN7IPcXuGdeToBhDu5t AH8lwcP0KglIpevq8Fn3sCKsAFRLmgzKQFCzV6JMboH5xMz9Uc1W/lmhcm6+SDfFLA8Dbv8w8UR/TT6/fWVfPfXPHildRfzQ+kJNFo9qye9cf/jgd5rpG0sXstNwcBRdq0oQ31D+hc9wIJO0ZUQCbHyHLXINSw+D6BsqPtky1IAdE0HawR+cC2K3SEGxG/H0AkxuXFSF 8c0M1igCyRJ8WpEez5/dUNsLljHxDCl8vnQQ9Dn+TRiZkJJG7NzBAhuhDfojAxoaNqB6I/G9EwwMySkIO+KHIHQ4bRZlV2lG356OGTXc6I7RGaPCmWrVdeuLCVwwBt3Dvwwefd1M3Ppp7fe1P9SaNbX2Ze3r2p9q57XLmrHn7f117297f9//x/6/9v+9/x+J+tGDhObz Wum3/9//ARLsOmQ=</latexit>

|�⌦I,II � �⇢| ⌧ ✏

<latexit sha1_base64="eEX21XzubDRD1kZeFD1jKiAxnIo=">AAAXOXicnRjbbhvHlU7aJmVvcQMJKPoyqEGDDEV6l6QcuwCdCLLlsrBkNZQYAVrtYrg7JNfZW3aXseTR8Cv62v5Iv6SPfSv62h/omZm984KgBKSdnXO/zpmdBo4dxYryzwcfffyTn/7sk09/Xv/F L3/169989vC3k8hfhia5NH3HD6+mOCKO7ZHL2I4dchWEBLtTh3w7/e6Yw7/9gYSR7XsX8V1Ablw89+yZbeIYtoyHe580tCmZ2x4l3y/FHqs3tHDhNzUXx4vpjF6xFuy8dckcG3Q0AvAHwx5ea+eRfXBu0HMSMv78hszFk9NqwcJmN/WG488Nqiqsqc1CbFJOwugHzi+D AK8nH3T6BWshYDzUoqWLYA8NEcduJwLaiYB2UQBoFduORda1fVV+jQwaLzg63zSxQ1/yFxLjYa+rSGsFhq4Mla4qXmE7KIjK+N0KZ7wkTozRrc7huS2aQ2ZxU/zXJiSMUWJ1gMPYxg76wPJ1yi9iDGmhPV9IErkEEQNlja9gBq7hHszw6o3x45NjpGkFMx7nVkhAbrZB 7RjgnLsWk9uYXjO1p8jlLRtkq3TvhnER3AUGjRYsFQJLHqB0rSuojZpI7SqoU9ptIal76omyIhBXVt4zWWqZTnl82K4ogOknx39cFXQCu5V7oyqGDdXUxzgM/fdcz01YVU3qjQvgj6A6YiyVAE7dzHOe73UsEtlzD1m+i22PrZoSMvWdOHoSLYPAD+OIHSBZPDqk4Uik j8BKaKPlNCeXeFaKV1Qo4nb0D1BFy6GqKJVNF9+yYU9RKgwAd8A31Y6GnWCBgWqOXRdMS2qLh/RQ2LcdLuplY0iucsvejDtXJ69Obw8QWyQVNsWhdrEAR3Kc5LkWpcy14Hfw/qsCzgRwwjipWileRDzTiTcL4KB2n28I0Ep6eNUM8J3jYwtN/dsDtsp6GtODSlhWlZgI JKu1g7UIepnpdBd+mh5lkqgY9lNu3aD77Glalaqi006fSWu3wrJuRlPGE57MsohL+2NWKbAKSQLaRQFabGYAmNAUtjLPYdto1vTnkdfMhV1vQIh5V4I1iK+n55cJp2DEEXe0nGrD4Tuo1HKECKjZx8DAD7HjrKoEvKd9X61D0WjVnWQvqjTcJs/K9BaGcAXAeN5dsxfR Xrlaq9S0HCSqnXfdInZ2OiQVnHLM39ZZFmAZzxJ+znQtwcY8DZqb9lu6OBIKgrajbYFQF+pwl/TJFumTHyd9slX6ZF36UwQjh0si9BQ1smWhZN9AYAfA4cigbVacOF4DQF1L6SKZqN0MyjsHXla6K1SRLPfOse/FMAHytLky+p0ro4ckBAUO9giK7lyXxOEdwAeJmmqq 76DeCKF5GpTxA/NLKKaJQY8u2BN4FCuRd1Y1M1j0F/UQfNHYRiDmsQyX27M0KKhWOSRCYwa81e5hvUFPwCWXEokLVLrPn9cbVms1Ou700+Z55E7t+dJfRigGk/CCWCEfDF6P374B+dBUXSymEduL0TUUJ8y+Fs4h83zZRu/zl2YO0NstvYdukCWtAcGid6jQLIBpZiRh eQWfMWQl5zrLhrkRLOEcsMD78KDaAsc00YeBoU2vrbZYUWcotKZysJumQFHRpqhMwcpULwS+nuvtqjwE80KOzdOq6jHwJZ/CC+xhHi8pluIiMYTL5Q4qyRe6IFsPea87gEQQeBETA7Uc/mX3Bo4GfTfklXMGE8AMSCCE9juGANt4lwzgjHIttqFCM18lREOuHnc55GDn Ps9Kw+4UXt7dt7qF4hS6jaVukDaFXB5qlh1Bwd1F8Z1DpAa21EAvJwvYVCREK5RYbNiJDdVLjJycC1Prj9BnXelS6aHhOo/qDCddtEHQeisqeQLJ8QJmNNAovS7w5rtLIc6okPsRzODFV6lddY8rkyWtTqGmRFyzd9ZBp7xVMdkRNEvc1d4bczRH1qTe+DNgFxHO9At0 lsFR8yvQamZkqQ7YnSQZxVhs0LmRJDS0B3kRjBNRebyBZ6lVTBDbhMOllkp3kjY9iDz25ksHx8QCc4+M0vA0RFhXjco8hfWeUTlfBCt7xppl+hdHpcYNuRb7KBjmW6uVJCVOROAlB01KXDcdex0m8gMGfppGGu5SMNzCgSHO6WxT7OkqV7262WOtJ73y+TjIBEe+mZ5+ YuoaJVeePiodkSMPLpiB72TfNHK1RX5uVpG9UP4vd4wXOCQWgn8YwSj2nhAPAT+EPQt5BKp46oe2Ny8cYSggIYKE4iyrnswuDnDO/0DCOXCW1wd2IG2Eg+HMOOZHwzeGWi5gzePTaQWnegYncKW1ef/MGG3njapIVeYgddVJXDaCIIgIIH+GzKo1640kI3wzPsmce0y8 OPRtKx2ZPD90wVfnrOyGtHdtBPfEfFICZ7LOSTjjm55Jyl+J5MW0l9x5oYOJ/JLtMO9K6CqL16VnkdBcxjGPNVjMRJ9POrzAeAmW80wBX8xgrAmT9LzXXsvLtkwtOjoYjZhooOk+l3oPfc5BGgki2/E9YCnu1OUQ4SAI/VukJnfiXrd/mI9l/fQeyP0F7pmVE2CYg3sb wF9J8DC9SgJS6bo6fNY9rAgrANWSJoMyENTslSiTW2A+MXN/VLOVf1aonJsv0k0xy8OA2z9MPNFfk89vX9lXT+OzR0pXET+0vlCTxaNa8js3Hj74nWb55tKF7DQdHEXXqhLEN5R/4TMdyCRtGZEAm9/hObmGpYdB9A0Vn2wZasCOhSDt4A/OBbFbpKDYjXh6ASY3LqrC +GYGaxSBZAk+rUiPZ89uqO0Fy5h4phQ+WzoI+hz/JowsSEkzdu5ggc3QBv2RCQ0Nm1C9kfjeCQaG5BSEHfFDEDqcNo2yqzSjb0/HjJpudMfolFHhTLXquvXFBC4Yg+7hXwaPvm4mbv209vvaH2rNmlr7svZ17U+189plzdzz9v6697e9v+//Y/9f+//e/49E/ehBQvN5 rfTb/+//ADJPOm4=</latexit>

Figure 4: Insets with zoomed-in regions of vicinity of interface for three configurations: (le↵t) overcutting,
(center) desired cut and (right) undercutting of the density field by the interface.

3.2.1 Void domain density removal penalty

In conventional SIMP and SIMP-like approaches, the material response is evaluated in a fixed design domain
throughout the optimization process. In contrast, the approach described here restricts the e↵ect of the
density method to only the solid phase ⌦I , which is defined by a moving interface. Hence, performance
measures, i.e., criteria used to formulate objective and constraints, are insensitive to changes in the projected
density field in the void phase. The evolution of this field is not determined by nor a↵ects the optimization
problem when �(X) < 0. As a result, in absence of a mechanism to keep the densities in the void phase close
to zero, the feature size control reference contour, �⇢(X), is lost. To overcome this issue, an additional void
domain density removal (VDDR) penalty, p⇢̂⌦II , is introduced. This penalty is active only in the void phase
and does neither a↵ect the performance measures nor the physical response. Undercutting of the density
field is averted by the following formulation of the VDDR penalty:

p⇢̂⌦II (X) =

(
Ŝ⇢(X), 8 �  �thfs

0, otherwise.
(16)

This formulation penalizes the filtered density field, Ŝ⇢(X). In our experience, a smoother and quicker
removal of high densities is achieved if the VDDR penalty is applied on the filtered density field instead of
the projected density field (i.e., ⇢̂(X)). The threshold �thfs is set to a value such that it limits the influence
of the penalty to the void side with an o↵set (from the zero isocontour), i.e., �thfs = [0.25� 0.75]�low. Note
that enforcing this penalty too close to the interface, within an element length, can result in overcutting of
the density. This is demonstrated in Example 5.1.2.

⇢(x)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

�(x)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

0
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

�up
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

�low
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

0
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

0
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

1
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

1
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

p⇢̂⌦II (X)

<latexit sha1_base64="iO2B2IEcUSt+xhvLJkDR0rsQjxg=">AAAVq3icnRjpctvGmU6TNmXTJo6tP8mfnbj0kKFIAxR9ZYZuNIqVsmPJaigzmggCZgksQTi4DIC25PXyDfqAfY8+QL/dxc1jMuGMhMV+97nfYha6Tpwoyn9vffSHjz/5458+/XPzL5/99W+ff3H7 y2kcLCOTvDIDN4guZjgmruOTV4mTuOQijAj2Zi75efbrEYf//JZEsRP458lNSK48bPvO3DFxAlvG7Tv/aWkzYjs+JW+WYo81W1q0CNqah5PFbE4vWAd2XnrExgYdjwH83nBGl9pZ7OyfGfSMRIw/fyK2eHJaLVw47KrZcgPboKrC2to8wiblJIy+5/xyCPB68F6n37IO AsYjLV56CPbQCHHsbiqgmwrolgWAVonjWmRd2+fV19igyYKj800Tu/QH/kISPBr0FWmtwNCVkdJXxStshyVROb9r4YwfiJtgdK1zeGGL5pJ50hb/tSmJEpRaHeIocbCL3rNinfGLGUNa5NgLSSKXIGKorPEVzMA13IM5XrM1uX98hDStZMb9wgoJKMw2qJMAnHPXEnKd 0EumDhS5vGbDfJXtXTEugrvAoPGCZUJgyQOUrXUFdVEbqX0F9Sq7HSR1zzxRVQTiyqp7Jsss0ymPD9sVBTD9+Oi7VUknsFv5YNTFsJGa+RhHUfCO67kJq65Js3UO/BFUR4KlEsCpn3vOD/yeRWLH9pEVeNjx2aotIbPATeIH8TIMgyiJ2T6SxaNDGo5F+gislDZezgpy iWdleGWFYm7HwT6qaTlSFaW26eFrNhooSo0B4A75ptrTsBsuMFDZ2PPAtLS2eEgfCvu2w0W9bAzJRWHZi0nv4vj5yfU+You0wmY40s4X4EiOkz7XopS7FvwO3n9ewpkCTpSkVSvFi4jnOvFmARzU/tMNAVpJD6/aIb5xA2yhWXC9z1Z5T2N6WAvLqhYTgWR1drAWQa8y ne3Cz9KjShKXw37CrRv2nzzKqlJVdNo7YNLarbC8m9GM8ZQnsyziyv6E1QqsRpKCdlGAFpsZACY0ha3MC9g2mjX9eeQ1c+E0WxBi3pVgDeKb2fllwikYc8QdLafecPgOqrQcIQJq9j4wCCLsuqs6Ae9pb+p1KBqtupPsWZ2G2+Rbud7CEK4AGM+7a/4i2itXa5WZVoBE tfOuW8bOT4e0gjOOxds6yxIs51nBL5iuJdiEp0F7035HF0dCSdB2tC0Q6kEd7pI+3SJ9+tukT7dKn65Lf4Rg5PBIjB6hVr4slewLCOwQOBwatMvKE8ePAFDXUrpMJmo3h/LOgZe17gpVJMu9dxT4CUyAPG0ujIPehTFAEoJCF/sExTeeR5LoBuDDVE0103fYbEXQPA3K +IH5GIppatDDc/YAHuVK5J1VzQ0W/UV9CL5obSMQ81iOy+1ZGhRUqx0SkTEH3mr/YbNFj8ElryQSF6j0nz5ttqzOanzUO8ia56E3c+xlsIxRAibhBbEiPhj8OHn5AuRDU/WwmEYcP0GXUJww+1q4gNjFsoveFS/tAqB3O/oAXSFLWgOCRe9QoVkA09xIwooKPmXISs91 lg9zY1jCOWCB9+FBtQVOaKoPA0PbflftsLLOUGhtZX83TYmipk1ZmZKVmV4IfG3r3bo8BPNCgc3Tqu4x8CWfwkvsYR6vKJbhIjGEy+UOKskXuiBbD/mgP4REEHgxEwO1HP5l9waOBn094pVzChPAHEgghM5rhgDbeJ0O4IxyLbahQjNfpUQjrh53OeRg70ORlYbTK728 /tDpl4pT6DaRukHalHJ5pFlODAV3Eyc3LpEaOFIDvZosYFOZEK1QarHhpDbULzFyci5Nrb9Bn3WlK6WHRus86jOcdNEGQeutqOIJJMcLmNFAo+y6wJvvLoU4o1LuxzCDl1+ldvU9rkyetDqFmhJxzd9ZD53wVsVkR9AscVd7Z9jIRta02foXYJcRTvVzdJrDUfsfoNXc yFMdsHtpMoqx2KC2kSY0tAd5EUxSUUW8gWelVUwR24TDpVZKd5o1PYg89u2lixNigbmHRmV4GiGsq0ZtnsL6wKidL4KVM2ftKv2zw0rjhlxLAhSOiq3VSpISNybwUoCmFa6bjr0eE/kBAz/NIg13KRhu4cAQ53S+KfZ0late3xywzoNB9Xwc5oLjwMxOPzF1jdMrzwGq HJFjHy6YYeDm3zQKtUV+blaRPVN+lzsmCxwRC8E/jGAUe0eIj4Afwr6FfAJVPAsix7dLRxgKSYQgoTjLuifziwOc829JZANneX1g+9JGOBhOjSN+NPxkqNUC1nw+ndZw6mdwClc6m/dPjfF23qiOVGcOUle91GVjCIKIAArmyKxbs95IcsIXk+PcuUfET6LAsbKRyQ8i D3x1xqpuyHrXRvBAzCcVcC7rjERzvumbpPqVSF5MB+mdFzqYyC/ZDouuhC46xfUK9GjSkKXoYpwufTtjGwj5HSD/9mZ8cU/pK+KH1hdqurjXSH9nxu1bn2hWYC498JHp4ji+VJUwuaL8O5Ppgj3aMiYhNn/FNrmEpY9hQrui4sMhQy3YsRAYD3/QncRumYJiL+a6Aib3 SlyH8c1NsMtlMn9yRR0/XCbEN6Wg+dJFUFn8KySynIiYiXsDC2xGDuiKTCghbEK+xOILGxgTkRNgfMjbLtSUNovzyxujL08mjJpefMPojFHhOLXupvXFFEbaYX/47+G975XUhZ82vm5802g31MbjxveNfzbOGq8a5p3/3f3q7r27f9/r7U32ftnTJOpHt1KaO43Kb4/8 HxKPrqE=</latexit>
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Figure 5: VDDR penalty in the void phase plotted over density and LS variables.
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3.3 Discussion

In the proposed TO framework, the design is driven by both the LS and density optimization variables until
convergence. Thus, the optimization problem does not transitions from a pure density problem to a pure
LS problem, as it was the case in previous work; see Barrera et al. (2019a). Conceptually, the framework
described here resembles a combined LS-density approach rather than a LS approach that uses a density
field to mitigate some of its disadvantages. Consequently, since the projected density field can be optimized
within the solid domain, a uniform density field of 1.0 cannot be guaranteed in the optimized design. The
hole seeding penalty alleviates this issue by promoting hole nucleation in regions with intermediate densities;
see Section 3.1.1. However, designs with intermediate densities are still possible if the optimization problem
benefits from them (Maute (2017)).

Unlike in previous works where the density field in the void phase had no influence on the optimization
problem, here low densities are necessary in regions of the design domain where � < 0 to prevent under-
cutting. Nevertheless, this can be easily achieved by a penalty term; see Section 3.2. Also, since the length
scale is controlled only by the filter radius of the density optimization variables, r⇢f , the LS filter radius is
not required to change as function of the desired minimum feature size.

A total of three parameters, i.e. �thhs , �pr, and �⇢, are updated simultaneously through the optimization
process every Dst design iterations; see Eqs. 11, 12, and 14. As a result, the functionality provided by the
projected density field transitions from first nucleating holes to finally controlling the minimum feature size.
The �thfs threshold of the VDDR penalty formulated in Section 3.2.1 determines an o↵set between the
interface and the region where this penalty is active. A LSF with irregular gradients (i.e., locally too flat
or steep) in the vicinity of the interface cannot be used to adequately enforce the VDDR penalty. Hence, a
regularized LSF with a close to uniform gradient norm is critical. In this work, this is achieved by the LS
regularization scheme presented in Section 4. It is possible to avoid explicitly enforcing a VDDR penalty
p⇢̂⌦II for a specific set of optimization problem formulations. This is explored in Section 5.2.3 with a mass
minimization TO problem that defines the mass in the entire domain. In that setup, the void phase is part
of the minimization problem, and thus high densities are penalized in the void phase by construction.

4 Optimization problem formulation

The optimization problems considered in this work are formulated as follows:

min
s

z(s,u(s)) = w1 F(s,u(s)) + w2 PPer(s)

+ w3 PReg(s) + w4 P⇢�(s)

+ w5 P⇢̂⌦II (s)

s.t. : gi(s,u(s))  0, i = 1, ..., Ng.

(17)

The objective, z, is minimized over the vector of admissible optimization variables, s = [s�, s⇢]. The
state variables, u, with u 2 IRNu Nu being the number of state variables, are defined as functions of the
optimization variables through the governing equations. The first component of the objective represents the
performance measure to be minimized, F (e.g., strain energy, mass). The second term is the normalized
perimeter control penalty,

PPer =

Z

�I,II

dA

Z

�D

dA

, (18)

which prevents the emergence of irregular geometric features. The perimeter of the design domain is denoted
by �D. The LS regularization penalty, PReg, is included in the objective to avoid spurious oscillations in the
LSF. Following the regularization scheme of Geiss et al. (2019a), a truncated signed distance field used as
target field, �̃, is constructed in the entire design domain. The target field is enforced through a penalty in
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the objective, PReg, of the following form:

PReg = w�

Z

⌦D

(�� �̃)2dV
Z

⌦D

�̃
2
BnddV

+ wr�

Z

⌦D

|r��r�̃|2dV
Z

⌦D

dV

, (19)

where �̃Bnd is the di↵erence between the upper, �̃up, and lower, �̃low, bounds in the target LSF. The weights
w� and wr� are kept constant and equal to one in the entire design domain. The fourth component denotes
the normalized hole seeding coupling penalty,

P⇢̂� =

Z

⌦0
D

p⇢̂�dV

Z

�D

dA

, (20)

with p⇢̂�(X) as formulated in Eq. 13. The last term is the normalized VDDR penalty to prevent undercutting,
and is defined as

P⇢̂⌦II =

Z

⌦0
D

p⇢̂⌦II dV

Z

�D

dA

. (21)

The field p⇢̂⌦II (X) is computed using Eq. 16. The weights w1, w2, w3, and w4 in Eq. 17 are chosen such
that all penalty contributions in the objective are significantly lower (⇡ 1 � 5%) than F . Since a strong
perimeter control penalty might prevent the nucleation of small holes (Wang et al. (2007)), its contribution
is kept below 1% by gradually updating the w2 weight, following the continuation scheme presented for the
density method; see Section 2.2.2. The weight of the VDDR penalty w5 does not need special considerations
since it a↵ects only the density field in the void domain. Numerical examples have shown that using a value
between 0.01 and 10.0 provides a relatively fast reduction of densities in the void phase.

The design needs to satisfy a set of Ng problem dependent inequality constraints, [g1, ..., gNg ] (e.g., target
mass, maximum allowable stress, maximum eigenvalue). The constraints are defined for each problem studied
in Section 5. Note that the integral form of the coupling and VDDR penalties can be alternatively formulated
via agglomerated nodal constraints such that they are enforced per node of the discretized domain. In such
cases, an augmented Lagrange multiplier approach can provide a viable implementation (Bertsekas (2014)).

4.1 Structural Analysis

The physical responses of the systems are predicted by the XFEM in this paper. A generalized Heaviside
enrichment strategy (Makhija and Maute (2014); Terada et al. (2003); Tran et al. (2011)) is employed to avoid
artificial coupling of disconnected material domains. The response is consistently interpolated in elemental
subdomains with the same phase. The reader is referred to Barrera and Maute (2020) for more details on
this topic. An in-depth description of the governing equations, including weakly enforcement of boundary
conditions, and face-oriented ghost stabilization can be found in Barrera et al. (2019b). Since LS TO is not
restricted to a particular immersed boundary technique, alternative approaches such as CutFEM (Burman
et al. (2015, 2019)) or HIFEM (Soghrati and Barrera (2016)) could also be used for physical and sensitivity
analyses.

5 Numerical Examples

The proposed approach is studied using single material, solid-void linear elastic problems in 2D and 3D.
Algorithmic parameter dependencies and performance are investigated with a typical structural beam prob-
lem. Strain energy minimization with mass constraint, and mass minimization with target strain energy
optimization problem formulations are considered. The analyses provided in this section are focused on the
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minimum feature size control capability of the proposed approach. For details on algorithmic aspects of the
hole nucleation strategy, the reader is referred to Barrera et al. (2019a).

The optimization problems are solved by the Globally Convergent Method of Moving Asymptotes (GCMMA,
Svanberg (2002)), with no inner iterations. The sensitivity analysis is performed via the adjoint method as
detailed in Sharma et al. (2017). The optimization problem terminates when the constraints are satisfied and
the relative change in the objective between three consecutive design iterations is less or equal to 1⇥ 10�3.
In all problems, the upper and lower bound of the LSF are function of the element size, h, and set to
�up = 3h and �low = �3h, respectively, unless specified otherwise. In all initial designs, a uniform LSF of
�(X) = �0 = 0.10�up is prescribed, i.e., holes are not present a priori, unless specified otherwise. In addition,
�0 = �up, is prescribed in the vicinity of the Neumann and Dirichlet conditions to exclude them from the
design domain. All simulations start with a uniform density of ⇢0, except the portions excluded from the
design domain, which are prescribed a density of 1.0. Thus, a homogeneous porous material fills the entire
design domain at the beginning of the optimization process.

The continuation schemes described in Sections 2.2.2 and 3.1.2 are used to update the projection sharp-
ness, �pr, the SIMP exponent, �⇢, and the coupling density threshold, �thhs using Eqs. 11, 12, and 14,
respectively. The update is performed every 10 optimization iterations in a total of 100 continuation steps.
In addition, the VDDR penalty threshold is set to ⇢thfs = 0.5�up, and the LS filter radius in Eq. 2 is kept

constant at r
�
f=1.5h and r

�
f=1.8h in 2D and 3D, respectively. Additional relevant parameters for the con-

tinuation schemes can be found in Table 1. Note that this continuation strategy was adopted for simplicity;
however, more sophisticated schemes that update the algorithmic parameters based on the evolution of the
design can be used.

Table 1: Default continuation and LS filter parameters for numerical examples.

Parameter Value

Continuation step size Dst = 10

Number of design iterations in continuation Dc = 100

Maximum number of design iterations Dmax = 175

Initial density threshold ⇢
0
th = 0.25⇢0

Initial SIMP exponent �
0
⇢ = 2.0

Initial projection threshold �
0
pr = 0.001

Final density threshold ⇢
f
thhs

= 0.9⇢0
Final SIMP exponent �

f
⇢ = 12.0

Final projection threshold �
f
pr = 40.0

Continuation density threshold exponent ⌘⇢thhs
= 2.0

Continuation SIMP exponent exponent ⌘�⇢ = 2.0

Continuation projection threshold exponent ⌘�pr = 2.0

The XFEM is used to discretize the governing equations. The bulk material properties are shown in Table
2 in self-consistent units. The physical and sensitivity analyses are performed using a domain decomposition
approach and parallel computing. The linearized systems of equations are solved using the Multifrontal
Massively Parallel Solver (MUMPS, Amestoy et al. (2006)).

5.1 Beam optimization (2D)

A beam optimization problem in 2D is studied to demonstrate the feature size control capability of the
proposed framework. This first example focuses on examining the influence of algorithmic parameters of the
projection and penalization of the density method, as well as the VDDR penalty. The loads and boundary
conditions applied to this problems are specified in Fig. 6. A vertical traction of TX2 = �10.0 is applied at
the center of the top boundary of the design domain. Zero displacements are applied to the bottom corners
in X2 direction, and along the vertical axis (at X1 = 0) in the X1 direction of the design domain, to impose
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Table 2: Material properties interpolation parameters for numerical examples 1 and 2.

Property Value

Young’s Modulus (⌦I) ES = 2.0x103

Young’s Modulus (⌦II) EV = 1x10�8

Poisson Ratio (⌦I and ⌦II) ⌫S = ⌫V = 0.4

Material Density (⌦I) ✓S = 1.0

Material Density (⌦II) ✓V = 0.0
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⌦D

Figure 6: Problem setup of the 2D beam design problem. Only half of the domain is simulated considering
symmetry.
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Figure 7: Optimized designs of 2D beam problem using di↵erent density filter radii.
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symmetry about X2. Regions excluded from the design domain are highlighted in dark grey in Fig. 6. Half
of the domain of size 240 ⇥ 40 is discretized by a structured mesh with a uniform element size of h = 0.5.
The strain energy minimization problem with mass constraint is formulated as follows:

min
s

z(s,u(s)) = w1
 (s,u(s))

 0
+ w2 PPer(s)

+ w3 PReg(s) + w4 P⇢̂�(s)

+ w5 P⇢̂⌦II (s)

s.t. : g1(s) =
M⌦1(s)

M0
� �m  0.

(22)

The strain energy,  , is normalized by the strain energy of the initial design,  0. Details of the remaining
objective components can be found in Section 4. The initial objective weights are wi =[ 0.8345, 0.005, 0.015,
0.150, 1.50]. The perimeter penalty, w2, is updated at every continuation step using the formulation in
Eq. 14 until it reaches 0.01. In constraint g1, the mass of the solid phase, M⌦1 , is normalized by a mass,
M0, defined as the volume of the design domain, ⌦D, multiplied by a density of 1.0 for unit consistency.
The target mass is set to �m = 0.40.
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r
⇢
f = 0.36

<latexit sha1_base64="WaI18fS0/ZV+e3yFxpiIl++PPeM=">AAAXRXicnRjbbuPGVZukbaLesg1sIMjLIAstpNrSkrK82Q2gTQzveqti7XVjWzFgmsSIHFHc8BaSytoej76lr+2P9Bv6EX0r+tqemeFdFwQVYHM4536dM5yErhMnivLPBx98+NEvfvmrjz9p/vo3 v/3d7z99+IdxHMwjk1yYgRtElxMcE9fxyUXiJC65DCOCvYlLvp/8cMjh3/9EotgJ/PPkNiTXHrZ9Z+qYOIEt4+HWZy1tQmzHp+THudhjzZYWzYK25uFkNpnSS9aBnbcesbFBRyMA3xnO8Eo7jZ3dU4Oekojx53fEFk9Oq4Uzh103W25gG1RVWFubRtiknITRO84vhwCv J3c6/SPrIGA81OK5h2APDRHH3kkF7KQCdsoCQKvEcS2yrO2r6mts0GTG0fmmiV36kr+QBA/7PUVaKzB0Zaj0VPEK22FJVM7vRjjjJXETjG50Di9s0VwyTdrivzYmUYJSq0McJQ520R0r1hm/mDGkRY49kyRyCSIGyhJfwQxcwz2Y4zVbZ4+PDpGmlcx4XFghAYXZBnUS gHPuWkJuEnrF1L4ilzdskK+yvWvGRXAXGDSesUwILHmAsrWuoB3URmpPQd3KbgdJ3TNPVBWBuLLqnskyy3TK48M2RQFMPzr8elHSCexW7o26GDZUMx/jKArecz1XYdU1abbOgT+C6kiwVAI49XLP+YHftUjs2D6yAg87Plu0JWQSuEn8JJ6HYRAlMdtFsnh0SMORSB+B ldLG80lBLvGsDK+sUMzt2NtFNS2HqqLUNj18w4Z9RakxANwB31S7GnbDGQYqG3semJbWFg/pvrBvPVzUy8qQXBaWvTnrXh69Or7ZRWyWVtgER9r5DBzJcdLnUpRy14LfwfuvSjhjwImStGqleBHxXCfeLICD2nu+IkAL6eFFO8S3boAtNAludtki72lMD2thWdRiIpCs zgbWIuhVppNN+Fl6VEnictiPuXWD3rOnWVWqik67e0xauxaWdzOaMR7zZJZFXNk/Y7UCq5GkoE0UoMVqBoAJTWEt8wK2jmZJfx55zZw5zRaEmHclWIP4ZnZ+mXAKxhxxQ8upNxy+gyotR4iAmn0MDIIIu+6iTsB72o/1OhSNVt1I9qJOw23yrVxvYQhXAIzn3TV/Ee2V q7XITCtAotp51y1j56dDWsEZx+JtmWUJlvOs4BdMlxLsjKdBe9V+RxdHQknQerQ1EOpBHW6SPl4jffzzpI/XSh8vS3+KYOTwSIyeola+LJXsGwjsADgcGHSHlSeO1wBQl1K6TCZqN4fyzoHnte4KVSTLvXsY+AlMgDxtLo297qXRRxKCQhf7BMW3nkeS6Bbgg1RNNdN3 0GxF0DwNyviB+RUU09igB+fsCTzKlcg7q5obLPqLug++aK0jEPNYjsvtmRsUVKsdEpExBd5qb7/ZokfgkguJxAUqvefPmy2rsxgddvey5nngTRx7HsxjlIBJeEasiA8Gr8/evgH50FQ9LKYRx0/QFRQnzL4WLiB2sdxB74uXdgHQdzp6H10jS1oDgkXvUKFZANPcSMKK Cj5hyErPdZYPcyNYwjlggffhQbUZTmiqDwND2/6O2mFlnaHQ2sruZpoSRU2bsjIlKzO9EPja1nfq8hDMCwU2T6u6x8CXfAovsYd5vKJYhovEEC6XG6gkX+iCbDnk/d4AEkHgxUwM1HL4l90bOBr03ZBXzglMAFMggRA67xgCbONdOoAzyrVYhwrNfJESDbl63OWQg937 IisNp1t6eXff6ZWKU+h2JnWDtCnl8lCznBgK7jZObl0iNXCkBno1WcCmMiFaoNRiw0ltqF9i5ORcmlp/hj7LSldKDw2XedRnOOmiFYKWW1HFE0iOFzCjgUbZdYE3300KcUal3I9hBi+/Su3qe1yZPGl1CjUl4pq/sy465q2KyY6gWeKu9t6wkY2scbP1Z8AuI5zo5+gk h6P2N6DV1MhTHbC7aTKKsdigtpEmNLQHeRFMUlFFvIFnpVWMEVuFw6VWSnecNT2IPPbtuYsTYoG5B0ZleBoirKtGbZ7Cet+onS+ClTNl7Sr9i4NK44ZcSwIUDoutxUKSEjcm8FKAxhWuq469LhP5AQM/zSINdykYbuHAEOd0vin2dJWrXt/ss86TfvV8HOSC48DMTj8x dY3SK88eqhyRIx8umGHg5t80CrVFfq5Wkb1Q/i93nM1wRCwE/zCCUew9IT4Cfgj7FvIJVPEkiBzfLh1hKCQRgoTiLOuezC8OcM7/RCIbOMvrA9uVNsLBcGIc8qPhO0OtFrDm8+m0hlM/g1O40lm9f2KM1vNGdaQ6c5C66KYuG0EQRARQMEVm3ZrlRpITvjk7yp17SPwk ChwrG5n8IPLAV6es6oasd60E98V8UgHnsk5JNOWbvkmqX4nkxbSf3nmhg4n8ku2w6EroMo/XhW+RyJwnCY81WMxEn087vMB4CZbzTAFfTGGsibL0vNdey9u2zC062h2NmOig2T4Xew9DuQ1jEr/kivt0NTw4DKPgBqnpfbjf29svRrK97A7IfQWumVaDPyzA/RXgbyR4 mF0jAalyVR0+6+3XhJWAakWTQRUIavYrlOkNsJiWuSvqmco/KdTOzBfZppjjYbjd2089sVeTD+e/nn7SAayn6U0s/wJqfPoIfCx+aHmhpotHjfR3ajx88LlmBebcg0w1XRzHV6oSJteUf+0zXcgqbR6TEJs/YJtcwdLHoMo1FZ9vGWrBjoUgBeEPzgixW6ag2It5qgEm Nzauw/hmDmuVgWQOPq5JT6bPrqnjh/OE+KYUPp27CHoe/z6MLEhPM3FvYYHNyAH9kQnNDZtQybH49gkGRuQYhB3wAxG6nTaJ82s1o2+Pzxg1vfiW0Qmjwplq3XXLizFcNga9/b8MHn37ZerWjxtfNL5stBtq46vGt40/NU4bFw1z627rr1t/2/r79j+2/7X97+3/SNQP HqQ0nzUqv+3//g97ZD1z</latexit>

r
⇢
f = 0.71

<latexit sha1_base64="aqvQ9NPn2zRJzAswcvyr8wULHbg=">AAAXRXicnRjbbuPGVZukbaLesg1sIMjLIAstpNrSkrK82Q2gTQzveqti7XVjWzFgmsSIHFHc8BaSytoej76lr+2P9Bv6EX0r+tqemeFdFwQVYHM4536dM5yErhMnivLPBx98+NEvfvmrjz9p/vo3 v/3d7z99+IdxHMwjk1yYgRtElxMcE9fxyUXiJC65DCOCvYlLvp/8cMjh3/9EotgJ/PPkNiTXHrZ9Z+qYOIEt4+HWZy1tQmzHp+THudhjzZYWzYK25uFkNpnSS9aBnbcesbFBRyMA3xnO8Eo7jZ3dU4Oekojx53fEFk9Oq4Uzh103W25gG1RVWFubRtiknITRO84vhwCv J3c6/SPrIGA81OK5h2APDRHH3kkF7KQCdsoCQKvEcS2yrO2r6mts0GTG0fmmiV36kr+QBA/7PUVaKzB0Zaj0VPEK22FJVM7vRjjjJXETjG50Di9s0VwyTdrivzYmUYJSq0McJQ520R0r1hm/mDGkRY49kyRyCSIGyhJfwQxcwz2Y4zVbZ4+PDpGmlcx4XFghAYXZBnUS gHPuWkJuEnrF1L4ilzdskK+yvWvGRXAXGDSesUwILHmAsrWuoB3URmpPQd3KbgdJ3TNPVBWBuLLqnskyy3TK48M2RQFMPzr8elHSCexW7o26GDZUMx/jKArecz1XYdU1abbOgT+C6kiwVAI49XLP+YHftUjs2D6yAg87Plu0JWQSuEn8JJ6HYRAlMdtFsnh0SMORSB+B ldLG80lBLvGsDK+sUMzt2NtFNS2HqqLUNj18w4Z9RakxANwB31S7GnbDGQYqG3semJbWFg/pvrBvPVzUy8qQXBaWvTnrXh69Or7ZRWyWVtgER9r5DBzJcdLnUpRy14LfwfuvSjhjwImStGqleBHxXCfeLICD2nu+IkAL6eFFO8S3boAtNAludtki72lMD2thWdRiIpCs zgbWIuhVppNN+Fl6VEnictiPuXWD3rOnWVWqik67e0xauxaWdzOaMR7zZJZFXNk/Y7UCq5GkoE0UoMVqBoAJTWEt8wK2jmZJfx55zZw5zRaEmHclWIP4ZnZ+mXAKxhxxQ8upNxy+gyotR4iAmn0MDIIIu+6iTsB72o/1OhSNVt1I9qJOw23yrVxvYQhXAIzn3TV/Ee2V q7XITCtAotp51y1j56dDWsEZx+JtmWUJlvOs4BdMlxLsjKdBe9V+RxdHQknQerQ1EOpBHW6SPl4jffzzpI/XSh8vS3+KYOTwSIyeola+LJXsGwjsADgcGHSHlSeO1wBQl1K6TCZqN4fyzoHnte4KVSTLvXsY+AlMgDxtLo297qXRRxKCQhf7BMW3nkeS6Bbgg1RNNdN3 0GxF0DwNyviB+RUU09igB+fsCTzKlcg7q5obLPqLug++aK0jEPNYjsvtmRsUVKsdEpExBd5qb7/ZokfgkguJxAUqvefPmy2rsxgddvey5nngTRx7HsxjlIBJeEasiA8Gr8/evgH50FQ9LKYRx0/QFRQnzL4WLiB2sdxB74uXdgHQdzp6H10jS1oDgkXvUKFZANPcSMKK Cj5hyErPdZYPcyNYwjlggffhQbUZTmiqDwND2/6O2mFlnaHQ2sruZpoSRU2bsjIlKzO9EPja1nfq8hDMCwU2T6u6x8CXfAovsYd5vKJYhovEEC6XG6gkX+iCbDnk/d4AEkHgxUwM1HL4l90bOBr03ZBXzglMAFMggRA67xgCbONdOoAzyrVYhwrNfJESDbl63OWQg937 IisNp1t6eXff6ZWKU+h2JnWDtCnl8lCznBgK7jZObl0iNXCkBno1WcCmMiFaoNRiw0ltqF9i5ORcmlp/hj7LSldKDw2XedRnOOmiFYKWW1HFE0iOFzCjgUbZdYE3300KcUal3I9hBi+/Su3qe1yZPGl1CjUl4pq/sy465q2KyY6gWeKu9t6wkY2scbP1Z8AuI5zo5+gk h6P2N6DV1MhTHbC7aTKKsdigtpEmNLQHeRFMUlFFvIFnpVWMEVuFw6VWSnecNT2IPPbtuYsTYoG5B0ZleBoirKtGbZ7Cet+onS+ClTNl7Sr9i4NK44ZcSwIUDoutxUKSEjcm8FKAxhWuq469LhP5AQM/zSINdykYbuHAEOd0vin2dJWrXt/ss86TfvV8HOSC48DMTj8x dY3SK88eqhyRIx8umGHg5t80CrVFfq5Wkb1Q/i93nM1wRCwE/zCCUew9IT4Cfgj7FvIJVPEkiBzfLh1hKCQRgoTiLOuezC8OcM7/RCIbOMvrA9uVNsLBcGIc8qPhO0OtFrDm8+m0hlM/g1O40lm9f2KM1vNGdaQ6c5C66KYuG0EQRARQMEVm3ZrlRpITvjk7yp17SPwk ChwrG5n8IPLAV6es6oasd60E98V8UgHnsk5JNOWbvkmqX4nkxbSf3nmhg4n8ku2w6EroMo/XhW+RyJwnCY81WMxEn087vMB4CZbzTAFfTGGsibL0vNdey9u2zC062h2NmOig2T4Xew9DuQ1jEr/kivt0NTw4DKPgBqnpfbjf29svRrK97A7IfQWumVaDPyzA/RXgbyR4 mF0jAalyVR0+6+3XhJWAakWTQRUIavYrlOkNsJiWuSvqmco/KdTOzBfZppjjYbjd2089sVeTD+e/nn7SgRFYTW9i+RdQ49NH4GPxQ8sLNV08aqS/U+Phg881KzDnHmSq6eI4vlKVMLmm/Guf6UJWafOYhNj8AdvkCpY+BlWuqfh8y1ALdiwEKQh/cEaI3TIFxV7MUw0w ubFxHcY3c1irDCRz8HFNejJ9dk0dP5wnxDel8OncRdDz+PdhZEF6mol7CwtsRg7oj0xobtiESo7Ft08wMCLHIOyAH4jQ7bRJnF+rGX17fMao6cW3jE4YFc5U665bXozhsjHo7f9l8OjbL1O3ftz4ovFlo91QG181vm38qXHauGiYW3dbf93629bft/+x/a/tf2//R6J+ 8CCl+axR+W3/9395jD1y</latexit>

r
⇢
f = 1.42

<latexit sha1_base64="PZYw83sLUq3jiJNuhVdSWGmqgHE=">AAAXRXicnRjbbuPGVZukbaLesg1sIMjLIAstpNrSkrK82Q2gTQzveqti7XVjWzFgmsSIHFHc8BaSytoej76lr+2P9Bv6EX0r+tqemeFdFwQVYHM4536dM5yErhMnivLPBx98+NEvfvmrjz9p/vo3 v/3d7z99+IdxHMwjk1yYgRtElxMcE9fxyUXiJC65DCOCvYlLvp/8cMjh3/9EotgJ/PPkNiTXHrZ9Z+qYOIEt4+HWZy1tQmzHp+THudhjzZYWzYK25uFkNpnSS9aBnbcesbFBRyMA3xnO8Eo7jZ3dU4Oekojx53fEFk9Oq4Uzh103W25gG1RVWFubRtiknITRO84vhwCv J3c6/SPrIGA81OK5h2APDRHH3kkF7KQCdsoCQKvEcS2yrO2r6mts0GTG0fmmiV36kr+QBA/7PUVaKzB0Zaj0VPEK22FJVM7vRjjjJXETjG50Di9s0VwyTdrivzYmUYJSq0McJQ520R0r1hm/mDGkRY49kyRyCSIGyhJfwQxcwz2Y4zVbZ4+PDpGmlcx4XFghAYXZBnUS gHPuWkJuEnrF1L4ilzdskK+yvWvGRXAXGDSesUwILHmAsrWuoB3URmpPQd3KbgdJ3TNPVBWBuLLqnskyy3TK48M2RQFMPzr8elHSCexW7o26GDZUMx/jKArecz1XYdU1abbOgT+C6kiwVAI49XLP+YHftUjs2D6yAg87Plu0JWQSuEn8JJ6HYRAlMdtFsnh0SMORSB+B ldLG80lBLvGsDK+sUMzt2NtFNS2HqqLUNj18w4Z9RakxANwB31S7GnbDGQYqG3semJbWFg/pvrBvPVzUy8qQXBaWvTnrXh69Or7ZRWyWVtgER9r5DBzJcdLnUpRy14LfwfuvSjhjwImStGqleBHxXCfeLICD2nu+IkAL6eFFO8S3boAtNAludtki72lMD2thWdRiIpCs zgbWIuhVppNN+Fl6VEnictiPuXWD3rOnWVWqik67e0xauxaWdzOaMR7zZJZFXNk/Y7UCq5GkoE0UoMVqBoAJTWEt8wK2jmZJfx55zZw5zRaEmHclWIP4ZnZ+mXAKxhxxQ8upNxy+gyotR4iAmn0MDIIIu+6iTsB72o/1OhSNVt1I9qJOw23yrVxvYQhXAIzn3TV/Ee2V q7XITCtAotp51y1j56dDWsEZx+JtmWUJlvOs4BdMlxLsjKdBe9V+RxdHQknQerQ1EOpBHW6SPl4jffzzpI/XSh8vS3+KYOTwSIyeola+LJXsGwjsADgcGHSHlSeO1wBQl1K6TCZqN4fyzoHnte4KVSTLvXsY+AlMgDxtLo297qXRRxKCQhf7BMW3nkeS6Bbgg1RNNdN3 0GxF0DwNyviB+RUU09igB+fsCTzKlcg7q5obLPqLug++aK0jEPNYjsvtmRsUVKsdEpExBd5qb7/ZokfgkguJxAUqvefPmy2rsxgddvey5nngTRx7HsxjlIBJeEasiA8Gr8/evgH50FQ9LKYRx0/QFRQnzL4WLiB2sdxB74uXdgHQdzp6H10jS1oDgkXvUKFZANPcSMKK Cj5hyErPdZYPcyNYwjlggffhQbUZTmiqDwND2/6O2mFlnaHQ2sruZpoSRU2bsjIlKzO9EPja1nfq8hDMCwU2T6u6x8CXfAovsYd5vKJYhovEEC6XG6gkX+iCbDnk/d4AEkHgxUwM1HL4l90bOBr03ZBXzglMAFMggRA67xgCbONdOoAzyrVYhwrNfJESDbl63OWQg937 IisNp1t6eXff6ZWKU+h2JnWDtCnl8lCznBgK7jZObl0iNXCkBno1WcCmMiFaoNRiw0ltqF9i5ORcmlp/hj7LSldKDw2XedRnOOmiFYKWW1HFE0iOFzCjgUbZdYE3300KcUal3I9hBi+/Su3qe1yZPGl1CjUl4pq/sy465q2KyY6gWeKu9t6wkY2scbP1Z8AuI5zo5+gk h6P2N6DV1MhTHbC7aTKKsdigtpEmNLQHeRFMUlFFvIFnpVWMEVuFw6VWSnecNT2IPPbtuYsTYoG5B0ZleBoirKtGbZ7Cet+onS+ClTNl7Sr9i4NK44ZcSwIUDoutxUKSEjcm8FKAxhWuq469LhP5AQM/zSINdykYbuHAEOd0vin2dJWrXt/ss86TfvV8HOSC48DMTj8x dY3SK88eqhyRIx8umGHg5t80CrVFfq5Wkb1Q/i93nM1wRCwE/zCCUew9IT4Cfgj7FvIJVPEkiBzfLh1hKCQRgoTiLOuezC8OcM7/RCIbOMvrA9uVNsLBcGIc8qPhO0OtFrDm8+m0hlM/g1O40lm9f2KM1vNGdaQ6c5C66KYuG0EQRARQMEVm3ZrlRpITvjk7yp17SPwk ChwrG5n8IPLAV6es6oasd60E98V8UgHnsk5JNOWbvkmqX4nkxbSf3nmhg4n8ku2w6EroMo/XhW+RyJwnCY81WMxEn087vMB4CZbzTAFfTGGsibL0vNdey9u2zC062h2NmOig2T4Xew9DuQ1jEr/kivt0NTw4DKPgBqnpfbjf29svRrK97A7IfQWumVaDPyzA/RXgbyR4 mF0jAalyVR0+6+3XhJWAakWTQRUIavYrlOkNsJiWuSvqmco/KdTOzBfZppjjYbjd2089sVeTD+e/nn/SGfTTm1j+BdT49BH4WPzQ8kJNF48a6e/UePjgc80KzLkHmWq6OI6vVCVMrin/2me6kFXaPCYhNn/ANrmCpY9BlWsqPt8y1IIdC0EKwh+cEWK3TEGxF/NUA0xu bFyH8c0c1ioDyRx8XJOeTJ9dU8cP5wnxTSl8OncR9Dz+fRhZkJ5m4t7CApuRA/ojE5obNqGSY/HtEwyMyDEIO+AHInQ7bRLn12pG3x6fMWp68S2jE0aFM9W665YXY7hsDHr7fxk8+vbL1K0fN75ofNloN9TGV41vG39qnDYuGubW3dZft/629fftf2z/a/vf2/+RqB88 SGk+a1R+2//9H3ewPXE=</latexit>

r
⇢
f = 2.84
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Figure 8: Strain energy and constraint evolution of 2D beam problem.

5.1.1 Minimum feature size control

Figure 7 shows the optimized designs of the 2D beam problem using five di↵erent density filter radii: r⇢f=[0.36,
0.71, 1.42, 2.84, 5.68]. The density field provides appropriate guesses for hole nucleation during the first
stages of the optimization process. In addition, connections thinner than the density filter radius, r⇢f , are
e↵ectively removed in all optimized designs. The desired feature size control is achieved without changing
the LS filter radius, r�f . As expected, there is a trade-o↵ between increasing the minimum length allowed
and the performance of the converged design. The larger r⇢f , the larger the final strain energy is.

The evolution of  and g1 for all the problem setups of Fig. 7 are depicted at the top and bottom
of Fig. 8, respectively. Considerable variations in both  and g1 at the initial stages of the optimization
process are observed at every update of the continuation scheme, where most of the holes are nucleated.
Note that the e↵ect of these jumps diminishes as the optimization problem progresses due to having a more
uniformly defined density field in the solid phase. This is a direct result of the gradual increase of �⇢ and
�pr. A smooth evolution of both the objective and the mass constraint is observed at a later stage of the
optimization process for all cases.
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<latexit sha1_base64="YnOWUGIiK6qXfrl4xeumQ34MoOw=">AAAWH3icnRjbctvGlU6aNmVvcSM99WWnHnrIUqQBinbiztCNRrZcdixZCSVGM4KAWQJLEA5uAcBY8mr5CX1tX/s1fev0NX/Ts7u48zKZckbCYs/9umcxC10nThTlxwcfffyzT37+i09/2fzVr3/z 29999vD30zhYRia5NAM3iK5mOCau45PLxElcchVGBHszl3w7++6Yw7/9gUSxE/gXyV1Ibjxs+87cMXECW8bDvQctbUZsx6fk+6XYY82WFi2CtubhZDGb0yvWgZ23HrGxQcdjAH8wnNG1dh47B+cGPScR489viC2enFYLFw67abbcwDaoqrC2No+wSTkJox84vxwCvJ58 0OmfWAcB45EWLz0Ee2iEOHY3FdBNBXTLAkCrxHEtsq7tq+prbNBkwdH5pold+pK/kASPBn1FWiswdGWk9FXxCtthSVTO71Y44yVxE4xudQ4vbNFcMk/a4r82JVGCUqtDHCUOdtEHVqwzfjFjSIsceyFJ5BJEDJU1voIZuIZ7MMdrtiaPT46RppXMeFxYIQGF2QZ1EoBz 7lpCbhN6zdSBIpe3bJivsr0bxkVwFxg0XrBMCCx5gLK1rqAuaiO1r6BeZbeDpO6ZJ6qKQFxZdc9kmWU65fFhu6IApp8c/3lV0gnsVu6Nuhg2UjMf4ygK3nM9N2HVNWm2LoA/gupIsFQCOPVzz/mB37NI7Ng+sgIPOz5btSVkFrhJ/CRehmEQJTE7QLJ4dEjDsUgfgZXS xstZQS7xrAyvrFDM7Tg8QDUtR6qi1DY9fMtGA0WpMQDcId9Uexp2wwUGKht7HpiW1hYP6VNh33a4qJeNIbkqLHsz6V2dvDq9PUBskVbYDEfaxQIcyXHS51qUcteC38H7r0o4U8CJkrRqpXgR8Vwn3iyAg9p/viFAK+nhVTvEd26ALTQLbg/YKu9pTA9rYVnVYiKQrM4O 1iLoVaazXfhZelRJ4nLYT7l1w/6Xz7KqVBWd9g6ZtHYrLO9mNGM85cksi7iyP2G1AquRpKBdFKDFZgaACU1hK/MCto1mTX8eec1cOM0WhJh3JViD+GZ2fplwCsYccUfLqTccvoMqLUeIgJp9DAyCCLvuqk7Ae9r39ToUjVbdSfaiTsNt8q1cb2EIVwCM5901fxHtlau1 ykwrQKLaedctY+enQ1rBGcfibZ1lCZbzrOAXTNcSbMLToL1pv6OLI6EkaDvaFgj1oA53SZ9ukT79adKnW6VP16U/QzByeCRGz1ArX5ZK9g0EdggcjgzaZeWJ4zUA1LWULpOJ2s2hvHPgZa27QhXJcu8dB34CEyBPmyvjsHdlDJCEoNDFPkHxneeRJLoD+DBVU830HTZb ETRPgzJ+YH4BxTQ16NEFewKPciXyzqrmBov+oj4FX7S2EYh5LMfl9iwNCqrVDonImANvtf+02aIn4JJLicQFKv3nz5stq7MaH/cOs+Z55M0cexksY5SASXhBrIgPBq8nb9+AfGiqHhbTiOMn6BqKE2ZfCxcQu1h20fvipV0A9G5HH6AbZElrQLDoHSo0C2CaG0lYUcFn DFnpuc7yYW4MSzgHLPA+PKi2wAlN9WFgaNvvqh1W1hkKra0c7KYpUdS0KStTsjLTC4Gvbb1bl4dgXiiweVrVPQa+5FN4iT3M4xXFMlwkhnC53EEl+UIXZOshH/SHkAgCL2ZioJbDv+zewNGg70a8cs5gApgDCYTQeccQYBvv0gGcUa7FNlRo5quUaMTV4y6HHOzdF1lp OL3Sy7v7Tr9UnEK3idQN0qaUyyPNcmIouLs4uXOJ1MCRGujVZAGbyoRohVKLDSe1oX6JkZNzaWr9CfqsK10pPTRa51Gf4aSLNghab0UVTyA5XsCMBhpl1wXefHcpxBmVcj+GGbz8KrWr73Fl8qTVKdSUiGv+znrolLcqJjuCZom72nvDRjayps3W3wC7jHCmX6CzHI7a fwGt5kae6oDdS5NRjMUGtY00oaE9yItgkooq4g08K61iitgmHC61UrrTrOlB5LFvL12cEAvMPTIqw9MIYV01avMU1gdG7XwRrJw5a1fpXxxVGjfkWhKgcFRsrVaSlLgxgZcCNK1w3XTs9ZjIDxj4aRZpuEvBcAsHhjin802xp6tc9frmgHWeDKrn4zAXHAdmdvqJqWuc XnkOUeWIHPtwwQwDN/+mUagt8nOziuyF8n+5Y7LAEbEQ/MMIRrH3hPgI+CHsW8gnUMWzIHJ8u3SEoZBECBKKs6x7Mr84wDn/A4ls4CyvD+xA2ggHw5lxzI+Gbwy1WsCaz6fTGk79DE7hSmfz/pkx3s4b1ZHqzEHqqpe6bAxBEBFAwRyZdWvWG0lO+GZykjv3mPhJFDhW NjL5QeSBr85Z1Q1Z79oIHoj5pALOZZ2TaM43fZNUvxLJi+kgvfNCBxP5Jdth0ZXQVR6vS98ikblMEh5rsJiJPp92eIHxEiznmQK+mMNYE2Xpea+9lrdtmVt0fDAeM9FBs30u9h6GchvGJH7JFffpanhwGEbBLVKlX0fZlQ+Mb6ZsUlX4vSP/3md89gg4ih9aX6jp4lEj /Z0bDx98olmBufQgLqaL4/haVcLkhvJvW6YLPtSWMQmx+R22yTUsfQxT4Q0VHysZasGOhcDh8AcdUeyWKSj2Yu5YwOS2xXUY39wEu14m8y9vqOOHy4T4phQ0X7oIqpl/+UQWON5M3DtYYDNyQFdkQtliE3I0Fl/1wJiInALjI97qoY61WZxfGBl9ezph1PTiO0ZnjArH qXU3rS+mMEYP+8Ovh4++UlIXftr4Q+OPjXZDbXzR+Krx18Z547Jh7i32/r73j71/7v9r/9/7/9n/r0T96EFK83mj8tv/8X/ACdm7</latexit>

⇢̄(X)

<latexit sha1_base64="1pepfEDisTjbobkYbYPx/hH31ic=">AAAWo3icnRjbctvGlU6aNmUviZNYL8nDTj30kKFIAxTl2JmhG41suWwtWbUkRjOCgFkCSxAObgHAWPJq+daP7D/0I3p2F3deJhPOSFjsuV/3LKah68SJovz33kcf/+6T3//h0z82//Tnv/z1s8/v fzGJg0VkkgszcIPocopj4jo+uUicxCWXYUSwN3XJj9OfDjn8x19IFDuBf57chuTaw7bvzBwTJ7Bl3P/qPy1tSmzHp+TnhdhjzZYWzYO25uFkPp3RS9aBnTcesbFBx2MAfzCc0ZV2Gju7pwY9JRHjz7fEFk9Oq4Vzh103W25gG1RVWFubRdiknITRD5xfDgFejz/o9FvW QcB4pMULD8EeGiGO3U0FdFMB3bIA0CpxXIusavuy+hobNJlzdL5pYpe+4C8kwaNBX5HWCgxdGSl9VbzCdlgSlfO7Ec54QdwEoxudwwtbNJfMkrb4r01IlKDU6hBHiYNd9IEV64xfzBjSIseeSxK5BBFDZYWvYAau4R7M8Zqts0dHh0jTSmY8KqyQgMJsgzoJwDl3LSE3 Cb1i6kCRyxs2zFfZ3jXjIrgLDBrPWSYEljxA2VpXUBe1kdpXUK+y20FS98wTVUUgrqy6Z7LMMp3y+LBtUQDTjw6/X5Z0AruVO6Muho3UzMc4ioL3XM91WHVNmq1z4I+gOhIslQBO/dxzfuD3LBI7to+swMOOz5ZtCZkGbhI/jhdhGERJzHaRLB4d0nAs0kdgpbTxYlqQ SzwrwysrFHM79nZRTcuRqii1TQ/fsNFAUWoMAHfIN9Weht1wjoHKxp4HpqW1xUO6L+zbDBf1sjYkl4Vlr896l0cvj292EZunFTbFkXY+B0dynPS5EqXcteB38P7LEs4EcKIkrVopXkQ814k3C+Cg9p+tCdBSenjZDvGtG2ALTYObXbbMexrTw1pYlrWYCCSrs4W1CHqV 6XQbfpYeVZK4HPZjbt2w//RJVpWqotPeHpPWboTl3YxmjCc8mWURV/bPWK3AaiQpaBsFaLGeAWBCU9jIvIBtolnRn0deM+dOswUh5l0J1iC+mZ1fJpyCMUfc0nLqDYfvoErLESKgZh8BgyDCrrusE/Ce9nO9DkWjVbeSPa/TcJt8K9dbGMIVAON5d81fRHvlai0z0wqQ qHbedcvY+emQVnDGsXhbZVmC5Twr+AXTlQQ742nQXrff0cWRUBK0GW0DhHpQh9ukTzZIn/w66ZON0ier0p8gGDk8EqMnqJUvSyX7GgI7BA4HBu2y8sTxCgDqSkqXyUTt5lDeOfCi1l2himS59w4DP4EJkKfNpbHXuzQGSEJQ6GKfoPjW80gS3QJ8mKqpZvoOm60ImqdB GT8wv4Nimhj04Jw9hke5EnlnVXODRX9R98EXrU0EYh7Lcbk9C4OCarVDIjJmwFvt7zdb9AhcciGRuECl/+xZs2V1luPD3l7WPA+8qWMvgkWMEjAJz4kV8cHg1dmb1yAfmqqHxTTi+Am6guKE2dfCBcQull30vnhpFwC929EH6BpZ0hoQLHqHCs0CmOZGElZU8AlDVnqu s3yYG8MSzgELvA8Pqs1xQlN9GBja9rtqh5V1hkJrK7vbaUoUNW3KypSszPRC4Gtb79blIZgXCmyeVnWPgS/5FF5iD/N4RbEMF4khXC63UEm+0AXZasgH/SEkgsCLmRio5fAvuzdwNOi7Ea+cE5gAZkACIXTeMQTYxrt0AGeUa7EJFZr5MiUacfW4yyEHe3dFVhpOr/Ty 7q7TLxWn0O1M6gZpU8rlkWY5MRTcbZzcukRq4EgN9GqygE1lQrREqcWGk9pQv8TIybk0tf4KfVaVrpQeGq3yqM9w0kVrBK22ooonkBwvYEYDjbLrAm++2xTijEq5H8MMXn6V2tX3uDJ50uoUakrENX9nPXTMWxWTHUGzxF3tvWEjG1mTZuufgF1GONHP0UkOR+2/g1Yz I091wO6lySjGYoPaRprQ0B7kRTBJRRXxBp6VVjFBbB0Ol1op3UnW9CDy2LcXLk6IBeYeGJXhaYSwrhq1eQrrA6N2vghWzoy1q/TPDyqNG3ItCVA4KraWS0lK3JjASwGaVLiuO/Z6TOQHDPw0izTcpWC4hQNDnNP5ptjTVa56fXPAOo8H1fNxmAuOAzM7/cTUNU6vPHuo ckSOfbhghoGbf9Mo1Bb5uV5F9lz5Te44m+OIWAj+YQSj2HtCfAT8EPYt5BOo4mkQOb5dOsJQSCIECcVZ1j2ZXxzgnP+FRDZwltcHtitthIPhxDjkR8NbQ60WsObz6bSGUz+DU7jSWb9/Yow380Z1pDpzkLrspS4bQxBEBFAwQ2bdmtVGkhO+PjvKnXtI/CQKHCsbmfwg 8sBXp6zqhqx3rQUPxHxSAeeyTkk045u+SapfieTFdJDeeaGDifyS7bDoSugyj9eFb5HIXCQJjzVYzESfTzu8wHgBlvNMAV/MYKyJsvS8017J27bMLTreHY+Z6KDZPhd7B0O5DWMSv+SK+3Q1PDgMo+AGqdKvo+zKB8Y3xRV89bNecdccPe3v7xcD3F4VqPb3SsBhFTjo 7w0qlOkVrhh3uS31VON3n/ybo/H5Q7BK/NDqQk0XDxvp79S4f+8TzQrMhQe5Ybo4jq9UJUyuKf++ZroQR20RkxCbP2GbXMHSx6DeNRUfTBlqwY6FIOjwB11Z7JYpKPZiHlzA5DrHdRjfXAe7WiSzp9fU8cNFQnxTCpotXAQdhX99RRYE30zcW1hgM3JAV2RC68Am1Eks viyCMRE5BsYH/LiBXqJN4/zSyuib4zNGTS++ZXTKqHCcWnfT6mICo/ywP/z38OEPSurCTxtfN/7WaDfUxneNHxr/aJw2LhrmV/978MWDrx98s9Pa+dfO251zifrRvZTmy0blt3P9f8FXA6w=</latexit>

� = �thfs

<latexit sha1_base64="fZTtYkAPb8qVtWlbiA1mC2j7BfA=">AAAXPHicnRjbbtvIVdntZaveNl3YQNGXQQMFUmUppCRnkwLKruHEqYrYcVe21oBpEiNyJDHLW0hqY2c8+o2+tj/S/+h734q+9rlnZnjXBYsKsDk858y5nzNnOA0cO4oV5Z8PPvn0Rz/+yU8/+1n9 57/45a9+/fnD30wifxma5NL0HT+8muKIOLZHLmM7dshVEBLsTh3y7fS7Y47/9nsSRrbvXcR3Ablx8dyzZ7aJYwAZD/fqDW1K5rZHyfulgDGAhAu/qbk4Xkxn9Iq1APLWJXNs0NEI0B8Ne3itnUf2wblBz0nI+PMbMhdPvlcLFja7qTccf25QVWFNbRZik/ItjH7k/DIM8HryUad/YC0EjIdatHQRwNAQcep2IqCdCGgXBYBWse1YZF3bV+XXyKDxgpNzoIkd+pK/kBgPe11FWisodGWodFXxCuCgICrjdyuc8ZI4MUa3OsfntmgOmcVN8V+bkDBGidUBDmMbO+gjy9cpv4gxpIX2fCG3yCWIGChrfAUzcA33YEZXb4wfnxwjTSuY8Ti3QiJysw1q x4Dn3LWY3Mb0mqk9RS5v2SBbpbAbxkVwFxg0WrBUCCx5gNK1rqA2aiK1q6BOCdpCUvfUE2VFIK6sDDNZaplOeXzYriiA6SfHf1wVdAK7lXujKoYN1dTHOAz9D1zPTVRVTeqNC+CPoDpiLJUATt3Mc57vdSwS2XMPWb6LbY+tmhIz9Z04ehItg8AP44gdIFk8OqThSKSP oEr2Rstpvl3SWSldUaGI29E/QBUth6qiVIAuvmXDnqJUGADtgAPVjoadYIFh1xy7LpiW1BYP6aGwbzte1MvGkFzllr0Zd65OXp3eHiC2SCpsikPtYgGO5DTJcy1KmWvB7+D9VwWaCdCEcVK1UryIeKYTbxbAQe0+3xCglfTwqhngO8fHFpr6twdslfU0pgeVsKwqMRFE VmsHaxH0MtPpLvo0PcpbomLYT7l1g+6zp2lVqopOO30mrd2Ky7oZTRlPeDLLIi7Bx6xSYJUtCWrXDtBiMwOghKawlXmO27ZnTX8eec1c2PUGhJh3JViD+Oz8MuEUjDjhjpZTbTgcgkotR4iAmn0MDPwQO86quoH3tPfVOhSNVt257UV1D7fJszK9hSFcATCed9fsRbRX rtYqNS1HiWrnXbdInZ0OSQWnHPO3dZYFXMazRJ8zXUuwMU+D5iZ4SxdHQkHQdrItGOpCHe6SPtkiffLDpE+2Sp+sS3+KYORwSYSeoka2LJTsGwjsADgcGbTNihPHa0Coayld3CZqN8PyzoGXle4KVSTLvXPsezFMgDxtrox+58roIYlBgYM9gqI71yVxeAf4QaKmmuo7 qDdCaJ4GZfzA/BKKaWLQowv2BB7FSuSdVc0MFv1FPQRfNLZtEPNYRsvtWRoUVKscEqExA95q97DeoCfgkktJxAUq3efP6w2rtRodd/pp8zxyp/Z86S8jFINJeEGskA8Gr8dv34B8aKouFtOI7cXoGooTZl8L55h5vmyjD/lLM0fo7ZbeQzfIktaAYNE7VGgWwDQzkrC8 gs8YspJznWXD3AiWcA5Y4H14UG2BY5row8DQptdWW6yoMxRaUznYvaewo6JNUZmClaleCHw919tVeQjmhZyap1XVY+BLPoUX2MM8XlIspUViCJfLHbskX+iCbD3kve4AEkHQRUwM1HL4l90bOBr03ZBXzhlMADPYAiG03zEE1Ma7ZABnlGuxjRSa+SrZNOTqcZdDDnbu 86w07E7h5d19q1soTqHbWOoGaVPI5aFm2REU3F0U3zlEamBLDfRysoBNxY1ohRKLDTuxoXqJkZNzYWr9AfqsK10qPTRc51Gd4aSLNghab0UlTyA5XsCMBhql1wXefHcpxBkVcj+CGbz4KrWrwrgyWdLqFGpKxDV7Zx10ylsVkx1Bs8Rd7YMxR3NkTeqNPwN1keBMv0Bn GR41vwKtZkaW6kDdSZJRjMUGnRtJQkN7kBfBOBGVxxt4llrFBLFNNFxqqXQnadODyGNvvnRwTCww98goDU9DhHXVqMxTWO8ZlfNFsLJnrFne/+Ko1Lgh12IfBcMctFrJrcSJCLzkqEmJ66Zjr8NEfsDAT9NIw10Khls4MMQ5nQEFTFe56lVgj7We9Mrn4yATHPlmevqJqWuUXHn6qHREjjy4YAa+k33TyNUW+blZRfZC+b/cMV7gkFgI/mEEo9gHQjwE/BD2LOQRqOKpH9revHCEoYCECBKKs6x6Mrs4wDn/PQnnwFleH9iBtBEOhjPjmB8N3xhquYA1j0+nFZrqGZzgldZm+Jkx2s4bVYmqzEHqqpO4bARBEBFA/gyZVWvWG0m28c34JHPuMfHi 0LetdGTy/NAFX52zshvS3rUR3RPzSQmdyTon4YwDPZOUvxLJi2kvufNCBxP5Jdth3pXQVRavS88iobmMYx5rsJiJPp90eEHxEiznmQK+mMFYE6bpea+9lrdtmVt0dDAaMdFBUzgXew+NzkEaCSLb8T3gKS7V5RjhIAj9W6Qml+Jet3+Yz2X99CLIHQb+mZUzYJijexvQ X9U5dpheJQ06i0pz7CkbPuseVsQVkGpJl0EZCYr2SjuTi2A+NHOPVBOWf1moHJ0vUqAY52HG7R8mvuivyecXsOzDp/H5I6WriB9aX6jJ4lEt+Z0bDx/8VrN8c+lCgpoOjqJrVQniG8o/8pkOJJO2jEiAze/wnFzD0sMg+oaKr7YMNQBiIcg8+IOjQUCLOyh2I55hQMmN i6o4DsxwjSKSLMGnFenx7NkNtb1gGRPPlMJnSwdBq+OfhZEFWWnGzh0ssBnaoD8yoadhEwo4Ep88wcCQnIKwI34OQpPTplF2m2b07emYUdON7hidMiqcqVZdt76YwB1j0D38y+DR10ri1s9qv6v9vtasqbUva1/X/lQ7r13WzL33e3/d+9ve3/f/sf+v/X/v/0eSfvIg2fNFrfTb/+//ANjfPDM=</latexit>

� = �thfs

<latexit sha1_base64="fZTtYkAPb8qVtWlbiA1mC2j7BfA=">AAAXPHicnRjbbtvIVdntZaveNl3YQNGXQQMFUmUppCRnkwLKruHEqYrYcVe21oBpEiNyJDHLW0hqY2c8+o2+tj/S/+h734q+9rlnZnjXBYsKsDk858y5nzNnOA0cO4oV5Z8PPvn0Rz/+yU8/+1n9 57/45a9+/fnD30wifxma5NL0HT+8muKIOLZHLmM7dshVEBLsTh3y7fS7Y47/9nsSRrbvXcR3Ablx8dyzZ7aJYwAZD/fqDW1K5rZHyfulgDGAhAu/qbk4Xkxn9Iq1APLWJXNs0NEI0B8Ne3itnUf2wblBz0nI+PMbMhdPvlcLFja7qTccf25QVWFNbRZik/ItjH7k/DIM 8HryUad/YC0EjIdatHQRwNAQcep2IqCdCGgXBYBWse1YZF3bV+XXyKDxgpNzoIkd+pK/kBgPe11FWisodGWodFXxCuCgICrjdyuc8ZI4MUa3OsfntmgOmcVN8V+bkDBGidUBDmMbO+gjy9cpv4gxpIX2fCG3yCWIGChrfAUzcA33YEZXb4wfnxwjTSuY8Ti3QiJysw1q x4Dn3LWY3Mb0mqk9RS5v2SBbpbAbxkVwFxg0WrBUCCx5gNK1rqA2aiK1q6BOCdpCUvfUE2VFIK6sDDNZaplOeXzYriiA6SfHf1wVdAK7lXujKoYN1dTHOAz9D1zPTVRVTeqNC+CPoDpiLJUATt3Mc57vdSwS2XMPWb6LbY+tmhIz9Z04ehItg8AP44gdIFk8OqThSKSP oEr2Rstpvl3SWSldUaGI29E/QBUth6qiVIAuvmXDnqJUGADtgAPVjoadYIFh1xy7LpiW1BYP6aGwbzte1MvGkFzllr0Zd65OXp3eHiC2SCpsikPtYgGO5DTJcy1KmWvB7+D9VwWaCdCEcVK1UryIeKYTbxbAQe0+3xCglfTwqhngO8fHFpr6twdslfU0pgeVsKwqMRFE VmsHaxH0MtPpLvo0PcpbomLYT7l1g+6zp2lVqopOO30mrd2Ky7oZTRlPeDLLIi7Bx6xSYJUtCWrXDtBiMwOghKawlXmO27ZnTX8eec1c2PUGhJh3JViD+Oz8MuEUjDjhjpZTbTgcgkotR4iAmn0MDPwQO86quoH3tPfVOhSNVt257UV1D7fJszK9hSFcATCed9fsRbRX rtYqNS1HiWrnXbdInZ0OSQWnHPO3dZYFXMazRJ8zXUuwMU+D5iZ4SxdHQkHQdrItGOpCHe6SPtkiffLDpE+2Sp+sS3+KYORwSYSeoka2LJTsGwjsADgcGbTNihPHa0Coayld3CZqN8PyzoGXle4KVSTLvXPsezFMgDxtrox+58roIYlBgYM9gqI71yVxeAf4QaKmmuo7 qDdCaJ4GZfzA/BKKaWLQowv2BB7FSuSdVc0MFv1FPQRfNLZtEPNYRsvtWRoUVKscEqExA95q97DeoCfgkktJxAUq3efP6w2rtRodd/pp8zxyp/Z86S8jFINJeEGskA8Gr8dv34B8aKouFtOI7cXoGooTZl8L55h5vmyjD/lLM0fo7ZbeQzfIktaAYNE7VGgWwDQzkrC8 gs8YspJznWXD3AiWcA5Y4H14UG2BY5row8DQptdWW6yoMxRaUznYvaewo6JNUZmClaleCHw919tVeQjmhZyap1XVY+BLPoUX2MM8XlIspUViCJfLHbskX+iCbD3kve4AEkHQRUwM1HL4l90bOBr03ZBXzhlMADPYAiG03zEE1Ma7ZABnlGuxjRSa+SrZNOTqcZdDDnbu 86w07E7h5d19q1soTqHbWOoGaVPI5aFm2REU3F0U3zlEamBLDfRysoBNxY1ohRKLDTuxoXqJkZNzYWr9AfqsK10qPTRc51Gd4aSLNghab0UlTyA5XsCMBhql1wXefHcpxBkVcj+CGbz4KrWrwrgyWdLqFGpKxDV7Zx10ylsVkx1Bs8Rd7YMxR3NkTeqNPwN1keBMv0Bn GR41vwKtZkaW6kDdSZJRjMUGnRtJQkN7kBfBOBGVxxt4llrFBLFNNFxqqXQnadODyGNvvnRwTCww98goDU9DhHXVqMxTWO8ZlfNFsLJnrFne/+Ko1Lgh12IfBcMctFrJrcSJCLzkqEmJ66Zjr8NEfsDAT9NIw10Khls4MMQ5nQEFTFe56lVgj7We9Mrn4yATHPlmevqJ qWuUXHn6qHREjjy4YAa+k33TyNUW+blZRfZC+b/cMV7gkFgI/mEEo9gHQjwE/BD2LOQRqOKpH9revHCEoYCECBKKs6x6Mrs4wDn/PQnnwFleH9iBtBEOhjPjmB8N3xhquYA1j0+nFZrqGZzgldZm+Jkx2s4bVYmqzEHqqpO4bARBEBFA/gyZVWvWG0m28c34JHPuMfHi 0LetdGTy/NAFX52zshvS3rUR3RPzSQmdyTon4YwDPZOUvxLJi2kvufNCBxP5Jdth3pXQVRavS88iobmMYx5rsJiJPp90eEHxEiznmQK+mMFYE6bpea+9lrdtmVt0dDAaMdFBUzgXew+NzkEaCSLb8T3gKS7V5RjhIAj9W6Qml+Jet3+Yz2X99CLIHQb+mZUzYJijexvQ X9U5dpheJQ06i0pz7CkbPuseVsQVkGpJl0EZCYr2SjuTi2A+NHOPVBOWf1moHJ0vUqAY52HG7R8mvuivyecXsOzDp/H5I6WriB9aX6jJ4lEt+Z0bDx/8VrN8c+lCgpoOjqJrVQniG8o/8pkOJJO2jEiAze/wnFzD0sMg+oaKr7YMNQBiIcg8+IOjQUCLOyh2I55hQMmN i6o4DsxwjSKSLMGnFenx7NkNtb1gGRPPlMJnSwdBq+OfhZEFWWnGzh0ssBnaoD8yoadhEwo4Ep88wcCQnIKwI34OQpPTplF2m2b07emYUdON7hidMiqcqVZdt76YwB1j0D38y+DR10ri1s9qv6v9vtasqbUva1/X/lQ7r13WzL33e3/d+9ve3/f/sf+v/X/v/0eSfvIg 2fNFrfTb/+//ANjfPDM=</latexit>

Figure 9: Half of the optimized designs of the the 2D beam optimization problem showing the (top) LS,
(center) filtered projected density, and (bottom) unfiltered unprojected density fields for two di↵erent filter
radii.

5.1.2 Interplay of design fields

Figure 9 shows the optimized designs of Fig. 7 corresponding to r
⇢
f=[1.42, 2.84] colored by three fields: the

LSF, projected density field, and an unfiltered unprojected density field, ⇢̄(X). This last field is constructed
by linearly interpolating the density optimization variables as follows:

⇢̄(X) =
NeX

i=1

Ni(X) s⇢i . (23)

In addition, insets with the contours described in Section 3.2 are shown to assess the e↵ectiveness of the
minimum feature size functionality.

The top row of Fig. 9 shows that the LSF has a smooth transition between material and void with a
unit gradient norm, as well as a uniform truncated field between [+3h,-3h] away from the interface. This is
achieved by the regularization penalty summarized in Section 4. The yellow contour �(X) = �thfs = 1.5h
follows closely the interface while leaving room for intermediate densities to develop in the space between
this contour and the interface. A smooth LSF is observed with both filter radii. As explained in Section
3.2.1, failing to enforce a regularized LSF like the one shown in this example prevents the control on the
region where the VDDR penalty is active in the void phase.

The projected density fields of the optimized designs shown in the middle row of Fig. 9 illustrate fields
predominantly filled with uniform densities of 0.0 and 1.0 in the void and solid phases, respectively. Insets
of this field display narrow transition regions for both density filter radii. It can be seen that for r

⇢
f=1.42

the interface and the density contour �⇢ (depicted using yellow dashed lines) overlap, and thus achieve the
desired behavior; see Fig. 4. However, overcutting, i.e., placing low-density material within the solid phase
in the vicinity of the interface is observed for r

⇢
f=2.84. In general, the larger r

⇢
f is, the more di↵use is the

transition region of the filtered projected density field. Despite the projection promoting a narrow transition
region, its width strongly depends on the filter radius. Note that overcutting can be mitigated by choosing
the bounds of the truncated regularized LSF and the �thfs threshold as function of r⇢f appropriately. This
way, material is not removed too closely to the interface. Figure 10 shows this e↵ect on the results with
r
⇢
f=2.84 by using �up = 8h and �low = �8h as the bounds of the regularized LSF.

The unfiltered unprojected density field, ⇢̄(X), is shown at the bottom row of Fig. 9. Only the solid
phase is displayed for clarity but a uniform field, ⇢̄(X) ⇡ 0.0, is obtained in the void phase. The insets
show a skeleton delineated at the center of regions where the minimum feature size is enforced in both cases.
This is achieved by promoting a density of zero in the void phase through the VDDR penalty. Note that
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Figure 10: Half of the optimized designs of the 2D beam optimization problem showing the (top) LS, (center)
filtered projected density, and (bottom) unfiltered unprojected density fields using r
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<latexit sha1_base64="mbr3rNO8EmIEvx/LaRAFoVAaVUY=">AAAWnnicnRhtb9vGWWnXrdPWreka78O+HBYokGZLISU5TQYoq+HEmYbY8WpbFWCaxIk8UUz5VpJq7JxP2N/cL9jf2HN3fNcLigqwebzn/fWe4yx0nThRlP8++OTTX3326998/tvm737/xR/++OXD ryZxsIxMcmUGbhBNZzgmruOTq8RJXDINI4K9mUu+n/1wzOHf/0Si2An8y+QuJDcetn1n7pg4gS3j4df/aWkzYjs+JT8uxR5rtrRoEbQ1DyeL2ZxOWQd23nnExgYdjwH80XBG19p57BycG/ScRIw/vyO2eHJaLVw47KbZcgPboKrC2to8wiblJIx+5PxyCPB6+lGnf2Md BIxHWrz0EOyhEeLY+6mA/VTAflkAaJU4rkXWtX1dfY0Nmiw4Ot80sUtf8ReS4FG/p0hrBYaujJSeKl5hOyyJyvndCme8Im6C0a3O4YUtmkvmSVv81yYkSlBqdYijxMEu+siKdcYvZgxpkWMvJIlcgoihssZXMAPXcA/meM3WxZOTY6RpJTOeFFZIQGG2QZ0E4Jy7lpDb hF4zta/I5S0b5qts74ZxEdwFBo0XLBMCSx6gbK0raB+1kdpTULey20FS98wTVUUgrqy6Z7LMMp3y+LBdUQDTT47/virpBHYr90ZdDBupmY9xFAUfuJ6bsOqaNFuXwB9BdSRYKgGcernn/MDvWiR2bB9ZgYcdn63aEjIL3CR+Gi/DMIiSmB0gWTw6pOFYpI/ASmnj5awg l3hWhldWKOZ2DA5QTcuRqii1TQ/fslFfUWoMAHfIN9Wuht1wgYHKxp4HpqW1xUN6KOzbDhf1sjEk08Kytxfd6cnr09sDxBZphc1wpF0uwJEcJ32uRSl3LfgdvP+6hDMBnChJq1aKFxHPdeLNAjiovRcbArSSHl61Q3znBthCs+D2gK3ynsb0sBaWVS0mAsnq7GAtgl5l OtuFn6VHlSQuh/2UWzfsPX+WVaWq6LQ7YNLarbC8m9GM8YQnsyziyv4FqxVYjSQF7aIALTYzAExoCluZF7BtNGv688hr5sJptiDEvCvBGsQ3s/PLhFMw5og7Wk694fAdVGk5QgTU7BNgEETYdVd1At7TfqzXoWi06k6yl3UabpNv5XoLQ7gCYDzvrvmLaK9crVVmWgES 1c67bhk7Px3SCs44Fm/rLEuwnGcFv2C6lmAXPA3am/Y7ujgSSoK2o22BUA/qcJf0yRbpk58nfbJV+mRd+jMEI4dHYvQMtfJlqWTfQmCHwOHIoPusPHG8AYC6ltJlMlG7OZR3DrysdVeoIlnu3ePAT2AC5GkzNQbdqdFHEoJCF/sExXeeR5LoDuDDVE0103fYbEXQPA3K +IH5DRTTxKBHl+wpPMqVyDurmhss+ot6CL5obSMQ81iOy+1ZGhRUqx0SkTEH3mrvsNmiJ+CSK4nEBSq9Fy+aLauzGh93B1nzPPJmjr0MljFKwCS8IFbEB4M3F+/egnxoqh4W04jjJ+gaihNmXwsXELtY7qMPxUu7AOj7Hb2PbpAlrQHBoneo0CyAaW4kYUUFnzFkpec6 y4e5MSzhHLDA+/Cg2gInNNWHgaFtf1/tsLLOUGht5WA3TYmipk1ZmZKVmV4IfG3r+3V5COaFApunVd1j4Es+hZfYwzxeUSzDRWIIl8sdVJIvdEG2HvJ+bwiJIPBiJgZqOfzL7g0cDfp+xCvnDCaAOZBACJ33DAG28T4dwBnlWmxDhWa+SolGXD3ucsjB7n2RlYbTLb28 v+/0SsUpdLuQukHalHJ5pFlODAV3Fyd3LpEaOFIDvZosYFOZEK1QarHhpDbULzFyci5NrT9Dn3WlK6WHRus86jOcdNEGQeutqOIJJMcLmNFAo+y6wJvvLoU4o1LuxzCDl1+ldvU9rkyetDqFmhJxzd9ZF53yVsVkR9AscVf7YNjIRtak2foXYJcRzvRLdJbDUfsfoNXc yFMdsLtpMoqx2KC2kSY0tAd5EUxSUUW8gWelVUwQ24TDpVZKd5I1PYg89u2lixNigblHRmV4GiGsq0ZtnsJ636idL4KVM2ftKv3Lo0rjhlxLAhSOiq3VSpISNybwUoAmFa6bjr0uE/kBAz/NIg13KRhu4cAQ53S+KfZ0late3+yzztN+9Xwc5oLjwMxOPzF1jdMrzwBV jsixDxfMMHDzbxqF2iI/N6vIXiq/yB0XCxwRC8E/jGAU+0CIj4Afwr6FfAJVPAsix7dLRxgKSYQgoTjLuifziwOc8z+RyAbO8vrADqSNcDCcGcf8aPjOUKsFrPl8Oq3h1M/gFK50Nu+fGePtvFEdqc4cpK66qcvGEAQRARTMkVm3Zr2R5IRvL05y5x4TP4kCx8pGJj+I PPDVOau6IetdG8F9MZ9UwLmscxLN+aZvkupXInkx7ad3XuhgIr9kOyy6Eprm8bryLRKZyyThsQaLmejzaYcXGK/Acp4p4Is5jDVRlp732ht525a5RccH4zETHTTb52LvYSi3YUzil1xxn66GB4dhFNwiVfp1lF35wPgmnHh6eg9QeoPyzHrKRs97h4fF7DaoAtXeoAQc VoH93qBfoUxvb8Wky82oZxm/9uSfG40vH4NB4ofWF2q6eNxIf+fGwwefaVZgLj1IC9PFcXytKmFyQ/mnNdOFEGrLmITY/AHb5BqWPgb1bqj4VspQC3YsBPGGP2jIYrdMQbEX87gCJtc5rsP45ibY9TKZP7+hjh8uE+KbUtB86SJoJvzDK7Ig7mbi3sECm5EDuiITugY2 oURi8VERjInIKTA+4icNtBFtFuf3VUbfnV4wanrxHaMzRoXj1Lqb1hcTmOKHveG/h4+/HaYu/Lzxl8ZfG+2G2vim8W3jn43zxlXD/Pp/j754tPfoz3to72TvdO+dRP3kQUrzp0bltzf9P3gOAFc=</latexit>

r
⇢
f = 5.68

<latexit sha1_base64="vhRxppx6MIVfWgS1XFk8nAZ+sZ4=">AAAWnnicnRhtb9vGWWnXrdPWreka78O+HBYokCZLIWU5TQYoq+HEmYbY8SpbNWCaxIk8UUz5VpJq7JxP2N/cL9jf2HN3fNcLigqwebzn/fWe4yx0nThRlP8++OTTX3326998/tvm737/xR/++OXD r6ZxsIxMcmkGbhBdzXBMXMcnl4mTuOQqjAj2Zi75fvbDMYd//xOJYifwL5K7kNx42PaduWPiBLaMh1//p6XNiO34lPy4FHus2dKiRdDWPJwsZnN6xTqw884jNjboeAzgj4YzutbOY2f/3KDnJGL8+R2xxZPTauHCYTfNlhvYBlUV1tbmETYpJ2H0I+eXQ4DX0486/Rvr IGA80uKlh2APjRDH7qYCuqmAblkAaJU4rkXWtX1dfY0Nmiw4Ot80sUtf8ReS4NGgr0hrBYaujJS+Kl5hOyyJyvndCme8Im6C0a3O4YUtmkvmSVv816YkSlBqdYijxMEu+siKdcYvZgxpkWMvJIlcgoihssZXMAPXcA/meM3W5MnJMdK0khlPCiskoDDboE4CcM5dS8htQq+ZOlDk8pYN81W2d8O4CO4Cg8YLlgmBJQ9QttYV1EVtpPYV1KvsdpDUPfNEVRGIK6vumSyzTKc8PmxXFMD0k+O/r0o6gd3KvVEXw0Zq5mMcRcEHrucmrLomzdYF8EdQHQmWSgCnfu45P/B7Fokd20dW4GHHZ6u2hMwCN4mfxsswDKIkZvtIFo8OaTgW6SOwUtp4OSvI JZ6V4ZUVirkdB/uopuVIVZTapodv2WigKDUGgDvkm2pPw264wEBlY88D09La4iE9FPZth4t62RiSq8Kyt5Pe1cnr09t9xBZphc1wpF0swJEcJ32uRSl3LfgdvP+6hDMFnChJq1aKFxHPdeLNAjio/RcbArSSHl61Q3znBthCs+B2n63ynsb0sBaWVS0mAsnq7GAtgl5l OtuFn6VHlSQuh/2UWzfsP3+WVaWq6LR3wKS1W2F5N6MZ4ylPZlnElf0JqxVYjSQF7aIALTYzAExoCluZF7BtNGv688hr5sJptiDEvCvBGsQ3s/PLhFMw5og7Wk694fAdVGk5QgTU7BNgEETYdVd1At7TfqzXoWi06k6yl3UabpNv5XoLQ7gCYDzvrvmLaK9crVVmWgES 1c67bhk7Px3SCs44Fm/rLEuwnGcFv2C6lmATngbtTfsdXRwJJUHb0bZAqAd1uEv6dIv06c+TPt0qfbou/RmCkcMjMXqGWvmyVLJvIbBD4HBk0C4rTxxvAKCupXSZTNRuDuWdAy9r3RWqSJZ77zjwE5gAedpcGQe9K2OAJASFLvYJiu88jyTRHcCHqZpqpu+w2YqgeRqU8QPzGyimqUGPLthTeJQrkXdWNTdY9Bf1EHzR2kYg5rEcl9uzNCioVjskImMOvNX+YbNFT8AllxKJC1T6L140W1ZnNT7uHWTN88ibOfYyWMYoAZPwglgRHwzeTN69BfnQVD0sphHHT9A1FCfMvhYuIHax7KIPxUu7AOjdjj5AN8iS1oBg0TtUaBbANDeSsKKCzxiy0nOd 5cPcGJZwDljgfXhQbYETmurDwNC231U7rKwzFFpb2d9NU6KoaVNWpmRlphcCX9t6ty4PwbxQYPO0qnsMfMmn8BJ7mMcrimW4SAzhcrmDSvKFLsjWQz7oDyERBF7MxEAth3/ZvYGjQd+PeOWcwQQwBxIIofOeIcA23qcDOKNci22o0MxXKdGIq8ddDjnYuy+y0nB6pZf3 951+qTiFbhOpG6RNKZdHmuXEUHB3cXLnEqmBIzXQq8kCNpUJ0QqlFhtOakP9EiMn59LU+jP0WVe6UnpotM6jPsNJF20QtN6KKp5AcryAGQ00yq4LvPnuUogzKuV+DDN4+VVqV9/jyuRJq1OoKRHX/J310ClvVUx2BM0Sd7UPho1sZE2brX8BdhnhTL9AZzkctf8BWs2N PNUBu5cmoxiLDWobaUJDe5AXwSQVVcQbeFZaxRSxTThcaqV0p1nTg8hj3166OCEWmHtkVIanEcK6atTmKawPjNr5Ilg5c9au0r88qjRuyLUkQOGo2FqtJClxYwIvBWha4brp2OsxkR8w8NMs0nCXguEWDgxxTuebYk9Xuer1zQHrPB1Uz8dhLjgOzOz0E1PXOL3yHKDKETn24YIZBm7+TaNQW+TnZhXZS+UXuWOywBGxEPzDCEaxD4T4CPgh7FvIJ1DFsyByfLt0hKGQRAgSirOsezK/OMA5/xOJbOAsrw9sX9oIB8OZccyPhu8MtVrAms+n0xpO/QxO4Upn8/6ZMd7OG9WR6sxB6qqXumwMQRARQMEcmXVr1htJTvh2cpI795j4SRQ4VjYy+UHk ga/OWdUNWe/aCB6I+aQCzmWdk2jON32TVL8SyYvpIL3zQgcT+SXbYdGV0FUer0vfIpG5TBIea7CYiT6fdniB8Qos55kCvpjDWBNl6XmvvZG3bZlbdLw/HjPRQbN9LvYehnIbxiR+yRX36Wp4cBhGwS1SpV9H2ZUPjG/Ciaen94DD/rPnlWvm6Hn/8LCY3Q6qQLV/UAIO q8BB/2BQoUxvb8Wky82oZxm/9uSfG40vH4NB4ofWF2q6eNxIf+fGwwefaVZgLj1IC9PFcXytKmFyQ/mnNdOFEGrLmITY/AHb5BqWPgb1bqj4VspQC3YsBPGGP2jIYrdMQbEX87gCJtc5rsP45ibY9TKZP7+hjh8uE+KbUtB86SJoJvzDK7Ig7mbi3sECm5EDuiITugY2oURi8VERjInIKTA+4icNtBFtFuf3VUbfnU4YNb34jtEZo8Jxat1N64spTPHD/vDfw8ffDlMXft74S+OvjXZDbXzT+Lbxz8Z547Jhfv2/R1882nv05z20d7J3uvdOon7yIKX5U6Py27v6P46+AGE=</latexit>

 = 2.32 ⇥ 103

<latexit sha1_base64="RPz8I0t+wrVwk8YSk5R+b7/6iFQ=">AAAWo3icnRjbctvGlU6aNmUviZNYL8nDTj30kKFIAxTl2JmhG41suWwtWbUkRjOCgFkCSxAObgHAWPJq+daP7D/0I3p2F3deJhPOSFjsuV/3LKah68SJovz33kcf/+6T3//h0z82//Tnv/z1s8/v fzGJg0VkkgszcIPocopj4jo+uUicxCWXYUSwN3XJj9OfDjn8x19IFDuBf57chuTaw7bvzBwTJ7Bl3P/qPy1tSmzHp+TnhdhjzZYWzYO25uFkPp3RS9aBnTcesbFBx2MAfzCc0ZV2Gju7pwY9JRHjz7fEFk9Oq4Vzh103W25gG1RVWFubRdiknITRD5xfDgFejz/o9FvW QcB4pMULD8EeGiGO3U0FdFMB3bIA0CpxXIusavuy+hobNJlzdL5pYpe+4C8kwaNBX5HWCgxdGSl9VbzCdlgSlfO7Ec54QdwEoxudwwtbNJfMkrb4r01IlKDU6hBHiYNd9IEV64xfzBjSIseeSxK5BBFDZYWvYAau4R7M8Zqts0dHh0jTSmY8KqyQgMJsgzoJwDl3LSE3 Cb1i6kCRyxs2zFfZ3jXjIrgLDBrPWSYEljxA2VpXUBe1kdpXUK+y20FS98wTVUUgrqy6Z7LMMp3y+LBtUQDTjw6/X5Z0AruVO6Muho3UzMc4ioL3XM91WHVNmq1z4I+gOhIslQBO/dxzfuD3LBI7to+swMOOz5ZtCZkGbhI/jhdhGERJzHaRLB4d0nAs0kdgpbTxYlqQ SzwrwysrFHM79nZRTcuRqii1TQ/fsNFAUWoMAHfIN9Weht1wjoHKxp4HpqW1xUO6L+zbDBf1sjYkl4Vlr896l0cvj292EZunFTbFkXY+B0dynPS5EqXcteB38P7LEs4EcKIkrVopXkQ814k3C+Cg9p+tCdBSenjZDvGtG2ALTYObXbbMexrTw1pYlrWYCCSrs4W1CHqV 6XQbfpYeVZK4HPZjbt2w//RJVpWqotPeHpPWboTl3YxmjCc8mWURV/bPWK3AaiQpaBsFaLGeAWBCU9jIvIBtolnRn0deM+dOswUh5l0J1iC+mZ1fJpyCMUfc0nLqDYfvoErLESKgZh8BgyDCrrusE/Ce9nO9DkWjVbeSPa/TcJt8K9dbGMIVAON5d81fRHvlai0z0wqQ qHbedcvY+emQVnDGsXhbZVmC5Twr+AXTlQQ742nQXrff0cWRUBK0GW0DhHpQh9ukTzZIn/w66ZON0ier0p8gGDk8EqMnqJUvSyX7GgI7BA4HBu2y8sTxCgDqSkqXyUTt5lDeOfCi1l2himS59w4DP4EJkKfNpbHXuzQGSEJQ6GKfoPjW80gS3QJ8mKqpZvoOm60ImqdB GT8wv4Nimhj04Jw9hke5EnlnVXODRX9R98EXrU0EYh7Lcbk9C4OCarVDIjJmwFvt7zdb9AhcciGRuECl/+xZs2V1luPD3l7WPA+8qWMvgkWMEjAJz4kV8cHg1dmb1yAfmqqHxTTi+Am6guKE2dfCBcQull30vnhpFwC929EH6BpZ0hoQLHqHCs0CmOZGElZU8AlDVnqu s3yYG8MSzgELvA8Pqs1xQlN9GBja9rtqh5V1hkJrK7vbaUoUNW3KypSszPRC4Gtb79blIZgXCmyeVnWPgS/5FF5iD/N4RbEMF4khXC63UEm+0AXZasgH/SEkgsCLmRio5fAvuzdwNOi7Ea+cE5gAZkACIXTeMQTYxrt0AGeUa7EJFZr5MiUacfW4yyEHe3dFVhpOr/Ty 7q7TLxWn0O1M6gZpU8rlkWY5MRTcbZzcukRq4EgN9GqygE1lQrREqcWGk9pQv8TIybk0tf4KfVaVrpQeGq3yqM9w0kVrBK22ooonkBwvYEYDjbLrAm++2xTijEq5H8MMXn6V2tX3uDJ50uoUakrENX9nPXTMWxWTHUGzxF3tvWEjG1mTZuufgF1GONHP0UkOR+2/g1Yz I091wO6lySjGYoPaRprQ0B7kRTBJRRXxBp6VVjFBbB0Ol1op3UnW9CDy2LcXLk6IBeYeGJXhaYSwrhq1eQrrA6N2vghWzoy1q/TPDyqNG3ItCVA4KraWS0lK3JjASwGaVLiuO/Z6TOQHDPw0izTcpWC4hQNDnNP5ptjTVa56fXPAOo8H1fNxmAuOAzM7/cTUNU6vPHuo ckSOfbhghoGbf9Mo1Bb5uV5F9lz5Te44m+OIWAj+YQSj2HtCfAT8EPYt5BOo4mkQOb5dOsJQSCIECcVZ1j2ZXxzgnP+FRDZwltcHtitthIPhxDjkR8NbQ60WsObz6bSGUz+DU7jSWb9/Yow380Z1pDpzkLrspS4bQxBEBFAwQ2bdmtVGkhO+PjvKnXtI/CQKHCsbmfwg 8sBXp6zqhqx3rQUPxHxSAeeyTkk045u+SapfieTFdJDeeaGDifyS7bDoSugyj9eFb5HIXCQJjzVYzESfTzu8wHgBlvNMAV/MYKyJsvS8017J27bMLTreHY+Z6KDZPhd7B0O5DWMSv+SK+3Q1PDgMo+AGqdKvo+zKB8Y3xQV50N8bFDPaXuWuOXra39/fCFT7eyXgsApc YZte4Ypxl9tSTzV+98m/ORqfPwSrxA+tLtR08bCR/k6N+/c+0azAXHiQG6aL4/hKVcLkmvLva6YLcdQWMQmx+RO2yRUsfQzqXVPxwZShFuxYCIIOf9CVxW6ZgmIv5sEFTK5zXIfxzXWwq0Uye3pNHT9cJMQ3paDZwkXQUfjXV2RB8M3EvYUFNiMHdEUmtA5sQp3E4ssi GBORY2B8wI8b6CXaNM4vrYy+OT5j1PTiW0anjArHqXU3rS4mMMoP+8N/Dx/+MEhd+Gnj68bfGu2G2viu8UPjH43TxkXD/Op/D7548PWDb3ZaO//aebtzLlE/upfSfNmo/Hau/w83SAIj</latexit>

 = 2.46 ⇥ 103

<latexit sha1_base64="WBs/vZH3ifEtipPG/La6sHIoyKY=">AAAWo3icnRjbctvGlU6aNmUviZNYL8nDTj30kKFIAxTl2JmhG41suWwtWbUkRjOCgFkCSxAObgHAWPJq+daP7D/0I3p2F3deJhPOSFjsuV/3LKah68SJovz33kcf/+6T3//h0z82//Tnv/z1s8/v fzGJg0VkkgszcIPocopj4jo+uUicxCWXYUSwN3XJj9OfDjn8x19IFDuBf57chuTaw7bvzBwTJ7Bl3P/qPy1tSmzHp+TnhdhjzZYWzYO25uFkPp3RS9aBnTcesbFBx2MAfzCc0ZV2Gju7pwY9JRHjz7fEFk9Oq4Vzh103W25gG1RVWFubRdiknITRD5xfDgFejz/o9FvW QcB4pMULD8EeGiGO3U0FdFMB3bIA0CpxXIusavuy+hobNJlzdL5pYpe+4C8kwaNBX5HWCgxdGSl9VbzCdlgSlfO7Ec54QdwEoxudwwtbNJfMkrb4r01IlKDU6hBHiYNd9IEV64xfzBjSIseeSxK5BBFDZYWvYAau4R7M8Zqts0dHh0jTSmY8KqyQgMJsgzoJwDl3LSE3 Cb1i6kCRyxs2zFfZ3jXjIrgLDBrPWSYEljxA2VpXUBe1kdpXUK+y20FS98wTVUUgrqy6Z7LMMp3y+LBtUQDTjw6/X5Z0AruVO6Muho3UzMc4ioL3XM91WHVNmq1z4I+gOhIslQBO/dxzfuD3LBI7to+swMOOz5ZtCZkGbhI/jhdhGERJzHaRLB4d0nAs0kdgpbTxYlqQ SzwrwysrFHM79nZRTcuRqii1TQ/fsNFAUWoMAHfIN9Weht1wjoHKxp4HpqW1xUO6L+zbDBf1sjYkl4Vlr896l0cvj292EZunFTbFkXY+B0dynPS5EqXcteB38P7LEs4EcKIkrVopXkQ814k3C+Cg9p+tCdBSenjZDvGtG2ALTYObXbbMexrTw1pYlrWYCCSrs4W1CHqV6XQbfpYeVZK4HPZjbt2w//RJVpWqotPeHpPWboTl3YxmjCc8mWURV/bPWK3AaiQpaBsFaLGeAWBCU9jIvIBtolnRn0deM+dOswUh5l0J1iC+mZ1fJpyCMUfc0nLqDYfvoErLESKgZh8BgyDCrrusE/Ce9nO9DkWjVbeSPa/TcJt8K9dbGMIVAON5d81fRHvlai0z0wqQ qHbedcvY+emQVnDGsXhbZVmC5Twr+AXTlQQ742nQXrff0cWRUBK0GW0DhHpQh9ukTzZIn/w66ZON0ier0p8gGDk8EqMnqJUvSyX7GgI7BA4HBu2y8sTxCgDqSkqXyUTt5lDeOfCi1l2himS59w4DP4EJkKfNpbHXuzQGSEJQ6GKfoPjW80gS3QJ8mKqpZvoOm60ImqdB GT8wv4Nimhj04Jw9hke5EnlnVXODRX9R98EXrU0EYh7Lcbk9C4OCarVDIjJmwFvt7zdb9AhcciGRuECl/+xZs2V1luPD3l7WPA+8qWMvgkWMEjAJz4kV8cHg1dmb1yAfmqqHxTTi+Am6guKE2dfCBcQull30vnhpFwC929EH6BpZ0hoQLHqHCs0CmOZGElZU8AlDVnqu s3yYG8MSzgELvA8Pqs1xQlN9GBja9rtqh5V1hkJrK7vbaUoUNW3KypSszPRC4Gtb79blIZgXCmyeVnWPgS/5FF5iD/N4RbEMF4khXC63UEm+0AXZasgH/SEkgsCLmRio5fAvuzdwNOi7Ea+cE5gAZkACIXTeMQTYxrt0AGeUa7EJFZr5MiUacfW4yyEHe3dFVhpOr/Ty 7q7TLxWn0O1M6gZpU8rlkWY5MRTcbZzcukRq4EgN9GqygE1lQrREqcWGk9pQv8TIybk0tf4KfVaVrpQeGq3yqM9w0kVrBK22ooonkBwvYEYDjbLrAm++2xTijEq5H8MMXn6V2tX3uDJ50uoUakrENX9nPXTMWxWTHUGzxF3tvWEjG1mTZuufgF1GONHP0UkOR+2/g1Yz I091wO6lySjGYoPaRprQ0B7kRTBJRRXxBp6VVjFBbB0Ol1op3UnW9CDy2LcXLk6IBeYeGJXhaYSwrhq1eQrrA6N2vghWzoy1q/TPDyqNG3ItCVA4KraWS0lK3JjASwGaVLiuO/Z6TOQHDPw0izTcpWC4hQNDnNP5ptjTVa56fXPAOo8H1fNxmAuOAzM7/cTUNU6vPHuo ckSOfbhghoGbf9Mo1Bb5uV5F9lz5Te44m+OIWAj+YQSj2HtCfAT8EPYt5BOo4mkQOb5dOsJQSCIECcVZ1j2ZXxzgnP+FRDZwltcHtitthIPhxDjkR8NbQ60WsObz6bSGUz+DU7jSWb9/Yow380Z1pDpzkLrspS4bQxBEBFAwQ2bdmtVGkhO+PjvKnXtI/CQKHCsbmfwg8sBXp6zqhqx3rQUPxHxSAeeyTkk045u+SapfieTFdJDeeaGDifyS7bDoSugyj9eFb5HIXCQJjzVYzESfTzu8wHgBlvNMAV/MYKyJsvS8017J27bMLTreHY+Z6KDZPhd7B0O5DWMSv+SK+3Q1PDgMo+AGqdKvo+zKB8Y3xQUZDtsnxYy2V7lrjp729/c3AtX+Xgk4rAIH /b1BhTK9whXjLrelnmr87pN/czQ+fwhWiR9aXajp4mEj/Z0a9+99olmBufAgN0wXx/GVqoTJNeXf10wX4qgtYhJi8ydskytY+hjUu6bigylDLdixEAQd/qAri90yBcVezIMLmFznuA7jm+tgV4tk9vSaOn64SIhvSkGzhYugo/Cvr8iC4JuJewsLbEYO6IpMaB3YhDqJ xZdFMCYix8D4gB830Eu0aZxfWhl9c3zGqOnFt4xOGRWOU+tuWl1MYJQf9of/Hj78YZC68NPG142/NdoNtfFd44fGPxqnjYuG+dX/Hnzx4OsH3+y0dv6183bnXKJ+dC+l+bJR+e1c/x9CzwIo</latexit>

Figure 11: Optimized design of 2D beam problems using two di↵erent filter radii and a setup without the
components that provide minimum feature size control.

the skeleton is better resolved for the results with r
⇢
f=2.84 due to the VDDR penalty pushing the transition

region to the solid phase. However, if the density field on the solid phase is uniform, as seen in Figure 10,
the skeleton is characterized by intermediate unfiltered unprojected densities.

5.1.3 Comparison against results without minimum feature size control

The goal of this section is to show that the components considered in the proposed TO approach, i.e.,
large SIMP exponent and projection sharpness, as well as a VDDR penalty are indeed essential to achieve
minimum feature size control. To demonstrate this, a similar problem setup with a (low) constant SIMP
exponent (�0

⇢ = �
f
⇢=2.0) no projection ( �0

pr = �
f
pr=0.0001), and no VDDR penalty (w5 = 0.0) is considered.

Both the smallest and largest density filter radii of the configurations shown in Fig 7, namely r
⇢
f=[0.36, 5.68],

are used.
The optimized designs are shown in Fig. 11. It can be seen that increasing r

⇢
f has a noticeable e↵ect on

the final topologies. This is a consequence of the employed hole nucleation strategy; see Section 3.1. A larger
r
⇢
f reduces the number of holes seeded through the optimization process. Thus, the problems converge to
di↵erent local optima. Nonuniform density distributions in both phases and a lack of control of the minimum
features of the optimized designs are observed in both cases. On the left side of Fig 11, the solid phase of
the optimized design is characterized by multiple regions with intermediate and low densities. Furthermore,
the projected density field in the void phase settles to ⇢̂ ⇡ 0.30 since no VDDR penalty is enforced. On
the right side of Fig 11, considerable undercutting by the LSF is observed. In addition, the design domain
is predominantly populated by intermediate densities. In both cases, a simplified problem setup that relies
solely on the density filter radius fails to provide explicit minimum feature size control.
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5.2 Beam optimization (3D)

An equivalent 3D setup of the 2D beam described above is studied next. The behavior of the proposed
approach is examined using two optimization problem formulations. Mesh independence of the proposed
approach is studied using a strain energy minimization with mass constraint formulation. In addition, an
alternative to the VDDR penalty to promote low densities in the void phase is investigated in a mass
minimization with strain energy constraint optimization problem. A design domain of 240 ⇥ 40 ⇥ 40 is
simply supported at all corners of the bottom face. In addition, a traction load TX2 = �10.0 is applied on
a rectangular region at the center of the top face. Only one quarter of the design domain is analyzed and
optimized to exploit symmetry. The 3D beam problem characteristics are shown in Fig. 12. The quarter
domain of size 120⇥ 40⇥ 20 is discretized by a structured mesh. The material properties assigned to both
phases are the same as in the previous example; see Table 2.
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Figure 12: Quarter of design domain with boundary conditions, symmetry planes and dimensions.

5.2.1 Strain energy minimization: hole seeding and minimum feature size control through

density method

Mesh-independence of the proposed approach is studied in this section using three meshes with element edge
lengths of h = [2.50, 1.875, 1.25]. The optimization problem formulation of Eq. 22 is used. The objective
weights in this setup are wi =[ 0.739, 0.001, 0.010, 0.250, 2.500]. A mass constraint of �m = 0.15 is enforced.
The optimized structures for all three levels of refinement are summarized in Fig. 13. The same density
filter radius, i.e., r⇢f = 4.50, is used in all simulations. Similar performances are achieved, and the converged
topologies di↵er only locally. Truss-like structures with partial shear webs are obtained. These results
suggest that the TO approach introduced in this paper leads to mesh-independent converged designs, at
least for the class of optimization problems studied by the numerical examples studied.
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<latexit sha1_base64="kLsaXl/i/h9XbO+pbDek1bWOWKw=">AAAXNHicnRjbbtvIVcn2slVvmy5soOjLoIECqbIUUpKzSQFl13DiVEXsuCtba8C0iBE5opjlbUlqY2c8+oW+tj/SfynQt6Kv/YaemeFdFywqwOZwzv06ZzgLHDuKFeWfDx5+8qMf/+Snn/6s/vNf /PJXv/7s0W8mkb8MDXJp+I4fXs1wRBzbI5exHTvkKggJdmcO+Wb27TGHf/M9CSPb9y7iu4DcuNjy7Llt4Bi29Ed7DxvajFi2R8l3S7HH6g0tXPhNzcXxYjanV6wFO+9cYmGdjkYA/qjbw2vtPLIPznV6TkLGn18TSzw5rRYsbHZTbzi+pVNVYU1tHmKDchJGP3J+GQR4 Pf04pX9gLQSMh1q0dBHsoSHi2O1EQDsR0C4KAK1i2zHJuravy6+RTuMFR+ebBnboK/5CYjzsdRVprcCYKkOlq4pX2A4KojJ+t8IZr4gTY3Q75fDcFs0h87gp/msTEsYosTrAYWxjB31k+TrlFzGGtNC2FpJELkHEQFnjK5iBa7gHM7x6Y/zk5BhpWsGMJ7kVEpCbrVM7 BjjnrsXkNqbXTO0pcnnLBtkq3bthXAR3gU6jBUuFwJIHKF1PFdRGTaR2FdQp7baQ1D31RFkRiCsr7xkstWxKeXzYriiA6SfHf1wVdAK7lXu9KoYN1dTHOAz9D1zPTVhVTeqNC+CPoDpiLJUATt3Mc57vdUwS2ZaHTN/FtsdWTQmZ+U4cPY2WQeCHccQOkCyeKaThSKSP wEpoo+UsJ5d4ZopXVCjidvQPUEXLoaoolU0X37JhT1EqDAB3wDfVjoadYIGBysKuC6YltcVDeijs2w4X9bIxJFe5ZW/HnauT16e3B4gtkgqb4VC7WIAjOU7yXItS5lrwO3j/dQFnAjhhnFStFC8inunEmwVwULsvNgRoJT28agb4zvGxiWb+7QFbZT2NTYNKWFaVmAgks7WDtQh6melsF36aHmWSqBj2U27doPv8WVqVqjKlnT6T1m6FZd2MpownPJllEZf2x6xSYBWSBLSLArTYzAAwoSlsZZ7DttGs6c8jrxkLu96AEPOuBGsQX0/PLwNOwYgj7mg51YbDd1Cp5QgRULNPgIEfYsdZVQl4T/uuWoei0ao7yV5WabhNnpnpLQzhCoDxvLtmL6K9 crVWqWk5SFQ777pF7Ox0SCo45Zi/rbMswDKeJfyc6VqCjXkaNDftt6biSCgI2o62BUJdqMNd0idbpE9+mPTJVumTdenPEIwcLonQM9TIloWSfQuBHQCHI522WXHieAMAdS2li2SidjMo7xx4WemuUEWy3DvHvhfDBMjT5krvd670HpIQFDjYIyi6c10Sh3cAHyRqqqm+ g3ojhOapU8YPzC+gmCY6PbpgT+FRrETeWdXMYNFf1EPwRWMbgZjHMlxuz1KnoFrlkAj1OfBWu4f1Bj0Bl1xKJC5Q6b54UW+YrdXouNNPm+eRO7Otpb+MUAwm4QUxQz4YvBm/ewvyoam6WEwjthejayhOmH1NnEOsfNlGH/KXZg6YtlvTHrpBprQGBIveoUKzAKaZkYTl FXzGkJmc6ywb5kawhHPABO/Dg2oLHNNEHwaGNr222mJFnaHQmsrBbpoCRUWbojIFK1O9EPjamrar8hDMCzk2T6uqx8CXfAovsId5vKRYiovEEC6XO6gkX+iCbD3kve4AEkHgRUwM1HL4l90bOOr0/ZBXzhlMAHMggRDa7xkCbP19MoAzyrXYhgrNfJUQDbl63OWQg537 PCt1u1N4eX/f6haKU+g2lrpB2hRyeaiZdgQFdxfFdw6RGthSg2k5WcCmIiFaocRi3U5sqF5i5ORcmFp/gD7rSpdKDw3XeVRnOOmiDYLWW1HJE0iOFzCjgUbpdYE3310KcUaF3I9gBi++Su2qe1yZLGmnFGpKxDV7Zx10ylsVkx1BM8Vd7YNuIQuZk3rjz4BdRDibXqCzDI6aX4JWcz1LdcDuJMkoxmKdWnqS0NAe5EUwTkTl8QaepVYxQWwTDpdaKt1J2vQg8tizlg6OiQnmHuml4WmI8FTVK/MUnvb0yvkiWNlz1izTvzwqNW7ItdhHwTDfWq0kKXEiAi85aFLiuunY6zCRHzDw0zTScJeC4RYODHFOZ5tib6py1aubPdZ62iufj4NMcOQb6ekn pq5RcuXpo9IROfLgghn4TvZNI1db5OdmFdlL5f9yx3iBQ2Ii+IcRjGIfCPEQ8EPYM5FHoIpnfmh7VuEIQwEJESQUZ1n1ZHZxgHP+exJawFleH9iBtBEOhjP9mB8NX+tquYA1j0+nFZzqGZzAldbm/TN9tJ03qiJVmYPUVSdx2QiCICKA/DkyqtasN5KM8O34JHPuMfHi 0LfNdGTy/NAFX52zshvS3rUR3BPzSQmcyTon4ZxvegYpfyWSF9NecueFDibyS7bDvCuhqyxel55JQmMZxzzWYDETfT7p8ALjFVjOMwV8MYexJkzT8157I2/bMrfo6GA0YqKDpvtc7D0M5RaMSfySK+7T5fDgIAj9W6Qm9+Fet3+Yj2T99A7IfQWumZeDP8zBvQ3gLyV4 mF4jAal0VR0+7x5WhBWAakmTQRkIavZKlMkNMJ+WuSuqmco/KVTOzJfpppjjYbjtH9aFI/pr4vnFK/vgqX/2GFwqfmh9oSaLx7Xkd64/evBbzfSNpQuJaTg4iq5VJYhvKP+4ZziQRNoyIgE2vsUWuYalh0H0DRVfaxlqwI6JIOPgD44EsVukoNiNeGYBJrctqsL4ZgZr FIFkCS6tSI/nz2+o7QXLmHiGFD5fOghaHP8cjEzIRiN27mCBjdAG/ZEBvQwbULiR+NQJBobkFIQd8fMPmps2i7JbNKPvTseMGm50x+iMUeFMteq69cUE7haD7uFfBo+/6iVu/bT2u9rva82aWvui9lXtT7Xz2mXN2LP3/rr3t72/7/9j/1/7/97/j0R9+CCh+bxW+u3/ 9395Ozd0</latexit>

h = 2.50

<latexit sha1_base64="Xxdlql6kmZn16wzxsRBmrKy8sNM=">AAAXPHicnRjbbtvIVdntZaveNl3YQNGXQQMFUmUppCRnkwLKruHEqYrYcVe21oBpESNyRDHLW0hqY2c8+o2+tj/S/+h734q+9rlnZnjXBYsKsDk858y5nzNnOAscO4oV5Z8PPvn0Rz/+yU8/+1n9 57/45a9+/fnD30wifxka5NLwHT+8muGIOLZHLmM7dshVEBLszhzy7ey7Y47/9nsSRrbvXcR3AblxseXZc9vAMYD0h3v1hjYjlu1R8n4pYAwg4cJvai6OF7M5vWItgLx1iYV1OhoB+qNuD6+188g+ONfpOQkZf35DLPHke7VgYbObesPxLZ2qCmtq8xAblG9h9CPnl2GA 15OPU/oH1kLAeKhFSxcBDA0Rp24nAtqJgHZRAGgV245J1rV9VX6NdBovODkHGtihL/kLifGw11WktYJiqgyVripeARwURGX8boUzXhInxuh2yvG5LZpD5nFT/NcmJIxRYnWAw9jGDvrI8nXKL2IMaaFtLeQWuQQRA2WNr2AGruEezOjqjfHjk2OkaQUzHudWSERutk7t GPCcuxaT25heM7WnyOUtG2SrFHbDuAjuAp1GC5YKgSUPULqeKqiNmkjtKqhTgraQ1D31RFkRiCsrwwyWWjalPD5sVxTA9JPjP64KOoHdyr1eFcOGaupjHIb+B67nJqqqJvXGBfBHUB0xlkoAp27mOc/3OiaJbMtDpu9i22OrpsTMfCeOnkTLIPDDOGIHSBbPFNJwJNJH UCV7o+Us3y7pzJSuqFDE7egfoIqWQ1VRKkAX37JhT1EqDIB2wIFqR8NOsMCwy8KuC6YltcVDeijs244X9bIxJFe5ZW/GnauTV6e3B4gtkgqb4VC7WIAjOU3yXItS5lrwO3j/VYFmAjRhnFStFC8inunEmwVwULvPNwRoJT28agb4zvGxiWb+7QFbZT2NTYNKWFaVmAgi s7WDtQh6melsF32aHuUtUTHsp9y6QffZ07QqVWVKO30mrd2Ky7oZTRlPeDLLIi7Bx6xSYJUtCWrXDtBiMwOghKawlXmO27ZnTX8eec1Y2PUGhJh3JViD+Oz8MuAUjDjhjpZTbTgcgkotR4iAmn0MDPwQO86quoH3tPfVOhSNVt257UV1D7fJMzO9hSFcATCed9fsRbRX rtYqNS1HiWrnXbdInZ0OSQWnHPO3dZYFXMazRJ8zXUuwMU+D5iZ4ayqOhIKg7WRbMNSFOtwlfbJF+uSHSZ9slT5Zl/4Uwcjhkgg9RY1sWSjZNxDYAXA40mmbFSeO14BQ11K6uE3UboblnQMvK90VqkiWe+fY92KYAHnaXOn9zpXeQxKDAgd7BEV3rkvi8A7wg0RNNdV3 UG+E0Dx1yviB+SUU00SnRxfsCTyKlcg7q5oZLPqLegi+aGzbIOaxjJbbs9QpqFY5JEJ9DrzV7mG9QU/AJZeSiAtUus+f1xtmazU67vTT5nnkzmxr6S8jFINJeEHMkA8Gr8dv34B8aKouFtOI7cXoGooTZl8T5xgrX7bRh/ylmSOm7da0h26QKa0BwaJ3qNAsgGlmJGF5 BZ8xZCbnOsuGuREs4RwwwfvwoNoCxzTRh4GhTa+ttlhRZyi0pnKwe09hR0WbojIFK1O9EPjamrar8hDMCzk1T6uqx8CXfAovsId5vKRYSovEEC6XO3ZJvtAF2XrIe90BJIKgi5gYqOXwL7s3cNTpuyGvnDOYAOawBUJov2MIqPV3yQDOKNdiGyk081WyacjV4y6HHOzc 51mp253Cy7v7VrdQnEK3sdQN0qaQy0PNtCMouLsovnOI1MCWGkzLyQI2FTeiFUos1u3EhuolRk7Ohan1B+izrnSp9NBwnUd1hpMu2iBovRWVPIHkeAEzGmiUXhd4892lEGdUyP0IZvDiq9SuCuPKZEk7pVBTIq7ZO+ugU96qmOwIminuah90C1nInNQbfwbqIsHZ9AKd ZXjU/Aq0mutZqgN1J0lGMRbr1NKThIb2IC+CcSIqjzfwLLWKCWKbaLjUUulO0qYHkceetXRwTEww90gvDU9DhKeqXpmn8LSnV84Xwcqes2Z5/4ujUuOGXIt9FAxz0GoltxInIvCSoyYlrpuOvQ4T+QEDP00jDXcpGG7hwBDndAYUsKnKVa8Ce6z1pFc+HweZ4Mg30tNP TF2j5MrTR6UjcuTBBTPwneybRq62yM/NKrIXyv/ljvECh8RE8A8jGMU+EOIh4IewZyKPQBXP/ND2rMIRhgISIkgozrLqyeziAOf89yS0gLO8PrADaSMcDGf6MT8avtHVcgFrHp9OKzTVMzjBK63N8DN9tJ03qhJVmYPUVSdx2QiCICKA/DkyqtasN5Js45vxSebcY+LF oW+b6cjk+aELvjpnZTekvWsjuifmkxI6k3VOwjkHegYpfyWSF9NecueFDibyS7bDvCuhqyxel55JQmMZxzzWYDETfT7p8ILiJVjOMwV8MYexJkzT8157LW/bMrfo6GA0YqKDpnAu9h6GcgvGJH7JFffpcnhwEIT+LVKT+3Cv2z/MR7J+egfkvgLXzMvBH+bo3gb0VxI9 TK+RQFS6qg6fdQ8rwgpItaTJoIwENXulnckNMJ+WuSuqmco/KVTOzBcpUMzxMNz2DxNP9Cvy+XeJQyW5gGUfPvXPH4FrxQ+tL9Rk8aiW/M71hw9+q5m+sXQhQQ0HR9G1qgTxDeUf+QwHkklbRiTAxnfYItew9DBocEPFV1uGGgAxEWQe/MHRIKDFHRS7Ec8woOQ2RlUc B2a4RhFJluDaivR4/uyG2l6wjIlnSOHzpYOg1fHPwsiErDRi5w4W2Aht0B8Z0NOwAQUciU+eYGBITkHYET8Hoclpsyi7TTP69nTMqOFGd4zOGBXOVKuuW19M4I4x6B7+ZfDo617i1s9qv6v9vtasqbUva1/X/lQ7r13WjL33e3/d+9ve3/f/sf+v/X/v/0eSfvIg2fNF rfTb/+//AH3dOV0=</latexit>

r
⇢
f = 4.50

<latexit sha1_base64="/7mX4AcKCMcXxX3zEyu32rtcLCo=">AAAXQ3icnRjbbtvIVdnetupt08IGir4MGiiQakshZTmbFFB2DSdOVSSOu7a1BkyLGJEjilnelqQ2dsajT+lr+yP9iH5D34q+FuiZGV5HFywqwOZwzv06ZziNPDdJNe2fDz75wQ9/9OOffPrT5s9+ /otf/uqzh78eJ+EitsilFXphfDXFCfHcgFymbuqRqygm2J965OvpN8cc/vV3JE7cMLhI7yJy42MncGeuhVPYMh/uPGwZU+K4ASXfLsQea7aMeB62DR+n8+mMXrEO7LzziYNNOhoB+KPpDq+Ns8TdPzPpGYkZf35FHPHktEY0d9lNs+WFjkl1jbWNWYwtykkY/cj5FRDg 9eTjhP6BdRAwHhrJwkewh4aIY+9lAvYyAXtVAaBV6no2WdX2Vf01MWk65+h808IefclfSIqH/Z4mrRUYE22o9XTxCttRRVTB71Y44yXxUoxuJxxe2mJ4ZJa2xX9jTOIUZVZHOE5d7KGPrFzn/BLGkBG7zlySyCWIGGgrfAUzcA33YIHXbJ0/PjlGhlEx43FphQSUZpvU TQHOuRspuU3pNdP7mlzeskGxyvduGBfBXWDSZM5yIbDkAcrXEw3toTbSexrq1nY7SOqee6KuCMSV1fcslls2oTw+bFsUwPST4z8uKzqB3dq9qYphQz33MY7j8APXcx2WqkmzdQH8EVRHiqUSwKlXeC4Ig65NEtcJkB362A3Ysi0h09BLkyfJIorCOE3YPpLFM4E0HIn0 EVgZbbKYluQSz87xqgol3I6DfaRoOdQ1Tdn08S0b9jVNYQC4A76pdw3sRXMMVA72fTAtqy0e0kNh32a4qJe1IbkqLXtz3r06efX2dh+xeVZhUxwbF3NwJMfJnitRKlwLfgfvv6rgjAEnTrOqleJFxAudeLMADnrv+ZoALaWHl+0I33khttE0vN1ny6KnsUmkhGWpxEQg 2Z0trEXQ60yn2/Dz9KiTJNWwv+XWDXrPnuZVqWsT2j1g0tqNsKKb0ZzxmCezLOLa/jlTCkwhyUDbKECL9QwAE5rCRuYlbBPNiv488oY1d5stCDHvSrAG8c38/LLgFEw44paWozYcvoNqLUeIgJp9DAzCGHveUiXgPe1btQ5Fo9W3kr1QabhNgV3oLQzhCoDxvLsWL6K9 crWWuWklSFQ777pV7OJ0yCo451i+rbKswAqeNfyS6UqCnfM0aK/b70zEkVARtBltA4T6UIfbpI83SB9/P+njjdLHq9KfIhg5fJKgp6hVLCsl+wYCOwAORybdY9WJ4zUA9JWUrpKJ2i2gvHPghdJdoYpkuXePwyCFCZCnzZV50L0y+0hCUOThgKDkzvdJGt8BfJCpqef6 DpqtGJqnSRk/MD+HYhqb9OiCPYFHtRJ5Z9ULg0V/0Q/BF61NBGIeK3C5PQuTgmrKIRGbM+Ct9w6bLXoCLrmUSFyg1nv+vNmyO8vRcfcgb55H/tR1FuEiQSmYhOfEjvlg8Pr83RuQD03Vx2IacYMUXUNxwuxr4xLilMs99KF8aZeAyV5n0kc3yJbWgGDRO3RoFsC0MJKw soJPGbKzc50Vw9wIlnAO2OB9eFBjjlOa6cPA0Hawp3dYVWcotLa2v52mQqFoU1WmYmWuFwJfO5M9VR6CeaHE5mmlegx8yafwCnuYx2uK5bhIDOFyuYVK8oUuyFZD3u8NIBEEXsLEQC2Hf9m9gaNJ3w955ZzCBDADEgih+54hwDbfZwM4o1yLTajQzJcZ0ZCrx10OOdi9 L7PSdLuVl/f3nV6lOIVu51I3SJtKLg8N202g4O6S9M4jUgNXajCpJwvYVCVES5RZbLqZDeolRk7Olan1e+izqnSt9NBwlYc6w0kXrRG02opqnkByvIAZDTTKrwu8+W5TiDOq5H4CM3j1VWqn7nFliqSdUKgpEdfinXXRW96qmOwIhi3uah9MBznIHjdbfwbsKsLp5AKd FnDU/gK0mplFqgN2N0tGMRab1DGzhIb2IC+CaSaqjDfwrLWKMWLrcLjUWumO86YHkceBs/BwSmww98isDU9DhCe6qcxTeNI3lfNFsHJnrF2nf3FUa9yQa2mIomG5tVxKUuIlBF5K0LjGdd2x12UiP2Dgp3mk4S4Fwy0cGOKcLjbF3kTnqqubfdZ50q+fj4NCcBJa+ekn pq5RduU5QLUjchTABTMKveKbRqm2yM/1KrIX2v/ljvM5jomN4B9GMIp9ICRAwA/hwEYBgSqehrEbOJUjDEUkRpBQnKXqyeLiAOf8dyR2gLO8PrB9aSMcDKfmMT8avjL1egEbAZ9OFRz1DM7gWmf9/qk52swbqUgqc5C67GYuG0EQRARQOEOWas1qIykI35yfFM49JkEa h66dj0xBGPvgqzNWd0Peu9aC+2I+qYELWWcknvHNwCL1r0TyYtrP7rzQwUR+yXZYdiV0VcTrMrBJbC3SlMcaLGaiz2cdXmC8BMt5poAvZjDWxHl63huv5W1b5hYd7Y9GTHTQfJ+LvYeh3IExiV9yxX26Hh4cRXF4i/TsPtzvHRyWI9lBfgfkvgLXzOrBH5bg/hrwFxI8 zK+RgFS7qg6f9Q4VYRWgXtNkUAeCmv0aZXYDLKdl7go1U/knBeXMfJFvijkehtuDw8wTB4p8OP/FSTIc9A617B5WfP80P3sEHhY/tLrQs8WjRvY7Mx8++K1hh9bChzy1PJwk17oWpTeUf+uzPMgpY5GQCFvfYIdcwzLAoMgNFR9vGWrBjo0gAeEPTgixW6Wg2E94ogEm NzVRYXyzgLWqQLIADyvS09mzG+oG0SIlgSWFzxYego7Hvw4jG5LTSr07WGArdkF/ZEFrwxbUcSK+fIKBMXkLwo74cQi9zpgmxaWa0Xdvzxm1/OSO0Smjwpm66rrVxRiuGhCKvwwefdnP3Ppp43eN3zfaDb3xeePLxp8aZ43LhrVzu/PXnb/t/H33H7v/2v337n8k6icP MprfNGq/3f/+DyP7PHc=</latexit>

r
⇢
f = 4.50

<latexit sha1_base64="/7mX4AcKCMcXxX3zEyu32rtcLCo=">AAAXQ3icnRjbbtvIVdnetupt08IGir4MGiiQakshZTmbFFB2DSdOVSSOu7a1BkyLGJEjilnelqQ2dsajT+lr+yP9iH5D34q+FuiZGV5HFywqwOZwzv06ZziNPDdJNe2fDz75wQ9/9OOffPrT5s9+ /otf/uqzh78eJ+EitsilFXphfDXFCfHcgFymbuqRqygm2J965OvpN8cc/vV3JE7cMLhI7yJy42MncGeuhVPYMh/uPGwZU+K4ASXfLsQea7aMeB62DR+n8+mMXrEO7LzziYNNOhoB+KPpDq+Ns8TdPzPpGYkZf35FHPHktEY0d9lNs+WFjkl1jbWNWYwtykkY/cj5FRDg 9eTjhP6BdRAwHhrJwkewh4aIY+9lAvYyAXtVAaBV6no2WdX2Vf01MWk65+h808IefclfSIqH/Z4mrRUYE22o9XTxCttRRVTB71Y44yXxUoxuJxxe2mJ4ZJa2xX9jTOIUZVZHOE5d7KGPrFzn/BLGkBG7zlySyCWIGGgrfAUzcA33YIHXbJ0/PjlGhlEx43FphQSUZpvU TQHOuRspuU3pNdP7mlzeskGxyvduGBfBXWDSZM5yIbDkAcrXEw3toTbSexrq1nY7SOqee6KuCMSV1fcslls2oTw+bFsUwPST4z8uKzqB3dq9qYphQz33MY7j8APXcx2WqkmzdQH8EVRHiqUSwKlXeC4Ig65NEtcJkB362A3Ysi0h09BLkyfJIorCOE3YPpLFM4E0HIn0 EVgZbbKYluQSz87xqgol3I6DfaRoOdQ1Tdn08S0b9jVNYQC4A76pdw3sRXMMVA72fTAtqy0e0kNh32a4qJe1IbkqLXtz3r06efX2dh+xeVZhUxwbF3NwJMfJnitRKlwLfgfvv6rgjAEnTrOqleJFxAudeLMADnrv+ZoALaWHl+0I33khttE0vN1ny6KnsUmkhGWpxEQg 2Z0trEXQ60yn2/Dz9KiTJNWwv+XWDXrPnuZVqWsT2j1g0tqNsKKb0ZzxmCezLOLa/jlTCkwhyUDbKECL9QwAE5rCRuYlbBPNiv488oY1d5stCDHvSrAG8c38/LLgFEw44paWozYcvoNqLUeIgJp9DAzCGHveUiXgPe1btQ5Fo9W3kr1QabhNgV3oLQzhCoDxvLsWL6K9 crWWuWklSFQ777pV7OJ0yCo451i+rbKswAqeNfyS6UqCnfM0aK/b70zEkVARtBltA4T6UIfbpI83SB9/P+njjdLHq9KfIhg5fJKgp6hVLCsl+wYCOwAORybdY9WJ4zUA9JWUrpKJ2i2gvHPghdJdoYpkuXePwyCFCZCnzZV50L0y+0hCUOThgKDkzvdJGt8BfJCpqef6 DpqtGJqnSRk/MD+HYhqb9OiCPYFHtRJ5Z9ULg0V/0Q/BF61NBGIeK3C5PQuTgmrKIRGbM+Ct9w6bLXoCLrmUSFyg1nv+vNmyO8vRcfcgb55H/tR1FuEiQSmYhOfEjvlg8Pr83RuQD03Vx2IacYMUXUNxwuxr4xLilMs99KF8aZeAyV5n0kc3yJbWgGDRO3RoFsC0MJKw soJPGbKzc50Vw9wIlnAO2OB9eFBjjlOa6cPA0Hawp3dYVWcotLa2v52mQqFoU1WmYmWuFwJfO5M9VR6CeaHE5mmlegx8yafwCnuYx2uK5bhIDOFyuYVK8oUuyFZD3u8NIBEEXsLEQC2Hf9m9gaNJ3w955ZzCBDADEgih+54hwDbfZwM4o1yLTajQzJcZ0ZCrx10OOdi9 L7PSdLuVl/f3nV6lOIVu51I3SJtKLg8N202g4O6S9M4jUgNXajCpJwvYVCVES5RZbLqZDeolRk7Olan1e+izqnSt9NBwlYc6w0kXrRG02opqnkByvIAZDTTKrwu8+W5TiDOq5H4CM3j1VWqn7nFliqSdUKgpEdfinXXRW96qmOwIhi3uah9MBznIHjdbfwbsKsLp5AKd FnDU/gK0mplFqgN2N0tGMRab1DGzhIb2IC+CaSaqjDfwrLWKMWLrcLjUWumO86YHkceBs/BwSmww98isDU9DhCe6qcxTeNI3lfNFsHJnrF2nf3FUa9yQa2mIomG5tVxKUuIlBF5K0LjGdd2x12UiP2Dgp3mk4S4Fwy0cGOKcLjbF3kTnqqubfdZ50q+fj4NCcBJa+ekn pq5RduU5QLUjchTABTMKveKbRqm2yM/1KrIX2v/ljvM5jomN4B9GMIp9ICRAwA/hwEYBgSqehrEbOJUjDEUkRpBQnKXqyeLiAOf8dyR2gLO8PrB9aSMcDKfmMT8avjL1egEbAZ9OFRz1DM7gWmf9/qk52swbqUgqc5C67GYuG0EQRARQOEOWas1qIykI35yfFM49JkEa h66dj0xBGPvgqzNWd0Peu9aC+2I+qYELWWcknvHNwCL1r0TyYtrP7rzQwUR+yXZYdiV0VcTrMrBJbC3SlMcaLGaiz2cdXmC8BMt5poAvZjDWxHl63huv5W1b5hYd7Y9GTHTQfJ+LvYeh3IExiV9yxX26Hh4cRXF4i/TsPtzvHRyWI9lBfgfkvgLXzOrBH5bg/hrwFxI8 zK+RgFS7qg6f9Q4VYRWgXtNkUAeCmv0aZXYDLKdl7go1U/knBeXMfJFvijkehtuDw8wTB4p8OP/FSTIc9A617B5WfP80P3sEHhY/tLrQs8WjRvY7Mx8++K1hh9bChzy1PJwk17oWpTeUf+uzPMgpY5GQCFvfYIdcwzLAoMgNFR9vGWrBjo0gAeEPTgixW6Wg2E94ogEmNzVRYXyzgLWqQLIADyvS09mzG+oG0SIlgSWFzxYego7Hvw4jG5LTSr07WGArdkF/ZEFrwxbUcSK+fIKBMXkLwo74cQi9zpgmxaWa0Xdvzxm1/OSO0Smjwpm66rrVxRiuGhCKvwwefdnP3Ppp43eN3zfaDb3xeePLxp8aZ43LhrVzu/PXnb/t/H33H7v/2v337n8k6icP MprfNGq/3f/+DyP7PHc=</latexit>

r
⇢
f = 4.50

<latexit sha1_base64="/7mX4AcKCMcXxX3zEyu32rtcLCo=">AAAXQ3icnRjbbtvIVdnetupt08IGir4MGiiQakshZTmbFFB2DSdOVSSOu7a1BkyLGJEjilnelqQ2dsajT+lr+yP9iH5D34q+FuiZGV5HFywqwOZwzv06ZziNPDdJNe2fDz75wQ9/9OOffPrT5s9+/otf/uqzh78eJ+EitsilFXphfDXFCfHcgFymbuqRqygm2J965OvpN8cc/vV3JE7cMLhI7yJy42MncGeuhVPYMh/uPGwZU+K4ASXfLsQea7aMeB62DR+n8+mMXrEO7LzziYNNOhoB+KPpDq+Ns8TdPzPpGYkZf35FHPHktEY0d9lNs+WFjkl1jbWNWYwtykkY/cj5FRDg 9eTjhP6BdRAwHhrJwkewh4aIY+9lAvYyAXtVAaBV6no2WdX2Vf01MWk65+h808IefclfSIqH/Z4mrRUYE22o9XTxCttRRVTB71Y44yXxUoxuJxxe2mJ4ZJa2xX9jTOIUZVZHOE5d7KGPrFzn/BLGkBG7zlySyCWIGGgrfAUzcA33YIHXbJ0/PjlGhlEx43FphQSUZpvU TQHOuRspuU3pNdP7mlzeskGxyvduGBfBXWDSZM5yIbDkAcrXEw3toTbSexrq1nY7SOqee6KuCMSV1fcslls2oTw+bFsUwPST4z8uKzqB3dq9qYphQz33MY7j8APXcx2WqkmzdQH8EVRHiqUSwKlXeC4Ig65NEtcJkB362A3Ysi0h09BLkyfJIorCOE3YPpLFM4E0HIn0 EVgZbbKYluQSz87xqgol3I6DfaRoOdQ1Tdn08S0b9jVNYQC4A76pdw3sRXMMVA72fTAtqy0e0kNh32a4qJe1IbkqLXtz3r06efX2dh+xeVZhUxwbF3NwJMfJnitRKlwLfgfvv6rgjAEnTrOqleJFxAudeLMADnrv+ZoALaWHl+0I33khttE0vN1ny6KnsUmkhGWpxEQg2Z0trEXQ60yn2/Dz9KiTJNWwv+XWDXrPnuZVqWsT2j1g0tqNsKKb0ZzxmCezLOLa/jlTCkwhyUDbKECL9QwAE5rCRuYlbBPNiv488oY1d5stCDHvSrAG8c38/LLgFEw44paWozYcvoNqLUeIgJp9DAzCGHveUiXgPe1btQ5Fo9W3kr1QabhNgV3oLQzhCoDxvLsWL6K9 crWWuWklSFQ777pV7OJ0yCo451i+rbKswAqeNfyS6UqCnfM0aK/b70zEkVARtBltA4T6UIfbpI83SB9/P+njjdLHq9KfIhg5fJKgp6hVLCsl+wYCOwAORybdY9WJ4zUA9JWUrpKJ2i2gvHPghdJdoYpkuXePwyCFCZCnzZV50L0y+0hCUOThgKDkzvdJGt8BfJCpqef6 DpqtGJqnSRk/MD+HYhqb9OiCPYFHtRJ5Z9ULg0V/0Q/BF61NBGIeK3C5PQuTgmrKIRGbM+Ct9w6bLXoCLrmUSFyg1nv+vNmyO8vRcfcgb55H/tR1FuEiQSmYhOfEjvlg8Pr83RuQD03Vx2IacYMUXUNxwuxr4xLilMs99KF8aZeAyV5n0kc3yJbWgGDRO3RoFsC0MJKw soJPGbKzc50Vw9wIlnAO2OB9eFBjjlOa6cPA0Hawp3dYVWcotLa2v52mQqFoU1WmYmWuFwJfO5M9VR6CeaHE5mmlegx8yafwCnuYx2uK5bhIDOFyuYVK8oUuyFZD3u8NIBEEXsLEQC2Hf9m9gaNJ3w955ZzCBDADEgih+54hwDbfZwM4o1yLTajQzJcZ0ZCrx10OOdi9 L7PSdLuVl/f3nV6lOIVu51I3SJtKLg8N202g4O6S9M4jUgNXajCpJwvYVCVES5RZbLqZDeolRk7Olan1e+izqnSt9NBwlYc6w0kXrRG02opqnkByvIAZDTTKrwu8+W5TiDOq5H4CM3j1VWqn7nFliqSdUKgpEdfinXXRW96qmOwIhi3uah9MBznIHjdbfwbsKsLp5AKd FnDU/gK0mplFqgN2N0tGMRab1DGzhIb2IC+CaSaqjDfwrLWKMWLrcLjUWumO86YHkceBs/BwSmww98isDU9DhCe6qcxTeNI3lfNFsHJnrF2nf3FUa9yQa2mIomG5tVxKUuIlBF5K0LjGdd2x12UiP2Dgp3mk4S4Fwy0cGOKcLjbF3kTnqqubfdZ50q+fj4NCcBJa+eknpq5RduU5QLUjchTABTMKveKbRqm2yM/1KrIX2v/ljvM5jomN4B9GMIp9ICRAwA/hwEYBgSqehrEbOJUjDEUkRpBQnKXqyeLiAOf8dyR2gLO8PrB9aSMcDKfmMT8avjL1egEbAZ9OFRz1DM7gWmf9/qk52swbqUgqc5C67GYuG0EQRARQOEOWas1qIykI35yfFM49JkEa h66dj0xBGPvgqzNWd0Peu9aC+2I+qYELWWcknvHNwCL1r0TyYtrP7rzQwUR+yXZYdiV0VcTrMrBJbC3SlMcaLGaiz2cdXmC8BMt5poAvZjDWxHl63huv5W1b5hYd7Y9GTHTQfJ+LvYeh3IExiV9yxX26Hh4cRXF4i/TsPtzvHRyWI9lBfgfkvgLXzOrBH5bg/hrwFxI8 zK+RgFS7qg6f9Q4VYRWgXtNkUAeCmv0aZXYDLKdl7go1U/knBeXMfJFvijkehtuDw8wTB4p8OP/FSTIc9A617B5WfP80P3sEHhY/tLrQs8WjRvY7Mx8++K1hh9bChzy1PJwk17oWpTeUf+uzPMgpY5GQCFvfYIdcwzLAoMgNFR9vGWrBjo0gAeEPTgixW6Wg2E94ogEm NzVRYXyzgLWqQLIADyvS09mzG+oG0SIlgSWFzxYego7Hvw4jG5LTSr07WGArdkF/ZEFrwxbUcSK+fIKBMXkLwo74cQi9zpgmxaWa0Xdvzxm1/OSO0Smjwpm66rrVxRiuGhCKvwwefdnP3Ppp43eN3zfaDb3xeePLxp8aZ43LhrVzu/PXnb/t/H33H7v/2v337n8k6icP MprfNGq/3f/+DyP7PHc=</latexit>

h = 1.875

<latexit sha1_base64="+WLe7vWX559OXao02RaVflwge90=">AAAXTHicnRhZb9vIWdm221312E0XTtH2ZdBAgVRZCinJOQoou4YTpypix13ZWgOmRYzIEcUsryWpjZ3xCOiv6Wv7R/re/9G3okC/meGtA4sKsDmc7z7nG84Cx45iRfnXvY9+9OOffPzTTz6t/+zn v/jlZ5/f/9Uk8pehQS4M3/HDyxmOiGN75CK2Y4dcBiHB7swh38y+PeLwb74nYWT73nl8G5BrF1uePbcNHMOWfn/vtw1tRizbo+S7pdhj9YYWLvym5uJ4MZvTS9aCnbcusbBORyMAf9Dt4ZV2Ftn7Zzo9IyHjz6+JJZ6cVgsWNruuNxzf0qmqsKY2D7FBOQmjHzi/DAK8Hn+Y0j+wFgLGQy1augj20BBx7HYioJ0IaBcFgFax7ZhkXdtX5ddIp/GCo/NNAzv0JX8hMR72uoq0VmBMlaHSVcUrbAcFURm/G+GMl8SJMbqZcnhui+aQedwU/7UJCWOUWB3gMLaxgz6wfJ3yixhDWmhbC0kilyBioKzxFczANdyDGV69MX50fIQ0rWDGo9wKCcjN1qkd A5xz12JyE9MrpvYUubxhg2yV7l0zLoK7QKfRgqVCYMkDlK6nCmqjJlK7CuqUdltI6p56oqwIxJWV9wyWWjalPD5sVxTA9OOjP64KOoHdyp1eFcOGaupjHIb+e67nJqyqJvXGOfBHUB0xlkoAp27mOc/3OiaJbMtDpu9i22OrpoTMfCeOHkfLIPDDOGL7SBbPFNJwJNJH YCW00XKWk0s8M8UrKhRxO/r7qKLlUFWUyqaLb9iwpygVBoA74JtqR8NOsMBAZWHXBdOS2uIhPRD2bYeLetkYksvcsjfjzuXxq5ObfcQWSYXNcKidL8CRHCd5rkUpcy34Hbz/qoAzAZwwTqpWihcRz3TizQI4qN3nGwK0kh5eNQN86/jYRDP/Zp+tsp7GpkElLKtKTASS 2drBWgS9zHS2Cz9NjzJJVAz7Cbdu0H32JK1KVZnSTp9Ja7fCsm5GU8YTnsyyiEv7Y1YpsApJAtpFAVpsZgCY0BS2Ms9h22jW9OeR14yFXW9AiHlXgjWIr6fnlwGnYMQRd7ScasPhO6jUcoQIqNlHwMAPseOsqgS8p31XrUPRaNWdZC+qNNwmz8z0FoZwBcB43l2zF9Fe uVqr1LQcJKqdd90idnY6JBWccszf1lkWYBnPEn7OdC3BxjwNmpv2W1NxJBQEbUfbAqEu1OEu6ZMt0ic/TPpkq/TJuvQnCEYOl0ToCWpky0LJvoHADoDDoU7brDhxvAaAupbSRTJRuxmUdw68rHRXqCJZ7p0j34thAuRpc6n3O5d6D0kIChzsERTdui6Jw1uADxI11VTf Qb0RQvPUKeMH5lMopolOD8/ZY3gUK5F3VjUzWPQX9QB80dhGIOaxDJfbs9QpqFY5JEJ9DrzV7kG9QY/BJRcSiQtUus+f1xtmazU66vTT5nnozmxr6S8jFINJeEHMkA8Gr8dv34B8aKouFtOI7cXoCooTZl8T5xArX7bR+/ylmQOm7da0h66RKa0BwaJ3qNAsgGlmJGF5 BZ8yZCbnOsuGuREs4RwwwfvwoNoCxzTRh4GhTa+ttlhRZyi0prK/m6ZAUdGmqEzBylQvBL62pu2qPATzQo7N06rqMfAln8IL7GEeLymW4iIxhMvlDirJF7ogWw95rzuARBB4ERMDtRz+ZfcGjjp9N+SVcwoTwBxIIIT2O4YAW3+XDOCMci22oUIzXyVEQ64edznkYOcuz0rd7hRe3t21uoXiFLqNpW6QNoVcHmqmHUHB3UbxrUOkBrbUYFpOFrCpSIhWKLFYtxMbqpcYOTkXptYfoM+60qXSQ8N1HtUZTrpog6D1VlTyBJLjBcxooFF6XeDNd5dCnFEh9yOYwYuvUrvqHlcmS9ophZoScc3eWQed8FbFZEfQTHFXe69byELmpN74M2AXEU6n5+g0 g6Pml6DVXM9SHbA7STKKsVinlp4kNLQHeRGME1F5vIFnqVVMENuEw6WWSneSNj2IPPaspYNjYoK5h3ppeBoiPFX1yjyFpz29cr4IVvacNcv0Lw5LjRtyLfZRMMy3VitJSpyIwEsOmpS4bjr2OkzkBwz8NI003KVguIUDQ5zT2abYm6pc9epmj7Ue98rn4yATHPlGevqJ qWuUXHn6qHREjjy4YAa+k33TyNUW+blZRfZC+b/cMV7gkJgI/mEEo9h7QjwE/BD2TOQRqOKZH9qeVTjCUEBCBAnFWVY9mV0c4Jz/noQWcJbXB7YvbYSD4VQ/4kfD17paLmDN49NpBad6BidwpbV5/1QfbeeNqkhV5iB11UlcNoIgiAggf46MqjXrjSQjfDM+zpx7RLw4 9G0zHZk8P3TBV2es7Ia0d20E98R8UgJnss5IOOebnkHKX4nkxbSX3Hmhg4n8ku0w70roMovXhWeS0FjGMY81WMxEn086vMB4CZbzTAFfzGGsCdP0vNNey9u2zC062h+NmOig6T4XewdDuQVjEr/kivt0OTw4CEL/BqnJfbjX7R/kI1k/vQNyX4Fr5uXgD3NwbwP4Swke ptdIQCpdVYfPugcVYQWgWtJkUAaCmr0SZXIDzKdl7opqpvJPCpUz80W6KeZ4GG77B4kn+lX5MACIo2Q46B4o9QUo+OzpQXIhyz6E6p8/BFeLH1pfqMniYS35nen37/1GM31j6ULCGg6OoitVCeJryj/6GQ4kl7aMSICNb7FFrmDpYdDomoqvuAw1YMdEkInwB0eF2C1S UOxGPOMAk9scVWF8M4M1ikCyBFdXpMfzZ9fU9oJlTDxDCp8vHQStj38mRiZkqRE7t7DARmiD/siAHocNKOhIfAIFA0NyAsIO+bkITU+bRdntmtG3J2NGDTe6ZXTGqHCmWnXd+mICdw4IyV8GD7/qJW79pPa72u9rzZpae1r7qvan2lntombs/XXvb3t/3/vHg38++PeD /zz4r0T96F5C80Wt9Pv1x/8Dh5E9qQ==</latexit>

h = 1.25

<latexit sha1_base64="ZTWnuaG/IHbxtzHW9payLEfma0Y=">AAAXS3icnRjbbtvIVdl2261627RwikVfBg0USGtLIWU5mxRQdg3nUhWx465trQHTIkbkiGKWtyWpjZ3xCP2avrY/0g/od/St6EPPzPA6umBRATaHc+7XOcNp5LlJqmn/uvfRj3788U9++snPmj// xS9/9etP7/9mnISL2CIXVuiF8eUUJ8RzA3KRuqlHLqOYYH/qkW+m3x5x+Dffkzhxw+A8vY3ItY+dwJ25Fk5hy7y/81nLmBLHDSj5biH2WLNlxPOwbfg4nU9n9JJ1YOetTxxs0tEIwB9Md3hlnCbu3qlJT0nM+PNr4ognpzWiucuumy0vdEyqa6xtzGJsUU7C6AfOr4AAr8cfJvRz1kHAeGgkCx/BHhoijr2bCdjNBOxWBYBWqevZZFXbl/XXxKTpnKPzTQt79AV/ISke9nuatFZgTLSh1tPFK2xHFVEFvxvhjBfESzG6mXB4aYvhkVnaFv+NMYlTlFkd4Th1sYc+sHKd80sYQ0bsOnNJIpcgYqCt8BXMwDXcgwVes3X26NURMoyKGY9KKySgNNuk bgpwzt1IyU1Kr5je1+Tyhg2KVb53zbgI7gKTJnOWC4ElD1C+nmhoF7WR3tNQt7bbQVL33BN1RSCurL5nsdyyCeXxYduiAKa/OvrjsqIT2K3dmaoYNtRzH+M4Dt9zPddhqZo0W+fAH0F1pFgqAZx6heeCMOjaJHGdANmhj92ALdsSMg29NHmcLKIojNOE7SFZPBNIw5FIH4GV0SaLaUku8ewcr6pQwu3Y30OKlkNd05RNH9+wYV/TFAaAO+CbetfAXjTHQOVg3wfTstriIT0Q9m2Gi3pZG5LL0rI3Z93LVy+Pb/YQm2cVNsWxcT4HR3Kc7LkSpcK14Hfw/ssKzhhw4jSrWileRLzQiTcL4KD3nq0J0FJ6eNmO8K0XYhtNw5s9tix6GptESliWSkwE kt3ZwloEvc50ug0/T486SVIN+zG3btB7+iSvSl2b0O4+k9ZuhBXdjOaMxzyZZRHX9s+YUmAKSQbaRgFarGcAmNAUNjIvYZtoVvTnkTesudtsQYh5V4I1iG/m55cFp2DCEbe0HLXh8B1UazlCBNTsI2AQxtjzlioB72nfqXUoGq2+ley5SsNtCuxCb2EIVwCM5921eBHt lau1zE0rQaLaedetYhenQ1bBOcfybZVlBVbwrOGXTFcS7IynQXvdfmcijoSKoM1oGyDUhzrcJn28Qfr4h0kfb5Q+XpX+BMHI4ZMEPUGtYlkp2TcQ2AFwODTpLqtOHK8BoK+kdJVM1G4B5Z0DL5TuClUky717FAYpTIA8bS7N/e6l2UcSgiIPBwQlt75P0vgW4INMTT3X d9BsxdA8Tcr4gfkFFNPYpIfn7DE8qpXIO6teGCz6i34AvmhtIhDzWIHL7VmYFFRTDonYnAFvvXfQbNFX4JILicQFar1nz5otu7McHXX38+Z56E9dZxEuEpSCSXhO7JgPBq/P3r4B+dBUfSymETdI0RUUJ8y+Ni4hTrncRe/Ll3YJmOx2Jn10jWxpDQgWvUOHZgFMCyMJ Kyv4hCE7O9dZMcyNYAnngA3ehwc15jilmT4MDG0Hu3qHVXWGQmtre9tpKhSKNlVlKlbmeiHwtTPZVeUhmBdKbJ5WqsfAl3wKr7CHebymWI6LxBAul1uoJF/ogmw15P3eABJB4CVMDNRy+JfdGzia9N2QV84JTAAzIIEQuu8YAmzzXTaAM8q12IQKzXyZEQ25etzlkIPd uzIrTbdbeXl31+lVilPodiZ1g7Sp5PLQsN0ECu42SW89IjVwpQaTerKATVVCtESZxaab2aBeYuTkXJlaf4A+q0rXSg8NV3moM5x00RpBq62o5gkkxwuY0UCj/LrAm+82hTijSu4nMINXX6V26h5XpkjaCYWaEnEt3lkXHfNWxWRHMGxxV3tvOshB9rjZ+jNgVxFOJufopICj9peg1cwsUh2wu1kyirHYpI6ZJTS0B3kRTDNRZbyBZ61VjBFbh8Ol1kp3nDc9iDwOnIWHU2KDuYdmbXgaIjzRTWWewpO+qZwvgpU7Y+06/fPDWuOGXEtDFA3LreVSkhIvIfBSgsY1ruuOvS4T+QEDP80jDXcpGG7hwBDndLEp9iY6V13d7LPO4379fBwUgpPQyk8/ MXWNsivPPqodkaMALphR6BXfNEq1RX6uV5E91/4vd5zNcUxsBP8wglHsPSEBAn4IBzYKCFTxNIzdwKkcYSgiMYKE4ixVTxYXBzjnvyexA5zl9YHtSRvhYDgxj/jR8LWp1wvYCPh0quCoZ3AG1zrr90/M0WbeSEVSmYPUZTdz2QiCICKAwhmyVGtWG0lB+ObsVeHcIxKk ceja+cgUhLEPvjpldTfkvWstuC/mkxq4kHVK4hnfDCxS/0okL6b97M4LHUzkl2yHZVdCl0W8LgKbxNYiTXmswWIm+nzW4QXGC7CcZwr4YgZjTZyn553xWt62ZW7R0d5oxEQHzfe52DsYyh0Yk/glV9yn6+HBURSHN0jP7sP93v5BOZLt53dA7itwzawe/GEJ7q8BfynB w/waCUi1q+rwae9AEVYB6jVNBnUgqNmvUWY3wHJa5q5QM5V/UlDOzOf5ppjjYbjdP8g8sa/KhwFAHCXDQe9Aa85Bwf5Bdh8rvoOanz4ET4sfWl3o2eJhI/udmvfvfWbYobXwIV8tDyfJla5F6TXl3/wsD3LLWCQkwta32CFXsAwwKHRNxUdchlqwYyNIRPiDk0LsViko 9hOecIDJTU5UGN8sYK0qkCzA04r0dPb0mrpBtEhJYEnhs4WHoPPxr8TIhiS1Uu8WFtiKXdAfWdDisAX1nIgvoGBgTI5B2CE/FqHnGdOkuFwz+vb4jFHLT24ZnTIqnKmrrltdjOHKARH5y+DhV/3MrZ80ft/4Q6Pd0BtfNL5q/Klx2rhoWDt/3fnbzt93/vHgnw/+/eA/D/4rUT+6l9H8tlH7/e7j/wFOqz1i</latexit>

Figure 13: Optimized 3D beams using three mesh sizes for a strain energy minimization with mass constraint
problem.
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5.2.2 Strain energy minimization: minimum feature size control through density method

without hole seeding

To demonstrate that the minimum length control is completely decoupled from the hole seeding strategy, a
modified version of the optimization formulation of Eq. 22 is investigated. The same meshes of the previous
setup are used, i.e. h = [2.50, 1.875, 1.25]. In this case, the hole seeding penalty term is deactivated by
setting w4 to zero. Instead, the initial designs contain a hole seeding pattern of cuboid primitives, as seen
in the first row of Fig. 14. In this setup, the projected density field is initially set to 1.0 in the entire design
domain and can freely evolve throughout the optimization process.

The second row of Fig. 14 shows the optimized designs. The final topologies consist of the typical shear-
webs observed in 3D benchmark LS TO beam problems. Truss-like connections are not observed since holes
are no longer seeded through the optimization process, and the projected density field is used only to provide
minimum feature size control. Overall, the optimized structures di↵er only locally, and similar minimum
length is achieved. The di↵erence in converged designs is less pronounced between the two finest meshes
since the di↵erence in the initial hole seeing patterns is small. Note that identical initial hole seeding patterns
cannot be achieved because the hole arrangement is constraint by the element length, h. Placing holes closer
than done in the first row of Fig. 14 may result in spurious connections between them; see, for example,
Barrera and Maute (2020).

The design domain colored by the projected density field is shown at the bottom row of Fig. 14 together
with two views of 2D cuts in the X2 � X3 plane. These cuts are located at X1 = 75.0 and X1 = 150.0
and show the mesh along with a yellow sphere which radius is equal to the prescribed density filter radius.
The spheres are placed where the minimum features are located. It can be seen that the VDDR penalty
e↵ectively enforces a density of zero in the void phase, and neither undercutting nor overcutting is observed
for any of the refinement levels. In addition, a uniform projected density field of 1.0 is observed in the solid
phase. As expected, the resolution of the transition region increases as the mesh is refined and, in all cases,
it is located close to the interface in the void phase, achieving the desired configuration shown in Fig. 4. In
general, a consistent minimum length scale control is achieved by the proposed TO approach regardless of
whether the projected density field is used for hole nucleation or not.

5.2.3 Total mass minimization

An optimization problem formulation which incorporates the functionality of the VDDR penalty in the
void phase is investigated in this section. The proposed mass minimization problem with a strain energy
constraint reads:

min
s

z(s,u(s)) = w1
M(s)

M0
+ w2 PPer(s)

+ w3 PReg(s) + w4 P⇢�(s)

+ w5 P⇢̂⌦II (s)

s.t. : g1(u, s) =
 (s,u(s))

 ref
� 1.0  0.

(24)

The first term in the objective is the mass of the entire design domain, M, defined as:

M(s) =

Z

⌦I

⇥dV +

Z

⌦II

⇥dV, (25)

which indicates that the mass is minimized in both the solid and void phases. Note that the mass constraint
in the previous optimization problem only considers the solid phase, see Eq. 22. The remaining components
are explained in Section 4. The initial objective weights are wi =[0.819, 0.001, 0.03, 0.15, 0.00]. Note
that w5 is set to zero to deactivate the VDDR penalty. A strain energy constraint that is normalized by
 ref = 1.5⇥ 105 is enforced.

The first, second and third row of Fig. 15 display the entire design domain colored by the projected
density field, the optimized designs together with a yellow sphere that represents the desired minimum
feature, and the skeleton of the converged designs in the solid phase, respectively. The results for this new
setup are shown in the left and middle columns, for r

⇢
f = [7.50, 3.75]. The first row shows that a uniform
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<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

⇢̂(X)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

 = 1.25 ⇥ 104

<latexit sha1_base64="Qedt6buWhOiy/aSsrkZYd6Q+O24=">AAAXNHicnRjbbtvIVcn2slVvmy5soOjLoIECqbYUUpazSQFl13DiVEXsuCtba8A0iRE5opjlbUlqY2c8+oW+tj/SfynQt6Kv/YaemeFdFywqwOZwzv06ZzgNXSdOFOWfDx5+8qMf/+Snn/6s+fNf /PJXv/7s0W8mcbCITHJpBm4QXU1xTFzHJ5eJk7jkKowI9qYu+Wb67TGHf/M9iWIn8C+Su5DceNj2nZlj4gS2jEc7D1valNiOT8l3C7HHmi0tmgdtzcPJfDqjV6wDO+88YmODjkYA/mg4w2vtPHb2zw16TiLGn18TWzw5rRbOHXbTbLmBbVBVYW1tFmGTchJGP3J+OQR4 Pf2o0z+wDgLGQy1eeAj20BBx7L1UwF4qYK8sALRKHNciq9q+rr7GBk3mHJ1vmtilr/gLSfCw31OktQJDV4ZKTxWvsB2WROX8boUzXhE3wehW5/DCFs0ls6Qt/msTEiUotTrEUeJgF31kxTrjFzOGtMix55JELkHEQFnhK5iBa7gHc7xma/zk5BhpWsmMJ4UVElCYbVAn ATjnriXkNqHXTO0rcnnLBvkq27thXAR3gUHjOcuEwJIHKFvrCtpDbaT2FNSt7HaQ1D3zRFURiCur7pkss0ynPD5sWxTA9JPjPy5LOoHdyr1RF8OGauZjHEXBB67nOqy6Js3WBfBHUB0JlkoAp17uOT/wuxaJHdtHVuBhx2fLtoRMAzeJn8aLMAyiJGb7SBaPDmk4Eukj sFLaeDEtyCWeleGVFYq5HQf7qKblUFWU2qaHb9mwryg1BoA74JtqV8NuOMdAZWPPA9PS2uIhPRT2bYaLelkbkqvCsrfj7tXJ69PbfcTmaYVNcaRdzMGRHCd9rkQpdy34Hbz/uoQzAZwoSatWihcRz3XizQI4qL0XawK0lB5etkN85wbYQtPgdp8t857G9LAWlmUtJgLJ 6mxhLYJeZTrdhp+lR5UkLof9lFs36D1/llWlqui0e8CktRtheTejGeMJT2ZZxJX9MasVWI0kBW2jAC3WMwBMaAobmRewTTQr+vPIa+bcabYgxLwrwRrEN7Pzy4RTMOaIW1pOveHwHVRpOUIE1OwTYBBE2HWXdQLe076r16FotOpWspd1Gm6Tb+V6C0O4AmA87675i2iv XK1lZloBEtXOu24ZOz8d0grOOBZvqyxLsJxnBb9gupJgY54G7XX7HV0cCSVBm9E2QKgHdbhN+mSD9MkPkz7ZKH2yKv0ZgpHDIzF6hlr5slSybyGwA+BwZNA9Vp443gBAXUnpMpmo3RzKOwde1LorVJEs9+5x4CcwAfK0uTIOuldGH0kICl3sExTfeR5JojuAD1I11Uzf QbMVQfM0KOMH5hdQTBODHl2wp/AoVyLvrGpusOgv6iH4orWJQMxjOS63Z2FQUK12SETGDHirvcNmi56ASy4lEheo9F68aLasznJ03D3ImueRN3XsRbCIUQIm4TmxIj4YvBm/ewvyoal6WEwjjp+gayhOmH0tXEDsYrmHPhQv7QKg73X0PrpBlrQGBIveoUKzAKa5kYQV FXzGkJWe6ywf5kawhHPAAu/Dg2pznNBUHwaGtv09tcPKOkOhtZX97TQlipo2ZWVKVmZ6IfC1re/V5SGYFwpsnlZ1j4Ev+RReYg/zeEWxDBeJIVwut1BJvtAF2WrI+70BJILAi5kYqOXwL7s3cDTo+yGvnDOYAGZAAiF03jME2Mb7dABnlGuxCRWa+TIlGnL1uMshB7v3 RVYaTrf08v6+0ysVp9BtLHWDtCnl8lCznBgK7i5O7lwiNXCkBno1WcCmMiFaotRiw0ltqF9i5ORcmlp/gD6rSldKDw1XedRnOOmiNYJWW1HFE0iOFzCjgUbZdYE3320KcUal3I9hBi+/Su3qe1yZPGl1CjUl4pq/sy465a2KyY6gWeKu9sGwkY2sSbP1Z8AuI5zpF+gs h6P2l6DVzMhTHbC7aTKKsdigtpEmNLQHeRFMUlFFvIFnpVVMEFuHw6VWSneSNT2IPPbthYsTYoG5R0ZleBoirKtGbZ7Cet+onS+ClTNj7Sr9y6NK44ZcSwIUDout5VKSEjcm8FKAJhWu6469LhP5AQM/zSINdykYbuHAEOd0vin2dJWrXt/ss87TfvV8HOSC48DMTj8x dY3SK88BqhyRIx8umGHg5t80CrVFfq5Xkb1U/i93jOc4IhaCfxjBKPaBEB8BP4R9C/kEqngaRI5vl44wFJIIQUJxlnVP5hcHOOe/J5ENnOX1ge1LG+FgODOO+dHwtaFWC1jz+XRaw6mfwSlc6azfPzNGm3mjOlKdOUhddlOXjSAIIgIomCGzbs1qI8kJ345PcuceEz+J AsfKRiY/iDzw1TmruiHrXWvBfTGfVMC5rHMSzfimb5LqVyJ5Me2nd17oYCK/ZDssuhK6yuN16VskMhdJwmMNFjPR59MOLzBegeU8U8AXMxhroiw977U38rYtc4uO9kcjJjpots/F3sNQbsOYxC+54j5dDQ8Owyi4RWp6H+73Dg6LkewguwNyX4FrZtXgDwtwfw34Swke ZtdIQKpcVYfPe4c1YSWgWtFkUAWCmv0KZXoDLKZl7op6pvJPCrUz82W2KeZ4GG4PDpvyw0CvXxPPL175B0/js8fgUvFDqws1XTxupL9z49GD32pWYC48SEzTxXF8rSphckP5xz3ThSTSFjEJsfkttsk1LH0Mom+o+FrLUAt2LAQZB39wJIjdMgXFXswzCzC5bXEdxjdz WKsMJAtwaU16Mnt+Qx0/XCTEN6Xw2cJF0OL452BkQTaaiXsHC2xGDuiPTOhl2ITCjcWnTjAwIqcg7Iiff9DctGmc36IZfXc6ZtT04jtGp4wKZ6p1160uJnC3GPQO/zJ4/FU/deunjd81ft9oN9TGF42vGn9qnDcuG+aOs/PXnb/t/H33H7v/2v337n8k6sMHKc3njcpv 97//A3N/N3E=</latexit>

 = 1.22 ⇥ 104

<latexit sha1_base64="Fthsw/D9T6q2k8fY+7Q5Jc7EytQ=">AAAXNHicnRjbbtvIVcn2slVvmy5soOjLoIECqbYUUpazSQFl13DiVEXsuCtba8A0iRE5opjlbUlqY2c8+oW+tj/SfynQt6Kv/YaemeFdFywqwOZwzv06ZzgNXSdOFOWfDx5+8qMf/+Snn/6s+fNf /PJXv/7s0W8mcbCITHJpBm4QXU1xTFzHJ5eJk7jkKowI9qYu+Wb67TGHf/M9iWIn8C+Su5DceNj2nZlj4gS2jEc7D1valNiOT8l3C7HHmi0tmgdtzcPJfDqjV6wDO+88YmODjkYA/mg4w2vtPHb2zw16TiLGn18TWzw5rRbOHXbTbLmBbVBVYW1tFmGTchJGP3J+OQR4 Pf2o0z+wDgLGQy1eeAj20BBx7L1UwF4qYK8sALRKHNciq9q+rr7GBk3mHJ1vmtilr/gLSfCw31OktQJDV4ZKTxWvsB2WROX8boUzXhE3wehW5/DCFs0ls6Qt/msTEiUotTrEUeJgF31kxTrjFzOGtMix55JELkHEQFnhK5iBa7gHc7xma/zk5BhpWsmMJ4UVElCYbVAn ATjnriXkNqHXTO0rcnnLBvkq27thXAR3gUHjOcuEwJIHKFvrCtpDbaT2FNSt7HaQ1D3zRFURiCur7pkss0ynPD5sWxTA9JPjPy5LOoHdyr1RF8OGauZjHEXBB67nOqy6Js3WBfBHUB0JlkoAp17uOT/wuxaJHdtHVuBhx2fLtoRMAzeJn8aLMAyiJGb7SBaPDmk4Eukj sFLaeDEtyCWeleGVFYq5HQf7qKblUFWU2qaHb9mwryg1BoA74JtqV8NuOMdAZWPPA9PS2uIhPRT2bYaLelkbkqvCsrfj7tXJ69PbfcTmaYVNcaRdzMGRHCd9rkQpdy34Hbz/uoQzAZwoSatWihcRz3XizQI4qL0XawK0lB5etkN85wbYQtPgdp8t857G9LAWlmUtJgLJ 6mxhLYJeZTrdhp+lR5UkLof9lFs36D1/llWlqui0e8CktRtheTejGeMJT2ZZxJX9MasVWI0kBW2jAC3WMwBMaAobmRewTTQr+vPIa+bcabYgxLwrwRrEN7Pzy4RTMOaIW1pOveHwHVRpOUIE1OwTYBBE2HWXdQLe076r16FotOpWspd1Gm6Tb+V6C0O4AmA87675i2iv XK1lZloBEtXOu24ZOz8d0grOOBZvqyxLsJxnBb9gupJgY54G7XX7HV0cCSVBm9E2QKgHdbhN+mSD9MkPkz7ZKH2yKv0ZgpHDIzF6hlr5slSybyGwA+BwZNA9Vp443gBAXUnpMpmo3RzKOwde1LorVJEs9+5x4CcwAfK0uTIOuldGH0kICl3sExTfeR5JojuAD1I11Uzf QbMVQfM0KOMH5hdQTBODHl2wp/AoVyLvrGpusOgv6iH4orWJQMxjOS63Z2FQUK12SETGDHirvcNmi56ASy4lEheo9F68aLasznJ03D3ImueRN3XsRbCIUQIm4TmxIj4YvBm/ewvyoal6WEwjjp+gayhOmH0tXEDsYrmHPhQv7QKg73X0PrpBlrQGBIveoUKzAKa5kYQV FXzGkJWe6ywf5kawhHPAAu/Dg2pznNBUHwaGtv09tcPKOkOhtZX97TQlipo2ZWVKVmZ6IfC1re/V5SGYFwpsnlZ1j4Ev+RReYg/zeEWxDBeJIVwut1BJvtAF2WrI+70BJILAi5kYqOXwL7s3cDTo+yGvnDOYAGZAAiF03jME2Mb7dABnlGuxCRWa+TIlGnL1uMshB7v3 RVYaTrf08v6+0ysVp9BtLHWDtCnl8lCznBgK7i5O7lwiNXCkBno1WcCmMiFaotRiw0ltqF9i5ORcmlp/gD6rSldKDw1XedRnOOmiNYJWW1HFE0iOFzCjgUbZdYE3320KcUal3I9hBi+/Su3qe1yZPGl1CjUl4pq/sy465a2KyY6gWeKu9sGwkY2sSbP1Z8AuI5zpF+gsh6P2l6DVzMhTHbC7aTKKsdigtpEmNLQHeRFMUlFFvIFnpVVMEFuHw6VWSneSNT2IPPbthYsTYoG5R0ZleBoirKtGbZ7Cet+onS+ClTNj7Sr9y6NK44ZcSwIUDout5VKSEjcm8FKAJhWu6469LhP5AQM/zSINdykYbuHAEOd0vin2dJWrXt/ss87TfvV8HOSC48DMTj8x dY3SK88BqhyRIx8umGHg5t80CrVFfq5Xkb1U/i93jOc4IhaCfxjBKPaBEB8BP4R9C/kEqngaRI5vl44wFJIIQUJxlnVP5hcHOOe/J5ENnOX1ge1LG+FgODOO+dHwtaFWC1jz+XRaw6mfwSlc6azfPzNGm3mjOlKdOUhddlOXjSAIIgIomCGzbs1qI8kJ345PcuceEz+J AsfKRiY/iDzw1TmruiHrXWvBfTGfVMC5rHMSzfimb5LqVyJ5Me2nd17oYCK/ZDssuhK6yuN16VskMhdJwmMNFjPR59MOLzBegeU8U8AXMxhroiw977U38rYtc4uO9kcjJjpots/F3sNQbsOYxC+54j5dDQ8Owyi4RWp6H+73Dg6LkewguwNyX4FrZtXgDwtwfw34Swke ZtdIQKpcVYfPe4c1YSWgWtFkUAWCmv0KZXoDLKZl7op6pvJPCrUz82W2KeZ4GG4PDpvyw0Cv36+K5xev/IOn8dljcKn4odWFmi4eN9LfufHowW81KzAXHiSm6eI4vlaVMLmh/OOe6UISaYuYhNj8FtvkGpY+BtE3VHytZagFOxaCjIM/OBLEbpmCYi/mmQWY3La4DuOb OaxVBpIFuLQmPZk9v6GOHy4S4ptS+GzhImhx/HMwsiAbzcS9gwU2Iwf0Ryb0MmxC4cbiUycYGJFTEHbEzz9obto0zm/RjL47HTNqevEdo1NGhTPVuutWFxO4Wwx6h38ZPP6qn7r108bvGr9vtBtq44vGV40/Nc4blw1zx9n5687fdv6++4/df+3+e/c/EvXhg5Tm80bl t/vf/wFtyjdu</latexit>

 = 1.25 ⇥ 104

<latexit sha1_base64="Qedt6buWhOiy/aSsrkZYd6Q+O24=">AAAXNHicnRjbbtvIVcn2slVvmy5soOjLoIECqbYUUpazSQFl13DiVEXsuCtba8A0iRE5opjlbUlqY2c8+oW+tj/SfynQt6Kv/YaemeFdFywqwOZwzv06ZzgNXSdOFOWfDx5+8qMf/+Snn/6s+fNf /PJXv/7s0W8mcbCITHJpBm4QXU1xTFzHJ5eJk7jkKowI9qYu+Wb67TGHf/M9iWIn8C+Su5DceNj2nZlj4gS2jEc7D1valNiOT8l3C7HHmi0tmgdtzcPJfDqjV6wDO+88YmODjkYA/mg4w2vtPHb2zw16TiLGn18TWzw5rRbOHXbTbLmBbVBVYW1tFmGTchJGP3J+OQR4Pf2o0z+wDgLGQy1eeAj20BBx7L1UwF4qYK8sALRKHNciq9q+rr7GBk3mHJ1vmtilr/gLSfCw31OktQJDV4ZKTxWvsB2WROX8boUzXhE3wehW5/DCFs0ls6Qt/msTEiUotTrEUeJgF31kxTrjFzOGtMix55JELkHEQFnhK5iBa7gHc7xma/zk5BhpWsmMJ4UVElCYbVAn ATjnriXkNqHXTO0rcnnLBvkq27thXAR3gUHjOcuEwJIHKFvrCtpDbaT2FNSt7HaQ1D3zRFURiCur7pkss0ynPD5sWxTA9JPjPy5LOoHdyr1RF8OGauZjHEXBB67nOqy6Js3WBfBHUB0JlkoAp17uOT/wuxaJHdtHVuBhx2fLtoRMAzeJn8aLMAyiJGb7SBaPDmk4EukjsFLaeDEtyCWeleGVFYq5HQf7qKblUFWU2qaHb9mwryg1BoA74JtqV8NuOMdAZWPPA9PS2uIhPRT2bYaLelkbkqvCsrfj7tXJ69PbfcTmaYVNcaRdzMGRHCd9rkQpdy34Hbz/uoQzAZwoSatWihcRz3XizQI4qL0XawK0lB5etkN85wbYQtPgdp8t857G9LAWlmUtJgLJ 6mxhLYJeZTrdhp+lR5UkLof9lFs36D1/llWlqui0e8CktRtheTejGeMJT2ZZxJX9MasVWI0kBW2jAC3WMwBMaAobmRewTTQr+vPIa+bcabYgxLwrwRrEN7Pzy4RTMOaIW1pOveHwHVRpOUIE1OwTYBBE2HWXdQLe076r16FotOpWspd1Gm6Tb+V6C0O4AmA87675i2iv XK1lZloBEtXOu24ZOz8d0grOOBZvqyxLsJxnBb9gupJgY54G7XX7HV0cCSVBm9E2QKgHdbhN+mSD9MkPkz7ZKH2yKv0ZgpHDIzF6hlr5slSybyGwA+BwZNA9Vp443gBAXUnpMpmo3RzKOwde1LorVJEs9+5x4CcwAfK0uTIOuldGH0kICl3sExTfeR5JojuAD1I11Uzf QbMVQfM0KOMH5hdQTBODHl2wp/AoVyLvrGpusOgv6iH4orWJQMxjOS63Z2FQUK12SETGDHirvcNmi56ASy4lEheo9F68aLasznJ03D3ImueRN3XsRbCIUQIm4TmxIj4YvBm/ewvyoal6WEwjjp+gayhOmH0tXEDsYrmHPhQv7QKg73X0PrpBlrQGBIveoUKzAKa5kYQV FXzGkJWe6ywf5kawhHPAAu/Dg2pznNBUHwaGtv09tcPKOkOhtZX97TQlipo2ZWVKVmZ6IfC1re/V5SGYFwpsnlZ1j4Ev+RReYg/zeEWxDBeJIVwut1BJvtAF2WrI+70BJILAi5kYqOXwL7s3cDTo+yGvnDOYAGZAAiF03jME2Mb7dABnlGuxCRWa+TIlGnL1uMshB7v3 RVYaTrf08v6+0ysVp9BtLHWDtCnl8lCznBgK7i5O7lwiNXCkBno1WcCmMiFaotRiw0ltqF9i5ORcmlp/gD6rSldKDw1XedRnOOmiNYJWW1HFE0iOFzCjgUbZdYE3320KcUal3I9hBi+/Su3qe1yZPGl1CjUl4pq/sy465a2KyY6gWeKu9sGwkY2sSbP1Z8AuI5zpF+gsh6P2l6DVzMhTHbC7aTKKsdigtpEmNLQHeRFMUlFFvIFnpVVMEFuHw6VWSneSNT2IPPbthYsTYoG5R0ZleBoirKtGbZ7Cet+onS+ClTNj7Sr9y6NK44ZcSwIUDout5VKSEjcm8FKAJhWu6469LhP5AQM/zSINdykYbuHAEOd0vin2dJWrXt/ss87TfvV8HOSC48DMTj8x dY3SK88BqhyRIx8umGHg5t80CrVFfq5Xkb1U/i93jOc4IhaCfxjBKPaBEB8BP4R9C/kEqngaRI5vl44wFJIIQUJxlnVP5hcHOOe/J5ENnOX1ge1LG+FgODOO+dHwtaFWC1jz+XRaw6mfwSlc6azfPzNGm3mjOlKdOUhddlOXjSAIIgIomCGzbs1qI8kJ345PcuceEz+J AsfKRiY/iDzw1TmruiHrXWvBfTGfVMC5rHMSzfimb5LqVyJ5Me2nd17oYCK/ZDssuhK6yuN16VskMhdJwmMNFjPR59MOLzBegeU8U8AXMxhroiw977U38rYtc4uO9kcjJjpots/F3sNQbsOYxC+54j5dDQ8Owyi4RWp6H+73Dg6LkewguwNyX4FrZtXgDwtwfw34Swke ZtdIQKpcVYfPe4c1YSWgWtFkUAWCmv0KZXoDLKZl7op6pvJPCrUz82W2KeZ4GG4PDpvyw0CvXxPPL175B0/js8fgUvFDqws1XTxupL9z49GD32pWYC48SEzTxXF8rSphckP5xz3ThSTSFjEJsfkttsk1LH0Mom+o+FrLUAt2LAQZB39wJIjdMgXFXswzCzC5bXEdxjdz WKsMJAtwaU16Mnt+Qx0/XCTEN6Xw2cJF0OL452BkQTaaiXsHC2xGDuiPTOhl2ITCjcWnTjAwIqcg7Iiff9DctGmc36IZfXc6ZtT04jtGp4wKZ6p1160uJnC3GPQO/zJ4/FU/deunjd81ft9oN9TGF42vGn9qnDcuG+aOs/PXnb/t/H33H7v/2v337n8k6sMHKc3njcpv97//A3N/N3E=</latexit>

h = 4.0

<latexit sha1_base64="vuYWZN+2W2U6bpfdJwYcky7Ni9Y=">AAAWlHicnRjbctvGlU6aNmWTNm5jvfRlpx56yFKkAYpy7E7pRiNbLjuWrIYSoxlBwCyBJQgHtwCgLXm1/M8+9F96dhd3XiZTzkhY7Llf9yxmoevEiaL858Fnn//qi1//5svfNn/31de//8M3D/84 jYNlZJJLM3CD6GqGY+I6PrlMnMQlV2FEsDdzyY+zn445/McPJIqdwL9I7kJy42Hbd+aOiRPYMh5++6GlzYjt+JT8vBR7rNnSokXQ1jycLGZzesU6sPPOIzY26HgM4E+GM7rWzmNn/9yg5yRi/PkDscWT02rhwmE3zZYb2AZVFdbW5hE2KSdh9BPnl0OA19NPOv0r6yBg PNLipYdgD40Qx+6mArqpgG5ZAGiVOK5F1rV9XX2NDZosODrfNLFLX/EXkuDRoK9IawWGroyUvipeYTssicr53QpnvCJugtGtzuGFLZpL5klb/NemJEpQanWIo8TBLvrEinXGL2YMaZFjLySJXIKIobLGVzAD13AP5njN1uTJyTHStJIZTworJKAw26BOAnDOXUvIbUKv mTpQ5PKWDfNVtnfDuAjuAoPGC5YJgSUPULbWFdRFbaT2FdSr7HaQ1D3zRFURiCur7pkss0ynPD5sVxTA9JPjv61KOoHdyr1RF8NGauZjHEXBR67nJqy6Js3WBfBHUB0JlkoAp37uOT/wexaJHdtHVuBhx2ertoTMAjeJn8bLMAyiJGb7SBaPDmk4FukjsFLaeDkryCWe leGVFYq5HQf7qKblSFWU2qaHb9looCg1BoA75JtqT8NuuMBAZWPPA9PS2uIhPRT2bYeLetkYkqvCsreT3tXJ69PbfcQWaYXNcKRdLMCRHCd9rkUpdy34Hbz/uoQzBZwoSatWihcRz3XizQI4qP0XGwK0kh5etUN85wbYQrPgdp+t8p7G9LAWllUtJgLJ6uxgLYJeZTrb hZ+lR5UkLof9lFs37D9/llWlqui0d8CktVtheTejGeMpT2ZZxJX9CasVWI0kBe2iAC02MwBMaApbmRewbTRr+vPIa+bCabYgxLwrwRrEN7Pzy4RTMOaIO1pOveHwHVRpOUIE1OwTYBBE2HVXdQLe036u16FotOpOspd1Gm6Tb+V6C0O4AmA87675i2ivXK1VZloBEtXO u24ZOz8d0grOOBZv6yxLsJxnBb9gupZgE54G7U37HV0cCSVB29G2QKgHdbhL+nSL9Okvkz7dKn26Lv0ZgpHDIzF6hlr5slSybyGwQ+BwZNAuK08cbwCgrqV0mUzUbg7lnQMva90VqkiWe+848BOYAHnaXBkHvStjgCQEhS72CYrvPI8k0R3Ah6maaqbvsNmKoHkalPED 8zsopqlBjy7YU3iUK5F3VjU3WPQX9RB80dpGIOaxHJfbszQoqFY7JCJjDrzV/mGzRU/AJZcSiQtU+i9eNFtWZzU+7h1kzfPImzn2MljGKAGT8IJYER8M3kzevQX50FQ9LKYRx0/QNRQnzL4WLiB2seyij8VLuwDo3Y4+QDfIktaAYNE7VGgWwDQ3krCigs8YstJzneXD 3BiWcA5Y4H14UG2BE5rqw8DQtt9VO6ysMxRaW9nfTVOiqGlTVqZkZaYXAl/bercuD8G8UGDztKp7DHzJp/ASe5jHK4pluEgM4XK5g0ryhS7I1kM+6A8hEQRezMRALYd/2b2Bo0Hfj3jlnMEEMAcSCKHzniHANt6nAzijXIttqNDMVynRiKvHXQ452LsvstJweqWX9/ed fqk4hW4TqRukTSmXR5rlxFBwd3Fy5xKpgSM10KvJAjaVCdEKpRYbTmpD/RIjJ+fS1PoL9FlXulJ6aLTOoz7DSRdtELTeiiqeQHK8gBkNNMquC7z57lKIMyrlfgwzePlValff48rkSatTqCkR1/yd9dApb1VMdgTNEne1j4aNbGRNm61/AXYZ4Uy/QGc5HLX/AVrNjTzV AbuXJqMYiw1qG2lCQ3uQF8EkFVXEG3hWWsUUsU04XGqldKdZ04PIY99eujghFph7ZFSGpxHCumrU5imsD4za+SJYOXPWrtK/PKo0bsi1JEDhqNharSQpcWMCLwVoWuG66djrMZEfMPDTLNJwl4LhFg4McU7nm2JPV7nq9c0B6zwdVM/HYS44Dszs9BNT1zi98hygyhE5 9uGCGQZu/k2jUFvk52YV2Uvl/3LHZIEjYiH4hxGMYh8J8RHwQ9i3kE+gimdB5Ph26QhDIYkQJBRnWfdkfnGAc/4DiWzgLK8PbF/aCAfDmXHMj4YfDLVawJrPp9MaTv0MTuFKZ/P+mTHezhvVkerMQeqql7psDEEQEUDBHJl1a9YbSU74dnKSO/eY+EkUOFY2MvlB5IGv zlnVDVnv2ggeiPmkAs5lnZNozjd9k1S/EsmL6SC980IHE/kl22HRldBVHq9L3yKRuUwSHmuwmIk+n3Z4gfEKLOeZAr6Yw1gTZel5r72Rt22ZW3S8Px4z0UGzfS72HoZyG8YkfskV9+lqeHAYRsEtUqVfR9mVD4xvLkbDfvmTwCkbPe8fHhYT20EVqPYPSsBhFTjoHwwq lOmdrZhvufL13OKXnfwjo/HNYzBD/ND6Qk0Xjxvp79x4+OALzQrMpQfJYLo4jq9VJUxuKP+gZroQOG0ZkxCbP2GbXMPSx6DeDRVfSBlqwY6FIMrwB21Y7JYpKPZiHk3A5DrHdRjf3AS7Xibz5zfU8cNlQnxTCpovXQQthH9uRRZE20zcO1hgM3JAV2RCr8AmFEYsPiWC MRE5BcZH/HyB5qHN4vyWyui70wmjphffMTpjVDhOrbtpfTGF2X3YH/57+Ph7JXXhl40/N/7SaDfUxneN7xv/bJw3Lhvmt/999Pmjrx59vbe39/e9473XEvWzBynNnxqV397Z/wDhMvyZ</latexit>
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Figure 14: 3D beam strain energy minimization with mass constraint problem using three mesh sizes and
initial hole pattern: (top) initial design domains, (center) solid phase of converged designs, and (bottom)
design domain at convergence colored by projected density field with insets.

density of 0.0 is achieved in the void phase without including a VDDR penalty in the optimization problem
formulation. However, the explicit control of the e↵ect of the VDDR penalty, i.e., how far from the interface
it is enforced, is lost. This has a number of implications: (i) the transition region develops within the bounds
of the filter radius; (ii) the interface enforces a minimum feature drastically di↵erent from the desired one,
and its e↵ect is more pronounced with larger filter radii (see second row of Fig. 15); and (iii) a clearly defined
skeleton is less likely to occur (see third row of Fig. 15).

To show the e↵ect of having explicit control of the minimum feature size, the optimization problem
formulated in Eq. 24 is solved with a VDDR penalty weight di↵erent than zero, i.e. w5 = 10.0. Also, the
mass is defined on the solid side only as follows:

M(s) =

Z

⌦I

⇥dV = M⌦1(s). (26)

The right column of Fig. 15 shows the optimized design of this modified problem using a filter radius of
r
⇢
f = 3.75. It can be seen that a reliable minimum feature size is recovered. Thus, the VDDR penalty is
crucial to achieve the desired control on the minimum feature.

6 Conclusions and Future Work

A TO approach that provides mechanisms for continuous hole seeding and minimum feature size control
was introduced. This approach combines LS and density methods. LS and density optimization variables
are coupled directly through a penalty term in the objective function to nucleate holes at the initial stages
of the optimization process. In addition, the projection and penalization of the density field are gradually
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M = 1.17 ⇥ 104

<latexit sha1_base64="vMxEZzmW2uNQDBqMu2PXDR9sSkg=">AAAXUnicnRhZb9vIWdntsVW37aaFNyj6MmigQKothZTlHAWUXcOJUxWx465trQHTIkbkiGKW15LUxs5k9Npf09f2j/Slf6VP/WaG5+jAogJsDue7z/mG08hzk1TT/nPvk09/8tOf/fyzXzR/+fmv fv2bL+7/dpyEi9gil1bohfHVFCfEcwNymbqpR66imGB/6pFvp98dcfi3P5A4ccPgIr2LyI2PncCduRZOYcu8v4NaxpQ4bkDJ9wuxx5otI56HbcPH6Xw6o1esAztvfeJgk45GAP5gusNr4yxx985MekZixp/fEEc8Oa0RzV1202x5oWNSXWNtYxZji3ISRj9wfgUEeD3+ MKF/Yh0EjIdGsvAR7KEh4ti7mYDdTMBuVQBolbqeTVa1fVV/TUyazjk637SwR1/yF5LiYb+nSWsFxkQbaj1dvMJ2VBFV8LsVznhJvBSj2wmHl7YYHpmlbfHfGJM4RZnVEY5TF3voAyvXOb+EMWTErjOXJHIJIgbaCl/BDFzDPVjgNVvnj46PkGFUzHhUWiEBpdkmdVOA c+5GSm5Tes30viaXt2xQrPK9G8ZFcBeYNJmzXAgseYDy9URDu6iN9J6GurXdDpK6556oKwJxZfU9i+WWTSiPD9sWBTD9+OjPy4pOYLf20VTFsKGe+xjHcfie67kOS9Wk2boA/giqI8VSCeDUKzwXhEHXJonrBMgOfewGbNmWkGnopcnjZBFFYZwmbA/J4plAGo5E+gis jDZZTEtyiWfneFWFEm7H/h5StBzqmqZs+viWDfuapjAA3AHf1LsG9qI5BioH+z6YltUWD+mBsG8zXNTL2pBclZa9Oe9eHb86ud1DbJ5V2BTHxsUcHMlxsudKlArXgt/B+68qOGPAidOsaqV4EfFCJ94sgIPee74mQEvp4WU7wndeiG00DW/32LLoaWwSKWFZKjERSHZn C2sR9DrT6Tb8PD3qJEk17CfcukHv2ZO8KnVtQrv7TFq7EVZ0M5ozHvNklkVc2z9nSoEpJBloGwVosZ4BYEJT2Mi8hG2iWdGfR96w5m6zBSHmXQnWIL6Zn18WnIIJR9zSctSGw3dQreUIEVCzj4BBGGPPW6oEvKd9r9ahaLT6VrIXKg23KbALvYUhXAEwnnfX4kW0V67W MjetBIlq5123il2cDlkF5xzLt1WWFVjBs4ZfMl1JsHOeBu11+52JOBIqgjajbYBQH+pwm/TxBunjHyd9vFH6eFX6EwQjh08S9AS1imWlZN9AYAfA4dCku6w6cbwGgL6S0lUyUbsFlHcOvFC6K1SRLPfuURikMAHytLky97tXZh9JCIo8HBCU3Pk+SeM7gA8yNfVc30Gz FUPzNCnjB+ZTKKaxSQ8v2GN4VCuRd1a9MFj0F/0AfNHaRCDmsQKX27MwKaimHBKxOQPeeu+g2aLH4JJLicQFar3nz5stu7McHXX38+Z56E9dZxEuEpSCSXhO7JgPBq/P374B+dBUfSymETdI0TUUJ8y+Ni4hTrncRe/Ll3YJmOx2Jn10g2xpDQgWvUOHZgFMCyMJKyv4 lCE7O9dZMcyNYAnngA3ehwc15jilmT4MDG0Hu3qHVXWGQmtre9tpKhSKNlVlKlbmeiHwtTPZVeUhmBdKbJ5WqsfAl3wKr7CHebymWI6LxBAul1uoJF/ogmw15P3eABJB4CVMDNRy+JfdGzia9N2QV84pTAAzIIEQuu8YAmzzXTaAM8q12IQKzXyZEQ25etzlkIPdj2VW mm638vLuY6dXKU6h27nUDdKmkstDw3YTKLi7JL3ziNTAlRpM6skCNlUJ0RJlFptuZoN6iZGTc2Vq/RH6rCpdKz00XOWhznDSRWsErbaimieQHC9gRgON8usCb77bFOKMKrmfwAxefZXaqXtcmSJpJxRqSsS1eGdddMJbFZMdwbDFXe296SAH2eNm66+AXUU4nVyg0wKO 2l+BVjOzSHXA7mbJKMZikzpmltDQHuRFMM1ElfEGnrVWMUZsHQ6XWivdcd70IPI4cBYeTokN5h6ateFpiPBEN5V5Ck/6pnK+CFbujLXr9C8Oa40bci0NUTQst5ZLSUq8hMBLCRrXuK479rpM5AcM/DSPNNylYLiFA0Oc08Wm2JvoXHV1s886j/v183FQCE5CKz/9xNQ1 yq48+6h2RI4CuGBGoVd80yjVFvm5XkX2Qvu/3HE+xzGxEfzDCEax94QECPghHNgoIFDF0zB2A6dyhKGIxAgSirNUPVlcHOCc/4HEDnCW1we2J22Eg+HUPOJHwzemXi9gI+DTqYKjnsEZXOus3z81R5t5IxVJZQ5Sl93MZSMIgogACmfIUq1ZbSQF4Zvz48K5RyRI49C1 85EpCGMffHXG6m7Ie9dacF/MJzVwIeuMxDO+GVik/pVIXkz72Z0XOpjIL9kOy66Erop4XQY2ia1FmvJYg8VM9PmswwuMl2A5zxTwxQzGmjhPz4/Ga3nblrlFR3ujERMdNN/nYj/CUO7AmMQvueI+XQ8PjqI4vEV6dh/u9/YPypFsP78Dcl+Ba2b14A9LcH8N+CsJHubX SECqXVWHz3oHirAKUK9pMqgDQc1+jTK7AZbTMneFmqn8k4JyZr7IN8UcD8Pt/kHmiX1Ffl03/SmqK8evZcXnUPOLh+Bw8UOrCz1bPGxkvzPz/r3fG3ZoLXxIW8vDSXKta1F6Q/mnP8uDFDMWCYmw9R12yDUsAwyib6j4lstQC3ZsBPkIf3BgiN0qBcV+wvMOMLkRiQrj mwWsVQWSBVisSE9nz26oG0SLlASWFD5beAgaIP9YjGzIVSv17mCBrdgF/ZEFnQ5bUNaJ+BAKBsbkBIQd8tMRWp8xTYo7NqNvT84ZtfzkjtEpo8KZuuq61cUYbh6D3sHfBg+/7mdu/azxh8YfG+2G3nja+Lrxl8ZZ47Jh7fx95x87/9z515f//vK/D+49+FSifnIvo/ld o/Z78Pn/ANHaPwI=</latexit>

M = 1.78 ⇥ 104

<latexit sha1_base64="i1aZwEvHIiioDj+ehgMKUMJQgfA=">AAAXUnicnRhZb9vIWdntsVW37aaFNyj6MmigQKothZTlHAWUXcOJUxWx465trQHTIkbkiGKW15LUxs5k9Npf09f2j/Slf6VP/WaG5+jAogJsDue7z/mG08hzk1TT/nPvk09/8tOf/fyzXzR/+fmv fv2bL+7/dpyEi9gil1bohfHVFCfEcwNymbqpR66imGB/6pFvp98dcfi3P5A4ccPgIr2LyI2PncCduRZOYcu8v4NaxpQ4bkDJ9wuxx5otI56HbcPH6Xw6o1esAztvfeJgk45GAP5gusNr4yxx985MekZixp/fEEc8Oa0RzV1202x5oWNSXWNtYxZji3ISRj9wfgUEeD3+ MKF/Yh0EjIdGsvAR7KEh4ti7mYDdTMBuVQBolbqeTVa1fVV/TUyazjk637SwR1/yF5LiYb+nSWsFxkQbaj1dvMJ2VBFV8LsVznhJvBSj2wmHl7YYHpmlbfHfGJM4RZnVEY5TF3voAyvXOb+EMWTErjOXJHIJIgbaCl/BDFzDPVjgNVvnj46PkGFUzHhUWiEBpdkmdVOA c+5GSm5Tes30viaXt2xQrPK9G8ZFcBeYNJmzXAgseYDy9URDu6iN9J6GurXdDpK6556oKwJxZfU9i+WWTSiPD9sWBTD9+OjPy4pOYLf20VTFsKGe+xjHcfie67kOS9Wk2boA/giqI8VSCeDUKzwXhEHXJonrBMgOfewGbNmWkGnopcnjZBFFYZwmbA/J4plAGo5E+gis jDZZTEtyiWfneFWFEm7H/h5StBzqmqZs+viWDfuapjAA3AHf1LsG9qI5BioH+z6YltUWD+mBsG8zXNTL2pBclZa9Oe9eHb86ud1DbJ5V2BTHxsUcHMlxsudKlArXgt/B+68qOGPAidOsaqV4EfFCJ94sgIPee74mQEvp4WU7wndeiG00DW/32LLoaWwSKWFZKjERSHZn C2sR9DrT6Tb8PD3qJEk17CfcukHv2ZO8KnVtQrv7TFq7EVZ0M5ozHvNklkVc2z9nSoEpJBloGwVosZ4BYEJT2Mi8hG2iWdGfR96w5m6zBSHmXQnWIL6Zn18WnIIJR9zSctSGw3dQreUIEVCzj4BBGGPPW6oEvKd9r9ahaLT6VrIXKg23KbALvYUhXAEwnnfX4kW0V67W MjetBIlq5123il2cDlkF5xzLt1WWFVjBs4ZfMl1JsHOeBu11+52JOBIqgjajbYBQH+pwm/TxBunjHyd9vFH6eFX6EwQjh08S9AS1imWlZN9AYAfA4dCku6w6cbwGgL6S0lUyUbsFlHcOvFC6K1SRLPfuURikMAHytLky97tXZh9JCIo8HBCU3Pk+SeM7gA8yNfVc30Gz FUPzNCnjB+ZTKKaxSQ8v2GN4VCuRd1a9MFj0F/0AfNHaRCDmsQKX27MwKaimHBKxOQPeeu+g2aLH4JJLicQFar3nz5stu7McHXX38+Z56E9dZxEuEpSCSXhO7JgPBq/P374B+dBUfSymETdI0TUUJ8y+Ni4hTrncRe/Ll3YJmOx2Jn10g2xpDQgWvUOHZgFMCyMJKyv4 lCE7O9dZMcyNYAnngA3ehwc15jilmT4MDG0Hu3qHVXWGQmtre9tpKhSKNlVlKlbmeiHwtTPZVeUhmBdKbJ5WqsfAl3wKr7CHebymWI6LxBAul1uoJF/ogmw15P3eABJB4CVMDNRy+JfdGzia9N2QV84pTAAzIIEQuu8YAmzzXTaAM8q12IQKzXyZEQ25etzlkIPdj2VW mm638vLuY6dXKU6h27nUDdKmkstDw3YTKLi7JL3ziNTAlRpM6skCNlUJ0RJlFptuZoN6iZGTc2Vq/RH6rCpdKz00XOWhznDSRWsErbaimieQHC9gRgON8usCb77bFOKMKrmfwAxefZXaqXtcmSJpJxRqSsS1eGdddMJbFZMdwbDFXe296SAH2eNm66+AXUU4nVyg0wKO 2l+BVjOzSHXA7mbJKMZikzpmltDQHuRFMM1ElfEGnrVWMUZsHQ6XWivdcd70IPI4cBYeTokN5h6ateFpiPBEN5V5Ck/6pnK+CFbujLXr9C8Oa40bci0NUTQst5ZLSUq8hMBLCRrXuK479rpM5AcM/DSPNNylYLiFA0Oc08Wm2JvoXHV1s886j/v183FQCE5CKz/9xNQ1 yq48+6h2RI4CuGBGoVd80yjVFvm5XkX2Qvu/3HE+xzGxEfzDCEax94QECPghHNgoIFDF0zB2A6dyhKGIxAgSirNUPVlcHOCc/4HEDnCW1we2J22Eg+HUPOJHwzemXi9gI+DTqYKjnsEZXOus3z81R5t5IxVJZQ5Sl93MZSMIgogACmfIUq1ZbSQF4Zvz48K5RyRI49C1 85EpCGMffHXG6m7Ie9dacF/MJzVwIeuMxDO+GVik/pVIXkz72Z0XOpjIL9kOy66Erop4XQY2ia1FmvJYg8VM9PmswwuMl2A5zxTwxQzGmjhPz4/Ga3nblrlFR3ujERMdNN/nYj/CUO7AmMQvueI+XQ8PjqI4vEV6dh/u9/YPypFsP78Dcl+Ba2b14A9LcH8N+CsJHubX SECqXVWHz3oHirAKUK9pMqgDQc1+jTK7AZbTMneFmqn8k4JyZr7IN8UcD8Pt/kHmiX1Ffl23p89QXTl+LSs+h5pfPASHix9aXejZ4mEj+52Z9+/93rBDa+FD2loeTpJrXYvSG8o//VkepJixSEiEre+wQ65hGWAQfUPFt1yGWrBjI8hH+IMDQ+xWKSj2E553gMmNSFQY 3yxgrSqQLMBiRXo6e3ZD3SBapCSwpPDZwkPQAPnHYmRDrlqpdwcLbMUu6I8s6HTYgrJOxIdQMDAmJyDskJ+O0PqMaVLcsRl9e3LOqOUnd4xOGRXO1FXXrS7GcPMY9A7+Nnj4dT9z62eNPzT+2Gg39MbTxteNvzTOGpcNa+fvO//Y+efOv77895f/fXDvwacS9ZN7Gc3v GrXfg8//B984Pwk=</latexit>

(without cleanup penalty)

<latexit sha1_base64="UAu4eAmDISdLhXfiNoL+nn9PcTY=">AAAXW3icnRjbbhvHlU7SNmXTNm6hGEVfBjFokKVI71KUYxegE0G2XBaWrEYSI0ArLoa7Q3KdvWV3GEkeDb8hX9PX9jf60H/pmZm984KgBKSdnXO/zpmdhK4TU037z4OPPv7kF7/81ae/rv/ms9/+ 7vefP/zDKA4WkUUurMANossJjonr+OSCOtQll2FEsDdxyXeT7w8F/LsfSRQ7gX9O70Jy7eGZ70wdC1PYMh/utBrGhMwcn5EfFnKP1xtGNA+ahofpfDJll7wFO+88MsMmGw4B/MF0BlfGaezsnprslERcPL8lM/kUtEY4d/h1veEGM5PpGm8a0whbTJBw9kHwyyDA6+mH MfsLbyFgPDDihYdgDw2QwG4nAtqJgHZRAGhFHdcmq9q+Lr/GJqNzgS42LeyyV+KFUDzodTVlrcQYawOtq8tX2A4LojJ+t9IZr4hLMbodC3hui+GSKW3K/8aIRBQlVoc4og520Qeer1N+MefIiJzZXJGoJYjoayt8JTNwjfBghldvnD05OkSGUTDjSW6FAuRmm8yhABfc DUpuKbviek9Ty1vez1bp3jUXIoQLTBbPeSoEliJA6XqsoTZqIr2roU5pt4WU7qknyopAXHl5z+KpZWMm4sO3RQFMPzr867KgE9it3ZtVMXygpz7GURTcCD3XYVU1qTfOgT+C6qBYKQGcupnn/MDv2CR2Zj6yAw87Pl82FWQSuDR+Gi/CMIhozHeRKp4xpOFQpo/ESmjj xSQnV3h2ildUKBZ27O2iipYDXdMqmx6+5YOeplUYAG5fbOodA7vhHAPVDHsemJbUlgjpvrRvM1zWy9qQXOaWvT3rXB69Pr7dRXyeVNgER8b5HBwpcJLnSpQy14LfwfuvCzgjwIloUrVKvIx4ppNoFsBB775YE6Cl8vCyGeI7N8A2mgS3u3yZ9TQ+DithWVZiIpHs1hbW MuhlppNt+Gl6lEniYtiPhXX97vNnaVXq2ph19riydiMs62YsZTwSyayKuLR/xisFViFJQNsoQIv1DAATmsJG5jlsE82K/iLyhjV36g0IsehKsAbx9fT8suAUjAXilpZTbThiB5VajhQBNfsEGAQRdt1llUD0tB+qdSgbrb6V7GWVRtjk25ne0hChABgvumv2IturUGuZ mpaDZLWLrlvEzk6HpIJTjvnbKssCLONZws+ZriTYmUiD5rr91lgeCQVBm9E2QJgHdbhN+miD9NHPkz7aKH20Kv0ZgpHDIzF6hhrZslCybyGwfeBwYLI2L04cbwCgr6R0kUzWbgYVnQMvKt0VqkiVe+cw8ClMgCJtLs29zqXZQwqCQhf7BMV3nkdodAfwfqKmnurbrzci aJ4m4+LA/AqKaWSyg3P+FB7FShSdVc8Mlv1F3wdfNDYRyHkswxX2LEwGqlUOicicAm+9u19vsCNwyYVCEgK17osX9YbdWg4PO3tp8zzwJs5sESxiRMEkPCd2JAaDN2fv3oJ8aKoeltOI41N0BcUJs6+Nc8gsX7bRTf7SzAHjdmvcQ9fIVtaAYNk7dGgWwDQzkvC8gk84 spNznWfD3BCWcA7Y4H14MGOOKUv04WBo02/rLV7UGQqtqe1upylQVLQpKlOwMtULga9n43ZVHoJ5IccWaVX1GPhSTOEF9jCPlxRLcZEcwtVyC5XiC12Qr4a81+1DIki8mMuBWg3/qnsDR5O9H4jKOYEJYAokEELnPUeAbb5PBnDOhBabUKGZLxOigVBPuBxysHOfZ6Xp dAov7+9b3UJxSt3OlG6QNoVcHhi2E0PB3cX0ziVKA0dpMC4nC9hUJERLlFhsOokN1UuMmpwLU+vP0GdV6VLpocEqj+oMp1y0RtBqKyp5AqnxAmY00Ci9Lojmu00hwaiQ+zHM4MVXpV11TyiTJe2YQU3JuGbvvIOORaviqiMYtryr3ZgzNEP2qN74O2AXEU7G5+gkg6Pm 16DV1MxSHbA7STLKsdhkMzNJaGgP6iJIE1F5vIFnqVWMEF+HI6SWSneUNj2IPPZnCxdTYoO5B2ZpeBogPNbNyjyFxz2zcr5IVs6UN8v0Lw9KjRtyjQYoHORby6UiJW5M4CUHjUpc1x17HS7zAwZ+lkYa7lIw3MKBIc/pbFPujXWhenWzx1tPe+XzsZ8JjgMrPf3k1DVM rjx7qHREDn24YIaBm33TyNWW+bleRf5S+7/ccTbHEbER/MMIRrEbQnwE/BD2beQTqOJJEDn+rHCEoZBECBJKsKx6Mrs4wDn/I4lmwFldH/iushEOhhPzUBwN35p6uYANX0ynFZzqGZzAtdb6/RNzuJk3qiJVmYPUZSdx2RCCICOAgimyqtasNpKM8O3ZUebcQ+LTKHDs dGTyg8gDX53yshvS3rUW3JPzSQmcyTol0VRs+hYpfyVSF9NecueFDibzS7XDvCuhyyxeF75NImtBqYg1WMxln086vMR4BZaLTAFfTGGsidL0vDfeqNu2yi023B0Oueyg6b4Qew+NzkUGCWPHDXzgKS/V5RjhMIyCW6Qnl+Jed28/n8v20ougcBj4Z1rOgEEO7q0Bf63A g/QuCUil++rgeXe/IqwA1Eua9MtAULNXokyugfnILPxRTVfxXaFycL5MN+UwDxPu3n7iib2KfBWQ5o1D58GCIssl2F+EUJc+duldK72fZd9Fzc8fa11N/tDqQk8Wj2vJ79R8+OBPhh1YCw/y13JxHF/pWkivmfgGCNJ43VjEJMTW93hGrmDpY9DtmsmPuhw1YMdGkJjw ByeH3C1SMOzFIgEBU1gfV2FiM4M1ikCyAKdXpNPp82vm+OGCEt9SwqcLF0EnFF+NkQ1Ja1H3DhbYihzQH1nQ8rAF9R3LL6JgYESOQdiBOCahBxqTOLtsc/bu+Iwzy4vvOJtwJp2pV123uhjBFaTf3f9H//E3WuLWT2t/rn1Za9b02le1b2p/q53WLmrWzk87/9z5186/ v/jvo48f1R99plA/epDQ/LFW+j3a+R81OkSg</latexit>

1.0
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

0.0
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

⇢̂(X)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

(with cleanup penalty)

<latexit sha1_base64="e6dKZNhCyVJice5KlHL39sX8ivk=">AAAXWHicnRjpbhvHmU6PJOwVJ1CMon8GNWiQpUjvUpRjF6ATQbZcFpasRhIjQCsuhrtDcp29sjuMJI+Gb9Cn6d/2Qdqn6Tcze/NAEALSzs53n/PNTkLXiamm/ffBR7/45a9+/fEnn9Z/89vf/f4P nz38fBQHi8giF1bgBtHlBMfEdXxyQR3qksswItibuOS7yfeHAv7djySKncA/p3chufbwzHemjoUpbJkPd540jAmZOT4jPyzkHq83jGgeNA0P0/lkyi55C3beeWSGTTYcAviD6QyujNPY2T012SmJuHh+S2byKWiNcO7w63rDDWYm0zXeNKYRtpgg4eyD4JdBgNfTD2P2 F95CwHhgxAsPwR4aIIHdTgS0EwHtogDQijquTVa1fV1+jU1G5wJdbFrYZa/EC6F40OtqylqJMdYGWleXr7AdFkRl/G6lM14Rl2J0Oxbw3BbDJVPalP+NEYkoSqwOcUQd7KIPPF+n/GLOkRE5s7kiUUsQ0ddW+Epm4BrhwQyv3jh7cnSIDKNgxpPcCgXIzTaZQwEuuBuU 3FJ2xfWeppa3vJ+t0r1rLkQIF5gsnvNUCCxFgNL1WENt1ER6V0Od0m4LKd1TT5QVgbjy8p7FU8vGTMSHb4sCmH50+NdlQSewW7s3q2L4QE99jKMouBF6rsOqalJvnAN/BNVBsVICOHUzz/mB37FJ7Mx8ZAcedny+bCrIJHBp/DRehGEQ0ZjvIlU8Y0jDoUwfiZXQxotJ Tq7w7BSvqFAs7NjbRRUtB7qmVTY9fMsHPU2rMADcvtjUOwZ2wzkGqhn2PDAtqS0R0n1p32a4rJe1IbnMLXt71rk8en18u4v4PKmwCY6M8zk4UuAkz5UoZa4Fv4P3XxdwRoAT0aRqlXgZ8Uwn0SyAg959sSZAS+XhZTPEd26AbTQJbnf5MutpfBxWwrKsxEQi2a0trGXQ y0wn2/DT9CiTxMWwHwvr+t3nz9Kq1LUx6+xxZe1GWNbNWMp4JJJZFXFp/4xXCqxCkoC2UYAW6xkAJjSFjcxz2CaaFf1F5A1r7tQbEGLRlWAN4uvp+WXBKRgLxC0tp9pwxA4qtRwpAmr2CTAIIuy6yyqB6Gk/VOtQNlp9K9nLKo2wybczvaUhQgEwXnTX7EW2V6HWMjUt B8lqF123iJ2dDkkFpxzzt1WWBVjGs4SfM11JsDORBs11+62xPBIKgjajbYAwD+pwm/TRBumjnyZ9tFH6aFX6MwQjh0di9Aw1smWhZN9CYPvA4cBkbV6cON4AQF9J6SKZrN0MKjoHXlS6K1SRKvfOYeBTmABF2lyae51Ls4cUBIUu9gmK7zyP0OgO4P1ETT3Vt19vRNA8 TcbFgfkVFNPIZAfn/Ck8ipUoOqueGSz7i74PvmhsIpDzWIYr7FmYDFSrHBKROQXeene/3mBH4JILhSQEat0XL+oNu7UcHnb20uZ54E2c2SJYxIiCSXhO7EgMBm/O3r0F+dBUPSynEcen6AqKE2ZfG+eQWb5so5v8pZkDxu3WuIeuka2sAcGyd+jQLIBpZiTheQWfcGQn 5zrPhrkhLOEcsMH78GDGHFOW6MPB0Kbf1lu8qDMUWlPb3U5ToKhoU1SmYGWqFwJfz8btqjwE80KOLdKq6jHwpZjCC+xhHi8pluIiOYSr5RYqxRe6IF8Nea/bh0SQeDGXA7Ua/lX3Bo4mez8QlXMCE8AUSCCEznuOANt8nwzgnAktNqFCM18mRAOhnnA55GDnPs9K0+kU Xt7ft7qF4pS6nSndIG0KuTwwbCeGgruL6Z1LlAaO0mBcThawqUiIliix2HQSG6qXGDU5F6bWn6DPqtKl0kODVR7VGU65aI2g1VZU8gRS4wXMaKBRel0QzXebQoJRIfdjmMGLr0q76p5QJkvaMYOaknHN3nkHHYtWxVVHMGx5V7sxZ2iG7FG98XfALiKcjM/RSQZHza9B q6mZpTpgd5JklGOxyWZmktDQHtRFkCai8ngDz1KrGCG+DkdILZXuKG16EHnszxYupsQGcw/M0vA0QHism5V5Co97ZuV8kaycKW+W6V8elBo35BoNUDjIt5ZLRUrcmMBLDhqVuK479jpc5gcM/CyNNNylYLiFA0Oe09mm3BvrQvXqZo+3nvbK52M/ExwHVnr6yalrmFx5 9lDpiBz6cMEMAzf7ppGrLfNzvYr8pfaz3HE2xxGxEfzDCEaxG0J8BPwQ9m3kE6jiSRA5/qxwhKGQRAgSSrCsejK7OMA5/yOJZsBZXR/4rrIRDoYT81AcDd+aermADV9MpxWc6hmcwLXW+v0Tc7iZN6oiVZmD1GUncdkQgiAjgIIpsqrWrDaSjPDt2VHm3EPi0yhw7HRk 8oPIA1+d8rIb0t61FtyT80kJnMk6JdFUbPoWKX8lUhfTXnLnhQ4m80u1w7wrocssXhe+TSJrQamINVjMZZ9POrzEeAWWi0wBX0xhrInS9Lw33qjbtsotNtwdDrnsoOm+EHsPjc5FBgljxw184Ckv1eUY4TCMglukJ5fiXndvP5/L9tKLoHAY+GdazoBBDu6tAX+twIP0LglIpfvq4Hl3vyKsANRLmvTLQFCzV6JMroH5yCz8UU1X8V2hcnC+TDflMA8T7t5+4om9inwVkOaNQ+fIcgn2FyEUpY9detdKL2fZR1Hzs8daV5M/tLrQk8XjWvI7NR8++KNhB9bCg+S1XBzHV7oW0msmPgCCNF43FjEJsfU9npErWPoYFLtm8osuRw3YsRFkJfzBsSF3 ixQMe7HIPsAUpsdVmNjMYI0ikCzA4xXpdPr8mjl+uKDEt5Tw6cJF0AbFJ2NkQ8Za1L2DBbYiB/RHFvQ7bEFxx/JzKBgYkWMQdiDOSGiAxiTObtqcvTs+48zy4jvOJpxJZ+pV160uRnD/6Hf3/9F//I2WuPWT2p9qf641a3rtq9o3tb/VTmsXNWvnnzv/2vn3zn++/N+j 2qOPH32qUD96kNB8USv9Hn3+f0DzQyo=</latexit>

<latexit sha1_base64="xuFOh+QIrkD2LTodmRg1t8zH2us=">AAAXUnicnRjbbhvHlU56Sdi0jRsoRtGXQQ0aZCXSuxTl2AXoRJAtl4Ulq5HECNCKi+HucLnO3rK7jCWPh6/9mr62P9KX/kqfemZmr8MLghKQdnbO/Tpndhp5bpJq2n/uffTxz37+i19+8mnzV5/9 +je//fz+78ZJuIgtcmmFXhhfTXFCPDcgl6mbeuQqign2px75bvr9EYd/9yOJEzcMLtK7iNz42AncmWvhFLbM+zuoZUyJ4waU/LAQe6zZMuJ52DZ8nM6nM3rFOrDzxicONuloBOD3pju8Ns4Sd+/MpGckZvz5LXHEk9Ma0dxlN82WFzom1TXWNmYxtignYfQ951dAgNfj 9xP6J9ZBwHhoJAsfwR4aIo69mwnYzQTsVgWAVqnr2WRV25f118Sk6Zyj800Le/QFfyEpHvZ7mrRWYEy0odbTxStsRxVRBb9b4YwXxEsxup1weGmL4ZFZ2hb/jTGJU5RZHeE4dbGH3rNynfNLGENG7DpzSSKXIGKgrfAVzMA13IMFXrN1/uj4CBlGxYxHpRUSUJptUjcF OOdupOQ2pddM72tyecsGxSrfu2FcBHeBSZM5y4XAkgcoX080tIvaSO9pqFvb7SCpe+6JuiIQV1bfs1hu2YTy+LBtUQDTj4/+vKzoBHZrH0xVDBvquY9xHIfvuJ7rsFRNmq0L4I+gOlIslQBOvcJzQRh0bZK4ToDs0MduwJZtCZmGXpo8ThZRFMZpwvaQLJ4JpOFIpI/A ymiTxbQkl3h2jldVKOF27O8hRcuhrmnKpo9v2bCvaQoDwB3wTb1rYC+aY6BysO+DaVlt8ZAeCPs2w0W9rA3JVWnZ6/Pu1fHLk9s9xOZZhU1xbFzMwZEcJ3uuRKlwLfgdvP+ygjMGnDjNqlaKFxEvdOLNAjjovWdrArSUHl62I3znhdhG0/B2jy2LnsYmkRKWpRITgWR3trAWQa8znW7Dz9OjTpJUw37CrRv0nj7Jq1LXJrS7z6S1G2FFN6M54zFPZlnEtf1zphSYQpKBtlGAFusZACY0hY3MS9gmmhX9eeQNa+42WxBi3pVgDeKb+fllwSmYcMQtLUdtOHwH1VqOEAE1+wgYhDH2vKVKwHvaD2odikarbyV7rtJwmwK70FsYwhUA43l3LV5Ee+Vq LXPTSpCodt51q9jF6ZBVcM6xfFtlWYEVPGv4JdOVBDvnadBet9+ZiCOhImgz2gYI9aEOt0kfb5A+/mnSxxulj1elP0EwcvgkQU9Qq1hWSvY1BHYAHA5NusuqE8crAOgrKV0lE7VbQHnnwAulu0IVyXLvHoVBChMgT5src797ZfaRhKDIwwFByZ3vkzS+A/ggU1PP9R00 WzE0T5MyfmB+BcU0NunhBXsMj2ol8s6qFwaL/qIfgC9amwjEPFbgcnsWJgXVlEMiNmfAW+8dNFv0GFxyKZG4QK337FmzZXeWo6Puft48D/2p6yzCRYJSMAnPiR3zweDV+ZvXIB+aqo/FNOIGKbqG4oTZ18YlxCmXu+hd+dIuAZPdzqSPbpAtrQHBonfo0CyAaWEkYWUF nzJkZ+c6K4a5ESzhHLDB+/CgxhynNNOHgaHtYFfvsKrOUGhtbW87TYVC0aaqTMXKXC8EvnYmu6o8BPNCic3TSvUY+JJP4RX2MI/XFMtxkRjC5XILleQLXZCthrzfG0AiCLyEiYFaDv+yewNHk74d8so5hQlgBiQQQvctQ4Btvs0GcEa5FptQoZkvM6IhV4+7HHKw+6HM StPtVl7efuj0KsUpdDuXukHaVHJ5aNhuAgV3l6R3HpEauFKDST1ZwKYqIVqizGLTzWxQLzFycq5MrT9Bn1Wla6WHhqs81BlOumiNoNVWVPMEkuMFzGigUX5d4M13m0KcUSX3E5jBq69SO3WPK1Mk7YRCTYm4Fu+si054q2KyIxi2uKu9Mx3kIHvcbP0VsKsIp5MLdFrAUftr0GpmFqkO2N0sGcVYbFLHzBIa2oO8CKaZqDLewLPWKsaIrcPhUmulO86bHkQeB87CwymxwdxDszY8DRGe6KYyT+FJ31TOF8HKnbF2nf75Ya1xQ66lIYqG5dZyKUmJlxB4KUHjGtd1x16XifyAgZ/mkYa7FAy3cGCIc7rYFHsTnauubvZZ53G/fj4OCsFJaOWnn5i6 RtmVZx/VjshRABfMKPSKbxql2iI/16vInmv/lzvO5zgmNoJ/GMEo9o6QAAE/hAMbBQSqeBrGbuBUjjAUkRhBQnGWqieLiwOc8z+S2AHO8vrA9qSNcDCcmkf8aPjW1OsFbAR8OlVw1DM4g2ud9fun5mgzb6QiqcxB6rKbuWwEQRARQOEMWao1q42kIHx9flw494gEaRy6 dj4yBWHsg6/OWN0Nee9aC+6L+aQGLmSdkXjGNwOL1L8SyYtpP7vzQgcT+SXbYdmV0FURr8vAJrG1SFMea7CYiT6fdXiB8QIs55kCvpjBWBPn6fnBeCVv2zK36GhvNGKig+b7XOwHGModGJP4JVfcp+vhwVEUh7dIz+7D/d7+QTmS7ed3QO4rcM2sHvxhCe6vAX8twcP8 GglItavq8GnvQBFWAeo1TQZ1IKjZr1FmN8ByWuauUDOVf1JQzszn+aaY42G43T/IPLGvyK/rdlCdcgfZtaz4HGp+/hAcLn5odaFni4eN7Hdm3r/3e8MOrYUPaWt5OEmudS1Kbyj/9Gd5kGLGIiERtr7HDrmGZYBB9A0V33IZasGOjSAf4Q8ODLFbpaDYT3jeASY3IlFh fLOAtapAsgCLFenp7OkNdYNokZLAksJnCw9BA+Qfi5ENuWql3h0ssBW7oD+yoNNhC8o6ER9CwcCYnICwQ346Quszpklxx2b0zck5o5af3DE6ZVQ4U1ddt7oY85tHT/vb4OE3/cytnzT+0Phjo93QG181vmn8pXHWuGxYO3/f+cfOP3f+9eW/v/zvg3sPPpaoH93LaL5o 1H4PPvsf1qQ/Ag==</latexit>

M = 1.56 ⇥ 104

r
⇢
f = 3.75

<latexit sha1_base64="LIiHW8imrBau5FL3E1SWHvOuMbA=">AAAXQ3icnRhZb9vIWdntsVWvTRc2UPRl0ECBVFkKKck5Cii7hhOnKmLHXdlaA6ZFjMgRxSyvJamNnfHop/S1/SP9Ef0NfSv6WqDfzPDWgUUF2BzOd5/zDWeBY0exovzzwSef/ujHP/npZz+r//wX v/zVrz9/+JtJ5C9Dg1wavuOHVzMcEcf2yGVsxw65CkKC3ZlDvpl9e8zh33xPwsj2vYv4LiA3LrY8e24bOIYt/eHew4Y2I5btUfLdUuyxekMLF35Tc3G8mM3pFWvBzjuXWFinoxGAP+r28Fo7j+yDc52ek5Dx59fEEk9OqwULm93UG45v6VRVWFObh9ignITRj5xfBgFe Tz5O6R9YCwHjoRYtXQR7aIg4djsR0E4EtIsCQKvYdkyyru3r8muk03jB0fmmgR36ir+QGA97XUVaKzCmylDpquIVtoOCqIzfrXDGK+LEGN1OOTy3RXPIPG6K/9qEhDFKrA5wGNvYQR9Zvk75RYwhLbSthSSRSxAxUNb4CmbgGu7BDK/eGD8+OUaaVjDjcW6FBORm69SO Ac65azG5jek1U3uKXN6yQbZK924YF8FdoNNowVIhsOQBStdTBbVRE6ldBXVKuy0kdU89UVYE4srKewZLLZtSHh+2Kwpg+snxH1cFncBu5V6vimFDNfUxDkP/A9dzE1ZVk3rjAvgjqI4YSyWAUzfznOd7HZNEtuUh03ex7bFVU0JmvhNHT6JlEPhhHLEDJItnCmk4EukjsBLaaDnLySWemeIVFYq4Hf0DVNFyqCpKZdPFt2zYU5QKA8Ad8E21o2EnWGCgsrDrgmlJbfGQHgr7tsNFvWwMyVVu2dtx5+rk9entAWKLpMJmONQuFuBIjpM816KUuRb8Dt5/XcCZAE4YJ1UrxYuIZzrxZgEc1O6LDQFaSQ+vmgG+c3xsopl/e8BWWU9j06ASllUlJgLJ bO1gLYJeZjrbhZ+mR5kkKob9lFs36D5/mlalqkxpp8+ktVthWTejKeMJT2ZZxKX9MasUWIUkAe2iAC02MwBMaApbmeewbTRr+vPIa8bCrjcgxLwrwRrE19Pzy4BTMOKIO1pOteHwHVRqOUIE1OxjYOCH2HFWVQLe076r1qFotOpOspdVGm6TZ2Z6C0O4AmA8767Zi2iv XK1ValoOEtXOu24ROzsdkgpOOeZv6ywLsIxnCT9nupZgY54GzU37rak4EgqCtqNtgVAX6nCX9MkW6ZMfJn2yVfpkXfpTBCOHSyL0FDWyZaFk30JgB8DhSKdtVpw43gBAXUvpIpmo3QzKOwdeVrorVJEs986x78UwAfK0udL7nSu9hyQEBQ72CIruXJfE4R3AB4maaqrv oN4IoXnqlPED8xkU00SnRxfsCTyKlcg7q5oZLPqLegi+aGwjEPNYhsvtWeoUVKscEqE+B95q97DeoCfgkkuJxAUq3Rcv6g2ztRodd/pp8zxyZ7a19JcRisEkvCBmyAeDN+N3b0E+NFUXi2nE9mJ0DcUJs6+Jc4iVL9voQ/7SzAHTdmvaQzfIlNaAYNE7VGgWwDQzkrC8 gs8YMpNznWXD3AiWcA6Y4H14UG2BY5row8DQptdWW6yoMxRaUznYTVOgqGhTVKZgZaoXAl9b03ZVHoJ5IcfmaVX1GPiST+EF9jCPlxRLcZEYwuVyB5XkC12QrYe81x1AIgi8iImBWg7/snsDR52+H/LKOYMJYA4kEEL7PUOArb9PBnBGuRbbUKGZrxKiIVePuxxysHOf Z6Vudwov7+9b3UJxCt3GUjdIm0IuDzXTjqDg7qL4ziFSA1tqMC0nC9hUJEQrlFis24kN1UuMnJwLU+sP0Gdd6VLpoeE6j+oMJ120QdB6Kyp5AsnxAmY00Ci9LvDmu0shzqiQ+xHM4MVXqV11jyuTJe2UQk2JuGbvrINOeatisiNoprirfdAtZCFzUm/8GbCLCGfTC3SW wVHzS9BqrmepDtidJBnFWKxTS08SGtqDvAjGiag83sCz1ComiG3C4VJLpTtJmx5EHnvW0sExMcHcI700PA0Rnqp6ZZ7C055eOV8EK3vOmmX6l0elxg25FvsoGOZbq5UkJU5E4CUHTUpcNx17HSbyAwZ+mkYa7lIw3MKBIc7pbFPsTVWuenWzx1pPeuXzcZAJjnwjPf3E 1DVKrjx9VDoiRx5cMAPfyb5p5GqL/NysInup/F/uGC9wSEwE/zCCUewDIR4Cfgh7JvIIVPHMD23PKhxhKCAhgoTiLKuezC4OcM5/T0ILOMvrAzuQNsLBcKYf86Pha10tF7Dm8em0glM9gxO40tq8f6aPtvNGVaQqc5C66iQuG0EQRASQP0dG1Zr1RpIRvh2fZM49Jl4c+raZjkyeH7rgq3NWdkPauzaCe2I+KYEzWecknPNNzyDlr0TyYtpL7rzQwUR+yXaYdyV0lcXr0jNJaCzjmMcaLGaizycdXmC8Ast5poAv5jDWhGl63mtv5G1b5hYdHYxGTHTQdJ+LvYeh3IIxiV9yxX26HB4cBKF/i9TkPtzr9g/zkayf3gG5r8A183Lwhzm4twH8pQQP 02skIJWuqsPn3cOKsAJQLWkyKANBzV6JMrkB5tMyd0U1U/knhcqZ+TLdFHM8DLf9w8QT/Yp8OP/FSQKAZ4fJPSz7/ql//gg8LH5ofaEmi0e15HeuP3zwW830jaULeWo4OIquVSWIbyj/1mc4kFPaMiIBNr7FFrmGpYdBkRsqPt4y1IAdE0ECwh+cEGK3SEGxG/FEA0xu alSF8c0M1igCyRI8XJEez5/fUNsLljHxDCl8vnQQdDz+dRiZkJxG7NzBAhuhDfojA1obNqCOI/HlEwwMySkIO+LHIfQ6bRZll2pG352OGTXc6I7RGaPCmWrVdeuLCVw1Bt3DvwwefdVL3PpZ7Xe139eaNbX2rPZV7U+189plzdi73fvr3t/2/r7/j/1/7f97/z8S9ZMH Cc0XtdJv/7//Ay8iPH0=</latexit>

r
⇢
f = 7.50

<latexit sha1_base64="k/eTJ+GJBR2BwFQU88UC0Nmx4f0=">AAAXQ3icnRhZb9vIWdntsVWvTRc2UPRl0ECBVFkKKck5Cii7hhOnKmLHXdlaA6ZFjMgRxSyvJamNnfHop/S1/SP9Ef0NfSv6WqDfzPDWgUUF2BzOd5/zDWeBY0exovzzwSef/ujHP/npZz+r//wX v/zVrz9/+JtJ5C9Dg1wavuOHVzMcEcf2yGVsxw65CkKC3ZlDvpl9e8zh33xPwsj2vYv4LiA3LrY8e24bOIYt/eHew4Y2I5btUfLdUuyxekMLF35Tc3G8mM3pFWvBzjuXWFinoxGAP+r28Fo7j+yDc52ek5Dx59fEEk9OqwULm93UG45v6VRVWFObh9ignITRj5xfBgFe Tz5O6R9YCwHjoRYtXQR7aIg4djsR0E4EtIsCQKvYdkyyru3r8muk03jB0fmmgR36ir+QGA97XUVaKzCmylDpquIVtoOCqIzfrXDGK+LEGN1OOTy3RXPIPG6K/9qEhDFKrA5wGNvYQR9Zvk75RYwhLbSthSSRSxAxUNb4CmbgGu7BDK/eGD8+OUaaVjDjcW6FBORm69SO Ac65azG5jek1U3uKXN6yQbZK924YF8FdoNNowVIhsOQBStdTBbVRE6ldBXVKuy0kdU89UVYE4srKewZLLZtSHh+2Kwpg+snxH1cFncBu5V6vimFDNfUxDkP/A9dzE1ZVk3rjAvgjqI4YSyWAUzfznOd7HZNEtuUh03ex7bFVU0JmvhNHT6JlEPhhHLEDJItnCmk4Eukj sBLaaDnLySWemeIVFYq4Hf0DVNFyqCpKZdPFt2zYU5QKA8Ad8E21o2EnWGCgsrDrgmlJbfGQHgr7tsNFvWwMyVVu2dtx5+rk9entAWKLpMJmONQuFuBIjpM816KUuRb8Dt5/XcCZAE4YJ1UrxYuIZzrxZgEc1O6LDQFaSQ+vmgG+c3xsopl/e8BWWU9j06ASllUlJgLJ bO1gLYJeZjrbhZ+mR5kkKob9lFs36D5/mlalqkxpp8+ktVthWTejKeMJT2ZZxKX9MasUWIUkAe2iAC02MwBMaApbmeewbTRr+vPIa8bCrjcgxLwrwRrE19Pzy4BTMOKIO1pOteHwHVRqOUIE1OxjYOCH2HFWVQLe076r1qFotOpOspdVGm6TZ2Z6C0O4AmA8767Zi2iv XK1ValoOEtXOu24ROzsdkgpOOeZv6ywLsIxnCT9nupZgY54GzU37rak4EgqCtqNtgVAX6nCX9MkW6ZMfJn2yVfpkXfpTBCOHSyL0FDWyZaFk30JgB8DhSKdtVpw43gBAXUvpIpmo3QzKOwdeVrorVJEs986x78UwAfK0udL7nSu9hyQEBQ72CIruXJfE4R3AB4maaqrv oN4IoXnqlPED8xkU00SnRxfsCTyKlcg7q5oZLPqLegi+aGwjEPNYhsvtWeoUVKscEqE+B95q97DeoCfgkkuJxAUq3Rcv6g2ztRodd/pp8zxyZ7a19JcRisEkvCBmyAeDN+N3b0E+NFUXi2nE9mJ0DcUJs6+Jc4iVL9voQ/7SzAHTdmvaQzfIlNaAYNE7VGgWwDQzkrC8 gs8YMpNznWXD3AiWcA6Y4H14UG2BY5row8DQptdWW6yoMxRaUznYTVOgqGhTVKZgZaoXAl9b03ZVHoJ5IcfmaVX1GPiST+EF9jCPlxRLcZEYwuVyB5XkC12QrYe81x1AIgi8iImBWg7/snsDR52+H/LKOYMJYA4kEEL7PUOArb9PBnBGuRbbUKGZrxKiIVePuxxysHOf Z6Vudwov7+9b3UJxCt3GUjdIm0IuDzXTjqDg7qL4ziFSA1tqMC0nC9hUJEQrlFis24kN1UuMnJwLU+sP0Gdd6VLpoeE6j+oMJ120QdB6Kyp5AsnxAmY00Ci9LvDmu0shzqiQ+xHM4MVXqV11jyuTJe2UQk2JuGbvrINOeatisiNoprirfdAtZCFzUm/8GbCLCGfTC3SW wVHzS9BqrmepDtidJBnFWKxTS08SGtqDvAjGiag83sCz1ComiG3C4VJLpTtJmx5EHnvW0sExMcHcI700PA0Rnqp6ZZ7C055eOV8EK3vOmmX6l0elxg25FvsoGOZbq5UkJU5E4CUHTUpcNx17HSbyAwZ+mkYa7lIw3MKBIc7pbFPsTVWuenWzx1pPeuXzcZAJjnwjPf3E 1DVKrjx9VDoiRx5cMAPfyb5p5GqL/NysInup/F/uGC9wSEwE/zCCUewDIR4Cfgh7JvIIVPHMD23PKhxhKCAhgoTiLKuezC4OcM5/T0ILOMvrAzuQNsLBcKYf86Pha10tF7Dm8em0glM9gxO40tq8f6aPtvNGVaQqc5C66iQuG0EQRASQP0dG1Zr1RpIRvh2fZM49Jl4c +raZjkyeH7rgq3NWdkPauzaCe2I+KYEzWecknPNNzyDlr0TyYtpL7rzQwUR+yXaYdyV0lcXr0jNJaCzjmMcaLGaizycdXmC8Ast5poAv5jDWhGl63mtv5G1b5hYdHYxGTHTQdJ+LvYeh3IIxiV9yxX26HB4cBKF/i9TkPtzr9g/zkayf3gG5r8A183Lwhzm4twH8pQQP 02skIJWuqsPn3cOKsAJQLWkyKANBzV6JMrkB5tMyd0U1U/knhcqZ+TLdFHM8DLf9w8QT/Yp8OP/FSTJ81j1UkntY9v1T//wReFj80PpCTRaPasnvXH/44Lea6RtLF/LUcHAUXatKEN9Q/q3PcCCntGVEAmx8iy1yDUsPgyI3VHy8ZagBOyaCBIQ/OCHEbpGCYjfiiQaY 3NSoCuObGaxRBJIleLgiPZ4/v6G2Fyxj4hlS+HzpIOh4/OswMiE5jdi5gwU2Qhv0Rwa0NmxAHUfiyycYGJJTEHbEj0Poddosyi7VjL47HTNquNEdozNGhTPVquvWFxO4agy6h38ZPPqql7j1s9rvar+vNWtq7Vntq9qfaue1y5qxd7v3172/7f19/x/7/9r/9/5/JOon DxKaL2ql3/5//wcpmDx6</latexit>
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Figure 15: 3D beam mass minimization problem. Showing: (top) only solid domain, (center) the entire
design domain colored by the filtered projected density field, and (bottom) the solid domain highlighting in
red unfiltered unprojected densities greater than a threshold.

increased through the optimization process, and the density field in the void phase is kept near zero through a
VDDR penalty added to the objective function. The minimum feature size control is provided by the density
filter radius. This has the advantage that thin members can be removed during the optimization process
if physically meaningful and changes in topology are not prohibited, as seen by typical LS-based feature
size control schemes. In the proposed approach, the LS and density fields are optimized simultaneously
throughout the entire optimization process. Hence, this approach has the flavor of a combined LS-density
TO method. Despite projecting the density field, converged designs without intermediate densities cannot
be avoided.

Numerical examples in 2D and 3D demonstrated the capabilities of the proposed approach. Strain energy
and mass minimization optimization problems were considered. It was shown that the VDDR penalty, which
is a function of a LS threshold, requires the LS field to be regularized (i.e., use a method to avoid locally too
flat or steep LSF in the vicinity of the interface) to e↵ectively control the minimum feature size. Otherwise,
this penalty may not be activated su�ciently away from the interface in the void phase. Mesh-independent
designs were obtained for typical structural beam problems with minimized strain energy and mass, with
and without hole seeding capabilities. Due to the number of components and algorithmic parameters needed
in this framework, its applicability requires an in-depth understanding of the design optimization problem
at hand.

Future work should study the proposed approach for setups with intricate optimization problem formu-
lations and di↵erent physics models to assess complexities associated with achieving well-posed optimization
problem formulations. Also, more sophisticated continuation schemes that update the algorithmic parame-
ters based on the evolution of the design should be explored.
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