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We analyze three-dimensional particle-laden, isotropic turbulence to develop an understanding of
inertial particle dynamics from a kinetic energy perspective. Data trends implying inhomogeneous
sampling of the flow by particles are identified and used to support a proposed particle behavior:
particles appear to accumulate in regions of low flow kinetic energy over time because they lose
kinetic energy and slow down in such regions, ultimately causing them to spend more time there.
To elucidate this behavior, we derive a particle kinetic energy equation from the particle momentum
equation, which incorporates inertial effects through the Schiller-Naumann drag correlation. Upon
extracting fundamental physics from this equation, hypotheses regarding the role of the Stokes
number in the temporal change of particle kinetic energy and the previously proposed particle
behavior are evaluated using simulation data considering three Stokes numbers. Finally, a Fokker-
Planck equation is used to derive the steady-state probability density function of the particle kinetic
energy. The model fits the simulation data well and provides a tool for further investigation into
understanding preferential concentration, as well as a reduced order model for predicting particle
kinetic energy in turbulent flows.

I. INTRODUCTION

An interesting observation made in particle-laden tur-
bulence is the tendency for inertial particles to cluster
across multiple spatial and temporal scales [1]. The inho-
mogeneous particle concentration fields created by these
accumulates serve as evidence for a phenomenon com-
monly referred to as preferential concentration. Due to
the ubiquity of particle-laden turbulence throughout sci-
entific disciplines, elements of preferential concentration
have been reported in a range of studies involving droplet
formation in clouds [2–4], spray combustion [5], and the
coexistence of plankton species [6]. As such, a variety
of methods have been used to quantify the presence of
preferential concentration in a system and describe its
qualitative features [7]. The results from these methods
have allowed for the modeling of preferential concentra-
tion and have kept the analysis of its physical mechanisms
an active area of research [8].

Central to the study of preferential concentration is
the Stokes number, a dimensionless number that arises
from the particle momentum equation as [9]

St =
τ̂p
τ̂visc

, (1)

where τ̂p is the particle relaxation time and τ̂visc is the
viscous time scale. In the extreme cases, particles are un-
derstood to act like tracers as St→ 0 and display a lack
of influence from the flow as St → ∞. This has led ex-
tensive efforts to focus on understanding the mechanisms
behind preferential concentration in intermediate scenar-

ios. Due to the number of variables involved in preferen-
tial concentration (e.g. particle size, particle shape, flow
Reynolds number, domain geometry, etc.), a variety of
perspectives from which to investigate the phenomenon
exist. Here, we focus on studies that consider heavy,
point-wise particles due to their relevance with the cur-
rent investigation and applications involving sedimenta-
tion in rivers and the transport of sand, dust, or shrapnel
through air.

Considering St ≪ 1, Maxey [10] used an asymptotic
analysis to find that regions of high strain-rates and low
vorticities promote the accumulation of particles. This
result was later found to agree with the numerical re-
sults of Squires and Eaton [1]. Qualitatively, the mech-
anism behind the results of Maxey has been understood
as the expelling of small, heavy particles from the cores
of vortices, or eddies, in the flow due to a centrifuging ef-
fect [11, 12]. Even at sub-Kolmogorov length scales, evi-
dence of inertial particles sampling regions of high strain-
rates rather than rotation has been observed [13]. This
is in agreement with the results presented in the work of
Zaichik and Alipchenkov [14], where improvements upon
their statistical model for preferential concentration [15]
allowed them to find that clustering increases with the
ratio between rotation and strain-rate time scales. To-
gether, these results offer a common understanding of
preferential concentration at low values of St≪ 1.

As St increases (St ∼ 1), the effects of preferential
concentration become more evident with the formation
of inertial particle clusters in the flow [16–18]. Significant
efforts have been dedicated to understanding the mecha-
nisms behind preferential concentration in this regime,



2

as the change in physics and abundance of observed
trends offer opportunity to develop and compare new
phenomenology [19]. For St ranging from 0.16 to 3.5,
Bec et al. [20] investigated the acceleration statistics
of inertial particles and found a tendency for particles
with higher St to “filter” the influence of weak fluid ve-
locities on the particle dynamics according to the parti-
cle response time. This description of particle behavior
seems to agree with the accumulation behavior presented
in the work of Yoshimoto and Goto [21], where small
void regions are reported to initiate at low St, coexist
with larger void regions at St ∼ 1, and fade away as St
increases further. Another phenomenology developed in
the work of Gustavsson and Mehlig [22] describes ergodic
and non-ergodic clustering mechanisms that compete at
St ∼ 1: clustering due to ergodic “multiplicative ampli-
fication” and clustering due to the previously described
centrifuging effect at St ≪ 1 (non-ergodic). The former
mechanism is described as a dominant mechanism for
large values of St [23] and has strong ties to the authors’
continued series of work on clustering due to networks of
caustics in the flow [24–26],

In another series of work, the idea of continuous
clustering across temporal and spatial scales at zero-
acceleration points in the flow was thoroughly investi-
gated [27–29]. Upon extending the “sweep-stick” mecha-
nism described in these works from 2D to 3D domains,
the advantages of the mechanism for predicting parti-
cle clustering at high Stokes numbers over the centrifug-
ing approach were highlighted [30]. Additionally, Obli-
gado et al. [31] considered the sweep-stick mechanism
and centrifuging effect with experimental data and found
that the sweep-stick mechanism dominates for St > 1,
while the centrifuging effect dominates for St < 1. Over-
all, more similarities were found between the sweep-stick
mechanism and experimental evidence for the conditions
considered in their analysis.

The wealth of investigations regarding preferential con-
centration from the perspectives of particle acceleration,
spatial-temporal filtering, ergodic and non-ergodic mech-
anisms, and particle-flow structure interaction provide
evidence of the extensive efforts dedicated to understand-
ing the phenomenon. In this work, we consider an-
other perspective and examine preferential concentration
through the lens of flow and particle kinetic energies.
Snapshots from three simulations of three-dimensional
particle-laden, isotropic turbulence with differing Stokes
numbers are analyzed and trends related to the flow and
particle kinetic energies are elucidated. A description of
particle behavior, where particles appear to accumulate
in regions of low flow kinetic energy over time due to ki-
netic energy loss in such regions, is proposed based on
the identified trends. An equation for the particle ki-
netic energy is then derived from the particle momentum
equation, and the dynamics concerning idealized cases of
particle kinetic energy increase and decrease are analyzed
with support from the simulation data. The proposed
particle behavior is then shown to be maintained over

time in the simulation data, even at higher values of the
Stokes number where single snapshots from the simula-
tions do not display the proposed particle behavior.

Finally, scales that collapse the flow and particle ki-
netic energy probability density functions (PDFs) from
the three simulations are determined. This intriguing be-
havior motivates the derivation of a simplified model for
capturing the observed PDF. Previous simplified mod-
els related to preferential concentration have lowered
computational costs and provided additional insight into
the physics of the phenomenon for further investigations
[14, 32]. In particular, a large number of statistical mod-
els have been successfully employed to accurately and
efficiently study complex phenomena related to the dy-
namics of inertial particles and clustering [33–38]. Here,
we derive the steady-state PDF of the particle kinetic
energy using a Fokker-Planck model and show its agree-
ment with the simulation data for optimized, but phys-
ical, noise parameters. Overall, this study provides an
analysis of preferential concentration from the perspec-
tive of kinetic energy. In identifying temporal trends and
deriving a model for the steady-state PDF of particle
kinetic energy, a base for further investigation into pref-
erential concentration from a kinetic energy perspective
is provided.

The paper is organized as follows. In Section II, the
simulation data, simulation methodology, and relevant
averaging notation and nomenclature are described. Sim-
ulation statistics related to the flow and particle kinetic
energies are then presented in Section III and used to
propose a general behavior for the particle dynamics ob-
served. In Section IV, an equation for the particle kinetic
energy is derived from the particle momentum equation,
and fundamental particle physics is extracted by ana-
lyzing cases of particle kinetic energy increase (Section
IV A) and decrease (Section IV B) in time. Hypotheses
of particle behaviors with respect to the Stokes number
are also proposed, evaluated using the simulation data,
and expanded upon in Section IVC. In Section V, the
proposed particle behavior is shown to be present in the
particle dynamics across multiple Stokes numbers, de-
spite being difficult to observe in single snapshots of the
simulation for high values of St. Finally, a Fokker-Planck
equation is derived and solved in Section VI to provide a
simplified model of the steady-state PDF for the particle
kinetic energy. A summary of the work then follows in
Section VII.

II. SIMULATION DATA AND METHODOLOGY

A. Simulation Data

We analyze the flow and particle kinetic energies
extracted from three simulations of three-dimensional
particle-laden, isotropic turbulence conducted in the
work of Horwitz and Mani [9]. While a detailed account
of the considered simulations may be found in their work,
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we provide a concise description of the simulation param-
eters here. We note that larger data sets of differing pa-
rameters may also be used to conduct similar analyses to
those presented in this work. Each simulation considers
a cubic domain of fluid Ω̂ with an edge length of 128η̂,
where η̂ is the Kolmogorov length scale. The domain is
meshed with ∼ 2× 106 cells and periodic boundary con-
ditions are applied. A velocity field Û

(
x̂, t̂
)

is assumed
to exist in the fluid, where x̂ is the displacement vector
relative to a stationary origin in Ω̂ and t̂ is the time. The
Taylor Reynolds number considered for each simulation
is Reλ = 33. Particles are assumed to be point-wise with
d̂p < η̂, and much denser than the incompressible fluid
with ρ̂p ≫ ρ̂f , where d̂p is the particle diameter, ρ̂p is the
particle density, and ρ̂f is the fluid density. The Schiller-
Naumann drag correlation is used to model the particle
dynamics and all simulations are conducted in the one-
way coupling limit, meaning the mass of the particles,
m̂p, is small enough for particles to have no noticeable
effects on the global fluid dynamics in the simulations.
Due to small volume fractions (≤ O(10−5)), no collision
model is implemented in the simulations. While other
specifications regarding each simulation may be found in
Table I, including the total number of particles consid-
ered in each simulation N , we note that snapshots from
the simulations are roughly taken once every forcing time
scale.

TABLE I. Additional simulation specifications for each data
set considered.

Data Total Volume Stokes Total Number
Set Snapshots Fraction Number, St of Particles, N
1 184 25.0× 10−6 3.472 6408
2 161 8.33× 10−6 10.416 2136
3 184 2.78× 10−6 31.250 712

B. Particle Momentum Equation

To model the dynamics of inertial particles in turbu-
lence, we consider the Schiller-Naumann drag correla-
tion [9] and scale space by η̂, time by the viscous time
scale τ̂visc = ρ̂f η̂

2/µ̂, where µ̂ is the fluid viscosity, and
velocities by Û = η̂/τ̂visc. Here and throughout the
manuscript, hatted variables are assumed to be physi-
cally dimensional, while un-hatted variables are consid-
ered physically dimensionless. The particle momentum
equation can then be written as

dv

dt
=

f

St
(u− v) , (2a)

dXp

dt
= v, (2b)

FIG. 1. Gaussian fit lines overlaying histograms of the correc-
tion factor f proposed by the Schiller-Naumann drag correla-
tion. Samples are taken at all particle locations throughout
time.

TABLE II. The averages and standard deviations of f from
Figure 1.

Variable St = 3.472 St = 10.416 St = 31.250

Average f 1.1785 1.1718 1.1660
Standard Deviation of f 0.05385 0.05139 0.04932

where v = v(t) is the particle velocity, u = u(t) =
U(Xp(t), t) is the flow velocity evaluated at the particle
location Xp(t), f =

(
1 + 0.15Re0.687p

)
is the correction

factor proposed by the Schiller-Naumann drag correla-
tion, and Rep is the particle Reynolds number defined
as

Rep =
ρ̂f Û d̂p
µ̂

|u− v| . (3)

Additionally, we note that τ̂p = m̂p/(3πµ̂d̂p).
To supplement the Schiller-Naumann drag correlation,

Figure 1 provides the PDF of the correction factor f from
each data set, where samples of f are taken at all particle
locations throughout time. As shown in Table II, the
average value of f is roughly 1 for each data set, and the
standard deviations of f are small with respect to the
averages (∼ 4.39% of the average values). This point is
used later to justify considering f ∼ 1 in the analysis.

C. Averaging Notation and Nomenclature

To support the analysis, we define the following aver-
aging notations
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⟨·⟩F =
1

Ω

∫
Ω

(·) dx, ⟨·⟩P =
1

Np

Np∑
(·) ,

⟨·⟩T =
1

Nt

Nt∑
(·) ,

(4)

to denote an average taken over the non-dimensionalized
domain (i.e., the fluid), an average taken over particles,
and an average taken over snapshots in time, respectively.
Here, Np is the number of particles considered in the par-
ticle average and Nt is the number of snapshots consid-
ered in the time average.

We also denote the flow kinetic energy density as
K = U ·U, the flow kinetic energy density at a particle
location as K = u · u, and the particle kinetic energy
density as E = v · v. While both K and K have been
scaled by ρ̂f Û2/2, we note that E has been scaled by
ρ̂pÛ2/2. Throughout the current work, we refer to K
and K as values of the “flow kinetic energy” and to E
as the “particle kinetic energy” for conciseness, since the
flow kinetic energy and particle kinetic energy only differ
from the corresponding energy densities by factors of con-
stant volumes. Additional variables used in the text and
figures, including the number of particles conditioned on
different events and their ratios, are defined in Table III.

III. KINETIC ENERGY STATISTICS

To prompt the investigation, we consider ψ, the ratio
of equally distributed points in the domain experiencing
K < ⟨K⟩F at an instance in time, and α, the ratio of
particles experiencing K < ⟨K⟩F at an instance in time
(i.e., NK <⟨K⟩F /N , where NK <⟨K⟩F is the number of
particles experiencing K < ⟨K⟩F at an instance in time
and N is the total number of particles in the simulation).
Samples of ψ and α are taken throughout time to create
the histograms shown in Figure 2, and Gaussian fit lines
are used to approximate the PDFs. As reported in Table
IV for ⟨ψ⟩T , the average ratios of the domain experienc-
ing K < ⟨K⟩F for St = 3.472, 10.416, and 31.250 are
59.26%, 59.28%, and 59.13%, respectively. However, the
reported values for ⟨α⟩T suggest that the average ratio
of particles residing in these regions are 67.06%, 68.36%,
and 68.80%. The imbalance in statistics between ⟨ψ⟩T
and ⟨α⟩T for each value of St suggests that a bias exists
in the sampling of the flow by the particles with respect
to ⟨K⟩F .

To probe this trend further, we introduce “v · dv/dt”,
the dot product between the particle velocity and ac-
celeration vectors, as a measure of general alignment
(v · dv/dt > 0), or “anti-alignment” (v · dv/dt < 0) be-
tween the two vectors. By applying the chain rule, this
quantity is identified as half the temporal derivative of
the particle kinetic energy, or

FIG. 2. Gaussian fit lines overlaying histograms of ψ (lines
without overlaid dots) and α (lines with overlaid dots) sam-
pled throughout time.

dE

dt
= 2v · dv

dt
. (5)

It then follows that general alignment between particle
velocity and acceleration vectors coincides with a par-
ticle kinetic energy increase (dE/dt > 0), and general
anti-alignment coincides with a particle kinetic energy
decrease (dE/dt < 0).

By analyzing the relationship between dE/dt and the
flow regions sampled by the particles with respect to
⟨K⟩F , an intriguing trend is found. In Figure 3(a), we
consider β, the ratio of particles losing kinetic energy at
an instance in time (i.e., N−/N , where N− is the num-
ber of particles losing kinetic energy at an instance in
time). Samples of β are taken throughout time to gener-
ate the displayed histograms, and Gaussian fit lines are
used to approximate the displayed PDFs. As reported
in Table IV for ⟨β⟩T , the average ratios of particles los-
ing kinetic energy at a given time for St = 3.472, 10.416,
and 31.250 are 45.86%, 51.37%, and 59.38%, respectively.
Assuming the system is statistically stationary, finding
⟨β⟩T < 50.00% for St = 3.472 implies that the time in-
tervals over which particles gain kinetic energy are longer
than those over which they lose kinetic energy, a behavior
that agrees with the previously studied slow gain and fast
loss phenomenon [39]. However, finding ⟨β⟩T > 50.00%
for St = 10.416 and 31.250 implies the opposite behavior
(i.e, the time intervals over which particles gain kinetic
energy are shorter than those over which they lose kinetic
energy) and points to potentially fruitful investigations
regarding high St dynamics. Despite the trend of in-
creasing ⟨β⟩T with St, we note that the values of ⟨β⟩T
amount to roughly half of the particles in the domain
losing kinetic energy, and therefore half of the particles
in the domain gaining kinetic energy, at a given time for
each value of St considered.
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TABLE III. The nomenclature used throughout the text and figures of the current work.

Nomenclature
Variable Definition

K Dimensionless flow kinetic energy, U ·U.

⟨K⟩F Dimensionless domain-averaged flow kinetic energy.

K Dimensionless flow kinetic energy at the particle location, u · u.

E Dimensionless particle kinetic energy, v · v.

⟨E⟩P Dimensionless particle-averaged particle kinetic energy.

N Total number of particles.

NK <⟨K⟩F The number of particles experiencing K < ⟨K⟩F at an instance in time.

N− The number of particles losing kinetic energy at an instance in time.

N+ The number of particles gaining kinetic energy at an instance in time.

N−
K <⟨K⟩F

The number of particles experiencing K < ⟨K⟩F and losing kinetic energy at an instance in time.

N+
K <⟨K⟩F

The number of particles experiencing K < ⟨K⟩F and gaining kinetic energy at an instance in time.

N−
s The number of particles experiencing a strong event of particle kinetic energy decrease at an instance in time.

ψ The ratio of equally distributed points in the domain experiencing K < ⟨K⟩F at an instance in time.

α The ratio of particles experiencing K < ⟨K⟩F at an instance in time (i.e., NK <⟨K⟩F /N ).

β The ratio of particles losing kinetic energy at an instance in time (i.e., N−/N ).

κ− The ratio of particles experiencing K < ⟨K⟩F and losing kinetic energy out of the particles losing kinetic energy
at an instance in time (i.e., N−

K <⟨K⟩F
/N−).

κ+ The ratio of particles experiencing K < ⟨K⟩F and gaining kinetic energy out of the particles gaining kinetic
energy at an instance in time (i.e., N+

K <⟨K⟩F
/N+).

γl The ratio between the average particle kinetic energy of particles experiencing K < ⟨K⟩F and the average particle
kinetic energy at an instance in time (i.e., ⟨E|K <⟨K⟩F

⟩P /⟨E⟩P ).

γg The ratio between the average particle kinetic energy of particles experiencing K > ⟨K⟩F and the average particle
kinetic energy at an instance in time (i.e., ⟨E|K >⟨K⟩F

⟩P /⟨E⟩P ).

ξ The ratio of particles experiencing strong events out of the particles losing kinetic energy at an instance in time
(i.e., N−

s /N−).

With this in mind, we consider κ+, the ratio of parti-
cles experiencing K < ⟨K⟩F out of the particles gaining
kinetic energy (i.e., N+

K <⟨K⟩F /N
+, where N+

K <⟨K⟩F is
the number of particles experiencing K < ⟨K⟩F and
gaining kinetic energy at an instance in time and N+ is
the number of particles gaining kinetic energy at an in-
stance in time), and κ−, the ratio of particles experienc-
ing K < ⟨K⟩F out of the particles losing kinetic energy
(i.e., N−

K <⟨K⟩F /N
−, where N−

K <⟨K⟩F is the number of
particles experiencing K < ⟨K⟩F and losing kinetic en-
ergy at an instance in time). Samples of κ+ and κ− are
taken throughout time to create the histograms shown in
Figure 3(b), and Gaussian fit lines are used to approxi-
mate the PDFs. As reported in Table IV for ⟨κ+⟩T , the
average ratios of particles experiencing K < ⟨K⟩F out
of the particles gaining kinetic energy for St = 3.472,
10.416, and 31.250 are 51.98%, 49.18%, and 54.13%, re-
spectively. These values are similar to the average ra-
tios of equally distributed points in the domain expe-
riencing K < ⟨K⟩F , ⟨ψ⟩T , with a 7.46% difference on

average. This indicates that particles gaining kinetic en-
ergy sample K relatively uniformly with respect to ⟨K⟩F ;
however, the same is not true for particles losing kinetic
energy. As reported in Table IV for ⟨κ−⟩T , the aver-
age ratios of particles experiencing K < ⟨K⟩F out of
the particles losing kinetic energy for St = 3.472, 10.416,
and 31.250 are 84.85%, 86.51%, and 78.84%, respectively.
These values are much greater than ⟨ψ⟩T corresponding
to each data set, with a 24.18% difference on average.
This indicates that a majority of particles losing kinetic
energy are sampling the flow in regions of low K with
respect to ⟨K⟩F .

In light of the values of ⟨β⟩T , ⟨κ+⟩T , and ⟨κ−⟩T , the
domain-sampling bias of particles seen in Figure 2 seems
to be induced in-part by the accumulation of particles
losing kinetic energy in flow regions where K < ⟨K⟩F .
Further evidence for this hypothesis may be gleaned from
considering γl, the ratio between the average particle ki-
netic energy of particles experiencing K < ⟨K⟩F and
the average particle kinetic energy at an instance in time
(i.e., ⟨E|K <⟨K⟩F ⟩P /⟨E⟩P ), and γg, the ratio between the
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FIG. 3. a) Gaussian fit lines overlaying histograms of β sampled throughout time. b) Gaussian fit lines overlaying histograms
of κ+ (lines without overlaid dots) and κ− (lines with overlaid dots) sampled throughout time.

TABLE IV. A summary of the temporally averaged ratios
(defined in Table III) from Figures 2, 3, 4, and 6 for the three
considered values of St.

Variable St = 3.472 St = 10.416 St = 31.250

⟨ψ⟩T 0.5926 0.5928 0.5913
⟨α⟩T 0.6706 0.6836 0.6880
⟨β⟩T 0.4586 0.5137 0.5938
⟨κ+⟩T 0.5198 0.4918 0.5413
⟨κ−⟩T 0.8485 0.8651 0.7884
⟨γl⟩T 0.6545 0.7726 0.8816
⟨γg⟩T 1.7058 1.4928 1.2621
⟨ξ⟩T 0.3400 0.5837 0.8033

average particle kinetic energy of particles experiencing
K > ⟨K⟩F and the average particle kinetic energy at an
instance in time (i.e., ⟨E|K >⟨K⟩F ⟩P /⟨E⟩P ). Samples of
γl and γg are taken throughout time to create the his-
tograms shown in Figures 4(a) and 4(b), and Gaussian
fit lines are used to approximate the PDFs. As reported
in Table IV, ⟨γl⟩T is 65.45%, 77.26%, and 88.16% and
⟨γg⟩T is 170.58%, 149.28%, and 126.21% for St = 3.472,
10.416, and 31.250, respectively. While both ⟨γl⟩T and
⟨γg⟩T become similar to 1 as St increases, the statistics
suggest that particles in regions of low flow kinetic energy
have low E with respect to ⟨E⟩P , and particles in regions
of high flow kinetic energy have high E with respect to
⟨E⟩P .

Altogether, the previous results indicate that 1.) a ma-
jority of particles losing kinetic energy reside in regions
of low flow kinetic energy, and 2.) particles in regions
of low flow kinetic energy generally have low E with re-
spect to ⟨E⟩P (i.e., they move slowly). In combining
these ideas, we propose the following particle behavior,
depicted in Figure 5: particles losing kinetic energy are

often found in regions of low flow kinetic energy. Be-
cause of their energy loss, these particles begin to move
slowly through the low flow kinetic energy regions (i.e.,
at velocities similar to the low flow velocities) and end
up spending the most amount of time there. Ultimately,
an accumulation-like behavior in low flow kinetic energy
regions is displayed over time. Additionally, finding that
particles move quickly in high flow kinetic energy regions
(Figure 4(b)) only enhances the appearance of cluster-
ing, as particles will quickly leave the regions of high
flow kinetic energy and slow down with other particles in
regions of low flow kinetic energy. Due to the similarities
recognized, we propose that this behavior directly relates
preferential concentration with the dynamics observed in
“flight-crash” events [40, 41], where fluid particles sud-
denly decelerate in low flow kinetic energy regions, for
low values of St.

IV. PARTICLE KINETIC ENERGY EQUATION

In light of the proposed particle behavior and support-
ing statistics, a particle kinetic energy equation for a sin-
gle particle is now derived and analyzed to detail the
relationship between the particle behavior and St. To
this end, we combining equations (2a) and (5), such that
[42]

dE

dt
=

2f

St
(u · v − E) . (6)

A definition for u · v is obtained by dotting each side of
equation (2a) with itself. In simplifying the result, we
gain

u · v =
1

2

[
K + E − St2

f2
dv

dt
· dv
dt

]
. (7)
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FIG. 4. a) Gaussian fit lines overlaying histograms of γl sampled throughout time. b) Gaussian fit lines overlaying histograms
of γg sampled throughout time.

Substituting equation (7) into equation (6) then obtains

dE

dt
=

f

St
(K − E)︸ ︷︷ ︸

Kinetic Energy Difference

− St

f

dv

dt
· dv
dt︸ ︷︷ ︸

Dissipation

.
(8)

Equation (8) provides dE/dt in terms of K , E, and
dv/dt. While it is similar to previous equations used
for modeling the evolution of the granular temperature
[37, 43], it is worth emphasizing that this equation was
derived directly from the particle momentum equation
and describes the time evolution of the particle kinetic
energy for a single particle. The two terms on the right-
hand side of equation (8) are identified as 1.) the dif-
ference between the flow kinetic energy at the particle
location and the particle kinetic energy, and 2.) a par-
ticle kinetic energy dissipation term. Interestingly, this
deterministic equation for the kinetic energy of a single
particle bears resemblance to the granular temperature
equation derived in the work of Garzó et al. [44], where
the particle phase is treated in a probabilistic fashion.

Fundamental particle behaviors can be extracted from
equation (8) by analyzing how the equation allows the
particle kinetic energy to change in time, an idea inspired
by the quadrant analysis provided in the work of Zhao
et al. [45]. Idealized cases where K > E and K <
E are now discussed for dE/dt > 0 and dE/dt < 0.
Additionally, since f and St appear as a ratio in equation
(8), we let f ∼ 1 (see Table II) and focus on the effect of
St without loss of generality.

A. Case I: Increasing Particle Kinetic Energy,
dE/dt > 0

To begin, equation (8) is analyzed assuming dE/dt >
0. Because the dissipation term in equation (8) is always

negative, the case of K < E cannot exist, as a positive
value is needed on the right-hand side to balance the
equation. Therefore, only when K > E does particle
kinetic energy increase in time. In general, this behavior
implies that the particle speed increases in regions with
high flow kinetic energy. As a result, we hypothesize that
particles will tend to quickly pass through these regions.

B. Case II: Decreasing Particle Kinetic Energy,
dE/dt < 0

Considering dE/dt < 0, we find that both cases where
K > E and K < E can exist. We will refer to these
cases as strong events and weak events of particle kinetic
energy decrease, respectively. In general, we note that
the particle speed decreases in either event.

For strong events (K > E), we analyze equation (8)
for cases of small and large St independently. For small
St (St < 1), we conclude that |dv/dt| must be large
in order for the dissipation term (multiplied by St) to
balance the kinetic energy difference (positive and mul-
tiplied by 1/St) with the negative left-hand side of the
equation (dE/dt < 0). In accordance with equation (5),
this suggests that generally anti-aligned particle velocity
and acceleration vectors (dE/dt < 0) will quickly realign
(dE/dt > 0) for small St due to large |dv/dt|. This be-
havior is consistent with that of fluid and low-St particles
in “flight-crash” events [40, 41], and with the qualitative
understanding that particles closely follow the flow with
short “particle response times” at lower values of St [8].
Therefore, when St is small, we hypothesize that par-
ticles will spend little time experiencing strong events
due to their tendency to quickly evolve into cases where
dE/dt > 0.

As St increases, we hypothesize that the tendency for
particle velocity and acceleration vectors to realign is
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FIG. 5. A depiction of the proposed particle behavior. As shown, particles losing kinetic energy are often found in regions of
low flow kinetic energy. Due to their energy loss, these particles move slowly through such regions, and ultimately spend the
most amount of time there. This causes particles to display an accumulation-like behavior in regions of low flow kinetic energy
over time.

maintained, but the magnitude of the acceleration vec-
tor |dv/dt| is reduced. According to equation (8), be-
cause increasing St reduces the magnitude of the kinetic
energy difference and increases the magnitude of the dis-
sipation term, the magnitude of the acceleration vector
|dv/dt| for balancing the equation is smaller than in the
case of small St. As a result, anti-aligned particle veloc-
ity and acceleration vectors realign slower, in agreement
with the understanding that for increasing St, particles
exhibit longer particle response times and deviate further
from the flow trajectory [46]. Therefore, as St increases,
we hypothesize that particles will spend more time expe-
riencing strong events, if enabled by the spatial-temporal
scales of the flow.

For weak events (K < E), it is sufficient to note that
the particle speed reduces. As a result, particles are
slowed as they pass through regions of low flow kinetic
energy.

C. Analysis of Strong Events

We now provide supporting evidence for the previous
hypotheses regarding the amount of time particles expe-
rience strong events for varying St. As shown in Figure 6,
we consider ξ, the ratio of strong events to all particle ki-
netic energy decreasing events at an instance in time (i.e.,
N−

s /N−, where N−
s is the number of particles experienc-

ing a strong event of particle kinetic energy decrease at
an instance in time). Samples of ξ are taken throughout
time to generate the displayed histograms, and Gaussian
fit lines are used to approximate the displayed PDFs. As
reported in Table IV for ⟨ξ⟩T , the average ratios of par-
ticles undergoing strong events to all particle kinetic en-
ergy decreasing events for St = 3.472, 10.416, and 31.250
are 34.00%, 58.37%, and 80.33%, respectively. The large

increase in the number of strong events counted through-
out time with increasing St agrees with the previous hy-
potheses made from analyzing equation (8).

In light of the understanding gained from equation
(8) and the supporting trend found in Figure 6, we de-
duce that the number of strong events sampled over time
provides a measure for how closely particles follow the
spatial-temporal scales of the flow, similar to that pro-
vided by St and the particle response time. In partic-
ular, as St and the number of strong events recorded
over time increase, it is understood that high flow veloc-
ities and long spatial-temporal scales in the flow begin
to influence the particle dynamics more than low flow
velocities and short spatial-temporal scales in the flow.
Previous research has provided various descriptions of
this idea with similar evidence, including the velocity fil-
tering effect proposed by Bec et al. [20] at higher values
of St and the vanishing of small void regions reported by
Yoshimoto and Goto [21] as St increases. In general, the
effects of low flow velocities and short spatial-temporal
scales in the flow become less noticeable in the particle
dynamics as St increases, until particles exhibit no no-
ticeable response to flow signals at these scales.

Despite the lack in particle response to short spatial-
temporal scales in the flow at high St, the statistics in
Figures 2, 3, and 4 provide clear evidence at all three con-
sidered values of St for the proposed particle behavior,
which ultimately depends on particles being responsive
to the flow. To resolve the perceived contradiction, we
emphasize that while particles with high St may lack re-
sponse to shorter spatial-temporal signals from the flow,
they maintain responsiveness to longer spatial-temporal
signals. As a result, particles with high St may look as
though they do not follow the flow on shorter scales, but
at longer scales, they should appear to follow the flow.
In a similar manner, the proposed particle behavior may
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FIG. 6. Gaussian fit lines overlaying histograms of ξ sampled
throughout time.

not be obvious on shorter time scales for high values of
St; however, we speculate that if particles are observed
over a sufficiently long time scale, the proposed behavior
may be observed with enough samples. This proposition
adheres to there being sufficiently large spatial-temporal
scales present in the flow for a given value of St, such that
particles do not lack responsiveness to the flow in total.
It also adheres to the value of St being large enough,
such that particles can deviate from the flow trajectory
and begin exhibiting clustering behavior.

V. INSTANTANEOUS VS. TIME-AVERAGED
PARTICLE BEHAVIOR

We now provide evidence that the proposed particle
behavior is maintained for high values of St over long
temporal scales, despite being difficult to observe at in-
stances in time. As shown in Figure 7, subfigures are
paired by their values of St: Figures 7(a) and 7(b) cor-
respond to St = 3.472, Figures 7(c) and 7(d) correspond
to St = 10.416, and Figures 7(e) and 7(f) correspond
to St = 31.250. In each pair of subfigures, two z-slices
of the domain distanced roughly 55 Kolmogorov length
scales apart (roughly half the domain edge length) are
shown at a single instance in time. For each z-slice, a
blue-hued contour denotes ⟨K⟩z, the average value of K
in the z-direction within z = ±4 of the considered z-slice.
Additionally, particles within z = ±4 of the considered
z-slice are projected onto the analyzed plane as points
and colored by a red-hued contour according to their val-
ues of E. Both ⟨K⟩z and E from each z-slice have been
scaled by σ(K), the standard deviation of K in the entire
domain at the corresponding time instance.

As shown in Figures 7(a) and 7(b) for St = 3.472,
particles tend to reside in lighter hued regions of the
⟨K⟩z-contours and display lighter hues in the E-contours.
These results are consistent with the previously described

particle behavior: particles tend to reside in regions of
low K because they move slowly in such regions and
spend the most time in them. Additionally, particles
residing near darker hues of the ⟨K⟩z-contours tend to
display darker hues in the E-contours. This is in align-
ment with the results of Figure 4(b), where particles ex-
periencing K > ⟨K⟩F tend to also have high values of
E. It is worth emphasizing that not all particles in Fig-
ures 7(a) and 7(b) follow the described coloring configura-
tions (e.g., particles near the bottom-left corners display
lighter hues in darker hued regions of the ⟨K⟩z-contours).
While these cases are direct evidence that the proposed
particle behavior may be difficult to observe at single in-
stances in time, later results will show that the proposed
particle behavior is still maintained over longer temporal
scales. In general, however, a majority of the particles in
Figures 7(a) and 7(b) are observed to follow the proposed
particle behavior at the provided instances in time and
display an accumulation-like behavior within regions of
low flow kinetic energy.

For St = 10.416, the particles in Figures 7(c) and 7(d)
appear to follow the proposed particle behavior much
less. As shown, particles are distributed more homo-
geneously and do not seem to show a strong trend be-
tween the hues of the ⟨K⟩z-contour and the hues of the
E-contour. This behavior is in correspondence with the
hypothesis that as St increases, the proposed particle be-
havior becomes difficult to observe on short time scales
(i.e., single snapshots) due to the lack in response of par-
ticles to shorter spatial-temporal signals in the flow.

A similar observation is made for St = 31.250 in Fig-
ures 7(e) and 7(f), where particles are also distributed
homogeneously and with no obvious trends between the
hues of the ⟨K⟩z-contours and the hues of the E-contours.
While the reduced number of particles for St = 31.250
seems to contribute to the observed homogeneous distri-
bution, we emphasize that evidence of this distribution
is already seen in Figures 7(c) and 7(d) for St = 10.416.
Further, the distribution is only expected to become more
obvious for higher values of St, as this is the trend seen
in previous literature [28, 47, 48].

As the proposed particle behavior becomes more diffi-
cult to observe in a single time instance for increasing St,
we maintain that the particle behavior is observed over
long enough time scales with enough samples. In Figure
8, we consider PDFs of the flow kinetic energy sampled at
all particle locations throughout time, K /⟨⟨K⟩F ⟩T , and
the flow kinetic energy sampled at equally distributed
points in the domain throughout time, K/⟨⟨K⟩F ⟩T . As
shown, the PDFs of K /⟨⟨K⟩F ⟩T and K/⟨⟨K⟩F ⟩T are
independently similar for all values of St. Additionally,
when the scaled flow kinetic energy is less than ∼ 1,
the PDFs sampling K /⟨⟨K⟩F ⟩T have higher PDF val-
ues than those sampling K/⟨⟨K⟩F ⟩T . This demonstrates
that particles tend to reside in regions of low flow ki-
netic energy when compared to a homogeneous sampling
of the flow kinetic energy in the domain, which is in cor-
respondence with the previous observations in Figure 2
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FIG. 7. Contour plots of ⟨K⟩z (blue-hued) and E (red-hued) for St = 3.472 ((a) and (b)), St = 10.416 ((c) and (d)), and
St = 31.250 ((e) and (f)). For corresponding values of St, contours are taken at the same instance in time on z-slices distanced
roughly half of the domain edge length apart. ⟨K⟩z is the averaged value of K over z = ±4 relative to the considered z-slices.
Points represent particles within z = ±4 of the considered z-slices. Here, ⟨K⟩z and E are scaled by σ(K) and (ρ̂f/ρ̂p)σ(K),
respectively, where σ(K) is the standard deviation of K in the entire domain at the corresponding time instance. In (a) and
(b), σ(K) = 0.7594⟨K⟩F ; in (c) and (d), σ(K) = 0.7865⟨K⟩F ; in (e) and (f), σ(K) = 0.8078⟨K⟩F .

and the proposed particle behavior. Therefore, despite
the difficulty in observing the proposed particle behavior
on short time scales for high values of St (Figures 7(c) -
7(f)), particles still follow the behavior, as they tend to
spend the most amount of time in regions of low K due
to kinetic energy loss in such regions.

In light of these results, we conjecture that the pro-

posed particle behavior can be observed for higher val-
ues of St on longer spatial-temporal scales, granted long
enough signals are received by particles from the flow.
In the case where such signals are not present in a sim-
ulated or experimentally acquired flow, the particle be-
havior may not be observed and particles may seem to
ignore the flow throughout time. Nonetheless, a finite
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FIG. 8. The PDFs for K /⟨⟨K⟩F ⟩T (lines without overlaid
dots) and K/⟨⟨K⟩F ⟩T (lines with overlaid dots).

value of St suggests a time scale over which the proposed
particle behavior may be observed exists.

VI. A FOKKER-PLANCK MODEL FOR
STEADY-STATE PARTICLE KINETIC ENERGY

Seeing that the PDFs of K /⟨⟨K⟩F ⟩T and K/⟨⟨K⟩F ⟩T
in Figure 8 are independently similar for the considered
values of St, a scale for E is pursued such that the PDFs
sampling scaled E from all particles throughout time col-
lapse to a similar PDF. As shown in Figure 9(a), the
analogous scale ⟨⟨E⟩P ⟩T is found not only to collapse
the PDFs of E/⟨⟨E⟩P ⟩T , but collapse these PDFs onto
the PDFs of K/⟨⟨K⟩F ⟩T . This motivates the search for
another scale that collapses scaled K onto the PDFs
of K/⟨⟨K⟩F ⟩T and E/⟨⟨E⟩P ⟩T , which is found to be
⟨⟨K ⟩P ⟩T as shown in Figure 9(a).

Because the data for K , K, and E throughout time for
the considered values of St collapse onto similar PDFs un-
der various scales, we find it useful to provide a model for
the steady-state PDFs seen in Figure 9(a). In recent lit-
erature, stochastic models have demonstrated their abil-
ities to track evolving granular temperatures [37, 43] and
relative motion PDFs of particle pairs [49–51]. Here,
we use equations (2a) and (6) to derive a Fokker-Planck
equation for Ẽ = E/⟨⟨E⟩P ⟩T , the scaled particle kinetic
energy for a single particle, from which the steady-state
PDF may be found. Assuming f ∼ 1 due to the results in
Table II, we consider colored noise in u(t) and formulate
a Fokker-Planck equation [52] from the following system
of ordinary differential equations:

dẼ (t)

dt
= − 2

St
Ẽ (t) +

2

St
ũ (t) · ṽ (t) , (9a)

dṽ (t)

dt
= − 1

St
ṽ (t) +

1

St
ũ (t) , (9b)

dũ (t)

dt
= −1

τ
ũ (t) +

D
1
2

τ
Q (t) , (9c)

where ṽ (t) = v (t) /(⟨⟨E⟩P ⟩T )1/2, ũ (t) =
u (t) /(⟨⟨E⟩P ⟩T )1/2, Q (t) is scaled Gaussian white
noise, and τ and D1/2 are parameters used to describe
the colored noise [53]. We note that the Ornstein-
Uhlenbeck model in equation (9c) allows us to account
for non-instantaneous correlations in ũ(t). In the
limit of the time scale ratio τ → 0, ũ(t) reduces to
delta-correlated noise. We also note that Q (t) takes on
typical properties of Gaussian white noise, namely [54]

Qi (t) = 0, Qi (t1)Qj (t2) = C1δijδ (t1 − t2) , (10)

where C1 is a constant, (·) denotes an ensemble aver-
age, and δ(t1 − t2) and δij = I are forms of the Dirac
delta function. In general, we write the Fokker-Planck
equation for Ẽ as [52]

∂W
(
Ẽ, t̃

)
∂t̃

=− ∂

∂Ẽ

[
D(1)

(
Ẽ, t̃

)
W
(
Ẽ, t̃

)]
+
∂2

∂Ẽ2

[
D(2)

(
Ẽ, t̃

)
W
(
Ẽ, t̃

)]
, (11)

where W (Ẽ, t̃) is the PDF of Ẽ, t̃ = τ−1/2t is a rescaled
time, and D(1)(Ẽ, t̃) and D(2)(Ẽ, t̃) are the drift and
diffusion coefficients, respectively. We note that the
adopted stochastic model does not account for spatial
correlations in particle positions, nor correlations in fluid
fluctuations driving the particle motion. Future work
could investigate augmenting the current model to ac-
count for spatially correlated noise, which has recently
been shown to improve stochastic predictions of particle
clustering [51].

While the details may be found in Appendix A, our
derivation only considers long times after the initial state
of the system, and assumes (3τ1/2/St + 1/τ1/2)−1 ≪ 1

to neglect terms multiplied by ∂2Ẽ (t) /∂t2. Under these
assumptions, the drift and diffusion coefficients are found
as

D(1)
(
Ẽ, t̃

)
= −AẼ

(
t̃
)
+ k1, (12a)

D(2)
(
Ẽ, t̃

)
= k2Ẽ

(
t̃
)
, (12b)

where

k1 =
3C1FJ

2

2G
, k2 =

C1B
2

2
, (13a)
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A =
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.

(13b)

Upon solving equation (11) for the steady-state profile
with the provided coefficients, as done in Appendix B,
we find

Ws

(
Ẽ
)
= a0Ẽ

k1
k2

−1e−
A
k2

Ẽ , (14a)

a0 =

[∫ ∞

0

Ẽ
k1
k2

−1e−
A
k2

Ẽ dẼ

]−1

, (14b)

where a0 is found using the condition
∫∞
0
Ws(Ẽ) dẼ = 1.

To compare the steady-state PDF modelWs(Ẽ) (equa-
tions (14a) and (14b)) with the simulation data for Ẽ
(shown in Figure 9(a)), we provide Figure 9(b). Since
the PDFs for each value of St overlap in Figure 9(a), we
multiply Ẽ by [⟨⟨E⟩P ⟩T ]|St=10.416/[⟨⟨E⟩P ⟩T ]|St=3.472 and
[⟨⟨E⟩P ⟩T ]|St=31.250/[⟨⟨E⟩P ⟩T ]|St=3.472 for St = 10.416
and 31.250, respectively, to provide a clear compari-
son of the steady-state PDF values for each St. To
obtain parameters τ , C1, and D1/2, the model is fit
to the simulation data for each value of St using the
method of least squares. Additionally, three constraints
are imposed to make the optimized parameters reason-
ably physical. The first constraint is the assumption
(3τ1/2/St + 1/τ1/2)−1 ≪ 1, which coincides with mak-
ing τ ≥ 0 as small as possible assuming the time scale
of the colored noise is small with respect to τ̂visc. In the
second constraint, we consider the scaling of equation
(10) and find C1 ∼ 1 assuming Q(t) ∼ O(1) under ap-
propriate scaling. For the third constraint, we continue
to assume the appropriate scaling of Q(t) and note that
as τ → 0, equation (9c) reduces to ũ (t) ∼ D1/2Q (t).
To find the magnitude of ũ (t), we consider Figure 7
and note that to obtain ⟨K⟩z and E of similar mag-
nitudes ∼ O (1), E is scaled by an addition factor of
ρ̂f/ρ̂p = 0.001. This means K ∼ 1000E, and there-
fore, u ∼ 10001/2v and ũ ∼ 10001/2ṽ. Considering
ṽ ∼ O(1), as implied by the values of E/⟨⟨E⟩P ⟩T in
Figure 9(a), we find that ũ ∼ O(10001/2). Therefore, in
order to maintain ũ (t) ∼ D1/2Q (t) as τ → 0, we find
that D1/2 ∼ 10001/2 = 31.6228.

TABLE V. The constrained parameters used to fit equations
(14a) and (14b) to the simulation data using the method of
least squares.

Variable St = 3.472 St = 10.416 St = 31.250

τ 1.385× 10−5St 4.428× 10−6St 2.937× 10−8St

C1 0.106 1.000 1.000
D1/2 56.914 32.351 146.069

As shown in Figure 9(b), the resulting steady-state
PDF model Ws(Ẽ) is capable of matching the steady-
state PDFs of Ẽ for all three values of St. Parameters τ ,
C1, and D1/2 are varied for each value of St according to
the values in Table V, which are deemed physically rea-
sonable according to the previously described constraints.
While the model is well-fitted for St = 10.416 and 31.250,
we note that a slight deviation occurs between the sim-
ulation data and model for St = 3.472. We suggest this
could be due to the shortening particle response time
for decreased St. As previously investigated, particles
closely follow the flow for reduced values of St. This
means the velocity signals received by the particles from
the flow are better correlated with the kinetic energy of
the particles than for higher values of St. As a result,
equation (9c) may be different, or more complex, in re-
ality than the assumed form. Nonetheless, the model
captures the steady-state PDFs of Ẽ for the considered
values of St and provides information for reduced-order
modeling of particle dynamics in isotropic turbulence.

VII. SUMMARY AND CONCLUSIONS

We investigated flow and particle kinetic energies from
three simulations of particle-laden, isotropic turbulence
with varying St. Trends found in time-uncorrelated snap-
shots of the data were analyzed to develop an understand-
ing of the particle dynamics on long time scales. Initially,
a bias in the sampling of the flow by the particles was
found with respect to ⟨K⟩F when comparing ⟨α⟩T , the
average ratio of particles experiencing K < ⟨K⟩F , to
⟨ψ⟩T , the average ratio of the domain where K < ⟨K⟩F .
After introducing dE/dt as a measure of general align-
ment and anti-alignment between particle velocity and
acceleration vectors, a majority of particles losing kinetic
energy over time were found to experience K < ⟨K⟩F .
Additionally, the average particle kinetic energy of par-
ticles experiencing K < ⟨K⟩F (i.e., ⟨E|K <⟨K⟩F ⟩P ) was
found to be lower than ⟨E⟩P , suggesting that particles
tend to move slower in regions where K < ⟨K⟩F . In con-
sidering these observations, it was proposed that particles
accumulate in regions of low flow kinetic energy because
they lose kinetic energy and slow down in such regions,
which ultimately causes them to spend more time there.

An equation for the particle kinetic energy was then
derived to further investigate the role of St in the pro-



13

FIG. 9. a) The PDFs for K /⟨⟨K ⟩P ⟩T (lines without overlaid shapes), K/⟨⟨K⟩F ⟩T (lines with overlaid dots), and E/⟨⟨E⟩P ⟩T
(lines with overlaid triangles). b) The values of Ws(Ẽ) (equations (14a) and (14b); represented with lines) and the PDF values
of Ẽ from the simulations (represented with points) versus E scaled by [⟨⟨E⟩P ⟩T ]|St=3.472.

posed particle behavior. Strong and weak events of par-
ticle kinetic energy decrease were defined with respect to
whether particles lose kinetic energy in regions of K > E
or K < E, respectively. A correlation between St and
the fraction of particles experiencing strong events over
time was then hypothesized and agreement with simula-
tion data was found, as the ratio of strong events counted
over time rises with St. To unify the observed parti-
cle behavior, where particles must be responsive to the
flow, with the idea that particles seem to lack response
to the flow at high values of St, we proposed that St de-
termines the time scale over which the proposed particle
behavior may be observed. This hypothesis was in agree-
ment with the simulation data: the proposed particle be-
havior became more difficult to observe as St increased,
but the steady-state PDFs comparing K /⟨⟨K⟩F ⟩T to
K/⟨⟨K⟩F ⟩T in Figure 8 suggested that particles still fol-
lowed the proposed particle behavior for the considered
values of St.

Finally, scales for K, K , and E were found such
that the corresponding simulation data for all consid-
ered St collapsed onto similar PDFs (Figure 9(a)). Using
the previously derived particle kinetic energy equation,
a Fokker-Planck equation considering colored noise and
long times after the initial state of the system was de-
rived to model the steady-state PDF of Ẽ. Upon find-
ing physically reasonable noise parameters (i.e., τ , C1,
and D1/2) to fit the data corresponding to each St, the
model was deemed valid and provided as a useful tool for
reduced-order modeling of particle dynamics in isotropic
turbulence.

Overall, the ideas proposed in this study yield addi-
tional insight into the physical mechanisms surround-
ing preferential concentration, and the stochastic model
for particle kinetic energy serves as further evidence
that such models can accurately capture the observed

trends of particle-laden flows compared with higher fi-
delity methodologies. In the future, similar studies may
be completed considering larger data sets of differing
parameters, including higher particle (Rep) and Taylor
(Reλ) Reynolds numbers, to further support the find-
ings. We note that a previous study on preferential con-
centration [55] analyzed the scaling of particle clustering
with the Taylor Reynolds number and found the overall
trends were maintained across nearly a decade of Taylor
Reynolds numbers, despite quantitative differences in the
degree of clustering. This provides confidence that the
stochastic formulation presented here could be extended
to higher flow Reynolds numbers. Additionally, the ef-
fects of particle collision and two-way coupling could be
investigated by applying the present analysis to exist-
ing high volume-fraction databases [43, 56], where such
effects significantly influence particle motion and cluster-
ing. This would also provide an opportunity for reformu-
lating the stochastic model to account for collisions and
particle mutual hydrodynamic interactions. A challenge
foreseen in this endeavor is incorporating further non-
linearity in the stochastic model (i.e., the correction f in
the particle momentum equation would be a function of
the volume fraction, Rep, and may be far from unity);
however, a comparison between the resulting conditional
E distributions and those presented in this work could
provide additional insight into the effects of high volume-
fractions. Finally, connection and interpretation of the
results with respect to flow variables commonly consid-
ered in preferential concentration, such as vorticity and
strain rate, would broaden the ideas to a larger body of
work. With the recent traction of machine learning for
scientific investigation, efficient models of characteristic,
physical trends have obtained additional popularity due
to their support in areas of training and synthetic data
creation. We look to apply the presented approach in
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the future to non-isotropic flows and provide additional
low-cost models to create a foundation for the testing
and training of machine learning algorithms related to
physical prediction in preferential concentration.
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Appendix A: Derivation of the Fokker-Planck
Equation with Colored Noise for Particle Kinetic

Energy

Starting from equations (9a), (9b), and (9c), the tem-
poral derivative of equation (9a) is calculated, and equa-
tion (9c) is substituted in to gain

d2Ẽ (t)

dt2
=− 2

St

dẼ (t)

dt
− 2

Stτ
ũ (t) · ṽ (t)

+
2D

1
2

Stτ
Q (t) · ṽ (t)

+
2

St
ũ (t) · dṽ (t)

dt
. (A1)

Equations (9a) and (9b) are then used to obtain the ex-
pressions

ũ (t) · ṽ (t) =
St

2

dẼ

dt
+ Ẽ, (A2a)

ũ (t) · dṽ (t)

dt
=

1

St
ũ (t) · ũ (t)

−1

2

dẼ (t)

dt
− 1

St
Ẽ, (A2b)

which are substituted into equation (A1) to obtain

d2Ẽ (t)

dt2
=−

(
3

St
+

1

τ

)
dẼ (t)

dt

−
(

2

St2
+

2

Stτ

)
Ẽ (t)

+
2D

1
2

Stτ
Q (t) · ṽ (t)

+
2

St2
ũ (t) · ũ (t) . (A3)

Making the substitution t = τ
1
2 t̃, we gain

d2Ẽ
(
t̃
)

dt̃2
=−

(
3τ

1
2

St
+

1

τ
1
2

)
dẼ
(
t̃
)

dt̃

−
(

2τ

St2
+

2

St

)
Ẽ
(
t̃
)

+
2D

1
2

St
Q
(
t̃
)
· ṽ
(
t̃
)

+
2τ

St2
ũ
(
t̃
)
· ũ
(
t̃
)
. (A4)

Here, we assume
(
3τ

1
2 /St+ 1/τ

1
2

)−1

≪ 1, such that

d2Ẽ
(
t̃
)
/dt̃2 may be neglected. This allows for

dẼ
(
t̃
)

dt̃
=−AẼ

(
t̃
)
+BQ

(
t̃
)
· ṽ
(
t̃
)

+F ũ
(
t̃
)
· ũ
(
t̃
)
, (A5)

where

A =

(
2τ

St2
+

2

St

)(
3τ

1
2

St
+

1

τ
1
2

)−1

, (A6a)

B =
2D

1
2

St

(
3τ

1
2

St
+

1

τ
1
2

)−1

, (A6b)

F =
2τ

St2

(
3τ

1
2

St
+

1

τ
1
2

)−1

. (A6c)

Then, integrating equation (A5) from t̃ to t̃+∆t̃ gains
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Ẽ
(
t̃+∆t̃

)
− Ẽ

(
t̃
)
= −A

∫ t̃+∆t̃

t̃

Ẽ (τ1) dτ1 +B

∫ t̃+∆t̃

t̃

Q (τ1) · ṽ (τ1) dτ1 + F

∫ t̃+∆t̃

t̃

ũ (τ1) · ũ (τ1) dτ1. (A7)

In assuming the notation ṽ(t̃) ≡ ṽ(Ẽ, t̃), we write the Taylor expansions of ṽ(Ẽ(τ1), τ1) and Ẽ(τ1) about Ẽ(t̃) as

ṽ
(
Ẽ (τ1) , τ1

)
=ṽ
(
Ẽ
(
t̃
)
, t̃
)
+
(
Ẽ (τ1)− Ẽ

(
t̃
)) ∂ṽ (Ẽ, t̃)

∂Ẽ

∣∣∣∣∣∣
Ẽ=Ẽ(t̃)

+

∞∑
n1=2

(
Ẽ (τ1)− Ẽ

(
t̃
))n1

n1!

∂n1 ṽ
(
Ẽ, t̃

)
∂Ẽn1

∣∣∣∣∣∣
Ẽ=Ẽ(t̃)

, (A8a)

Ẽ (τ1) = Ẽ
(
t̃
)
+
(
Ẽ (τ1)− Ẽ

(
t̃
))
. (A8b)

Equations (A8a) and (A8b) are then used to write equation (A7) as

Ẽ
(
t̃+∆t̃

)
− Ẽ

(
t̃
)
= −A

∫ t̃+∆t̃

t̃

Ẽ
(
t̃
)
dτ1 +B

∫ t̃+∆t̃

t̃

Q (τ1) · ṽ
(
Ẽ
(
t̃
)
, t̃
)
dτ1 + F

∫ t̃+∆t̃

t̃

ũ (τ1) · ũ (τ1) dτ1

+

∫ t̃+∆t̃

t̃

BQ (τ1) ·
∂ṽ
(
Ẽ, t̃

)
∂Ẽ

∣∣∣∣∣∣
Ẽ=Ẽ(t̃)

−A

(Ẽ (τ1)− Ẽ
(
t̃
))

dτ1

+B

∞∑
n1=2

∫ t̃+∆t̃

t̃

Q (τ1) ·
∂n1 ṽ

(
Ẽ, t̃

)
∂Ẽn1

∣∣∣∣∣∣
Ẽ=Ẽ(t̃)


(
Ẽ (τ1)− Ẽ

(
t̃
))n1

n1!
dτ1

 .
(A9)

To find an expression for Ẽ(τ1)− Ẽ(t̃), we change dummy variable τ1 to τ2 in equation (A9), and then substitute in
τ1 for t̃+∆t̃. Upon doing so, we gain an equation for Ẽ(τ1)− Ẽ(t̃), which is substituted into equation (A9) to obtain

Ẽ
(
t̃+∆t̃

)
− Ẽ

(
t̃
)
= −A

∫ t̃+∆t̃

t̃

Ẽ
(
t̃
)
dτ1 +B

∫ t̃+∆t̃

t̃

Q (τ1) · ṽ
(
Ẽ
(
t̃
)
, t̃
)
dτ1 + F

∫ t̃+∆t̃

t̃

ũ (τ1) · ũ (τ1) dτ1

−A
∫ t̃+∆t̃

t̃

∫ τ1

t̃

BQ (τ1) ·
∂ṽ
(
Ẽ, t̃

)
∂Ẽ

∣∣∣∣∣∣
Ẽ=Ẽ(t̃)

−A

 Ẽ
(
t̃
)
dτ2dτ1

+B

∫ t̃+∆t̃

t̃

∫ τ1

t̃

BQ (τ1) ·
∂ṽ
(
Ẽ, t̃

)
∂Ẽ

∣∣∣∣∣∣
Ẽ=Ẽ(t̃)

−A

(Q (τ2) · ṽ
(
Ẽ
(
t̃
)
, t̃
))

dτ2dτ1 + H.O.T.,

(A10)

where only the lower-order terms contributing to this analysis have been written to preserve simplicity. While further
recursive substitutions may be made in the higher-order terms, we find this form sufficient for our derivation.

1. The Drift Coefficient

To calculate the drift coefficient, we use [52]

D(1)
(
Ẽ, t̃

)
= lim

∆t̃→0

Ẽ
(
t̃+∆t̃

)
− Ẽ

(
t̃
)

∆t̃
, (A11)

and assume [54]

Qi

(
t̃
)
= 0, (A12a)

Qi

(
t̃1
)
Qj

(
t̃2
)
= C1δijδ

(
t̃1 − t̃2

)
, (A12b)

Qi1

(
t̃1
)
Qi2

(
t̃2
)
... Qi2n−1

(
t̃2n−1

)
= 0, (A12c)
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Qi1

(
t̃1
)
Qi2

(
t̃2
)
... Qi2n

(
t̃2n
)
= Cn

1

×
∑
Pd

δ
(
t̃j1 − t̃j2

)
... δ

(
t̃j2n−1

− t̃j2n
)
, (A12d)

where n = 2, 3, 4, ... , Qi(t̃) are the components of Q(t̃),
δij = I and δ(t̃1 − t̃2) are forms of the Dirac delta func-
tion, and Pd is the (2n)!/(2nn!) permutations of sub-
tracted “ t̃” ’s in the Dirac delta functions. We now use
equation (A10) to find Ẽ(t̃+∆t̃)− Ẽ(t̃) by simplifying
the ensemble average of each term in the equation using
the properties from equation (A12). In doing so, the first
term of equation (A10) becomes

−A
∫ t̃+∆t̃

t̃

Ẽ
(
t̃
)
dτ1 = −AẼ

(
t̃
)
∆t̃. (A13)

Noting that the ensemble average of the second term sim-
plifies to zero due to Qi(t̃) = 0, we simplify the third term
by first making the substitution t = τ

1
2 t̃ in equation (9c)

to gain

dũ
(
t̃
)

dt̃
= −Gũ

(
t̃
)
+ JQ

(
t̃
)
, (A14)

where G = 1/τ
1
2 and J = D

1
2 /τ

1
2 . Equation (A14) is

then solved to find

ũ
(
t̃
)
= ũ0e

−Gt̃ + Je−Gt̃

∫ t̃

0

eGt̃′Q
(
t̃′
)
dt̃′, (A15)

where ũ0 = ũ(0). Assuming long enough times t̃, we
neglect the first term in equation (A15) due to its decay
over time. We then write the ensemble average of the
third term from equation (A10) as

F

∫ t̃+∆t̃

t̃

ũ (τ1) · ũ (τ1) dτ1 = FJ2

∫ t̃+∆t̃

t̃

e−2Gτ1

∫ τ1

0

∫ τ1

0

eG(t̃
′
1+t̃′2)Q

(
t̃′1
)
·Q
(
t̃′2
)
dt̃′2dt̃

′
1 dτ1, (A16)

which is reduced using the properties in equation (A12) to

F

∫ t̃+∆t̃

t̃

ũ (τ1) · ũ (τ1) dτ1 =
3C1FJ

2

2G

[
e−2G(t̃+∆t̃) − e−2Gt̃

2G
+∆t̃

]
. (A17)

While the fourth term in equation (A10) reduces to O(∆t̃2), the ensemble average of the fifth term is reduced to

B

∫ t̃+∆t̃

t̃

∫ τ1

t̃

BQ (τ1) ·
∂ṽ
(
Ẽ, t̃

)
∂Ẽ

∣∣∣∣∣∣
Ẽ=Ẽ(t̃)

−A

(Q (τ2) · ṽ
(
Ẽ
(
t̃
)
, t̃
))

dτ2dτ1

= B2

∫ t̃+∆t̃

t̃

∫ τ1

t̃

Q (τ1) ·
∂ṽ
(
Ẽ, t̃

)
∂Ẽ

∣∣∣∣∣∣
Ẽ=Ẽ(t̃)

(Q (τ2) · ṽ
(
Ẽ
(
t̃
)
, t̃
))

dτ2dτ1,

(A18)

where the integrand on the right side of the equation can be expanded and simplified using the previous properties to

Q (τ1) ·
∂ṽ
(
Ẽ, t̃

)
∂Ẽ

∣∣∣∣∣∣
Ẽ=Ẽ(t̃)

(Q (τ2) · ṽ
(
Ẽ
(
t̃
)
, t̃
))

=
C1

2
δ (τ1 − τ2) . (A19)

Therefore, equation (A18) becomes

B

∫ t̃+∆t̃

t̃

∫ τ1

t̃

BQ (τ1) ·
∂ṽ
(
Ẽ, t̃

)
∂Ẽ

∣∣∣∣∣∣
Ẽ=Ẽ(t̃)

−A

(Q (τ2) · ṽ
(
Ẽ
(
t̃
)
, t̃
))

dτ2dτ1 =
C1B

2∆t̃

2

[
H
(
∆t̃
)
−H (0)

]
.

(A20)
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Beyond the fifth term, terms become of order O(∆t̃2) or smaller due to the increasing number of integrals and
insufficient production of Dirac delta functions in the integrands from the correlations between the components of
Q(t̃). We neglect these terms and write the ensemble average of equation (A10) as

Ẽ
(
t̃+∆t̃

)
− Ẽ

(
t̃
)
=−AẼ

(
t̃
)
∆t̃+

3C1FJ
2

2G

[
e−2G(t̃+∆t̃) − e−2Gt̃

2G
+∆t̃

]

+
C1B

2∆t̃

2

[
H
(
∆t̃
)
−H (0)

]
+O

(
∆t̃2

)
, (A21)

and the drift coefficient becomes

D(1)
(
Ẽ, t̃

)
= −AẼ

(
t̃
)
+

3C1FJ
2

2G

[
1− e−2Gt̃

]
+
C1B

2

2

[
lim

∆t̃→0

[
H
(
∆t̃
)]

−H (0)

]
. (A22)

Since the limit lim∆t̃→0[H(∆t̃)] is undefined and the
definition of H(0) is not universally accepted, we let
C2 = lim∆t̃→0[H(∆t̃)] − H(0) to accommodate the var-
ious interpretations of the Heaviside function. We note
that our interpretation is C2 = 0, but retain C2 in this
derivation for generality. Additionally, we note that af-
ter long enough time t̃, contributions from e−2Gt̃ may be
neglected. Therefore, we write the drift coefficient as

D(1)
(
Ẽ, t̃

)
= −AẼ

(
t̃
)
+ k1, (A23)

where k1 = 3C1FJ
2/2G+ C1C2B

2/2.

2. The Diffusion Coefficient

To calculate the diffusion coefficient, we use [52]

D(2)
(
Ẽ, t̃

)
= lim

∆t̃→0

[
Ẽ
(
t̃+∆t̃

)
− Ẽ

(
t̃
)]2

2∆t̃
,

(A24)

and again assume the properties in equation (A12). We
can use equation (A10) to find [Ẽ(t̃+∆t̃)− Ẽ(t̃)]2 and
consider each of the resulting terms independently. The
resulting expression for [Ẽ(t̃+∆t̃)− Ẽ(t̃)]2 will not be
provided due to its length, but we note that only one
term will be of order O(∆t̃), and therefore

[
Ẽ
(
t̃+∆t̃

)
− Ẽ

(
t̃
)]2

= B2

∫ t̃+∆t̃

t̃

∫ t̃+∆t̃

t̃

(
Q
(
τ
(1)
1

)
· ṽ
(
Ẽ
(
t̃
)
, t̃
))(

Q
(
τ
(2)
1

)
· ṽ
(
Ẽ
(
t̃
)
, t̃
))

dτ
(1)
1 dτ

(2)
1 +O

(
∆t̃2

)
.

(A25)
By expanding and simplifying the integrand of equation (A25), we gain

(
Q
(
τ
(1)
1

)
· ṽ
(
Ẽ
(
t̃
)
, t̃
))(

Q
(
τ
(2)
1

)
· ṽ
(
Ẽ
(
t̃
)
, t̃
))

= C1δ
(
τ
(1)
1 − τ

(2)
1

)
Ẽ
(
t̃
)
, (A26)

and therefore,

[
Ẽ
(
t̃+∆t̃

)
− Ẽ

(
t̃
)]2

= C1B
2Ẽ
(
t̃
)
∆t̃+O

(
∆t̃2

)
. (A27)

Because all other terms are either O(∆t̃2) or less, we define the diffusion coefficient as

D(2)
(
Ẽ, t̃

)
= k2Ẽ

(
t̃
)
. (A28)

where k2 = C1B
2/2.

Appendix B: The Fokker-Planck Equation and the
Steady-State PDF Profile:

With the coefficients defined, we write the Fokker-
Planck equation using equation (11) as

∂W
(
Ẽ, t̃

)
∂t̃

=− ∂

∂Ẽ

[(
−AẼ + k1

)
W
(
Ẽ, t̃

)]
+
∂2

∂Ẽ2

[(
k2Ẽ

)
W
(
Ẽ, t̃

)]
. (B1)
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To solve equation (B1) for the steady-state PDF profile,
we first set ∂W (Ẽ, t̃)/∂t̃ = 0 and integrate once in Ẽ
from 0 to ∞ to gain

0 =

[(
AẼ − k1 + k2

)
W + k2Ẽ

∂W

∂Ẽ

]∞
0

. (B2)

Here, we assume W → 0 and ∂W/∂Ẽ → 0 faster than
Ẽ → ∞. Therefore, we find

0 =

[(
AẼ − k1 + k2

)
W + k2Ẽ

∂W

∂Ẽ

]∣∣∣∣
0

. (B3)

With this information, we again assume ∂W (Ẽ, t̃)/∂t̃ = 0

and integrate equation (B1) once in Ẽ from 0 to Ẽ to gain

0 =

[(
AẼ − k1 + k2

)
W + k2Ẽ

∂W

∂Ẽ

]Ẽ
0

, (B4)

and therefore, using equation (B3), we gain

0 =

(
A

k2
+

1− k1/k2

Ẽ

)
W +

∂W

∂Ẽ
. (B5)

The solution to equation (B5) is written as

W = a0Ẽ
k1
k2

−1e−
A
k2

Ẽ , (B6)

where a0 is found using the condition
∫∞
0
W dẼ = 1 as

a0 =

[∫ ∞

0

Ẽ
k1
k2

−1e−
A
k2

Ẽ dẼ

]−1

. (B7)
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