Discrete-time causal control of a wave energy
converter with finite stroke, in stochastic waves

Yejun Lao, Jeffrey T Scruggs, Anantha Karthikeyan, and Mirko Previsic

Abstract—We consider feedback control design for a wave
energy converter for which the power take-off system has a finite
stroke limit. Stationary stochastic wave loading is assumed, with
a known spectrum, and the plant dynamics are assumed to be
linear. We develop a technique for the design of a discrete-time
controller, which has three design stages. In the first stage, a
linear controller is optimized, while imposing a relaxation of the
maximum stroke constraint on the design. In the second stage, a
tandem nonlinear feedback loop is designed, for the purpose of
stroke protection. In the third stage, the two designs (linear and
nonlinear) are fused in a manner that preserves stability of the
overall system. The technique is demonstrated on a simulation
of a simple cylindrical buoy. We show that the controller may
be tuned through the adjustment of scalar design parameters,
which adjust the trade-off between mean generated power, and
the force levels required to protect the stroke.

Index Terms—Qcean wave energy, Nonlinear control, Stochas-
tic control

I. INTRODUCTION

Wave energy converter (WEC) technologies have been
investigated for over half a century [1]-[10]. The array of
proposed concepts is vast and diverse. Many of the successful
technologies involve a mechanical structure which responds
dynamically in the waves. The power take-off (PTO) system
is embedded within this structure between two of its degrees of
freedom, and extracts power by regulating the force it applies
between these degrees of freedom. In some WEC technologies,
including most point absorbers and bottom-mounted flaps, the
PTO hardware has only a finite distance over which it may
extend and retract, which we call a stroke limit [11]-[15]. If
the PTO is not controlled to stay within these limits, collisions
occur which we refer to as stroke saturation.

Stroke saturation imposes impulsive loads on the PTO hard-
ware as well as the surrounding structure, potentially resulting
in damage. These effects can also alter the response of the
WEC system in such a way as to reduce power generation. If
the PTO has the ability to both absorb and inject power, the
presence of unmodeled stroke saturation can destabilize the
closed-loop system.
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Stroke saturation has been studied in a number of contexts,
especially in the vibration suppression area [16]-[18]. In ocean
wave energy harvesting, one of the first studies is [19]. In
more contemporary studies, Model Predictive Control (MPC)
techniques have been used [20]-[22]. MPC is a powerful tool
for control design, as it can accommodate both constraints
and model nonlinearities. However, MPC techniques generally
require that the trajectory of the future disturbance (i.e., the
incident wave force) be known with confidence, either through
the use of preview sensors, or else via a transient wave
forecasting algorithm. In the latter case, the incident wave
force must be accurately measured in real-time in order for
the forecasting algorithm to be effective.

In this paper we consider the design of controllers for
WECs with finite stroke, when subjected to stochastic waves.
In contrast with MPC algorithms, the controller we propose
is causal, and only requires that the PTO displacement be
available for feedback. The fact that it does not require full
information (including future disturbance information) implies
that it is sub-optimal, in relation to MPC. Its advantage is its
relative simplicity and its reduced sensing and information
requirements. Moreover, although beyond the scope of the
present paper, the methodology proposed here can more read-
ily be extended to accommodate model uncertainty, as well as
measurement noise, using robust control techniques.

Every PTO has not only a stroke limit, but also a force
limit. In this paper, the force limit of the PTO is not explicitly
addressed in the control design. Instead, the controller has
design parameters that may be tuned to raise and lower the
forces applied by the PTO. It is important, however, to note
that this approach is sub-optimal, in comparison to MPC,
which can explicitly account for maximum force limits.

In the absence of constraints, and when linear response
can be assumed, the optimal causal WEC control design
problem is a special case of Linear Quadratic Gaussian (LQG)
control, which may be solved in closed form in terms of a
WEC’s state space dynamic model [23]. The LQG controller
is the optimal causal feedback law (linear or nonlinear), and
can accommodate arbitrary measurement outputs, including
excitation force. As such, it provides a performance bound for
many other sub-optimal causal feedback laws, such as those
described in [24] and the references therein.

A further challenge in the WEC control design problem
arises, when it is necessary to implement causal control
algorithms in discrete-time. Although it is true that a controller
can be first designed in continuous-time and then subsequently
discretized, such an approach should only be expected to yield
good performance in situations where the sampling time is



small in comparison to the time constants of the plant and
controller dynamics. The nonlinear controller to be designed
in the present paper exhibits dynamics that act very quickly
to protect the stroke from saturation. These dynamics cannot
be assumed to be the result of such a discretization.

The design technique we propose here is comprised of sev-
eral steps. First, an optimal linear controller is designed which
accommodates a relaxation of the stroke constraint. Second,
this controller is augmented by a nonlinear feedback loop that
protects the stroke from saturation. Third, the two components
are integrated together in a very specific way which guarantees
mean-square stability in stationary stochastic response. In prior
work (i.e., [25], [26]), the authors have presented a variant
of this general technique which is applicable to continuous-
time systems. In the present paper, the technique is developed
explicitly for discrete-time implementation.

The paper is organized as follows. Section II details the
manner in which we model a WEC for the purposes of
discrete-time control for optimal power generation. Section
III illustrates the first step in the control design methodology,
involving the optimization of a linear control loop. Section
IV illustrates the second step, involving the nonlinear stroke
protection loop. Section V illustrates the third step, in which
the linear and nonlinear control loops are combined. Section
VI summarizes the design approach. Finally, Section VII
contains a simulation example. To enhance readability, all
original proofs are relegated to Appendix B.

A. Notation

For a matrix Q € C™™, Q7 and Q denote the trans-
pose and Hermitian adjoint, respectively. For n = m, Q!
denotes the inverse. We denote L} as the usual Lebesgue
space of continuous-time functions f : R — R™ for which
S T f(t)dt < oo. Similarly, we denote 3 as the
space of discrete-time functions f : Z — R™ for which
Ziooo f,? ft < oo. For both continuous and discrete-time
mappings, we denote as H., the set of all linear, time-
invariant, causal mappings with bounded Lo and /¢y gain,
respectively. For a Linear, Time-Invariant (LTI), continuous-
time mapping L : = — y, we write y(¢t) = (Lx)(¢), and
we denote the Laplace-domain transfer function as ﬁ(s)
Similarly, for a LTI discrete-time mapping L : = — y, we
denote yr = (Lx)g, and we denote the z-domain transfer
function as L(z). For a stochastic sequence z, defined on
some interval k € K C Z, the expression E{x|F} denotes
the expectation of z; conditioned on information F. The
notation £{x} denotes the unconditional expectation. We will
make extensive use of stationary analysis, and denote as £{z}
the expectation of an arbitrary component of the sequence in
stationarity. The notation sn(u) refers to the sinc function;
i.e. sin(u)/u. The notations 6(¢) and dj are the Dirac and
Kronecker delta functions, respectively.

II. DYNAMIC MODELING
A. Continuous-time dynamic model

With reference to Figure 1, let d(t) be the displacement of
the PTO, and v(t) £ 4d(t) and u(t) be the corresponding
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Fig. 1. Block diagram of linear dynamic model for controlled WEC

velocity and force. For simplicity, we assume the WEC has
only one PTO, and consequently {d(¢),v(¢),u(t)} C R. An
analysis for multiple PTOs can be conducted analogously. We
presume u(t) can be made to track a command with high-
bandwidth, and therefore consider it to be the control input.
Let f(t) € R™f be the vector of forces on the various degrees
of freedom of the WEC due to incident waves, characterized
by the free-surface elevation a(t) at a fixed location relative
to the WEC. Then we assume the existence of causal, LTI,
continuous-time mappings Z, and Z,, such that

o(t) = (Zpu )(t) + (Zuwu) (2). (1)

These mappings are obtained from a hydrodynamic analysis
of the WEC, either via the use of analytical solutions to the
hydrodynamic coefficients or via numerical analysis [6].

We assume a(t) to be a stationary stochastic process with
power spectral density S,(w), with the convention that

Elal)alt + 1)} = / T s (e, @)

2 J_

We further assume that there exists a (not necessarily causal)
linear, time-invariant mapping F, such that

f(t) = (Faa)(t) 3)

where F, is also obtained through hydrodynamic analysis.
It follows that the incident wave force may be viewed as a
stationary stochastic process with power spectral density

St(w) = Fa(jw)Sa(w) T (—jw). )

We note that the above result is unaffected by the non-causality
of F,. By the spectral factorization theorem [27], there exists
a minimum-phase mapping F,. € H., such that

Sp(w) = Fr(jw) B (—jw). 5)
The continuous-time system dynamic model is then
v(t) = (Zror)(t) + (Zuvu)(t) (6)

where the mapping Z,., is uniquely characterized by its
transfer function Z,,(jw) = Zs,(jw)E,(jw), and r(t) is
white noise with E{r(t)} = 0 and E{r(7)rT(t)} = 6(r —t)1.
We assume that the dissipation in the power train is a
quadratic function of the PTO force; ie., pa(t) = Ru?(t)
where R > 0. As such, the generated power at time ¢ is

py(t) = —u(t)v(t) — Ru(t) (7



For a PTO with a direct-drive generator, this loss model
captures the 32 R losses. For a hydraulic PTO, R can be chosen
S0 as to approximate the viscous losses in the power train.
We make three additional assumptions, enumerated below.
Assumption I: Transfer function Z,,(s) is Output Strictly
Positive Real (OSPR); i.e., it is analytic in the open right-half
plane, and there exists € > 0 such that

Zuv(jw) + Zuv(_jw) P 5|ZAuv(jW)‘2 ®)

for all w € RU{—00, 00}. This condition is true if and only if
mapping Z,, is Output Strictly Passive [28]. The passivity of
Zuy 1s imposed by the thermodynamics of the WEC system.
(If it were not true, then this would imply that the WEC
contained an internal energy source.) The strengthening of
the assumption to output-strict passivity is reasonable in many
applications. We also note that this assumption implies that

sup | Zuy (jw)| < 5= ©)
w€eR

Assumption 2: Mappings Z,q : u+— d and Z.q : 7 — d
have bounded L, gain. Recognizing that d(t) is the integral
of v(t), this is equivalent to requiring that

sup ]%ZAuU(jw)’ <00, sup ‘j%ZAm(jw)’ <oo. (10
weR w€eR
Loosely speaking, this assumes that d(¢) remains bounded in
open-loop, for all bounded inputs.

Assumption 3: There exists a causal, linear, time-invariant

mapping V' € Hoo such that

er = Zqu (11)

Loosely speaking, this assumes that every imaginary zero of
Zuw(8) is shared by Z,.,(s).

B. Discrete-time dynamic model

We presume u(t) to be controlled in discrete-time, via a
zero-order-hold convention; i.e.,

u(t) =ug, tekT,(k+1)T) (12)

where T is the sample time and & € Z. We similarly refer
to continuous-time signals sampled at time ¢t = kT with a
subscript k; i.e., vy = v(kT), di, = d(kT), etc.

Let pi be the average power generation over interval ¢ €
(KT, (k+1)T): ie., pp 2 & [EFDT b (¢)dt. Then due to the

T JkT
zero-order-hold convention, we have that

1 (k+1)T
e =7 [—u(t)o(t) — Ru*(t)] dt  (13)
kT
= — Rui — up g (dpry — di) - (14)
Letting
qké%(dk+1—dk), (15)
we have that
pr = —(Ru2 + upqy)- (16)

The linear dynamics of the WEC as described in the previ-
ous subsection are equivalent to the discrete time mapping

qr = (quw)k + (Huqu)k (17)

where {wy,k € Z} is an independent, identically dis-
tributed Gaussian stochastic sequence with £{wy} = 0 and
E{wrwe} = ;. Discrete-time transfer function H,q(z) is

solved in the frequency domain (i.e., for z = €/, Q €

[—7, 7)) via

Hyq(e??) = Zuy(jw) sn? (wT'/2 18
a(e’) Z;OO Go)sn® @WI/D)| o (18)

with H,q(z) for all z € C obtained as the causal analytic
continuation. Discrete-time transfer function H,,,(z) is found
by first finding the discrete-time power spectral density

S k(T /2) 2, (i)

{=—o00

Eq(Q) =

X Sf(jw)Z?u(_jw)|w:Q/T+27rZ/T' (19)

Then qu (z) is its unique minimum-phase spectral factoriza-
tion, found as the solution to

$q(j€) = Hug(e’)H, (e77). (20)

Appendix A gives a detailed derivation of (18) and (19).
Theorem 1: If Assumptions 1-3 hold, then:
1) ﬁuq(z) is OSPR in discrete-time; i.e., it is analytic for
all |z| > 1, and there exists € > 0 such that

Hoyg(€7?) + Hug(e™7%) > e[ Hyg ()
for all Q € [—m, 7].

2) Hyuy(1) =0 and Hyy(1) = 0.

3) There exists a discrete-time, causal, linear, time-invariant
mapping U € H, such that

2L

Hyy(2) = Hyug(2)U(2). (22)

As with the continuous-time case, we note that H,,(2)
OSPR implies that H,, has bounded /5 gain; i.e.,

sup |ﬁuq(em)| < i
Qe[—m,m)

(23)
It follows that H,,, has bounded ¢, gain, because U € H.

C. Finite-dimensional discrete-time model

We assume that H,, and H,, have been approximated
as finite-dimensional linear discrete-time systems, using a
system identification technique. For example, in [23] subspace
techniques are used to identify H,,. In [29], H,,, is identified
using the subspace spectral factorization technique described
in [30]. For the finite-dimensional approximate model, we then
have the equivalent state space representation

Th+1 =

H- { ] Az, + Bywy, + Byug
k) =

quk + quwk + Duquk
where we assume the above is a minimal realization.

We assume that in approximating the system via a finite
dimensional state space, the identification of the model param-
eters has been constrained such that the properties enumerated
in Theorem 1 still hold for finite-dimensional approximations

Hy,q(2) = CylzI — A7 By + Dy, (25)
Hyy(2) = Cy[2I — A7 By, + Dy (26)

(24)



There are many implications of this, which follow from
Theorem 1 for the special case of finite-dimensional systems.
1) Asymptotic stability: Matrix A is asymptotically stable
in discrete time. This follows from the facts that H,4 and H,,4
have finite /5 gain, together with the minimality of (24).
2) Zeros and displacement outputs: H,q(z) and H,q(2)
have zeros at z = 1, implying

Dug +Cy[I — A" B, =0
Duwg + Cy [l — A" B, =0

27
(28)

This follows directly from Theorem 1, Statement 3. A direct
consequence of this is that

di, = Cyxy,

where Cy £ —TC,[I — A]7!

3) Consequences of the OSPR assumption: Theorem 1,
Statement 1, implies the following theorem, which is a stan-
dard result (see, e.g., [31]).

Theorem 2: Let R > 0. Then because H,q(z) is positive-
real and A is asymptotically stable, Riccati equation

(29)

W=A"WA+F" (R+ Dy, — B.WB,) F (30)
with
-1 T
—(R+ Dug—BWB,) ~ (3C7 — ATWB,) o

has a unique solution W = W7 for which the matrix A+ B, F
is asymptotically stable in discrete time.

In addition to this result we will make use of the Kalman-
Yakubovic-Popov (KYP) Lemma, below. For the case in
which (A, B,,) is controllable and (A, C,) is observable, the
theorem is a standard result (see, e.g., [32]). The fact that
both inequalities hold generally (irrespective of controllability
or observability) for OSPR systems was shown in [33] for the
continuous-time case. The proof for the discrete-time case is
virtually identical, and is omitted for the sake of brevity.

Theorem 3: Let A be asymptotically stable in discrete time.
Then }_qu(z) is OSPR with parameter ¢, if and only if there

exist matrices J = JL > 0 and L = LT > 0 such that
[ATJA—-J ATJB,-CI CI']
BTJA  BTJB,—2Du Du| <0 (32
L Cq Duq *él J
TALAT -  ALCT —B, B,
C,LAT  C,LCT —2D,, D | <0 (3
L Bz? Duq _%I d

D. The WEC control problem

The primary objective of the WEC control problem is to
design a control law K which maximizes the stationary power
generation £{p}. Satisfaction of constraints on the response
(including stroke saturation) constitute competing design ob-
jectives, resulting in a multi-objective control design problem.
In this paper we restrict the controller design domain to causal,
discrete-time displacement feedback laws K : d > u.

We presume that the controller has precise knowledge of
the discrete-time model; i.e., of parameters A, By, By, Cq,

D4, and D,,. Recalling that this dynamic model contains
the stochastic disturbance model, this assumption implies that
the spectrum of the sea state is known. This spectrum can
be inferred from free surface elevation measurements in the
general vicinity of the WEC. However, if such measurements
are not available, it can alternatively be inferred from dj
using an adaptive identification algorithm [34]. In practice,
this spectrum will vary slowly with time. To maintain optimal
performance, K must adapt to these changes, either through
periodic re-optimization, or through a table-lookup algorithm.

III. OPTIMAL LINEAR CONTROL DESIGN

In this section we design a linear controller, which while
not explicitly enforcing the stroke constraints at every time,
enforces a relaxed, mean-square stroke constraint. To be more
specific, suppose that the stroke limit of the PTO is d,,; i.e.,
the condition |dx| < d,, must be enforced for all k € Z. In
this section, we replace this condition with the constraint

E{d®} < pd2, (34)

where p > 0 is a design parameter.
We consider finite-dimensional time-invariant controllers,
parametrized by matrices {Ax, Bx,Ck} as

Agé&r + Bidy
K
{ Cr&k

This results in an augmented closed-loop linear system G :
w +— {q,d,u} equal to

k1 =

"o (35)

Xe+1 =  Aaxk + Buwaws
=  Cyaxk + Dgarwi
G: q a 36
drp = Caaxr (36)
Ur = Cuchk
where
- A B.Ck B,
Acl - BKCd AK :| 9 chl - |: 0 :| (37)
qcl - [C DquK] chl *qu (38)
Caet = [Ca 0] (39)
Cua =[0 Ck]. (40)
We then consider the following optimization problem:
Given: A, By, By, Cq, Dyg, Dyg, Cq
Domain: Ag,Bi,Ck @n
Maximize: E{p}
Constraint: E{d?} < pd?,

To perform this optimization, we need the following theorem:
Theorem 4: For any linear feedback parameters {Ag,
Bk, Ck} which stabilize G,

g{p}:ﬁ—g{(ufF:r)TA(ufo)}

— B'WB, >0, and

(42)

where F is as in (31), A £ R+ Dy,
p2 BTWB,,. (43)

Using the above theorem, it follows that the maximization
of average generated power is equivalent to the minimization



of the second term on the right-hand side of (42), which is
positive semidefinite. This leads to the following result:

Theorem 5: Control parameters {Ag, Bx,Ck} result in
asymptotic stability of A, mean power generation bound
E{p} > 7, and mean-square stroke bound £{d?} < pd?,,
if and only if there exists a matrix © = ©7 > 0 such that

0 - Ay0A% — BuuBT, >0 (44)
(Fcl - Cucl) ) (Fcl - Cucl)T < ﬁ - (45)
Cyu©CE, < pd?, (46)

where F.; £ [F O].

For the case where dim(§) = dim(z), this theorem leads
to a convex characterization of the problem, as shown below.

Theorem 6: Let dim(¢) = dim(x). Then there exists a set
of control parameters { Ax, Bx, C } resulting in mean power
generation bound £{p} > 7 and mean-square stroke bound
E{d?*} < pd?,, for some v € R, if and only if there exist
matrices X = X7 >0, Y =Y7 >0 fl, B and C' such that

X I AX+B,C A B,
Y A YA+ BC; YB,
X I 0 | >0 @7
Y 0
(sym) I ]
p—v FX—-C F]
X Il >0 48)
(sym) Y]
CyXCT — pd? <0 (49)
One such controller can be found as
Ag =N—1 (A —BC;X —YB,C — YAX) M-T (50
Bk =N"'B (51)
Cx =CM~T (52)

where M and N are any matrices such that M N7 = [ — XY

The above theorem provides a convex domain over which
to optimize a linear controller. Specifically, the optimal control
problem from (41) becomes, equivalently,

Given: A7BwaBu7anquaDuqvcdadmvp
Domain: X=XTY=YT ADB,C,~y

. (53)
Maximize: vy
Constraints: (47), (48), (49)

IV. NONLINEAR STROKE PROTECTION LOOP

Consider the feedback architecture as shown in Figure 2, in
which the linear controller K, optimized in the previous sec-
tion, is augmented with nonlinear feedback. The consequence
of this is a total PTO force at time k which is a summation

of the linear and nonlinear parts; i.e.,
U = ui +up (54)

where the output of the linear control loop, ui, is designed as
in the previous section; i.e.,

uf = Crc&y. (55)

linear feedback loop

one-step- |
» ahead P 0 » D : u"
predictor !

nonlinear feedback loop

Fig. 2. Block diagram of linear and nonlinear control loops

.
e
/ :

time ¢
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Fig. 3. Upper plot: Trajectory for d (solid) with one-step-ahead prediction
trajectories (dashed). Lower plot: Corresponding trajectory for u"

The nonlinear control loop imposes a restoring force uj which
prevents stroke saturation, and consists of two components.
The first component is a one-step-ahead predictor, which
forecasts the displacement that will result at discrete time k41
(i.e., dx+1) assuming only the linear control force is applied;
i.e., assuming uy = uf; This forecast is made using the values
of d and w up to and including time &, and is denoted dj.
The second component is the nonlinear mapping
0 +— u™. To illustrate its functionality, consider Figure 3,
which shows a hypothetical time history for several discrete
time steps over which dj, approaches its maximum allowable
stroke d,,. As shown, the one-step-ahead predictor produces
a forecast, at time k, of what dj,; will be if u} is made
equal to 0. When this forecast has a magnitude well below
d,,, the PTO stroke is deemed to be within its “safe zone”
and u; = 0. However, when the forecast has a magnitude
above some threshold Sd,,, for 5 < 1 equal to some safety
factor (say, 0.99), the PTO stroke is deemed to be exiting
its safe zone, triggering the nonlinear control loop to issue a
corrective force to reverse its direction.

A. One-step-ahead predictor design

First note that

di+1 =d +Tqy
=dp +T (quk + Duquk + quwk) .

(56)
(57)



We assume that at time k, the response information that is
known to the controller is

Iy, & {dy, £ <k}, (58)
Using (15), Zj implicitly contains the information
{qk-1,qk—2,....}. Let the conditional expectation for

r, given this information, be denoted (x = & {x1|Z;}. Then
it is found recursively via the Kalman filter; i.e.,

Co1 = [A+ WC] G — Vi + (Bu + ¥Duq)uk
where the stationary Kalman gain VU is

¥ = — [ASCT + B,,DT,] [C,SCT + D,yyDT.] " (60)

(59)

and where the matrix S = ST is the solution to discrete-time
algebraic Riccati equation

S = ASA" + B, B} — [ASC] + B,,D],]

x [CoSCT + DyyDL, ] [CoSAT + DyyBL] . (61)

We therefore have the one-step-ahead prediction
E{dyy1|Zx} =E {dy + Tqr| Ty} (62)
=d + T (CyCk + Dyquy) - (63)

Define ¢y, as the one-step-ahead prediction for the specific case

where uy, = uf, ie.,

Sk = di + T (CyCh + DugCircéy) -

Consequently,

(64)

& {dk+1|Ik} =0 + TDuquZ. (65)

B. Nonlinearity design

Consider the strategy of designing nonlinear function ®(-)
so as to bring about a direction reversal for E{dj1|Zy}, such
that it remains inside the safe zone. To do this we note that
if ®(6;) # O then this implies that |0| > Sd.,. We seek the
nonlinear control force uj, which will result in

|E{dk+1|TiH| = Bdim, (66)
In other words, we require that
8 + TDyquft = By, sgn(dy) (67)

resulting in the nonlinear feedback law ®(-) as

(5 0 : ‘5k| < ﬂdm
(k) = { T/:l)uq (Bdpm — |0k]|) sgn(dk) |0k| = Bdm,
(68)
The above formulation has the advantage of being heuris-
tic. However, there are certain advantages to generalizing it.
Specifically, we redefine ¢ from (64), to be

6k{dk+(T+T)9k dip, >0

di + T80, dibr <0
where 0, £ CyCr + DygCréy and where 7 > 0 is a tunable
parameter can be chosen as any nonnegative value. We then
redefine ®(-) as

B 0 o |0k < Bdim
(o) = { i (Bdy — |6%]) sgn(d) |0k| = Bdm,
(70)

(69)

where

{ r
Ty = T(T47)

THT Do [(T+7)2—T7]
and where I > 0 is another tunable parameter. Note that the
previous definitions for d;, and ®(Jy,) are recovered with 7 = 0
and I' = 1/T'D,,4. As such, (70) generalizes (68).

The rationale for nonlinear feedback law (70) is to formulate
uy, differently, depending on whether the PTO is on the “out-
swing” (i.e., di0 > 0) or the “in-swing.” When the PTO is on
the “in-swing” the formulation is essentially the same in (68)
and (70). However, on the “out-swing” the value of J; used
in (70) is an extrapolation of the one-step-ahead prediction
for d(t) beyond dj1, with extrapolation time 7. Raising the
value of 7 tends to reduce the typical magnitudes of uj, but
also can reduce power generation performance.

In the next section, we will show that in order for the closed-
loop system to be stable, I' must be in the range

re o).
The performance of the nonlinear controller improves as I’
approaches the supremum of the above range. However, as I'
approaches this value, instability may occur due to uncertainty
in Dy or T. As such, a value should be chosen which is
the maximal value such that (72) can be assured, even in the
presence of uncertainty.

difr <0

difr =0 71)

(72)

V. STABILIZATION LOOP

In general, the combined linear and nonlinear control loops
shown in Figure 2 cannot be implemented without modifica-
tion, because they may interact in such a way as to destabilize
the closed-loop system. To conduct a stability analysis, we
must depart from our assumption made thus far, that the
closed-loop system response is stationary. Instead, we assume:

1) The distribution of zg is Gaussian with finite, determin-

istic mean (p and covariance S, the covariance matrix
of the stationary Kalman filter.

2) & is finite, and is known deterministically.

We denote this prior information as F. Our objective is then to
establish conditions for stochastic stability of g in the mean-
square sense, by which we mean that

F } < o0.

1 N
. 2
Nt { N+1 ;O T

We first note that ®(-), as formulated in (70), has the special
property of passivity.

Lemma 1: The negative of function ®(J) in (70) is mean-
square passive with respect to the gqx; i.e., there exists a
constant x € R such that for all N > 0,

N
1
S{MZ‘I}(%)% ]:} <K

k=0
for all T" in the range (72).

With this lemma in hand, we consider the stabilization of the
closed-loop system by the modification of the parallel linear
and nonlinear control loops from Figure 2. Specifically, we

(73)

(74)




linear feedback loop

one-step- y '
» ahead P 0 » D : u"
predictor !

nonlinear feedback loop

Fig. 4. Block diagram of linear and nonlinear control loops, with coupling
matrix B,

introduce an extra signal path that feeds uj back into the
linear control loop, as shown in Figure 4. Matrix B,, must be
designed to ensure mean-square stability.

Define the transfer functions for system G from (36),
augmented with extra input u", as

Gnq(z) :chl [ZI - Acl]_l Bncl + Duq (75)
qu(z) :chl [ZI - Acl]_l chl + qu (76)

where B,,.; includes the design matrix B, as
Bna =[BT BT]". a7

We then have the following result is a variant of the classical
Passivity Theorem [35].

Theorem 7: Suppose G,q(2) is OSPR; i.e., it is analytic for
|z| > 1 and there exists £ > 0 such that for all Q € [—7, 7],

Gng(7%) + Gy (e77%) > £|Gug (/)P (78)
and suppose there exists a mapping @) € H, such that
Gug(2) = Gng(2)Q(2). (79)

Further suppose that ®(-) is mean-square passive with respect
to g, as in Lemma 1. Then (73) holds.

To derive conditions for B,, such that the stability conditions
of Theorem 7 are satisfied, we first eliminate the states in the
plant that are uncontrollable from u (i.e., the states controllable
only from w). Let (A,Eu,éd) be a minimal realization of
(A, By, Cy); ie., one for which

Calzl — A]7'B, = Cy[2I — A" B, (80)
and for which (A, Bu)js controllable and (A, Cy) is observ-
able. Likewise, define C; £ —£.Cy[I — A]. We then have that

Gng(z) may be expressed as

Gg(2) = Coet[2I — Au) " Bpet + Dy (81)
where
1 A B Ck ” A B
A L - u B A u o)
cl |:BKCd AK :| ) ncl |:Bn:| (8 )
chl £ [C’q DquK] . (83)

With this reduced model, we now present a theorem that
ensures the satisfaction of the conditions in Theorem 7.

Theorem 8: If there exists a matrix L = LT > 0, £ > 0,
and ¥ > 0 such that

ACILAZ; - L+ wE 'AclLég:;l - Bncl Bncl

CoaLCL, — 2Dy, Dulq <0
(sym) —=
@9
where
A0 0
E2 [0 Lj (85)

then Gnq(z) satisfies (78) and there exists ) € H, such that
(79) holds.

The above theorem gives us a constrained domain over
which to optimize B,,. However, it is somewhat unclear how
to best determine which B,,, out of all those satisfying (84),
is the “optimal” one. In other related studies, the authors have
chosen the B, which optimized the first nonzero Markov
parameter for the closed loop system [25], as well as choosing
the B,, that minimizes the degree to which ™ excites the linear
controller states [26]. However, it has subsequently been found
that another methodology is far superior.

This new methodology is based on the observation that
the nonlinear forces uj, needed to protect the stroke tend to
resemble discrete-time impulses, such as the one illustrated in
Figure 3. As such, the effect of uj can be viewed as intro-
ducing supplemental impulsive disturbances. The objective of
the proposed design approach is to choose B,, to maximize
the subsequent energy harvested by the linear control loop, as
a consequence of an impulsive disturbance.

To make the optimization tractable, we impose the assump-
tion (only for the purposes of optimizing B,) that the uj
impulses are independent of each other, as well as w. Under
this assumption, the optimal B, is the same as that which
maximizes the subsequent harvested energy from a single
impulse u{ = 1, with w = 0. Denoting this energy as y,
we have that

y &= (upgr + R(up)?) (86)
k=0
= - ~uClQCC~’3;l - RC’ulecéuTcl (87)

where Cyey £ [0 Ck] and where Q. = QT > 0 is the
controllability gramian for the closed-loop system, i.e., the
unique solution to

Qc = ACZQCAZ; + BnclB;{Cp (88)

Using the deterministic version of Theorem 4, this can be
written equivalently as

y =BIWB, — Y A (uf — Fz)’ (89)

k=0
=BIWB, — A (Cu — Fa) Qe (Cuar — Fu) . 90)

As such, the maximization of y is equivalent to the mini-
mization of the second quadratic form in the equation above,



subject to constraint (88). The dual optimization simplifies fur-
ther, to the minimization of B;{ClQOBncl, where observability
gramian @, is the unique solution to

- - - - \T /. -
Qo = AZ}QOACZ + (Cucl - Fcl) (Oucl - Fc ) . (91)
Note that ), does not depend on B,,.
Based on the above observations, we arrive at a constrained
optimization for B,:

Given: Acly Bqu CN,qu Cucl7 Fy
.. T
ngalp. LT— L', B, 92)
Minimize: B, ;Q0Bnal
Constraints: (84), L >0

This is the approach that is used for the optimiztion of B,, for
the example in Section VIIL.

VI. SUMMARY OF DESIGN PROCEDURE

We now present a summary of the steps of the design
procedure for the proposed controller. Prior to executing these
steps, it is assumed that the discrete-time system model H in
(24) has been found.

1) Specify adjustable tuning parameters p > 0, 7 > 0, and
T €0, ﬁqT), and safe zone parameter 3 € (0, 1).

2) Solve optimization problem (53) for linear controller
parameters X, Y, A B and C. Find M and N such
that MNT =T — XY. Using M and N, find Ak, By,
and C'i using equations (50), (51), and (52).

3) Solve optimization problem (92) for nonlinear input
matrix B,,.

4) Implement the nonlinear controller in Figure 4, where
®(-) is evaluated as in (70) and the one-step-ahead
predictor is formulated as in Section IV-A. Through
simulation, tune parameters p, I' and 7 for acceptable
closed-loop performance, noting that steps 2-3 must be
re-executed every time p is changed.

VII. EXAMPLE

Consider the small cylindrical buoy-type WEC shown in
Figure 5. We assume the buoy is constrained to motion in
heave. The mass of the buoy is 295 kg, the diameter is 0.5m,
and the draft is 1.5m. We assume the maximum stroke of the
PTO is d,, = 1m. To model the PTO transmission losses, we
assume R~ = 1.5 x 10%kg/s. The wave amplitude spectrum
is a Pierson-Moskowitz spectrum [36] with a significant wave
height of 1m, and a peak wave period of 9s.

We assume a sample time of 7' = 0.1s. For this case,
Figure 6 shows the original infinite-dimensional discrete-time
transfer function fluq(em) (as derived in (18)), as well as
its finite-dimensional approximation (as in (25)). Figure 7
shows the original infinite-dimensional discrete-time spectrum
for ,(j?) (as in (19)), as well as its finite-dimensional
approximation (as in (20) and (26)). The total dimension of
the discrete-time state space is n = 16.

The causal limit on the power that can be generated at this
sample rate can be found via (43) to be p = 794.6W. However,
this causal limit does not account for the stroke limit, and
is therefore considerably higher than the power that can be
generated by the system under stroke constraints.

Sm

20m

o

Buoy-type WEC considered in the example

Fig. 5.

LH O0F 7

ugq

1072 107 10°
Q

Fig. 6. Bode diagrams for infinite-dimensional Hyq (solid), as well as its
finite-dimensional approximation (dash)

A. Performance of optimized linear controller

First we consider the linear control design described in
Section III. The only design choice is the nondimensional
parameter p, which determines the relaxed stroke constraint
(34). As a preliminary design choice, this parameter is chosen
to be p = 1. With this choice, constraint (34) requires that the
standard deviation of the PTO stroke be no greater than the
stroke limit in stationary response. In this case, we have an
optimal linear performance (i.e., the maximized value of  in
optimization (53)) is 304W. At this performance, the stroke
covariance is equal to its constrained upper limit of d?,.

Figure 8 shows transient plots for the stroke, force, and
power, for one hour of data. Note that to achieve the optimal
average power generation requires that the PTO be capable

Fig. 7. Infinite-dimensional discrete-time force spectrum 34 (j€2) (solid), as
well as the spectrum for its finite-dimensional approximation (dash)
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of bidirectional power flow. Also note that the relaxed stroke
constraint has accomplished its desired goal, with the dashed
lines showing the standard deviation of the response for d(t),
clearly indicating satisfaction of the relaxed constraint.

It is interesting to note that the optimal linear feedback
controller in this case is open-loop unstable. In many applica-
tions this may be undesirable from a practical perspective. To
rectify this, open-loop stability can be imposed as an extra
constraint on the optimization of /K. None of the stability
proofs from Section VII require that the controller K be the
causal optimum, and as such, these stability results would
be unaffected by this alteration of the design procedure. It
should be expected, however, that the requirement of open-
loop stability would lead to a depreciation in the performance.

B. Performance of nonlinear controller

To design the nonlinear controller, we take 5 (which deter-
mines the size of the safe zone in Figure 3) to be 0.99. To
begin with, we consider the case in which the the nonlinear
feedback law is chosen as in (70) with parameter 7 = 0. We
take T to be 99% of its upper stability bound.

For this scenario, Figure 9 compares the PTO displace-
ment, force and power between linear controller nonlinear
controllers. In the first half hour (i.e. 1800s), we simulate the
closed-loop system behavior only with the linear controller
which is designed under the relaxed displacement constraint.
In the second half hour, we implement the nonlinear controller
and as shown in Figure 9, the maximum stroke is maintained at
d,, = 1m. In this case, performance for the nonlinear response
is reduced, relative to the linear control design, with average

power generation equal to 187W. Also note that, in order to
protect the stroke, the controller applies very high PTO forces
(and, consequently, high power levels) during periods when
the stroke approaches its maximum allowable value.

C. Tuning the controller design parameters

To improve average power generation, the values of the
design parameters p and 7 should be tuned for optimal
performance. (Technically, I' should be tuned as well, but it
was found that the best performance was achieved with this
value near its upper stability bound.) Figure 10 shows the de-
pendency of the stationary power generation for the nonlinear
system response, evaluated over a 10-hour simulation time, as
a function of these two parameters. As shown, the optimum
is attained at approximately p = 1.2 and 7 = 27. With
these parameters chosen, the optimal performance is 193W.
Figure 11 compares the response between linear and nonlinear
controllers with the optimal design values for p and 7.

For a fixed value of p, the choice of 7 has a significant
effect on the forces required to protect the stroke, with
increased values of 7 tending to reduce these force levels.
Analogously to Figure 10 for power generation, Figure 12
shows the mean-square force for the stationary response of
the nonlinear system as a function of p and 7. Clearly, as 7
is increased from 0, the force levels decrease rapidly. Recall
that 7 determines the extrapolation time beyond the one-step-
ahead prediction, which is used by the nonlinear controller to
anticipate the stroke. As such, a nonzero value of 7 allows
the nonlinear controller to act sooner on the “out-swing” of
the PTO displacement, to protect the stroke before it reaches
its limit. This results in a more cautious response, but also in
smoother noninear force trajectories.

Every PTO has a maximum force rating which it can sustain.
Parameters 7 and p can therefore be adjusted such that the
typical forces exerted by the nonlinear controller are commen-
surate with this force rating. Additionally, although not done
here, a constraint on the variance of u could be included in
the optimization of K without sacrificing convexity.

D. Comparison with MPC

Although an extensive analysis of the application of MPC
in this example is beyond the scope of the paper, the perfor-
mance of an MPC controller provides a useful benchmark. As
mentioned in the introduction, the advantage of the proposed
control technique, compared to MPC, is that the design and
implementation are simpler. (An additional advantage is that
techniques are readily available to accommodate model uncer-
tainty, although these techniques are outside the scope of the
paper.) It should be expected that MPC will perform better,
given that it explicitly optimizes the control trajectory for
maximal power generation performance, subject to constraints.
However, the extent of this performance improvement depends
on the details of how the MPC algorithm is implemented.

The best-possible performance of MPC is achieved if full
information availability is assumed over a receding horizon.
In the context of the model used in this paper, this assumption
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effectively requires that the the state x; be known determin-
istically at time k, and that wy for ¢ € {k,..k + kp} be
known a priori, over a receding future horizon time kj. Under
these assumptions, model (24) becomes deterministic over
the receding time horizon. The determination of the optimal
receding-horizon control sequence {us : £ € {k,...k+kp}} is
then framed as a quadratic program (with the deterministic en-
ergy generation over the receding horizon being the objective)
subject to linear constraints (to impose the stroke limitations).
This optimized control sequence is then implemented until it
is superseded by a subsequently-optimized receding-horizon
control trajectory.

The above scenario was simulated for the example con-
sidered here. A time horizon of 30s was assumed, and the
receding-horizon control trajectory was re-optimized once a
second. No “safe zone” was assumed; i.e., the constraint
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Fig. 11. Transient responses comparison between linear control design and
nonlinear control design, with 7 = 27" and p = 1.2
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|dr| < 1m was imposed without any conservatism. All other
parameters were identical to those used for the proposed
controller. The MPC controller was simulated over a period of
10 hours of response time, and over this time, the mean power
generation was 226W. This constitutes an approximately 17%
improvement relative to the proposed controller.

However, this margin of improvement is reduced consider-
ably, if a more realistic scenario is considered. In this scenario,
it is assumed that the MPC controller only has access to the
PTO displacement data dj, and must construct a forecast of
the future response, based on this information alone. Indeed,
it is a fact that the expected value of the future state x,
given information up to and including time k (i.e., E{z¢|Zy}



is evaluated as
-1 A
5{$g|Ik} = Aeikgk =+ Z AeilizBuui

i=k

(93)

where (; is precisely the Kalman filter estimate evaluated in
(59). Similarly, the expected values of g, and d, are

8{q€|Ik} :ng{xdzk} + Duqul
5{dz|l'k} :Cdg{dek}

(94)
(95)

As such, in this formulation the MPC algorithm optimizes the
expected energy generation over the receding horizon (given
the above estimates), subject to the constraint that the expected
stroke is within its limits.

The above methodology was also implemented on this
example. As with the previous MPC scenario, a 30s time
horizon was assumed, and a 1s interval for receding-horizon
trajectory optimization updates. As a consequence of the fact
that the trajectory was only updated once a second, it was
frequently the case that the true displacement for the response
was higher than the expected displacement. As a consequence
of this uncertainty, it was necessary to implement a safety
factor 5 < 1 in order to tolerably reduce the likelihood of
stroke violations. Interestingly, the value of [ necessary to
achieve this was about 0.9, considerably lower than the value
used in the proposed controller. Even with a value of 5 = 0.9,
stroke violations did occur regularly in stationary response,
with an estimated average arrival time of 270s.

The resultant performance was 202W, which is considerably
closer to (e.g., within %5 of) the performance of the control
technique proposed here. As such, it appears that, at least
for this example, a significant degree of the performance
advantage associated with MPC techniques, is predicated on
the availability of exact future disturbance forecasts. When
the two techniques are constrained to operate with the same
information, their performances are similar.

VIII. CONCLUSIONS

The technique illustrated in this paper has addressed the
design of feedback controllers for WECs with stroke limits.
The primary contribution of the paper has been to illustrate the
manner in which the technique can be applied to discrete-time
control systems, using a one-step-ahead predictor in conjunc-
tion with a nonlinear feedback law. Although the technique
was demonstrated on a simple heaving buoy, the mathematical
generality in which the ideas have been presented may make
the technique applicable in many more WEC applications
where stroke saturation is a concern.

One aspect that requires further research stems from the
fact that that all the actuators exhibit force limits, in addition
to stroke limits. We have assumed these force limits could be
addressed through the proper tuning of parameter 7. However,
this approach does not explicitly disallow the force from
exceeding any threshold. Indeed, the simultaneous satisfaction
of both stroke and force constraints is generally impossible in
a stationary stochastic context, even with an MPC algorithm
operating with full information. The best that can be hoped
for is to minimize the Poisson rate at which such constraint

failures occur in stationarity. Development of techniques to
accomplish this constitute a highly challenging but valuable
avenue for future research.

APPENDIX A
DERIVATION OF THE EQUATION (18) AND (19)

The discrete-time Fourier transform of dj, is

oo

d(e?) = Z e I,
k=—oc0
(o] 1 0
= Z eIk ?/eJWchi(jw)dw
T
k=—oc0 oo
1 N >0 , R
=5 < Z e‘yk(Q_“’T)) d(jw)dw.
oo k=—o0

It is a classical result that for any A € R,

i e IR = or i S\ +2m0)

k=—o0

(96)
{=—00
and so
o 1.
i) — = .
i@ = 3 gt

Since the displacement d(t) is the integration of the velocity
v(t), d(jw) = j%@(jw), and so

oo

de?) = Y

{=—00

>

(Jw)
JwT

= Q2w ’
- T
Based on the equation (15),
q(e7?) =4 (2 — 1)d(™®)

© 4 . Ny .
S5 hny 2
{=00 Jw

‘ _Q+t2ne
w="7

Next, we note that because wu(t) is produced from wy via a
zero-order-hold mapping, the continuous-time Fourier trans-
form for u(t), and the discrete-time Fourier transform for uy,
are related by [37]

1—e 99T ’l](ejWT).

ﬂ(jw) = T jeT

Now, consider the case where f(¢) = 0. In this case,

@)= > T Gt

e = . e uv w)u w
q e jwT J J = 2t2mt
= 3 (el ZuG)a(@ )| ..,
f=—o00 7

:Huv(ejsl)a(ej(l)

with H,,(e7?) as defined in (18).
Now consider the case where u(t) =
analogously,

0. In this case,

_, 0 > R . Ay
@)= > WZfU(JW)f(JW)

l=—o0

_Q+2ne
w="r



Let Si(w) be the continuous-time power spectral density of
d, ie.,

Sulw) = — 25 ()55 @) 210 (~)

and lt fOllOWS tha.t
1; /—
2 oo

g{dkdk+n} = — ej‘“”TSd(w)dw.

The associated discrete-time power spectral density for dy, is
then the discrete-time Fourier transform of £{dydi,}, i.e.,

o0

Z eijﬂfg{dkdk_._g}

l=—00

1 (& :
=5 ( Z e_](Q_wT)e> Sa(w)dw
l=—o0

— 00

a(82)

1 oo
:TZZ Sd(w)|w:§z+jgwe
where we have again used (96). Noting g(e/?) = % (e —
1)d(e??) the discrete-time power spectral density of gy is

() = [ = )] Za(®) [(e777 = 1))

1 — ,
L et s

{=—o00

which is equivalent to (19).

APPENDIX B
PROOFS

Proof of Theorem 1 Statement 1: Inequality (8) is equivalent
through a Schur complement, to

Zuv(jw) + Zuv(_jw) Zuv(]“)
5 . 1 2 0
Zuw(—jw) c
Multiplying this matrix by sn?(w7/2), evaluating at w

W, and summing over all ¢ € Z, gives
Hyy(€77) + Hyy(e77?)  Hyp(e79)
T 1 >0
H’U/L) (6 J ) c
where we have used > ;2 sn?(Q/2 + /) = 1 for Q €
[—m,7]. This implies (21) through a Schur complement.

Statement 2: It is straight-forward to verify that H,,(1) =
Zuq(0). It is similarly straight-forward to verify that 3,(0) =
%va(O)Sf(O)ZfTU(O), and consequently from (20) it follows
that if Zf,(0) = 0 then H,,(1) = 0.

Statement 3: Because H.,4(z) is OSPR, it is known to be
minimum phase, and consequently H'(z) is analytic for
|z| > 1. A further consequence of the OSPR property is that
any zero zg with |zg| = 1 must be simple, i.e.,

Huq(2)

lim £ 0. ©7)
z—=20 Z — 20
Therefore, to show that U(z) = H ' (2) Huq(2) € Hoo. it is

sufficient to show that U(e’*?) is bounded for € [—m,7].
Using Assumption 3, together with (19), we have that

o0

% Z SHQ(WZT/QHZuv(jWZ)lQ

l=—o0

%g () <

where wy £ Q/T + 21€/T and v = sup, cx |V (jo)|2. But if
Zuv(s) is OSPR then (8) holds and so

oo

= Y s /2) (Zuwlr) + Zun(—je))

l=—0c0

¥(Q) <

v _ . _ .
- T (Hutz(ejﬂ) + Huq(e JQ)) :
But %,(€2) is related to H g (€7%) via (20), so division of the
above by |H,,(e’})|? gives
T (72 < v
@) < 2
If Hyq(z) is positive-real, then so is H ! (z). Let z = e/ be
a zero of H,,(z), implying that it is a pole of H,'(z). Then

because H,'(z) is positive-real, the residue

A iQ_—1
o2 i (1=

(H, () + H e 7). (98)

H,)(2)

uq
is real and positive. As such,

lim (H,!(2) + H, (z"1)

z—ei®
o 4 Y
zl—lger}ﬂ <1 oy e‘jﬂz)

:SO.

Therefore, the right-hand side of (98)_ is bounded for all 2 €
[—, 7], including values for which H,,,(e’}) = 0. [ |
Proof of Theorem 4 In stationarity, for any time k we have

that
T 1T
. Tk 0 §Cq Tk

For any P = PT,

& {xa_lpxkﬂ} =& {(A:Ek + Bywyg + Buuk)TP
(Axg + Bywyg + Byug)} -

Since wy is a zero mean, independent and identically dis-
tributed sequence with unit variance,

T
Tk ATPA ATPBU Tk
E{aipaPren} =€ {LJ {B;FPA BTPB,| |ux
+BLPB,. (100)

In stationarity, we have £{xj,  Pryy1} = E{xf Py} =
E{zT Px}, and the equation (100) becomes

o_gl[z] [ATPA-P ATPB,][a
- u BTpA BIPB,| |u
+BI'PB,. (101)

Subtracting (101) from (99), we have

i =—{[] [ o ©

3CT + ATPB,
R+ D,,+ BI'PB,

- BT'PB,.

w

il



If we set P = —W and use Schur complement,

E{py =€ { [;lr [(g R+ Dy, 9 BEWBJ [:”J }

+BIWB, (102)
where my, £ u, — Fxy, F is as in (31), and

©=-A"TWA+W — (§C] — A"WB,)
X (R+ Dyq — BLWB,) '(3CF — ATWB,)".

Per (30), © = 0, and consequently (102) becomes (42). W
Proof of Theorem 5 To prove necessity, let ¥ = E{xx*}.
Then X is the solution to Lyapunov equation

AgX AL -S4+ B,aBL, =0 (103)

where asymptotic stability of A.; implies ¥ > 0. The corre-
sponding power generation is as in (42), i.e.,

g{p} = ]5 - (Fcl - Cucl) D) (Fcl - CVucl)T .
Now, let © be the solution to

Ag©AL — 0+ BBl = —€I

wel —
for some ¢ > 0. It follows that
Aq(©® =D)AL, — (0 - %) = —eI

which, due to the asymptotic stability of A.; implies that © —
3> > 0. As a result, we have that

Y £ p— (Fcl - Cucl) ) (Fcl - Cucl)T = g{p} )
where

g £ (Fcl - Cucl) (9 - E) (Fcl - Cucl)T > 0.

By making e arbitrarily small, g can be made arbitrarily small
and consequently v can be made to approach £{p} from
below. A similar argument can be made for the constraint on
E{d*}, and noting that £{d*} = Cyu XCE,.

To prove sufficiency, we note that if © = ©7 > 0 satisfies
(44) then A, must be asymptotically stable, implying the
existence of a stationary solution to ¥ = E{xx%} > 0
satisfying (103). We then have that © — 3 satisfies

Aq(® -D)AL, — (0 -%) <0

which, due to the asymptotic stability of A, implies that
© — X > 0. This guarantees that ¢ > 0 and thus that
E{p} < ~. It similarly guarantees that C;y;(© — £)C%, > 0,
and consequently that pd?, > £{d?}. [ |

Proof of Theorem 6 From Theorem 5, there exists a
controller satisfying £{p} > 7, and also £{d*} < pd2,, if
and only if there exists a matrix S = S7 > 0 such that (46)
holds, together with

S AclS Buel

S 0 |>0 (104)
(sym) 1
o — (Fu— Cuu)S
Zzgymy (Fou B 08| 2o (105)

where (104) and (105) are obtained from (44) and (45) through
Schur complements. Following [38], partition S and S~ as

[x M 4 [y N
s=lir M sre e ]

where “x” denotes that this partition is never necessary to
define. Define the matrix II as

I Y
=l v
and the following equalities are easily verified:
AX + B,C A
%A, SII = L . ,
! { A YA+ B(Jd]

B,

Y B,
X I
I'Y

7B, = { ] . (Fy—Cyua)Sll=[FX - C],

7 St = [ ] , CyqSCL, =CyxCT

where A, B, and C are defined as
A=NAxM" + BC; X +YB,C —YAX
B=NBg, C=CxgM".

It is straight-forward to verify that the above equations are
the inverses of (50), (51), and (52). Post-multiplying (104) by
blockdiag(TI, I, I1, IT, 1), and pre-multiplying by its transpose,
gives (47). An analogous multiplication on (105) gives (48),
and (49) follows immediately from (46) and the above. |

Proof of Lemma 1 For 6, defined as in (69), let n, =
Ok + agDyqup, where

A T + 7 dkak 2 0
U= T dibi < 0
Then for 0| > Bdpm, uf is
T

un —
k 1-— TkakDuq

Next, we recognize that if Yo D,,q < 1, then it follows that
sgn (1) = sgn (Jx), and consequently

(ﬁdm s5gn (nk - akDuquZ) - nk) .

T
n -~ dm _
% =T FranDug (B |7e]) sgn (i)
R C A4
1 — Tkoszuq 8d d=ns
where
0 to|dl < Bdm
v ={
DEN L Bl — 1) 1d] > By
Let 7, be defined as
—d
e = CyCp + Duqup = 12— 2% (106)
o
Then
ur 1 Ty oV ( )
= -——" - — .
kK o 1 —TrapDy, od d=my i k
But V is convex so it follows that
ov
Vi(dg) 2V (k) + 3 (dre — ) -
d=ny




We infer that

Ty
;km (V(di) = V(nk)) -

Now, it is straight-forward to verify that, independently of the
sign of dj0y,

UpTE <

1 % T
L 1-— Tk'ak'Duq N T

where T £ T'/(1 +I'D,,T). So

TZukwk {Z (V(di) — V(ﬁk))}
k=0
{ (do) +Z V (k- 1))}

where we use V(nn) 2 0 to get the second inequality.

Let d 2 dj_1 4+ Tm,_1, and note that Ime—1] = \dk|
Because V' (d) is an nondecreasing function of |d|, we may
make the above inequality more conservative by replacing
V(nk_1) with V(d},), resulting in

N
Ty upme < ( (do) +Z
k=0

The estimation residual oy L dy. —dy, is

k))> . (107)

ok =T (qr—1 — Tr—1)
:TCqO'k,1 + Tquwk,1

where o, £ x, — (. Note that the distribution of oy,
conditioned on F, is Gaussian with zero mean and covariance
S, and is independent of dj,. Consequently the distribution on
ok, conditioned on F, is Gaussian with zero mean and variance
=2 T%(C, SCT + D2,). and is independent of dy.. In terms
of o, V(dg) is

. 2 .

5 (Bdp — dy, — Qk)2 > Bdy, — dk
Vi) = L (Bdm + di + 01) or < —fdn,
0 otherwise

We now take an expectation of V(dj), conditioned on
information F and dj. It is a lengthy but straight-forward
calculus exercise to verify that this expectation is

E{V(dy)|F.dy}
= 5 [(Bdm — di)? + E] [1 — c(Bdu — di)]
+ 1(dy — Bd,) 25 exp (—W)
% [(Bd + dk) } C(_ﬁdm - dk)

. = d dm)?
— 5 (dy +5dm)\/;exp (%)

where c¢(gy) is the cumulative distribution function for the
distribution of g, conditioned on . Meanwhile,

V(dy) = & (Bdy — di)" [1 = h(Bdy — )]
+ L (B + di)” h(—dy, — Bdy)

where h(-) is the Heaviside step function. So
E{V(dy) = V(dy)|F, dy}
= %E [1 - C(ﬂdm - dk) C(_ﬂdm - dk)]
+ (ﬂdm - dk>2 [h(ﬂdm - dk) — C(ﬁdm — dvk)]

E (dk — ﬂdm)Q
(di — By, )/ o CXP ( =
(Bdm + di,)? [c(—=Bdy — di) — h(—Bdy, — di)]
1/ E 7(dk +Bdm)2
2 (dk + Bdnl) \( o exp < 723 .
All the terms in the above expression are finite for all dj,. In

particular, it can be shown that the first term on the right-hand
side is bounded by %E while the other terms satisfy

E 2 /o= —
sup 4/ —oe”* /28 <i:.
0€R 2'/7-

— V((Zk)|.7'—, dk} < E.

l\D\»—' N

l\’)\»—l

sup o (h(0) — c(0)) <1Z,
e€R

Therefore we have that
E{V(dr)

Returning to (107), and taking a conditional expectation,

{NHZ“’“”’“ }
7}

1 n .
= 5 { m};}é’{ukwk\}",dk}
(V(do) + NZ).

- r 1
S 1-TTDy, T(N +1)

As such, we conclude that for all N >
uniform bound holds:
f}

1 N
g { N1
k=0
r Vi) |
ST-ITD, \_ T

Finally, we note that, because ¢, — 7 = Cyop + Dyqwy, it
follows that g, — 7, is independent of uj, and therefore

1 N T
n _ n
k=0 k=0
which completes the proof. |
Proof of Theorem 7 For brevity, we use the notation (x, y) 5

for two real, scalar stochastic sequences zj, and y; defined on
k € {0,...N}, to denote
f} |

N
1
A
= g _—
]
k=0
We note that (-,-) satisfies the criteria of an inner product,
with induced norm ||z||y £ \/(z, ) N.
We may represent the closed-loop dynamics for k£ > 0 as

0, the following

T(CySCT + Dfuq)) :

qk :ka + (Gnqun)k + (quw)k
=Gk + (Gng(u"™ + 1))k



where we take wy = uj = 0 for all £ < 0, and where we have
defined py, = (Qu)y and G = Cyer A¥ x0. Because Q € Hoo
by assumption, x|/ is bounded as N — oco. From Theorem
3, it follows that there exists J = J7 > 0 such that

ATJAL —J Al JBya - C1, }
BT JAq — Cya B ,JBya — 2Dy,
CT
+e l:DZle] [chl chl] <0.
Taking a quadratic form on the above expression with vector
IXE (uk + )] gives
X1 T Xkt = Xk I xe < 2(uk + px) gk — i
Summing over k € {0,..N} and using the fact that J > 0,
(p+u™ q)n = 5ellglly = (o, &) (108)
where

¥(Co- o) émg {x6 Ixol F}

r S 0
=t ([6] /(8] {0 [5 )

Since u™ is mean-square passive with respect to g,
(U, q)n < K. (109)

Using (109) in (108), (11, q)n = 3ellqll3 — £ —9(Co, o). But
by the Cauchy-Schwartz inequality, (i, ¢} n < ||l|~ gl v» s

Iullvllally > 3ellgll — % = 9(¢o, o). Consequently

gl < By ﬂ““g”fv)g 4ot 0060)

3

It follows that if ||u||x is bounded as N — oo, ||g||n is also
bounded. ]

Proof of Theorem 8 That condition (78) is implied by (84) is
an immediate consequence of the KYP Lemma (i.e., Theorem
3). Because (flcl, Bncl) is controllable, it further follows from
the asymptotic stability of A, that L > 0.

To prove that there exists () € Hoo satisfying (79), first
consider that if G,,,(2) is OSPR then it must be minimum-
phase; i.e., each zero z; must satisfy |z9| < 1. Furthermore,
if |z9| = 1 then this zero must be simple [39]. It follows that
Q(z) = G,7(2)Guq(z) € Moo if and only if each zero of
Gng(z) with unit modulus is also a zero of G,4(2). Now,
consider that if G,,4(2) has a unit-modulus zero z( then this
implies the existence of a vector w such that

l:w:| " l:A~cl - ZOI Bncl:| -0

1 ij’qcl Duq -

But if (84) holds for L > 0, £ > 0, and % > 0, then the upper-
left 2x 2 term must be negative semidefinite, and this condition
may be written equivalently through a Schur complement as

(110)

WE—-L 0 0 Auq Bual o 017
0 0 0 Cyet Dug| |0 1
0 0 —L°t 0 0 I 0
0 0 Acl Bncl g
— 10 I| [Cpu Duq] <0.
I 0| o0 0

Now, take a quadratic form on the above matrix, with vector
H . .

[@? 1 9] where @ is the same vector as in (110) and

¥ is yet-to-be-determined, and get

Yo Fw — o Lo — 90 L™ — zpw 9 — g9 w < 0.
Now, choose 9 = —ZyLw and the above becomes
Y Ew + (|20]* — 1) @ Lw < 0.

But zp has unit modulus so |zg] = 1 and we have that
wwH Ew < 0. Because E is positive-semidefinite and Her-
mitian, and ¢ > 0, this implies Fww = 0. It is therefore the

H H . .
case that @ = [w{’ 0] where w; has the same dimension
as A, and (110) becomes

! " A - zol Bu I 0 0
1 Cq Duq 0 Cg I
which requires that zo be a zero of H,,(z). But if this is the

case, then in the original (non-minimal) realization for H,,(z),
there must exist a ¢ € C™ such that

%) Horg— 20l By | 0
1 C, Dy,
Now, consider that, because H,,(z) is assumed to be OSPR
and (22) holds for U € H, then each unit-modulus zero of

H.4(z) must also be a zero of Hyq(z). Meanwhile, if zg is
a zero of H,,(z) then it follows that for the same ¢ € C™ in

(111)

(111),
H
%) A—21 By |
e oo
But if (111) and (112) both hold then it follows that
o]" [A-2I B.Cx By
0 BKCd AK — Z()I Bn =0
1 C;  DuCx Duyg
implying that zj is also a zero of G.q(2). |
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