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The coupling of core reduced delta-f and edge total-f gyrokinetic models could enable a significant speed-up
of the whole device modeling simulations. It is thus interesting to compare these models in the core where
they will be coupled. The main difference between these models is the presence of the zeroth order term on
the right hand side of the total-f gyrokinetic equation. This term is responsible for driving a radial electric
field that is also associated with GAM-like oscillations. To investigate the coupling between these models, the
subsequent large-scale gyrokinetic 3D turbulence simulations have been performed starting from an already
saturated gyrokinetic axisymmetric equilibria (collisions are not included). This work has also been extended
to couple different axisymmetric and turbulent models available in XGC. It is shown that the radial electric
field and its drive have to be taken care of consistently while coupling different models together.

I. INTRODUCTION

The Exascale High-Fidelity Whole-Device-Modeling
(WDM) project aims at eventually delivering an
application (WDMApp) computing first-principles
simulations of the whole-device plasma. One of the
goals of the project is the prediction of the pedestal
shape of ITER. This multi-physics project requires
the coupling of different first-principles codes together,
among which the coupling of core and edge gyrokinetic
codes is initiated in Ref.8.

In the first step, core and edge gyrokinetic codes have
been coupled in a consistent way at the level of the
Poisson equation8. This field coupling technique has been
implemented for coupling the gyrokinetic codes XGC and
GENE in Ref.14, as well as, for coupling the gyrokinetic
codes XGC and GEM in Ref.4. Coupling different codes
have required to map the 3D field information between
different codes, as described in Ref.4,14.

In the second step, core and edge gyrokinetic codes
have been coupled at the level of the distribution function
near the overlap region where both core and edge
simulations co-exist, see Ref.7. The complete coupling
algorithm being composed of a tight coupling of the 3D
field information at each Runge-Kutta stage, and of an
infrequent coupling of the 5D distribution function in
radially extended buffer regions.

As suggested in Ref.7, speeding-up the coupled
simulation could be achieved by using different models
for the core and edge gyrokinetic simulations, because the
two regions may not need the same resolution or fidelity.
Up to now, we coupled the same system of equations in
Ref.4,7,8,14 and this required, sometimes, to implement
XGC’s equations in the core codes GEM and GENE.
There is thus an additional interest in testing how much
the system of equations can differ in fidelity core and
edge codes.

In this paper, we study the coupling of different fidelity
gyrokinetic equations together, namely the reduced, the
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complete, and the direct delta-f gyrokinetic equations,
which are defined in details in Sec. III. In term of physics,
the complete and direct delta-f equations both include
the axisymmetric zeroth order term

Ẋ0 · ∇f0, (1)

which is absent from the reduced delta-f model. As
we will see, this term is important and cannot be
neglected when coupling different equations together.
In terms of numeric, the reduced and complete delta-f
equations are based on a differential form, while the
direct delta-f equation is based on an integral one.
Therefore, only the complete and reduced equations can
do approximations. Moreover, we observed that the
direct delta-f implementation is numerically more stable
than the differential ones.

To study coupling of the different models, we do not
perform a brute-force core-edge coupled simulation, but
we study the instantaneous coupling of axisymmetric
and turbulent models. This technique requires first
converging an axisymmetric simulation and then restart
it with a turbulent model. One interest of this
technique, discussed in Refs.3,18,19, is to perform a cheap
axisymmetric simulation prior to the expensive turbulent
one, and thus to avoid solving cheap axisymmetric
physics with an expensive turbulent model. This is a way
of speeding up simulations. A second interest is, here,
to try the coupling of different turbulent models with
different axisymmetric models together. For instance,
different choices of the electric field are considered in
the axisymmetric model: no electric field, radial electric
field, or 2D electric field, see Sec. VI. Then, the main
difference in the turbulent models is the presence (or
not) of the axisymmetric zeroth order term (background
term), Eq. (1). Other differences are spotted, see Sec. III,
but are not dominant in the core region where we couple
the code.

In this work, we consider coupling the codes in
core region, because the core-edge coupling of codes is
done in the core region, i.e., around the pedestal top
region. Coupling codes in the steep pedestal slope would
affect the performance of the coupling. For instance,
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the resampling is less efficient in the steep pedestal
slope because of the unavoidable weight spreading7, and
simulating the pedestal regions with a core code would
require more resources than simulating the core region
only, while the edge code will unavoidably simulate the
edge pedestal region.

The remainder of this paper is organized as follows. A
brief description of the gyrokinetic code XGC is given in
Sec. II. Details of the electrostatic gyrokinetic model of
XGC along with the description of different delta-f weight
evolution equations are given in Sec. III. Simulations
carried out with the different weight evolution equations
are presented in Sec. IV, along with the details of
the influence of initial conditions on nonlinear plasma
relaxation in Sec. V. Simulation results of instantaneous
coupling of the axisymmetric and turbulent gyrokinetic
equations are presented in Sec: VI. Conclusions are drawn
in Sec. VIII.

II. THE GYROKINETIC CODE XGC

The XGC code is presented in details in Ref.11. In
this section we provide a summary for the sake of
completeness.

XGC1 is a multiscale 5-dimensional (5D) gyrokinetic
code that solves the turbulence, neoclassical, and neutral
transport physics together. XGC is specialized for
tokamak edge plasma based on the particle-in-cell
technique combined with a velocity- space grid technique
(hybrid-Lagrangian scheme). XGC uses cylindrical
coordinates (r, θ, z) to describe the particle motion,
allowing for a general geometry representation. In order
to take advantage of the strong anisotropy of fluctuations,
the mesh in real space follows the magnetic field-lines
approximately and is constructed as follows. All poloidal
planes are equally spaced along the toroidal angle φ,
and each of them is discretized in the same way using
an unstructured triangular mesh that allows for the
representation of complex diverted geometries and wall
structures. The node points of the poloidal mesh follow
the magnetic field lines.

XGC has different approaches to operate:

1. Full f , where the entire particle distribution
function f is represented with marker particles.

2. Total f , where the particle distribution function f
is decomposed as f = f0 + δf . Here, δf = fp
is described by marker particles and f0 = fa +
fg, with fa stands for the plasma background
distribution function usually specified analytically
and fg accounts for its slow evolution over local
transport time-scales numerically residing in the
5D grid-space.

3. Delta-f , where the distribution function f is
split between a time invariant background and
a perturbation, f = fa + fp, the perturb part

fp described with markers and evolved using the
weight evolution equation.

In the present work, the delta-f model is used for
representing f with f = f0 + δf (f0 = fa and δf = fp)
and f0 a local Maxwellian. The background term is kept
or not depending on the considered gyrokinetic equation,
as we will detail in next section.

III. MODEL AND EQUATIONS

A. The electrostatic gyrokinetic model

The gyrocenter distribution function f is modeled with
a delta-f16 representation,

f = f0 + δf,

and is evolved according to the delta-f gyrokinetic
equation

∂δf

∂t
+ Ẋ · ∂δf

∂X
+ v̇‖ ·

∂δf

∂v‖
= −df0

dt
+ C, (2)

where δf is the perturbation distribution function, f0 is
a background distribution function, X is the gyrocenter
position, v‖ is the velocity in the parallel direction, and
C is the collision operator which is not considered in this
paper (C = 0). Different approximations can be made in
the delta-f gyrokinetic equation, Eq. (2), as we detail in
Sec. III C.

In the electrostatic limit, which is considered in this
work, the equations of motion are given by

Ẋ = v‖b +
B

B∗‖
(v∇B + vE×B + vk) (3)

v̇‖ = − Ẋ

mv‖
·
(
µ∇B + q∇

〈
φ
〉)

(4)

where µ = (mv2
⊥)/(2B) stands for the guiding center

magnetic moment, v∇B = (µ/qB2) (B × ∇B) is the
grad-B drift velocity, vE×B = (B × ∇

〈
φ
〉
)/B2 is the

E×B drift velocity,
〈
φ
〉

is the gyroaveraged electrostatic

potential, vk = (v2
‖/Ω)(∇ × b)⊥ is the curvature drift.

Here, B is the strength of the magnetic field B, b = B/B,
and B?‖ =

(
B + ρ‖∇×B

)
· b with ρ‖ = mv‖/qB.

These equations of motion can be split in their
unperturbed and perturbed components: Ẋ = Ẋ0 + Ẋ1

and v̇‖ = v̇‖0 + v̇‖1, with Ẋ0 = v‖b + B
B∗‖

(v∇B + vk),

Ẋ1 = B
B∗‖

vE×B .

The system of Eqs.(2)-(4) is closed by the gyrokinetic
Poisson law which, in XGC, is solved with the following
quasi-neutrality equation (in the adiabatic electron limit)

∇⊥ ·
min0

qiB2
∇⊥φ−

(
1−∇⊥ · ρ2

i∇⊥
) en0

Te0

(
φ−

〈
φ
〉
FS

)
=(

1−∇⊥ · ρ2
i∇⊥

)
δn̄i
(5)
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where the ion polarization term is estimated with a
Padé approximation,

〈
φ
〉
FS

is the flux-surface averaged
electrostatic field, δn̄i is the gyro-averaged perturbed
gyrocenter ion density and ∇⊥ is the gradient operator
perpendicular to the magnetic field vector B.

B. df0/dt in the v‖ and ε formulations

In the rest of this manuscript, we use the derivative
with respect to the kinetic energy ε = mv2

‖/2 + µB for

computing df0/dt with

df0

dt
= Ẋ · ∂f0

∂X
+ ε̇ · ∂f0

∂ε
.

This choice is made, because when using the v‖
formulation, there are terms proportional to µ∇B with
contributions coming from ∂f0/∂X and ∂f0/∂v‖ that
cancel with each others in the gyrokinetic equations,
which read

Ẋ · ∂B
∂X

∂f0

∂B
+

Ẋ

mv‖
· (µ∇B)

∂f0

∂v‖
= 0.

Therefore, if we do approximation on Ẋ · ∇f0 in the v‖
formulation, these terms will not cancel anymore if we are
not careful, whereas this cancellation issue is not present
in the ε formulation. Indeed, from the definition of ε,

ε̇ = mv‖v̇‖ + µẊ · ∇B (6)

= mv‖

[
− Ẋ

mv‖
·
(
µ∇B + q∇

〈
φ
〉)]

+ µẊ · ∇B (7)

= −qẊ · ∇
〈
φ
〉
. (8)

C. The linear and nonlinear gyrokinetic equations

The linearized gyrokinetic equation, used to simulate
linear instabilities such as ion temperature gradient
(ITG) modes and trapped electron modes (TEM), reads

∂δf

∂t
+ Ẋ0 ·

∂δf

∂X
+ v̇‖0 ·

∂δf

∂v‖
= −Ẋ1 ·

∂f0

∂X
− ε̇ · ∂f0

∂ε
, (9)

where collisions are not included for simplicity of the
discussion. For ensuring a good linear solution, f0 must
be chosen as close as possible to the solution of the zeroth
order equation

∂f0

∂t
+ Ẋ0 ·

∂f0

∂X
+ ε̇ · ∂f0

∂ε
' 0. (10)

In XGC, we use the local Maxwellian distribution
function for the analytical function f0 = f0(ψ, v‖, µ),

but some codes use the canonical Maxwellian10. From
this linearized gyrokinetic equation, a nonlinear equation,
which we call the reduced nonlinear gyrokinetic equation,

is obtained by including the “E cross B” and “parallel”
nonlinearities in the right hand side of the linearized
delta-f gyrokinetic equation (9), leading to

∂δf

∂t
+
(
Ẋ0 + Ẋ1

)
· ∂δf
∂X

+ v̇‖ ·
∂δf

∂v‖
=

−Ẋ1 ·
∂f0

∂X
− ε̇ · ∂f0

∂ε
.

(11)

Finally a complete nonlinear gyrokinetic equation is
obtained by including the zeroth order terms in the right
hand side, leading to

∂δf

∂t
+
(
Ẋ0 + Ẋ1

)
· ∂δf
∂X

+ v̇‖ ·
∂δf

∂v‖
=

−
(
Ẋ0 + Ẋ1

)
· ∂f0

∂X
− ε̇ · ∂f0

∂ε
,

(12)

having considered ∂f0/∂t = 0. Note that the total-f
version of XGC uses a grid component for representing
f0 which evolves in time.

A direct gyrokinetic equation is obtained by directly
estimating the right-hand-side along characteristics and
corresponds to the equation

∂δf

∂t
+
(
Ẋ0 + Ẋ1

)
· ∂δf
∂X

+ v̇‖ ·
∂δf

∂v‖
= −df0

dt
. (13)

The complete and direct delta-f GKEs thus include the
relaxation of f0, which is not an exact solution of the 0th
order GKE, in the evolution of delta-f.

D. Detailing the GKE with a local Maxwellian for f0

We express the gyrokinetic equations of previous
section, by using f0 definition as a local Maxwellian

f0(ψ, v‖, µ) =
N

(2πT/m)3/2
exp [−(mv2

‖/2 + µB)/T ],

where N = N(ψ) and T = T (ψ). The same results
would be found if taking the local Maxwellian in (ψ, ε, λ)
coordinates where ε = mv2

‖/2 + µB and λ is the pitch

angle. We recall that we use ε derivative for df0/dt, as
explained in Sec. III B.

1. Linearized and reduced GKE

The only difference between the linearized and reduced
gyrokinetic equations is that the equations of motion for
the marker particles are unperturbed in the case of the
linear gyrokinetic equations

Ẋ ' v‖ +
B

B∗‖
(v∇B + vκ), (14)

v̇‖ '
1

mv‖

[
v‖ +

B

B∗‖
(v∇B + vκ)

]
· µ∇B, (15)
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whereas these equations are the ones including the
perturbed terms, Eq. (3) and (4), in case of the reduced
delta-f.

In both cases, the right hand side of the GKE is

dδf

dt
'− B

B∗‖
vE×B ·

[
∇ lnN +∇ lnT

(
ε

T
− 3

2

)]
f0

−

[
v‖ +

B

B∗‖
(v∇B + vκ)

]
· ∇〈φ〉 f0

T

2. Complete GKE

The complete GKE uses the perturbed equation of
motion Eq. (3) and (4) for evolving Ẋ and v̇‖, but the

right hand side has the additional term15,

− d

dt

∣∣∣∣
0

f0 = −Ẋ0 ·
[
∇ lnN +∇ lnT

(
ε

T
− 3

2

)]
f0,

compared to the linear and reduced models. The right
hand side of the complete GKE thus reads

dδf

dt
' −Ẋ ·

[
∇ lnN +∇ lnT

(
ε

T
− 3

2

)]
f0

−

[
v‖ +

B

B∗‖
(v∇B + vκ)

]
· ∇〈φ〉f0

T
. (16)

The nonlinear term

B

B∗‖
vE×B · ∇〈φ〉

f0

T

is neglected in the right hand side. This is the main
difference with the direct gyrokinetic equation, where no
approximation is made.

E. Delta-f PIC representation

XGC1 uses a delta-f PIC representation where the
distribution function f is decomposed into f = f0 + δf .
The perturbation δf is represented with weighted marker
particles. A marker particle, labeled p, represents the
perturbation δf at the marker position (Xp, v‖,p, µp) over
the phase space volume Ωp, by using a weight wp, such
that wp := δf(Xp, v‖,p, µp) Ωp. By defining the marker
particle distribution function, g ∼ 1/Ωp, one can define
the weight field as w = δf/g, but different weights
definitions can be used.

The marker particles of XGC1 carry two different
weights, w0 and w1, for representing f0 and δf ,
respectively. They are defined by

w0 := f0(t0)/g, (17)

w1 := δf/(w0g), (18)

where g is the distribution of marker particles which
is constant along a collisionless and sourceless Vlasov

particle trajectory since the phase space volume is
conserved. The weight w0 is fixed in time and the weight
w1 is evolved according to

∂w1

∂t
= − 1

w0g

df0

dt
. (19)

Different numerical schemes can be employed for solving
this weight evolution equation, as described in the
following section, Sec. III F.

To summarize, the gyrokinetic equation, Eq. (2), is
evolved in different steps which can be summarized in
three steps. First, the 5D advection contribution,(

∂δf

∂t

)push

= Ẋ · ∂δf
∂X

+ v̇‖
∂δf

∂v‖
,

is taken care of by pushing the marker particles in 5D,
as expected of a Lagrangian code. Second, the markers’
weights are evolved with(

∂δf

∂t

)weight

= −df0

dt
, (20)

Finally, when collisions and source terms are considered,
they modify the weights of marker particles with a
dedicated operator9

(
∂δf

∂t

)coll

= C,

which is out of the scope of this paper.

F. Delta-f weight evolution schemes

In this section, we discuss the numerical scheme used
for computing the following contribution to the weight
evolution (

∂δf

∂t

)weight

= −df0

dt
.

1. Classic delta-f method with explicit computation of
derivative terms

The classic delta-f method computes the right hand
side of the gyrokinetic delta-f equation with an explicit
derivatives equation, on the contrary of the direct delta-f
method which is based on following the characteristics.

An advantage of this classic numerical technique is
that it can solve any approximated right hand side of
the GKE. Indeed, it is used to implement the linearized,
reduced, and complete GKE.

The complete weight evolution equation reads

ẇ1 = − 1

w0g

(
Ẋ · ∇f0 + ε̇∇εf0

)
, (21)
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where no approximation is made on Ẋ.
The reduced weight evolution equations approximate

the drift by the E ×B drift only, leading to

ẇ1 = − 1

w0g

(
B

B?‖
vE×B · ∇f0 + ε̇∇εf0

)
. (22)

Note that g is constant along a collision-less and
source-less Vlasov particle trajectory since the phase
space volume is conserved.

The details of the right hand side have been provided
in previous Sec. III D.

2. Direct delta-f Method

The direct delta-f scheme solves Eq. (19) directly
and without approximation on the right hand side,
by following the evolution of markers along their
characteristics. This technique requires the knowledge
of the collision-less evolution of the weight along the
characteristics, but w1 is also altered by collision
operations and other source terms. Therefore, an
additional weight, w2, is used for computing the
collision-less evolution of the weight only, with

∂w2

∂t
= − 1

w0g

df0

dt
,

which leads to the direct delta-f weight evolution
equation

wt+∆t
2 = wt2 +

1

w0g

f t0p − f t+∆t
0p

∆t
,

where ∆t is a time step and f t0p = f0(t,Xt
p, v

t
‖,p) is

the value of the background distribution function at the
position of the particle p at the time t. The weight w2 is
initialized with w2 = 1− f t00p/w0g = 0 at t = 0, such that

w2 := 1−f t0p/w0g at time t. After computing wt+∆t
2 , the

weight w1 is updated with

wt+∆t
1 = wt1 + (wt+∆t

2 − wt2) +
C
w0g︸ ︷︷ ︸

Computed after

.

Collisions and other sources are computed in w1

by dedicated operators. We refer to the literature
(collisions9, neutral17, impurities6) for these specific
operations, which are out of the scope of this paper.

IV. SIMULATIONS CARRIED OUT WITH THE
DIFFERENT WEIGHT EVOLUTION EQUATIONS IN A
NONLINEAR RELAXATION PROBLEM

A. Description of the nonlinear relaxation problem

In this section, we compare nonlinear simulations
results obtained with the three different schemes, namely
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FIG. 1. Normalized radial profile (dash line) and
corresponding logarithmic gradient scale (solid line) of (a)
temperature and (b) density of the CBC case. T0 = 2250eV
and N0 = 4.66× 1019m3.

the reduced, complete, and direct delta-f. We focus on
nonlinear turbulence driven by ITG instabilities in the
same adiabatic electron setup than the one used in the
cross-verification exercise between XGC and GENE in
Ref.13 and inspired from the cyclone Based Case (CBC),
except that we consider a wedge covering a third of
the tokamak. The magnetic geometry is composed of

R0[m] 1.68
a0[m] 0.59
B0[T] 2.09
N0[1019/m3] 4.66
T0 [KeV] 2.25

TABLE I. Reference plasma parameters considered for the
benchmark

concentric circular surfaces. This geometry is called “case
V” in Ref.2. The major radius is R0 = 1.68m, the minor
radius is a = 0.59 m, and the magnetic field on axis
is B0 = 2.09 T, see Tab. I for more parameters. The
density and temperature profiles are shown in Fig. 1. The
time evolution of the ion temperature gradient and ion
heat flux are represented in Fig. 2 from the simulation
results obtained with the direct delta-f schemes. The ion
temperature gradient,

∂ lnTi
∂ψ

where Ti = T0 +

〈∫
d3v

(
1

2
mv2
‖ + µB

)
δf

〉
,

and the heat flux ,

Qi '
〈∫

d3v

(
1

2
mv2
‖ + µB

)
~v δf

〉
· ∇ψ
|∇ψ|

,

are represented on 2D maps with respect to the time,
t, and the radial surface, ψ. In this direct delta-f
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FIG. 2. Adiabatic electron simulation. (a) Ion temperature
gradient and (b) Heat flux.

simulation, strong GAM like oscillations develop at the
beginning of the simulation, as shown in Fig. 2(b). Then,
the E×B flux develops when the system enters a regime
of nonlinear turbulence near time t = 0.12ms. Since
there is no heat source, the turbulent E×B fluxes decay
to zero when the temperature gradient relaxes below a
critical gradient. The relaxation of the ion temperature
gradient, Fig. 2(a), is mainly due to the E×B turbulent
flux between t = 0.12 and 0.15ms. In comparison, the
contribution from the GAM-like transient oscillations
before t . 0.1ms is secondary.

B. Comparison of simulations carried out with the
different weight evolution equations

The three different delta-f weight evolution schemes
have been compared by carrying out the same nonlinear
ITG-driven turbulence simulation, once with each
scheme. Results are shown in Fig. 3, where the time
traces of the ion temperature gradient and of the ion
heat flux obtained from these three simulations are
shown. The corresponding converged radial profiles of
ion temperature gradient, which are obtained at the end
of each simulation, are shown in Fig. 4 for each scheme.
The same color code is used in this entire paper, such
that the results obtained with the reduced, complete, and
direct delta-f schemes are plotted in green, red, and blue,
respectively. The initial ion temperature gradient profile

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

1.4

1.6

1.8

2

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

-5000

0

5000

FIG. 3. Adiabatic electron simulation. Comparison of the
time traces of ion temperature gradient and heat flux at
surface ψ = 0.41, when using the three different numerical
schemes.

0 0.2 0.4 0.6 0.8 1
0

0.5

1

1.5

2

FIG. 4. Radial profile of ion temperature gradient at the
beginning of the simulation (black) and at the end of the
simulation with direct delta-f scheme (blue), complete delta-f
scheme (red) and reduced delta-f (green).

is shown in black dashed lines. The simulation results
obtained with the complete delta-f scheme are the same
as the one obtained with the direct delta-f scheme, down
to the marker particle noise for our test case. Indeed,
the ion temperature gradient (a) relaxes identically in
these two simulations under the effect of the heat flux
(b). The heat flux is the same in both simulations, a
strong GAM like transient oscillations develop at the
beginning of the simulation followed by a bump of E×B
flux until when the gradient has relaxed below a critical
ITG-stable value. This agreement between the two
simulations shows that the direct and complete delta-f
schemes could be coupled together in the core region, in
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a straightforward manner.

The simulation carried out with the reduced delta-f
scheme converges to a different solution than the
simulations carried out with the two others schemes.
There are no GAM-like oscillations in the reduced delta-f
scheme which misses the axisymmetric neoclassical term,
Ẋ0 ·∇f0. Also, the E×B flux develops at a different time
for the reduced delta-f scheme than for the two other
schemes. The latter is a side effect of the sensitivity of
each model to the initial conditions. We will discuss this
influence of initial conditions in the next section.

V. INFLUENCE OF INITIAL CONDITIONS ON THE
NONLINEAR EVOLUTION OF THE PLASMA
RELAXATION

A. Initial Conditions: Noise or field-Aligned

The evolution of the simulation depends to some extent
on the definition of the initial conditions. We consider
two kind of initial conditions for δf : a random noise or a
field-aligned perturbation. In addition, the definition of
the fixed background f0 provides an initial condition for
the drive coming from the axisymmetric term Ẋ0 · ∇f0,
which is not zero when f0 is a local Maxwellian.

The electrostatic potential φ is shown in Fig. 5
when initializing δf with noise (left columns) or with
a field-aligned perturbation (right columns). Moreover,
we show the field at two different times: at t = 0ms
when initializing the system and at t = 0.02ms when
the GAM-like transient oscillation is large. Finally, we
show results obtained with the three different gyrokinetic
equations, namely the direct, complete, and reduced
delta-f schemes which are shown on the first, second, and
third row, respectively.

For both noise and field-aligned perturbations, the
direct delta-f and complete delta-f find the same up-down
asymmetry on the n = 0 mode at t = 0.02ms.
Indeed, with both the direct and complete delta-f
schemes GAM-like transient oscillations are driven by
the background axisymmetric term Ẋ0 · ∇f0. This term
drives these oscillations because of our definition of f0 as
a local Maxwellian which is not an exact solution of the
zeroth order collision-less gyrokinetic (GK) equation. A
way to remove these oscillations consists in defining f0 as
a corrected local canonical Maxwellian10 which is a true
solution to the collision-less 0th order GK equation.

In the simulation carried out with the reduced delta-f
scheme, there are no GAM-like transient oscillations at
the beginning of the simulation because the axisymmetric
zeroth order term is not included in this model. As a
consequence, the reduced model is strongly dependant
on the initial perturbation contained in δf . This is
opposite to the two other models which are independent
of δf initial condition, but rather dependent of f0 initial
condition (or definition as it is fixed in time).

B. Influence of Initial Conditions on the time evolution

In a relaxation problem, i.e. without sources, the
final converged result may depend to some extent on the
initial conditions. In this sub-section, we briefly highlight
this effect and we verify that it’s not dominating the
dynamics we are studying. To do so, we compare results
of simulations initialized with noise and field-aligned
perturbation, and we also look at the influence of the
amplitude of the field-aligned perturbation.

1. With the reduced delta-f scheme

In nonlinear simulations carried out with the reduced
delta-f gyrokinetic equation, the amplitude of the initial
field-aligned perturbation influences the position of the
burst of nonlinear E × B flux. The larger the initial
amplitude the more rapidly the burst appears, as
expected.

We scan the amplitude of this initial field-aligned
perturbation to highlight its influence on the relaxation
of the ion temperature gradient, in Fig. 6. The time
traces are shown in (a) and the converged radial profiles
are shown in (b). The temperature gradient relaxes
when the nonlinear E × B turbulent flux arise. In these
results, obtained with the reduced delta-f scheme, the
modes grow mostly linearly until reaching a peak where
the nonlinear saturation mechanisms start to regulate
the flux. This peak is reached when the amplitude
of the modes is large enough so that non-linearities
dominate the dynamics. Therefore, when starting from
a larger initial condition amplitude, the saturation peak
will occur earlier. Indeed, this can be shown by focusing
on the critical amplitude |φn|c of the dominant mode
n which is reached after the time τ when starting from
initial condition φ0, as defined by the definition

|φn|c = φ0e
γnτ ,

which leads to the relation

τ =
1

γn
ln
|φn|c

φ0
, (23)

with φ0 < |φn|c.
Eq. (23) shows that, during the phase of linear

growth, the time necessary to reach the saturation
peak is inversely proportional to the logarithm of the
initial condition amplitude. This is confirmed in our
simulations, where the E×B flux develops earlier as we
increase the initial condition amplitude, see Fig. 6(a),
where we scan the initial condition amplitude φ0 × 10N

with N increased linearly which leads to τ ∝ 1/N .
Finally, in Fig. 6(b), the final converged radial profiles
of ion temperature gradient at the end of the simulation
is shown to be independent of the initial condition
amplitudes, for our test case.
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FIG. 5. Noise and field-aligned initial conditions and the early evolution of the electrostatic potential when initial GAM-like
oscillations are pre-dominant, see results at t = 0.02ms. Results are shown for the three weight evolution schemes: reduced,
complete, and direct delta-f.

2. With the complete or direct delta-f scheme

In nonlinear simulations carried out with the complete
or direct delta-f schemes, the amplitude of the initial
field-aligned perturbation does not influence the position
of the burst of nonlinear E × B flux. Indeed, the
early dynamics of the simulation is dominated by the
drive due to the Ẋ0 · ∇f0 term. The amplitude of the
initial perturbation affects the simulation only if it is of
similar order of magnitude than the transient GAM-like
oscillation, but such initial condition is not anymore a
perturbation.

We scan the effect of the initial condition amplitude,
φ(t = 0) = 10N × φ0, on direct delta-f simulations in
Fig. 7. The time traces of ion temperature gradient are
shown in subplot (a) and the final converged profile for
ion temperature gradient is shown in subplot (b). The
converged ion temperature gradient obtained with the
reduced delta-f scheme is shown with a dashed green line.
The results obtained with the direct delta-f schemes are
shown in red when using a noise initial condition, and
in blue when using a field-aligned initial condition. We
scanned the amplitude of the initial condition from 100 to
106×φ0. Not reported here, but when using 107×φ0 we
obtain a significantly different simulation result, because

this amplitude of the field is as large as the one generated
by the GAM-like transient oscillation. Such a large initial
amplitude being not physical we do not show it in the
figure.

There is no significant effect of the initial condition
on the convergence of the direct delta-f scheme. All
the time traces (in blue) remain grouped. Indeed, in

these simulations the drive from the Ẋ0 · ∇f0 term
dominates the early phase of the simulation. Therefore, it
is only when the initial condition amplitude is of similar
amplitude to the one of the GAM-like oscillation that
we see its influence on the ion temperature gradient
evolution. We have seen such an effect when using
φ(t = 0) = 107φ0. Nonetheless such large amplitude
for an initial perturbation is not “realistic”.

VI. INSTANTANEOUS COUPLING OF THE
AXISYMMETRIC AND TURBULENT GYROKINETIC
EQUATIONS

In this section, we start the turbulent simulation
over an already converged axisymmetric simulation.
Such strategy, discussed in Refs.3, enables to save
computational time, as the axisymmetric GKE is in
general cheaper to solve than the complete GKE. In the
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FIG. 6. Effect of the amplitude of the field-aligned initial
condition on the relaxation of the temperature gradient, in
nonlinear simulations with reduced delta-f scheme. The time
traces are shown in subplot (a) and the converged radial
profiles are shown in subplot (b)

.

frame of the coupling project, it permits to study the
coupling of different gyrokinetic equations together.

Therefore, we take the opportunity here to use different
models for solving the turbulent simulation. This enables
us to study how to couple different models together,
including the coupling of the reduced delta-f with the
complete (or direct) delta-f models.

In practice, we always solve a gyrokinetic equation of
the form (see Sec. III B for why we use ∂f0/∂ε)

∂δf

∂t
+ Ẋ[E∗] · ∂δf

∂X
+ v̇‖[E

∗] · ∂δf
∂v‖

=

−
(
λ0Ẋ0 + Ẋ1[E∗]

)
· ∂f0

∂X
− ε̇ · ∂f0

∂ε

(24)

where the turbulent version of the gyrokinetic equation
uses the complete field E∗ = E(n=0) +E(n 6=0) or similar,
and the axisymmetric GKE consider three different
options for E∗ which are

• no electric field, E∗ = 0 (0D),

• the radial electric field, E∗ = Er (1D),

• the axisymmetric field, E∗ = En=0
rθ (2D).

Finally, the reduced version of the equation does not
account for the axisymmetric term Ẋ0 · ∇f0, i.e., λ0 =
0. The parameter λ0 equals 0 (reduced model) or 1
(complete or direct models).
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FIG. 7. Effect of the amplitude of the field-aligned initial
condition on the relaxation of the temperature gradient, in
nonlinear simulations with direct delta-f scheme. The time
traces are shown in subplot (a) and the converged radial
profiles are shown in subplot (b). In both figures, the red
curve is obtained from noise initial condition on δf , whereas
blue curves are obtained form field-aligned initial conditions
on δf . Little difference is found in the gradient time evolution,
when varying the initial conditions.

A. Using direct delta-f model for the axisymmetric
simulation and the complete delta-f model for the turbulent
one

Coupling the axisymmetric delta-f equation with the
turbulent complete delta-f model can be done correctly.
Indeed, solving the axisymmetric gyrokinetic equation
with the direct delta-f scheme and then restarting
the simulation with the complete turbulent gyrokinetic
equation (at t ∼ 0.4ms) can result in a smooth coupling
of the two models, see the evolution of the ion heat flux
in Fig. 8 (b) and (c). The difference between the three
three scenarii considered in this figure is the definition
of the electric field used in the axisymmetric simulation.
Indeed, we consider the three aforementioned options:
(a) E∗ = 0, (b) Er, (c) or E(n=0) for the axisymmetric
equation, whereas the turbulent simulation solves the full
electric field E = E(n=0) + En6=0.

Transient oscillations are present at the beginning of
the three axisymmetric simulations Fig. 8(a), (b), and
(c), as expected from the direct delta-f model when
using a local Maxwellian for f0 definition, see previous
Sec. V A. Nonetheless, these transient oscillations are
different when no electric field (E∗ = 0) is included in
the axisymmetric GKE, see Fig. 8 subplot (a) compared
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FIG. 8. Heat flux, Q(t, ψ), of three different quiet-start
simulations. The axisymmetric model is run up to t ' 0.4ms
(vertical dashed line) with the direct delta-f scheme and for
three different definitions of the axisymmetric electric field:

(a) E∗ = 0, (b) E∗ = Er (1D), and (c) E∗ = E
(n=0)
rθ (2D).

The turbulence simulation is then started at t ' 0.4ms using
the full E field and the complete delta-f scheme.

to subplot (b) where E∗ = Er and to subplot (c) where

E∗ = E
(n=0)
rθ . Indeed, the zeroth order axisymmetric

term Ẋ0 · ∇f0 drives a radial electric field by polarizing
the plasma. Therefore, we need an axisymmetric electric
field to be consistent.

As mentioned, once the axisymmetric simulation is
converged near t ∼ 0.4ms, we restart it with the
turbulence switched on, by using the complete delta-f
model. Results in Fig. 8 show that for a smooth
restart it is necessary to account for the radial electric
field in the previous axisymmetric gyrokinetic simulation,
as expected. Else, the axisymmetric electric field will
develop when restarting the turbulence simulation at
t ∼ 0.4ms.

For this test case, it does not seem necessary to include
the 2D field in the axisymmetric GKE, because we have
the same results in (b) and (c). Nonetheless, it is
obvious than using the 2D field will be necessary when
accounting for more complex physics with large poloidal
asymmetries, i.e., when including rotation5 or impurities
such as tungsten6.

Finally, the radial profile of ion temperature gradient
is found to converge to the same solution in all three
senarii, see blue, red, and yellow curves in Fig. 9 (b),
where the same complete turbulent GKE is used in
the second part of the simulation (after t ' 0.4ms).
The time trace of the gradient computed on surface
ψ = 0.41 is shown in (a). Moreover these curves
converge to the same result as the reference turbulent
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2. Turbulence complete delta-f      1. Axisymmetric direct delta-f sim.

FIG. 9. Ion temperature gradient of the three quiet-start
simulations shown in Fig. 8, which use the complete turbulent
model after t ' 0.4ms. Subplot (a) shows the time trace of the
ion temperature gradient at surface ψ = 0.41 and subplot (b)
shows the converged radial profile at the end (t ' 0.8ms) of
each simulation shown in (a). The same color code is used
in these subplots. In blue, red, and yellow, we show the
quiet-start simulations using E = 0, E = Er, and E = Erθ,
respectively, for the axisymmetric model up to t '= 0.4ms.
In grey we show the reference turbulence simulation using the
reduced model (light grey dashed line) and the direct delta
model (darker gray dotted-dashed line). In addition, in (b) we
show the initial radial profile of the ion temperature gradient
with a thin dashed black line.

direct delta-f simulation (dark grey dashed-dotted line),
as their turbulence models are equivalent. The converged
solution thus depends on the turbulent model we use, as
the axisymmetric converged result (t ' 0.4ms) is seen as
an initial condition by the turbulent model. Therefore, if
the axisymmetric model provides a solution close to the
turbulent one, we can have a smooth transition and a
speed-up.

The ion temperature gradient relaxes mostly during
the turbulent phase of the simulation. The converged
radial profile of ∇Ti, which is obtained at the end of the
axisymmetric simulation(t ' 0.4ms), is plotted in Fig. 10
with a thin dashed-dotted yellow line. It is compared
to the radial profile converged at t ' 0.8ms with the
turbulence model and plotted with a thick yellow line.

We conclude this small section by stating that based on
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FIG. 10. Converged radial profiles of the ion temperature
gradient which are obtained at the end of the axisymmetric
simulation near t ' 0.4ms and at the end of the complete
turbulent simulation near t ' 0.8ms. In this axisymmetric

simulation the electric field is the 2D one: E=E
(n=0)
rθ . The

initial radial profile is plotted with a black dashed line.

these results the core-edge coupling of the direct delta-f
and complete delta-f model appears straightforward in
the core region, as long as the complete axisymmetric
plus turbulent field is solved self-consistently8. In
general, one should couple the 2D axisymmetric field and
not only the radial electric field.

B. Coupling the complete axisymmetric GKE and the
reduced turbulent GKE

Coupling the axisymmetric delta-f equation with
the turbulent reduced delta-f model appears to be
problematic. Compared to previous Sec. VI A, we restart
the simulation with the reduced turbulent gyrokinetic
equation (at t ∼ 0.4ms) instead of restarting with the
complete GKE. The ion heat flux of the three considered
scenarii are shown in Fig. 11. Again, we consider the

three options: (a) E∗ = 0, (b) Er, (c) or E
(n=0)
rθ for the

axisymmetric equation, whereas the turbulent simulation
solves the full electric field E = E(n=0) + En6=0.

A very large GAM-like transient oscillation develops
when restarting with the turbulent reduced delta-f
model. Indeed, this model does not account for the
background axisymmetric term Ẋ0 ·∇f0 and the density
polarization carried by the weights is not anymore driven.
Therefore there is a large relaxation of this polarization,
even if the electric field was not solve in the axisymmetric
field, because the background term drives a charge
separation on δni the ion gyrocenter charge density. This
violent relaxation of the system excites the plasma in
such a way that even the nonlinear E × B burst of ion
heat flux grow earlier than in previous simulations.

It is worst with no electric field in Fig. 11(a), because

FIG. 11. Same figure as Fig. 8, except the turbulence
is now modeled with the reduced delta-f model instead of
the complete delta-f model. Shown is the heat flux of
three different quiet-start simulations where the axisymmetric
model is run up to t ' 0.4ms (vertical dashed line) with
the direct delta-f scheme and three different definitions of the
axisymmetric electric field: (a) E∗ = 0, (b) E∗ = Er (1D),

and (c) E∗ = E
(n=0)
rθ (2D). Then, we start the turbulence

model at t ' 0.4ms using the full E field and the reduced
delta-f scheme.

the polarization field was not accounted for previously
and switching on the quasi-neutrality equation drives a
sudden large axisymmetric field which relaxes violently.
Indeed, as soon as we re-introduce the electric field, the
polarization is abruptly accounted for. The fact it is
slightly smoother in Fig. 11(b) and Fig. 11(c) is due to
the fact that the dominant radial electric field of the
axisymmetric simulations was accounted for, together
with its influence on the ions.

It is nonetheless remarkable that the system converges
toward the same result than the reference reduced
delta-f simulation, despite this violent “perturbation”,
see Fig. 12.

C. Freezing the converged axisymmetric radial electric
field prior to restart with turbulence switched-on

We identified, in previous Sec. VI B, that the
coupling of the direct axisymmetric model with the
reduced turbulent model was problematic, because the
background drive for the axisymmetric electric field was
missing. To avoid this dominant problem, we now
freeze the axisymmetric electric field at the end of the
axisymmetric simulation, such that it will be fixed in
time during the turbulent simulation and equal to the one
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FIG. 12. Ion temperature gradient of the three quiet-start
simulations shown in Fig. 11, which use the reduced turbulent
model after t ' 0.4ms. Subplot (a) shows the time trace
of this ion temperature gradient at surface ψ = 0.41 and
subplot (b) shows the converged radial profiles obtained at the
end (t ' 0.8ms) of each simulation shown in (a). The same
color code is used in these subplots. In blue, red, and yellow,
we show the quiet-start simulations using E = 0, E = Er,
and E = Erθ, respectively, for the axisymmetric model up
to t '= 0.4ms. In grey we show the reference turbulence
simulation using the reduced model (light grey dashed line)
and the direct delta model (darker gray dotted-dashed line).
In addition, in (b) we show the initial radial profile of the ion
temperature gradient with a thin dashed black line.

converged with the axisymmetric direct delta-f model.
This way, even if the drive is lost, we will maintain
the same radial electric field. All other modes will be
solved self-consistently during the turbulence simulation.
A drawback of our approach is that the coupling of
turbulence with the radial electric field will be lost. This
would be problematic for a physics study, but it is enough
to test if we can achieve a better coupling this way.

As mentioned, the axisymmetric gyrokinetic equation
is solved with the direct delta-f scheme and then we
restart the simulation with the reduced turbulent
gyrokinetic equation at t ∼ 0.4ms, but we freeze
the converged axisymmetric radial electric field (E∗ =

E
(n=0)
rθ ) obtained at the end of the axisymmetric direct

delta-f simulation. In practice, once the axisymmetric
simulation is converged near t ∼ 0.4ms we save the

axisymmetric field in a file and we read it back when we
restart the simulation with the reduced delta-f equation.

The restart is done for two cases: (i) with E(t) = E
(n=0)
rθ

(from direct delta-f) and (ii) with E(t) = E
(n=0)
rθ (from

direct delta-f) + Eturb(t) to solve the turbulence field
where Eturb(t) = En 6=0(t). The ion heat flux of both
considered scenarii are shown in Fig. 13. The time
trace of the averaged temperature gradient is plotted
in Fig. 14(a) for each case. The final converged radial
profiles of temperature gradient are shown in subplot (b).

By freezing the converged axisymmetric radial electric
field at the end of the axisymmetric simulation, the
transient GAM-like oscillations appear much more quiet
than when restarting the simulation without freezing the
axisymmetric electric field as done in previous Sec. VI B.
Nonetheless, a large GAM-like transient oscillation is still
present at the beginning of the turbulent restart. Indeed,
the term Ẋ0 · ∇f0 is missing from the reduced delta-f.
Therefore, even if its effect on the radial electric field
is now avoided, there is still an effect on delta-f itself
(through the weight evolution equation). Even though
there is this difference, it is remarkable to note that
the system converges toward a very similar result than
the reference direct delta-f simulation when we freeze
the converged axisymmetric radial electric field for the
particular surface ψ = 0.41 as shown in the Fig. 14(a),
unlike the previous case shown in Sec. VI B. This is
mainly true for most of the radial positions, but there
is difference in the final converged radial profiles of these
two simulations as shown in Fig. 14(b). Therefore, these
two models are not strictly equivalent, as one could have
expected.

We conclude this small section by stating that based
on these results reduced delta-f and the direct delta-f
cannot be trivially coupled with f0 as a local Maxwellian.
Nonetheless, using a canonical Maxwellian would avoid
the effect of the Ẋ0 · ∇f0 term, but a local Maxwellian
is preferred to canonical Maxwellian when including
collisions, in XGC.

VII. DISCUSSION ON CORE-EDGE COUPLING
ALGORITHM

Coupling of the reduced delta-f and direct (or
complete) total-f models would lead to spurious radial
zonal flows in the overlap region, because of the
differences in the axisymmetric part of the gyrokinetic
equation. This is consistent with Ref.7 where it is shown
that correct core-edge coupling requires f core = fEdge

in the overlap, which is impossible to ensure if the
gyrokinetic equations are different. In this section, we
propose two correct schemes for coupling these models,
and a third scheme which is approximate.
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FIG. 13. Heat flux’s 2D map, Q(t, ψ), of two different
quiet-start simulations. The restart is done at t ' 0.4ms by
using either (a) the axisymmetric reduced delta-f model or (b)
the turbulent reduced model. In both cases, the axisymmetric
electric field is frozen and taken from the converged
axisymmetric simulation (just before the vertical dashed line).
The electric field of the two restarted simulations read: (a)
E(t) = En=0

rθ and (b) E(t) = En=0
rθ + Eturb(t).

A. Correct coupling with a canonical Maxwellian

A simple solution consists in using a definition of f0

which is a true solution of the zeroth order gyrokinetic
equation, because with this choice the reduced delta-f
and direct delta-f schemes are equivalent. Indeed, with
f0 being a true solution of the zeroth order gyrokinetic
equation, the contribution from the background term Ẋ0·
∇f0 is zeroed.

A true solution of the zeroth order gyrokinetic equation
is, for example, a corrected canonical Maxwellian1,10,12,

fccm(ψ̂, ε, µ),

where ψ̂ is the corrected canonical momentum which
minimizes the gap between the local and canonical
Maxwellians while still being an equilibrium distribution.

B. Correct coupling with a local Maxwellian

If one needs to keep a local Maxwellian for the
definition of the background distribution function,
the simplest solution consists in implementing the
background term, Ẋ0 · ∇f0, in order to turn the reduced
delta-f scheme into the complete delta-f scheme. As we
have shown, this enables the coupling of the two models
in the core region.
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FIG. 14. Time trace (a) and radial profiles (b) of the ion
temperature gradient of the simulations shown in Fig.13
subplot (a) and (b), which results are plotted in cyan
and magenta, respectively. Analysis of simulations shown
in Fig.13(a) and (b) are respectively plotted in cyan and
magenta. In both cases, the axisymmetric electric field
is frozen and taken from the converged axisymmetric
simulation. The gradient in (a) is measured at surface
ψ = 0.41. For comparison, we show the reference turbulence
simulation using the reduced model (light grey line) and the
direct delta model (darker gray dotted-dashed line), as well
as, the initial profile in black.

C. Coupling of turbulence components only, with local
Maxwellian

It is still possible to approximately couple the reduced
and direct delta-f models while using a local Maxwellian
for f0. To do so, it is necessary to split the axisymmetric
and non-axisymmetric components of the distribution
functions,

f = f0 + δf (n=0) + δf (n 6=0), (25)

and to only couple the turbulence part of the equations.
This splitting between the n = 0 mode and the n 6= 0
modes, is effectively computed at the level of the Poisson
equation on the charge density.

The electrostatic potential φ is obtained by

Lφ = n̄(n=0) + n̄(n 6=0), (26)
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where

n̄(n=0) =

∫
d3v δfE,(n=0) (27)

and for the turbulent part we couple like in Ref.8, by
doing

n̄(n 6=0) =

∫
d3v

[
$δfC,(n 6=0) + (1−$)δfE,(n 6=0)

]
,

(28)
where the upper-script C and E stand for Core and
Edge, and $ is a continuous connection function varying
between 0 and 1 with respect to the gyrocenter radial
position, see Ref.6,7.

This scheme would mitigate the influence of the
background term, but it would not be an exact
solution. Indeed, in the reduced model the axisymmetric
component δf (n=0) would still evolve without the correct
background term, and in turns it would pollute the
non axisymmetric part δf (n 6=0), because the evolution
d
dtδf

(n=0) contributes to the evolution of δf (n 6=0). This

occurs at least from the term vE×B · ∇δf (n=0), which is
the advection of marker particles by the E ×B drift.

Another inconvenient of this approximate scheme
is that the direct delta-f model has to solve the
axisymmetric physics over the entire radial domain and
not only the for the edge region.

VIII. CONCLUSIONS/SUMMARY

The coupling of different delta-f gyrokinetic equations
has been studied in a nonlinear ITG relaxation problem.
This coupling consists in solving first the nonlinear
axisymmetric delta-f gyrokinetic equation and then
switching on turbulence over it. An advantage of this
technique is to solve the cheap axisymmetric physics
first and then only use the expensive turbulence model
for simulating turbulent physics. For a smooth growth
of turbulence, the turbulent model must include the
dominant physics of the axisymmetric model that was
previously converged, i.e., the axisymmetric background
term Ẋ0 · ∇f0 must be included in the turbulence
simulation. When coupling incompatible models,
large GAM-like transient oscillations are observed
when restarting the simulation with the turbulence
switched-on. The conclusions we draw are relevant for
the tight coupling of core and edge simulations as well,
because the same consistency of the fields is required, as
discussed in Ref.8. Moreover, for the core-edge coupling
algorithm we pointed out that we must have fCore =
fEdge in the overlap. Therefore, coupling different weight
evolution equations would break this equality and cannot
provide correct results. As we discussed, a reliable
choice will be coupling the non-axisymmetric part of the
equation, while using the edge code for solving the entire
axisymmetric part.

The different gyrokinetic equations we considered are
the reduced, complete, and direct delta-f gyrokinetic

equations. The direct delta-f equation is based on the
integration of the weight evolution of marker particles
along the characteristics. It is a nonlinear multi-scale
equation without approximation. The reduced and
complete delta-f gyrokinetic equations are implemented
in a differential form. The complete delta-f includes
the background axisymmetric term Ẋ0 · ∇f0 which is
neglected from the reduced model. In our case, f0

is a local Maxwellian, such that this axisymmetric
term drives large GAM-like oscillations at the beginning
of simulations. We have not considered canonical
Maxwellian, which is not optimized for collisional
plasmas in XGC.

Note that, the “direct” delta-f scheme which is based
on an integral form was observed to be numerically
more stable than the “reduced” and “complete” delta-f
schemes, in the presence of large particle noise in XGC.
Indeed, even with a very low number of particles,
the direct delta-f scheme appeared stable, whereas the
differential ones may sometimes become unstable.

The three different delta-f gyrokinetic equations
have been compared in a collision-less nonlinear ITG
relaxation problem inspired from the cyclone Based Case
(CBC) geometry. In our simulations, the turbulence
grows in the core where the temperature gradient is
peaked, and then it decays until the temperature gradient
is below the critical threshold of ITG instability. The
temperature gradient is not sustained, as we do not use
a heat source for a relaxation problem. It makes the
converged result more sensitive to the initial conditions.

The complete delta-f and direct delta-f schemes
provide the same solution, in our core turbulent ITG
simulations. The small fluctuations difference, which are
observed on the ion heat flux and on the ion temperature
gradient evolution, is mainly due to marker particle
discretization and its associated noise, for this particular
test case.

The reduced delta-f scheme provides a significantly
different converged result than the other two schemes.
This is due to the absence of the axisymmetric
background term in the right hand side.

The influence of initial conditions, which can be
important in a relaxation problem, has been studied.

• Results obtained with the reduced delta-f scheme
are sensitive to the amplitude of the initial
field-aligned perturbation on δf . It mainly
influences the time at which the nonlinear E × B
flux burst rise. It is shown inversely proportional
to the log of the initial amplitude.

• Results obtained with the direct and complete
delta-f schemes are not sensitive to the initial
amplitude of the δf perturbation, but rather to the
definition of f0.

As expected, with the direct and complete delta-f
schemes, GAM-like transient oscillations are driven by
the term Ẋ0 · ∇f0 at the beginning of the simulation,



15

because the local Maxwellian f0 is not a true solution
of the collision-less axisymmetric gyrokinetic equation.
Therefore, no significant variation in the heat flux and
temperature gradient has been observed when increasing
the initial perturbation on δf . The only way to see an
influence of the initial condition on the simulation results
is by using a very large initial condition whose energy is
comparable to the one of the GAM-like oscillation.

In each case, the final converged profile of ion
temperature gradient does not change with the choice
for the initial conditions. This highlights the fact that
differences between the reduced delta-f scheme and the
complete (or direct) delta-f schemes are not due to a
choice of initial conditions, but to the definition of these
gyrokinetic equations themselves.

The main outcome of this paper, for the WDMApp
project, concerns the coupling of the different gyrokinetic
equations together. This has been studied in a quiet
start scenario where turbulence physics is switched-on
over an already converged axisymmetric simulation. This
way the expensive gyrokinetic 3D turbulence model can
converge independently from the convergence of the
axisymmetric physics.

In our case, the axisymmetric gyrokinetic equation is
solved with the direct delta-f scheme. Different versions
of this equation have been considered where we use
different definitions of the electric field, E∗: we used
either no field E = 0, the 1D field E∗ = Er, or the

2D field E∗ = E
(n=0)
rθ . Obviously, the most complete

axisymmetric equation includes the 2D axisymmetric
field. In our simple test case, using the 1D radial electric
field was enough because 2D structures were negligible.
Nonetheless, one should use the 2D axisymmetric field, as
it will become necessary when 2D asymmetries develop,
with for example rotation or impurities.

Once the axisymmetric simulation is converged, the
turbulence simulation is switched on with either complete
or reduced delta-f scheme.

• The final converged profile of ion temperature
gradient depends mainly on the model used to solve
the turbulence: reduced or complete/direct.

• When coupling axisymmetric delta-f and turbulent
complete delta-f, the transition is smooth, as long
as one include the axisymmetric electric field in the
axisymmetric equation.

• When coupling axisymmetric delta-f and turbulent
reduced delta-f, large GAM-like transient
oscillation develops, because of the different
evolution of the axisymmetric physics in the two
models. This can be mitigated by freezing the
radial electric field, but it is not perfect.

The direct delta-f and complete delta f model can be
coupled in the core region, as long as the axisymmetric
and the turbulent field is solved self-consistently, as
we showed. On the other hand, the direct delta-f
and reduced delta-f cannot be coupled straightforwardly.

Indeed, the differences in the axisymmetric part of the
equation lead to different evolution of f which drives
large GAM-like transient oscillations.

Even when we froze the radial electric field from the
converged axisymmetric simulation and re-used it in
the turbulent simulation, we observed that GAM-like
oscillation was driven by the term Ẋ0 · ∇f0 on the
distribution function δf , which in turns was affecting the
turbulent E×B flux (which is proportional to δf vE×B).

In conclusion, the core-edge coupling of these different
models would lead to spurious radial zonal flows, if
nothing is done to solve the axisymmetric physics
correctly. This conclusion is compatible with the
necessary condition fCore = fEdge presented in Ref.7

which imposes fCore = fEdge and thus dfCore/dt =
dfEdge/dt (same evolution) in the overlap region where
the code are coupled.

Therefore, the correct coupling of the reduced delta-f
and direct delta-f is only possible if one uses a corrected
canonical Maxwellian for the background distribution
function or if one implements the complete delta-f scheme
instead of the reduced one. Finally, if one needs to
couple the reduced delta-f scheme with the direct delta-f
scheme while using a local Maxwellian for the background
distribution function, we have proposed an approximate
scheme where only the turbulent part is coupled between
the different models.
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