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ABSTRACT. Potential energy surfaces fit with basis set expansions have been shown to provide
accurate representations of electronic energies and have enabled a variety of high-accuracy
dynamics, kinetics, and spectroscopy applications. The number of terms in these expansions scales
poorly with system size, a drawback that challenges their use for systems with more than ~10
atoms. A solution is presented here using dictionary learning. Subsets of the full set of conventional
basis functions are optimized using a newly developed multi-pass greedy regression method
inspired by forward and backward selection methods from the statistics, signal processing, and
machine learning literatures. The optimized representations have accuracies comparable to the full
set but are one or more orders of magnitude smaller, and, notably, the number of terms in the

optimized multi-pass greedy expansions scales approximately linearly with the number of atoms.
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Potential energy surfaces (PESs) describe the electronic energy dependence on nuclear
geometry, and analytic representations are sought to enable efficient dynamics and kinetics
calculations. Early strategies for constructing analytic PESs for molecular systems referenced the
underlying electronic Hamiltonian, defining systems using natural coordinates such as bond
lengths, bond angles, pairwise van der Waals interactions, etc. Recently it has become popular to
instead represent PESs as mathematical expansions containing large numbers of parameters with
no direct reference to molecular systems. The key advantages of this newer approach are that it is
both broadly applicable and systematically improvable. Following the further improvement
through enforcement of permutational invariance demonstrated by Braams and Bowman,' many
permutationally invariant polynomial (PIP) expansions for molecular and chemical systems have
been produced. For recent representative work from several groups see Refs. 2—-16.

Nevertheless, a major limitation of PES expansions is their poor scaling with
dimensionality. In fact, right away pioneers of this strategy addressed the challenge of a “ten atom
limit,” referring to the challenge of generating usable PIPs for larger systems due to the associated
exponential increase in the number of terms.®!” This limit has been surpassed, sometimes using a
fragmented approach to basis set generation and sometimes using high performance
computing.®!5-1720 Here, we address this fundamental scaling problem using machine learning,
noting that exponential scaling is clearly at odds with the low-order or even linear scaling of more
traditional PES fitting approaches such as molecular mechanics, which likely better reflects the
true complexity of molecular PESs.

21-23 approaches provide optimized PIP

We demonstrate here that dictionary learning
expansions with improved scaling and without significant loss of accuracy. A new multi-pass

greedy selection procedure is described based on methods developed in the statistics, signal



processing, and machine learning literatures.?2’

A key component of dictionary learning
algorithms is a selection procedure wherein elements from the dictionary are chosen to best fit a
set of training data. Here, the dictionary is a basis of permutationally invariant collections of terms
of a PIP expansion, and the data are sampled ab initio energies describing a molecular potential
energy surface. As PIPs have explicit functional forms and systematically improvable basis sets,
they are better suited for dictionary learning than other popular PES generation methods such as

Gaussian approximation potentials and neural networks.?8

The dictionaries used in this Letter are total-order PIP expansion basis sets with the form
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where each term k is a product of the Morse variables? y;; of all possible p = n(n — 1)/2 atom—atom

pairs, 7 is the number of atoms, ¢® are the linear expansion coefficients, and each of the N; terms

in the expansion is distinguished by a unique set of exponents éj(k). A common strategy is to truncate

Eq. (1) according to a total-order constraint o <}, é}k), which results in expansions that scale as

Ni=(p +0)!/p!/o!. The number of terms is somewhat smaller than this maximum value due to the
removal of unphysical (so-called unconnected) terms to enforce the correct asymptotic limit, as
described elsewhere.®1630 Consider the limit p >> o, generally valid for systems larger than about
5 atoms, where N, scales as ~p° or ~n?°. Typical values of o are o = 4 to 8, and this severe scaling
limits the size of systems that can be treated using total-order PIP expansions.®!” The number of
free parameters N, is smaller than N; when permutational invariance is enforced,! and the
dictionaries used here are of size N, and consist of the permutationally invariant collections of
terms.

Figure 1 compares the values of N; and N, for six systems: three collisional energy transfer

(CET) cases NH3(+M), M = Ar, N>, and CH4, designated by dashed lines, and three reactive cases



H+ H>O 2 Hy + Oz, H+ CHs 2 Hz + CHa, and H + CoHs 2 H» + C2Hs, designated by solid lines.
Detailed descriptions of the construction of total-order PIP expansions for these six systems,
including details of the ab initio methods and point selection for the training data sets, the
permutational symmetrization algorithm, and trajectory applications for CETs and thermal
kinetics, have been given recently.!® The exponential increases in N; and N, with PIP order o is

immediately evident in Figure 1.

order

Figure 1. The number of (a) terms Nt and (b) free parameters /V, in total-
order PIP expansions for six systems. Dashed lines indicate collisional
energy transfer (CET) systems and solid lines indicate reactive systems.

A method of analyzing the scaling of PIP expansions and of generating much smaller
optimized expansions with improved scaling is now demonstrated. The expansion coefficients in

Eq. (1) are determined by minimizing the weighted sum
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where i labels values of a training data set consisting of M ab initio potential energies V(R))
computed at the geometries R;, and 7 is the fitted expansion value. The training data sets were
limited to energies below 50 kcal/mol and 4000 cm™ (~11.4 kcal/mol) relative to the reactants for
the reactive and CET cases, respectively. The definition of the weights, w;, is given in Ref. 31 and
is designed to weight lower energies more than higher energies and to distribute the relative error
approximately uniformly throughout the expansion. The values of the coefficients are obtained
from numerical linear algebra,?
¢=(X"X)"'X"y,y= WV, X = WB 3)

where the vector V is defined above as the values of the PES and the elements of B, By, describe
the j!" basis function evaluated at the i geometry in the training set. Each PIP basis function is the
collection of all permutationally equivalent terms, such that the size of B is N, x M. The matrix W
is the diagonal weight matrix from Eq. (2). Reference 33 and the supporting information for this
paper have further information, including the calculation of a diagnostic leave-one-out cross-
validation error, Eioocy.

To tame the exponential scaling in Figure 1, we show that we can make the following
replacement

X(Np X M ) — (dictionary learning) — X 1NV x My), Ng&KN,,, Mg<M, 4)
and still have acceptable errors in Eims and Elooev. Furthermore, the sizes of the optimized
expansions Ny scale favorably with system size and the number of training data required My can
be reduced relative to the full training set of size M. We use a fixed dictionary rather than a learned
dictionary,?? and optimized subsets of the dictionary are “learned” via selection in a systematic

manner to control the fitting error Ems and the cross-validation error Ejoocy-



Dictionary learning targeting small subsets of the dictionary works well if the problem of
interest is sparse or nearly sparse. Sparsity has become a key concept in signal and image
processing, as well as machine learning,?634% and Figure 2 shows a calculation with the idea of
sparsity in mind. The results of 10° randomly chosen sets of size Ng = 56 from the PIP10 dictionary
for H + H,O were evaluated, and the resulting probability density function of Ems is shown to peak
around ~13 kcal/mol and no error is smaller than 3.1 kcal/mol, much larger than desirable. The
lack of good fits from one billion random draws is not surprising as there are 10'% unique subsets

of size 56 in the full PIP10 set with N, = 1461.
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e backward: 1.77

e min. random: 3.09
0.02 | ® omp: 3.78

< rms < 5.0
S kcal/mol:
0.008 %

0.00 L—eee—s—eo , ‘ ‘
0 3 6 9 12 15 18 21 24
E_ . (kcal/mol)

Figure 2. Probability distribution function (pdf) of Erms for 10° randomly generated subsets of
size 56 sampled from the PIP10 dictionary of H + H20. Errors for subsets of size 56 determined
using four dictionary learning methods, as described in detail in the text, are also indicated.

Because a random draw is not sufficient for taking advantage of the presumed sparsity of
our problem, we turned to greedy selection methods, otherwise known as stepwise regression
methods. These methods are much faster than other sparse methods such as penalized regression

techniques.**3¢° Three standard greedy methods were tested here: forward greedy regression**



where basis functions are added sequentially and one-at-a-time from the dictionary such that the
reduction in Ems is maximized at each step; backward greedy regression®® where basis functions
are removed sequentially and one-at-a-time such that the increase in Ems is minimized; and
orthogonal matching pursuit*>*® where basis functions are added sequentially based on their
projection on the current residual vector. The cost of the backward greedy approach scales poorly
with o as many large-Ny calculations must be done to reach small subset sizes, and it is the slowest
of these methods by far. The selection procedure for the forward and backward methods is made
more efficient by using update and downdate algorithms for the matrix inversion in Eq. (3).404!
Orthogonal matching pursuit (omp) is even faster than forward greedy regression, as the selection
step is faster, but yields higher Ewms as shown next. For the applications considered here, the greedy
selection calculations were much less computationally demanding than other aspects of PIP
generation, such as symmetrizing the basis set for the largest expansions as well as generating the

ab initio training and test data sets.

Figure 3a shows the results of the three standard greedy subset selection methods for H +
H>O using the PIP10 dictionary (N, = 1461) and trained using Mq = 5449 ab initio energies. For
all three standard approaches, Ems is shown to rapidly decrease with N4 for small values of Ny,
followed by a more gradual reduction in Ewms with increasing Nq. These methods achieve fitting
errors of 1 kcal/mol with modest subset sizes of Nq = 88, 122, and 188 for the forward, backward,
and omp methods, respectively. The subsets compare favorably with the results in Figure 2 for Ny
= 56, with the forward and backward greedy methods outperforming one billion random samples.
Regardless of the selection procedure used, the curves in Figure 3a demonstrate that only a small
fraction of basis functions in total-order PIP expansions contribute significantly to reducing the

overall error.
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Figure 3. (a) Fitting errors Erms for subsets of size NV determined using the PIP10 dictionary of H
+ H20 and four dictionary learning methods: multi-pass greedy, forward greedy, backward
greedy, and orthogonal matching pursuit (omp). Also shown are the result of the multi-pass
greedy method using half as many training data (brown). (b) Fitting errors Erms for subsets of
size Na optimized using the multi-pass greedy method and several dictionaries, PIP6 through
PIP11, of H+ H20. The inset shows the ratio of the cross-validation error and rms error Eioocv/Erms
vs. Na for PIP10 at two values of Ma.

Based on both its accuracy and relative cost, the forward greedy method is preferred among
the standard approaches. One can do even better if a combination of forward and backward steps
is used. Although it is not common, some applications have used a combination of forward steps

with a few backwards steps,?*?’

often based on whether the backward step degrades the fit within
a tolerance limit. We have used these methods as a starting point for the multi-pass algorithm,
which uses many forward and backward steps.

The multi-pass greedy algorithm uses a series of forward and backward steps with the same

rules as the forward and backward greedy methods described above, which are single-pass



methods. A maximum subset size ns and number of passes n, are chosen. The first pass begins
with the single basis function that minimizes Ems, and the number of steps in the pass is chosen
randomly with the constraint that the maximum subset size sampled on that pass is not greater than
ns. A series of backward steps is then taken from the final value of the forward pass, and this
number of steps is again chosen randomly with the constraint that the number of steps is no greater
than ns and leads to subsets between 1 and the last value of the forward pass. The procedure is
repeated n,—1 additional times with each new pass starting from the last backward step of the
previous pass. Errors for all chosen subsets of all passes are recorded. A series of calculations
using a range of ns values is done, each of which generates its own set of subsets. The final subsets
are those with the smallest Ems for each value of N4 from all the computations, which is shown in
Figure 3a. The supporting information contains more details of the multi-pass greedy calculations.
As shown in Figure 3a, the multi-pass greedy method produces optimized subsets requiring fewer
basis functions than the standard greedy approaches, with Ewms < 1 kcal/mol for Ng = 56.

A variety of calculations were performed to examine the behavior of the multi-pass
algorithm and its robustness. The dependence of Ems for the optimized subsets on the order of the
dictionary o is shown in Figure 3b for o = 6-11, again for H + H>O. Figure 3a also compares the
multi-pass greedy Ems for Mg = 5449 and 2725, and the results are nearly indistinguishable. For
all of the subsets presented here, we confirmed that Eiooev Was within 20% of Ems over the whole
range of subsets considered, which is more than adequate from our experience.’® Finally, we
considered criteria other than Ems alone for evaluating basis functions at each step, including
enforcing a 10% or 20% cutoff in Eisocy relative to Ems during the selection process, and that

yielded nearly indistinguishable subsets.
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Figure 4. Subset sizes Na with fitting errors of Erms = 0.6 to 1.2 kcal/mol shown as
functions of the order of the PIP dictionary for two systems: (a) H + H.O and (b) H +
C:He.

Perhaps the most important results of the dictionary learning methodology are presented in
Figure 4 and Table 1. Figure 4 shows multi-pass greedy basis set sizes Ng for Ems thresholds from
1.2 to 0.6 kcal/mol, for dictionaries of varying orders, and for two reactive systems: (a) H + H2O
and (b) H + C;He. The poor scaling with order of the total-order basis sets in Figure 1 has been
mitigated and in fact reversed using dictionary learning. Higher-order PIP expansions include more
flexible basis functions, inverting the trends seen in Figure 1. Furthermore, the number of basis
functions Ny in the multi-pass greedy subsets required to accurately treat H + C2Hs is only
moderately greater than for the smaller system H + H>O, suggesting dramatic improvements in

system size scaling, as well.
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Table 1. Selected expansion information

System Vil n  d® Dict® N,' Mg Ng(0.15)" Ny(0.10) Ng(0.08) (0.15)¢ (0.10) (0.08)

H+H,O 219 4 6 10 1461 5,449 12 20 25 1.01 1.01 1.01
H+CH4 149 6 12 7 1933 5,339 14 24 32 1.01 1.01  1.02
H+C,Hs 120 9 21 6 2455 5,000 59 105 146 1.02 1.04 1.06
Ar+tNH; 940 5 3 6 1408 14,000 5 10 15 1.01 1.01 1.01
No+NH; 238 6 5 5 1638 14,000 7 20 27 1.01 1.13  1.08
CHs+NH; 244 9 6 4 2389 8,000 11 34 53 1.01 1.08 1.07

3V er is the saddle point energy (kcal/mol) for the reactive cases and the well depth (cm™) for the CET
cases.
®The number of important degrees of freedom for each system. For reactive cases this is the number of
internal coordinates and for the CET cases this is the number of internuclear coordinates.
°The order of the PIP dictionary used in the multi-pass greedy optimization.
4The number of basis functions in the dictionary.
°The number of training data.
N4(f) is number of multi-pass greedy optimized basis functions required for an error equal to fVrer.
Ea= Eloocv/Erms

To quantify trends with respect to system size, we define a system-dependent target
accuracy threshold for Ems equal to a fixed fraction f of a relevant reference energy Vier. For
reactive cases Vier is the saddle point energy relative to reactants, while for CET cases it is the van
der Waals binding energy. We recently showed that these definitions of Ewms/Veer are characteristic
of relative errors in trajectory calculations of CET and thermal and nonthermal kinetics.!¢ Results
for three values of fare summarized in Table 1 for six systems where the number of atoms #» varies
from 4 to 9. We note that the PIP expansions for the CET cases are full dimensional, but the fitted
interaction energies are only weakly dependent on the internal coordinates of the colliders. We
therefore consider the scaling of Nq(f) with the number of important degrees of freedom d, which
is equal to the number of internal coordinates for the reactive cases but is set to the number of
internuclear coordinates for the CET cases.

The optimized basis set sizes Ng scale approximately linearly with d, as shown in Table 1.
Averaging over the six cases, Na(f)/d = 1.8 £ 0.6, 3.9 + 1.3, and 5.5 £ 2.2 for /= 0.15, 0.10, and

0.08, respectively, reported to one standard deviation. This suggests that, to obtain a reduced PIP

expansion with 10% error, just 4 parameters per degree of freedom are sufficient. These values are

12



of course dependent on the choice of £, but for any useful value of f vast reductions in PIP expansion
sizes are achieved along with improved scaling compared to the exponential scaling of total-order
PIPs. Furthermore, the optimized sizes are close to the number of parameters per degree of freedom
appearing in well-known analytic representations such as Morse potentials, Buckingham

interactions, and molecular mechanics force fields.
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Figure 5. Thermal rate constant for H + H.O at 2000 K calculated using
quasiclassical trajectories shown as a function of the number of free parameters NV,
or Ny for two series of PIP expansions: total order PIP expansions from PIP3 to
PIP11 (red line with closed symbols) and optimized PIP expansions learned using
multi-pass greedy selection and the PIP11 dictionary (black line with open
symbols). The right axis and dashed line show the average computational cost of
one trajectory, confirming that this cost scales linearly with V.

Finally, we tested the multi-pass optimized subsets against total-order PIP expansions in a
trajectory-based application. Figure 5 shows calculated thermal rate constants for the hydrogen
abstraction reaction H + H>O at 2000 K, as studied in detail previously.*? Results obtained using
conventional total-order PIP expansions from PIP3 (N, = 20) to PIP11 (N, = 2235) are compared
with multi-pass greedy PIP expansions with Ng = 10-200 using the PIP11 dictionary. For the total-
3

order series, the rate constant is converged within 5% of the large-expansion limit (~3 x 10712 cm

molecule™! s7!) for the PIP7 expansion (with N, = 327) and larger PIP expansions. The multi-pass
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greedy subsets predict rate constants within ~5% of the converged value with just Ny = 25, which
is more than a factor of 10 reduction relative to the PIP7 total order expansion. Even larger
reductions would be expected for larger systems, as discussed above. An additional test of the
convergence in the vibrational frequencies for the expansions in Fig. 5 shows similarly good
scaling with N, and Ny and is presented as supporting information.

There are several ways in which the present procedure can be extended and improved.
First, through the implementation of multiple basis sets, combining one which may be optimal for
wells and others for steeper or flatter portions of the potentials, as examples. Furthermore, in this
paper we did not establish any kind of model selection criterion or stopping point,** which will be
a key part of our future efforts. A discussion of stopping behavior is presented in Ref. 43 which
will guide our model-selection efforts. A drawback of the multi-pass greedy method is that the full
total-order basis set must be computed before optimized subsets can be determined, and so larger
systems still present a challenge. Although large basis sets can be generated using high
performance computing,'® a more efficient approach might be to use the fragmented basis set
expansion' approach of Bowman and co-workers to generate the dictionary. Unsupervised
methods*7 can also address this problem as they reduce the size of the X matrix before training
data is generated. They also may provide a way to generate tractable PIP basis sets for much larger
systems. Finally, applications other than trajectories such as quantum dynamics and spectroscopy
should be explored, as these applications may feature different scaling than the near linear scaling
observed here.

PIPs and other types of mathematical expansions are powerful tools for representing the
potential energy surfaces of molecular systems. Their lack of reference to the underlying molecular

problem can be limiting, particularly with respect to computational cost due to their exponential

14



scaling. Dictionary learning, as applied here, revealed that many (more than 90%) of the terms in
total-order PIP expansions are extraneous, with larger systems exhibiting increasingly higher
fractions of wasted terms. Importantly, the near linear scaling with d of the optimized PIP
expansions is likely representative of the true complexity of molecular potential energy surfaces,

and dictionary learning should enable their application to larger systems.

Supporting Information

Details of the multi-pass greedy method and a convergence test of vibrational frequencies for the

optimized PIP expansions
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