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Fast-pairwise neutrino oscillations potentially affect many aspects of core-collapse supernova
(CCSN): the explosion mechanism, neutrino signals, and nucleosynthesis in the ejecta. This par-
ticular mode of collective neutrino oscillations has a deep connection to the angular structure of
neutrinos in momentum space; for instance, the appearance of electron neutrinos lepton number
(ELN) angular crossings in momentum space is a good indicator of occurrences of the flavor conver-
sions. However, many multi-dimensional (multi-D) CCSN simulations are carried out with approx-
imate neutrino transport (such as two-moment methods), which limits the access to the angular
distributions of neutrinos, i.e., inhibits ELN-crossing searches. In this paper, we develop a new
method of ELN-crossing search in these CCSN simulations. The required data is the zero-th and
first angular moments of neutrinos and matter profile, all of which are available in CCSN models
with two-moment method. One of the novelties of our new method is to use a ray-tracing neutrino
transport to determine ELNs in the direction of the stellar center. It is designed to compensate for
shortcomings of the crossing searches only with the two angular moments. We assess the capability
of the method by carrying out a detailed comparison to results of full Boltzmann neutrino transport
in 1D and 2D CCSN models. We find that the ray-tracing neutrino transport improves the accuracy
of crossing searches; indeed, the appearance/disappearance of the crossings is accurately detected
even in the region of forward-peaked angular distributions. The new method is computationally
cheap and has a benefit of efficient parallelization; hence, it will be useful for ELN-crossing searches
in any CCSN models employed two-moment neutrino transport.

I. INTRODUCTION

Neutrinos have been recognized as one of the key play-
ers in core-collapse supernova (CCSN). It has been sug-
gested that the energy, momentum, and lepton number
exchange between matter and neutrinos sways the des-
tiny of the collapsing star; for instance, the neutrino
heating in the post-shock flows revitalizes the stagnated-
shock wave, i.e., triggering the onset of explosion (see re-
cent reviews, e.g., [1–4]). The nuclear compositions in the
ejecta is also dictated by neutrino-matter interactions,
which sensitively depends on the energy spectrum of all
flavor of neutrinos [5–14]. From observational points of
view, neutrino signals offer a diagnostic for the CCSN
dynamics [15–23]. They are detectable for nearby CC-
SNe by currently-operating and future-planned terres-
trial neutrino detectors (see recent reviews, e.g., [24, 25]).
Coincident neutrino detections by multiple observatories
with different reaction channels will shed light on flavor-
dependent features of neutrinos, which provides a pre-
cious information on deciphering CCSN dynamics and
subsequent neutron star or black hole formation [26–28].
The accurate determination of neutrino radiation field is,
hence, one of the fundamental tasks towards comprehen-
sive understanding of death of massive stellar collapse.
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A complete description of neutrino dynamics requires
solving multi-dimensional (multi-D), multi-flavor, multi-
energy, and multi-angle neutrino transport equations.
Assuming that neutrino flavor conversions are suppressed
by high matter density [29], the transport equation can
be given by a Boltzmann equation. Recently, multi-D
CCSN models with full Boltzmann neutrino transport
have become available, which allows us to access the 3D
features of neutrino momentum space [30–33]. On the
other hand, it has been recognized that the assumption
is not valid if instabilities of flavor conversion are turned
on by neutrino-self interactions [34], which is also known
as collective neutrino oscillations. In this case, the trans-
port equation needs to be altered from Boltzmann equa-
tions [35–42]. The mean-field quantum kinetic equation
seems to be the simplest extension but captures some
essential features of flavor conversions. It involves, how-
ever, technical difficulties in the numerical treatments,
since the self-interaction is highly nonlinear phenomena
and there is a striking disparity of both spatial- and time
scales between flavor conversions and CCSN dynamics.
These practical issues have been obstackled for the de-
tailed study of flavor conversions (but see recent efforts,
e.g., [43–55]). For these reasons, the actual impact of fla-
vor conversions on CCSN dynamics and the observational
consequence still remain very elusive.

This paper is devoted to providing a new method for
analyzing fast-pairwise neutrino oscillation [56]. It is
one of the collective neutrino oscillation modes and po-
tentially generates strong and rapid flavor conversions.
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The linear analysis and some relevant numerical stud-
ies suggest that the electron neutrinos lepton number
(ELN) angular crossings1 trigger the flavor conversion
(see e.g., [55, 62–66]). Thus, searching ELN-crossing in
the neutrino data of theoretical CCSN models is the most
straightforward way to judge whether the fast flavor con-
version occurs in the CCSN environment.

The detailed angular information of each flavor of neu-
trinos is mandatory to carry out ELN-crossing search.
However, high computational burden of CCSN simula-
tions with multi-angle neutrino transport impedes the
progress. Although there are several multi-D CCSN mod-
els with full Boltzmann neutrino transport at present
[67–71] (hereafter, the paper of [69] is denoted as
N19), they are nowhere near enough to scrutinize the
progenitor- and time dependent features. More impor-
tantly, there are no available 3D radiation-hydrodynamic
simulations with Boltzmann neutrino transport in the
phase of interest for fast flavor conversions2. On the
other hand, one can run dozens of 3D simulations with
covering the post-bounce phase up to ∼ 1 s, if we use ap-
proximations in computation of neutrino transport. The
most popular method is a two-moment approximation, in
which the zero-th and first angular moments are solved
with a closure relation for higher moments [73–79]. The
angular degrees of freedom in neutrino momentum space
are integrated out in this method, i.e., the number of di-
mensions in the neutrino transport is only four (three
in space and one in neutrino energy). This approxi-
mation alleviates the computational cost substantially;
consequently, two-moment methods have become nowa-
days standard in 3D CCSN models [80–92]. It is, hence,
worth to consider how we utilize CCSN models with two-
moment neutrino transport for the analysis of fast flavor
conversions.

In the last few years, great efforts have been devoted
to developing surrogate methods to study fast flavor con-
versions based on neutrino data of two-moment neutrino
transport. The zero mode search may be the simplest
one. This method takes advantage of the following prop-
erties of the flavor conversion. The stability with respect

1 In this paper, we only focus on the angular distributions of
electron-type neutrinos (νe) and their anti-partners (ν̄e); equiva-
lently, we assume that all heavy leptonic neutrinos have identical
energy spectrum and angular distributions each other. They are
in general, however, not true since the cross sections of neutrino-
matter interactions depend on flavors, and the difference may
be outstanding if on-shell muons appear in CCSN core [57–59].
We refer readers to [60, 61] for possible influences of the heavy
leptonic neutrinos in fast flavor conversion.

2 A 3D CCSN simulation with full Boltzmann neutrino transport
was performed in [33]. However, it is up to the time of <∼ 20 ms
after bounce. In this phase, no fast-pairwise flavor conversions
are expected due to strong suppression of ν̄e emissions (see [72]
for more details). We also note that the ELN search based on
3D full Boltzmann CCSN models in [67, 70] is not under fully
consistent treatments. They solve neutrino transport on top of
a fixed matter background, which is extracted from other CCSN
simulations, until the field reaches steady state.

to a homogeneous (k = 0) mode in the corotating frame
can be determined only from an inequality equation that
is written as a function of the zero-th, first, and sec-
ond angular moments [93, 94], indicating that the simu-
lations with two-moment neutrino transport provide suf-
ficient information on the analysis. Another surrogate
method was also proposed by [95] (hereafter referred to
as polynomial method). Similar as the zero mode search,
it uses only a few angular moments of neutrinos. On the
other hand, this method accesses to the angular struc-
ture of ELN by using a polynomial function of direc-
tional cosines of neutrino flight direction. In the method,
ELN-crossings is identified by the sign of the angular inte-
grated quantities (see [95] for more details). This method
was applied to neutrino data of 1D [61] and 3D [96] CCSN
simulations, and the authors found positive signs of oc-
currence of ELN-crossings in these models.

Although these pioneer works pave the way to ana-
lyze fast flavor conversions in CCSN models with two-
moment neutrino transport, their accuracy and validity
are another matter. Let us point out that both meth-
ods need to rely on closure relations, which can not
be given accurately in the semi-transparent region of
neutrinos by analytic prescriptions, however (see, e.g.,
[30, 31, 33, 97]). Next, we have found some cases that
unstable modes appear at k 6= 0, whereas k = 0 mode
is stable (see, e.g., Fig.3 in N19), indicating that the
zero mode search potentially leads misjudgement. For
the polynomial method, on the other hand, the authors
applied the method in the region with forward-peaked
neutrino angular distributions. However, the higher-rank
angular moments of neutrinos are completely neglected
in the method. This would lead to misjudgements of ELN
crossings, since the role of the high angular moments in
characterizing the full angular distribution becomes more
important with growing forward-peaked angular distribu-
tions.

Motivated by these concerns, we have recently scru-
tinized the capabilities of both methods [98, 99] (here-
after, the paper of [99] is denoted as N21). As
predicted, we found that the angular distributions of in-
coming neutrinos are much less constrained by the zero-
th and first angular moments than those of outgoing
ones. The insensitiveness of incoming neutrinos to the
low angular moments is an intrinsic limitation of moment
methods; in other words it is a common issue among all
ELN-crossing searches. For these reasons, we conclude
that ELN-crossing searches with only using a few angu-
lar moments are not accurate, and they are only valid in
the optically thick region.

This paper is devoted to get rid of the limitation; in-
deed, our new method presented in this paper is capa-
ble of detecting ELN-crossings in the region of forward-
peaked angular distributions precisely. The essence of
our idea is as follows. Let us first point out that the
angular distributions of outgoing neutrinos can be re-
constructed very well by using the method developed in
N21. In other words, if we can overcome the shortage
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of reconstructing angular distributions of incoming neu-
trinos, the accuracy of ELN-crossing searches would be
substantially improved. We tackle the issue by employ-
ing a ray-tracing method. One may wonder if the ray-
tracing method is computationally expensive similar as
full Boltzmann neutrino transport. Although it is true,
we can substantially reduce the computational cost by
following reasons. In previous studies, we have witnessed
that the number of ELN-crossings in momentum space
of neutrinos is usually one in CCSN environment (see,
e.g., [67] and N19). In this case, the sign of ELN at
µ = 1 and µ = −1, where µ denotes the radial directional
cosines for neutrino flight directions with respect to the
radial basis, is opposite each other. In other words, the
appearance of ELN-crossings can be judged by checking
the sign of ELN at µ = 1 and µ = −1. Since we can ac-
curately reconstruct the ELN at µ = 1 by using our new
method of N21, the ray-tracing neutrino transport along
the direction of µ = −1 provides a crucial information on
judging ELN-crossings. It should also be mentioned that,
even in (spatially) 3D CCSN models, the total number of
rays along which we need to solve the transport equation
is Nθ×Nφ×Nε, where Nθ, Nφ, Nε denote the number of
grid points of the lateral direction, azimuthal direction,
and the neutrino energy, respectively. Since all rays can
be solved independently (see Sec. II for more details)3,
our method is suitable for parallel computations. This
also reduces the required computational time for ELN-
crossing searches.

There is also another reason why the ray-tracing
method is suited for our new method. As is well known,
one of disadvantages of ray-tracing method is treatments
of scatterings. To evaluate the inscattering contribu-
tions, the information on full angular distributions of
neutrinos is mandatory in general, i.e., the transport
equations along different rays are coupled. Since it re-
quires iterative computations in general, the transport
simulation becomes computationally expensive. In our
method, however, we can overcome the difficulty by us-
ing the reconstructed angular distributions of neutrinos
from the zero-th and first moments4. This breaks cou-
pling of transport equations and no iterative procedures
are involved. This property is an important benefit in
our hybrid approach.

This paper is organized as follows. We first describe
the essence of our new method in Sec. II. In Sec. III,
we assess the capability (and validity) of our new ELN-
crossing search by comparing results of 1D and 2D CCSN

3 If we include neutrino-matter interactions of non-isoenergetic
processes, the energy-coupling is inevitable in the ray-tracing
method. However, the non-isoenergetic scatterings is subdomi-
nant in CCSN core; hence, we can safely neglect the contribution.

4 As we shall discuss in Sec. II, we consider isoenergetic scatter-
ings in this paper. The reaction rate can be written in terms of
zero-th and first angular moments. Hence, the reconstruction of
full angular distributions is not always necessary to compute the
inscattering contribution.

simulations with full Boltzmann neutrino transport. Fi-
nally, we summarize our conclusions in Sec. IV. We use
the metric signature of −+++. Unless otherwise stated,
we work in units with c = G = h̄ = 1, where G and h̄ de-
note the gravitational constant and the reduced Planck
constant, respectively.

II. METHODS

In our method, we start with reconstructing angular
distributions of neutrinos from the zero-th and first angu-
lar moments obtained from CCSN simulations with two-
moment neutrino transport. Although it is, in general,
impossible to retrieve accurate angular distributions only
from such lower angular moments, our previous study
in N21 demonstrated a reasonable reconstruction. This
success is based on the fact that there are some character-
istic properties in the neutrino radiation field of CCSNe;
indeed, some interesting correlations emerge between low
angular moments and the full distributions in a neutrino
data of CCSN model with Boltzmann neutrino transport
[100]. Taking advantage of the correlations, we determine
some free parameters of a fitting function for which the
shape of the angular distributions is determined solely
from a flux factor (κ) (see N21 for more details)5. The
capability of our method was assessed by using a recent
2D CCSN model6 [32]. The demonstration illustrated
the strength of our method; the angular distributions of
outgoing neutrinos can be reconstructed accurately re-
gardless of κ. In the present study, we take advantage of
the merit; the ELN at µ = 1 (along the outgoing radial
direction) is computed from the reconstructed distribu-
tion of νe and ν̄e (see below for more details). We also
underlined a weakness of the method; it is not capable
of determining angular distributions of incoming neutri-
nos for large κ, i.e., forward-peaked distributions. In this
paper, we use a ray-trace method to compensate for the
shortage. We refer readers to N21 for more details of
our reconstructed method.

In the present method, we judge appearances of ELN-
crossing by comparing the sign of ELN at µ = 1 (out-
going) and µ = −1 (incoming) angular points. The ray-
tracing transport is in charge of computing the ELN at
µ = −1. If the sign of the ELNs is opposite each other, it
indicates the appearance of ELN-crossing. On the other
hand, if the sign is the same, we can not make a robust
judgement in general, since this corresponds to the case
either no crossings or the even number of crossings. This

5 The resultant fitting parameters are publicly available from the
link: https://www.astro.princeton.edu/~hirokin/scripts/

data.html
6 In multi-D CCSN models, the angular distributions of neutrinos

are no longer axisymmetric in momentum space. We, hence, em-
ployed the azimuthal-average angular distributions of neutrinos
in the neutrino data of 2D CCSN simulations.

https://www.astro.princeton.edu/~hirokin/scripts/data.html
https://www.astro.princeton.edu/~hirokin/scripts/data.html
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shortage can be improved by solving radiation transport
equations for different angles, i.e., we need to increase
the number of rays. However, the computational cost
would be increased accordingly, which reduces the merit
(cheap computation) of our new method. It should be
pointed out that recent ELN-crossing searches based on
CCSN models with full Boltzmann neutrino transport
suggest that the number of ELN-crossings is usually one
in CCSN core (see, e.g., N19). Therefore, we judge
no ELN crossings if the sign is the same in this study,
although we need to keep in mind the uncertainty.

In our ray-tracing computations, we impose several
approximations; the space-time is flat; no fluid-velocity
dependences are taken into account; neutrino radiation
fields have already settled into a steady-state. Under
these assumptions, the transport equation can be writ-
ten as an ordinary differential equation,

− d

dr
fin(ε, r) =

(δfin

δt

)
col

(ε, r), (1)

where ε, r, and t denote the energy of neutrinos, radius,
and time, respectively. fin represents the distribution
function of neutrinos (f) in the direction of µ = −1.
The right hand side of Eq. 1 represents the neutrino-
matter interactions. If the reaction rates employed in
CCSN simulations with two-moment neutrino transport
are available in the output data, they may be directly
used for this ray-tracing computation. Otherwise, we
need to take the fluid data from the output, and then
compute each reaction rate by a post-processing manner.
Although it is commended to employ the same weak in-
teraction rates used in CCSN simulations, this may result
in increasing the computational cost. For the usability
purpose, we recommend to use a minimum but essen-
tial set of weak interactions in the post-shock region of
CCSN core: electron captures by free protons (and the
inverse reaction), positron captures by free neutrons (and
the inverse reaction), scatterings to nucleons, and coher-
ent ones to heavy nuclei7. One may wonder if thermal
processes such as electron-positron pairs and nucleon-
nucleon bremsstrahlung processes need to be taken into
account. However, those reactions are important only
in optically thick region where the angular distributions
of neutrinos (including incoming directions) can be well
reconstructed (see N21). This indicates that our ray-
tracing method is not necessary in this region; hence we
stop the ray-tracing computation before entering the op-
tically thick region (see below for more details). There-
fore, the ignorance of the thermal processes in the ray-
tracing method is a reasonable approximation. Indeed,
we will show that ELN-crossing searches under the ap-
proximations lead to consistent judgement to the result
of full Boltzmann neutrino transport.

We remark on the computation of scatterings in our
method, since it generally requires a special attention for

7 We compute these reaction rates following by [101].

ray-tracing transport. The collision term of scatterings
in Eq. 1 can be written as a sum of inscattering and
outscattering components. They can be written as(δfin

δt

)
inscat

=
(ε)2

(2π)3

∫
dΩ′Rscat(Ω

′)f(Ω′),(δfin

δt

)
outscat

= − (ε)2

(2π)3
fin

∫
dΩ′Rscat(Ω

′),

(2)

where Rscat denotes the scattering kernel (which can
be computed by fluid data). We refer readers to [102]
for more general expressions. As shown in Eq. 2, the
out-scattering component can be computed without any
problems, since the required information on neutrino dis-
tribution function is only fin, which is obtained from the
transport equation along the same radial ray. On the
other hand, the inscattering component depends on f
on different angular directions, indicating that the trans-
port equation can not be closed by the single ray. In this
study, we employ f reconstructed from the method of
N21 from the zero-th and first angular moments in the
computation of inscattering rates8.

We solve Eq. 1 from the outer boundary of CCSN sim-
ulation to the radially inward direction. As we have al-
ready pointed out, the ray-tracing neutrino transport is
necessary only in optically thin region where neutrino
angular distributions are forward-peaked. We, thus, con-
nect the obtained fin to that reconstructed from zeroth
and first moments; the detail of the procedure is as fol-
lows. We first prepare two threshold flux factors: κ1 and
κ2 (κ1 < κ2). In the region of κ < κ1 (optically thick
region), fin is determined from the reconstructed distri-
bution (f reco

in ). In the region of κ > κ2, we employ the
solution of ray-tracing neutrino transport (fRT

in ). In the
intermediate region (κ1 < κ < κ2), we determine fin by
mixing the two solutions. More specifically, it is obtained
as,

fin = q(κ)fRT
in +

(
1− q(κ)

)
f reco

in (κ), (3)

where

q(κ) =
κ− κ1

κ2 − κ1
. (4)

As shown above, the ray-tracing neutrino transport is
necessary in the region of κ > κ1.

The two parameters, κ1 and κ2, are determined fol-
lowing the result of N21. We found that f reco

in agrees

8 We note that the angular dependence of the scattering kernel,
Rscat, for both nucleon and heavy nuclei is up to the first or-
der of directional cosine of the scattering angle unless the energy
exchange is taken into account, indicating that the angular inte-
gration with f can be written in terms of zero-th and first angular
moments. Hence, it is also possible to evaluate the inscattering
component by directly using the moment data extracted from
CCSN simulations.
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FIG. 1. From let to right panels, we show the radial profiles of baryon mass density, matter temperature, and electron fraction,
respectively, for CCSN models employed in this study. The detailed analyses can be seen in [103] and [32] for 1D and 2D model,
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FIG. 2. Left: radial profile of Gin for 1D CCSN model. Colors distinguish the difference in computing Gin. The black line
represents the result of Gin computed from f given by CCSN simulations with full Boltzmann neutrino transport. For the
light-green one, Gin is computed from the reconstructed f from the zero-th and first moments by using the method of N21.
The red one corresponds to the result computed by our new method presented in this paper. The line type distinguishes the
neutrino species; solid and dashed lines are for νe and ν̄e, respectively. Right: the same as the left panel but for ∆G̃in.
It is ∆Gin normalized by the summation of Gin over νe and ν̄e. As a reference, the shock radius is displayed
with a blue line in both panels. We also highlight ∆G̃in = 0 by a gray line in the plot.

reasonably well to results of Boltzmann neutrino trans-
port at κ <∼ 0.4, whereas it deviates from the original at
κ >∼ 0.5; hence, we adopt κ1 = 0.4 and κ2 = 0.5 in this
study. Since the neutrino-matter interactions sensitively
depend on neutrino energy, the matching region should
also be varied with neutrino energy. Our method is ca-
pable of capturing such an energy-dependent feature (as
long as the neutrino data provided by CCSN simulations
is energy dependent.). Although ELN-crossing searches
are made in the energy-integrated quantities, the energy-

dependent treatment is beneficial to draw the angular
structure of neutrinos accurately.

III. DEMONSTRATIONS

In this section, we discuss the capability of our new
method by demonstrating ELN-crossing searches by us-
ing neutrino data of 1D and 2D CCSN simulations with
full Boltzmann neutrino transport. We employ most re-
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cent CCSN models of a 11.2 solar mass progenitor at a
time snapshot of 250 ms after bounce. The detailed fea-
tures of CCSN dynamics were discussed in our previous
papers: 1D [103] and 2D [32]. In the raw neutrino data,
we found no ELN-crossings in the post-shock region for
the 1D model. On the other hand, we found the cross-
ings in the 2D data (we refer readers to N19 for the
detailed analyses).

We first compute the energy-dependent zero-th and
first angular moments of neutrinos from the distribution
function of neutrinos (f) obtained from these simula-
tions. We treat these moments as the input data for
our method. The fluid data is also extracted from the
simulations (see Fig. 1) to compute the reaction rates
of neutrino-matter interactions (see Sec. II). In the fol-
lowing analyses, we use Gin and Gout to quantify the
capability of our ELN-crossing search, which are defined
as

Gin =

∫
d(
ε3

3
)fin(ε),

Gout =

∫
d(
ε3

3
)fout(ε),

(5)

where fout denotes the distribution function f in the di-
rection of µ = 1. The energy-integration in the right
hand side of Eq. 5 is carried out with the unit of MeV.
We also compute the difference of G between νe and ν̄e,

∆G = Gνe −Gν̄e , (6)

while we omit the index of ”in” and ”out” in the ex-
pression. ∆Gin and ∆Gout are the most important
variables in our method, since they are directly
associated with ELN crossings. The former and
latter represents the dominance of νe relative to
ν̄e at µ = −1 (incoming) and µ = 1 (outgoing) di-
rections, respectively. In the case with the sign of
the two variables is opposite, i.e., ∆Gout∆Gin < 0,
νe is dominant over ν̄e in either µ = −1 or 1 di-
rection, meanwhile ν̄e overwhelms νe in the other
direction, suggesting that ELN crossings occur in
this case (see Sec. II for more details).

Figure 2 shows the radial profile of Gin (left panel)

and ∆G̃in (right panel) for 1D CCSN model. ∆G̃in rep-
resents ∆Gin normalized by the sum of Gin over
νe and ν̄e at the same radius. This figure illustrates
how much the ray-tracing treatment improves the com-
putation of Gin. In the left panel, Gin computed by the
new method (red line) is almost identical to the original
(black line), whereas the deviation is conspicuous at >∼ 50
km for one computed from the reconstructed fin from the
zeroth and first moments (light-green line).

As shown in the left panel of Fig. 2, the difference of
Gin between νe and ν̄e is subtle at >∼ 50 km. This fact
indicates that the high-fidelity computation of Gin is re-
quired to reproduce the sign of ∆Gin accurately, which is
more clearly displayed in the right panel of Fig. 2. The
difference of Gin between νe and ν̄e is a few percent of
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FIG. 5. Same as Fig. 2 but for 2D CCSN model. Top and bottom panels show the result along the radial ray of θ = 45◦ and
135◦, respectively.

their summation (see black line in the right panel). Nev-
ertheless, the new method reproduces the result of the
original (compare red and black lines). On the other
hand, the reconstructed counterpart (light-green line)
generates qualitatively different ∆Gin; indeed, the sign
of ∆Gin becomes opposite from the original at the pre-
shock region.

In Fig. 3, we compare the radial profile of ∆G̃out

obtained by our new method to that of the orig-
inal. Similar to ∆G̃in, ∆G̃out denotes ∆Gout nor-
malized by the sum of Gout over νe and ν̄e at the
same radius. In the computation of Gout, we employ

the reconstructed angular distribution from the zero-th
and first angular moments by following the method of
N21. As mentioned already, the angular distributions of
outgoing neutrinos can be well reconstructed without any
extra prescriptions (see Sec. I). As expected, we confirm
that ∆Gout computed from the reconstructed distribu-
tions is very similar as that of the original, which are
displayed in Fig. 3.

Both ∆Gin and ∆Gout computed by our new method
show a good agreement with the originals, indicating that
their product, i.e., ∆Gout ×∆Gin is also captured ac-
curately, which is displayed in Fig. 4. In the original
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profile (black line), the sign of the product is pos-
itive in the post-shock region, indicating that ei-
ther νe or ν̄e is dominant in the entire neutrino
flight direction9, i.e., there are no-ELN crossings
in the region. On the contrary, the sign of the

9 In this model, νe is dominant in the region.

product is negative in the pre-shock region; thus,
the dominance of νe or ν̄e depends on the neutrino
angle, indicating that ELN-crossings appear. The
key player to generate ELN-crossings at pre-shock re-
gions is a coherent scatterings of heavy nuclei, the detail
of the physical mechanism is described in our previous
paper [72]. Our new method detects the ELN-crossing
precisely, whereas one without ray-tracing method does
not. It should be emphasized that ∆Gout is common for
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both methods, indicating that ∆Gin is responsible for
the difference. This is a strong evidence that our ray-
tracing method qualitatively improves the accuracy of
ELN-crossing searches.

We now turn our attention to the 2D model. It should
be stressed that the spatial dimension does not change
the procedure of our method, since we solve transport
equations independently along each radial ray toward in-
ward direction (µ = −1). In the following analysis, we
focus on two radial rays with θ = 45◦ and 135◦ in 2D
space. We note that ELN crossings appear in the
radia ray with θ = 45◦ in the original neutrino
data with Boltzmann transport, whereas there
are no ELNCrossing at <∼ 1000 km in the ray with
θ = 135◦ (see also Fig.2 in N19). By applying our
new method to search for ELN crossings along
the two radial rays, we can assess the capability
of our method in both cases with and without
ELN-crossings.

Figure 5 portrays the radial distribution of Gin and
∆G̃in computed based on our new method (red line), re-
constructed f from the zero-th and first moments (light-
green line), and those given by Boltzmann neutrino trans-
port (black line), the trend of which is essentially the
same as that reported in our 1D model (see Fig. 2). We
confirm that the new method substantially improves the
computations of Gin. We have to remark a caveat, how-
ever. At the radius of ∼ 500 km along the radial ray
with θ = 45◦, our new method shows a different sign of
∆Gin from that in the original (see top and right panel
of Fig. 5). This is attributed to the fact that the differ-
ence of Gin between νe and ν̄e is so tiny. As a result, a
small error in our method leads to misjudgements of the
sign. This error may be reduced if we increase the level of
approximations in our method. However, it would lead
to increase the computational burden, which is undesir-
able for approximate ELN-crossing searches. To make
more reliable judgement for such delicate ELN-crossings,
more complete treatments of neutrino transport, i.e., full
Boltzmann neutrino transport would be indispensable.

In Fig. 6, we show the result of ∆G̃out as a function of
radius. Let us emphasize again that ∆Gout is obtained
from the reconstructed f from the zero-th and first angu-
lar moments. This picture represents the good capability
of our method. On the other hand, we again find a fail-
ure of capturing the sign of ∆Gout, at ∼ 50 km in the
radial ray of θ = 45◦ (left panel of Fig. 6). Similar as the
above argument, this error is attributed to the fact that
the Gout of νe and ν̄e is almost identical. Nevertheless,
in most of the spatial regions, the basic feature of ∆Gout

can be well captured by the new method.

The radial profile of ∆G̃out × ∆G̃in in the 2D
model is displayed in Fig. 7. This illustrates that
our new method provides the same judgement of ELN-
crossings as that made by Boltzmann neutrino transport
along a radial ray with θ = 135◦. This is based on the
fact that νe number flux is substantially larger than that
of ν̄e along the radial ray, which is due to the coherent

asymmetric neutrino emissions (see [32] for more details).
As a result, there are no delicate competitions between νe
and ν̄e for both inward- and outward- neutrino flight di-
rections; hence, our method is capable of providing a ro-
bust diagnostics of ELN-crossings. It should be stressed,
however, that the judgment is failed if we do not use
a ray-tracing method. The low accuracy of reconstruct-
ing incoming neutrinos (Gin) is mainly responsible for the
misjudgement (see bottom panels of Fig. 5). In the radial
ray with θ = 45◦, on the other hand, we find misjudge-
ment even in the new method at ∼ 50 km and ∼ 500 km.
For the former and latter, it is due to the error of Gout

and Gin in our method, respectively; the reason of which
was already discussed. This result suggests that our new
method is capable of detecting ELN-crossings unless the
crossing is so subtle (a few percents) in reality. We have
to keep in mind the uncertainty and limitation when we
apply our method for ELN-crossing searches.

IV. SUMMARY AND CONCLUSION

There is growing evidence that the appearance of ELN-
crossings in angular distributions of neutrinos are precur-
sors of occurring fast-pairwise neutrino oscillation. This
indication heightens the awareness of the importance of
multi-angle treatments of neutrino transport. However,
the available CCSN models with full Boltzmann neutrino
transport are still limited by their high computational
burdens, which have inhibited the progress of the de-
tailed analysis. On the other hand, there are many multi-
d CCSN models with approximate neutrino transport,
which covers the long-term post-bounce phase for vari-
ous types of CCSN progenitors. This has motivated the
community to develop surrogate methods to determine
the occurrence of fast flavor conversions under limited
information on neutrino radiation fields. The neutrino
data is usually a few rank of angular moments; hence it
is interesting to consider how we can utilize them in the
analysis of flavor conversions.

There are some previous works tackling the issue. It
turned out very recently, however, that they are not ca-
pable of identifying the occurrence of fast flavor conver-
sions in the region of forward-peaked angular distribu-
tions. The source of the problem is that the low angular
moments are insensitive to the incoming neutrinos in such
regions. In this paper, we propose to use a ray-tracing
method to compensate for the shortage. In this method,
we determine the ELN at µ = 1 (outgoing neutrinos)
by the reconstructed angular distributions of neutrinos
from the zero-th and first moments by using the method
of N21. On the other hand, the determination of ELN at
µ = −1 is complemented by the ray-tracing method. In
Sec. III, we assess the capability of our method by mak-
ing a detailed comparison to results of full Boltzmann
neutrino transport in 1D and 2D. We demonstrate that
our new method improves the accuracy of ELN-crossing
searches substantially. Unless the crossing is very subtle
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(a few percent of the sum of the occupation number of
νe and ν̄e), our method is capable of making accurate
judgement of ELN-crossings.

We next apply our new method presented in this paper
to multi-D CCSN models with multi-group two moment
neutrino transport. The results will be discussed in a
separate paper.

V. ACKNOWLEDGMENTS

We acknowledge conversations with Sherwood Rich-
ers, Sam Flynn, Nicole Ford, Evan Grohs, Jim Kneller,
Gail McLaughlin, Don Willcox, Taiki Morinaga, Eirik
Endeve, and Adam Burrows. H.N acknowledges sup-

port from the U.S. Department of Energy Office of Sci-
ence and the Office of Advanced Scientific Comput-
ing Research via the Scientific Discovery through Ad-
vanced Computing (SciDAC4) program and Grant DE-
SC0018297 (subaward 00009650). The numerical com-
putations of our CCSN models were performed on the
K computer at the RIKEN under HPCI Strategic Pro-
gram of Japanese MEXT (Project ID: hpci 160071,
160211, 170230, 170031, 170304, hp180179, hp180111,
and hp180239). L.J. acknowledges support provided by
NASA through the NASA Hubble Fellowship grant num-
ber HST-HF2-51461.001-A awarded by the Space Tele-
scope Science Institute, which is operated by the Asso-
ciation of Universities for Research in Astronomy, Incor-
porated, under NASA contract NAS5-26555.

[1] H.-T. Janka, “Neutrino-Driven Explosions,” in Hand-
book of Supernovae, ISBN 978-3-319-21845-8. Springer
International Publishing AG, 2017, p. 1095 (Springer
International Publishing AG, 2017) p. 1095.

[2] Bernhard Müller, “Hydrodynamics of core-collapse
supernovae and their progenitors,” Living Re-
views in Computational Astrophysics 6, 3 (2020),
arXiv:2006.05083 [astro-ph.SR].

[3] Anthony Mezzacappa, Eirik Endeve, O. E. Bronson
Messer, and Stephen W. Bruenn, “Physical, numer-
ical, and computational challenges of modeling neu-
trino transport in core-collapse supernovae,” Living
Reviews in Computational Astrophysics 6, 4 (2020),
arXiv:2010.09013 [astro-ph.HE].

[4] A. Burrows and D. Vartanyan, “Core-collapse super-
nova explosion theory,” Nature 589, 29–39 (2021),
arXiv:2009.14157 [astro-ph.SR].

[5] Y. Z. Qian and S. E. Woosley, “Nucleosynthesis in
Neutrino-driven Winds. I. The Physical Conditions,”
ApJ 471, 331 (1996), arXiv:astro-ph/9611094 [astro-
ph].

[6] C. J. Horowitz and Gang Li, “Nucleosynthesis in Su-
pernovae,” Phys. Rev. Lett. 82, 5198–5201 (1999),
arXiv:astro-ph/9904171 [astro-ph].

[7] L. F. Roberts, S. E. Woosley, and R. D. Hoffman, “Inte-
grated Nucleosynthesis in Neutrino-driven Winds,” ApJ
722, 954–967 (2010), arXiv:1004.4916 [astro-ph.HE].

[8] Yu Yamamoto, Shin-ichiro Fujimoto, Hiroki Nagakura,
and Shoichi Yamada, “Post-shock-revival Evolution in
the Neutrino-heating Mechanism of Core-collapse Su-
pernovae,” ApJ 771, 27 (2013), arXiv:1209.4824 [astro-
ph.HE].

[9] G. Mart́ınez-Pinedo, T. Fischer, and L. Huther, “Super-
nova neutrinos and nucleosynthesis,” Journal of Physics
G Nuclear Physics 41, 044008 (2014), arXiv:1309.5477
[astro-ph.HE].

[10] M. Eichler, K. Nakamura, T. Takiwaki, T. Kuroda,
K. Kotake, M. Hempel, R. Cabezón, M. Liebendörfer,
and F. K. Thielemann, “Nucleosynthesis in 2D core-
collapse supernovae of 11.2 and 17.0 M progeni-
tors: implications for Mo and Ru production,” Jour-
nal of Physics G Nuclear Physics 45, 014001 (2018),
arXiv:1708.08393 [astro-ph.SR].

[11] Shinya Wanajo, Bernhard Müller, Hans-Thomas Janka,
and Alexander Heger, “Nucleosynthesis in the In-
nermost Ejecta of Neutrino-driven Supernova Explo-
sions in Two Dimensions,” ApJ 852, 40 (2018),
arXiv:1701.06786 [astro-ph.SR].

[12] Shin-ichiro Fujimoto and Hiroki Nagakura, “The im-
pact of asymmetric neutrino emissions on nucleosynthe-
sis in core-collapse supernovae,” MNRAS 488, L114–
L118 (2019), arXiv:1906.09553 [astro-ph.SR].

[13] A. Sieverding, B. Müller, and Y. Z. Qian, “Nucleosyn-
thesis of an 11.8 M Supernova with 3D Simulation of
the Inner Ejecta: Overall Yields and Implications for
Short-lived Radionuclides in the Early Solar System,”
ApJ 904, 163 (2020), arXiv:2008.12831 [astro-ph.HE].

[14] Shin-ichiro Fujimoto and Hiroki Nagakura, “The impact
of asymmetric neutrino emissions on nucleosynthesis in
core-collapse supernovae II - progenitor dependences,”
MNRAS 502, 2319–2330 (2021), arXiv:2101.09618
[astro-ph.HE].

[15] Irene Tamborra, Florian Hanke, Bernhard Müller,
Hans-Thomas Janka, and Georg Raffelt, “Neutrino
Signature of Supernova Hydrodynamical Instabilities
in Three Dimensions,” Phys. Rev. Lett. 111, 121104
(2013), arXiv:1307.7936 [astro-ph.SR].

[16] K. Nakazato, K. Sumiyoshi, H. Suzuki, T. Totani,
H. Umeda, and S. Yamada, “Supernova Neutrino Light
Curves and Spectra for Various Progenitor Stars: From
Core Collapse to Proto-neutron Star Cooling,” ApJS
205, 2 (2013), arXiv:1210.6841 [astro-ph.HE].

[17] Ko Nakamura, Shunsaku Horiuchi, Masaomi Tanaka,
Kazuhiro Hayama, Tomoya Takiwaki, and Kei Kotake,
“Multimessenger signals of long-term core-collapse su-
pernova simulations: synergetic observation strategies,”
MNRAS 461, 3296–3313 (2016), arXiv:1602.03028
[astro-ph.HE].

[18] B. Müller, “Neutrino Emission as Diagnostics of Core-
Collapse Supernovae,” Annual Review of Nuclear and
Particle Science 69, 253–278 (2019), arXiv:1904.11067
[astro-ph.HE].

[19] Zidu Lin, Cecilia Lunardini, Michele Zanolin, Kei Ko-
take, and Colter Richardson, “Detectability of SASI
activity in supernova neutrino signals,” arXiv e-prints
, arXiv:1911.10656 (2019), arXiv:1911.10656 [astro-

http://dx.doi.org/10.1007/978-3-319-21846-5_109
http://dx.doi.org/10.1007/978-3-319-21846-5_109
http://dx.doi.org/10.1007/978-3-319-21846-5_109
http://dx.doi.org/10.1007/s41115-020-0008-5
http://dx.doi.org/10.1007/s41115-020-0008-5
http://arxiv.org/abs/2006.05083
http://dx.doi.org/ 10.1007/s41115-020-00010-8
http://dx.doi.org/ 10.1007/s41115-020-00010-8
http://arxiv.org/abs/2010.09013
http://dx.doi.org/ 10.1038/s41586-020-03059-w
http://arxiv.org/abs/2009.14157
http://dx.doi.org/10.1086/177973
http://arxiv.org/abs/astro-ph/9611094
http://arxiv.org/abs/astro-ph/9611094
http://dx.doi.org/10.1103/PhysRevLett.82.5198
http://arxiv.org/abs/astro-ph/9904171
http://dx.doi.org/ 10.1088/0004-637X/722/1/954
http://dx.doi.org/ 10.1088/0004-637X/722/1/954
http://arxiv.org/abs/1004.4916
http://dx.doi.org/10.1088/0004-637X/771/1/27
http://arxiv.org/abs/1209.4824
http://arxiv.org/abs/1209.4824
http://dx.doi.org/ 10.1088/0954-3899/41/4/044008
http://dx.doi.org/ 10.1088/0954-3899/41/4/044008
http://arxiv.org/abs/1309.5477
http://arxiv.org/abs/1309.5477
http://dx.doi.org/10.1088/1361-6471/aa8891
http://dx.doi.org/10.1088/1361-6471/aa8891
http://arxiv.org/abs/1708.08393
http://dx.doi.org/10.3847/1538-4357/aa9d97
http://arxiv.org/abs/1701.06786
http://dx.doi.org/10.1093/mnrasl/slz111
http://dx.doi.org/10.1093/mnrasl/slz111
http://arxiv.org/abs/1906.09553
http://dx.doi.org/10.3847/1538-4357/abc61b
http://arxiv.org/abs/2008.12831
http://dx.doi.org/ 10.1093/mnras/stab171
http://arxiv.org/abs/2101.09618
http://arxiv.org/abs/2101.09618
http://dx.doi.org/10.1103/PhysRevLett.111.121104
http://dx.doi.org/10.1103/PhysRevLett.111.121104
http://arxiv.org/abs/1307.7936
http://dx.doi.org/10.1088/0067-0049/205/1/2
http://dx.doi.org/10.1088/0067-0049/205/1/2
http://arxiv.org/abs/1210.6841
http://dx.doi.org/ 10.1093/mnras/stw1453
http://arxiv.org/abs/1602.03028
http://arxiv.org/abs/1602.03028
http://dx.doi.org/ 10.1146/annurev-nucl-101918-023434
http://dx.doi.org/ 10.1146/annurev-nucl-101918-023434
http://arxiv.org/abs/1904.11067
http://arxiv.org/abs/1904.11067
http://arxiv.org/abs/1911.10656


11

ph.HE].
[20] MacKenzie L. Warren, Sean M. Couch, Evan P.

O’Connor, and Viktoriya Morozova, “Constraining
Properties of the Next Nearby Core-collapse Supernova
with Multimessenger Signals,” ApJ 898, 139 (2020),
arXiv:1912.03328 [astro-ph.HE].

[21] Hiroki Nagakura, Adam Burrows, David Vartanyan,
and David Radice, “Core-collapse supernova neutrino
emission and detection informed by state-of-the-art
three-dimensional numerical models,” MNRAS 500,
696–717 (2021), arXiv:2007.05000 [astro-ph.HE].

[22] Hiroki Nagakura, Adam Burrows, and David
Vartanyan, “Supernova neutrino signals based on
long-term axisymmetric simulations,” arXiv e-prints
, arXiv:2102.11283 (2021), arXiv:2102.11283 [astro-
ph.HE].

[23] Yudai Suwa, Akira Harada, Ken’ichiro Nakazato, and
Kohsuke Sumiyoshi, “Analytic solutions for neutrino-
light curves of core-collapse supernovae,” Progress of
Theoretical and Experimental Physics 2021, 013E01
(2021), arXiv:2008.07070 [astro-ph.HE].

[24] A. Mirizzi, I. Tamborra, H. Th. Janka, N. Sa-
viano, K. Scholberg, R. Bollig, L. Hüdepohl, and
S. Chakraborty, “Supernova neutrinos: production, os-
cillations and detection,” Nuovo Cimento Rivista Serie
39, 1–112 (2016), arXiv:1508.00785 [astro-ph.HE].

[25] Shunsaku Horiuchi and James P. Kneller, “What can
be learned from a future supernova neutrino detection?”
Journal of Physics G Nuclear Physics 45, 043002 (2018),
arXiv:1709.01515 [astro-ph.HE].

[26] Basudeb Dasgupta and John F. Beacom, “Reconstruc-
tion of supernova νµ, ντ , anti-νµ, and anti-ντ neu-
trino spectra at scintillator detectors,” Phys. Rev. D
83, 113006 (2011), arXiv:1103.2768 [hep-ph].

[27] Hui-Ling Li, Xin Huang, Yu-Feng Li, Liang-Jian
Wen, and Shun Zhou, “Model-independent approach
to the reconstruction of multiflavor supernova neu-
trino energy spectra,” Phys. Rev. D 99, 123009 (2019),
arXiv:1903.04781 [hep-ph].

[28] Hiroki Nagakura, “Retrieval of energy spectra for all
flavours of neutrinos from core-collapse supernova with
multiple detectors,” MNRAS 500, 319–332 (2021),
arXiv:2008.10082 [astro-ph.HE].

[29] Amol S. Dighe and Alexei Yu. Smirnov, “Identifying
the neutrino mass spectrum from a supernova neutrino
burst,” Phys. Rev. D 62, 033007 (2000), arXiv:hep-
ph/9907423 [hep-ph].

[30] H. Nagakura, W. Iwakami, S. Furusawa, H. Okawa,
A. Harada, K. Sumiyoshi, S. Yamada, H. Matsu-
furu, and A. Imakura, “Simulations of Core-collapse
Supernovae in Spatial Axisymmetry with Full Boltz-
mann Neutrino Transport,” ApJ 854, 136 (2018),
arXiv:1702.01752 [astro-ph.HE].

[31] Akira Harada, Hiroki Nagakura, Wakana Iwakami,
Hirotada Okawa, Shun Furusawa, Hideo Matsufuru,
Kohsuke Sumiyoshi, and Shoichi Yamada, “On the
Neutrino Distributions in Phase Space for the Rotating
Core-collapse Supernova Simulated with a Boltzmann-
neutrino-radiation-hydrodynamics Code,” ApJ 872,
181 (2019), arXiv:1810.12316 [astro-ph.HE].

[32] Hiroki Nagakura, Kohsuke Sumiyoshi, and Shoichi Ya-
mada, “Possible Early Linear Acceleration of Proto-
neutron Stars via Asymmetric Neutrino Emission in
Core-collapse Supernovae,” ApJ 880, L28 (2019),

arXiv:1907.04863 [astro-ph.HE].
[33] Wakana Iwakami, Hirotada Okawa, Hiroki Nagakura,

Akira Harada, Shun Furusawa, Kosuke Sumiyoshi,
Hideo Matsufuru, and Shoichi Yamada, “Simulations
of the Early Postbounce Phase of Core-collapse Su-
pernovae in Three-dimensional Space with Full Boltz-
mann Neutrino Transport,” ApJ 903, 82 (2020),
arXiv:2004.02091 [astro-ph.HE].

[34] Huaiyu Duan, George M. Fuller, and Yong-Zhong
Qian, “Collective Neutrino Oscillations,” Annual Re-
view of Nuclear and Particle Science 60, 569–594 (2010),
arXiv:1001.2799 [hep-ph].

[35] G. Raffelt, G. Sigl, and L. Stodolsky, “Non-Abelian
Boltzmann equation for mixing and decoherence,”
Phys. Rev. Lett. 70, 2363–2366 (1993), arXiv:hep-
ph/9209276 [astro-ph].
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