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1 Introduction

Hořava-Witten theory comes from eleven-dimensional M-theory compactified on an S1/Z2
orbifold, with ten-dimensional planes at the ends of the interval, each supporting an E8
gauge field [1, 2]. This theory was further compactified to five-dimensional “heterotic”
M-theory on a Calabi-Yau threefold in [3, 4] and then, by integrating out the S1/Z2 modes,
to a four-dimensional effective E8 × E8 heterotic string theory [5]. The resulting theory is
strongly or weakly coupled for a large or small S1/Z2 interval length respectively [6]. One
of the orbifold planes is referred to as the “observable” sector, while the other is labelled the
“hidden” sector. By appropriately choosing a Calabi-Yau threefold admitting a holomorphic
vector bundle, it has been shown that N = 1 supersymmetric, phenomenologically realistic
models of low-energy four-dimensional particle physics can be constructed on the observable
sector. Many such models have been constructed, employing a variety of Calabi-Yau
threefolds and a wide range of vector bundles — see, for example, [7–19].

One of these theories, named the B − L MSSM or “heterotic standard model”, is
constructed by compactifying from eleven to five-dimensions on a specific class of Schoen
Calabi-Yau threefolds with Z3×Z3 fundamental group [20, 21]. Together with a slope-stable
holomorphic bundle with structure group SU(4) [22] and two Wilson lines, the observable
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E8 group is broken to the SU(3)C × SU(2)L × U(1)Y standard model gauge group with an
additional U(1)B−L gauge group factor. This additional U(1)B−L gauge symmetry provides
a “natural” explanation for the R-parity discrete symmetry imposed in an ad hoc manner in
the MSSM. The matter spectrum of the B−L MSSM was shown [8–10] to be precisely that
of the MSSM; that is, three families of quark and lepton chiral superfields, each family with
a right-handed neutrino chiral supermultiplet, as well as one Higgs-up and one Higgs-down
doublet of chiral superfields. There are no exotic fields or vector-like pairs. It is important
to note, however, that this theory, as with the MSSM, is first defined at a large mass
scale — usually just below the scale of the Calabi-Yau compactification. To analyze its
predictions for low-energy phenomenology, it is necessary to break N = 1 supersymmetry
and then, via a complicated renormalization group analysis, compute its properties at the
electroweak scale.

This analysis has been carried out in a large number of papers. The exact form of the
renormalization group equations, to the one-loop level, assuming “soft” supersymmetry
breaking terms in the Lagrangian arising from spontaneous N = 1 breaking in the “hidden”
sector, was presented in [23, 24]. Using a statistical scan over the coefficients of the soft
supersymmetry breaking terms, it was shown that for a large number of these coefficients —
referred to as “black” points in the space of possible couplings and masses — all low-energy
phenomenological requirements were satisfied; namely, the gauged B − L symmetry is
spontaneously broken consistent with experimental restrictions, electroweak symmetry is
spontaneously broken with the exact W±, Z0 boson and Higgs masses, and that the masses
of all sparticles exceed their present lower bounds [25–35].1 Furthermore, these “black”
points required no fine-tuning. Since R-parity is spontaneously broken, the various lightest
supersymmetric particles (LSPs) associated with different initial conditions will decay at
a relatively low mass scale to standard model particles. These R-parity violating (RPV)
decay channels and production cross sections were computed in detail for various LSPs
in [37, 38] (see also [32, 39–41]), and correlated to past and upcoming searches at the CERN
LHC [36, 38].

Given these successes, it becomes important to provide one or more hidden sector gauge
bundles that are consistent with the B −L MSSM observable sector. That such a bundle is
allowed was first discussed in [42]. Within the context of weakly coupled heterotic M-theory,
this was first accomplished in [43], where several explicit hidden sector line bundles, and
Whitney sums of line bundles, were presented that satisfied all required “bundle” constraints.
More recently [44], several explicit hidden sector line bundles, and Whitney sums of line
bundles, were presented within the context of strongly coupled heterotic M-theory. These
satisfy all required bundle constraints — now including appropriate values for the unification
mass and SU(4) gauge coupling in the observable sector. In both cases the hidden sector
bundles preserve N = 1 supersymmetry at the perturbative level. However, it is clear from
the previous discussion that one must somehow break supersymmetry spontaneously in the
hidden sector. It is the purpose of this present paper, working within the context of the
strongly coupled heterotic M-theory vacuum introduced in [44], to show how spontaneous

1See also [36] for a summary of these bounds.
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supersymmetry breaking can occur non-perturbatively via gaugino condensation [45–52].2
Using an analysis of soft terms [54, 55] and assuming moduli-mediated breaking, we will
explicitly calculate the soft supersymmetry breaking parameters in the low-energy observable
matter sector Lagrangian. Our conclusion will be that, of the soft supersymmetry breaking
parameters explicitly calculated in this manner, a large number will be “black” points; that
is, they give good initial conditions for the renormalization group analysis that satisfy all
low-energy phenomenological requirements. Furthermore, we will show that a substantial
subset of these initial conditions — referred to as “red” points — also satisfy a new constraint
imposed on the coefficient of the Higgs-Higgs conjugate soft supersymmetry breaking term.

We emphasize that we do not attempt to stabilize the moduli of the background
solution. As is usual, we assume that appropriate dynamics exist that could stabilize the
moduli to the values allowed by the phenomenological constraints imposed by the effective
four-dimensional physics. Importantly, this also means that we are unable to discern the
relative size of moduli-mediated [54–58] and anomaly-mediated [59–62] contributions to the
soft terms, i.e. whether the SUSY breaking terms are largely due to F-terms from moduli
superfields or the supergravity multiplet. Instead, for the purposes of our calculations, we
assume that the moduli contribution is dominant and remains so even after the inclusion of
any other ingredients needed to stabilize moduli. Note that this is not a trivial assumption as
there exist models for which moduli stabilization results in anomaly-mediated contributions
which are not negligible and even dominant [63, 64]. Obviously, if one were able to fix all
moduli, one could check whether or not this assumption is valid.

The outline of this paper is as follows. In section 2, we briefly review both the observable
and hidden sectors of the heterotic M-theory B − L MSSM vacuum presented in [44]. We
will discuss the gauge group and matter spectrum of the low-energy observable sector
and the explicit region of Kähler moduli space where the associated SU(4) holomorphic
vector bundle is slope-stable. For the hidden sector, we present the generic properties
a line bundle L must possess to be equivariant on our specific Schoen Calabi-Yau, the
explicit embedding of its U(1) structure group into the SU(2) factor of SU(2)× E7 ⊂ E8
via the “induced” Whitney sum bundle L ⊕ L−1, and the constraint imposed on L so
that this induced vector bundle is poly-stable. Having done this, we present three sets
of “bundle” conditions — referred to as the “vacuum”, “phenomenological” and “strong
coupling” constraints — that any such heterotic vacuum must satisfy. Importantly, these
are new constraints and not to be confused with the low-energy physical requirements
discussed above. Section 3 introduces the non-perturbative moduli superpotential induced
by the condensation of the E7 gauginos at the scale where E7 becomes strongly coupled.
This condensation scale is then calculated explicitly in the region of Kähler moduli space
satisfying the above constraints. This is accomplished using a topological analysis to
find both the low-energy hidden sector matter spectrum and to compute the associated
renormalization group coefficient for the unbroken E7 gauge group. We give the line bundles
that allow for gaugino condensation and then focus on an example where the condensation
scale can be in the low-energy range studied at the CERN LHC. Section 4 gives explicit

2See also [53] for a discussion of gaugino condensation in the presence of H flux.
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expressions for the F auxiliary fields, assuming an E7 gaugino condensate superpotential,
associated with the complex dilaton, Kähler and five-brane location moduli. These are,
generically, complicated functions of the various moduli. To be concrete, we give these for
the line bundle whose condensation scale is lowest and, hence, most relevant to experiments
at the LHC. In section 5, using the formalism presented in [54] and the results of section 4,
we compute the moduli dependent coefficients of the soft supersymmetry breaking terms of
the matter fields in the B − L MSSM observable sector. This is done for all soft breaking
terms; that is, for the gaugino masses, the quadratic scalar masses, the holomorphic cubic
scalar terms and the holomorphic quadratic scalar term. Again, we present the general
formalism and then explicitly compute the soft supersymmetry breaking coefficients for
the most promising example. These coefficients are calculated to the zeroth and first order
in the strong coupling expansion parameter, using a relatively minor assumption about
the form of the Kähler potential of the matter scalar superfields. These results are used
in section 6 to calculate the complete set of soft supersymmetry breaking coefficients at
every point in the “viable” region3 of Kähler moduli space associated with the specific line
bundle L, each point of which satisfies all of the required “bundle” constraints introduced
in section 2. To explore these models in more detail, we arbitrarily choose one such “viable”
point in Kähler moduli space and present two different sets of initial soft supersymmetry
breaking coefficients at the unification scale. We then show, using a renormalization group
analysis, that both of these correspond to “black” points and, hence, satisfy all low-energy
phenomenological requirements. Using a new renormalization group analysis presented in
appendix A, we show that one of the two satisfies a further constraint on the Higgs-Higgs
conjugate soft supersymmetry breaking coefficient that arises in gaugino condensation
scenarios. Hence, it is a physically “acceptable” set of initial conditions which we refer
to as a “red” point. Using a similar analysis, we show, however, that the second set of
initial conditions does not satisfy this Higgs-Higgs conjugate constraint. We then proceed
to give a statistical analysis of the soft supersymmetry breaking terms at this specific point
in Kähler moduli space, exhibit all “black” points, and determine which of these are, in
addition, acceptable “red” points. We conclude by applying this analysis to every point in
the “viable” region of Kähler moduli space and presenting all physically acceptable “red”
points.

2 B − L MSSM heterotic vacuum

2.1 Observable sector

On the observable orbifold plane, the vector bundle is chosen to be a specific holomorphic
bundle with structure group SU(4) ⊂ E8 [22]. This SU(4) bundle breaks the E8 group
down to

E8 → Spin(10) . (2.1)
3In [44], the “viable” region of Kähler moduli space for the specific line bundle L = OX(2, 1, 3) was often

referred to as the “magenta” region. In this paper, since we deal with a more general set of line bundles, we
will exclusively use the term “viable” region.
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Hence, Spin(10) is the “grand unified” group of the observable sector. This GUT group is
then further broken at the scale 〈MU 〉 = 3.15× 1016 GeV to the low energy gauge group of
the B − L MSSM by turning on two flat Wilson lines, each associated with a different Z3
factor of the Z3 × Z3 symmetry of X. Doing this preserves the N = 1 supersymmetry of
the four-dimensional effective theory, but breaks the observable sector gauge group down to

Spin(10)→ SU(3)C × SU(2)L ×U(1)Y ×U(1)B−L . (2.2)

That is, the gauge group of the B − L MSSM is that of the MSSM with an additional
U(1)B−L factor. The spectrum of the B − L MSSM is determined from the exact structure
of Schoen Calabi-Yau compactification threefold [20, 21] and the specific choice of the
holomorphic SU(4) vector bundle [22, 42]. The spectrum was explicitly computed and
extensively studied in [8–10]. It was found to be exactly the three quark and lepton families
of the MSSM including three additional right-handed neutrino chiral multiplets, one per
family. It also contains the conventional Hu and Hd Higgs doublet supermultiplets. There
are no exotic fields or vector-like pairs.

Observable sector constraints. In order to preserve N = 1 supersymmetry in the
four-dimensional effective theory, the SU(4) bundle must be both slope-stable and have
vanishing slope [22, 42]. Since the first Chern class c1 of any SU(N) bundle is zero, it follows
immediately that the slope of the observable SU(4) bundle vanishes, as required. However,
demonstrating that our chosen SU(4) bundle is slope-stable is non-trivial. As proven in
detail in [42], the SU(4) vector bundle is slope-stable, and hence, satisfies the Hermitian
Yang-Mills equations [65, 66], in a restricted region of the positive Kähler cone specified by(

a1 < a2 ≤
√

5
2a

1 and a3 <
−(a1)2 − 3a1a2 + (a2)2

6a1 − 6a2

)
or(√

5
2a

1 < a2 < 2a1 and 2(a2)2 − 5(a1)2

30a1 − 12a2 < a3 <
−(a1)2 − 3a1a2 + (a2)2

6a1 − 6a2

)
, (2.3)

where the ai, i = 1, 2, 3, are the real parts of the three Kähler moduli. This first restriction
on the Kähler moduli depends entirely on the non-Abelian observable sector SU(4) bundle.
We will show in the following that the physically realistic region of Kähler moduli space is
further constrained by the gauge bundle in the hidden sector.

2.2 Hidden sector

Following our discussion in [44, 67], the hidden sector vector bundle is constructed from
a single holomorphic line bundle L, with structure group U(1) ⊂ E8. Any line bundle on
a Calabi-Yau threefold is associated with a divisor of the manifold, and is conventionally
expressed as

L = OX
(
l1, l2, l3

)
, (2.4)

where li, i = 1, 2, 3, are, generically, arbitrary integers. However, on the specific Schoen
Calabi-Yau threefold X we are using,one cannot choose the integers li freely. Since X has
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non-trivial Z3×Z3 holonomy, a line bundle will only be equivariant if one further constrains
the integers li so that (

l1 + l2
)

mod 3 = 0 . (2.5)

We will impose this additional constraint on all line bundles from now on. Finally, as
in [43, 44], we choose to embed the U(1) structure group of L into the SU(2) gauge factor
of SU(2)×E7 ⊂ E8 via the “induced” bundle L⊕L−1. It follows that the four-dimensional
effective theory on the hidden sector has gauge symmetry

H = U(1)× E7 . (2.6)

The first factor is an “anomalous” U(1). It is identical to the structure group of L and
arises in the low-energy theory since U(1) commutes with itself. The particular embedding
is characterised by a coefficient a defined by

a = 1
4 trE8 Q

2 , (2.7)

where Q the generator of the U(1) structure group of L embedded into the 248 representation
of the hidden sector E8. For us this takes the value

a = 1 . (2.8)

This simplifies many of the expressions for following constraints and will be used henceforth.

Hidden sector constraint. We have chosen the U(1) structure group of L to embed into
the SU(2) subgroup of SU(2)× E7 ⊂ E8 via the induced vector bundle L⊕ L−1, ensuring
that it defines an E8 gauge connection. It is then necessary to show that the associated
gauge connection satisfies the Hermitian Yang-Mills equations. This will be the case if
L⊕ L−1 is “poly-stable”. Since the slope of L⊕ L−1 vanishes by construction, it follows
that the slope of L, denoted by µ(L), must also be zero. Using previous work in [68–71],
the expression for the genus-one corrected slope of an arbitrary line bundle was presented
in [43]. Using this expression, we now restrict our line bundle L to satisfy, in addition
to (2.5), the constraint that

µ(L) = dijkl
iajak − ε′S

R̂

V 1/3

(
dijkl

iljlk + li(2, 2, 0)|i −
(

1
2 + λ

)2
liWi

)
= 0 , (2.9)

Here the ai are the real Kähler moduli, R̂ is the modulus for the separation of the observable
and hidden planes, V is the “average” Calabi-Yau volume given by

V = 1
6dijka

iajak , (2.10)

ε′S is the strong coupling expansion parameter, and dijk are the intersection numbers of
the Schoen Calabi-Yau threefold (see [44] for more details). In addition, Wi is the effective
class representing a single wrapped five-brane and λ is the modulus specifying the location
of the five-brane in the fifth dimension [72, 73].
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2.3 Five-dimensional heterotic vacuum

So far we have specified the conditions that any line bundle on the hidden sector must
satisfy in order for the U(1) structure group of L to embed properly into the hidden
sector SU(2)× E7 ⊂ E8 group and for the induced bundle L⊕ L−1 to be poly-stable, thus
guaranteeing that the Hermitian Yang-Mills equations are satisfied and that the low-energy
d = 4 theory will be supersymmetric. However, there remain two further sets of constraints
that any physically acceptable hidden sector line bundle must satisfy. These are: a) that
the theory be anomaly free, N = 1 supersymmetric with positive squares of the “unified”
gauge couplings in both the observable and hidden sectors, and B) that gauge unification in
the observable sector occurs for a realistic value of the gauge coupling and at a physically
acceptable mass scale. These additional conditions were discussed in detail in [44]. Here, we
simply present the associated constraint equations. Let us begin with the conditions in A).

Vacuum constraints. The conditions for an anomaly-free heterotic M-theory vacuum
containing a single five-brane between the observable and the hidden walls was presented
in [74]. For the compactification to four-dimensions on our specific Schoen threefold, for
the precise SU(4) gauge bundle on the observable sector discussed above, and for a single
U(1) line bundle L on the hidden sector orbifold plane embedded as described above, the
anomaly condition can be expressed as

Wi =
(4

3 ,
7
3 ,−4

)∣∣
i
+ dijkl

jlk , i = 1, 2, 3 . (2.11)

However, simply satisfying this constraint is not sufficient to guarantee that the low-energy
theory is N = 1 supersymmetric. For that to be the case, one must demand that L is
chosen so that the five-brane class Wi is “effective”; that is, that

Wi ≥ 0 , i = 1, 2, 3 . (2.12)

Conditions (2.11) and (2.12) each put additional constraints on the values one can choose
for (l1, l2, l3). Finally, as stated above, it is essential that the squares of the “unified”
gauge couplings in both the observable and hidden sectors be positive. The genus-one
corrected expressions for the gauge couplings associated with the Spin(10) and the E7×U(1)
symmetry groups on the observable and the hidden sector respectively, were presented and
discussed in [43, 44]. For the U(1) embedding satisfying (2.8), the constraints that they be
positive definite were found to be

dijka
iajak − 3ε′S

R̂

V 1/3

(
−2

3a
1 + 1

3a
2 − 4a3 −

(
1
2 − λ

)2
Wia

i
)
> 0 (2.13)

and

dijka
iajak − 3ε′S

R̂

V 1/3

(
dijka

iljlk + 2
(
a1 + a2

)
−
(1

2 + λ
)2
Wia

i
)
> 0 (2.14)

respectively. Inequalities (2.13) and (2.14) complete the additional set of constraints labelled
as conditions A) above.
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Phenomenological constraints. So far, the constraints were mostly topological in
nature. There is an additional set of “phenomenological” constraints, referred to as
conditions B) above. They are that the Spin(10) grand unification scale, 〈MU 〉, and the
associated unified gauge coupling, 〈αu〉 = 〈g(1)〉2/4π, in the observable sector be consistent
with the phenomenologically viable values for these quantities [24, 75, 76]. We choose the
unification scale to be

〈MU 〉 = 3.15× 1016 GeV . (2.15)
The gauge coupling associated with the Spin(10) group can take several different values at
the unification scale 〈MU 〉, depending on the unification scenario. In the observable sector,
the Spin(10) group is broken down by two flat Wilson lines to the B − L MSSM group
SU(3)C × SU(2)L ×U(1)Y ×U(1)B−L. If the Wilson lines turn on at different scales (the
split Wilson lines scenario), it was shown in [44] that the value of the gauge coupling at the
unification scale is

〈αu〉 = 1
20.08 . (2.16)

On the other hand, if the Wilson lines turn on at the same energy scale (simultaneous
Wilson lines scenario) we find [44]

〈αu〉 = 1
26.46 . (2.17)

Fixing these values at the unification scale allows us to compute the couplings and other,
generically moduli dependent, parameters of our theory. A particularly useful parameter is
the distance between the observable and hidden walls given by πρR̂V −1/3 where

ρ =
(
α̂GUT
8π2

)3/2
v1/2M2

P , (2.18)

we define
α̂GUT = 〈αu〉Re f1, v = 1

VM6
U

, (2.19)

and MP is the Planck scale
MP = 1.22× 1019GeV . (2.20)

The coupling ε′S is given by

ε′S = 2π2ρ4/3

v1/3M
2/3
P

, (2.21)

while R̂ can be fixed after noticing that all of the above constraints are invariant under the
scaling

ai → ε′SR̂

V 1/3a
i . (2.22)

It follows that the coefficient ε′SR̂/V 1/3 can be set to one. We refer to this choice as “unity”
gauge

ε′S
R̂

V 1/3 = 1 . (2.23)

Finally, we note that the expression for Re f1 in (2.19) was found in [44] to be

Re f1 = V + ε′S
R̂

V 1/3

(
1
3a

1 − 1
6a

2 + 2a3 + 1
2

(
1
2 − λ

)2
Wia

i
)
. (2.24)
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Strong coupling constraint. A final condition we impose is the “strong coupling”
constraint. For our theory to be valid in a strongly coupled string regime, the observable
and hidden walls must be sufficiently separated. We therefore require that the length of the
S1/Z2 orbifold interval is larger than the average Calabi-Yau radius. That is,

πρR̂V −1/3

(vV )1/6 > 1 . (2.25)

A solution to the set of constraints discussed above, that is, the observable sector,
hidden sector, vacuum, phenomenological and strong coupling constraints, is possible in the
positive Kähler cone. As can be seen from (2.14), the condition (g(2))2 > 0 is most easily
satisfied when the value of λ is as large as possible; that is, for the five-brane to be near the
hidden wall. Note, however, that we will not simply set λ = 1/2, so as to avoid unwanted
“small instanton” transitions in the hidden sector [77]. Instead we will choose the value

λ = 0.49 (2.26)

for the remainder of this paper, as was done in [44]. Note also that equation (2.9) which
sets µ(L) = 0 on the hidden wall can only have a solution for ample line bundles, that is,
for L = OX(l1, l2, l3) where the li all have the same sign.

It is straightforward to show that a large number of ample line bundles satisfy all of
the above constraints. However, as mentioned in [44], and proven in detail in the following
section, only a small subset of these, namely

OX(2, 1, 3) , OX(1, 2, 3) , OX(1, 2, 2) , OX(2, 1, 2) ,
OX(2, 1, 1) , OX(1, 2, 1) , OX(2, 1, 0) , (2.27)

can lead to E7 gaugino condensation in the hidden sector that is compatible with realistic
spontaneous breaking of d = 4, N = 1 supersymmetry. In [44], we solved the system of
constraints and displayed the solution surface in Kähler moduli space for the specific hidden
sector line bundle OX(2, 1, 3) with the five-brane at λ = 0.49. The reason for choosing
L = OX(2, 1, 3) over the other ample line bundles in (2.27) will become clear after we discuss
the gaugino condensation mechanism in the next section. We find that for L = OX(2, 1, 3),
the matter spectrum of the hidden sector is such as to maximally reduce the scale of gaugino
condensation. Hence, this choice for L provides the most promising model for spontaneous
breaking of N = 1 supersymmetry within the range of the LHC. A plot of the sub-region of
Kähler moduli space in which all points satisfy all of the constraints listed in this section for
line bundle L = OX(2, 1, 3) was presented in [44]. In the following section, we will use this
“viable” region to discuss the full range of the supersymmetry breaking associated with this
line bundle. Therefore, for clarity, we present the plot again in figure 1. Any point in this
“viable” region of Kähler moduli space is consistent with both the split and simultaneous
Wilson lines scenarios, but with somewhat different values for the fundamental parameters.

Before continuing, we point out that in [44]–because of the “color-coding” employed
in that paper-we referred to this “viable” region of Kähler moduli space as the “magenta”
region. To be consistent with this previous terminology, we will henceforth in the present
paper use the terms “viable” region and “magenta” region interchangeably.
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Figure 1: “Viable” region of Kähler moduli space that satisfies all constraints in section 2
for the line bundle L = OX(2, 1, 3).

3 Gaugino condensation

In the previous section, we reviewed the constraints imposed on a heterotic M-theory
vacuum whose hidden sector is defined by a single line bundle L with its U(1) structure
group embedded into the SU(2) subgroup of SU(2)×E7 ⊂ E8 via the induced vector bundle
L⊕ L−1. As in [44], we demanded that d = 4, N = 1 supersymmetry be exactly preserved.
In this paper, however, we will analyze how spontaneous supersymmetry breaking in four
dimensions can occur due to gaugino condensation of E7 in the hidden sector.

As is well known [45, 48, 52], if the E7 gauge group of the hidden sector becomes
strongly coupled below the compactification scale, then the associated gauginos condense
and produce an effective superpotential for the relevant geometric moduli of the theory —
in our case, the dilaton S and the complexified Kähler moduli T i, i = 1, 2, 3. The form of
this gaugino condensate superpotential is given by [45, 48, 49]

W = 〈MU 〉3 exp
(
− 6π
bLα̂GUT

f2

)
, (3.1)

where α̂GUT was defined in (2.19), and bL is a real number associated with the beta-function
of the E7 gauge coupling g(2) for a choice of hidden sector line bundle L. Both bL and the
associated “condensation scale” Λ will be defined below. Furthermore, for any line bundle
L = OX(l1, l2, l3) in the hidden sector, we find that

f2 = S + ε′S
2
(
−(2, 2, 0)i − dijkl

jlk
)
T i , (3.2)
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where T i = ti + i2χ, i = 1, 2, 3 and the strong coupling parameter ε′S was defined in (2.21).
We want to emphasize that expressions (3.1) and (3.2) for the condensate superpotential
and f2 respectively are known only to linear order in ε′S [4, 5, 73, 78].

An important point is that the potential induced by the gaugino superpotential is
actually runaway and so does not fix the moduli fields at a minimum. Instead, we simply
assume that the moduli can be fixed to some values (such as by picking a point in the
viable region of Kähler moduli space) and then analyze the supersymmetry breaking due to
the gaugino superpotential at those values of the moduli. In a complete model, one would
be able to fix all of the moduli fields dynamically. However this is far outside the scope of
the present paper.4

The observable sector Spin(10) gauge coupling g(1) is fixed at the unification scale
〈MU 〉 based on phenomenological data. As discussed in [44] and section 2, we find that
〈αu〉 = 1

20.08 in the split Wilson lines scenario and 〈αu〉 = 1
26.64 in the simultaneous Wilson

lines scenario (with α = g(1)2/4π). We cannot determine the value of the hidden sector
gauge coupling g(2) at 〈MU 〉 based on direct observation. However, the two gauge couplings
g(1) and g(2) both occur in the d = 10 Hořava-Witten theory and, hence, it is possible to find
an expression relating them to couplings in the d = 4 effective theory after compactification.
As shown in (2.19), in the observable sector the Spin(10) gauge coupling at the unification
scale is given by [5, 6]

〈αu〉 = α̂GUT
Re f1

, (3.3)

where Re f1 is presented in (2.24). Note that, for consistency of notation with previous
work [44], throughout this paper we continue to denote g(1)2

4π in the observable sector simply
as α. Similarly, the E7 hidden sector gauge coupling at the unification scale 〈MU 〉 is defined
to satisfy

〈α(2)
u 〉 = α̂GUT

Re f2
, (3.4)

where we denote the hidden sector gauge parameter by α(2) = g(2)2

4π . The moduli dependent
function f2 was given in (3.2). Using the relations

ReS = V + ε′S
2
(

1
2 + λ

)2
Wit

i (3.5)

and

ReT i = ti = R̂

V 1/3 , (3.6)

it follows from (3.2) that

Re f2 = V + ε′S
R̂

V 1/3

((
−(1, 1, 0)i − 1

2dijkl
jlk
)
ai +

(
1
2 + λ

)2
Wia

i
)
. (3.7)

4One could use gaugino condensation in multiple gauge groups to generate a potential with a determined
minimum and thus fix some of the moduli. However, this would still leave bundle moduli, complex structure
moduli, and so on, to fix [79–82]. To the knowledge of the authors, within the context of phenomenologically
realistic models, there are no models that fix all moduli.
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Finally, using (3.3) and (3.4), we find that

〈α(2)
u 〉 = Re f1

Re f2
〈αu〉, (3.8)

allowing one to solve for 〈α(2)
u 〉 at any point in moduli space. Importantly, it is straight-

forward to show that any point in Kähler moduli space satisfying the constraints (2.13)
and (2.14), has positive definite values for Ref1 and Ref2 respectively. Hence, 〈α(2)

u 〉 will
be positive definite for any such moduli.

For an arbitrary momentum p below the unification scale, the renormalization group
equation for the hidden sector gauge parameter α(2) is given by

α(2)(p)−1 = 〈α(2)
u 〉−1 − bL

2π ln
(〈MU 〉

p

)
. (3.9)

Note that for bL < 0, the value of α(2)(p)−1 is identical to the perturbative gauge coupling
〈α(2)

u 〉−1 for p = 〈MU 〉 and only becomes more weakly coupled for p < 〈MU 〉. It follows that
the E7 gauge group never becomes strongly coupled in the effective theory and, therefore,
gaugino condensation can never occur. Therefore, we will only consider line bundles L
for which

bL > 0. (3.10)

In this case, roughly speaking, the hidden sector E7 gauge theory becomes strongly coupled
and, hence, its gauginos condense, at a momentum p ≈ Λ where α(2)(Λ)−1 can be well
approximated by 0. It then follows from (3.9) that, at this scale,

〈α(2)
u 〉−1 = bL

2π ln
(〈MU 〉

Λ

)
. (3.11)

The condensation scale Λ can then be expressed as

Λ = 〈MU 〉e
−2π
bL
〈α(2)
u 〉−1

= 〈MU 〉e
−2π
bL

Re f2
Re f1〈αu〉 . (3.12)

We reiterate that the functions Re f1 and Re f2 are known, positive definite and presented
in (2.8) and (3.7) for any line bundle L = OX(l1, l2, l3) satisfying the constraints in section 2.
It follows that Λ, like W defined in (3.1), is a function of the Kähler moduli. Furthermore,
〈αu〉 is given in (2.16) and (2.17) for the split and simultaneous Wilson lines scenarios
respectively. It remains to compute the coefficient bL.

For any line bundle L = OX(l1, l2, l3) in the hidden sector satisfying all constraints in
section 2, the beta-function coefficient bL for the E7 gauge coupling is given by

bL = 3T (133)−
∑
r

nrT (r) . (3.13)

Here, the sum is over the E7 representations r that arise in the decomposition of the of
the adjoint representation 248 of E8 with respect to the low-energy hidden sector gauge
group U(1)× E7, and the coefficients nr are the number of light chiral matter fields which
transform as r. T (r) denotes the Dynkin index of the representation r, defined by

T (r) = trrT2
a , (3.14)
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where Ta is an arbitrary Lie algebra generator of E7 in the representation r. See, for
example, [83]. It follows that calculating the beta-function coefficient bL for a specific line
bundle L requires one to explicitly compute the particle content of its low-energy theory.
To do this, we first recall that all line bundles under consideration have their U(1) structure
group embed into the SU(2) subgroup of SU(2) × E7 ⊂ E8. It follows that for all such
line bundles, the adjoint 248 representation of the hidden sector E8 decomposes under
U(1)× E7 as

248→ (0,133)⊕
(
(1,56)⊕ (−1,56)

)
⊕
(
(2,1)⊕ (0,1)⊕ (−2,1)

)
. (3.15)

The (0,133) corresponds to the adjoint representation of E7, while the (±1,56) give rise
to chiral matter superfields with ±1 U(1) charges transforming in the 56 representation of
E7 in four dimensions. The (±2,1) are E7 singlet chiral superfields fields with charges ±2
under U(1). Finally, the (0,1) gives the one dimensional adjoint representation of the U(1)
gauge group. The embedding of the line bundle is such that fields with U(1) charge −1 are
counted by H∗(X,L), charge −2 fields are counted by H∗(X,L2) and so on.

The low-energy massless spectrum can be determined by examining the chiral fermionic
zero-modes of the Dirac operators for the various representations in the decomposition of
the 248. The Euler characteristic χ(F) counts nR−nL, where nR and nL are the number of
right- and left-chiral zero-modes respectively transforming under the group representation
associated with the bundle F . With the notable exception of F = OX , which corresponds
the massless vector superfields of both the (0,133) and (0,1) adjoint representations of
E7 and U(1) respectively, right-chiral and left-chiral zero modes pair up and form massive
fermion states, which can then be integrated out of the low-energy theory. However, the
remaining unpaired zero modes of the d = 4 effective theory remain massless and are
precisely those counted by the Euler characteristic for each representation. On a Calabi-Yau
threefold X, χ(F) can be computed using the Atiyah-Singer index theorem and is given by

χ(F) =
∫
X

ch(F) ∧ Td(X) , (3.16)

where ch(F) is the Chern character of F and Td(X) is the Todd class of the tangent
bundle of X. It is useful to note that for a line bundle of the form F = OX(f1, f2, f3),
expression (3.16) simplifies to

χ(F) = 1
3
(
f1 + f2

)
+ 1

6dijkf
if jfk . (3.17)

For the decomposition of the 248 presented in (3.15), the bundles F corresponding to
the U(1)× E7 representations (0,133), (±1,56), (±2,1) and (0,1) are F = OX , L∓1, L∓2

and OX respectively. Using the fact that the E7 singlet states (±2,1) and (0,1) cannot
contribute to bL, that is,

T (1) = 0 , (3.18)

we need only consider (0,133) and(±1,56). Furthermore, since the E7 adjoint representation
can occur only once in the spectrum, it follows that we need to determine only the number
of states (±1,56). Of these, the low-energy spectrum consists of the left chiral states only,
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which correspond to (+1,56). They are counted by the Euler characteristic of the line
bundle L−1. It follows from (3.17) that for L = OX(l1, l2, l3),

χ
(
L−1

)
= −1

6

(
2l1 + 2l2 +

(
l1
)2
l2 + l1

(
l2
)2

+ 6l1l2l3
)
. (3.19)

With this information about the low-energy spectrum, we can now compute the bL
coefficient for any line bundle L = OX(l1, l2, l3) in the hidden sector satisfying all constraints
in section 2. Noting [83] that the Dynkin indices satisfy (3.18) and

T (133) = 18 T (56) = 6 , (3.20)

we find, using (3.13), that

bL = 3× T (133)− |χ(L−1)| × T (56) = 54− 6|χ(L−1)| (3.21)

and, hence, from (3.19) that

bL = 54−
∣∣∣∣2l1 + 2l2 +

(
l1
)2
l2 + l1

(
l2
)2

+ 6l1l2l3
∣∣∣∣ . (3.22)

We can now explain why, out of all the line bundles satisfying the constraints in section 2,
only the seven ample line bundles listed in (2.27) can exhibit E7 gaugino condensation.
Furthermore, we can now justify the preference for the line bundle L = OX(2, 1, 3) in both
our previous paper [44] and in the rest of the present work.

In section 2 we introduced a new constraint; that is, we demanded that the line bundle
L be such that N = 1 supersymmetry is spontaneously broken by the condensation of the
E7 gauginos. However, as discussed above, for momenta below the unification scale 〈MU 〉,
the E7 gauge theory becomes strongly coupled if and only if condition (3.10) is satisfied.
Therefore, for a line bundle L = OX(l1, l2, l3) satisfying all of the constraints in section 2,
we now impose, using (3.22), the extra condition that

54−
∣∣∣∣2l1 + 2l2 +

(
l1
)2
l2 + l1

(
l2
)2

+ 6l1l2l3
∣∣∣∣ > 0 . (3.23)

We find that the only line bundles that satisfy all the constraints in section 2, as well as
this new constraint, are

OX(2, 1, 3) , OX(1, 2, 3) , OX(1, 2, 2) , OX(2, 1, 2) ,
OX(2, 1, 1) , OX(1, 2, 1) , OX(2, 1, 0) , (3.24)

which are exactly those presented in (2.27) of section 2. Calculating the bL coefficient for
each of these bundles using (3.22), we find that

• OX(2, 1, 3) and OX(1, 2, 3): bL = 6;

• OX(2, 1, 2) and OX(1, 2, 2): bL = 18;

• OX(2, 1, 1) and OX(1, 2, 1): bL = 30;

• OX(2, 1, 0): bL = 42.
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U(1)× E7 Cohomology Index χ T (r)
(0,133) H∗(X,OX) 0 18

(0,1) H∗(X,OX) 0 0
(−1,56) H∗(X,L) 8 6

(1,56) H∗(X,L−1) −8 6
(−2,1) H∗(X,L2) 58 0

(2,1) H∗(X,L−2) −58 0

Table 1: The chiral spectrum for the hidden sector U(1) × E7 with a single line bundle
L = OX(2, 1, 3). The Euler characteristic (or index) χ gives the difference between the
number of right- and left-chiral fermionic zero-modes transforming in the given representation.
We denote the line bundle dual to L by L−1 and the trivial bundle L0 by OX .

For any other line bundle satisfying all the constraints given in section 2, one can show that
bL < 0. For example, for OX(2, 1, 4) and OX(1, 2, 4), bL has already become negative; that
is bL = −6.

So which of the above line bundles is, from the point of view of low-energy phe-
nomenology, most interesting to study? It is clear from expression (3.12) that the gaugino
condensation scale Λ, at any fixed point in Kähler moduli space, will be smallest for the
line bundle L with the lowest value of bL. For this reason, we will focus in on the two
line bundles OX(2, 1, 3) and OX(1, 2, 3), each of which was shown above to have bL = 6.
Furthermore, a detailed study shows that the “viable” region of Kähler moduli space, each
point of which satisfies all the constraints in section 2, is considerably larger for the first
of these two bundles. Therefore, we will focus on the line bundle OX(2, 1, 3), as was done
in [44]. For completeness, in table 1 we present the complete low energy spectrum, the
Euler characteristics and the Dynkin coefficients for the line bundle L = OX(2, 1, 3).

In a following section, we will explicitly calculate the soft supersymmetry breaking
terms in the observable matter sector. Here, however, we can use what we have learned so
far to predict the scale of those soft SUSY breaking terms. Supersymmetry breaking first
occurs in the S and T i moduli via the gaugino condensate superpotential W given in (3.1).
Here, it is useful to note that writing f2 = Re f2 + i Im f2, and using (3.4) and (3.11), it
follows that

W = Λ3e−i 6π
bLα̂GUT

Im f2 . (3.25)

The supersymmetry breaking in the S and T i moduli is then gravitationally mediated to
the observable matter sector. The scale of SUSY breaking in the low-energy observable
matter sector is then of order

msusy ∼ κ2
4Λ3 = 8π Λ3

M2
P

, (3.26)

where Λ is the condensation scale given in (3.12) and we have used the fact that κ2
4 = 8π/M2

P .
For L = OX(2, 1, 3), it follows from (2.11) that Wi = (9, 17, 0)i. Furthermore, in the unity
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(a) 〈αu〉 = 1
20.08 . (b) 〈αu〉 = 1

26.46 .

Figure 2: Variation of the mass scale msusy ∼ 8πΛ3/M2
p of the soft breaking terms across

the “viable” region of Kähler moduli space that satisfies all constraints in section 2, for the
line bundle L = OX(2, 1, 3). The numbers indicate the msusy value corresponding to each
contour. Figure 2(a) and figure 2(b) respectively, show the results for both the split and
the simultaneous Wilson lines scenarios described in section 2. msusy scales below the EW
scale ∼ 102 GeV become unphysically small and, therefore, are not displayed.

gauge defined in (2.23), Re f1 and Re f2 presented in (2.24) and (3.7) become

Re f1 = V + 1
3a

1 − 1
6a

2 + 2a3 + 1
2
(

1
2 − λ

)2(
9a1 + 17a2

)
(3.27)

and
Re f2 = V − 29

6 a
1 − 25

3 a
2 − 2a3 + 1

2
(

1
2 + λ

)2(
9a1 + 17a2

)
(3.28)

respectively, where from (2.10) we find that

V = 1
6

((
a1
)2
a2 + a1

(
a2
)2

+ 6a1a2a3
)
. (3.29)

Using these results, as well as 〈MU 〉 given in (2.15), bL = 6 and the values for 〈αu〉 presented
in (2.16) and (2.17) for the split and unified Wilson lines scenarios respectively, one can
compute Λ in (3.12) and, hence, using (3.26) the value of msusy. Clearly, the result is a
function of the point in moduli space where msusy is evaluated. Plots of msusy evaluated
over the “viable” region of Kähler moduli space for L = OX(2, 1, 3) where all constraints
in section 2 are satisfied for both the split and unified Wilson lines scenarios are shown in
figure 2(a) and figure 2(b) respectively.
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4 Spontaneous supersymmetry breaking in the low-energy effective
theory

Spontaneous N = 1 supersymmetry breaking, induced by gaugino condensation in the
hidden sector, appears in the low-energy effective theory as potentially non-vanishing moduli
F -terms in the chiral superfields of the dilaton S, the complexified Kähler moduli T i and
the single five-brane modulus Z. As discussed in the introduction, we assume that the
resulting moduli-mediated soft terms [54–58] dominate over any anomaly-mediated SUSY
breaking effects [59–62]. Defining the index a which runs over (S, T 1, T 2, T 3, Z), the moduli
F -terms are then given by

F̄ b̄ = κ2
4eK̂/2K̂ b̄a

(
∂aW +W∂aK̂

)
, (4.1)

where κ2
4 = 8π/M2

P and W is the gaugino condensate superpotential given in (3.1). In
addition, these F -terms depend strongly on the dimensionless Kähler potential K̂. Before
continuing, we note that since the scalar fields of all chiral multiplets have been chosen
to be dimensionless, it follows that all F auxiliary fields have dimension one. Since
κ2

4 W ∝ Λ3/M2
P , it follows that the mass scale of each F -term is O(8πΛ3/M2

P ). Thus,
although gaugino condensation and the superpotential W occur in the hidden sector, their
supersymmetry breaking effects on the S, T i and Z moduli are mediated via gravitational
interactions and thus are Planck mass suppressed. The Kähler potential K̂ was defined
in [49] and is given by

K̂ = K̃S +KT , (4.2)

where

K̃S = − ln

S + S̄ − ε′S
2

(
Z + Z̄

)2

Wi

(
T + T̄

)i


' − ln
(
S + S̄

)
+ ε′S

2

(
Z + Z̄

)2

(
S + S̄

)
Wi

(
T + T̄

)i , (4.3)

Z = Wit
iz + 2iWi

(
−ηiν + χiz

)
, with ti = 1

2

(
T + T̄

)i
, (4.4)

and

KT = − ln
(

1
48dijk

(
T + T̄

)i(
T + T̄

)j(
T + T̄

)k)
(4.5)

Note that the second expression in (4.3) is the expansion of K̂S to linear order in ε′S .
Given these Kähler potentials, it is tedious, but straightforward, to work out the

expressions for eK̂/2, ∂aK̂ and K̂ab̄. The results are the following. First of all, we find that
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the eK̂/2 factor is given by

eK̂/2 =

(S + S̄
)
− ε′S

2
Z + Z̄

Wi

(
T + T̄

)i

−1/2(

1
48dijk

(
T + T̄

)i(
T + T̄

)j(
T + T̄

)k)−1/2

=

 1√
2V 1/2 −

(
λ+ 1

2

)
4
√

2V 3/2

((
λ+ 1

2

)(
9a1 + 17a2

)
− ε′S

2

) 1
R̂3/2

(4.6)

where, as always, we work to linear order in ε′S only. Second, it is straightforward to
compute ∂aK̂ for a = S, T 1, T 2, T 3, Z. The results are

∂K̂

∂S̄
= − 1

S + S̄
− ε′S

2

(
Z + Z̄

)2

(
S + S̄

)2
Wi

(
T + T̄

)i ,
∂K̂

∂T̄ l
= −

1
16dlij

(
T + T̄

)i(
T + T̄

)j
1
48dijk

(
T + T̄

)i
(T + T )j

(
T + T̄

)k − ε′S
2

(
Z + Z̄

)2
Wl(

S + S̄
)(
Wi

(
T + T̄

)i)
)2
,

∂K̂

∂Z̄
=

ε′S

(
Z + Z̄

)
(
S + S̄

)
Wi(T + T̄ )i

.

(4.7)

Using the expressions

Z + Z̄ = Wi(T + T̄ )i
(
λ+ 1

2

)
, ReT i = ti = R̂ai

V 1/3 , (4.8)

ReS = V + ε′S
2

(
λ+ 1

2

)2
Wit

i , (4.9)

one can rewrite the first derivatives as

∂K̂

∂S̄
= − 1

2V ,

∂K̂

∂T̄ l
= − ε

′
S

4V

(
dlija

iaj +
(
λ+ 1

2

)2
Wl

)
,

∂K̂

∂Z̄
= ε′S

2

(
λ+ 1

2

)
V

,

(4.10)

where we have dropped terms of order O(ε′S
2) and higher. Finally, one can compute the
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second derivative terms in the matrix K̂ab̄. The components of K̂ab̄ are given by

∂2K̂

∂S∂S̄
= 1

4V 2 ,

∂2K̂

∂Tm∂S̄
= ε′S

8
(
λ+ 1

2

)2Wm

V 2 ,

∂2K̂

∂Z∂S̄
= −ε

′
S

4

(
λ+ 1

2

)
V 2 ,

∂2K̂

∂Tm∂Z̄
= −ε

′
S

4

(
λ+ 1

2

)
Wm

V 2/3R̂Wiai
,

∂2K̂

∂Z∂Z̄
= ε′S

4
1

V 2/3R̂Wiai
,

∂2K̂

∂Tm∂T̄ l
= − dilma

i

4R̂2V 1/3
+ dmija

iajdlpqa
paq

16R̂4V 2/3
+ ε′S

4

(
λ+ 1

2

)2
WmWl

V 2/3R̂Wiai
,

(4.11)

where l,m = 1, 2, 3 and, again, we have dropped all terms of O(ε′S
2) and higher. Of course, it

is K b̄a, the inverse of K̂ab̄, that appears in the expression (4.1) for the F -terms. However, an
analytic expression for K b̄a is very complicated and unenlightening. Hence, in the following
we will compute it only numerically from K̂ab̄ for given values of the moduli. In section 2,
we concluded that the line bundles OX(2, 1, 3) and OX(1, 2, 3) are the most promising for
building a model in which supersymmetry is broken at a lower scale. In the end, we settled
for OX(2, 1, 3) because it produced a larger “viable” surface in the (a1, a2, a3) parameter
space where all the conditions presented in section 2 are met. Therefore, it is useful to
evaluate (4.11) for the line bundle L = OX(2, 1, 3). Recalling that for this choice of line
bundle we found Wi = (9, 17, 0)i, it follows that the matrix K̂ab̄ becomes

K̂ab̄ =



1
4V 2

9ε′S(λ+ 1
2 )

8V 2
17ε′S(λ+ 1

2 )
8V 2 0 − ε′S(λ+ 1

2 )
4V 2

9ε′S(λ+ 1
2 )

8V 2
∂2K̂

∂T 1∂T̄ 1
∂2K̂

∂T 1∂T̄ 2
∂2K̂

∂T 1∂T̄ 3
−9ε′S(λ+ 1

2 )
4V 2/3R̂(9a1+17a2)

17ε′S(λ+ 1
2 )

8V 2
∂2K̂

∂T 2∂T̄ 1
∂2K̂

∂T 2∂T̄ 2
∂2K̂

∂T 2∂T̄ 3
−17ε′S(λ+ 1

2 )
4V 2/3R̂(9a1+17a2)

0 ∂2K̂
∂T 3∂T̄ 1

∂2K̂
∂T 3∂T̄ 2

∂2K̂
∂T 3∂T̄ 3 0

− ε′S(λ+ 1
2 )

4V 2
−9ε′S(λ+ 1

2 )
4V 2/3R̂(9a1+17a2)

−17ε′S(λ+ 1
2 )

4V 2/3R̂(9a1+17a2) 0 ε′S
4V 2/3R̂(9a1+17a2)


(4.12)

Inside the matrix we have the submatrix

∂2K̂

∂Tm∂T̄n
= − dimna

i

4R̂2V 1/3
+ dmija

iajdnpqa
paq + ε′S

4

(
λ+ 1

2

)2
WmWn

V 2/3R̂(9a1 + 17a2)
. (4.13)

Having discussed the Kähler potential components, eK̂/2, ∂aK̂ and K̂ab̄, we now turn
to the superpotential contributions to the F -terms; that is, the Kähler covariant derivatives
of W given by

DaW = ∂aW +W∂aK̂ , a = S, T 1, T 2, T 3, Z . (4.14)
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We have already computed in (4.10) the first derivatives of the Kähler potential. We are
left to compute the first derivatives of the superpotential W . It follows from (3.1) and (3.2)
that for the line bundle L = OX(2, 1, 3)

∂SW = W

(
− 6π
bLα̂GUT

)
,

∂T1W = W

(
− 6π
bLα̂GUT

)(
−29

6 ε
′
S

)
= W

(
ε′S

29π
bLα̂GUT

)
,

∂T2W = W

(
− 6π
bLα̂GUT

)(
−25

3 ε
′
S

)
= W

(
ε′S

50π
bLα̂GUT

)
,

∂T3W = W

(
− 6π
bLα̂GUT

)(
−2ε′S

)
= W

(
ε′S

12π
bLα̂GUT

)
,

∂ZW = 0 ,

(4.15)

where, as shown in section 2, bL = 6. It then follows from (4.14), using (4.10) and (4.15),
that the covariant derivatives of the superpotential are

∂SW +W∂SK̂ = W

[
− 6π
bLα̂GUT

− 1
2V

]
,

∂T1W +W∂T 1K̂ = Wε′S

 29π
bLα̂GUT

− 1
4V d1ija

iaj − 9

(
λ+ 1

2

)2

4V

 ,
∂T2W +W∂T 2K̂ = Wε′S

 50π
bLα̂GUT

− 1
4V d2ija

iaj − 17

(
λ+ 1

2

)2

4V

 ,
∂T3W +W∂T 3K̂ = Wε′S

[ 12π
bLα̂GUT

− 1
4V d3ija

iaj
]
,

∂ZW +W∂ZK̂ = Wε′S

1
2

(
λ+ 1

2

)
V

 ,

(4.16)

respectively.
Using the expressions for eK̂/2, ∂aK̂, K̂ab̄ and Da given in (4.6), (4.10), (4.11) and (4.16)

respectively, one can compute the value of any F -term F b̄ given in (4.1) explicitly at any
point in moduli space. Note that in what follows, we always set the imaginary components
of the moduli to zero. We now want to discuss the explicit form of the “soft” supersymmetry
breaking terms induced in the observable sector of the theory by these F -terms and,
more specifically, the exact form of their coefficients. These will be presented in the
following section.

5 Soft supersymmetry breaking terms in the observable sector

As discussed in detail in [76], in the B − L MSSM, the Spin(10) group of the observable
sector is broken near the unification scale 〈MU 〉 to the low energy gauge group SU(3)C ×
SU(2)L × U(1)3R × U(1)B−L by two independent Wilson lines associated with the Z3 × Z3
homotopy group of the Calabi-Yau threefold. The particle content of the resulting effective
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theory is precisely that of the MSSM, with three right-handed neutrino chiral multiplets
and a single Higgs-Higgs conjugate pair, with no exotic fields.

The superpotential of the observable sector evaluated at 〈MU 〉 is given by

W = µHuHd + YuQHuu
c − YdQHdd

c − YeQHdec + YνQHuν
c , (5.1)

where flavor and gauge indices have been suppressed and the Yukawa couplings are three-
by-three matrices in flavor space. The observed smallness of the three CKM mixing angles
and the CP-violating phase dictate that the quark and lepton Yukawa matrices should be
nearly diagonal and real. Furthermore, the smallness of the first and second family fermion
masses implies that all components of the up/down quark and lepton Yukawa couplings,
with the exception of the top and bottom quarks, and the tau lepton, can be neglected
for the purposes of this paper. Similarly, the very light neutrino masses imply that the
neutrino Yukawa couplings can also be neglected in our analysis. The µ-parameter can be
chosen to be real, but not necessarily positive, without loss of generality. We emphasize
that we make no attempt in this paper — nor was there any attempt in the previous B −L
MSSM papers — to solve the “µ-problem”. Hence, we allow the dimension-one parameter µ
to take any value required to obtain the correct Z-boson mass.

To align with the formalism presented in [54] and [49], where the general form of the
soft supersymmetry breaking terms in the Lagrangian which we use in this analysis were
computed, we rewrite the superpotential (5.1) in the form

W = 1
2 µ̂IJC

ICJ + 1
3 Ŷ

IJKCICJCK , (5.2)

where CI are the chiral superfields associated with the top and bottom quarks, the tau
lepton and the up- and down-Higgs particles. Comparing (5.1) and (5.2), it follows that
µ̂IJ is symmetric and all components vanish with the exception of µ̂HuHd = µ. Similarly,
the coefficients ŶIJK are completely symmetric and, following the formalism in [49], are
given by

ŶIJK = 2
√

2πα̂GUT yIJK , (5.3)

where yIJK are the physical Yukawa parameters for the top, bottom and tau particles
scaled up to 〈MU 〉.

The soft supersymmetry breaking terms associated with the observable sector of the
B − L MSSM were presented in [23, 24]. At the unification scale 〈MU 〉, they were found to
be of the form

−Lsoft =
(1

2M3g̃
2 + 1

2M2W̃
2 + 1

2MRW̃
2
R + 1

2MBLB̃′
2

+auQ̃Huũ
c − adQ̃Hdd̃

c − aeL̃Hdẽ
c + aνL̃Huν̃

c + bHuHd + h.c.
)

+m2
Q̃
|Q̃|2 +m2

ũc |ũc|2 +m2
d̃c
|d̃c|2 +m2

L̃
|L̃|2 +m2

ν̃c |ν̃c|2 +m2
ẽc |ẽc|2

+m2
Hu |Hu|2 +m2

Hd
|Hd|2 .

(5.4)

The b parameter can be chosen to be real and positive without loss of generality. The
gaugino soft masses can, in principle, be complex. This, however, could lead to CP-violating
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effects that are not observed. Therefore, we proceed by assuming they all are real. The
a-parameters and soft scalar masses can, in general, be Hermitian matrices in family space.
Again, however, this could lead to unobserved flavor and CP violation. Therefore, we will
assume they all are diagonal and real. For more explanation of these assumptions, see [24].

As we did for the superpotential, to compare with the formalism presented in [49, 54],
we will rewrite the soft supersymmetry breaking terms in (5.4) as

− Lsoft =
(1

2Mi(λi)2 + 1
3aIJKC̃

IC̃J C̃K + 1
2BIJ C̃

IC̃J + h.c.
)

+m2
IJ̄
C̃I ¯̃C J̄ , (5.5)

where λi are the gauginos for i = 3, 2, 3R,BL, and C̃I are the scalar components of the
chiral superfields associated with the top and bottom quarks, the tau lepton and up- and
down-Higgs particles. Comparing (5.5) with (5.4), it follows that a) the matrix m2

IJ̄
is

diagonal with its I, J̄ indices running over stop, sbottom, stau, and Higgs-up and Higgs-down
scalars, b) BIJ is symmetric, all of whose terms vanish except BHuHd = b and c) aIJK is
totally symmetric where, as with m2

IJ̄
, its indices I, J,K run over stop, sbottom, stau and

Higgs-up and Higgs-down scalars only, and are associated with the a-parameters in (5.4)
accordingly.

The parameters for each of these soft supersymmetry breaking terms — including
the induced gravitino mass which enters some of the soft breaking coefficients — can
be explicitly computed for any spontaneous SUSY breaking mechanism which results in
moduli-dominated soft terms. Using the notation of [54], the generic expressions for these
parameters are the following:

1 - The gravitino mass: m3/2 = κ2
4eK̂/2|W |.

2 - The gaugino masses: Mi = 1
2F

a∂a ln g−2
i .

Note that the gaugino mass is, in general not “universal” — that is, it is not necessarily
the same for all gauginos. However, for the present analysis of the B − L MSSM, the
gaugino masses will turn out to be identical. We explain why this is the case in the
discussion to follow.

3 - The quadratic scalar masses: m2
IJ̄

= m2
3/2ZIJ̄ − F

aF̄ b̄Rab̄IJ̄ .

Here ZIJ̄ is defined by Kmatter = ZIJ̄ C̃
I ¯̃C J̄ for generic observable-sector scalar fields

C̃I . The explicit forms for ZIJ̄ and Rab̄IJ̄ are presented in the discussion below.

4 - The cubic scalar coefficients: aIJK = F a
(
∂aYIJK + 1

2K̂aYIJK − 3ΓNa(IYJK)N
)
.

The parameters YIJK and ΓNaI will be given in the following analysis.

5 - The holomorphic quadratic coefficient: BIJ = F a
(
∂aµIJ + 1

2(∂aK̂)−3ΓNa(IµJ)N
)

−m3/2µIJ .
The parameter µIJ will be discussed below.

We will now discuss each of these five parameters in detail, plotting their values over the
physically acceptable “viable” region of Kähler moduli space introduced in section 2 for the
hidden sector line bundle L = OX(2, 1, 3).
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The above expressions for the soft supersymmetry breaking terms are generic; that is,
they can arise from any vacuum state which spontaneously breaks SUSY via non-vanishing
F -terms. However, for the remainder of this paper, we will consider supersymmetry breaking
to occur explicitly from a “gaugino condensate” in the hidden sector of the B − L MSSM
theory.

5.1 Gravitino mass

The gravitino mass is simply defined to be

m3/2 = κ2
4eK̂/2|W | , (5.6)

where κ2
4 = 8π/M2

P , K̂ is defined in (4.2) and W is the gaugino condensate superpotential
presented in (3.1).

Gaugino mass. The generic expression for the gaugino mass associated with the i-th
factor of an observable sector gauge group of the form G = ΠiGi is given by

Mi = 1
2F

a∂a ln g−2
i a = S, T 1, T 2, T 3, Z . (5.7)

In our case, the index i spans the factors in the d = 4 low-energy gauge group G =
SU(3)C × SU(2)L × U(1)3R × U(1)B−L of the B − L MSSM in the observable sector. That
is,

i = 3, 2, 3R, B − L . (5.8)

As discussed in [44], in the simultaneous Wilson lines scenario each gauge coupling g2
i is

related to its average value 〈g2
u〉 at the unification scale 〈MU 〉 = 3.15× 1016 GeV by

g2
i = ci〈g2

u〉 (5.9)

for some constant coefficient ci. Then

Mi = 1
2F

a∂a ln g−2
i = 1

2F
a 1
g−2
i

∂ag
−2
i = 1

2F
aci〈g2

u〉∂a
1

ci〈g2
u〉

(5.10)

Now (3.3) implies that
〈g2
u〉 = 4πα̂GUT

Re f1
, (5.11)

where α̂GUT is a constant parameter. It follows that the constants ci and α̂GUT drop
out and, hence, the gaugino masses defined (5.7) are all identical. Defining this unique
parameter to be M1/2, we find that

M1/2 = 1
2 Re f1

F a∂a Re f1, (5.12)

as presented previously. A similar argument can be made for the split Wilson lines scenario.
The expression for the real part of f1, prior to imposing unity gauge, for the line bundle

L = OX(2, 1, 3) with Wi = (9, 17, 0) can be written as

Re f1 = S + S̄

2 + ε′S

(
29
12

(
T 1 + T̄ 1

)
+ 25

6

(
T 2 + T̄ 2

)
+
(
T 3 + T̄ 3

)
− 1

2

(
Z + Z̄

))
. (5.13)

– 23 –



J
H
E
P
0
8
(
2
0
2
1
)
0
3
3

It follows that

∂S Re f1 = 1
2 , ∂T 1 Re f1 = 29

12ε
′
S , ∂T 2 Re f1 = 25

6 ε
′
S , (5.14)

∂T 3 Re f1 = ε′S , ∂Z Re f1 = −1
2ε
′
S . (5.15)

In unity gauge, the real part of f1 for the line bundle L = OX(2, 1, 3) is presented in (2.24).
It was found to be

Ref1 = V + 1
3a

1 − 1
6a

2 + 2a3 + 1
2
(

1
2 − λ

)2
Wia

i , (5.16)

where
Wi = (9, 17, 0) . (5.17)

Putting everything together, the universal gaugino soft supersymmetry breaking coefficient
is given, in unity gauge, by

M1/2 = 1
2
(
V + 1

3a
1 − 1

6a
2 + 2a3 + 1

2

(
1
2 − λ

)
(9a1 + 17a2)

)
×
[1

2F
S + ε′S

29
12F

T 1 + ε′S
25
6 F

T 2 + ε′SF
T 3 − ε′S

1
2F

Z
]
.

(5.18)

Taking λ = 0.49, as done in [44] and above, one can compute the value of m1/2 at any point
in the physical “viable” subspace of Kähler moduli space for L = OX(2, 1, 3), as we did
above for both msusy and m3/2.

5.2 Quadratic scalar masses

The generic form for the quadratic scalar mass coefficients is given by [48, 49, 54, 58]

m2
IJ̄

= m2
3/2ZIJ̄ − F

aF̄ b̄Rab̄IJ̄ . (5.19)

To linear order in ε′S , it was shown in [49] that, for a single five-brane located at z ∈ [0, 1],

ZIJ̄ = eKT /3
[
KBIJ̄ −

ε′S
2(S + S̄)

Γ̃i
BIJ̄

(
β

(0)
i + (1− z)2Wi

)]
, (5.20)

where β(0)
i is the “charge” on the observable wall and Wi is the five-brane class. Note that

for the B − L MSSM vacuum, β(0)
i is given by [44]

β
(0)
i =

(2
3 ,−

1
3 , 4

)
i
. (5.21)

The T i-dependent Kähler potential was presented in (4.5) and KBIJ̄ is defined by

KBIJ̄ = GIJ̄ , (5.22)

where GIJ̄ is a positive-definite Hermitian metric on the H1 cohomologies associated with
the C̃I matter scalars in the observable sector [48, 49]. Generically, GIJ̄ is moduli dependent.
The quantity Γ̃i

BIJ̄
is given by

Γ̃i
BIJ̄

= Γi
BIJ̄
− (T i + T̄ i)KBIJ̄ − 2

3(T i + T̄ i)(T k + T̄ k)KTkjΓjBIJ̄ , (5.23)
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with
Γi
BIJ̄

= Kij
T

∂KBIJ̄

∂T j
, (5.24)

and Kij
T is the inverse of the matrix

KT ij = ∂2KT

∂T i∂T j
= − dlmia

i

4R̂2V 1/3
+ dmija

iajdlpqa
paq

16R̂4V 2/3
. (5.25)

Next, we consider the tensor Rab̄IJ̄ in (5.19). It is defined to be

Rab̄IJ̄ = ∂a∂b̄ZIJ̄ − ΓNaIZNL̄Γ̄L̄
b̄J̄
, (5.26)

where
ΓNaI = ZNJ̄∂aZJ̄I . (5.27)

Writing the generic expression for ZIJ̄ in (5.20) as

ZIJ̄ = Z
(0)
IJ̄

+ Z
(ε′S)
IJ̄

, (5.28)

it follows that
ΓNaI = Γ(0)N

aI + Γ(ε′S)N
aI , (5.29)

where

Γ(0)N
aI = Z(0)NJ̄∂aZ

(0)
J̄I
, Γ(ε′S)N

aI = Z(0)NJ̄∂aZ
(ε′S)
J̄I

+ Z(ε′S)NJ̄∂aZ
(0)
J̄I

. (5.30)

Inserting these expressions into (5.26), we find that

Rab̄IJ̄ = R
(0)
ab̄IJ̄

+R
(ε′S)
ab̄IJ̄

, (5.31)

with
R

(0)
ab̄IJ̄

= ∂a∂b̄Z
(0)
IJ̄
− Γ(0)N

aI Z
(0)
NL̄

Γ̄(0)L̄
b̄J̄

, (5.32)

and

R
(ε′S)
ab̄IJ̄

= ∂a∂b̄Z
(ε′S)
IJ̄
− Γ(ε′S)N

aI Z
(0)
NL̄

Γ̄(0)L̄
b̄J̄
− Γ(0)N

aI Z
(ε′S)
NL̄

Γ̄(0)L̄
b̄J̄
− Γ(0)N

aI Z
(0)
NL̄

Γ̄(ε′S)L̄
b̄J̄

. (5.33)

Putting everything together, one can express the quadratic scalar soft coefficients
in (5.19) as

m2
IJ̄

= m
(0)2
IJ̄

+m
(ε′S)2
IJ̄

, (5.34)

where
m

(0)2
IJ̄

= m2
3/2Z

(0)
IJ̄
− F aF̄ b̄R(0)

ab̄IJ̄
, (5.35)

and
m

(ε′S)2
IJ̄

= m2
3/2Z

(ε′S)
IJ̄
− F aF̄ b̄R(ε′S)

ab̄IJ̄
, (5.36)

with Z
(0)
IJ̄

and Z
(ε′S)
IJ̄

defined in (5.28), and R
(0)
ab̄IJ̄

and R
(ε′S)
ab̄IJ̄

given in (5.32) and (5.33)
respectively.
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Let us now compute these quantities explicitly. First of all, we note that there is
currently no known method to explicitly compute GIJ̄ .5 With this in mind, for the rest
of this work we shall assume that KBIJ̄ = GIJ̄ is moduli independent, that is, simply an
Hermitian matrix of numbers. We will denote this choice by

GIJ̄ = GIJ̄ . (5.37)

We assume this to be the case henceforth. It then follows from (5.24) that Γi
BIJ̄

= 0 and,
hence,

Γ̃i
BIJ̄

= −(T + T̄ )iGIJ̄ . (5.38)

Then, using the metric (5.37), expression (5.20) for ZIJ̄ simplifies to

ZIJ̄ = Z
(0)
IJ̄

+ Z
(ε′S)
IJ̄

(5.39)

where
Z

(0)
IJ̄

= eKT /3GIJ̄ (5.40)

and

Z
(ε′S)
IJ̄

= ε′S
2 eKT /3 (T + T̄ )i

S + S̄

(2
3 ,−

1
3 , 4

)
i
+
(

1− Z + Z̄

Wl(T + T̄ )l

)2

Wi

GIJ̄ . (5.41)

Note that we have rewritten the last term using (4.8) so as to be able to differentiate this
expression with respect to Z. This will be necessary in order to compute R(ε′S)

ab̄IJ̄
below. It

is also useful to rewrite the expressions for Z(0)
IJ̄

and Z(ε′S)
IJ̄

in terms of the R̂, ai, V and λ
variables using (4.8) and (4.9), and the fact that V = 1

6dijka
iajak. Doing this, we find

Z
(0)
IJ̄

= 1
R̂
GIJ̄ (5.42)

and
Z

(ε′S)
IJ̄

= ε′S
ai

2V 4/3

[(2
3 ,−

1
3 , 4

)
i
+ (1

2 − λ)2Wi

]
GIJ̄ . (5.43)

Recall from (2.22) that unity gauge is defined by setting

ε′S
R̂

V 1/3 = 1 . (5.44)

It follows that in unity gauge the expression for Z(ε′S)
IJ̄

becomes

Z
(ε′S)
IJ̄

= ai

2R̂V

[(2
3 ,−

1
3 , 4

)
i
+ (1

2 − λ)2Wi

]
GIJ̄ . (5.45)

Finally, evaluating this expression for the specific line bundle L = OX(2, 1, 3) with Wi =
(9, 17, 0) discussed above, we find that

Z
(ε′S)
IJ̄

= 1
2R̂V

[(2
3 + 9(1

2 − λ)2
)
a1 +

(
−1

3 + 17(1
2 − λ)2

)
a2 + 4a3

]
GIJ̄ . (5.46)

5This should be computable using numeric metrics on Calabi-Yau threefolds [84–93] and their moduli
spaces [94], and the corresponding eigenmodes of the Laplacian [95, 96].
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Let us now compute R(0)
ab̄IJ̄

and R(ε′S)
ab̄IJ̄

using expressions (5.32) and (5.33) respectively.
We begin with R(0)

ab̄IJ̄
. Using the fact that

Z(0)NJ̄ = e−KT /3GNJ̄ , (5.47)

it follows that
Γ(0)N
aI = 1

3(∂aKT )δNI (5.48)

and, hence
− Γ(0)N

aI Z
(0)
NL̄

Γ̄(0)L̄
b̄J̄

= 1
9e

KT /3(∂aKT )(∂b̄KT )GIJ̄ . (5.49)

It is straightforward to show from (5.40) that

∂a∂b̄Z
(0)
IJ̄

= eKT /3
(1

9(∂aKT )(∂b̄KT ) + 1
3(∂a∂b̄KT )

)
GIJ̄ . (5.50)

Using (5.49) and (5.50), expression (5.32) becomes

R
(0)
ab̄IJ̄

= eKT /3
3 (∂a∂b̄KT )GIJ̄ . (5.51)

Note that this vanishes if index a and/or b is S,Z. For a = i, b = j for i, j = 1, 2, 3, ∂i∂jKT

is given by (5.25). Let us now compute R(ε′S)
ab̄IJ̄

. It follows from (5.33) that, in addition
to the inverse of Z(0)

IJ̄
given in (5.47), one also needs to know the inverse Z(ε′S))

IJ̄
in (5.41).

Calculating this to linear order in ε′S is straightforward. It is found to be

Z(ε′S)NJ̄ = −ε
′
S

2 e−KT /3 (T + T̄ )i

S + S̄

(2
3 ,−

1
3 , 4

)
i
+
(

1− Z + Z̄

Wl(T + T̄ )l

)2

Wi

GNJ̄ . (5.52)

To continue, recall from (5.48) that

Γ(0)N
aI = 1

3(∂aKT )δNI . (5.53)

Furthermore, using (5.41) and the inverse (5.52) one can show that

Γ(ε′S)N
aI = ε′S

2 ∂a
(

(T + T̄ )i

S + S̄
[X]i

)
δNI , (5.54)

where we have introduced

[X]i =
(2

3 ,−
1
3 , 4

)
i
+
(

1− Z + Z̄

Wl(T + T̄ )l

)2

Wi (5.55)

to simplify the notation. Using (5.54) and (5.55) it is straightforward to show that the last
three terms in (5.33) are given by

− Γ(ε′S)N
aI Z

(0)
NL̄

Γ̄(0)L̄
b̄J̄
− Γ(0)N

aI Z
(ε′S)
NL̄

Γ̄(0)L̄
b̄J̄
− Γ(0)N

aI Z
(0)
NL̄

Γ̄(ε′S)L̄
b̄J̄

= −ε
′
S

6 eKT /3
1

3

(
T + T̄

)i
S + S̄

[X]i(∂aKT )(∂b̄KT ) (5.56)

+∂a


(
T + T̄

)i
S + S̄

[X]i

(∂b̄KT ) + (∂aKT )∂b̄


(
T + T̄

)i
S + S̄

[X]i


GIJ̄ .
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Similarly, using Z(ε′S)
IJ̄

in (5.41), it is tedious but straightforward to show that

∂a∂b̄Z
(ε′S)
IJ̄

= ε′S
6 eKT /3

1
3

(
T + T̄

)i
S + S̄

[X]i(∂aKT )(∂b̄KT ) (5.57)

+∂a


(
T + T̄

)i
S + S̄

[X]i

(∂b̄KT ) + (∂aKT )∂b̄


(
T + T̄

)i
S + S̄

[X]i


+(∂a∂b̄KT )

(
T + T̄

)i
S + S̄

[X]i + 3∂a∂b
(

(T + T̄ )i

S + S̄
[X]i

)GIJ̄ .
Adding (5.56) and (5.57), we see that the first three terms in each expression exactly cancel
and, hence, it follows from (5.33) that

R
(ε′S)
ab̄IJ̄

= ε′S
6 eKT /3

(∂a∂b̄KT )

(
T + T̄

)i
S + S̄

[X]i + 3∂a∂b


(
T + T̄

)i
S + S̄

[X]i


GIJ̄ . (5.58)

Having presented the generic expression for R(0)
ab̄IJ̄

and R(ε′S)
ab̄IJ̄

in (5.51) and (5.58) respectively,
it is again useful to rewrite them in terms of the R̂, ai, V . For R(0)

ab̄IJ̄
we find that

R
(0)
ab̄IJ̄

= 1
3R̂

(∂a∂b̄KT )GIJ̄ , (5.59)

where ∂a∂b̄KT is given in (5.25). The expression for R(ε′S)
ab̄IJ̄

, however, is considerably more
complicated. In this paper, in order to simplify a long calculation, we will present the
components of this quantity, not only in terms of the variables R̂, ai, V and λ, but will
further restrict the result to the line bundle L = OX(2, 1, 3) with Wi = (9, 17, 0) discussed
above only. Moreover, we will present the results in the unity gauge defined in (5.44). For
this specific case, defining the indices a = S, T 1, T 2, T 3, Z and b̄ = S̄, T̄ 1, T̄ 2, T̄ 3, Z̄, we find
that

R
(ε′S)
ab̄IJ̄

= M
(ε′S)
ab̄
GIJ̄ , (5.60)

where M (ε′S)
ab̄

is the real, symmetric matrix specified by

S̄ Terms : MSS̄ = 1
4R̂V 3

(
2a1

3 −
a2

3 + 4a3 +
(

1
2 − λ

)2
(9a1 + 17a2)

)
, (5.61)

MT 1S̄ = − 1
8R̂2V 5/3

(2
3 + 9

(
1
2 − λ

)2
)
, (5.62)

MT 2S̄ = − 1
8R̂2V 5/3

(
−1

3 + 17
(

1
2 − λ

)2
)
, (5.63)

MT 3S̄ = − 1
2R̂2V 5/3

, (5.64)

MZS̄ = 1
R̂V

(
1
2 − λ

)(
1− 1

2V
(
λ+ 1

2

)
(9a1 + 17a2)

)
, (5.65)
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T̄ 1 Terms : MT 1T̄ 1 = 1
6R̂V

(∂T 1∂T̄ 1KT )
(2a1

3 −
a2

3 + 4a3 (5.66)

+
(

1
2 − λ

)2
(9a1 + 17a2)

)
,

MT 2T̄ 1 = 1
6R̂V

(∂T 2∂T̄ 1KT )
(2a1

3 −
a2

3 + 4a3 (5.67)

+
(

1
2 − λ

)2
(9a1 + 17a2)

)
,

MT 3T̄ 1 = 1
6R̂V

(∂T 3∂T̄ 1KT )
(2a1

3 −
a2

3 + 4a3 (5.68)

+
(

1
2 − λ

)2
(9a1 + 17a2)

)
,

MZT̄ 1 = − 9
4R̂3V 1/3

(
1
2 − λ

)
(9a1 + 17a2) , (5.69)

T̄ 2 Terms : MT 2T̄ 2 = 1
6R̂V

(∂T 2∂T̄ 2KT )
(2a1

3 −
a2

3 + 4a3 (5.70)

+
(

1
2 − λ

)2
(9a1 + 17a2)

)
,

MT 3T̄ 2 = 1
6R̂V

(∂T 3∂T̄ 2KT )
(2a1

3 −
a2

3 + 4a3 (5.71)

+
(

1
2 − λ

)2
(9a1 + 17a2)

)
,

MZT̄ 2 = − 17
4R̂3V 1/3

(
1
2 − λ

)
(9a1 + 17a2) , (5.72)

T̄ 3 Terms : MT 3T̄ 3 = 1
6R̂V

(∂T 3∂T̄ 3KT )
(2a1

3 −
a2

3 + 4a3 (5.73)

+
(

1
2 − λ

)2
(9a1 + 17a2)

)
,

MZT̄ 2 = 0 , (5.74)

Z̄ Terms : MZZ̄ = 1
8R̂3V 1/3

1
(9a1 + 17a2) . (5.75)

For completeness, we restate that

∂Tm∂T̄ lKT = −dlmiai

4R̂2V 1/3
+ dmija

iajdlpqa
paq

16R̂4V 2/3
, (5.76)

where

d1jka
jak = 2

3a
1a2 + 1

3(a2)2 + 2a2a3 , (5.77)

d2jka
jak = (a1)2

3 + 2
3a

1a2 + 2a1a3 , (5.78)

d3jka
jak = 2a1a2 . (5.79)
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Using the above results, one can now calculate the coefficients of the quadratic scalar
soft supersymmetry breaking terms to linear order in ε′S . Recall from (5.34) that

m2
IJ̄

= m
(0)2
IJ̄

+m
(ε′S)2
IJ̄

. (5.80)

Then it follows from (5.35), (5.40) and (5.59) that

m
(0)2
IJ̄

= 1
R̂

(
m2

3/2 −
1
3F

aF̄ b̄(∂a∂b̄KT )
)
GIJ̄ , (5.81)

and from (5.36), (5.46) and (5.60) that, in unity gauge for L = OX(2, 1, 3) with Wi =
(9, 17, 0),

m
(ε′S)2
IJ̄

=
(m2

3/2

2R̂V

[(2
3 + 9

(
1
2 − λ

)2
)
a1 +

(
−1

3 + 17
(

1
2 − λ

)2
)
a2 + 4a3

]
−F aF̄ b̄M (ε′S)

ab̄

)
GIJ̄ ,

(5.82)
with the coefficients of M (ε′S)

ab̄
given in (5.61) — (5.75). Adding (5.81) and (5.82), the scalar

masses squared m2
IJ̄

can be put in the simple form

m2
IJ̄

= m2
s

(
a1, a2, a3

)
GIJ̄ , (5.83)

where m2
s is a moduli-dependent function which is independent of the I, J̄ indices. This

function can be computed at any point inside the “viable” region of Kähler moduli space
associated with L = OX(2, 1, 3). Recall that we have assumed that GIJ̄ is a moduli-
independent matrix, with numerical entries.

5.3 Cubic scalar coefficients

The generic form for the mass-dimension-one coefficients of the cubic scalar soft supersym-
metry breaking terms were shown in [54, 56–58] to be

aIJK = F a
(
∂aYIJK + 1

2

(
∂aK̂

)
YIJK − 3ΓNa(IYJK)N

)
, (5.84)

where K̂ is given in (4.2), (4.3) and (4.5), and YIJK is

YIJK = eK̂/2ŶIJK = eK̂/22
√

2πα̂GUT yIJK , (5.85)

with α̂GUT defined in (2.19), yIJK the Yukawa couplings at mass scale 〈MU 〉 and, as defined
in (5.27),

ΓNaI = ZNJ̄∂aZJ̄I . (5.86)

Noting that (5.85) implies
∂aYIJK = 1

2(∂aK̂)YIJK , (5.87)

it follows that expression (5.84) can be simplified to

aIJK = F a
(
(∂aK̂)YIJK − 3ΓNa(IYJK)N

)
. (5.88)
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As discussed previously, subject to the assumption that

Z
(0)
IJ̄

= eKT /3GIJ̄ , (5.89)

it follows from (5.53) and (5.54) that

ΓNaI = Γ(0)N
aI + Γ(ε′S)N

aI =
(

1
3(∂aKT ) + ε′S

2 ∂a
(

(T + T̄ )i

(S + S̄)
[X]i

))
δNI , (5.90)

where [X]i is defined in (5.55). Furthermore, the symmetry of the cubic couplings YIJK
implies that

ΓNa(IYJK)N =
[

1
3(∂aKT ) + ε′S

2 ∂a
(

(T + T̄ )i

(S + S̄)
[X]i

)]
YIJK . (5.91)

Inserting this into (5.88) and using (4.2), it follows that

aIJK = F a∂a

(
K̃S −

3
2ε
′
S

(T + T̄ )i

(S + S̄)
[X]i

)
YIJK . (5.92)

To compare this result to the formalism for the soft terms in the B−L MSSM presented
in [76], it is convenient to write (5.92) in the form

aIJK = A(S, T i, Z) yIJK , (5.93)

where A is the specific function of the moduli given by

A
(
S, T i, Z

)
= 2

√
2πα̂GUT eK̂/2F a∂a

(
K̃S −

3
2ε
′
S

(T + T̄ )i

(S + S̄)
[X]i

)
. (5.94)

As discussed in detail in [23, 24], in the renormalization analysis of the B − L MSSM the
experimental values of the quark and lepton Yukawa parameters yIJK are entered into the
theory at the electroweak scale. These parameters are then run up using the RGEs to give
precise values for the Yukawa couplings yIJK at the unification scale 〈MU 〉. Hence, the
yIJK parameters in the above analysis and in (5.93) are completely specified. Hence, the
only unknown part of the soft supersymmetry breaking cubic parameters is the universal
moduli function A defined in (5.94). Its exact value will depend on where it is evaluated in
moduli space. We note, for completeness, that the renormalization group equation used
in [23, 24] sets all Yukawa parameters to zero except for the top and bottom quarks and
for the tau lepton, including in the soft supersymmetry breaking terms. As shown in earlier
work, the remaining Yukawa parameters are too small to lead to significant effects and are
hence ignored.

The ∂a
(
K̃S− 3

2ε
′
S

(T+T̄ )i
(S+S̄) [X]i

)
factors in the universal soft supersymmetry breaking cubic

coefficient (5.94) can be explicitly calculated as functions of the moduli using (4.10) and the
expression for [X]i in (5.55). However, the generic results are not particularly enlightening.
As we did in previous sections, we will present each of these quantities written in terms of
the variables R̂, ai, V and λ, and restricted to the case of the line bundle L = OX(2, 1, 3)
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discussed above. Furthermore, we will present the results in unity gauge defined in (5.44).
For this specific case, defining the indices a = S, T 1, T 2, T 3, Z, we find that

∂S

K̃S −
3
2ε
′
S

(
T + T̄

)i(
S + S̄

) [X]i

 = − 1
2V

(
1− 1

2V
(
2a1 − a2 + 12a3

)
(5.95)

− 3
2V
(
λ− 1

2

)2(
9a1 + 17a2

))
,

∂T i

K̃S −
3
2ε
′
S

(
T + T̄

)l(
S + S̄

) [X]l

 = − 1
4R̂V 2/3

[
(2,−1, 12)i (5.96)

+
(

3− 2
(
λ+ 1

2

)2
)

(9, 17, 0)i
]
,

∂Z

K̃S −
3
2ε
′
S

(
T + T̄

)i(
S + S̄

) [X]i

 = 1
2R̂V 2/3

(
3− 2

(
λ− 1

2

))
. (5.97)

Putting these results into (5.94) and computing the associated F-term fields F a using the
results of section 3, it follows from (5.94) that one can compute the universal A coefficient
for any given point in the “viable” region of Kähler moduli space associated with the line
bundle L = OX(2, 1, 3).

5.4 The holomorphic quadratic term

The generic form for the mass-dimension-two coefficient of the quadratic scalar soft super-
symmetry breaking terms CICJ + h.c. was shown in [54, 56, 57] to be

BIJ = F a
(
∂aµIJ + 1

2

(
∂aK̂

)
− 3ΓNa(IµJ)N

)
−m3/2µIJ (5.98)

where K̂ is given in (4.2), (4.3) and (4.5), m3/2 is defined in (5.6) and

µIJ = eK̂/2µ̂IJ , (5.99)

with µ̂IJ the dimension-one parameter of the CICJ holomorphic term in the superpotential.
Note that the three terms in the brackets in (5.98) are exactly of the same form as the

expression for aIJK given in (5.84) in the previous subsection, with YIJK now replaced by
µIJ . Using the fact that µIJ is symmetric in IJ , and following the same procedure as was
used to evaluate aIJK above, we find that

F a
(
∂aµIJ + 1

2(∂aK̂)− 3ΓNa(IµJ)N
)

= F a∂a

(
K̃S −

3
2ε
′
S

(T + T̄ )i

(S + S̄)
[X]i

)
µIJ , (5.100)

where K̃S is defined in (4.3) and [X]i is presented in (5.55). It follows that

BIJ = eK̂/2
[
F a∂a

(
K̃S −

3
2ε
′
S

(T + T̄ )i

(S + S̄)
[X]i

)
−m3/2

]
µ̂IJ . (5.101)
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Restricting these expression to the line bundle L = OX(2, 1, 3) discussed above and
expressing the results in the variables R̂, ai, V and λ in unity gauge, BIJ can then
be evaluated using expressions in (5.95), (5.96), (5.97) and (5.6). As was the case for the
aIJK coefficients above, it is useful to write BIJ in the form

BIJ = B(S, T i, Z)µ̂IJ , (5.102)

where B is a function of the moduli given by

B(S, T i, Z) = eK̂/2
[
F a∂a

(
K̃S −

3
2ε
′
S

(T + T̄ )i

(S + S̄)
[X]i

)
−m3/2

]
. (5.103)

To compare this result to the superpotential and the soft terms in the B − L MSSM
presented in (5.2) and (5.4) respectively, we note that

µ̂IJ =

µ for I = Hu, J = Hd or I = Hd, J = Hu ,

0 for other choices of I, J ,
(5.104)

and, therefore, that

BIJ =

b for I = Hu, J = Hd or I = Hd, J = Hu ,

0 for other choices of I, J ,
(5.105)

where
b = B(S, T i, Z)µ . (5.106)

We note that in this paper, as with previous work [23, 36–38, 97], we make no attempt
to solve the “µ problem” [98]. Therefore, the value of the parameter µ at the unification
scale is unconstrained. However, unlike our previous work, where the b parameter was also
unconstrained, in the present paper the ratio

b

µ
= B(S, T i, Z) (5.107)

is constrained at the unification scale for any given viable point in moduli space. Hence,
constraint (5.107) must be satisfied for any initial black point to be acceptable.

6 Realistic soft supersymmetry breaking terms

Prior to the present paper, the 24 independent coefficients of the soft supersymmetry breaking
terms for the B − L MSSM were unknown and, with the exception of a small number of
constraints, completely arbitrary. Hence, to compute the low energy phenomenological
predictions of the theory, in previous work [23, 24] the RGEs were run down from the
unification scale to the electroweak scale using arbitrary “initial” soft breaking coefficients,
chosen statistically by scattering their values arbitrarily over a large range. To achieve
phenomenologically realistic results, it was necessary that a) the gauged B − L symmetry
be spontaneously broken at a sufficiently high scale, b) electroweak symmetry be broken
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with the correct W± and Z0 boson masses, c) that the Higgs mass have its experimental
value and, finally, d) that all sparticle masses be above their present experimental lower
bounds. Not all such initial “points” in the space of coefficients satisfied all of these criteria
and, hence, these specific coefficients were not acceptable. However, it was shown in a
number of papers [23, 24, 97] that a surprisingly large number of such arbitrarily chosen,
non fine-tuned initial points did, indeed, satisfy all experimental criteria. These were named
“black” points. The physical predictions associated with different “black” points were studied
in detail in [23, 36–38].

However, in sections 3, 4 and 5 of this paper, we have presented explicit calculations of
all of the soft supersymmetry breaking parameters in the B − L MSSM assuming gaugino
condensation in the hidden sector of the theory. Since these parameters are dependent on
the form of the hidden sector vector bundle, as well as on the various moduli of the vacuum,
we restricted our generic results to the specific case of the hidden sector associated with
the line bundle L = OX(2, 1, 3). In this section, we will compute the values of these soft
supersymmetry breaking parameters at all points in the “viable” moduli space, discussed in
section 2, associated with L = OX(2, 1, 3). Importantly, however, as noted at the end of
section 2, each point in the “viable” moduli space is associated with both the split Wilson
lines and the simultaneous Wilson lines scenarios, albeit with somewhat different values
of the fundamental parameters. A full RG analysis would require that one state which
of these two scenarios will be chosen. The split Wilson lines scenario is technically more
complicated since it requires the addition of an “intermediate” scaling regime between the
mass scales of the two Wilson lines. However, the length of this additional mass interval
turns out to be much smaller than an order of magnitude and, in the end, the values of the
fundamental parameters are only slightly different from those of the simultaneous Wilson
lines scenario. It follows that it is considerably simpler, and numerically almost identical to
the accuracy we are working, to use the simultaneous scenario when doing a RG analysis
in the context of the soft supersymmetry breaking parameters. For these reasons, we will
use the simultaneous Wilson lines scenario for the remainder of this paper. Doing this, we
will determine, at any given “viable” point in Kähler moduli space, whether or not any of
these initial coefficients are phenomenologically acceptable “black” points. Furthermore,
we will present the complete Kähler moduli subspace for which each point allows such
“black” points.

We begin our analysis with the soft supersymmetry breaking gaugino mass terms
presented in (5.18) of section 5. There we found that

M1/2 = 1
2 Re f1

F a∂a Re f1

=
1
2F

S + ε′S
29
12F

T 1 + ε′S
25
6 F

T 2 + ε′SF
T 3 − ε′S 1

2F
Z

2
(
V + 1

3a
1 − 1

6a
2 + 2a3 + 1

2

(
1
2 − λ

)
(9a1 + 17a2)

) . (6.1)

It is important to note that, although dependent on the Kähler moduli, it has the same
value for each of the gauginos associated with SU(3)C , SU(2)L,U(1)3R and U(1)B−L. That
is, it does not depend on the gauge group factor. Hence, the first prediction of our theory
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is that the soft supersymmetry breaking gaugino masses are universal at any fixed point in
Kähler moduli space at the unification scale. That is,

M3 = M2 = M3R = MBL = M1/2 . (6.2)

Computing the expression in (6.1) at different points (a1, a2, a3) across the “viable” region
of Kähler moduli space associated with L = OX(2, 1, 3) — shown in figure 1 — will further
fix the scale of these mass terms and their sign.

Next, consider the soft supersymmetry breaking cubic scalar couplings. These were
computed in (5.93) of the previous section and found to be

aIJK = A(S, T i, Z) yIJK , (6.3)

where yIJK are the Yukawa couplings at the unification scale and A is the specific function
of the S, T i and Z moduli given by

A
(
S, T i, Z

)
= 2

√
2πα̂GUT eK̂/2F a∂a

K̃S −
3
2ε
′
S

(
T + T̄

)i
(S + S̄)

[X]i

 . (6.4)

The Yukawa couplings at the unification scale are computed from their experimental values
at the electroweak scale using the RG. That is, near the unification scale, all cubic couplings
are proportional to the Yukawa couplings with the same moduli-dependent proportionality
function A.

Finally, it follows from (5.80), (5.81) and (5.82) that the expression for the squared
scalar masses m2

IJ̄
can be put in the simple form

m2
IJ̄

= m2
s(a1, a2, a3)GIJ̄ , (6.5)

where m2
s is a moduli-dependent function, independent of the I, J̄ indices, given by

m2
s(a1, a2, a3) = 1

R̂

(
m2

3/2 − 1
3F

aF̄ b̄(∂a∂b̄KT )
)

+
m2

3/2

2R̂V

[(
2
3 + 9

(
1
2 − λ

)2
)
a1

+
(
−1

3 + 17
(

1
2 − λ

)2
)
a2 + 4a3

]
− F aF̄ b̄M (ε′S)

ab̄
. (6.6)

Unlike the gaugino mass terms and the cubic couplings which are determined for fixed
Kähler moduli, there is a level of arbitrariness in the moduli-independent matrix GIJ̄ that
one cannot eliminate in the case of the scalar squared masses. As we mentioned earlier,
currently there is no way to compute GIJ̄ explicitly. However, the absence of flavor changing
neutral currents in low-energy experiments restricts this matrix to be diagonal [99–103].
Considering this, the simplest choice one can make for GIJ̄ is to assume that it has equal
entries; that is, it is proportional, with an arbitrary non-vanishing constant, to δIJ̄ . This
is a typical case considered in unification scenarios, where all soft squared scalar masses
are taken to be universal. We find, however, that we can never break B − L symmetry in
this simple universal case. The reason is that in the B − L MSSM, the third generation
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right-handed sneutrino mass squared must turn negative at low energy in order to trigger
B − L symmetry breaking. However, when the scalar squared masses are universal at the
input scale 〈MU 〉 this is never possible, as we now show.

As presented in [76, 104, 105], the right-handed sneutrino mass RGE is

16π2 d

dt
m2
ν̃c3

= −3g2
BLM

2
BL − 2g2

RM
2
3R + 3

4g
2
BLSBL − g2

RSR , (6.7)

where

SBL = Tr(2m2
Q̃
−m2

ũc −m2
d̃c
− 2m2

L̃
+m2

ν̃c +m2
ẽc) ,

SR = m2
Hu −m

2
Hd

+ Tr
(
−3

2m
2
ũc + 3

2m
2
d̃c
− 1

2m
2
ν̃c + 1

2m
2
ẽc

)
.

(6.8)

The analytic solution for the right-handed sneutrino mass at the B − L scale is then given
by

m2
ν̃c3

(MB−L) =

m2
ν̃c3

(〈MU 〉)+ 1
14

g4
R(〈MU 〉)−g4

R(MB−L)
g4
U

M3R(〈MU 〉)2+ 1
8

g4
BL(〈MU 〉)−g4

BL(MB−L)
g4
U

MBL(〈MU 〉)2

+ 1
14

g2
R(〈MU 〉)−g2

R(MB−L)
g2
R(〈MU 〉)

SR(〈MU 〉)−
1
16

g2
BL(〈MU 〉)−g2

BL(MB−L)
g4
U

SBL(〈MU 〉) . (6.9)

Since Abelian gauge couplings grow larger at higher scales, a tachyonic sneutrino is possible
only when SR is negative and/or SBL is positive at the unification scale. For universal soft
scalar masses, however, both S terms exactly vanish at the unification scale. It follows that
universal scalar soft masses are physically unacceptable in the B − L MSSM.

A more general, and more suitable, choice for GIJ̄ is a diagonal matrix with distinct
values for different particle types. The matrix elements of GIJ̄ are not expected to depend
on the particle families. Hence, we set diagonal entries to be equal for different generations
of the same sparticle representations-differentiating only between squarks, sleptons and up-
and down-Higgs scalars. Specifically, we set

GQ̃1
=GQ̃2

= GQ̃3
,

Gũc1 = Gũc2 = Gũc3 , Gd̃c1 = Gd̃c2 = Gd̃c3 ,

GL̃1
=GL̃2

= GL̃3
,

Gν̃c1 = Gν̃c2 = Gν̃c3 , Gẽc1 = Gẽc2 = Gẽc3 ,
GH̃u 6= GH̃d .

(6.10)

That is, GIJ̄ will be a diagonal matrix composed of the eight independent parameters
in (6.10). Having done this, we must state how to choose the numerical values of these
quantities. Since, at present, it is unknown how to calculate them, one could either a)
simply assign them fixed values or b) as was done for all soft supersymmetry breaking
coefficients in previous work [23, 36, 38, 76] — including the gaugino masses and cubic
scalars — choose them statistically within some suitable size range. In this paper, we
will follow the statistical approach. That is, at any given point in moduli space, we will
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calculate, using (6.6), the universal coefficient m2
s(a1, a2, a3). The GIJ̄ matrix will be taken

to be of the generic form given in (6.10). However, the values of its eight independent
diagonal coefficients will be chosen statistically. That is, we will treat each such coefficient
as uncorrelated from the others, and assign to any given coefficient random values, varying
between 1

10 and 10, according to a log-normal distribution. That is,

GQ̃1,ũc1,d̃
c
1,L̃1,ν̃c1 ,ẽ

c
1,H̃u,H̃d

∈
[ 1

10 , 10
]
. (6.11)

This choice of distribution for the matrix elements ensures that no scalar mass squared
differs by more than an order of magnitude from the universal coefficient value m2

s at any
given point in moduli space. Furthermore, within this ensemble, all scalar masses are within
the same order of magnitude of each other. Therefore, this statistical distribution can
be considered a mild deviation from the universal case where GIJ̄ = δIJ̄ , but one that,
as we show below, allows for B − L symmetry breaking. Before continuing, we want to
emphasize that we are using a statistical approach for m2

IJ̄
only. The soft gaugino and

cubic scalar coefficients are fixed by (6.1) and (6.4) respectively and, therefore, are not
statistical. This should be compared with previous work [23, 36, 38, 97] where, having
no theory for calculating any of the soft supersymmetry breaking terms (the gauginos,
cubic scalars and scalar mass terms) one was forced to chose the values of each of these 24
independent coefficients statistically. There is one final parameter in the initial data of the
RG simulation that is thrown at random; that is

tan β ∈ [1.2, 65] . (6.12)

The upper and lower bounds for tan β are taken from [98] and are consistent with present
bounds that ensure perturbative Yukawa couplings.

Importantly, in this paper, there is now an additional constraint imposed by the b
parameter in the B − L MSSM soft SUSY breaking Lagrangian. Although we can now
compute the value of this parameter at the unification scale (see (5.106) and (5.107)),
we have so far omitted it from our discussion. The reason we have, thus far, neglected
b is that it is not among the initial parameters that are thrown in the RG simulation
in [23, 24]. In the original RG formulation, both parameters µ and b, from the B − L
MSSM superpotential (5.1) and the soft supersymmetry breaking terms (5.4) respectively,
are computed separately at the electroweak scale to ensure the correct value of the Z0 mass
and to guarantee that the low energy vacuum is stable. Specifically, the RG simulations
calculate the values of µ and b at the EW scale using the mathematical constraints

µ2 =
m2
Hu

tan2 β −m2
Hd

1− tan2 β
− 1

2M
2
Z (6.13)

and
2b

sin 2β = 2µ2 +m2
Hu +m2

Hd
(6.14)

respectively. The RG simulation that we use is hard-coded this way. Modifying it so as to
include the b parameter in the initial data at high energy scale would pose a significant
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challenge, that we can easily avoid. We will do so by running the initial RG simulation using,
as previously, the initial data for the soft gaugino masses, as well as the soft cubic scalar
couplings, all computed at fixed points in the moduli space. The remaining free-parameters,
that we will throw at random, are the matrix elements GIJ̄ and tanβ. If the full RGE
analysis produces “black” points, each will have different values of µ and b computed at low
energy, using (6.13) and (6.14), for the different values of tan β and matrix elements that
were thrown. However, not all such “black” points are truly acceptable. For each of them,
we need to run the values of b and µ up to the unification scale using their own RGEs,
and check to see if the ratio b

µ satisfies (5.107). If the ratio is correct, then this is called
an acceptable “black” point. However, if (5.107) is not satisfied, then this “black” point is
not physically acceptable. The RGEs for both b and µ are presented in the appendix, and
discussed there in detail.

We will now give an example of this process. To begin, we choose a point (a1, a2, a3) =
(0.910, 1.401, 0.163) inside the “viable” region of Kähler moduli space shown in figure 1.
Restricting our analysis to this point, we use (6.1), (6.4) and (6.6) to compute

M1/2 = −13,290 GeV , A = 2,170 GeV , ms = 4,079 GeV . (6.15)

These values can be used as initial data for our RG simulation. However, there remain unfixed
initial data — specifically, the eight scalar matrix elements of GIJ̄ and tan β ∈ [1.2, 65],
both of which are thrown randomly. Using the so-created initial data sets, we run the RG
simulation presented above. Some of these initial data sets pass all the physical requirements
discussed above. We call these initial throws “black” points. We can plot these as “black”
points on a two-dimensional graph of SBL versus SR, which are defined in (6.8). These two
parameters are of great importance in our model as they set the scale of B − L breaking.
To put some numbers on this, at our chosen point we statistically throw 10 million sets
of random initial data. We find that 3,330 of these sets are “black” points. However, as
discussed above, not all of these “black” points lead to the correct value of b/µ at the
unification scale. To analyze this, one must take each choice of initial conditions, run them
down to the EW scale using the RGEs, calculate both parameters b and µ at that scale
and then, using the RG formalism given in appendix A, run both parameters up to the
unification scale and compute b/µ at the scale 〈MU 〉. If the result satisfies constraint (5.107),
then that “black” point is an acceptable “black” point. We find that out of the 3,330 “black”
points, only 356 additionally satisfy the constraint on b/µ. We present these results in
figure 3. All 3,330 points are shown and colored either red or black. The “red” points are
“black” points that, in addition, satisfy the b/µ constraint, whereas the remaining 2,974
“black” points that do not satisfy this constraint are simply shown in black.

To make this process more concrete, let us consider a set of initial parameters given by
mQ̃1

= mQ̃2
= mQ̃3

= 12,688 GeV , mũc1
= mũc2

= mũc3
= 2,232 GeV ,

md̃c1
= md̃c2

= md̃c3
= 3,247 GeV , mL̃1

= mL̃2
= mL̃3

= 2,168 GeV ,

mν̃c1
= mν̃c2

= mν̃c3
= 2,495 GeV , mẽc1

= mẽc2
= mẽc3

= 14,480 GeV ,
mHu = 3879 GeV , mHd = 2,783 GeV ,

(6.16)

M1/2 (= M3 = M2 = M3R = MBL) = −13,290 GeV ,
A (= At = Ab = Aτ ) = 2,170 GeV , tan β = 4.79 .
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Running these initial conditions down to the EW scale with our RG formalism, we find
that it is indeed a “black” point. But is it an acceptable “black” point, that is, can it be
promoted to a “red” point? To determine this, we calculate the associated values of µ and
b at the EW scale using the fact that, at the EW scale,

m2
Hu = −(12,643 GeV)2 , m2

Hd
= (8,702 GeV)2 . (6.17)

It then follows from (6.13) and (6.14) that at this scale

µ = 13,060 GeV , b = (7,169 GeV)2 . (6.18)

Before proceeding, it is important to note that we found the low energy value of µ using
eq. (6.13), which also allows for the negative solution µ = −13,060GeV. Although negative
values of µ are allowed in the B−L MSSM, we find that the low energy ratio b/µ can never
be RG scaled to the value of this ratio predicted by (5.107). Hence, one need only consider
the positive roots of µ in eq. (6.13). Using (6.18), we find that

b

µ
(MZ) = 3,936 GeV. (6.19)

However, as discussed above, one must now run this ratio back up to the unification scale
using the RG analysis given in appendix A.

To do this it is necessary to determine the scaling “regimes” appropriate for the chosen
set of initial conditions. Define

MSUSY = √mt̃1mt̃2 (6.20)

to be the approximate scale of the sparticle masses,6 and MB−L the scale of spontaneous
B − L breaking. Then our RG analysis tells us that, for our chosen initial conditions (6.16)
at the point (a1, a2, a3) = (0.910, 1.401, 0.163) in Kähler moduli space,

MSUSY = 18,101 GeV, MB−L = 4,257 GeV. (6.21)

Since MB−L < MSUSY , this is known as an “upside-down” mass hierarchy. It follows
that the RGEs for µ and b pass through three scaling regimes; namely, MZ → MB−L,
then MB−L → MSUSY and finally MSUSY → 〈MU 〉. Using the RG analysis given in the
appendix, we plot the value of b/µ from MZ , through MB−L, through MSUSY up to the
unification scale. The result is shown as the red line in figure 4. In particular, we find that

b

µ
(〈MU 〉) = 2,008 GeV . (6.22)

This is exactly the value predicted by expression (5.107) at this point in moduli space.
Thus, the initial conditions we gave in (6.16) actually define a “red” point. We emphasize
this specific “red” point in figure 3 by surrounding it with a red circle. However, at the
same point in Kähler moduli space, (a1, a2, a3) = (0.910, 1.401, 0.163), not all “black” points

6MSUSY is a low energy supersymmetry breaking scale and should not be confused with msusy.
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Figure 3: Plot of the “black” points obtained after running the RGE simulation at the
point (a1, a2, a3) = (0.910, 1.401, 0.163). We statistically throw 10 million sets of random
initial data. The 3,330 “black” points we obtain are further divided into two sets by color.
With red we display the acceptable “black” points” that, in addition, have the correct b

µ

value at the unification scale (eq. (6.22)). The remaining 2,974 unacceptable “black” points
that do not satisfy this constraint are shown in black. Two points are circled in this plot.
The point circled in red is an acceptable “black” point which has the initial data given
in (6.16). The point circled in black is an unacceptable “black” point which has the initial
data shown in (6.23).

satisfy the constraint on b/µ at the unification scale. For example, consider a different set
of random initial data given by

mQ̃1
= mQ̃2

= mQ̃3
= 11,490 GeV , mũc1

= mũc2
= mũc3

= 14,042 GeV ,

md̃c1
= md̃c2

= md̃c3
= 3,529 GeV , mL̃1

= mL̃2
= mL̃3

= 5,974 GeV ,

mν̃c1
= mν̃c2

= mν̃c3
= 1,176 GeV , mẽc1

= mẽc2
= mẽc3

= 11,809 GeV ,
mHu = 3,557 GeV , mHd = 7,095 GeV ,

(6.23)

M1/2 (= M3 = M2 = M3R = MBL) = −13,290 GeV ,
A (= At = Ab = Aτ ) = 2,170 GeV , tan β = 3.16 .

Running these initial conditions down to the EW scale with our RG formalism, we find that
it is indeed a “black” point. But, is it an acceptable “black” point; that is, a “red” point?
To determine this, we calculate the associated values of µ and b at the EW scale using the
fact that, at the EW scale,

m2
Hu = −(13,555 GeV)2 , m2

Hd
= (9,162 GeV)2 . (6.24)
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Figure 4: We show how the ratio b/µ runs between the EW scale and the unification
scale for two different points in our simulation. The red line corresponds to the acceptable
“black” point circled in red in figure 3 and with initial data shown in (6.16). This point
corresponds to an “upside-down” hierarchy with MBL = 4,257GeV, MSUSY = 18,101GeV
(these scales are indicated with vertical solid lines). The ratio b/µ runs from 3,936GeV at
the EW scale, to 2,008GeV near the unification scale. This matches the high energy value
predicted in (6.22), and is marked with a green cross. The black line corresponds to the
unacceptable “black” point circled with black in figure 3 and which has initial data shown
in (6.23). This point corresponds to an “upside-down” hierarchy with MBL = 6,099GeV,
MSUSY = 18,845GeV (these scales are indicated with vertical dashed lines, though they are
very close to the solid lines in the “acceptable” case). The ratio b/µ runs from 6,433GeV at
the EW scale, to 4,436GeV near the unification scale, far from the correct high energy value.

It then follows from (6.13) and (6.14) that at this scale

µ = 14,610 GeV, b = (9,695 GeV)2 . (6.25)

Using (6.25), we find that the ratio is

b

µ
(MZ) = 6,433 GeV . (6.26)

However, as discussed above, one must now run this ratio back up to the unification scale
using the RG analysis given in the appendix. Again, we need to determine the scaling
“regimes” appropriate for this black point. For the initial coefficients given in (6.23), our
RG analysis tells us that

MSUSY = 18,845 GeV, MB−L = 6,099 GeV. (6.27)
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As in the previous example, since MB−L < MSUSY , this is an “upside-down” mass hierarchy.
It follows that the RGEs for µ and b pass through the same three scaling regimes as before;
namely, MZ →MB−L, then MB−L →MSUSY and finally MSUSY → 〈MU 〉. Using the RG
analysis given in the appendix, we plot the value of b/µ from MZ , through MB−L, through
MSUSY up to the unification scale. The result is shown as the black line in figure 4. In
particular, we find that

b

µ
(〈MU 〉) = 4,436 GeV . (6.28)

This result is quite far from the required value b/µ = 2, 008 GeV at the unification scale
given in (6.22). That is, the initial conditions given in (6.23) define a “black” point, but
they cannot be promoted to a “red” point since they do not satisfy the constraint on b

µ

at the unification scale. This specific initial data is plotted as a “black” point in figure 3
surrounded by a black circle.

In the rest of this section, we will extend our analysis from the single sample point
(a1, a2, a3) = (0.910, 1.401, 0.163) inside the “viable” region of Kähler moduli space in
figure 1, to the entire “viable” region. We do this using a statistical analysis, exactly as
was done for the specific point (a1, a2, a3) = (0.910, 1.401, 0.163) above, but now applied to
every point in the viable region of moduli space. We sample 10,000 values of (a1, a2, a3)
across the “viable” region of the Kähler moduli space. At each point, we compute ms, M1/2
and A, and then run the RGE simulation with 1,000 initial “throws”. The results are shown
in figure 5.

The structure of figure 5(a) is the following. To begin, we a find subregion, highlighted
in green, in which any point can lead to a “black” point in the RGE simulation. Comparing
this to figure 5(b), we find that across this green subregion the scale of soft SUSY breaking,
msusy, is roughly within [1 TeV, 105 TeV]. However, not all points within this green region
can produce acceptable “black” points, that is, “black” points that can be promoted to “red”
points. We plot in red those points in the region where at least one statistical throw of
the initial parameters leads to an acceptable “black” point. We see that the subregion of
possible “red” points forms a strip within the green subregion. Note that the “red” points
are present in the lower part of the green area, in which the range of msusy is approximately
[1 TeV, 10 TeV]. Above the red strip, but still within the green region, we do obtain “black”
points, but none of them are acceptable — the values of b/µ at the unification scale are
always too large. In the region below this green strip, the scale of the soft SUSY breaking
terms becomes too low to produce “black” points. The reason for this is that our RGE
simulation imposes lower bounds on the superparticle masses. Below the green subregion,
at least one of the sparticle masses becomes too light, violating these experimental bounds.
By cross-comparison between figures 5(a) and 5(b), we find that no “black” points are
produced when msusy . 1 TeV. Similarly, in the surface above the green region, the RGE
simulation also does not produce “black” points. For msusy above ∼ 105 TeV, we find that
the mass of the Higgs boson is always outside current experimental bounds.

We conclude, therefore, that msusy is a good indicator of how the sizes of the soft SUSY
breaking terms vary across the “viable” solution space. Specifically, we learn from the red
strip of acceptable “black” points in figure 5(a), that for gaugino-induced supersymmetry

– 42 –



J
H
E
P
0
8
(
2
0
2
1
)
0
3
3

(a) (b)

Figure 5: (a) In magenta we show the “viable” region of Kähler moduli space that satisfies
all constraints in section 2 for the line bundle L = OX(2, 1, 3). The RGE simulation produces
“black” points when (a1, a2, a3) are sampled within the green subregion. With red we show
points in this green subspace where we find at least one acceptable “black” point-that is, a
“red” point. The region of possible acceptable “black” points forms a strip. The blue cross
indicates the point (a1, a2, a3) = (0.910, 1.401, 0.163) we used for the previous examples
where we found the “black” and “red” points shown in figure 3. (b) Plot of the variation
of the soft SUSY breaking parameter msusy across the “viable” region of Kähler moduli
space in the simultaneous Wilson lines scenario with 〈αu〉−1 = 26.46. This was also shown
in figure 2(b), but we reproduce it here for ease of comparison. The blue cross indicates the
point (a1, a2, a3) = (0.910, 1.401, 0.163). The purple line is the msusy = 1 TeV contour.

breaking with a hidden sector bundle built from the line bundle L = OX(2, 1, 3), soft
supersymmetry breaking is restricted by experimental bounds to lie approximately in the
interval [1 TeV, 10 TeV].
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A RGE solutions for b and µ

In the observable sector, the simultaneous Wilson lines scenario contains the following
scaling regimes. For the “right-side-up” hierarchy, that is, when MSUSY < MB−L, there
are three regimes. From the lowest scale to the highest, these are given by MZ →MSUSY ,
MSUSY →MB−L and MB−L → 〈MU 〉. On the other hand, for the “upside-down” hierarchy
defined by MB−L < MSUSY , there are three different scaling regimes. These are given by
MZ →MB−L, MB−L →MSUSY and MSUSY → 〈MU 〉. The RGEs for all parameters in the
B − L MSSM, with the exception of b and µ, are well known for both of these hierarchies
and the associated regimes [75, 76, 104–106]. In this appendix, we will present the RGEs
for the two remaining parameters, b and µ.

We begin with the right-side-up hierarchy. In the MZ → MSUSY regime, since the
sparticles have decoupled, both b and µ are approximately constant. However, in the
MSUSY →MB−L interval, we find that the RGEs for b and µ are given by

d

dt
b = b

16π2

[
3y∗t yt + 3y∗byb + y∗τyτ − 3g2

2 − 3
5g

2
1

]
+ µ

16π2

[
6aty∗t + 6aby∗b + 2aτy∗τ + 6g2

2M2 + 6
5g

2
1M1

]
,

d

dt
µ = µ

16π2

[
3y∗t yt + 3y∗byb + y∗τyτ − 3g2

2 − 3
5g

2
1

]
,

(A.1)

respectively. In the above, the SM Yukawa couplings, which are 3× 3 matrices in flavor
space, were all approximated to be zero except for the three elements which give mass to
the third-generation SM fermions. The experimentally determined values of these three
coefficients at the EW scale are

yt = 0.9550 , yb = 0.0174 , yτ = 0.0102 . (A.2)

The gaugino masses (M1,M2) and the cubic scalar masses from the SUSY breaking La-
grangian (at, ab, aτ ) enter the RG equations above the SUSY breaking scale. The RG
equations for (at, ab, aτ ) and (M1,M2), as well as for the gauge and Yukawa couplings in
the MSSM, can be found in [24, 98]. Together with the RGEs for b and µ given in (A.1),
they form a complex system of equations that needs to be solved simultaneously to go to
higher scales. This system can be simplified, however, by observing that at low energies
yt � yb, yτ . This relation remains accurate at higher energy scales and, hence, we can drop
the terms containing yb or yτ from the system of equations, including the cubic couplings ab
and aτ which are directly proportional to the Yukawa couplings. Finally, in the last regime
MB−L → 〈MU 〉, we find the RGEs for b and µ to be [24]

d

dt
b = b

16π2

[
3y∗t yt + 3y∗byb + y∗τyτ − 3g2

2 − 3
26g

2
BL − 9

13g
2
R

]
+ µ

16π2

[
6aty∗t + 6aby∗b + 2aτy∗τ +6g2

2M2 + 3
13g

2
BLMBL + 18

13g
2
RMR

]
,

d

dt
µ = µ

16π2

[
3y∗t yt + 3y∗byb + y∗τyτ − 3g2

2 − 3
26g

2
BL − 9

13g
2
R

]
.

(A.3)

The structure of the RGEs in the upside-down hierarchy is somewhat different. In
this case, since the sparticles are integrated out, we again find that b and µ are essentially
constant in both the regimes MZ →MB−L and MB−L →MSUSY . However, in the highest
interval MSUSY → 〈MU 〉, the RGEs given in (A.3) remain valid.
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