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Abstract 

In this work, multi-scale finite element analyses based on three-dimensional (3D) hybrid 

macro/micro-scale computational models subjected to various loading conditions are carried out to 

examine the in-situ effect imposed by the neighboring plies on the failure initiation and propagation 

of cross-ply laminates. A detailed comparative study on crack suppression mechanisms due to the 

effect of embedded laminar thickness and adjacent ply orientation is presented. Furthermore, we 

compare the results of in-situ transverse failure strain and strength between the computational models 

and analytical predictions. Good agreements are generally observed, indicating the constructed 

computational models are highly accurate to quantify the in-situ effect. Subsequently, empirical 

formulas for calculating the in-situ strengths as a function of embedded ply thickness and different 

ply angle between embedded and adjacent plies are developed, during which several material 

parameters are obtained using a reverse fitting method. Finally, a new set of failure criteria for σ22-τ12, 

σ22-τ23, and σ11-τ12 accounting for the in-situ strengths are proposed to predict laminated composites 

failure under multi-axial stress states. This study demonstrates an effective and efficient 

computational technique towards the accurate prediction of the failure behaviors and strengths of 

cross-ply laminates by including the in-situ effects. 
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1. Introduction 

The accuracy of strength prediction of composites is a longstanding challenge and it largely relies 

on the ability of adopted failure criteria to capture damage onset associated with a given failure 

mechanism. When the ply is embedded in a multidirectional laminate, phenomenological failure 

criteria [1] are usually expressed in terms of the in-situ strengths. The in-situ effect refers to the fact 

that the strengths of a single laminar embedded in multi-directional laminates are usually higher than 

those of unidirectional (UD) laminates obtained by classic material tests, due to that the crack 

initiation and propagation in a single laminar are delayed by adjacent plies depending on geometrical 

factors such as ply thickness or ply angles [2, 3].  

Experimental studies have shown that the lay-up of laminated composites significantly affects 

failure modes and ultimate strength. For cross-ply laminates loaded in uniaxial tension, Parvizi et al. 

[2] showed that the transverse tensile strength of a UD ply constrained by plies of different fiber 

orientations, i.e. ply angles, is greater than the strength of the pure UD composites, and further that 

the transverse tensile strength depends on the thickness of the embedded ply. The experiments 

on [��� /90	� ]� cross-ply and [±��� /90	� ]� angle-ply laminates showed that the failure stress or 

strain at the onset of the transverse cracks in 90	�  layer under transverse tension is a function of n 

and θ of the laminates [4]. It should be noted that, while there is no direct experimental evidence of 

the in-situ effect for transverse compression, some recent test containing structural details indicate 

that the ply thickness indeed affects the compressive strengths [5-7]. Also, the experimental results 

indicated that the ply thickness and laminate lay-up have a strong effect on the failure of 

multidirectional laminates subjected to combined tension/compression and shear loading[8]. 

However, the unloading process [9] and improper handling of the specimen during experiments for 

studying in-situ effect in laminated composites could cause some additional damage to the 

instantaneous state of the specimen, which might lead to unrealistic characterization on the in-situ 

effect. Moreover, experimental data are scarce since the measurement techniques used in the past are 

time consuming and involve a lot of specimen handling during testing. 

To overcome the hurdles encountered in experiments, computational simulations using multi-scale 

hybrid models [10-19] have become an effective method to investigate the in-situ effect [20-26]. 

Saito et al. [20] computationally investigated the mechanisms of damage suppression, matrix 

cracking in a thin-ply laminate. They found that the crack propagation behavior in the mid-90° layer 

was significantly influenced by the change in the thickness of embedded plies. Arteiro et al. [21, 22] 

performed micromechanical analysis into the in-situ effects in polymer composite laminates and 

mechanical response of thin plies under transverse tensile and compressive loading. Transverse crack 

suppression effect and the consequent increase of the in-situ transverse tensile and compressive 
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strength were clearly observed in very thin plies. Reinoso et al. [27] used two different approaches 

including fracture mechanics and phase-field modeling to predict the strength of thin ply laminates, 

which provide reliable qualitative and quantitative comparisons with experimental data, confirming 

the accuracy and applicability of computational method to simulate fracture events in thin ply 

laminates at industrial level. Parvizi et al. [2] studied the influence of the ply thickness on the 

strain-to-failure of the 90° layers on glass-epoxy cross-ply [0/90]s laminates by varying the relative 

thickness of the inner 90° layers with respect to the supporting 0° plies. They found that thinner 

internal layers have higher critical strain for crack initiation and the crack density. However, one 

main shortcoming of the aforementioned studies is that they tend to neglect the effect of stiffness of 

the neighboring outer plies, which is highly depending on ply angles. 

In addition to experimental and computational works mentioned above, analytical models to 

predict the in-situ transverse tensile strengths Y���  and in-plane shear strength S���  were firstly 

proposed by Camanho et al. [3] for thick and thin plies. Later, it was also shown that the in-situ 

transverse compressive strength Y��� , and out-of-plane shear strength S���  can be estimated based on S���  [1, 28]. All these models have been intensively used, and the ability to correctly estimate the 

in-situ strengths have been proved for conventional [0/90/0] cross-ply laminates [22, 29]. 

Furthermore, an analytical model has been developed by Larry et al. [30] to describe the effect of 

load distribution on the fiber buckling strength of UD composites and determine the in-situ fiber 

buckling strength (X��� ) of notched composites under longitudinal compression loading, which was 

determined to be 1.78 times higher than the intrinsic fiber buckling strength (X�) [30]. Afterwards, 

the calculated in-situ strengths from analytical models were incorporated with the failure criteria to 

predict failure behaviors of laminated composite structures. However, it should be noted that 

above-mentioned analytical models for predicting in-situ strengths Y��� , Y��� ,  S��� , S��� , and X���  also 

neglect the effect of the laminates’ lay-up or the stiffness of the neighboring outer plies that constrain 

the embedded ply. Despite of these progresses, general theoretical formulations for reliable and 

accurate in-situ strength predictions with full consideration of the constraining effect of adjacent 

plies and the embedded laminar thickness are still urgently demanded.  

The objective of this work is to systematically study the in-situ effect in cross-ply laminates under 

transverse tension, transverse compression, in-plane/out-of-plane shear, and longitudinal 

compression by considering both the embedded ply thickness and stiffness of adjacent ply. We utilize 

3D hybrid macro/micro-scale models consisting of a detailed micromechanics RVE model between 

two homogenized outer plies represented by macroscopic models. Subsequently, comparisons 

between the results of in-situ transverse tensile failure strain (���� ), strength (Y��� ), and in-situ 

transverse compressive strength (Y��� ) obtained from computational models and analytical models are 
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presented to validate our modeling strategy. In addition, we propose empirical formulas for 

calculating the in-situ strengths Y��� , Y��� ,  S��� , S��� , and X���  as a function of mid-90° ply thickness b 

and different ply angle ∆��  between mid-ply and adjacent ply, during which several material 

parameters are obtained using a reverse fitting method. Finally, the in-situ strengths Y��� , Y��� ,  S��� , S��� , and X���  incorporating the in-situ effects are leveraged to develop a set of RVE-based failure 

criteria for σ22-τ12, σ22-τ23, and σ11-τ12 , which are capable of predicting laminated composites failure 

under multi-axial stress states. 

2. Constitutive modeling for the cross-ply laminates 

2.1. Micromechanics RVE model used for mid-plies 

In the micromechanics RVE model, we differentiate three phases, which are carbon fiber, the 

interphase region, and resin matrix. We also use zero-thickness cohesive elements to represent the 

interface between fiber and the interphase region. The same configuration has been used in our 

previous studies [10, 11]. Carbon fibers are assumed to be transversally isotropic and linearly elastic. 

The five independent material constants of AKSACA carbon fibers are provided by the Dow 

Chemical company, as listed in Table 1. The average fiber diameter is 7 μm, which gives rise to a 

fiber volume fraction of 51.4%. The matrix adopted in this study is developed by the Dow Chemical 

company. Uniaxial tensile, compressive, and Mode I fracture toughness tests are conducted 

according to ASTM D638 [31], ASTM D695 [32], and ASTM E399 [33], respectively. Table 1 

summarizes the basic epoxy properties obtained through experiments, where Em is Young’s modulus; 

vm is Poisson’s ratio in the elastic region; vp refers to the Poisson’s ratio in the plastic region; σft is 

tensile strength; σfc is compressive strength; and GIC represents the Mode I fracture toughness. The 

matrix of epoxy is modeled as isotropic elasto-plastic and it follows isotropic damage law proposed 

by Melro et al. [34], implemented as an VUMAT user subroutine of the FE commercial software 

Abaqus [35]. A paraboloidal yield criterion, defined as a function of the stress tensor and the 

compressive and tensile yield strength, is used together with a non-associative flow rule, which 

allows for an accurate description of the volumetric deformation in plastic regime. Damage onset is 

defined by a damage activation function similar to the paraboloidal yield criterion but with actual 

compressive and tensile strengths of the epoxy matrix instead.  

A submicron-thick interphase region exists between carbon fibers and the matrix. It has been 

demonstrated that the interphase property has a significant influence on the composite mechanical 

performance [11, 36, 37]. The properties of the interphase region have been calibrated based on 

molecular dynamics simulations and an analytical gradient model as shown in our previous studies 

[11]. The constitutive behavior and damage model of the interphase are assumed to be similar to 

those of the resin matrix proposed earlier [11]. In addition, the interphase region includes the 
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nanoconfinement effect by the carbon fiber surface and the incompatibility between sizing and resin. 

The average mechanical properties have been estimated to be higher than those of resin matrix, as 

listed in Table 1. Our previous study shows that the accuracy of the modified RVE model including 

the interphase region is improved significantly [11], corroborating that the interphase region is 

stiffened on average and the existence of finite thickness interphase around carbon fibers increases 

the loading bearing capability of the composites. The interface between fiber and interphase region is 

modeled using zero thickness cohesive elements with the constitutive response defined by a bilinear 

mixed-mode softening law in Abaqus [35]. Damage onset is predicted by a quadratic interaction 

criterion that depends on interface strength for each of the damage modes. Once debonding is 

initiated, the cohesive tractions linearly decrease to zero. We also adopt the energy-based 

Benzeggath-Kenane (BK) damage propagation criterion to account for the dependence of the fracture 

energy dissipation on fracture modes [38]. A coupled experimental-computational micromechanics 

approach is adopted to calibrate and validate the cohesive parameters of the interface, as shown in 

our previous studies [11]. The cohesive parameters are also listed in Table 1. This computational 

micromechanics model has been used to study the mechanical properties and failure behaviors of 

composites [39], and it has shown great accuracy in predicting failure strength and failure 

mechanisms of the composite [10, 11]. 

Table 1. Properties of the cross-ply laminates used in the micro-model 

Carbon fiber 
E11(GPa) E22=E33 (GPa) G12=G13 (GPa) G23 (GPa) v12 

245 19.8 29.19 5.92 0.28 

Epoxy matrix 
Em (GPa) vm vp σft (MPa) σfc (MPa) GIc (J/m2) 

3.73±0.30 0.38±0.01 0.3 61.6±4.6 300±30.6 334.1±73 

Interphase region 
Ei (GPa) σi (MPa) 

22.5 670 

Interface 

K (MPa/mm) σ1 (MPa) σ2, σ3 (MPa) GIc (J/m2) GIIc, GIIIc (J/m2) 

108 70 80 2 32 

2.2. Macroscopic models for outer plies 

The outer plies are modeled as a homogenized continuum with a linear-elastic transversely 

isotropic material behavior. Since they are introduced to assess the constraining effect of the adjacent 

plies on the mechanical response and damage evolution of the plies of interest, neither nonlinear nor 

fracture behaviors are considered. Our purpose is to use the homogenized ply model to represent the 
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macroscopic elastic behavior of the surrounding lamina. The relevant material properties of 

homogenized outer plies are given in Table 2. Similarly to the fiber-interphase region interface, the 

interface between adjacent plies is modeled using the cohesive elements, of which the mechanical 

behavior is represented by a bilinear traction-separation law depending on the displacement jump 

across the interface. The parameters of the traction-separation law have been determined in our 

previous study [12]. In particular, the fracture toughness of the interface was obtained by a 

width-tapered double cantilever beam for Mode-I and an edge notched flexure specimen for Mode-II, 

and the interfacial strengths are calculated based on the load-displacement curves. The properties of 

the interface between adjacent plies are also listed in Table 2. 

Table 2. Properties of the homogenized plies and interface between adjacent plies used in the 

macro-model 

Homogenized 

outer plies 

E11 (GPa) E22=E33(GPa) G12=G13(GPa) G23 (GPa) v12 

127.5±2.7 9.2±4.5 4.86±1.7 2.74±2.4 0.33±0.01 

XT (MPa) XC (MPa) YT (MPa) YC (MPa) SL (MPa) ST (MPa) 

2022.4±35 1098.74±22 62.75±3.7 185.9±25 81.59±11 60.7±5.8 

Interface 

between 

adjacent plies 

K (MPa/mm) σ1 (MPa) σ2, σ3 (MPa) GIc (J/m2) GIIc(J/m2) 

105 17 60 550±90 913±120 

 

3. Hybrid micro-macro computational model of the cross-ply laminates 

3.1. Cross-ply laminates under transverse tensile load 

Numerous studies have shown that pure 90° laminar develops transverse cracks under 

considerably lower transverse tensile strain than that in the mid-90° ply of [0/90/0] cross-ply 

laminates. Studies have also suggested that the applied strain at which transverse cracks penetrate 

through the thickness of mid-90° ply tends to increase with decreasing mid-90° ply thickness [40, 41] 

or increasing extensional stiffness of the neighboring plies. Here, we first experimentally confirm the 

crack suppression effect imposed by the neighboring plies by comparing pure 90° UD CFRP 

composites and [0/90/0] cross-ply laminates. The results show that once a transverse crack is 

developed in pure 90° UD CFRP composites, it rapidly localizes and penetrates through the thickness, 

as shown in Fig. 1(a). However, for a [0/90/0] cross-ply laminate, the drastic transverse crack 

extension is significantly suppressed by the neighboring 0° plies, which leads to additional 

development of new transverse cracks in [0/90/0] cross-ply laminates, as shown in Fig. 1(b).  
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(a) (b) 

Figure 1. Photographs of transverse crack growth in the (a) pure 90° UD CFRP composites and (b) 

[0/90/0] cross-ply laminates. 

In order to effectively study the constraint effect, i.e., in-situ effect, imposed by the neighboring 

plies on the mechanical response of cross-ply laminates under transverse tensile load, 3D hybrid 

micro-macro computational models for laminated composites with a layup of [θ/90/θ] consisting of a 

micro-RVE of 90° lamina in-between two homogenized θ-orientation plies are proposed. As 

presented in Fig. 2, the mid-90° RVE length L is 60R (0.21 mm), which is long enough to capture 

sufficient transverse crack density [21]. t is the thickness of each individual outer ply, and also equal 

to 60R throughout the analysis. The thickness of 3D computational models (parallel to fiber direction) 

is R (0.0035 mm). Transverse crack evolution in the mid-90° ply and the specific in-situ effect when 

subject to tension loading along X-direction will be studied in this section. The thickness of the 

mid-ply RVE model b ranges from 0.025 mm to 0.225 mm and the orientation of the outer plies θ 

varies from 0° to 60°. In addition, theoretical analysis on the dependence of in-situ strengths of the 

mid-ply on these variables will be carried out and compared with computational results. 

 

Figure 2. Schematic diagram of the hybrid micro-macro model for laminated composites with a 

layup of [θ/90/θ] under X-direction tension.  
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An orphan mesh technique with predominantly first-order hexahedral elements under reduced 

integration (C3D8R) and tetrahedral elements (C3D6) are adopted for fiber, matrix, and the 

interphase region. First-order cohesive elements (COH3D8) are used to represent the interface and 

C3D8R are used for homogenized outer plies. To generate a well-structured, high-quality mesh, a 

seed density of about 2 elements in the thickness of interphase region is used, leading to an average 

element size for the interphase region of 0.1 um. The element size of fiber/matrix and homogenized 

outer plies are 0.15 um and 0.5 um, respectively. The applied boundary conditions play a key role on 

the predictions of the homogenized properties. The classical boundary conditions in the RVE model 

is periodic boundary conditions (PBCs), by means of the definition of strong relations (equations) 

between periodic nodes [42]. Since application of the PBCs in the hybrid micro-macro model 

increases the complexity of numerical simulations, especially when non-linearity is involved in the 

simulations, we apply uniform boundary conditions (displacement) in this study. It has been shown 

that for sufficiently large models, the results obtained from using PBCs are close to those from using 

uniform boundary conditions [43].  

3.1.1. The effect of embedded ply thickness b 

In this section, the orientation of the outer plies θ is set to be 0° and we focus on the influence of 

embedded ply thickness b on the onset and propagation of transverse cracks within itself of [0/90/0] 

cross-ply laminates. For a thin mid-90° ply with b=0.025 mm, at relatively small strain ε=0.9%, 

interfacial debonding first occurs at the poles of the closely neighboring fibers where the stress 

concentration in fiber/interphase region are higher, as shown in Fig. 3(a). Subsequently, some bands 

of interfacial cracks perpendicular to the loading direction are observed. Within these bands of 

interfacial cracks, the matrix and interphase region are subject to significant plastic deformation. This 

further results in the coalescence of adjacent interfacial cracks, leading to the formation of a first 

major transverse crack in the mid-90° RVE perpendicular to the loading axis at a strain level of 

ε=1.01%~1.06%. Due to imposed constrained effect from adjacent 0° layers, transverse crack 

extension through the thickness slows down with increasing applied strain, and consequently the 

higher stress field results in initiation of more transverse cracks in the mid-90° ply. As applied strain 

increases to 1.3%, new transverse cracks originated from interfacial debonding occur simultaneously. 

Subsequently, multiple transverse cracks across the micromechanics RVE model take place at 

ε=1.41%. Finally, the first transverse crack indicated by the red arrow in Fig. 3(a) penetrates the 

entire mid-90° layer at ε=2.13%, and this strain is termed as the in-situ transverse tensile failure 

strain (���� ).  
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(a) (b) 

Figure 3. Transverse crack initiation, propagation, and suppression mechanisms in the mid-90° RVE 

for (a) b=0.025 mm, and (b) b=0.067 mm, with θ=0°. For better visualization of the damage 

behaviors, the homogenized outer plies are not shown in these figures. 

In the case of a thicker mid-90° ply (for example b=0.067 mm), a transverse crack initiates by 

connecting interfacial debonding through matrix cracks at approximately ε=0.90%, and penetrates 

through the thickness direction at ���� = 1.41%, as shown in Fig. 3(b). Examining comparisons 

between transverse crack extension in b=0.025 mm and b=0.067 mm, the transverse cracks in the 

thinner 90° ply show a more gradual manner. The number of transverse cracks and ����  both increase 

with decreasing b of the mid-90° ply. For a thicker mid-90° ply, once a transverse crack is formed, it 

rapidly penetrates through the thickness and the sudden matrix crack extension leads to a quicker 

stress relaxation, whereas in a thinner 90° ply, more transverse cracks develop and some of which do 

not completely penetrate through the thickness. This difference is clearly illustrated in Fig. 4(a), 

showing the normalized crack length, obtained by dividing the length of the transverse crack by the 

thickness b, as a function of applied strain. The length of the transverse crack is given by the base 

distance between the nodes in the tips of the longer transverse crack in the mid-90° RVE. The results 

show that the extension of transverse crack slows down with decreasing b of the mid-90° ply. 

Moreover, due to the constraining effect imposed by the adjacent 0° plies, the higher stress in the 

thinner mid-90° ply results in an increase of the crack density in the mid-90° ply, as shown in Fig. 

4(b). The crack density is calculated independently by dividing the total length of transverse cracks 

by the cross-section area of mid-90° ply (i.e. b×L). The results show that the crack density increases 

with decreasing b of the mid-90° ply. 
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(a) (b) 

Figure 4. (a) Normalized crack length as a function of applied strain for different b. (b) Evolution of 

the crack density in the mid-90° ply with the applied strain.  

Fig. 5 (a)-(e) show transverse cracks indicated by the red arrow penetrate through the thickness of 

the mid-90° ply at ����  for b=0.035 mm, 0.049 mm, 0.085 mm, 0.120 mm and 0.225 mm, 

respectively. The predicted ����  are summarized in Table 3. The results show a general trend that 

thinner mid-90° ply leads to higher ���� . In this study, the computationally predicted ����  can be used 

together with the Young’s modulus of transverse tension (����� = �  ) [21] to calculate the in-situ 

transverse tensile strength Y���  by assuming a linear elastic relationship, as summarized in Table 3. Y��� = ����� ∗ ����  (1) 

  

 
 

(a) (b) 

 

 

(c) (d) 
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Table 3. Summary of the predicted ����  and Y���  for different b with θ=0°. 

b (mm) ����  (%)  Y���  (MPa) 

0.025 2.13 195.96 

0.035 1.82 167.44 

0.049 1.63 149.96 

0.067 1.41 129.72 

0.085 1.25 115.00 

0.120 1.12 103.04 

0.225 0.98 90.16 

In theoretical analysis, the in-situ effect is typically taken into account by using the analytical 

fracture mechanics theories [23]. In the case of very thin mid-90° ply, Y���  is given by Eqn. (2) [29, 

44]: 

Y��� = " 4#$%(&)�  ()(1 − +,  )  (2) 

where ( is a parameter that depends on the stiffness of the adjacent plies [44]. For isotropic plies the 

parameter ( depends on two Dundurs’ parameters [45]; one is defined by the mismatch of the 

Young modulus and the other by the mismatch of Poisson coefficients, and the latter one usually has 

a negligible influence. The mismatch of Young modulus can be expressed by the parameter - =��		.//�012./. If the Young modulus of the outer plies is much larger than the one of the inner plies, 
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then - approaches 0 and ( = 2, as shown in previous study [29]. By decreasing the Young 

modulus of the outer plies, ( increases correspondingly. For a special situation in which the inner 

and outer materials have the same Young modulus, ( = 4. �   and +,  stand for the transverse 

elastic modulus and the in-plane Poisson’s ratio, respectively; #$% is fracture energy, #$%(&) =0.0916 N/mm, which is adopted from the results of UD CFRP laminate in Ref. [46]. 

Considering pure mode-I loading, Y���  of a thin embedded ply can also be obtained from Eqn. (3) 

as derived in Ref. [47]. 

Y��� = "8#$%(&)4)9  �  , 9  � = 2 ; 1�  − +,  �,,< (3) 

Dvorak and Laws [47] related Y���  of a thick mid-90° ply to the transverse tensile strength (YT) 

measured on an unconstrained UD ply as: Y��� = 1.12√2 >� (4) 

The results of Y���  obtained from computational results (Eqn. (1)) and theoretical results (Eqn. 

(2)-(3)) are plotted together with the broken horizontal line that is the prediction of Y���  for thick 

mid-90° ply according to Eqn. (4), as shown in Fig. 6(a). Comparing the results of Y���  between 

computational modeling and theoretical analysis, the results predicted from computational modeling 

agree well with the theoretical results of Eqn. (3). While, the results predicted from Eqn. (2) tend to 

slightly overestimate the computational results. 

In the work of Aveston and Kelly [48], ����  can be calculated based upon the Griffith energy 

balance concept in conjunction with a one-dimensional shear-lag model to account for the load 

transfer resulting from a Model 1 crack spanning the mid-90° ply. The equation for ����  of a thin 

mid-90° ply can be expressed as [4]: 

���� = ? @�,,A
B)2C @�,, + B)2CE �  

F
,/G

, HℎJKJ A = # E(#$%(&)) (�  )E  (5) 

Based on the work of Dvorak and Laws (Eqn. (4)), ����  for a thick mid-90° ply can be derived as: ���� = 1.12√2�  � ,  �  � = >��   (6) 

Fig. 6(b) shows the comparisons between ����  predicted from the Eqn. (5)-(6) and computational 

results. Good agreements between the theoretical predictions and computational results are generally 

observed, indicating that the computational analyses here are sufficiently accurate.  
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(a) (b) 

Figure 6. (a) Comparison of Y���  between the results of computational modeling and theoretical 

analysis as a function of the embedded mid-90° ply thickness b. (b) Comparisons between ����  

obtained from the Eqn. (5)-(6) and computational modeling. 

It should be noted that the fracture mechanics theories developed to estimate the ����  and Y���  usually neglect the effect of the stiffness of the neighboring outer plies that constrain the mid-90° 

ply. The values of ����  and Y���  accounting for the stiffness of the outer layers can be more 

straightforwardly calculated using computational models with high resolution through the thickness 

of the ply in the next section. 

3.1.2. The effect of orientation θ of the constraining plies 

In this section, varying the orientation angle θ of homogenized outer plies, it is possible to assess 

the constraint effect imposed by different stiffness of neighboring plies on the mechanical response 

of [θ/90/θ] cross-ply laminates under transverse load. With increasing θ, the modulus of the 

homogenized outer plies in the X-direction decreases. Based on the computational results, we 

discover that the transverse crack propagates more drastically in the mid-90° ply (b=0.025 mm) with 

lower stiffness of adjacent layers (or larger angle θ of homogenized outer ply) at the same applied 

stain 0.95%, as shown in Fig. 7(a), indicating that transverse crack propagation behavior in the thin 

mid-90°layer is influenced by a change in stiffness caused by the ply angle θ of adjacent layers. 

However, with larger thickness b of mid-90° ply, for instance 0.085 mm, we found that increasing the 

stiffness of adjacent layers shows less effect on transverse crack propagation in the mid-90° ply, as 

shown in Fig. 7(b). The same trend can be observed through comparing the normalized crack length 

in mid-90° ply with different θ for b=0.025mm and 0.085 mm, as shown in Fig. 8(a) and (b). 
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Figure 7.  The effect of ply angle θ of adjacent layers on the transverse crack propagation in 

mid-90° ply with (a) b=0.025 mm and (b) b=0.085 mm at the applied strain ε=0.95%. 

 

  

(a)  (b)  

Figure 8. Normalized crack length in mid-90° ply with different θ for (a) b=0.025mm and (b) 0.085 

m

Fig. 9 shows the ultimate failure modes of the mid-90° ply with different θ and b at ���� . A more 

dispersed type of damage is observed in thin mid-90° ply with high stiffness of neighboring plies. 

This is the result of a less pronounced stress relaxation due to the constraining effect imposed by the 

adjacent plies, causing the development of more dispersed ply damage instead of localized transverse 

cracking, as shown in Fig. 9(a). Upon onset of transverse crack, the stress relaxation is much easier 

in the thicker transverse plies with lower stiffness of neighboring plies. This is due to that the 

constraining effect imposed by the adjacent plies on the thicker mid-90° ply is not sufficient to delay 

transverse crack growth through the thickness, as shown in Fig. 9(b). On the other hand, the higher 

stress levels are more easily maintained in thinner mid-90° plies, which tend to diffuse transverse 

damage onset and growth before the earlier cracks penetrating through, thus leading to an increase of ����  and transverse crack density. 
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(a) (b) 

Figure 9. The ultimate failure modes of the mid-90° ply with different θ at in-situ transverse tensile 

strain ����  for (a) b=0.025 mm, and (b) b=0.085 mm. 

Fig. 10(a)-(b) and Table 4 show the summary of the predicted  Y���  for different thickness b of 

mid-90° ply and orientation angle θ of homogenized outer plies. The results indicate that  Y���  is not 

only dependent on the thickness b of mid-90° ply, but also dependent on the ply angle θ of adjacent 

layers. By decreasing b and θ, we see an increase in Y��� , as shown in Fig. 10(a). For the same 

thickness of the mid-90° ply,  Y���  decreases with increasing θ of homogenized outer plies from 0° 

to 60°. Furthermore, the decreasing rate of  Y���  decays with the increase b of the mid-90° ply.  Y���  

remains nearly a constant (90 MPa) when b=0.225 mm, as shown in Fig. 10(b). By comparing the 

results of the computational macro/micro-scale framework with the experimental results of T300/934 

[±θ/90n/±θ] laminates in Ref. [4] shown in Fig. 10(c) and (d), the same trend have been found, 

emphasizing the accuracy of the computational models. 

Table 4. Computational results of ����  and Y���  for different b and θ. 

 

 (mm) 

θ (°) 

0 15 30 45 60 ����   

(%) 

 Y���  

(MPa) 

����  

(%) 

 Y���  

(MPa) 

����  

(%) 

 Y���  

(MPa) 

����  

(%) 

 Y���  

(MPa) 

����  

(%) 

 Y���  

(MPa) 

0.025 2.13 195.96 1.99 183.08 1.91 175.72 1.78 163.76 1.63 149.96 

0.035 1.82 167.44 1.73 159.16 1.63 149.96 1.52 139.84 1.52 139.84 

0.049 1.63 149.96 1.52 139.84 1.43 131.56 1.35 124.20 1.35 124.20 

0.067 1.41 129.72 1.3 119.60 1.26 115.92 1.21 111.32 1.21 111.32 

0.085 1.25 115.00 1.16 106.72 1.10 101.20 1.08 99.36 1.08 99.36 

0.120 1.12 103.04 1.12 103.04 1.08 99.36 1.04 95.68 1.00 92.00 

0.225 0.98 90.16 0.98 90.16 0.97 89.24 0.97 89.24 0.97 88.78 
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(a) (b) 

  

(c) (d) 

Figure 10. (a)-(b) Computational results and (c)-(d) experimental results [4] of  Y���  as a function of 

mid-90° ply thickness b (or n [4]) and the orientation angle θ of adjacent plies. 

Based on the in-situ transverse tensile strength Y���  formula proposed by Chang et al. [49] and 

Wang et al. [50], we further propose an empirical formula for calculating the ratio of  Y��� />� as a 

function of mid-90° ply thickness b and different ply angle (∆�� [0, π/2]) between mid-ply and 

adjacent ply: 

 Y���>� = 1 + L ;MNO|∆��|)/Q <R
 (7) 

where d is the fiber diameter. A and B are fitting parameters, which will be obtained based on 

computational results.  

The constraining effect of the neighboring plies on the strengths of the mid-ply is governed by the 

second terms on the right-hand side of Eqn. (7). The variations of  Y��� />� with the different 

orientation angles between mid-ply and adjacent ply are depicted by sNO|∆��|. We introduce sNO|∆��| and )/Q in the parenthesis considering the fact that the dependence of constraining effect 

on the different stiffness between mid-ply and neighboring ply, also correlates with the ply thickness 

b. This also makes it possible to fit for both A and B by using one typical ∆�� value (∆�� = 90°), as 
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shown in Fig. 11(a). In fact, the obtained A and B values used in Eqn. (7) yield good agreements for 

other ply angle laminates as well, as shown in Fig. 11(b). The ratio of  Y��� />� approaches to 1 

when the thickness of mid-90° ply b becomes much larger than d or ∆�� = 0°, which corresponds to 

a case of pure UD 90° ply. 

  

(a) (b) 

Figure 11. (a) Material parameters of Eqn. (7) are determined as A=5.428, B=0.73 by curve fitting of 

computational results of ∆�� = 90°. (b) Comparison between theoretical predictions of  Y��� />� 

and computational data for ∆�� = 75°, ∆�� = 60°, ∆�� = 45°, and ∆�� = 30°. 

3.2. Cross-ply laminates under transverse compressive load 

As shown in experimental results under transverse compression (Fig. 12(a) and (b)), due to the 

constraining effect imposed by the adjacent 0° plies, the angle of matrix crack in the mid-90° ply of 

[0/90/0] cross-ply laminates is about 66.78° with respect to the thickness direction, which is slightly 

larger than the typical orientation value (57.5°) in the UD CFRP composites under transverse 

compression. The difference between the two angles is associated with the effect of the adjacent 0° 

plies on the failure mechanisms of the mid-90° ply in a [0/90/0] cross-ply laminate under transverse 

compressive loading.  

  

(a) (b) 

Figure 12. Optical microscopy images of the transverse matrix cracks in the (a) mid-90° ply of the 

cross-ply laminates, and (b) bulk UD composites under transverse compression. 
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To explore the constraining effect of the neighboring plies on the orientation of matrix crack in the 

mid-90° ply, 3D hybrid micro-macro models of cross-ply laminates with a layup of [θ/90/θ] (θ=0°, 

15°, 30°, 45°, and 60°) and pure 90° UD RVE model under transverse compressive load are 

constructed, as shown in Fig. 13(a) and (b), respectively. The hybrid micro-macro [θ/90/θ] model 

consists of a micromechanics RVE model of the mid-90° ply, two adjacent homogenized θ° plies, 

and the interfaces between the plies. The length (X-direction), width (Z-direction) of the 

computational model and the thickness t of each individual outer ply are constant and equal to 60R 

(0.21 mm), R (0.0035 mm), and 60R throughout the analysis. The thickness b (Y-direction) of 

micro-model mid-90° ply shown in Fig. 13(a) is 0.049 mm. The dimensions of the pure 90° UD RVE 

model are the same as those of the mid-90° ply in the hybrid micro-macro model, as shown in Fig. 

13(b). 

 

(a) 

 

(b) 

Figure 13. Schematic diagram of (a) hybrid micro-macro model for a laminate with a layup of 

[θ/90/θ], and (b) RVE model for 90° UD composites.  

Fig. 14 shows the contour plots of the matrix equivalent plastic strain in the mid-90° ply of hybrid 

micro-macro [0/90/0] model and the 90° UD RVE model. The results show that the initiation and 

propagation of shear band in the mid-90° ply of hybrid micro-macro [0/90/0] model and 90° UD 

RVE model both are dominated by interface cracking and large plastic deformation in the interphase 

region as well as matrix near the locations where the interfacial debonding initiates. This leads to a 

localized band of damage in a plane by the coalescence of adjacent interfacial and matrix cracks not 

aligned with the compressive loading direction. Comparing the failure process in the mid-90° ply of 
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hybrid micro-macro model and the 90° UD RVE model without constraint, a transverse crack 

suppression effect can be clearly identified in the mid-90° ply of the cross-ply laminates. 

  

(a) (b) 

  

(c) (d) 

Figure 14. Contour plots of the matrix equivalent plastic strain and failure modes in the mid-90° ply 

of hybrid micro-macro [0/90/0] model and 90° UD RVE model at different applied strains.  

For the pure 90° UD RVE model, interfacial debonding initiates at the locations which are offset 

from the poles of the fibers at ε=2.50% (Fig. 14(a)). Then, plastic deformation occurs in both 

interphase region and matrix near the interfacial cracks at ε=2.55% (Fig. 14(b)), and matrix cracks 

propagate through the laminate thickness at ε=2.65% (Fig. 14(c)). Finally, at ε=2.70%, matrix cracks 

at different locations are connected to form a main crack, which is the plastic shear band, leading to 

t

h

e

 

s

t

r

a

i

n

 

e

n

e

r



21 

 

predicted angles of the shear band orientation in the mid-90° ply of hybrid micro-macro [0/90/0] 

model and the 90° UD RVE model are very close to the experimental results shown in Fig. 12(a) and 

(b). 

In the case of cross-ply laminates with the ply angle θ=15°, 30°, 45°, and 60°, similar shear band 

damage pattern and angle of the main shear band can be observed. But we can find that the in-situ 

transverse compressive failure strains ���%  is higher for greater stiffness of adjacent layers 

(decreasing θ), as shown in Fig. 15(a) and (b). Comparing them with θ=0° shown in Fig. 14(d), a 

transverse crack suppression effect can be clearly identified. As the orientation angle θ decreases (or 

as the stiffness of adjacent layers increases), damage progression becomes more and more gradual, 

and through-the-thickness fracture is delayed. Upon the onset of main shear band, the stress 

relaxation is more significant in mid-90° ply with lower stiffness of adjacent layers than in the higher 

ones. The higher stress levels maintained in the mid-90°ply result in the initiation and propagation of 

new shear bands before main shear band penetrating through the thickness. As the orientation angle θ 

decreases, the number of localized shear bands also increases. 

  

(a) (b) 

Figure 15. Contour plots of the equivalent plastic strain and failure modes in the mid-90° ply with 

homogenized outer plies of different orientation angles (a) θ=15°, 30° and (b) θ=45°, 60° of at 

applied strains ���%  (only the mid-90° ply is shown). 

In the absence of experimental in-situ information, different 3D hybrid micro-macro models of 

[θ/90/θ] cross-ply laminates with various thickness b=0.025 mm, 0.035 mm, 0.067 mm, 0.085 mm, 

0.120 mm, 0.225 mm of mid-90° ply and the orientation angle θ=0°, 15°, 30°, 45°, 60° of 

homogenized outer ply are generated to systematically study the in-situ effect on constrained plies 

subjected to transverse compressive load, similar to the cases of transverse tension in Section 3.1. 

The in-situ transverse compressive strengths >��%  from the computational models [22] are calculated 

based on the in-situ transverse compressive failure strain (���% ) corresponding to the development of 

through-the-thickness shear band failure, and the Young’s modulus of the transverse compression 

(���� % = 92.9 MPa). The results are summarized in Table 5. >��% = ���� % ∗ ���%  (8) 
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Table 5. The computational results of ����  and Y���  for different b and θ. 

b 

(mm) 

θ (°) 

0 15 30 45 60 ����  

(%) 

 Y���  

(MPa) 

����  

(%) 

 Y���  

(MPa) 

����  

(%) 

 Y���  

(MPa) 

����  

(%) 

 Y���  

(MPa) 

����  

(%) 

 Y���  

(MPa) 

0.025 4.71 437.56 4.40 408.80 4.22 392.37 3.94 365.66 3.60 334.85 

0.035 4.32 401.33 4.11 381.48 3.87 359.43 3.61 335.18 3.41 316.79 

0.049 4.01 372.53 3.74 347.39 3.59 333.51 3.35 311.22 3.20 297.28 

0.067 3.61 335.37 3.45 320.51 3.25 301.93 3.12 289.94 2.98 276.84 

0.085 3.32 308.43 3.15 292.64 3.02 280.56 2.94 273.13 2.83 262.91 

0.120 3.03 281.49 2.95 274.06 2.84 264.27 2.79 259.19 2.76 256.40 

0.225 2.78 258.26 2.76 256.40 2.73 253.62 2.73 253.62 2.71 251.76 

Fig. 16(a) and (b) show the predicted distribution of  Y��� /Y�  (Y� = 185.9 [\]) with various b 

and θ, respectively. The results show that the predicted  Y��� /Y� increase with decreasing b and θ. 

For the same thickness b,  Y��� /Y�  decrease with increasing θ, while the decreasing rates of  Y��� /Y�  drop with larger b, until  Y��� /Y� remains almost a constant (1.4) when b=0.225 mm. 

  

(a) (b) 

Figure 16. Ratios of Y���  to >�  vs. (a) thickness b of mid-90° ply and (b) orientation angle θ of 

homogenized outer plies. 

According to Catalanotti et al. [1], >��%  for θ=0° is given explicitly as: 

>��% = − ^���(2 cos ]� − 1)a� cos ]�  (9) 

where ]�  is the shear band angle in pure 90° UD laminates (57.12°) and a�  is the friction 

coefficient, a� = 0.36 [1].  

Comparing the predictions of >��%  from computational models with the results obtained from 

analytical model (Eqn. (9)) for θ=0°, good agreements are generally observed (Fig. 17).  
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Figure 17. Comparison of in-situ transverse compressive strength >��%  obtained from the 

computational modeling and analytical analysis. 

As discussed above, Y���  in laminated composites strongly depend on the thickness b of the 

mid-90° ply and orientation angle θ of homogenized outer plies. Hence, an expression similar to Eqn. 

(7) for Y��� />� is proposed as a function of b and ∆�� to evaluate the magnitude of in-situ effect, 

i.e.,   Y���>� = 1 + b ;MNO|∆��|)/Q <c
 (10) 

where C and D are fitting parameters. 

The Eqn. (10) agrees with the simulation results of ∆�� = 90° very well with C=2.905 and 

D=0.60, as shown in Fig. 18(a). Fig. 18(b) shows that the predicted  Y��� />� using Eqn. (10) for ∆�� = 75°, 60°, 45°, and 30° are all in good agreement with computational results, indicating that 

the proposed theoretical model (Eqn. (10)) of  Y��� />� is sufficient to describe Y���  as a function of 

b and ∆��. 

  

(a) (b) 

Figure 18. (a) Eqn. (10) is fitted to the computational results of ∆�� = 90°. (b) Comparison 

between Eqn. (10) and computational data for ∆�� = 75°, 60°, 45°, and 30°. 

3.3. Cross-ply laminates under three-point bending load 

In a sandwich-typed [0/90/0] structure, the strong and stiff outer-0° plies carry most of the in-plane 
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shear and bending loads, while the mid-90° ply mainly bears the out-of-plane shear and normal loads 

[51]. By carefully constructing a [0/90/0] laminated sandwich-typed beam specimen with a low 

span-to-thickness ratio under three-point bending can be exploited to achieve out-of-plane shear 

failure in the mid-90° ply [52-56]. For a sandwich-beam under three-point bending, the normal stress 

and shear stress show discontinuities, owing to the difference in elastic constants between the 

adjacent layers, as shown in Fig. 19. As the elastic modulus of the outer-0° ply is significantly larger 

than that of the mid-90° ply (Eouter>>Emid) in the global X-direction, the normal stress distributions in 

outer-0° and mid-90° ply become more disparate. This in turn causes the out-of-plane shear stress 

distribution to become more uniform within mid-90° ply. Likewise, as the ratio of mid-90° ply’s 

thickness b to outer-0° ply’s thickness touter (b/touter) is increased, the out-of-plane shear stress 

distribution in the mid-90° ply becomes more “peaked” or pronounced, lowering the shear stress at 

the interface between mid-90° and outer-0° plies [53].  

The out-of-plane shear strength ^����  of the mid-90° ply can be calculated as [53]: 

^���� = \4d e�012./���� (@012./ + )@012./) + f)2g h 

d = 2i3 e�012./���� ;@012./E + 3)2 @012./ + 3) 4 @012./< + f)2gEh 

(11) 

where \ is the applied load; @012./ is the thickness of a single outer layer; b is the total thickness 

of the mid-90° ply; i is the sample width; �012./ and ���� are the elastic moduli of outer-0° ply 

and mid-90°, respectively. 

The experimentally observed angle of crack propagation in the mid-90° ply is 56～57° [53]. 

However, for UD CFRP composite subjected to out-of-plane shear stress, the shear stress τ23 is 

equivalent to a pair of tensile and compressive stresses (σt, σc) at 45°. Since the transverse tensile 

strength is almost invariably one of the lowest material strengths, sample failures should take the 

form of a 45° crack [53]. This difference in crack orientation also illustrates the constraining effect of 

adjacent 0° plies on mid-90° ply in a [0/90/0] cross-ply laminate under out-of-plane shear loading. 

Moreover, the experimental results showed that ^���� of sandwich-typed specimen is affected 

strongly by the span-to-depth ratio j&k/(2) + 4@012./)l , i.e., ^����  decrease with increasing &k/(2) + 4@012./) [55]. 
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Figure 19. Illustration of short sandwich beam and related shear and normal stress. 

In order to study the constraining effect of the neighboring plies on the crack orientation in the 

mid-90° ply, 3D hybrid micro-macro model of [0/90/0] cross-ply laminates subjected to three-point 

bending load and pure 90° UD RVE model under out-of-plane shear load are developed. The hybrid 

micro-macro [0/90/0] model consists of a micro-scale model of the mid-90° ply and two adjacent 

macro-scale 0° plies, as shown in Fig. 20(a). A tie constraint ties the surfaces of mid-90° ply and 

outer-0° ply together, avoiding other possible failure mechanisms. In the sandwich-typed [0/90/0] 

structure, Dai and Thomas Hahn [57] and Awad et al. [58] indicated that shorter span LW exhibited 

higher out-of-plane shear stress in the mid-90° ply than specimens with longer span. Furthermore, 

experimental results showed that the out-of-plane shear stress in the mid-90° ply is more dominant 

than flexural stress when  &k/(2) + 4@012./) = 1 for the short sandwich beams under three-point 

bending load [59]. Based on those results, the thickness (Y-direction) b of the mid-90° ply, length L, 

and span LW (X-direction) of the hybrid micro-macro model are chosen to be 0.049 mm, 60R (0.21 

mm) and 54R (0.189 mm) in this study. Then, we achieve &k/(2) + 4@012./) ≈ 1.1. The width 

(Z-direction) W of RVE model of the mid-90° ply and the thickness touter of each individual outer ply 

are constant and equal to R (0.0035 mm) and 5R (0.0105 mm). For the pure 90° UD RVE model, the 

width, length and thickness are R (0.0035 mm), 15R, and 15R (0.0525 mm), as shown in Fig. 20(b). 

The computational results show that the hybrid micro-macro model of [0/90/0] cross-ply laminates 

exhibits a catastrophic failure due to the formation of a shear matrix crack in the mid-90° ply under 

three-point bending load. More specifically, interfacial cracks and shear matrix cracks initiate and 

propagate through the mid-90° ply at the location of the maximum out-of-plane shear stress, as 

shown in Fig. 20(c). The constraining effect imposed by the adjacent 0° plies on the mid-90° ply 

delays the shear crack from penetrating through the thickness direction. Moreover, the higher stress 

levels maintained in the mid-90° ply leads to an increase in the angle of the shear crack. As indicated 

in Fig. 20(d), the inclination of shear cracks is approximately 57.4°, presented a good agreement with 

the experimental results (Fig. 20(e)), showing that the hybrid micro-macro model can reasonably 
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estimate the failure behaviors of laminated sandwich-typed specimen under three-point bending load. 

In comparison, for the pure 90° UD RVE model without constraint under out-of-plane shear load, 

initial matrix cracks are concentrated in the vicinities of interface cracks and propagate through the 

RVE by forming a fracture path along 45° with respect to the applied shear loading direction, as 

shown in Fig. 20(f).  

 

 

(a) (b) 

 

(c) (d) 

 

(e) (f) 

Figure 20. Schematic diagrams of (a) hybrid micro-macro model for a laminate with a layup of 

[0/90/0] under three-point bending load, and (b) 90° UD RVE model. (c)-(d) Contour plots of the 

equivalent plastic strain and failure modes in the matrix of mid-90° ply. (e) Photoelastic fringes as 

observed during short sandwich beam three-point-bending test. (f) Failure process of a pure 90° UD 

RVE model subjected to out-of-plane shear load. 

The in-situ out-of-plane shear strength �̂��  for θ=0° (∆�� = 90°) proposed by Catalanotti et al. [1, 

28] is shown to depend on �̂��  as: 

�̂�� = 2 sin ]� − 1a� sin 2]� �̂��  (12) 
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where ]� is the fracture angle under pure compression (]� = 57.12°), a� is the friction coefficient 

in the longitudinal direction, a� = 0.36, and �̂��  is the in-situ in-plane shear strength, which can be 

calculated by using the fracture mechanics model proposed by Camanho et al. [3]: 

�̂�� = "(1 + pq#,  ),/ − 13p#,  (13) 

where p is a parameter that defines the nonlinearity of the shear stress-strain relation [60], #,  is 

the in-plane shear modulus and the parameter q is defined according to the configuration of a given 

ply. The parameter p can be determined based on the results from the micromechanics UD RVE 

model subjected to pure in-plane shear and fitting the polynomial approximation proposed by Hahn 

and Tsai [60] to the shear stress-shear strain curves obtained with three different RVEs. For CFRP 

composites used in the present study specifically, shear non-linearity parameter p  has been 

calculated to be 3.91 × 10st [\]sE. 

Similar behavior to  Y���  and  Y���  has been observed from experiments for �̂��  distribution in 

laminated composites [61, 62], i.e., �̂��  strongly depends on the thickness of the ply b and different 

ply angle (∆��) between mid-ply and adjacent ply. In this section, the ratio of �̂�� /^� and �̂�� /^�are 

proposed as a function of b and ∆�� same as described in the earlier Sections 3.1-3.2:  

�̂��^� = 1 + � ;MNO|∆��|)/Q <u
 (14) 

�̂��^� = 1 + # ;MNO|∆��|)/Q <v
 (15) 

where E, F, G and H are fitting parameters. They are fitted according to the theoretical data obtained 

using Eqn. (12) and (13) with ∆�� = 90°, and we obtain the values of E=2.90, F=0.539, G=5.01, 

and H=0.376. 

Fig. 21(a) and (b) show a typical distribution of �̂�� /^� and �̂�� /^� as a function of ∆�� and the 

mid-90° ply thickness b using Eqn. (14) and (15), respectively. We can observe that Eqn. (14) and 

(15) can sufficiently predict the trend of �̂��  and �̂��  depending on the thickness of the mid-90° ply. 

We note that more direct experimental or computational data will be required to further validate the 

dependence on different ply orientation between mid-90°and adjacent ply, and this would require 

more reliable in-situ test or more accurate computational approach to measure the in-situ strengths.  
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(a) (b) 

Figure 21. The distribution of (a) �̂�� /^�and (b) �̂�� /^�as a function of b and ∆��.  

3.4. In-situ longitudinal compressive strength 

In our previous study [10, 12], the experimental results reveal that the main failure mechanism in 

UD laminates is fiber kinking failure, which is initiated by imperfections, i.e., fiber waviness; while 

fiber kinking, matrix cracking, and delamination are co-existing failure mechanisms in the [90/0/90] 

cross-ply laminates. Specifically, the fractured 0° layers in the middle of the laminate exhibit two 

kink-bands and show a “wedge” shape with the high stress concentrations due to the constraining 

effects by the adjacent 90° layers, as shown in Fig. 22(a).  

In this section, based on the longitudinal compressive strength w% formulae proposed by Pinho 

and coworkers [63], we propose a formula for calculating in-situ longitudinal compressive strength w���  depending on the maximum fiber waviness angle �xyz_�y| and in-situ in-plane shear strength M���: 

w��� = }~(1 − }~)/#� + �xyz_�y|/^��� (16) 

where }~ is fiber volume fraction, #� is matrix shear modulus. ^��� can be calculated based on 

Eqn. (13). 

Afterwards, based on results of �̂�� /^� for θ=0° (∆�� = 90°) (Eqn. (14)), Fig. 22(b) gives a 

conservative estimate of w���  based on Eqn. (19) for θwav_max =0.45°, 0.90°, 1.80°, 3.60° and 5.40°. 

The results show that w���  decrease with increasing θwav_max, indicating that w���  is very sensitive to 

the initial fiber waviness introduced during manufacturing processes. 
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(a) (b) 

Figure 22. (a) Typical failure modes of pure 0° UD laminates and [90/0/90] cross-ply laminates 

under longitudinal compressive loading [10, 12]. (b) The variation of w���  versus �̂�� /^�  for 

different θwav_max. 

 

4. Failure criteria considering the in-situ strengths 

There exist numerous failure criteria which are usually stress-based and expressed as equations, 

including fully interactive criteria (Tsai Wu [64], Tsai Hill [65]) and failure mode based criteria 

(Hashin [66], Puck [67], and Pinho-LaRC04 [68, 69]. In a recent study, Daniel-NU failure theory [70, 

71], which is based on micromechanical matrix failure mechanisms, allows the prediction of failure 

envelopes under multi-axial stress states at different strain rates. In the first world-wide failure 

exercise for composite laminates, organized by Hinton et al. [72], Puck’s theory was found to be one 

of the five leading failure theories among all the nineteen participating theories [73]. Despite its good 

performance, Puck’s theory predicts an initial failure stress of laminates that is significantly lower 

than experimental results [74], and it shows some discontinuities in the failure envelopes under 

certain load combinations. The reason might be largely because it does not consider the in-situ effect 

that the crack formation in very thin plies is delayed when they are embedded between stiff 

neighboring plies as shown in prior sections. Also, failure strength usually depends on the ply 

thickness and stacking sequence, but the effects of ply thickness and stacking sequence on the failure 

behaviors of laminated composites are one of the topics that have not been properly addressed in the 

world wide failure exercise [73]. Predictions obtained using basic strengths considerably 

underestimate the initial failure strength while the model with in-situ effects considered usually give 

a better agreement with test data [74]. The current way to consider in-situ effects is that the lamina 

transverse tensile strength is simply multiplied by 1.35 and the in-plane shear strength by 1.175 to 

include the in-situ effect in Puck’s theory [75] submitted to the second world-wide failure exercise 

[76]. Nevertheless, this method is in such an approximate manner that it cannot capture the realistic 

influence of the thickness of the lamina itself or that of the ply angles of the neighboring plies. 

Thus, building upon the effort in this study and our previous RVE-based failure criteria [13], a new 

set of failure criteria for σ22-τ12, σ22-τ23, and σ11-τ12 considering the influence of both the thickness of 
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the lamina and the ply angles of its neighboring plies is proposed for predicting laminated 

composites failure under multi-axial stress states, as summarized in Table 5.  

Table 5. Failure criteria of σ22-τ12, σ22-τ23, and σ11-τ12 considering in-situ strengths. 

Tension dominated 

failure (�  > 0) 

�  >��� + ;�, �̂�� < = 1 
�  >��� + ;� E�̂�� < = 1 

Shear dominated failure (�  �/y	 < �  ≤ 0) 

;�, �̂�� < + -, �  >��� = 1 

-, = >���|�  �/y	| �;|�, �/y	|
�̂�� < − 1� 

;� E�̂�� < + - E �  >��� = 1 

- E = >���|�  �/y	| �;|� E�/y	|
�̂�� < − 1� 

Compression dominated 

failure (−>% ≤ �  ≤ �  �/y	) 

;�  >��� < + p,  ;�, >��� < = 1 

p, = >��� − |�  �/y	|
�̂��  

;�  >��� < + p E ;� E>��� < = 1 

p E = >��� − |�  �/y	|
�̂��  

Fiber-compression 

dominated failure (�,, ≤0) 

− �,,w��� + ;�, �̂�� < = 1, w��� = }~(1 − }~)/#� + �xyz_�y|/^��� 

 Y��� = �1 + 5.428 ;MNO|∆�Q|)/Q <�.�E� >�,  Y��� = �1 + 2.905 ;MNO|∆�Q|)/Q <�.��� >� 

�̂�� = �1 + 2.90 ;MNO|∆�Q|)/Q <�.�E�� ^� , �̂�� = �1 + 5.01 ;MNO|∆�Q|)/Q <�.E��� ^� 

In Table 5, (�  �/y	, �, �/y	)  and (�  �/y	, � E�/y	)  are transverse normal, in-plane shear and 

out-of-plane shear stress of the transition point for failure envelopes of σ22-τ12 and σ22-τ23. Failure 

envelopes of σ22-τ12, σ22-τ23, and σ11-τ12 predicted from in-situ-strength-based failure criteria are 

presented in Fig. 23(a)-(c). A comprehensive schematic diagram of the variations of  Y��� />�,  Y��� />� , �̂�� /^�, and  �̂�� /^� as a function of )/Q and ∆�� is shown in Fig. 23(d)-(g), respectively. 

While the proposed in-situ-strength-based failure criteria can be used to predict failure for laminated 

composites, we note that additional experimental work is required to validate the predictions 

obtained for multi-axial stress states. 
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(d) (e) 

  

(f) (g) 

Figure 23. Failure envelopes of (a) σ22-τ12, (b) σ22-τ23, and (c) σ11-τ12 predicted from 

in-situ-strength-based failure criteria. A comprehensive schematic diagram of the variations of 

(d) Y��� />�, (e) Y��� />�, (f) �̂�� /^�, and (g) �̂�� /^� with changing )/Q and ∆��. 
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5. Conclusions 

In this work, in-situ effect in cross-ply laminates and the corresponding failure mechanisms 

subjected to transverse tension, transverse compression, in-plane/out-of-plane shear, and longitudinal 

compression have been studied systematically using hybrid macro/micro-scale computational models. 

We demonstrate that the proposed framework is able to accurately capture the micro-mechanical 

response of mid-90° ply for cross-ply laminates, including (i) the mechanism of transverse cracking 

onset and propagation, (ii) the constraining effect observed in the laminar embedded in the cross-ply 

laminates, (iii) the gradual and slow stress relaxation and progressive transverse cracking observed in 

the thin mid-90° ply with high stiffness of neighboring plies, and consequent increase of the crack 

density for transverse tension and localized shear bands for transverse compression, and (vi) the 

quantitative in-situ effect, characterized by an increase in the applied stress needed to extend a 

transverse crack through the thickness of the mid-90° with decreasing mid-90° ply thickness b and 

orientation angle θ of homogenized outer plies.  

Furthermore, we have validated the results of in-situ transverse tensile strain (���� ), strength (Y���), 

and in-situ transverse compressive strength (Y��� ) obtained from computational models with analytical 

predictions found in the literature. We have also constructed the model of [0/90/0] cross-ply 

laminates under three-point bending load and [90/0/90] cross-ply laminates subjected to longitudinal 

compressive load using the demonstrated hybrid micro-macro approach. The results show that the 

constraining effect of 0° plies tends to increase the angle of shear band in the mid-90° ply of [0/90/0] 

cross-ply laminates, and due to the constraining effect imposed by the adjacent 90° plies, the 

kink-band in the mid-0° ply of [90/0/90] cross-ply laminates shows a wedge-shape. Furthermore, 

theoretical formulations of in-situ strengths Y��� , Y��� ,  S��� , S��� , and X���  are proposed, with full 

consideration of the constraining effect of adjacent plies and the embedded laminar thickness. Finally, 

building upon these theoretical formulations, a new set of failure criteria for σ22-τ12, σ22-τ23, and 

σ11-τ12 accounting for the in-situ strengths are proposed to predict the strength of laminated 

composites under multi-axial stress states.  

In conclusion, we have presented a thorough analysis of the in-situ effect present in laminated 

composites by combining computational, theoretical, and experimental investigations. The analyses 

and methods presented in this study provide valuable solutions to the great challenge of failure 

prediction for laminated composites used in structural applications.  
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