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Abstract

As a platform for optoelectronic devices based on exciton dynamics, monolayer transition metal
dichalcogenides (TMDCs) are often placed near metal interfaces or inside planar cavities. While
the radiative properties of point dipoles at metal interfaces has been studied extensively, those of
excitons, which are delocalized and exhibit a temperature-dependent momentum distribution,
lack a thorough treatment. Here, we analyze the emission properties of excitons in TMDCs near
planar metal interfaces and explore their dependence on exciton center-of-mass momentum,
transition dipole orientation, and temperature. Defining a characteristic energy scale

ks T. = (hk)?/2m (k being the radiative wavevector and m the exciton mass), we find that at
temperatures T >> T and low densities where the momentum distribution can be characterized by
Maxwell-Boltzmann statistics, the modified emission rates (normalized to free space) behave
similarly to point dipoles. This similarity in behavior arises due to the broad nature of wavevector
components making up the exciton and point dipole emission. On the other hand, the narrow
momentum distribution of excitons for T < T, can result in significantly different emission
behavior as compared to point dipoles. These differences can be further amplified by considering
excitons with a Bose Einstein distribution at high phase space densities, such as in a condensate
phase. We find suppression or enhancement of emission relative to the point dipole case by several
orders of magnitude. These insights can help optimize the performance of optoelectronic devices
that incorporate 2D semiconductors near metal electrodes and can inform future studies of
exciton radiative dynamics at low temperatures. Additionally, these studies show that nanoscale
optical cavities are a viable pathway to generating long-lifetime exciton states in TMDCs.

1. Introduction

Excitons in two-dimensional quantum wells are widely utilized in optoelectronic technologies [1, 2] and in
studies of bosonic superfluidity and condensation [3-5]. In particular, excitons in monolayer transition
metal dichalcogenides (TMDCs) have attracted significant recent interest due to their large binding
energies, which enable condensed and superfluid phases to emerge at high temperatures, and their strong
oscillator strength, which provides a strong, coherent optical response to near-resonant light [1, 4]. These
properties, combined with the fundamentally extended nature of the center-of-mass wave function, can give
rise to interesting functionalities, such as tunable, atomically thin reflecting elements [6—9].

Engineering exciton lifetimes with nanostructures can advance numerous applications such as
integration with electrically tunable interlayer exciton systems or studies of quantum phases [3, 5, 10].
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Certainly, the ability to modify emission of point-like emitters has been well-studied, and forms the basis of
important applications such as quantum information processing [11—-14] and single-molecule detection
[15, 16]. However, the principles and intuition developed for point emitters do not necessarily apply to
excitons, which, in contrast to point dipoles, are fundamentally delocalized excitations with a
temperature-dependent momentum distribution. Indeed, significant modification of exciton emission near
metallic planar mirrors was recently demonstrated experimentally [7], where it was also noted that this
behavior differed from that expected of a point dipole. The emission properties might also become richer
due to the ability to form exciton condensates. In particular, long exciton lifetimes can be achieved in
quantum well heterostructures, in which the electron and hole wavefunctions are physically separated,
which suppresses radiative recombination and allows for the creation of a thermalized, high density gas [3].
These interlayer systems have the same selection rules as monolayer TMDCs, with circularly polarized,
in-plane transitions [17, 18]. Recently, these thermalized, high density exciton ensembles have shown
experimental signatures of Bose-condensed phases with a non-classical occupation of low momentum states
[4, 5]. Importantly, these TMDC heterostructures and other quantum well systems are frequently placed in
close proximity to metal films, which are utilized as gate electrodes or as plasmonic substrates [3, 19]. For
point dipoles, this proximity creates non-radiative quenching that exponentially increases with proximity to
the metal, limiting optical applications that rely on high radiative efficiency [20]. Alternatively, the
temperature dependent wavevector distribution of excitons might allow one to avoid detrimental quenching
processes.

Here, our goal is to develop a model for the emission properties of excitons in the vicinity of planar
dielectric environments, under the assumption that the center-of-mass momentum exhibits a thermal
distribution. Specifically, we focus on two planar geometries, a single planar metal interface and a planar
metal cavity, and theoretically study their impact on the radiative dynamics of excitons in monolayer
TMDC:s or van der Waals heterostructures composed of monolayer TMDCs. Our model accounts for
several factors, such as the Bose—Finstein (BE) distribution of exciton momentum, the distance between the
TMDC and the interface(s), and the orientation (in- or out-of-plane) of the dipole orientation. In
particular, excitons in TMDCs are referred to as bright or dark depending on their optical selection rules
[19, 21], with bright (dark) having in-plane (out-of-plane) orientation. Depending on the type of TMDC,
either the bright (such as MoSe; and MoS,) or dark exciton (WSe, and WS;) can be the lowest energy and
constitute the dominantly occupied state. We point out that the methods we develop are quite general and
can be readily applied to a broad range of quantum well systems beyond TMDC:s, including those with
type-I and type-II excitations [22]. With knowledge of the effective mass and dipole orientation of the
excitons, we can predict modifications to the radiative dynamics of thermalized excitons for arbitrary
quantum wells.

The rest of the paper is organized as follows. In section 2, we introduce the theoretical formalism to
calculate modified spontaneous emission rates in terms of the total field seen by classical radiating point or
extended ‘planar’ dipoles at their own locations. In the latter case, which is valid to describe extended
excitons, the emission rate is calculated as a function of center-of-mass momentum Q. In section 3 we apply
this general formalism to derive specific rates in the vicinity of a single interface and in a planar cavity. In
section 4, we introduce our model for the temperature dependent emission rate of an extended exciton,
assuming that the center of mass momentum is characterized by a BE distribution to allow for condensed
phases. In sections 5 and 6, we present numerical results for the temperature and distance-dependent
emission rates for a single interface and cavity, specifically considering a silver structure. For a distribution
at low phase space density (i.e. a Maxwell-Boltzmann (MB) distribution or the limit of a single exciton), we
show that the emission rate (normalized to that of free space at the same temperature) approaches that of a
point dipole at high temperatures T >> T, where kg T. = (hk)?/2m (k = 27 /) being the radiative
wavevector and m the exciton mass). In the opposite limit of T S T, the behavior can significantly differ
from a point dipole. This difference is clearest at close distances to the interface (d < \/27), as the narrow
momentum distribution highly suppresses non-radiative emission, and at large distances when this narrow
distribution is able to resolve the resonances of the cavity structure. Although T. ~ 30 mK can be quite low
for experimental realization, at high phase space densities, the narrow momentum distribution arising from
condensation allows for such changes in emission to be observed even at relatively high temperatures
(~5 K). In section 7 we provide a brief conclusion and outlook of our work.

2. Theoretical formalism

In this section, we briefly review the theory by which modified spontaneous emission rates can be
calculated. We first begin with the better known case of a point dipole, before presenting the ‘planar’ dipole
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Figure 1. (a) Point dipole with in-plane polarization, at a distance z, above a silver interface. (b) Point dipole with in-plane
polarization, located symmetrically between a silver cavity with spacing d between mirrors. (c) Planar dipole with in-plane
polarization at a distance z, above a silver interface. (d) Planar dipole with in-plane polarization, located symmetrically between
a silver cavity. The emitted light in all cases can be decomposed into different wavevectors whose directions are indicated by the
black arrows (showing both incident and scattered fields from the surface), while the red arrows and red circles denote the
polarizations associated with s- and p-polarized light. Analogously, we also consider the case of dipoles with out-of-plane
polarization (not illustrated).

used to model an extended exciton. We present the geometry for each structure in the point and planar
dipole cases in figure 1.

2.1. Point-dipole emission rates

The point dipole case is particularly prevalent in quantum optics, accounting for the modification of
spontaneous emission of individual atoms, molecules or other point-like quantum emitters in the vicinity
of planar interfaces [20, 23], planar cavities [24], or other resonant or confining structures for light
[25-27].

We consider a two-level system with an electric dipole allowed transition of frequency w and
corresponding free-space wavelength A. We assume that its immediate vicinity is characterized by a relative
permittivity €;, but allow for the possibility of other dielectric media nearby, which might moditfy its
emission rate. In the weak-coupling regime (to be defined shortly), the modified emission rate, I,
normalized by the emission rate Iy in an infinite medium of permittivity €, is given by [20, 28, 29]:

L Im[p*-E(ro)] (1)
FO Im [p* : Efree(rO)] .

—iwt

Here, pe ™' is a classical oscillating point dipole representing the two-level system, E(ro)e ' is the total
field produced by the dipole in the geometry of interest at its own location ro = (0, 0, zp), and Egee (7o) is the
field of the dipole in a uniform medium with a relative permittivity of €,. The validity of this weak-coupling
approach requires that the response of the electromagnetic environment itself does not appreciably vary
over I itself. Otherwise, non-exponential or strong coupling dynamics like vacuum Rabi oscillations can
occur [30].

While equation (1) is general, we now describe an efficient method to calculate the total field E for
planar geometries. We outline the calculations for a point dipole with arbitrary orientation, and for
convenience define the corresponding current density J(r) = —iwd(r — ro)p. We first define the in-plane
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wavevector k” = (k, k), and generalizing for later discussions, the dispersion relation in medium 7 of

ki +k; =€ (%)2 = k?. The free field in an infinite medium with permittivity € can be expressed as:

Efree (1) = iwpio / dr' Gree (1, ) - J(1). (2)

For planar geometries, it is useful to express the dyadic Green’s function in a plane wave representation:

Giree(r, 1) = # / dzkHM(kn)ei<ku‘<p—p’>+kz\z—z’\> 3)
and:
k2 - k326 _kxky :Fkxkz
1
M(k) = <kk2) —kk, K —kﬁ Fkk, | . (4)

Thk, Thk KB —K

(Note that the upper sign is for z > z; and the lower sign for z < z,) [29]. For the point dipole, this
expression for the field simplifies to:

1 e
Egee(r) = s / dzkHE(kn)e‘("u ptke|z—z0]) 5)

where .
E(k)) = %M(km p 6)

gives the polarization and amplitude of each plane wave component.

To calculate the total field, we write it as a sum of free and scattered contributions,
E(r) = Efee(r) + Es(r) and solve for the latter. For concreteness, we will focus on two cases, consisting of a
single dielectric interface (figure 1(a)) and a symmetric cavity configuration (figure 1(b)). For the single
interface, we consider that the point dipole is situated at a position ry (with zy > 0) in a medium with
permittivity €;, and calculate the reflected field from an interface with a material with permittivity €,, with
the boundary between the two media situated at z = 0. For an arbitrarily polarized point dipole p, it is
useful to decompose the fields into s- and p-polarizations to calculate the reflected (i.e. scattered) fields. We
decompose the matrix M(k) = M(S)(kH) + M(P)(kH) where:

kK —kk, 0
1
M<5>(k|):<kk2> —kk, k0 (7)
z,1
H 0 0 0

Kk kekyka :Fkxkﬁ

2 2
M(p)(kl):< 1 > kxk}/kz,l kykz,l :Fkyk” (8)

Kk |
2 2
:Fkka :Fkyk” E
gives the decomposed matrices for the incident fields and
X k  —kdk, 0
ke k]
0 0 0
kJZCkZ,l kxkykz,l :l:kxkﬁ
2
ng)i) (kH) _ _% kxkykz,l kykZ:I ikykﬁ (10)
kl kH : ) kﬁ
Tk Fhk Fr

gives the decomposed matrices for the reflected fields [29]. Note that in the p-polarized reflection matrix,
the & superscript denotes the propagation direction of the reflected field. For the geometry in figure 1(a),
the reflected field propagates upward and corresponds to the choice +.
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For the single interface, the reflected field at the location of the point dipole is:

1 )
Ewe(ro) = — / &y B (e o170 (11)

where

iw? s
Exc(ky) = =55 [ e)MR ) + (M )| - . (12)
The reflection coefficients of a plane wave from a planar interface r;,(kj) are given by [29, 31]:

kz,l - kz,z
kz,l + kz,2

€ kz,l — € kz,2

rs(ky) = ek, + erky,

rp(k”) = (13)

One can now substitute the total (free plus scattered) field into equation (1) to calculate the modified
emission rate at a single interface. We consider two specific orientations of the point dipole: in-plane
(p=(p, Py 0)) and out-of-plane (p = (0,0, p)) to the interface. The total emission rate for an in-plane

dipole is:
I(z) 3 e ki ke 2ik,,1 20
Ty =1+ ik Re l:/o dkH |:<kz,1 I’S(k”) k% rp(kH) e . (14)

For an out-of-plane dipole, the total emission rate is:

I'(z) _

3 +oo kﬁ -
=1 — _ 1Kz,120 1
Ty + Zk? Re /o dkH o e rp(k”) (15)

and we note that this dipole orientation only contains p-polarized components.

For the cavity structure, we consider a dipole at zy = 0 in medium 1 with permittivity €, which is
symmetrically located between two media of permittivity €, and where the distance between their two
interfaces is given by d (figure 1(b)). The techniques described above can easily be generalized here. We
again write the total field as E(r) = Ege.(r) + Eq(r). The scattered field can be obtained from the reflected
field of a single interface, by summing its propagation and multiple reflection to all orders. At the position
of the dipole, one finds:

1 .
Ewe(ro) = / &’k (Ef (k) + E(ky)) =12, (16)

The scattered field components are given by

202 ikzld/z ikzld/z
" _iwp 1, e (pt) rs e ) _
Exlhy) = = Kl + 1, eikz,1d> My (k) + (1 — eikz,1d> My (kl)] P (17)

for an in-plane dipole, while for an out-of-plane dipole,

02 ikzld/z
+ _ W Ho e (p£) )
E (k) = P {(1 —, eikz,1d> My (kl)] p- (18)

From equation (1), the corresponding emission rate for the in-plane dipole in the cavity is:

I'(d) 3 oo ki 1 Kk, p ik, 1d
i il . i . ad | 1
T + 2k1 Re |:/o dkH l:kz,l 1—r eikz,1d k% 1+ rp eikz1d € ( 9)

Similarly, for the out-of-plane dipole,
+o0 B
) gikend i 2
/0 dkH (kz,l ) ¢ (1 - Tp eikz,ld>] : ( 0)

I'(d) 3
o =
T, + i Re

2.2. Plane-dipole emission rates

While the point-dipole model accurately describes a number of quantum optical emitters, it is not
necessarily suitable to model an exciton with a delocalized center of mass coordinate, nor the possible
dependence of emission on the center of mass temperature. Defining Q = (Q,, Q,) as the in-plane,
center-of-mass momentum Q of the exciton, the emitted photon will necessarily have the same in-plane
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momentum in addition to an out-of-plane momentum component that we denote by Q> = k¥ — Q*. In
analogy to the point dipole case, the spontaneous emission can be calculated by modeling the extended
exciton as a planar dipole, with current density [7, 19]

J(r) = Job(z — 29)e'¥P e ", (21)

Here, p denotes the in-plane coordinate, while z, is the position of the planar dipole along z. This form of
the current density assumes that the exciton can only move in the monolayer. The spontaneous emission
rate of the exciton of momentum Q is given by

I(Q) = ——— Re { / dryi(r) - E(r)] : (22)
Jol?

Here, « is a geometry-independent coefficient, which only depends on the microscopic properties of the
exciton. For a point dipole, a natural choice to remove this coefficient is made by normalizing the emission
rate relative to a uniform medium, as in equation (1). For an extended exciton, however, we will soon see
that an analogous choice can be problematic, and we will present several complementary possibilities.

To illustrate how the emission of an exciton differs from a point dipole, we begin by recovering
well-known results [32] regarding radiative emission of an exciton in a uniform medium of permittivity ¢;.
In that case, we can exploit equations (2)—(4) to find the free (and total) field,

E(r) = Epee(r) = —% ei(@pHQ:l—20]) o—itN[(Q) - . (23)

First, we can consider an exciton with a circular, in-plane transition, corresponding to

Jo=Jyot = %(& + iy) (where the sign difference corresponds to left-handed or right-handed
polarization). In that case, a natural choice to normalize emission rates is relative to the emission rate of a
stationary exciton in the uniform medium, which from equation (22) yields:

[o(Q) :1{Q§+k%}
Q=0 2| Qk

for Q, < ki, and I'y(Q) = 0 otherwise. Here, the subscript in I'y(Q) refers to the emission in a uniform
medium. Notably, the above result shows that the exciton can only radiate when its momentum can match
that of a propagating photon.

On the other hand, for an out-of-plane transition, J, = Joz, one finds

_awp (@
Ih(Q) = 2%, <k1Q2> (25)

for Q, < ki, and I'g(Q) = 0 otherwise. Unlike the in-plane exciton, a stationary out-of-plane exciton is
dark, T'o(Q = 0) = 0, so the previous normalization procedure cannot be applied here. One practical and
experimentally meaningful way to normalize can be to consider a non-zero motional temperature for the
momentum Q, and calculating the thermally averaged emission rate, which we will introduce later.

The calculation of the spontaneous emission rate of an exciton near a planar interface (figure 1(c))
proceeds in an analogous fashion to the point dipole. It can readily be shown that for an in-plane, circularly
polarized transition, the total emission rate is given by

F(Q) ZO) o 1 il + k% Qz,l 2iQz,1]20] kl 2iQ, 1 |z0]
IL(Q=0) 2 ( Q.1ki +Re K pe + Re Qz)lrse , (26)

(24)

where we have normalized the emission rate by that of a stationary exciton in the uniform medium. For the
out-of-plane exciton, the total emission rate is:

_awp Q? Qiz 2iQz,1 /20|
['(Q.20) = 2k, (lez,l Re [rp k1 Q2,1 ¢ . 7

Likewise, in the cavity structure illustrated in figure 1(d), the emission rate for an in-plane, circularly
polarized transition is

r'Q.d) 1 [(Q.)* 4k ki 2r,elQd Qz1 2r, elQd
= — : I ———] — . D —— 5 2
FO(Q - O) 2 Qz,lkl + Re Qz,l 1 — T elQZ’ld + Re kl 1 + rP elQZ'ld ( 8)
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while for the out-of-plane transition,

Cawp Q@ Q? 2r, eQ1d
HQd= 2k, (kIQz,l R |:<le2,1 l—r elQad . (29)

3. Results: modified emission by silver interface and cavity

3.1. Point dipole
With the preceeding formalism, we now consider the modified emission rates of point dipoles in the planar
structures detailed in figure 1. In the calculations of the main text, we consider metal interfaces of silver,
while the results for several other metals are presented in the appendix (http://stacks.iop.org/NJP/24/
023015/mmedia). We take the permittivity of silver to be e, = —27.397 + 0.896i [33], which is accurate at
the wavelength of the neutral exciton transition in MoSe, (A = 755 nm) [19]. For simplicity, we consider
the dielectric medium that surrounds the exciton to be vacuum (¢; = 1).

In the single-interface case, the reflection coefficient r,(k|) (equation (13)) contains a pole if ¢ is
negative, corresponding to a surface plasmon polariton (SPP) mode with in-plane wavevector

component [34]
[ ae(w)
kspp = 4/ ————— ~ 1.019k 30
SPP o+ ew) 1 (30)

for the silver parameters given above. For the symmetric silver cavity, the SPP wavevector is given by the
solution to
1— lej(kspp)emkz’ld =0. (31)

We plot the solutions for kspp as a function of the cavity separation d in figure 2(a).

In figure 2(b), we plot the modified emission rates for the in-plane and out-of-plane point dipoles at a
single silver interface (equations (14) and (15)), as a function of distance zj. At large distances, the emission
rate behavior is oscillatory, resulting from interference between the emitted and reflected fields. Moreover,

€+1
and emerges from the near-field component (1/z) of the dipole field. It also requires the permittivity of the
silver to have an imaginary part, reflecting the energy loss produced by Ohmic dissipation of the induced
currents in the silver. Mathematically, this contribution arises from the large k| > k; tails of the integrands
in equations (14) and (15). At intermediate distances, the out-of-plane dipole emits significantly into the
SPP modes, due to the purely p-polarized nature of both the dipole radiation and the SPP modes. Assuming
that ¢, is real and evaluating the pole contribution to equation (15) gives:

the short distance (zy — 0) behavior scales as I',, /T’y o (Z%) -Im [6"1 } . This emission is non-radiative,
0

3/2
65/

V1t e(l+€2)

FSPP ~1 SWkgPP
~ TR
Lo 61/ ki V kpp — ki

We plot the modified emission rate versus d for the cavity in figure 2(c). In this case, the in-plane dipole
exhibits regions of enhancement and suppression with a saw-tooth behavior, in agreement with the
well-known results for electric dipole transitions [24]. Coupling to SPP modes is prohibited for the in-plane
dipole for this symmetric cavity geometry. For the out-of-plane orientation, a large enhancement of
emission is observed at short distances d/\ < 0.5, which is attributable to the SPP modes. The approximate
SPP emission rate can be calculated in the near-field (d — 0) limit, where the SPP wavevector can be
approximated as:

Re e 2lkzspplz0 (32)

€& — €6
€+ €]

kspp ~ In { ] L (33)

d

The corresponding tight field confinement and small mode volume at small d give rise to a significantly

enhanced decay rate into SPPs:
Lspp 3m , | € — €
= = Re |1 . 34

Ty (kd?® { b le¥e (34

Similar to the single-interface analysis, at short distances d — 0 both dipole orientations also experience a
non-radiative emission rate that scales like I',, o (Im¢;)/ & due to Ohmic dissipation. However, this
contribution always remains smaller than the SPP emission for the out-of-plane dipole, which also has a
1/d scaling.
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Figure 2. (a) Plasmon dispersion relation kspp /k; for a symmetric silver-vacuum cavity (solid curve), as a function of mirror
separation d. Note that as the distance between the interfaces increases, the SPP wavevector approaches the value for a single
interface (kspp &~ 1.019k,, dashed line). (b) Normalized I /Ty emission rate for in-plane and out-of-plane point dipoles as a
function of distance z, from a single silver interface. The emission rate for an extended exciton with an in-plane dipole transition
at T = 0 is also included. (c) Normalized emission rate for in-plane and out-of-plane point dipoles in a symmetric silver cavity
versus mirror separation d, as well as the emission rate for an in-plane extended exciton at T'= 0.

3.2. Momentum-resolved emission rate of exciton

In this section, we present results for the momentum-resolved emission rate of an extended exciton for the
single interface and cavity structures. Figure 3(a) shows the normalized emission rate I'(Q, zp) /o (Q = 0)
for a single interface as a function of the center-of-mass momentum Q and the distance z, from the surface
for an in-plane transition as given by equation (26). In figure 3(b), we plot an analogous quantity
I'(Q,20)/T0(Q=k/ V/2) for the out-of-plane case, equation (27). Here, we have chosen the (arbitrary)
normalization of an exciton in a uniform medium with momentum Q = k; / V2,asQ=0 yields a zero
emission rate. In both the in-plane and out-of-plane cases, the emission rate for a fixed momentum in the
radiative region (Q < k;) is oscillatory as the exciton position z is varied, much like the oscillations seen in
the point dipole case. We note, however, that for the extended exciton, the visibility of the oscillations does
not decrease with increasing zo. In the non-radiative region (Q > ki), one observes an emission into SPP’s
when Q = kgpp, and lossy emission for other Q, provided that the exciton is close enough to couple
evanescently, zy < 1/]Q,].

One particular limit is the case of zero motional temperature, Q = 0. In figure 2(b), we compare the
normalized emission T'(Q = 0, zy) /To(Q = 0) for an in-plane transition of an extended exciton at zero
temperature with that I'(zy) /T’y of a point dipole. The extended exciton curve is notably different in its
undamped oscillations with zp, and the absence of a near-field non-radiative emission for small z,. This is
because the non-radiative emission comes from the contribution of evanescent waves, which have momenta
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Figure 3. Normalized emission rates as a function of center-of-mass momentum Q/k; and distance between exciton and
interface zy (or mirror separation d for cavity case). (a) I'(Q, zy) /T',(Q = 0) for a single interface, and in-plane circularly
polarized planar dipole. (b) I'(Q, 2) /To(Q = k; / V2) fora single interface, and out-of-plane polarized planar dipole. (c)
I'(Q,d)/T4(Q = 0) for a cavity and in-plane circularly polarized planar dipole. (d) I'(Q,d) /T, (Q = k,/ V2) fora cavity and
out-of-plane polarized planar dipole.

0.00

Q > ky, the wave vector of a radiative photon in medium 1. Thus, at T = 0, an extended exciton with only
Q = 0 has no non-radiative emission. In the out-of-plane case, the extended exciton has a zero-temperature
emission rate ['(Q = 0, zp) = 0, unlike the point dipole case, as seen from equation (25) for Q = 0.
Physically, an oscillating, spatially uniform (Q = 0) planar current density must emit electromagnetic
radiation in a direction orthogonal to the plane, with a resulting electric field polarization that is parallel to
the plane. As there can be no preferred direction of this polarization due to rotational symmetry, the field
and thus the emission rate must be zero.

In figures 3(c) and (d), we repeat the calculations of the momentum and distance dependent emission
rates, I'(Q, d) /T (Q = 0) and I'(Q, d) /T'o(Q = ki //2), for in-plane and out-of-plane transitions,
respectively, this time for the cavity geometry. Now in the radiative region Q < k;, the emission is sharply
enhanced for cavity separation distances d that yield resonances at the exciton emission frequency. These
resonance conditions are determined by the poles of the terms in equations (28) and (29). In the case of a
nearly perfect conductor ¢, — —o0, the resonance condition at normal incidence Q = 0 would occur at
d/X = m + 1/2 for non-negative integer m. The splitting of the resonance condition for Q # 0, observed in
the in-plane case, arises due to the slight phase difference between the s- and p-reflection coefficients for the
finite permittivity of silver. Similar to the single interface, the emission rate is periodic in d, but now with a
Purcell-enhanced maximum on resonance that scales with the cavity finesse, ~1/(1 — |r|?). For Q > kj, the
out-of-plane transition also exhibits a sharp feature following the SPP dispersion relation given in
equation (33), Q = kspp, while the in-plane transition does not couple to SPP’s for the symmetric geometry
considered here.
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4. Temperature dependent emission rates

Next, we consider how the temperature dependence of the exciton momentum distribution impacts our
results for emission rates. The distribution can in principle be quite complex, and governed by the interplay
of various complex microscopic mechanisms, including radiative and non-radiative recombination rates
and thermalization due to scattering with phonons and other excitons [35—-40]. At sufficiently high
densities, there can also be exciton—exciton annihilation processes [41]. In general, each of these processes
would require their own microscopic modeling, which goes beyond the scope of our work.

Instead, to elucidate some of the qualitative physics that is possible, we take a minimal model, assuming
that the momentum is always in a non-interacting BE thermal equilibrium distribution. In the presence of
emission that itself is momentum-dependent, this model essentially assumes then that the distribution
always re-equilibrates on time scales that can be considered instantaneous compared to the emission time.
In TMDC s, thermalization occurs on a timescale of picoseconds—therefore, the assumption of
thermalization is valid for excitons with lifetimes significantly exceeding this timescale [35]. Note that our
model allows for the possibility of condensed phases. In this case, our model is valid for exciton systems
with low oscillator strength, such as interlayer excitons in van der Waals heterostructures, where it is
possible to have a high condensed density and avoid strong exciton—exciton annihilation. We note that these
interlayer excitons have the same selection rules as 2D TMDCs and have been demonstrated to be 99 + 1%
in-plane [18], corresponding to our in-plane calculations and results.

Within our model, the BE distribution for the momentum is given by:

1

for(e) = e Q-w/ksT _ (35)

where €(Q) is the exciton dispersion and p is the chemical potential, related to the density of particles n by
uw="kgT In (1 - e’"’\iB) . (36)

While excitons may exhibit a variety of interesting phenomena resulting in a modified dispersion, such as a
Dirac dispersion [42—44], we consider the case of a quadratic dispersion relation, ¢(Q) = % (m is the
exciton mass).
The transition between quantum and classical statistics is governed by the dimensionless phase space
. 2 _ h : 7 2>
density n\jg, where Agp By is the thermal de Broglie wavelength. When nA3; 2 1, the quantum

statistics become significant. In particular, the excitons can enter a condensed phase, as theoretically
predicted in reference [4] and experimentally observed in reference [5]. The condensate phase results in
strongly modified emission properties, much like that of a T'= 0 gas. On the other hand, for n)\ﬁB < 1, the
BE distribution approaches the classical MB formula with a (per-particle) distribution of,

hz
_ —{Q/kpT
Jus(€) 2amkp T ¢ ’ (37)

Under the above assumptions, the average spontaneous emission rate (I') at a given density and
temperature is given by
) _ I T@fiz e
[ fe(QdQ

One convenient and experimentally meaningful way to normalize this quantity is to divide it by the average
emission rate at the same temperature and particle density #, but in free space, which we denote by (I'y).
Note that for non-zero temperature, (I'y) is non-zero for both in-plane and out-of-plane dipoles, and thus
this normalization can be equally applied to each case.

(38)

5. Results: temperature dependence at a single interface

5.1. In-plane polarization

Here, we study the radiative emission of thermalized in-plane polarized excitons near a single metal
interface using the same material parameters as in section 3. We take the exciton mass to be m = m. + my,
where m, = 0.49m, and m;, = 0.52m, for MoSe, are obtained from DFT calculations (1, is the electron
mass) [45, 46]. For the MB distribution (equation (37)), we use the Q-dependent emission rates given in
equations (24) and (26) to calculate the normalized, average emission rate, (I') /(T'¢), for the in-plane,

10
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Figure4. (a) and (b) Temperature (MB and BE distributions respectively) and distance dependence of the normalized in-plane
exciton emission rate, (I') /(I'y) near a single interface. At the top of (a), we provide the temperature normalized by T, while at
the top of (b), we provide the temperature in terms of the product of particle density and de Broglie wavelength, n)\3;. (c)
Temperature linecuts comparing the plane-dipole emission rate (MB distribution) at various temperatures to the point-dipole
model. (d) Comparison of emission rates using the MB and BE momentum distributions at various temperatures. (e) Emission
rate with varying total densities n and temperature T at a fixed distance, zy = 0.011\ (colorbar uses a logarithmic scale). The
contour lines denote the values of n\},.

circularly polarized plane dipole at non-zero temperatures. We plot the thermally averaged emission rate as
a function of temperature and distance z, in figure 4(a) and provide the corresponding value of T/T. on
the upper axis. The characteristic energy scale defined by kg T, = (hk;)?/2m corresponds to when the
exciton has the same momentum as the radiative photon (7T, ~ 30 mK for our parameters). We find that for
zp > 0.5, the emission rates for different temperatures behave similarly, oscillating interferometrically as a
function of z, with a visibility that increases for T < T.. However, at small distances, when the 2D TMDC is
placed close to the metal interface (zp < 0.03)), the differences in their temperature dependence become
apparent. This is evident in figure 4(c), where we plot the emission rate as a function of z, for various
temperatures. Interestingly, as the temperature of the system increases, the functional form of (I') /(T')
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Figure5. (a)and (b) Temperature (MB and BE distributions respectively) and distance dependence of the normalized
out-of-plane exciton emission rate, (I') /(I'y) near a single interface. (c) Temperature linecuts comparing the plane-dipole
emission rate (MB distribution) at various temperatures to the point-dipole model.

approaches that of a point dipole, I'(zy) /Ty, as given by equation (14) and plotted with the dashed black
curve. At sufficiently low temperatures (T ~ T¢), the exciton momentum distribution contains a negligible
contribution from non-radiative components Q > k;, which results in a significant suppression of
non-radiative emission at short distances, as compared to the high temperature and point-dipole cases
where non-radiative emission is dominant.

We now calculate the average emission rate associated with a BE distribution, using equations (24), (26)
and (38). Here, we choose a fixed total density of n = 10'2 cm~2 typical of interlayer exciton systems [4]
and use the same exciton mass m as before. In figure 4(b), we plot the emission rate (I') /(T'y) as a function
of distance zy and temperature T. For convenience, we also indicate the corresponding value of n\3; on the
upper x-axis. In particular, one sees that a qualitative change in behavior occurs around nA\}; ~ 1, with
values n\}; < 1 approaching the MB emission properties discussed earlier. On the other hand, for values
nA3g 2 1, bosonic enhancement of low-energy (Q ~ 0) states yields more prominent oscillations in the
emission at large distances zp, reminiscent of that of a planar dipole with center-of-mass momentum Q = 0
(see figure 3(a)). This similarity can be better seen in figure 4(d), where we plot (I'") /(T'y) as a function of
distance, for several different temperatures. In particular, we compare the results obtained from the MB and
BE distributions (red and blue curves, respectively), with the emission calculated at T'= 0 (black curve). It
is seen that for n\3; > 1, the BE curve essentially approaches the T = 0 result, even though the
temperature T > T, is still much larger than that to narrow the single-particle MB momentum distribution
to only radiative components. Conversely, for n)\(le < 1, the emission curves for the MB and BE
distributions coincide. Finally, in figure 4(e), we plot the emission rate (I') /(I'y) obtained by the BE
distribution, as a function of temperature T and total density n, for a fixed distance of zy = 0.011\ nm. The
dashed contours indicate the values of n\3;,. The transition around n\j; ~ 1 from the MB result to
essentially the T = 0 result (for n\j; > 1) is also evident here.

5.2. Out-of-plane polarization
We can repeat the calculations of the previous subsection, but now for an out-of-plane transition. In
particular, in figure 5(a), we plot the normalized average emission rate (I') /(T'o) as a function of distance
and temperature, assuming an MB distribution, while in figure 5(c), we provide line cuts showing the
distance dependence for several specific temperatures. In figure 5(c), we also plot the normalized emission
rate ['(zy) /T’y for a point dipole (dashed black curve). Just as in the case of an in-plane transition, the
out-of-plane transition results converge to the point dipole one at sufficiently large temperatures and
distances. Also as before, for small distances and low temperature, suppression of non-radiative emission is
responsible for the divergence of the planar and point dipole results from one another.

In figure 5(b), we plot the average emission rate versus distance and temperature for the BE distribution,
taking the same total density n = 10'2 cm~2 as in section 5.1. Again, one observes a qualitative transition in
behavior around n\j; ~ 1.

6. Results: temperature dependence in a metal cavity

6.1. In-plane polarization
We now use equations (24), (28) and (38) to calculate the normalized average emission rate for the cavity
configuration. In figures 6(a) and (b), we plot the temperature and distance (d) dependent rates for the MB
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(c) Temperature linecuts comparing the plane-dipole emission rate (MB distribution) at various temperatures to the
point-dipole model. (d) Comparison of emission rates using the MB and BE momentum distributions at T = 5 K, and the
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d = 0.439), respectively (colorbar is on a logarithmic scale). The contour lines indicate values of n\3;.

06 1.0 14
d/A

0.0 1.0 2.0 3.0
nx 102 (cm?)

and BE distributions, respectively. In the latter case, we again take a total density n = 10'> cm 2. In

figure 6(c), we plot linecuts of the MB results at select temperatures at small distances (left), and at larger
distances (right), where the latter shows the strong sawtooth shaped Purcell enhancement associated with
the cavity. Similar to the single-interface case, we find that as the temperature increases, the plane-dipole
model begins to behave like the point dipole model (dashed black curves of figure 6(c)) as the high-Q states
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that contribute to non-radiative emission become populated. For T > 5 K, we find that the minimum
emission rate is (I') /(T'g) & 0.01 for a cavity separation of d ~ 0.27\ and is sharply enhanced for smaller
separations, d < 0.27), due to non-radiative decay. In comparison, this non-radiative decay becomes
negligible at short distances once T'~ T.. In the Purcell-enhanced region, it can be seen that low
temperatures T S T, can result in a greater level of spontaneous emission enhancement, as one would
expect as the Q distribution narrows toward Q = 0 (compare with figure 3(c) at Q = 0).

For BE distributions with n)\ﬁB 2 1, bosonic enhancement allows for the normalized emission rate to
come close to the T'= 0 case, similar to what was observed at a single interface. This is evident in
figure 6(d), where we plot the distance-dependent emission rates at a fixed temperature of T = 5K
(n)\fiB = 11.01), using the MB and BE distributions (red and blue, respectively), and also the T'= 0 result
(black dashed). Notably, for example, a maximum Purcell enhancement of (T') /(T'y) ~ 107, as allowed for
T = 0, is also observed for the BE distribution. In figures 6(e) and (f), we now consider the emission rate
versus temperature and total density, at a close distance of d = 0.011) and large distance of d = 0.439),
respectively. The transition from MB to BE behavior around nA}; ~ 1 is evident. Notably, at the distance of
d = 0.439), Purcell enhancements on the order of ~10? are observed when n)\(le > 1.

An important caveat to these discussions of orders of magnitude of enhancement is the possibility of
strong coupling between the excitons and the metal cavity, in which case the calculations are no longer
valid. For a metal cavity with ~5 THz linewidth, interlayer excitons with emission rates in the 10—100 MHz
regime would remain weakly coupled even with the ~100 times Purcell enhancement shown in figure 6(d)
[3]. However, for individual monolayers where excitons can have THz radiative decay rates, the system
would enter the strong coupling regime and the calculations are no longer valid [46].

6.2. Out-of-plane polarization

We now consider an out-of-plane transition in the cavity structure. Figure 7(a) plots the emission rate
dependence on temperature and cavity separation d for the MB distribution. At low temperatures and small
separations d, the large non-radiative emission present at high temperatures becomes significantly
suppressed. Figure 7(b) shows the emission rate calculated using the BE distribution. As before, a large
phase space density allows the behavior associated with the MB distribution and low temperatures T < T
to be observed at much higher temperatures. Figure 7(c) plots linecuts of the emission rate for the MB
distribution at select temperatures. We find that at T = T¢, the non-radiative emission is suppressed by
several orders of magnitude compared to higher temperatures and does not monotonically grow as d — 0,
unlike the point dipole case.

7. Conclusion

We have elucidated the remarkably different emission behavior that extended excitons can have in common
geometries such as a single metallic interface or a metallic cavity, as compared to the better known behavior
of a point-like quantum emitter. By taking into account the thermal distribution of exciton momentum, we
found that at low temperatures, the non-radiative emission at short distances associated with Ohmic losses
can be significantly reduced. The emission behavior of thermalized excitons begins to approximate that of
point dipoles as the temperature increases. These strong differences between point-like and planar dipole
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emission will be particularly relevant for those studying excitonic systems in 2D TMDC:s at cryogenic
temperatures. Furthermore, we have shown how these differences are exaggerated when considering a BE
distribution of the exciton center-of-mass momentum at high phase space densities n\3; = 1 where the
exciton gas approaches a condensed phase.

Our simple model was quite specific, focusing on a non-interacting exciton gas with quadratic
dispersion, whose momentum distribution always corresponds to a BE distribution. However, we anticipate
that our model can also be extended to cover a wide variety of interesting phenomena. In cases where the
exciton dispersion includes a linear term [42—-44], the temperature dependent calculations may be carried
out with a dispersion relation €(Q) ~ Q following our provided formalism. The principles underlying our
model might also be combined with more microscopic models of exciton dynamics, which account for
additional phenomena such as exciton—exciton interactions. Together, these insights might enable novel
opportunities in optoelectronic systems and devices based on manipulating TMDC exciton emission.
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