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Abstract

We develop an online data-enabled predictive (ODeePC) control method for optimal control of unknown systems, building on
the recently proposed DeePC [1]. Our proposed ODeePC method leverages a primal-dual algorithm with real-time measurement
feedback to iteratively compute the corresponding real-time optimal control policy as system conditions change. The proposed
ODeePC conceptual-wise resembles standard adaptive system identification and model predictive control (MPC), but it
provides a new alternative for the standard methods. ODeePC is enabled by computationally efficient methods that exploit the
special structure of the Hankel matrices in the context of DeePC with Fast Fourier Transform (FFT) and primal-dual algorithm.
We provide theoretical guarantees regarding the asymptotic behavior of ODeePC, and we demonstrate its performance through

numerical examples.
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1 Introduction

In the context of smart critical infrastructures and com-
plex dynamic systems, applications of optimal control
abound [2]. Traditional optimal control of these systems
relies on accurate system models, with model predic-
tive control (MPC) [3-7] being a classic approach. Many
complex physical systems however, such as large power
systems, manifest complex and hard-to-model uncer-
tain dynamics that complicate their study and analysis.
Therefore, data-based modeling and control techniques
have become increasingly popular in the context of such
systems due to data abundance [8,9]. Such approaches
offer an attractive alternative to classic optimal control
as they are independent of any analytical system models.

System identification algorithms are exploited in many
control approaches for producing approximate models
when an analytical system description might not be
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available or might be too difficult to obtain [10-12].
Other data-based control approaches exploit different
types of learning algorithms at various stages of the
control design process to generate information about
the model. Representative publications of this line of
work are [13-18], [19], and [20]; the most prominent ap-
proaches are based on reinforcement learning and MPC
using Gaussian processes. All these approaches rely
on state-space model representation of the underlying
dynamic system.

Data-driven optimal control approaches can be useful
even when a certain (simplified) model of the system
exists. In such a case, data-driven approaches can help
refine the model, by capturing exogenous disturbances
and other model details not accounted for in the exist-
ing model [19]. The idea of using series of input/output
data to characterize system behavior was first explored
in [21-23]. Since then, the concept had been matured
with behavioral system fundamental theory being estab-
lished [24,25]. The concept was also explored in various
model-free control schemes [26-28]. Recently, [1] revived
the behavioral system approach by framing so-call data-
enabled predictive control algorithm (DeePC). It basi-
cally carries the spirit of totally data-based approach
which uses the control inputs and plant outputs of a dy-
namic system to learn the system’s behavior and com-
pute a predictive control policy directly. Despite its ac-
curacy and efficacy for small systems (systems with few
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states), however, this control approach, lacks scalabil-
ity as its implementation to large systems (i.e., systems
with many states) can be computationally burdensome.
This is partially because of the large dataset required to
accurately represent the underlying system.

Contributions. In this paper, we develop an online
data-enabled predictive controller (ODeePC) built on
DeePC. The objective of ODeePC is to utilize the online
data measurements to capture real-time variation of the
controlled system, and generate optimal control inputs.
Conceptually, ODeePC is similar to standard methods
of MPC with online parameter /model identification. We
view ODeePC as a valuable alternative for predictive
control, especially for black box systems with unknown
models where standard MPC-based approaches cannot
be used. Our main contributions are highlighted as fol-
lows:

e We exploit tools from online time-varying optimiza-
tion methods with measurement feedback [29,30] to
design an online predictive control algorithm suitable
for systems with unknown models. The papers [29,30]
elaborate on how to solve general time-varying con-
vex optimization problems online. Our main contri-
bution compared to these works is to leverage DeePC
to the time-varying optimization setup so that the
time-varying properties of the controlled system can
be implicitly captured. In our setup, the measurement
is not directly used to update the decision variables;
instead, it is used to update the behavioural system
model and, in turn, adapt the control implicitly.

e ODeePC requires computing products of large-scale
matrices and vectors which can be challenging in an
online setting. To overcome this, we extend the results
in [31] to devise a computationally efficient algorithm
for a fast computation of the product of a non-square
block Hankel matrix with a vector. The algorithm ex-
ploits properties of circulant matrices and fast Fourier
transform (FFT) to carry out the assigned computa-
tions efficiently. We also derive the complexity of this
algorithm and prove that it precisely computes the de-
sired product. The paper [31] shows how to compute
the product of a simple square n x n Hankel matriz
and a vector. Our two new contributions compared to
this work are:

- We first extended the algorithm in [31] to accommo-
date n x m non-square Hankel matrices. This led us
to developing Algorithm 4 (Section 4).

- We further developed an algorithm for computing
the product of a block Hankel matrix i.e., a matriz
which has Hankel matrices as elements, and a vector.
This is stated as Algorithm 5 (Section 4) and can be
used to compute the product of a block Hankel and
a matriz efficiently by leveraging FFT.

e Lastly, we establish theoretical guarantees regarding
the asymptotic behavior of ODeePC and illustrate its
effectiveness through numerical studies.
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The rest of this paper is structured as follows. In Section
2, we present the notation we use throughout the pa-
per and some preliminaries. Section 3 includes the main
results surrounding the development of the proposed
ODeePC algorithm and the analysis of its performance.
We validate the performance of ODeePC through nu-
merical examples in Section 4. Finally, in Section 5, we
conclude the paper with some remarks.

2 Notation and Preliminaries
2.1 Notation

Let R denotes the set of real numbers; Z>( and Z re-
spectively, denote the set of nonnegative integers. Given
amatrix A, AT denotes its transpose, and A = (<)0 de-
notes that A is positive (negative) definite. The matrix
I,, € R™ " is the n x n identity matrix. For z € R", ||z||,
denotes its Euclidean norm, diag{x} is a diagonal matrix
with the elements of  on the main diagonal. Further,
given a set X C R™, Proj{z} denotes the projection of
x onto X. Given a @ > 0, we define Hv||é =0 Qu. We
use subscript ¢ to denote a vector value at time ¢; and
v; ¢+ to denote the it" entry of the vector v, at time t. We
denote the smallest eigenvalue of @ € R™*™ by A\pin(Q).

0

Sm.n € R™*™M1 For any matrix A € R™*N G, A
results in shifting the elements of A upward by n posi-
tions.

0 I,—
A shift matrix is defined as Sy, ,, = L) 1] %In and

2.2  Preliminaries

Let us start by considering a time-invariant linear (LTT)
system given by

t+1 = Axy + Buy (1)
t — Cl’t + Dut.

In this representation, t € Z~ is the discrete time index;
A € R™" is the state matrix; B € R™*™ is the input
matrix; C € RPX™ is the output matrix; D € RP*™ ig
the feed-forward matrix; z; € R”™ is the state vector;
u; € R™ is the control input vector; and y, € R? is
the output vector. Also, let 4 € RP denote the output
reference vector representing the desired value of the
output at time .

Let u := (u] ,...,uj.)" € R™T denote the vector of the
control inputs during ¢t = 1,...,T, for some T € Z~y.
The block Hankel matriz, with each column being a set
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of consecutive data points of length L < T, is given by

1 U2 Ur—L+1
2 us UT - L+2

A= T @

(L Ur+1 ur (

with 7 (u) € R™EX(T=L+1) A similar matrix can be
constructed for y. It is useful at this point to introduce
the following definition.

Definition 2.1 Let L,T € Z~o and T > L. Then, the
signalu := (u] , ..., u—Tr)T 1s persistently exciting of order

L if 741, (u), as defined in (2), is of full row rank.

Roughly speaking, a persistently exciting input is a rich
enough input able to excite the system so that it gener-
ates an output that is representative of its behavior.

Moving forward, we assume that v € R™7 is a persis-
tently exciting input data set of order Ti... With rich
enough data to describe system (1), we can construct
the following block Hankel matrices associated with the
input and output data, respectively

U=, (u), Y =07, (y), (3)

where U € R™TtorXr Yy ¢ RPTwe X% and k= T — Thop +
1. Behavioral system theory [32] states that if system (1)
is controllable ! | then the input-output pair (utot, Yot ),
where wyo; € R™ ot and y,oy € RPTrot is a trajectory of
(1) if and only if there exists a g € R", such that

HERWE

Equation (4) indicates that any possible trajectory
should be a linear combination of x number of trajecto-
ries (columns) embedded in [UT, Y T]T. We can view (4)
as an alternative model of (1). The main difference is
that (4) is entirely constructed by data as opposed to
state evolution in (1).

L The controllability for LTI in the context of behavioural
system theory is weaker than the one for control system the-
ory (behavioural system theory is on the control of output y
and control system theory is on the state z), cf. [1, Definition
4.3]. We do not distinguish them here for simplicity.
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2.3 DeePC

We consider the following classic predictive control prob-
lem with the prediction horizon N € Z~q

N-1

minimize Z (ug, yr), (5)
zup €Uy €Y, T,

Vk=0,--N—1
Yk e {0, , N —1},
Yk e {0,---,N -1},

s. t. Tp41 = Axy + Bug,
yx = Czp + Duy,
To = "ita

where z = (x(—)'—, ...,x;'\—,)—r; UCR™and Y C RP are, re-
spectively, the convex and bounded constraint sets for
ur and yi for all k; f : UxY — Ris a convex cost
function; and Z; serves as the initial state of the system.
We let t denote the current time, and k index the time
instances of the look-ahead horizon window. In the con-
text of DeePC, the state variables x are unknown and
the dynamical system is characterized by the past in-
put/output data, which is used to construct the model
shown in (4). Let uy; € R™ i and g € RPTn de-
note a given initial trajectory of the system of length
Tini € Z~o over time interval [t — Tip;, -+ ,t — 1]. Any
trajectory u = (ug ,...,ug ;)" andy = (yg , ..y Ypn_1)
over the time interval [t,t + N — 1] should satisfy

(.- LI TE

g= ; (6)

Yini

Y,

LY
for some g € R*. Note that we have Tio; = Tin; + N;
and we have partitioned U € R™TttX* into U, and
Uy, with U, € R™% and Uy € R™N*%, Similarly,
Y € RPTet% i partitioned into Y, € RPTmi*% and
Y; € RPNXA The length of the initial trajectory, Tini,
should be selected large enough to ensure unique y for
any given u cf. [32, Lemma 1]. In fact, Tj,; should be
the number of data points required to ensure the sys-
tem behavior being “observed” (similar to the observ-
ability condition in the context of classical control the-
ory); see [1] for a formal lower bound on Tj,;. We assume
that the total number of measured input/output pairs,
T, is large enough to construct a persistently exciting U
of order Tioy; cf. Definition 2.1. In the following, we use
the shorthand notation H = [U,', UfT, v, YfT]T. With
all the elements in place, we state the DeePC formula-
tion of (5) as:

N—-1

minimize Z (f(uk,yk) s.t. (6) holds, (7)

eRr uel,ye
g yey P
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where U and Y are, resppctively the Cartesian products
of N number of & and Y. In [1], the following algorithm
is proposed for solving (7).

Algorithm 1 DeePC [1]

Problem data: past input data wini, Yini, H =
(U, U} Y, Y], feasible input and output sets U
and ), objective function f.

(1) Solve (7) for g* and compute u* = Uyg*.

(2) Apply control inputs  (ug,...,u, )" =
(UGT,...,ugT)T for some s < N — 1.

(3) Set t to t + s and update past input/output data
Uin; and yin; with the Ti,; most recent data obtained
from measurements.

(4) Repeat.

We note that in Algorithm 1, the matrix H is not up-
dated over time as the data is recorded offline. In cases
where we are dealing with time-varying or nonlinear sys-
tems, not updating the matrix H over time might result
in bad system representation and invalid control poli-
cies. We next present our proposed Online Data-enabled
Predictive Control (ODeePC) which tackles these chal-
lenges.

3 Online Data-enabled Predictive Control

Below are the main aspects of the proposed algorithm;
the details are given in the ensuing sections.

e [t exploits available real-time data obtained from sys-
tem measurements to dynamically update both the
matrix H and vector h in the model description.

e It uses a primal-dual gradient descent algorithm to
iteratively compute the optimal control policy, thus
allowing the intermediate control inputs to be applied
to the system in real-time.

e It exploits a FFT-based algorithm to efficiently com-
pute the products of block Hankel matrices with vec-
tors.

These aspects of ODeePC will be explained in detail.

3.1  Primal-dual Algorithm for the Regularized DeePC
Problem

We first design a primal-dual algorithm to iteratively
solve the Lagrangian formulation of (7). Then, we ap-
propriately modify the designed algorithm to arrive at
the ODeePC algorithm’s iterative update rule.

We start with considering the following min-max opti-
mization problem associated with (7):

maximize( minimize E(u,y,g,v)),( (8)

v gERF weld,yey
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where v € RN, N, = (m + p)(Tini + N), and L is the
regularized Lagrangian, given as:

N-1

Z (wrk, yk) + g||9|‘2

k=0

L(u,y,g,v
€y 2
v (Hgfh)*gl\VIIm

where €, > 0 and €, > 0 are (small) constants. The reg-
ularization terms improve the convergence rate of the
gradient-based method at the expense of converging to
a point that is close to but not exactly the real optimal
point of (7). This particular regularization is widely used
for solving convex optimization problems [29], [30]. Us-
ing the primal-dual gradient descent algorithm to solve
(8), we arrive at the problem’s saddle-flow dynamics.
These, are given by

u™h = Proj {u” — a(Vuflw 4y — i)}, (9a)
y = Projy{y” — a(Vyfluryr) —vy)} (9D)
g =g" —a(M VT +eg97), (9¢)
vV =0T fa(HgT —h— e, "), (9d)

where 7 is the iteration number, o € R is the step size,
and f(u,y) = ZkN:_Ol f(ug,yr). Further, we define v
and v, as the elements of v7 associated with the inputs
and outputs, respectively. The saddle-flow dynamics (9)
solve the static optimization problem (8).

Large systems with numerous states would give rise to
a large matrix H whose product with a vector has to
be computed. This would inevitably render the algo-
rithm computationally very expensive and challenge its
online implementation. Motivated by this, we carefully
design ODeePC so that it is computationally efficient
and suitable for online implementation. We accomplish
this by exploiting a computationally efficient algorithm
that leverages FFT to compute the block Hankel matrix-
vector multiplication quickly. The details will be pro-
vided in the sequel.

3.2 ODeePC

We now present the underlying time-varying optimiza-
tion problem associated with our proposed ODeePC.
We consider, the vector h in optimization (8) to be fre-
quently updated with the latest input-output pair, wip;
and yi,i. In addition, to allow our algorithm to cope
with time-varying systems, we also update H at every
iteration for better system characterization. The follow-
ing formulation captures the time-varying properties de-
scribed.

maximize< minimize Et(u,y,g,y)>,< (10)

v geERF ueld,ycy
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where t captures the time instances when the optimiza-
tion problem is updated. The time varying Lagrangian
is the same as (8) except that 7 and h are time depen-

dent, given as
K ( (f/ | (
m1
f t )

t]’ h' = t
Y, Yini

I Il
Remark 3.1 (ODeePC for linear time-varying
(LTV) systems). For a LTI system, updating H on-
line using the measured data is not very meaningful
as the original H already captures all the properties
that characterize the system; however, in order to allow
ODeePC to deal with LTV systems or nonlinear dynam-

ical systems, frequent online updating of the matrix H
is necessary.

+ T

H =

Let the variable 7 track the algorithm iteration, and as-
sume that the control is implemented on the system ev-
ery time Ny iterations have been completed. The itera-
tion index 7 and the system update instances t are re-
lated as follows. When 7 coincides with the system up-
date instant ¢, then 7 + N; would coincide with the sys-
tem update instant ¢ + 1. In our proposed ODeePC sys-
tem, all the inner-loop iterations in the interval (¢,¢+ 1)
are carried out using the update rules (9), with H being
fixed and given by H' = [U;,T U}T Y;T thT]T. In addi-
tion, the uin; and yi,; elements of h are, respectively, fixed
at u!; and y! ;. Every N iterations however, starting at
instant t+1 (or 7+ Ny), these elements are updated, and
ODeePC deploys the following update rules to compute
the new input-output pairs and dual variables:

u = Proj {@" — a(Vufl@ar gy — 75)},  (1la)
y“:thwfﬂﬂ%ﬂmww—%ﬂ, (11b)
Ll P -
gT+1 — gT _ Oé(H(t+1) + €59 )’ (110)
v =0T oM gT - BT =607, (11d)
where 47 = Sleu'r7 g = SN,pyT, P [ﬁ;’T ﬁ;’T]T7
lA/;: = STmt,mV;:a ZA/;/— = STtomPV;’ and
WY =it w Ry, (12a)
| Tiot,m 0
’Ht+1 = Ht +/Hgdd7 (12b)
L 0 STtofnP
_£ 0
L,US, + [ L, OJu ]
H;dd _ m 1 [ ] ini , (12C)
0

%HmWL+Kmm%J<
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t Yt
ut=1\[*], Yi=|7|, (12d)
i Y;
uf:ll = Tini,mufni + [0 Im]Tugv (126)
yltr-ltl = STmi,pyitni +[0 Ip]Ty5~ (12f)

Every 0 above is in proper dimension. We omit the di-
mensions of the 0 elements for compactness. Observe
that the update rules (11) are different from (9). The
main differences between (11) and (9) are that the vari-
ables u”, y7, V7, are updated through the shift matri-
ces. In addition, H? and h! are updated based on the
latest input/output pair, (uf,yf). For 4" = Sy n,u”,
the shift matrix Sy ,,, moves uj, 41 in the place of uj, for
all Kk = 0,--- , N — 2. The logic behind this updating
scheme is that the prediction horizon changes, e.g., from
(t,t+1,--- t+N—-1)to(t+1,t+2,---,t+ N), ev-
ery time the optimization problem is getting updated.
The updating scheme uses the shift matrices to appropri-
ately “initialize” the solution of the optimization prob-
lem, u™, y™, V", at t + 1 using the one for time t. The
update of H! and h! is to reflect the change of the op-
timization problem instead of the initialization of the
variables. Equation (12) simply removes the oldest in-
put/output pair and adds the latest one, (uf,y), in the
way that complies with the logistics of constructing the
behavioral system model. We summarize the ODeePC
in Algorithm 2.

Algorithm 2 ODeePC

1: Initialize 7=t=1,a, ¢, u”,y", g7, v", H', ht
2: Repeat

3: if mod(7,Ny) > 1 then

4: Compute (9) using Algorithm 4
5: else

6: Apply control uf to the system
7:  Update H'™" and h'*! by (12)
8: Compute (11) using Algorithm 4
9: t—t+1
10: end if
11: 7—=7+1

Note that Algorithm 2 incorporates Algorithm 4, which
will be introduced in Section 3.4, to compute X" ' v and
H™ ¢" in (9) and (11). The matrix-vector multiplications
are the most computationally heavy part in Algorithm 2.
Algorithm 4 gets around the multiplications with FFTs.
We will first show the convergence of the ODeePC and
then in Section 3.4 we explain how FFT-based approach
works.

3.3 Convergence of ODeePC

In this section, we analyze the convergence of the
ODeePC algorithm. For convenience of notation, we
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denote 27 = [u7 " y7 T
g" " v T]T, and we rewrite (11) as:
ZT+1 = PrOquyxRﬁJrNu {ZT _ O[qJT(ZT)}7 (13)

where the time-varying gradient step is embedded in U7
We assume the Lipschitz continuity and monotonicity of
U™ stated formally in Assumption 1.

Assumption 1 (Lipschitz continuity and mono-
tonicity of the gradient). There exists a finite constant
oy € Ry suchthat W7 (2') — U7 (22) <oy 2! -2?
forall 2%, 22 € U x Y x R*Nv for all 7. In addition, U7
is strongly monotone with constant 7.

Assumption 1 is actually equivalent to [33, Lemma 3.4].
The reason of making Assumption 1 instead of deriv-
ing [33, Lemma 3.4] for our case is that the proof of [33,
Lemma 3.4] will require breaking the equality constraint
on g into inequality constraints. In addition, because the
gradient mapping Y™ has two different forms (dependent
on the iteration step), respectively (9) and (11), we need
to show the Lipschitz continuity and strong monotonic-
ity for both forms. Those are tedious and not the focus
of this paper.

We further make Assumption 2 that considers that the
variation of the optimal point is bounded, enabling each
time close tracking of the optimal point within a reason-
able number of iterations of ODeePC.

Assumption 2 (Bounded variation of the optimal

point). There exists a finite constant o, € Ry such that

the optimal points for the consecutive time steps t (or

7)and t + 1 (or 7 + N) of optimization (10) satisfy
ZT+N1,* — T ) < 0.

Recall that we index z by the iteration number rather
than the time instances ¢. The optimal point of z for
iterations 7,- -+ , 7+ Ny — 1 (or time t) stays unchanged
because the associated optimization remains the same.
The optimal point changes for iteration 7 + Ny (time
t 4+ 1). We last make Assumption 3 before showing the
convergence results of ODeePC.

Assumption 3 (Persistently exciting condition
for online updates). For every timet € N, Ut has full
row rank.

Assumption 3 ensures that for every time instance, the
sequence of the controls used for constructing the block
Hankel matrix, U?, satisfies the persistently exciting
condition. If the persistently exciting condition is lost
throughout the course of updates of the block Hankel
matrices, then the optima of (10) may not correspond
to optimal control for the underlying control system.
It is very challenging to ensure the persistently excit-
ing condition being satisfied for all times (especially
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in an online setup). Specifically, if the control input
stays close to certain value for a period of time, it can
destroy the richness of the data and, as a result, the
persistently exciting condition may no longer hold. To
lower the odds of the violation of this condition, one
may halt updating the block Hankel matrices once the
control input (approximately) reaches a steady state.
A comprehensive method to avoid the violation of this
condition is a challenging future work. We make it as
an assumption in this paper.

With all the elements in place, we state Theorem 3.2
which establishes convergence of Algorithm 2.

Theorem 3.2 (Convergence of ODeePC). ? If As-
sumptions 1, 2 and 3 hold, and p(a) := /1 + o202, — 2an <
1, then Algorithm 2 has z™ converge Q-linearly to a
neighborhood of optimal point of (10), given as:

Oz

limsup ||[z7 — 27|y = —=——.
‘r—)oop || ”2 1- p(Oé)

The proof of Theorem 3.2 is similar to the proof of
[30, Theorem 4]. The main element of the proof is the
derivation of an inequality between ||27T1 — 27 +1*|| and
|27 — 27*||. In the proof, Assumption 1 is used for sub-
stituting the terms (U7 (27) — U7 (2™*)) T (27 — 2™*) and
[ U7 (27) — U7 (27*)||3 by the product of some coefficient
(determined by oy and 1) and ||z™ — z™*||. Readers are
referred to [30, Theorem 4] for more details.

Our algorithm is particularly designed to deal with LTV
systems and as we establish through our main result in
this Section, Theorem 4.2, has guaranteed stability and
convergence when applied to such systems. Concretely, we
formally show that, in the case of LTV systems, ODeePC
converges Q-linearly to the neighborhood of the optimal
solution under mild assumptions.

Feasibility of the optimization problem: The con-
trol inputs u and outputs y obtained from the online
primal-dual algorithm are always guaranteed to be feasi-
ble as we use projection to the feasible set to obtain their
new updated values. However, as the intermediate con-
trol inputs are applied to the system before convergence
of the algorithm there is always a risk that they might
not satisfy the equality constraint of the optimization
problem. In general, this is something that all online
optimization algorithms that deal with LTV systems suf-
fer from not only ODeePC. In such cases, the distance
to feasibility can be bounded formally. For more de-
tails on feasibility of online algorithms for time-varying
optimization problems please see [30]. Here, to avoid in-
feasible control inputs, we allowed the algorithm to run
for several internal iterations before applying its output
(generated control inputs) to the physical system.

2 We assume that the measurement noise is zero in the proof.
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3.4 Fast Computation of Hankel Matrixz- Vector Product

In this section, we describe Algorithm 4, which effi-
ciently computes the matrix-vector multiplications in (9)
and (11). We will use the fact that H in (9) and (11)
is the concatenation of block Hankel matrices U and Y,
and we apply FFT to exploit the convolutional structure
of the Hankel matrices.

We slightly abuse the notation in this subsection, and we
let n and m denote the dimensions of a general Hankel
matrix H so that H € R™* ™ unrelated to the state-
space model representation (1). Given that, the main
problem we are concerned with here can be described as
follows.

Problem 1 Given a m-element vector v € R™:

vi= (vl Vg v vm)T, (14)

and a Hankel matric H € R"*™ where h; € R, Vi,
defined as:

hl h2 e hm—l hm
hg h3 s hm hm+1
H:= : : , (15)
hn—l hn o h7n+7rz—3 hn+m—2
hn hn+1 e hn+m72 thrmfl

compute the product py = Hv in a computationally effi-
cient manner.

Building on the algorithm proposed in [31] for comput-
ing the product of a square Hankel matrix and a vec-
tor, we propose Algorithm 3 for computing the product
pu = Hu efficiently for non-square Hankel matrices. The
complexity of Algorithm 3 is introduced through the fol-
lowing theorem.

Theorem 3.3 The complexity of Algorithm 3 that com-
putes the product of a Hankel matriz H € R™*™ and a

vector v € R™ is O Cax(n, m) log(max(n, m))) (

PROOF. Following the same steps as in [31], we first
note that each FFT has a complexity 5(n+m—1) log(n+
m—1), and the pointwise multiplication has a complexity
6(n+m — 1) and the inverse FFT 5(n +m — 1) log(n +
m —1). By combining all of these together, we have that
the complexity of the algorithm is:

15(n+m —1)log(n+m —1)+6(n+m —1). (16)

Equation (16) can be rewritten in Big-O notation, which
is the desired O( wa(n, m) log(max(n, m))) (

Algorithm 3 Fast Hankel matrix-vector product

Given a vector v € R™ and a Hankel matrix H € R"*™,
compute the vector pg = Hv via the following steps.
(1) Define a new (n + m — 1)-element vector c as:

i
¢ = (B hans = By o by e )

(2) Define a (n + m — 1)-element vector v, € R*Tm~1
by permuting the vector v and adding (n — 1) zeros
so that:

-
e = (i vt - 12 0 0)
(3) Compute a (n +m — 1)-element vector y as:
y = IFFT(FFT(c) o FFT(v.))
where (o) is the Hadamard product of the two vec-

tors, FFT is the fast Fourier transform, and IFFT
is the inverse fast Fourier transform.

-
(4) Let y = (yl Y2 - Yntm—2) y(nerfl)) Y€
R™*™~1 Then the product py = Hu is given by:

T
P = (yl Y2 - Yn—-1 yn)

i.e., the subvector defined by the first n elements of
the vector y.

It remains to show that the proposed algorithm precisely
computes the desired product py = Hv. This is carried
out through the following theorem.
Theorem 3.4 Consider a Hankel matric H € R"*™ qs
defined in (15) and a vector v € R™ as defined in (14).
The first n elements of the vector y obtained from the
following computation:

y =IFFT(FFT(c) o FFT(v.)) (17)

where ¢ and v, are (n +m — 1)-element vectors, defined
as:

T

c= (hm hm+1 hn+m—1 hl h2 hm—l) )
T

’Ue::(mvm_l...fulo...o) 5

yields the exact product py = Hu.
PROOF. The proof is deferred to the appendix.

Through this theorem, we have established that Algo-
rithm 3 computes the product py = Hv. By building on
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these results, we will now design an algorithm that will
allows us to efficiently compute the product of a block
Hankel matrix H (comprising column vectors h;) and a
vector v. The main problem we seek to address can be
stated as follows.

Problem 2 Given a m-element vector v € R™:

vim ((i v um) (18)

and a block Hankel matriz H € R("l)xm, where h; €
R, 1> 1, Vi, defined as:

hy hy, -+ hy hy
h2 h3 s hm hm+1
H:=1[ : : ;o (19)

hn—l hn : hn+m—3 hn+m—2
(hn hn+1 hn+m72 hn+m71

Compute the product ppy = Hv in a computationally
efficient manner.

Our goal is to compute the product of a block Hankel
matrix H that comprises column vectors h; € R!, with a
vector v. We propose the following algorithm for solving
Problem (2).

Following the steps in the proof of Theorem 3.4, one can
show that application of Algorithm 4 indeed results in
the precise computation of the product pgy of a block
Hankel matrix H and a vector v.

4 Numerical Validation of ODeePC

We consider the following predictive control problem
with a linear time-varying dynamic system:

N—1
minimize Z lyr — 7“t+k|‘§, (20)
z,u€U,y =0

s. t. Th+1 = At+k$k + Bt+k7.l,k,v1€ € {0, s ,N - 1},
yr = Cayg,Vk € {0,"~ N — 1},

To = T,

R19%10 for every time instance t, C € R'9*19 and r,
is the reference signal. The objective of the predictive
control is to track a given reference output signal r;. All
A;, By and C are randomly generated with ||A¢|[, =
l|Btlly = ||C||5 = 1. The generated system was verified
controllable and observable. Both A; and B; vary with ¢,
specifically, the magnitude of each entry of A; increases
p% of its value whenever ¢ changes to ¢t + 1, where p

where U = {ul||u]|, < 1}, 4, € R%*10 and B, €
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Algorithm 4 Fast block Hankel matrix - vector product

The product pgy of a vector v € R™ and a block Han-
kel matrix H € R(™)*™ can be computed through the
following steps.

(1) Initialize 8 = 1 and define the vector: ¢ €
Rl(n+m71)

T
cz(h;-uhT 1hfh;~'-h;_1)

n+m—
(2) Define a (n + m — 1)-element vector v, € R?T™m~1

by permuting the vector v and adding (n — 1) zeros
so that:

T
’Ue: (Um Um—l ... Ul O... O)

(3) While 8 <, construct:

B — (hm(ﬁ) < hyem-1(8) hy(8) --- hmf1(5)>T

and apply Algorithm 3, where ¢ = ¢(#), to obtain
y#) =y e R**™m=1 Update § — 5+ 1.
(4) Compute the product pgy = Hv € R™ as:

-
PBH = <y<1>(1) oy O(1) e D () - y(l>(n))

is randomly generated with a uniformly distribution in
[—0.01,0.01]. Similar conditions are imposed on B;. The
references r; are changed randomly with uniform distri-
bution between [0, 0.1] for every 1000 iterations of ¢.

To apply DeePC or ODeePC to the predictive control
problem defined by (20), we construct the data-based
model (6) by prerunning a number of iterations with
a sequence of u;. Optimization (20) can then be refor-
mulated in the form of (10) (the objective function can
be time-varying without loss of generality). Analytical
results for LTI systems [1, Lemma 1] suggest that Tiy;
larger than the dimension of x, which is 10, is sufficient
to observe the system behavior. We use this as a ref-
erence and choose Ti,; = 20 for this LTV system. The
initial data also satisfy persistently exciting condition of
order 10(7in; + N). The parameters of the optimization
and model are given in Table 1.

Table 1
Number setup for the simulations.

Ny | Tini | N K €g
50 20 120 | 1651 | 0.1

In this numerical study, we first apply DeePC to
solve (20). However, because of the time-varying A; and
By, the optimization associated with DeePC becomes
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infeasible in less than 10 iterations. We therefore switch
to an alternative gradient-DeePC algorithm which is the
same as Algorithm 2 except that H' is kept unchanged
over time. We view the gradient-DeePC as a varient of
DeePC (or benchmark) to compare the performance of
ODeePC. The results are shown in Figures 1, 2, and 3.
It can be seen that Gradient-DeePC starts diverging at
around ¢t = 6000; on the contrary, ODeePC converges
to a near optimal point with the cost close to zero.

Another reason for the performance difference between
ODeePC and Gradient-DeePC is on the element shifting
step embedded in (11) when the optimization is updated
from t to t + 1. Recall that ODeePC updates both H
and h, whereas Gradient-DeePC updates h and keeps H
unchanged. This makes a difference because the shifting
on variable z results in proper initialization of the opti-
mization problem at t+ 1 using the solution at ¢. For the
case of ODeePC, the majority of the constraints defined
by H g = h are kept when ¢ is changed to ¢t + 1, so the
shifts defined in (11) result in variables that satisfy most
equality constraints of the optimization problem at ¢+ 1.
On the contrary, Gradient-DeePC only shifts A when
the optimization problem is updated. This implies that
all the constraints of the optimization problem at ¢ + 1
are different from the ones at ¢t. The “disconnection” be-
tween consecutive instances of the optimization problem
is an additional disadvantage of Gradient-DeePC com-
pared to ODeePC, which partially causes the divergence
observed in Fig. 3.

200
——0ODeePC

150 — Gradient-DeePC
1)

1
8 00

50
2000 4000 6000 8000

Iteration Number (t)

Fig. 1. Evolution of costs over iterations for ODeePC and
Gradient-DeePC algorithms.
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Fig. 2. Tracking performance of one entry of the output y.
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Fig. 3. Two-norm violation of equality (6).

We also compare the computational times between Al-
gorithm 4 and the direct matrix vector multiplication
method. In our rather moderate-scale example, Algo-
rithm 4 takes 0.51 second on average with N; = 50 inner
gradient iterations, whereas the average time for the di-
rect multiplication is approximately 1.1 seconds. Both
simulations are done on a desktop with 3.5-GHz CPU
and 16-GB RAM. Algorithm 4 slashes the computational
time in half.

To further explore the benefits of Algorithm 4 in real-
time ODeePC implementation, we simulate a larger sys-
tem with A; € R39*80 B, ¢ R80x80 and ¢ € ROO*80,
The variables Ti,; and N are adjusted accordingly with
Tini = N = 80. We note that N can be chosen freely
for computational time comparison purpose because the
prediction horizon solely depends on the application.
A noticeable improvement is found: Algorithm 4 took
219.94 seconds compared to 1040.73 seconds for direct
multiplication method (N; = 50). Compared to the orig-
inal test case with m = p = 10, the computational
time grows significantly in this case with m = 80 and
p = 60 (from 1.1 to 1043.73 seconds). The reason be-
hind it is that the size of the block Hankel matrices
roughly grows quadratically with respect to m and the
dimension of x, n. To see this, note that sufficiently
large Tiy; is at the same scale of n. In addition, the
persistently exciting condition requires row rank of the
block Hankel matrix being m - (Tini + N) = m(n + N).
To satisfy the persistently exciting condition, we need
data to construct block Hankel matrix with number of
columns not less than m - (n + N). This translates to
the size of the block Hankel matrix approximately at
(1(n+ N)) x (1i(n+ N)),fand, as a result, the number
of multiplications in (11) islapproximated at the order of
(m(n+ N ))2 Thus, online Implementation of ODeePC

needs to be cautious regarding the complexity growth
originated from the data.

5 Conclusion and Future Work

In this paper, we presented an online data-enabled pre-
dictive (ODeePC) control method for optimal control
of unknown systems, building on the recently proposed
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DeePC [1]. Our proposed ODeePC method leverages a
primal-dual algorithm with real-time measurement feed-
back and recorded system data to compute the optimal
control policy in real-time as system conditions change.
ODeePC can generate control inputs dynamically, track-
ing changes in the system operating point while man-
ifesting high computational efficiency. We prove that
ODeePC’s iterative update rule converges to a neighbor-
hood of the optimal control policy.

Though ODeePC provides an interesting model-free op-
tion for online predictive control, we would like to note
that standard methods that combine online parameter
estimation and MPC might outperform ODeePC if sys-
tem model structure (linear or certain class of nonlinear
function) is known a-priori. One reason is that the stan-
dard method implicitly incorporates the model struc-
ture while ODeePC does not. Another reason is that the
standard method records system behavior by latest pa-
rameters with dimension much lower than the collection
of data in ODeePC. However, when it comes to control
of black box system so that parameter estimation ap-
proaches become less effective, ODeePC provides a good
heuristic. In this context, DeePC is similar conceptually
to system identification plus MPC; whereas ODeePC is
similar to online parameter identification plus MPC. In-
depth comparison between those comparable concepts
with different approaches is considered as an important
future work. We will also attempt to find a control strat-
egy that preserves persistently exciting condition for on-
line update of the behavioral system model.

References

[1] J. Coulson, J. Lygeros, and F. Dorfler, “Data-enabled
predictive control: In the shallows of the DeePC,” in 2019
18th European Control Conference (ECC). IEEE, 2019, pp.
307-312.

2] A. M. Annaswamy, A. R. Malekpour,
and S. Baros, “Emerging research topics in control for smart
infrastructures,” Annual Reviews in Control, vol. 42, pp. 259—
270, 2016.

[3] J. B. Rawlings and D. Q. Mayne, Model predictive control:
Theory and design. Nob Hill Publishing, 2009.

[4] E. F. Camacho and C. B. Alba, Model predictive control.
Springer Science & Business Media, 2013.

[5] A. Bemporad and M. Morari, “Robust model predictive
control: A survey,” in Robustness in identification and
control. Springer, 1999, pp. 207-226.

[6] D. Q. Mayne, “Model predictive control: Recent

developments and future promise,” Automatica, vol. 50,
no. 12, pp. 2967-2986, 2014.

[7] F. Borrelli, A. Bemporad, and M. Morari, Predictive control
for linear and hybrid systems. Cambridge University Press,
2017.

[8] F. Lamnabhi-Lagarrigue, A. Annaswamy, S. Engell,
A. Isaksson, P. Khargonekar, R. M. Murray, H. Nijmeijer,
T. Samad, D. Tilbury, and P. Van den Hof, “Systems &
control for the future of humanity, research agenda: Current

Pursuant to the DOE Public Access Plan, this document represents the authors' peer-reviewed, accepted manuscript.

10

and future roles, impact and grand challenges,” Annual
Reviews in Control, vol. 43, pp. 1-64, 2017.

9] Z.-S. Hou and Z. Wang, “From model-based control to
data-driven control: Survey, classification and perspective,”
Information Sciences, vol. 235, pp. 3—-35, 2013.

M. C. Campi and E. Weyer, “Finite sample properties
of system identification methods,” IEEE Transactions on
Automatic Control, vol. 47, no. 8, pp. 1329-1334, 2002.

M. Vidyasagar and R. L. Karandikar, “A learning theory
approach to system identification and stochastic adaptive
control,” in Probabilistic and randomized methods for design
under uncertainty. Springer, 2006, pp. 265-302.

[12] S. Tu, R. Boczar, A. Packard, and B. Recht, “Non-asymptotic
analysis of robust control from coarse-grained identification,”
arXiv preprint arXiv:1707.04791, 2017.

[13] F. L. Lewis, D. Vrabie, and K. G. Vamvoudakis,
“Reinforcement learning and feedback control: Using natural
decision methods to design optimal adaptive controllers,”
IEEE Control Systems Magazine, vol. 32, no. 6, pp. 76-105,
2012.

[14] Y. Ouyang, M. Gagrani, and R. Jain, “Learning-based control
of unknown linear systems with thompson sampling,” arXiv
preprint arXiv:1709.04047, 2017.

[15] B. Kiumarsi, F. L. Lewis, H. Modares, A. Karimpour, and M.-
B. Naghibi-Sistani, “Reinforcement Q-learning for optimal
tracking control of linear discrete-time systems with unknown
dynamics,” Automatica, vol. 50, no. 4, pp. 1167-1175, 2014.

(16] A. M. Devraj and S. Meyn, “Zap g-learning,” in Advances
in Neural Information Processing Systems, 2017, pp. 2235—
2244.

(10]

(1]

[17] B. Recht, “A tour of reinforcement learning: The view from
continuous control,” Annual Review of Control, Robotics, and
Autonomous Systems, vol. 2, pp. 253-279, 2019.

[18] R. Islam, P. Henderson, M. Gomrokchi, and D. Precup,
“Reproducibility of benchmarked deep reinforcement
learning tasks for continuous control,” arXiv preprint
arXiv:1708.04133, 2017.

[19] F. Berkenkamp, M. Turchetta, A. Schoellig, and A. Krause,
“Safe model-based reinforcement learning with stability
guarantees,” in Advances in neural information processing
systems, 2017, pp. 908-918.

[20] J. F. Fisac, A. K. Akametalu, M. N. Zeilinger, S. Kaynama,
J. Gillula, and C. J. Tomlin, “A general safety framework for
learning-based control in uncertain robotic systems,” IEEE
Transactions on Automatic Control, vol. 64, no. 7, pp. 2737—
2752, 2018.

[21] J. C. Willems, “From time series to linear system -

part I. finite dimensional linear time invariant systems,”
Automatica, vol. 22, no. 5, pp. 561-580, 1986.

[22] ——, “From time series to linear system - part II. exact
modelling,” Automatica, vol. 22, no. 6, pp. 675694, 1986.

[23] ——, “From time series to linear system—part III:
Approximate modelling,” Automatica, vol. 23, no. 1, pp. 87—
115, 1987.

[24] J. C. Willems, P. Rapisarda, I. Markovsky, and B. L.
De Moor, “A note on persistency of excitation,” Systems &
Control Letters, vol. 54, no. 4, pp. 325-329, 2005.

[25] I. Markovsky, J. C. Willems, S. Van Huffel, and B. De Moor,
Ezact and approximate modeling of linear systems: A
behavioral approach. SIAM, 2006.

[26] W. Favoreel, B. De Moor, P. Van Overschee, and M. Gevers,
“Model-free subspace-based lqg-design,” in Proceedings of the

The published version of the article is available from the relevant publisher.



1999 American Control Conference, vol. 5, 1999, pp. 3372—
3376.

[27] R. Kadali, B. Huang, and A. Rossiter, “A data driven
subspace approach to predictive controller design,” Control
engineering practice, vol. 11, no. 3, pp. 261-278, 2003.

[28] I. Markovsky and P. Rapisarda, “Data-driven simulation and
control,” International Journal of Control, vol. 81, no. 12,
pp- 1946-1959, 2008.

[29] A. Bernstein, E. Dall’Anese, and A. Simonetto, “Online
primal-dual methods with measurement feedback for time-
varying convex optimization,” IEEE Transactions on Signal
Processing, vol. 67, no. 8, pp. 1978-1991, 2019.

[30] A. Bernstein and E. Dall’Anese, “Real-time feedback-based
optimization of distribution grids: A unified approach,” IEEE
Transactions on Control of Network Systems, vol. 6, no. 3,
pp. 1197-1209, 2019.

[31] F. T. Luk and S. Qiao, “A fast eigenvalue algorithm for
hankel matrices,” Linear Algebra and Its Applications, vol.
316, no. 1-3, pp. 171-182, 2000.

[32] I. Markovsky and P. Rapisarda, “Data-driven simulation and
control,” International Journal of Control, vol. 81, no. 12,
pp. 1946-1959, 2008.

[33] J. Koshal, A. Nedi¢, and U. V. Shanbhag, “Multiuser
optimization: Distributed algorithms and error analysis,”
SIAM Journal on Optimization, vol. 21, no. 3, pp. 1046-1081,
2011.

Proof of Theorem 3.4

PROOF. Our proof is constructive. We first reduce
the Hankel matrix-vector product into an equivalent
Toeplitz matrix-vector product and eventually into a cir-
culant matrix-vector product. We then show that the
last product can be computed efficiently using FFT.

First, we multiply the Hankel matrix H € R™"*™ by a
matrix IT € R™*™ to obtain a Toeplitz matrix T €
R™*™_ The matrix II is required to have the following

structure:
0---01
0---10

II =

One can easily verify that indeed:

H-I=T. (.2)

Using (.2), we can express the product of the Hankel
matrix H with the vector v as:

Hov=T-TI" v (.3)

One can additionally verify that:

T -II=H.
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Thus, we also have that:

Hov=TII-v=T-v,. (.5)
where v, = Il - v, v, € R™. This vector has the same
elements as v but sorted in reverse order:

T
’Ul) .

So far, we have shown that the product H - v is equiv-
alent to the product T - v,. The next step is to em-
bed the Toeplitz matrix T into a larger circulant matrix
C e Rtm=Dx(n+m=1) whose product with a vector
can computed efficiently. We construct the matrix C as
follows:

(-6)

Up = (/Um /Umfl e

T %

C= (.7)

* Kk

We emphasize here that, a n x m Toeplitz matrix T
should be embedded in a (n+m—1) x (n+m—1) circulant
matrix C with the matrix T being on its upper left block.
This is because the distinct elements of the (n +m — 1)
diagonals of the Toeplitz matrix T are those that define
the vector ¢, which characterizes the circulant matrix C
and precisely matches its first column. Moving forward,
in light of (.7), the product T - v, can be expressed as a
function of the circulant matrix C as follows:

T~vp=(n0m,1)'c've, (-8)

where the vector v, is defined as:

(-9)

We know that the circulant matrix C has the nice prop-
erty of being diagonalized by the FFT matrix F. That
is:

C =F 'AF. (.10)

Hence, the product C - v, can be computed as:

C-v, = F'AFv,, (.11)

which can be written as:

C-v.=F AV, (.12)

where V, is the discre‘ge Fourier transform of v., and
A = diag(Fc) = diag(C) is a diagonal matrix with the
elements of the discrete fourier transform of the vector

¢, C, on its diagonal. From (.8), it is easy to conclude
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that H - v can be obtained as the first n elements of the
Hadamard product of the vectors C and V.. Note that ¢
is the vector that fully specifies the circulant matrix C
and corresponds to its first column. That completes the
proof.

Algorithm 3 can be used to efficiently compute the prod-
uct py of a non-square Hankel matrix H € R™*™ with a
vector v € R™. In this analysis, we computed the com-
plexity of the proposed algorithm and proved that it car-
ries out the appropriate computation by exploiting FFT.
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