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Abstract: High-temperature thermodynamical properties for the actinide monocarbides and mono- 9 
nitrides ThC, ThN, UC, UN, PuC, and PuN are calculated from first-principles electronic-structure 10 
theory. The electronic structure is modeled within density-functional theory (DFT) and is fully rel- 11 
ativistic, including the spin-orbit interaction. Furthermore, the DFT is extended to account for or- 12 
bital-orbital interactions, by means of a parameter-free orbital-polarization (OP) technique, that has 13 
proven to be essential for the 5f electrons in plutonium. Strong anharmonicity and temperature de- 14 
pendence of the lattice vibrations are captured with the Self-Consistent Ab Initio Lattice Dynamics 15 
(SCAILD) method. Calculated free energies and heat capacities are compared to published results 16 
from quasi-harmonic (QH) theory, and experiments, where available. For the uranium and pluto- 17 
nium compounds we make use of CALPHAD assessments to help evaluate the theory. Generally, 18 
our anharmonic relativistic approach compares well with both CALPHAD and experiments. For the 19 
thorium compounds, our theory is in good accord with QH modeling of the free energy at lower 20 
temperatures but for the heat capacity the comparison is less favorable. 21 

Keywords: actinide monocarbides, mononitrides, free energy, specific heat, thermodynamics, an- 22 
harmonic 23 
 24 

1. Introduction 25 
Actinide carbides and nitrides are of practical importance as possible nuclear fuels 26 

for Generation-IV (fast neutron fission) reactors [1,2]. Currently, nuclear fuels are often 27 
ceramic fuel pellets of actinide dioxides or actinide mixes of dioxides. More advanced 28 
fuels may consist of actinide, primarily uranium and plutonium, carbides and nitrides, 29 
due to their greater density and thermal conductivity. Furthermore, they release more 30 
neutrons than consumed in the reactor which is beneficial for energy production.  How- 31 
ever, the suitability of the nuclear carbide and nitride fuels are still being evaluated and 32 
fundamental research, experimental and modeling, has increased significantly in recent 33 
years [3-18]. These radioactive and toxic compounds are not trivial to work with and their 34 
materials properties at higher temperatures, central for the nuclear fuels, are difficult to 35 
measure accurately. From a modeling point of view, the electronic structure is complex, 36 
and the high temperatures of interest for fuels cause the atoms to behave in challenging 37 
anharmonic fashions.  38 

The physics models presented to date for the actinide monocarbides and mono- 39 
nitrides have been, with few exceptions, either semi-empirical in nature or restricted to a 40 
quasi-harmonic (QH) treatment of the lattice dynamics. The QH approach, however, is 41 
known to be less predictive at higher temperatures [8,15]. In this report, we address these 42 
shortcomings in modeling by combining advanced first-principles electronic structure 43 
with a lattice-dynamics method that can treat strong lattice anharmonicity at high tem- 44 
peratures. For comparison and validation of the modeling, we apply the CALPHAD 45 
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method to compare assessments of experimental data in addition to directly contrasting 46 
the theory with measurements, where available. 47 

Actinide-bearing materials, including the present potential fuels, are complicated to 48 
handle, both theoretically and experimentally. For fundamental theory, the challenges of- 49 
ten focus on the electronic and crystal structure. In regard to the latter, the 5f electrons 50 
play important roles for all actinides up to plutonium. Even for thorium, that has the least 51 
amount of 5f electrons, their presence dictates the crystal structure [19]. The dominance in 52 
the chemical bonding of the 5f electrons is reflected in the gradual increase in complexity 53 
of the crystal structures with atomic number up to plutonium that has an extraordinary 54 
monoclinic phase [20]. The actinide monocarbides and mononitrides, however, solidify in 55 
the sodium-chloride (NaCl) or rock-salt structure, i.e., a cubic phase with the two atoms 56 
in the (000) and (½ ½ ½) positions, respectively. This simple phase, also referred to as B1, 57 
makes the theoretical treatment considerably easier than that of more complex structures. 58 

While the crystal structure is basic for these rock-salt compounds, the electronic 59 
structures are very intricate and require careful considerations. For uranium and pluto- 60 
nium compounds, particularly oxides, the 5f electrons are often treated in a physics model 61 
with density-functional theory (DFT) and a Hubbard U parameter designed to address a 62 
large intra-atomic Coulomb repulsion in the DFT+U method. For the present actinide 63 
monocarbides and mononitrides the +U approach has not been shown to be effective, 64 
however. For example, DFT+U (U ~ 2 eV) generates imaginary phonons for UN, resulting 65 
in a dynamical instability of the compound, and the method was consequently not recom- 66 
mended [18].  67 

A far less practical methodology is that of the dynamical mean-field theory (DMFT) 68 
that also relies on the Hubbard U and other parameters. For DMFT, the computational 69 
cost accelerates dramatically while the calculated total energy becomes ambiguous be- 70 
cause the double-counting energy contribution is not clearly defined. Therefore, energy- 71 
derived properties, crucial for thermodynamics, are not accessible from the DMFT method 72 
[21]. On a more fundamental level, all +U methods suffer from having one or more pa- 73 
rameters that are impossible to know for certain and therefore assumptions must be made 74 
when deciding their values. The approach further relies on a using fixed parameters, 75 
while in reality they must depend on both temperature and pressure. Unfortunately, the 76 
calculated properties often depend rather sensitively on these uncertain parameters [22].  77 

As a better alternative to the +U methods, we have applied a DFT+OP procedure [23], 78 
involving self-consistent Racah parameters, that accounts for magnetic orbital-moment 79 
couplings. This orbital-polarization interaction only exists when electrons are moving (or- 80 
biting) and is therefore not explicitly addressed in conventional DFT that is free of charge 81 
currents. Results from the present DFT+OP scheme, that is thus an extension of conven- 82 
tional DFT, agree well with those obtained from a method where OP is rigorously derived 83 
from current-density-functional theory [24]. Incidentally, there is a connection between 84 
the +U methods and orbital polarization, namely, DFT+OP can be mimicked by DFT+U in 85 
the limit of very small U [25]. One fundamental difference, however, is that DFT+OP is a 86 
self-consistent approach that adapts to changing conditions while DFT+U is not. We have 87 
earlier shown that OP is essential for plutonium [26] while less important for thorium and 88 
uranium [27], but we have nonetheless chosen to include OP in most of our present calcu- 89 
lations because of the small additional computational cost.  90 

Aside from the general difficulty of the 5f electronic structure, vacancies (of nitrogen 91 
or carbon) tend to form in these materials thus further complicating the modeling of a 92 
realistic material. These effects can be modeled at low temperatures [28] but for the pre- 93 
sent high-temperature study, we do not address any defect mechanisms or dependencies 94 
on defects, but rather assume perfect, stochiometric, crystals. 95 

Our present results compliment those we have published for uranium mononitride 96 
[8] and plutonium monocarbide [15] so that we now can present thermodynamical mod- 97 
eling for a complete set of thorium, uranium, and plutonium monocarbides and mono- 98 
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nitrides. The uranium and plutonium compounds (and mixes of them) are considered po- 99 
tential advanced nuclear fuels [1,2]. The thorium compounds we include because they are 100 
of interest for very high-temperature reactors [1] but also because they provide a broader 101 
fundamental-science context to the results for the other compounds. 102 

2. Computational Methods 103 
2.1. Electronic-Structure Methods 104 

The electronic structures are obtained from density-functional theory where the nec- 105 
essary electron exchange and correlation is the generalized gradient approximation 106 
(GGA). Generally, with some exceptions noted, DFT is extended to include an orbital- 107 
polarization mechanism that accounts for electron orbital-orbital coupling that is absent 108 
in conventional DFT. For the thorium compounds the strength of this interaction is lim- 109 
ited, but for the magnetic compounds and plutonium, it cannot be ignored [15,26,27]. For- 110 
tunately, the implementation is efficient, and the computational penalty for including OP 111 
is not severe enough to dissuade us from applying the interaction for all presently studied 112 
compounds. 113 

We are employing two codes for the electronic-structure calculations in this paper. 114 
First, for the most accurate electronic structure, we rely on an all-electron full-potential 115 
linear muffin-tin orbitals (FPLMTO) method [29].  FPLMTO is used to calculate all elec- 116 
tronic structures and energies except the atomistic forces that are needed for the lattice- 117 
dynamics method. For computing these forces, we are utilizing the more expedient pseu- 118 
dopotential plane-wave approach (see below). 119 

The FPLMTO method is characterized by its atomic-like basis functions that for acti- 120 
nides include 6s, 6p, 7s, 7p, 6d, and 5f orbitals that are allowed to hybridize in one energy 121 
window. Some quantities in the method are expanded in series (basis functions, electron 122 
densities, and potentials) of spherical harmonics in muffin-tin spheres position at each 123 
atomic site. The radial part of the basis functions inside these spheres are calculated from 124 
a wave equation that addresses all relativistic corrections including the spin-orbit cou- 125 
pling for d and f states but not for the p states, as is appropriate and accurate for actinides 126 
[27]. Guided by the self-consistent Racah parameters obtained from the FPLMTO method 127 
we define one Racah parameter, associated with the 5f electrons, that is kept fixed (0.05 128 
eV) for use in the pseudopotential method. The theoretical treatment is spin polarized 129 
(magnetic) and we found that the ferromagnetic configuration is lower in energy than the 130 
most trivial anti-ferromagnetic configuration (a doubling of the unit cell along the z axis), 131 
except for the thorium compounds where the spin moment collapses to zero. For this rea- 132 
son, and the fact that the magnetic moment disorders at very high temperatures, we only 133 
consider ferromagnetism in our thermodynamical modeling.  134 

In Table 1 we show our calculated atomic volumes for the non-magnetic (NM), anti- 135 
ferromagnetic (AF), and ferromagnetic (FM) configurations together with experimental 136 
data [16,30-34]. Overall, theory reproduces experiment fairly well, suggesting that GGA 137 
is a reasonable choice for these compounds. GGA is not as perfect as it is for the actinide 138 
metals [27], but that is not expected for these compounds because at least for carbon, GGA 139 
overestimates the atomic volumes significantly [35]. The volumes for all present mono- 140 
carbides are not surprisingly overestimated as well, see Table 1. 141 

Table 1. The atomic volumes in Å3/atom from present theory and experimental data [16,30-34].  142 

Method ThC ThN UC UN PuC PuN 
Theory-NM 19.20 17.27 15.24 14.53 14.71 14.70 
Theory-AF – – 15.27 14.85 16.00 15.00 
Theory-FM – – 15.33 14.85 16.19 15.18 
Experiment 18.84 17.41 15.26 14.62 15.44 14.89 

 143 
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For the uranium and plutonium compounds there are few direct measurements of 144 
magnetism but UN and PuC are found to be anti-ferromagnetic [36,37]. The only reported 145 
experimental magnetic moment is for UN, and it is 0.75 µB [37]. Apparently, the measure- 146 
ments were not of high enough fidelity to reveal the magnetic moment for PuC [36]. Our 147 
anti-ferromagnetic calculations for PuC and PuN give atomic volumes closer to experi- 148 
ments, whereas the volumes for UC and UN are less sensitive to the magnetic ordering, 149 
see Table 1.  150 

For our thermodynamics calculations we assume ferromagnetism, regardless of what 151 
the actual (room temperature) configuration may be. This is not an important concern, 152 
however, because at the very high temperatures of interest here, magnetic order is entirely 153 
lost.  Our computed (low temperature) magnetic moments are listed in Table 2. Because 154 
the 5f shell is less than half occupied for U and Pu, the spin and orbital moments align 155 
anti-parallel so that the total moment is relatively small for the uranium and plutonium 156 
compounds. The orbital moment is significantly enhanced resulting from the orbital po- 157 
larization of the 5f electrons [38], and the OP interaction is therefore essential for good 158 
agreement between theory and experiment for the net magnetic moment in UN. The or- 159 
bital-polarization mechanism is not only important for the magnetic properties, but it is 160 
critical also for the thermodynamical properties of PuC [15]. 161 

 162 

Table 2. The calculated (low temperature) magnetic moments in units of µB. The only available ex- 163 
perimental value is that of UN, 0.75 µB [37]. 164 

Magnetic moment UC UN PuC PuN 

Spin -0.04 -1.31 -3.81 4.10 

Orbital 0.08 2.09 3.92 -3.60 

Total 0.04 0.78 0.11 0.50 
  165 
For the atomic-force calculations, associated with lattice dynamics (see next sub sec- 166 

tion), we take advantage of an approach computationally cheaper than the more accurate 167 
FPLMTO. Namely, the pseudopotential plane-wave Vienna ab initio simulation package 168 
(VASP) and the projector-augmented-wave (PAW) method [39-41]. The VASP-PAW com- 169 
putational parameters consist of an energy cut-off of 450 eV, energy convergence of 100 170 
eV, and a Monkhorst–Pack scheme with a total of 8 k points for the 54-atom supercell we 171 
employ for the lattice-dynamics method.  172 

Ferromagnetic order is assumed for the VASP-PAW magnetic calculations, in anal- 173 
ogy with the FPLMTO calculations. The electron exchange and correlation functional is 174 
that of the GGA and includes, for the plutonium compounds, spin-orbit coupling, and 175 
orbital polarization with a fixed 5f-electron Racah parameter (0.05 eV) as implemented 176 
and presented [27]. The value is decided from the Racah parameters that are self-consist- 177 
ently determined within the FPLMTO method. 178 

 179 
2.2. Lattice-Dynamics Method 180 

For calculations of lattice dynamics, we employ the Self-Consistent Ab Initio Lattice 181 
Dynamics (SCAILD) methodology [42]. The idea behind this method is to in a first step 182 
apply a small displacement to an atom (or atoms depending on crystal structure) in super- 183 
cell of the perfect crystal and calculate the forces on all the atoms. Second, using these 184 
forces, in analogy with the finite displacement method, to calculate the phonon density of 185 
states in the harmonic approximation. In the third step one can determine, at a given tem- 186 
perature, the associated atomic displacements from standard lattice-dynamics equations. 187 
Next, again calculate the atomic forces on the crystal with thermally excited atoms and 188 
lastly establish the new phonon density of states. The scheme is iterative because it returns 189 
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to step 3 and self-consistent as it eventually converges so that the phonon density of states 190 
and associated properties are no longer changing.  191 

In the present case for the actinide monocarbides and mononitrides the number of 192 
iterations required for convergency of the SCAILD scheme is about 100-200 and in [8] we 193 
specifically present the convergency of the lattice free energies for UN. The entire proce- 194 
dure is carefully explained in mathematical detail [42] and is not repeated here. 195 

We have thus applied SCAILD for the six compounds: ThC, ThN, UC, UN, PuC, and 196 
PuN. The supercell we chose for this purpose is a 54-atom (3 x 3 x 3) cell of the NaCl 197 
structure. Technically, SCAILD assumes fixed lattice constant and temperature so to in- 198 
clude volume and temperature dependencies, it is repeated on a volume-temperature 199 
grid. We are typically executing SCAILD for about 4-6 temperatures and 3-4 volumes per 200 
compound. For the calculation of the forces on the atoms we apply density-functional 201 
theory as implemented in an efficient plane-wave pseudopotential code (see details be- 202 
low). The total number of such DFT atomic-force calculations for this report, including all 203 
six compounds, is about 20,000. Albeit a considerable effort, the alternative, quantum mo- 204 
lecular dynamics simulations, are far less manageable from a computational standpoint. 205 
 206 
2.3. CALPHAD Method 207 

We are using the thermodynamical CALPHAD method to establish the heat capacity 208 
and Gibbs (free) energy of the uranium monocarbide, mononitride, as well as plutonium 209 
monocarbide, and mononitride as functions of temperature. For the thorium compounds 210 
we did not perform CALPHAD calculations because for them the experimental data are 211 
too sparse and consequently no assessments have been done. In general, the main purpose 212 
of CALPHAD is to model the Gibbs energy of various phases relative to binary and ter- 213 
nary systems to best reproduce carefully inspected phase diagrams and thermodynamics. 214 
From the Gibbs energy one subsequently determines phase stability and thermodynam- 215 
ical properties of multi-component systems [43–45].  216 

In the present report, the CALPHAD is contrasted with the first-principles modeling. 217 
An additional benefit is that the first-principles data improve the robustness of the ther- 218 
modynamical-modeling capability, particularly for materials that have many unknown 219 
variables. CALPHAD has been successful in predicting complex phase transformation in 220 
plutonium alloys [46,47] and first-principles-informed CALPHAD assessments for acti- 221 
nide systems have become customary in recent years [48-50].  222 

 223 

3. Results 224 
3.1. ThC and ThN 225 

For thorium monocarbide and mononitride, as well as their uranium and plutonium 226 
counterparts, we adopt an approach combining electronic-structure calculations with lat- 227 
tice dynamics to obtain free energies and specific heats as functions of temperature. We 228 
are focused on higher temperatures where these materials have not previously been stud- 229 
ied to any greater extent. The free energy is not explicitly measured in any experiment, 230 
but the CALPHAD technique allows for a determination of this quantity that we can com- 231 
pare with. However, due to the scarcity of experimental data, we are not able to make a 232 
comparison to CALPHAD data of either ThC or ThN. 233 

 The most general expression of the Gibbs free energy at zero pressure we consider: 234 
 235 
𝐹(𝑉, 𝑇) = 𝐹!"#(𝑉, 𝑇) + 𝐹$!(𝑉, 𝑇) + 𝐹%"&(𝑉, 𝑇).       (1) 236 
 237 

 Here, Flat is the free energy from lattice vibrations, Fel the electronic free energy, including 238 
entropy, and Fmag is the magnetic contribution due to entropy of magnetic disorder, Smag. 239 

 240 
𝐹%"&(𝑉, 𝑇) = −𝑘'𝑇𝑆%"& = −𝑘'𝑇𝑙𝑛(2𝜇 + 1),       (2) 241 
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 242 
 where kB is the Boltzmann constant and µ the total magnetic moment (spin and orbital 243 

contributions) [51,52]. The lattice contribution, Flat, is computed from the VASP-PAW force 244 
calculations and SCAILD, while the other two contributions are obtained from the 245 
FPLMTO electronic structure. Our theory predicts no magnetism in the thorium com- 246 
pounds, so the magnetic contribution is only relevant for the uranium and plutonium sys- 247 
tems, see Table 2 for their respective magnetic moments.  248 

In principle, there is also an electron-phonon coupling term in the free energy ex- 249 
pression in Eq. (1) but there are, to our knowledge, no well-defined or straightforward 250 
procedure to calculate it accurately. Nonetheless, electron-phonon coupling is implicitly 251 
included in our strategy because all free-energy contributions are evaluated at the equi- 252 
librium volume and this volume, in turn, depends strongly on the calculated lattice dy- 253 
namics. 254 

  Lacking CALPHAD free energy for ThC, we have chosen to compare our result with 255 
published theory that is constrained to quasi-harmonic lattice vibrations [4]. In Figure 1, 256 
we show our calculated free energy together with results from quasi-harmonic (QH) mod- 257 
eling. 258 

 259 

 260 
Figure 1. Free energy for ThC from present theory together with results from a first-principles quasi- 261 
harmonic (QH) model [4]. Results are solid symbols and dashed lines are guides to the eye only. 262 

In our experience, a quasi-harmonic calculation for an actinide compound is often 263 
relatively good up to about 1000 K [8], so we are not surprised to find the same here for 264 
ThC. Certainly, at lower temperatures there is no significant difference between our pre- 265 
sent anharmonic approach and the QH treatment [4]. The Sahafi & Mahdavi model [4] 266 
does not reach above 900 K but extrapolation to higher temperatures suggests that beyond 267 
1000 K their QH model is becoming increasingly inaccurate. 268 
 A perhaps more interesting evaluation of the present theory for the thermodynamics 269 
of  ThC is to compare the specific heat at constant pressure, Cp, with available experimental 270 
data. But as already alluded to, there are very limited thermodynamical data on ThC. Ac- 271 
tually, we cannot find any measured Cp at all for higher temperatures, only up to room 272 
temperature by Danan [53]. 273 
 Our general approach for calculating Cp is to add up the following terms, analogous 274 
to the free-energy expression shown in Eq. (1): 275 
 276 
𝐶((𝑇) = 𝐶(!"#(𝑇) + 𝐶($!(𝑇) + 𝐶(

%"&(𝑇).         (3) 277 
 278 
Here, Cplat is obtained indirectly from SCAILD because this method is performed at con- 279 
stant volume (and temperature), not at constant pressure. Therefore, a conversion of the 280 
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heat capacity to constant pressure is required and it can be done in several ways. One can 281 
do as we have done for the free energy, namely, calculate the total free energy, i.e., the 282 
lattice contribution, Flat, and the electronic contribution, Fel, on a volume-temperature grid 283 
and establish the equilibrium properties (pressure is zero). Alternatively, one can extract 284 
the constant-volume specific heat, Cvlat (from SCAILD) and convert to Cplat by means of this 285 
expression: 286 
 287 
	𝐶(!"#(𝑇) = 𝐶)!"#(𝑇)[1 + 𝛾𝛼𝑇].           (4) 288 
 289 
The temperature dependent parameters g and a are the Grüneisen and volume-expansion 290 
coefficients, respectively. Both of these quantities are easily obtained from a quasi-har- 291 
monic model. The two approaches for determining Cplat give rather similar results.  292 

The electronic contribution to the specific heat, Cpel, is derived from the electronic 293 
density of states, D(E), at the highest occupied energy state (Fermi level, EF), D(EF): 294 
 295 
𝐶($!(𝑇) =

𝜋2

3
𝐷(𝐸𝐹)𝑘𝐵

2𝑇.            (5) 296 
 297 
Note, D(E) depends on temperature because it is subject to a Fermi-Dirac temperature 298 
distribution and the thermal volume expansion, that depends on the lattice dynamics, in- 299 
fluences D(E) as well. We account for both these effects when determining Cpel. 300 

Finally, the magnetic term in Eq. (5), Cp mag, is acquired from the following thermody- 301 
namical equation at constant pressure [54]: 302 
 303 
𝐶(
%"&(𝑇) = 𝑘'𝑇 8

*+!"#(-)
*-

9
(
,           (6) 304 

 305 
where the magnetic entropy, Smag, is expressed in Eq. (2). The temperature dependence of 306 
the total magnetic moment, µ, is derived from the DFT+OP electronic structure for the 307 
given temperature and the corresponding equilibrium volume. 308 

In Figure 2 we show our calculated specific heat for ThC with (Cp-lat-el) and without 309 
(Cp-lat) the electronic part together with two quasi-harmonic models [3,5], and experi- 310 
mental data from Danan [53]. Unfortunately, the specific heat is measured at lower tem- 311 
peratures than we have studied, but at least we can compare our results with the two 312 
quasi-harmonic approaches [3,5]. It appears that one [3] of them is consistent with our 313 
present theory while the other [5] is not. The two sets of QH results are actually in disa- 314 
greement in a wide temperature range, and that is indicative of the general uncertainty 315 
associated with the quasi-harmonic technique.  316 

It is clear from our results in Figure 2 that the electronic contribution to the specific 317 
heat is significant and cannot be ignored. This contribution is proportional to the electronic 318 
density of states at the Fermi level, D(EF), as expressed in Eq. (5). This quantity directly 319 
reflects the electronic structure, and it is very sensitive to the fundamental theory as well 320 
as details of the calculation.  321 

Including physics of the intra-atomic Coulomb repulsion, that has been suggested 322 
for actinide compounds, would likely (depending on the choice of Hubbard U parameter) 323 
lower D(EF) rather dramatically. Also, spin polarization has a substantial effect of lower- 324 
ing D(EF) relative to a spin degenerate (non-magnetic) treatment of the electronic struc- 325 
ture. In a similar way as spin polarization, spin-orbit coupling, and orbital polarization 326 
play roles for the electronic specific heat as well. 327 

 328 



Appl. Sci. 2021, 11, x FOR PEER REVIEW 8 of 18 
 

 329 
Figure 2. Specific heat at constant pressure, Cp, for ThC. Levels of theory are open circles, where the 330 
connecting line is a guide to the eye only. The dashed lines refer to quasi-harmonic (QH) modeling 331 
[3,5]. Solid symbols are from experiment [53]. 332 

As we have mentioned, the electronic structures for all the studied compounds, with 333 
exception of the atomic-force calculations for ThC, ThN, UC, and UN, include the orbital- 334 
polarization mechanism. This interaction is analogous to the spin-orbit coupling and helps 335 
to lower D(EF) because of the increased energy separation between electronic states with 336 
different magnetic quantum number (ml). 337 

Next, we discuss our results for thorium mononitride, ThN. As in the case of ThC, 338 
we have no CALPHAD results to compare with but for the free energy we instead contrast 339 
our results with a quasi-harmonic model [11]. Again, the QH theory appears to be close 340 
to our anharmonic model up to about 1000 K but increasingly less accurate beyond that.  341 

Our predicted free energies (Figure 1 and 3) at higher temperatures can be helpful 342 
for future CALPHAD assessments or for constraining semi-empirical approaches for ThC 343 
and ThN. 344 

 345 

 346 
Figure 3. Free energy for ThN from present theory together with results from a first-principles quasi- 347 
harmonic (QH) model [11]. Results are shown as solid symbols and dashed lines are guides to the 348 
eye only. 349 

In regard to the specific heat for thorium mononitride, there are some older experi- 350 
mental data [55-57] but also some very recently published measurements [6,7]. In addi- 351 
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tion, semi-empirical molecular-dynamics (MD) studies [9,10] and quasi-harmonic model- 352 
ing [11,12] are reported. All these data are plotted in Figure 4 where we also show our 353 
calculated Cp from lattice vibrations only (Cp-lat) and with the electronic contribution 354 
added (Cp-lat-el). ThN is not magnetic so there is no magnetic contribution to Cp for ThN. 355 

Interestingly, our full theory (Cp-lat-el) is centered between the set of newer [6,7] and 356 
older [55-57] experimental data. In this particular case, QH theory is not in reasonable 357 
agreement, not even below 1000 K, with our anharmonic model. The semi-empirical MD 358 
results are also not agreeable with either our theory or any of the experimental data sets. 359 
We have no good explanations for the drastic variations in experiments and modeling for 360 
the specific heats displayed in Figure 4, but believe our results are sensible as they are 361 
positioned in the middle between experiments and other modeling.  362 
 363 

 364 
Figure 4. Specific heat at constant pressure, Cp, for ThN. Levels of theory are open circles, where 365 
the connecting lines are guides to the eye only. The dashed lines refer to semi-empirical molecular- 366 
dynamics (MD) [9,10] and quasi-harmonic (QH) modeling [11,12]. Solid symbols are from experi- 367 
ments [6,7,55-57]. 368 

 369 

3.2. UC and UN 370 
For uranium monocarbide and mononitride there are considerably more experi- 371 

mental data available and consequently robust CALPHAD assessments can be done for 372 
these compounds [58-61]. This is very helpful for the theoretical modeling because we can 373 
directly compare the free energies for the two approaches. For the thorium systems, on 374 
the other hand, we correlate our approach only with lesser quasi-harmonic theory that 375 
tends to lose quality at higher temperatures. 376 

The only difference in our modeling of the uranium monocarbides and mono- 377 
nitrides, relative to their thorium counterparts, is the explicit inclusion of magnetic con- 378 
tributions to the free energy and the heat capacity. Admittedly, these contributions are 379 
rather small and in our previous study on UN [8] we did not consider them. Otherwise, 380 
our theory for UN is the same as in our previous study [8]. 381 

First, we consider uranium monocarbide, UC. In Figure 5 we compare our present 382 
free energy with results from the CALPHAD analysis. Apparently, the agreement is ex- 383 
cellent between the two approaches giving credence to both. For the theoretical model, 384 
the free energy has contributions from, in order of importance, lattice vibrations, elec- 385 
tronic excitations, and magnetic entropy. Their individual relevance is reflected in the heat 386 
capacity, Cp (see below). Indeed, the magnetic contributions are rather small, we shall 387 
show its contribution to the heat capacity in Figure 6, and it slightly improves the com- 388 
parison with the CALPHAD free energy.  389 

 390 
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 391 
Figure 5. Free energy for UC from present theory together with results from our CALPHAD calcu- 392 
lation (dashed line). Solid symbols show our present theory, and the solid line is guide to the eye 393 
only. 394 

The specific heat has been measured numerous times for uranium monocarbide [62- 395 
65]. We are here primarily concerned with the high-temperature Cp and focus our atten- 396 
tion above 500 K. In Figure 6 we display experimental data [62-65], two CALPHAD as- 397 
sessments, and our present theory. The difference behind the two CALPHAD results is 398 
due to the inclusion of defects, such as vacancies, on the carbon sublattice. This results in 399 
non-stoichiometry, which sensitively affects the heat capacity at elevated temperatures 400 
[58]. 401 

 402 

 403 
Figure 6. Specific heat at constant pressure, Cp, for UC. Levels of theory are open circles, where the 404 
connecting lines are guides to the eye only. Solid symbols are experimental data from [62-65] and 405 
CALPHAD results are dashed lines. 406 

We see from our theoretical treatment in Figure 6 that the main contribution to Cp is 407 
from lattice vibrations, but the electronic contribution is very important too. The full the- 408 
ory (Cp-lat-el-m) also includes a small magnetic correction due to the magnetic-disorder 409 
entropy at high temperatures. It is rewarding to find in the figure that the CALPHAD 410 
approach, that assumes no defects (stoichiometric UC), is very close to our full theory. We 411 
do not expect the CALPHAD analysis that includes strong defect effects to agree with our 412 
theory because our model does not deal with any defect mechanisms but rather assumes 413 
a perfect, stoichiometric, crystal. 414 



Appl. Sci. 2021, 11, x FOR PEER REVIEW 11 of 18 
 

Moving on to uranium mononitride we acknowledge that there is a fair amount of 415 
high-temperature data on this compound [7,66-72]. Before we reflect on the heat capacity, 416 
we once more compare the free energies from CALPHAD and our model, that includes a 417 
magnetic contribution. In Figure 7, we plot these energies and notice a very good con- 418 
sistency between them. Hence, for the two uranium compounds, our first-principles an- 419 
harmonic treatment is in excellent agreement with CALPHAD for the free energies. 420 

 421 

 422 
Figure 7. Free energy for UN from present theory together with results from our CALPHAD cal- 423 
culation (dashed line). Solid symbols show our present theory, and the solid line is guide to the 424 
eye only. 425 

Another test of the model is the comparison with the many sets of experimental heat 426 
capacities that have been reported for uranium mononitride [7,66-72]. In Figure 8 we show 427 
the results from these experimental works as well as our CALPHAD data and present 428 
theory.  429 

 430 

 431 
Figure 8. Specific heat at constant pressure, Cp, for UN. Present theory is here indicated by the 432 
solid line. Experimental data are from [7,66-72] and CALPHAD data are shown with a dashed 433 
line. 434 

 435 
This figure is rather busy with many data points and here we indicate our present theory 436 
as a solid line without showing the actual data points (1000, 1500, 2000, 2500, and 3000 K). 437 



Appl. Sci. 2021, 11, x FOR PEER REVIEW 12 of 18 
 

The magnetic contribution to the heat capacity (not shown) for UN is calculated to 438 
be very small even though the net magnetic moment is significant, see Table 2. This is so 439 
because the temperature dependence on the magnetic moment is calculated to be very 440 
small. Higher temperatures usually suppress magnetism due to the associated thermal 441 
broadening of the electronic density of states. Conversely, the thermal volume expansion 442 
tends to enhance magnetism and we find that in this case for UN these two opposing 443 
effects neutralize each other, resulting in a very weak thermal dependence of the mag- 444 
netism. 445 

3.3. PuC and PuN 446 
We now focus on the plutonium monocarbide and mononitride. For these com- 447 

pounds we are again able to use CALPHAD assessments [58-61] of the available experi- 448 
mental data to help us better evaluate the validity and accuracy of our first-principles 449 
model. One difference we notice in the modeling between PuC, and PuN is that, although 450 
both are magnetic, the effect of magnetism on the thermodynamics is significantly 451 
stronger for PuN. The explanation is that the spin and orbital magnetic moments in PuC 452 
are very nearly of the same magnitude, see Table 2, and anti-parallel. Hence, the net mag- 453 
netic moment is small for PuC. Actually, this situation is reminiscent of the magnetic can- 454 
cellation that has been proposed to exist in d-phase plutonium [73]. For PuN, on the other 455 
hand, our ferromagnetic calculations suggest a substantially larger spin than orbital mo- 456 
ment so that the net magnetic moment is considerable. 457 

We recently studied the thermodynamics for plutonium monocarbide [15] and re- 458 
sults from that investigation are included here with only minor modifications. We have 459 
here added the small magnetic contribution to the free energy. In Figure 9 we show the 460 
free energies from our full theory (lattice, electronic, and magnetic contributions) and the 461 
results from the CALPHAD computations. We notice that the agreement is not quite as 462 
good as it is for the uranium compounds shown above, especially at higher temperatures. 463 
This is also the case, as we shall see, for PuN. The reason for these discrepancies in the free 464 
energies, particularly at the highest temperatures, could be due to either the first-princi- 465 
ples theory, the CALPHAD, or both. We will discuss some possible causes below. 466 

 467 

 468 
Figure 9. Free energy for PuC from present theory together with results from our CALPHAD calcu- 469 
lation (dashed line). Solid symbols show our present theory, and the solid line is guide to the eye 470 
only. 471 

As is the case for the uranium compounds, there are experimental data available for 472 
the thermodynamical properties of plutonium monocarbide [74-76]. In Figure 10 we show 473 
the heat capacities from these experimental studies and also results from two CALPHAD 474 
assessments for different stoichiometries of PuC. The calculated Cp shown here is the same 475 
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as published [15] because the magnetic contribution to Cp is negligible. It is relatively con- 476 
sistent with the older measurement [74] and also the CALPHAD data for the ideal-stoi- 477 
chiometric PuC. We believe carbon deficiency plays a major role for these experiments but 478 
acknowledge that the present theoretical framework does not take any such effects into 479 
account.   480 

 481 

 482 
Figure 10. Specific heat at constant pressure, Cp, for PuC. Present theory is here indicated by the 483 
solid line. Experimental data are from [74-76] and CALPHAD data are shown with a dashed line, 484 
corresponding to stoichiometric PuC and sub-stoichiometric PuC0.869. 485 

Next, we report our results for plutonium mononitride. As before, we scrutinize 486 
our theory by carefully comparing the free energy with the result from CALPHAD, in 487 
Figure 11. Analogous to PuC, our first-principles free energy for PuN is slightly greater 488 
than the CALPHAD free energy at higher temperatures. We have already touched on 489 
the issue of stoichiometry as a possible cause of the discrepancy, but there could also be 490 
other sources for the differences that we shall discuss below. 491 

 492 

 493 
Figure 11. Free energy for PuN from present theory together with results from our CALPHAD cal- 494 
culation (dashed line). Solid symbols show our present theory, and the solid line is guide to the eye 495 
only. 496 

We conclude by discussing our results on the specific heat of plutonium mono- 497 
nitride. There are some published reports of measured data [77-79], in addition to a semi- 498 
empirical-model results [9], that we can compare with, apart from our CALPHAD data. 499 
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In Figure 12 we show these heat capacities and our present theory. The three sets of ex- 500 
perimental data [77-79] are inconsistent with each other, but the Oetting results [78] are 501 
agreeable with the MD simulations [9] and the CALPHAD data.  502 

In regard to our theory, we show in Figure 12 the specific heat at constant volume 503 
obtained from the lattice-dynamics computations (Cv-lat) to highlight the rather strong 504 
volume dependence of the specific heat. For the other cases we have presented in this 505 
report, the difference between Cv and Cp is smaller (not shown).  Notice that both the elec- 506 
tronic (Cp-lat-el) and the magnetic (Cp-lat-el-m) contributions are significant. The full theory 507 
(Cp-lat-el-m) is rather close to Oetting [78] and the MD data [9]. It is gratifying to also find 508 
very good agreement with our CALPHAD results and we emphasize that including the 509 
magnetic interaction is essential for good accuracy of Cp for PuN. 510 

 511 

 512 
Figure 12. Specific heat at constant pressure, Cp, for PuN. The levels of theory are indicated by open 513 
circles. The connecting lines are guide to the eye only. Experimental data [77-79] are shown as solid 514 
black symbols, the  semi-empirical molecular-dynamics (MD) simulations [9] as green triangles, and 515 
CALPHAD data with a dashed line. 516 

4. Discussion and conclusions 517 
We have studied the actinide monocarbides and mononitrides ThC, ThN, UC, UN, 518 

PuC, and PuN, focusing on the thermodynamics at higher temperatures. The approach is 519 
that of a fully relativistic density-functional theory that is extended to include orbital po- 520 
larization for the electronic structure. The lattice dynamics is obtained from temperature- 521 
dependent self-consistent phonons that couple in strongly anharmonic fashions. Our 522 
modeling approach is more accurate than others we have found for these materials. In the 523 
literature, first-principles theory of lattice dynamics of these actinide compounds has been 524 
restricted to be quasi-harmonic, except our own studies for UN [8] and PuC [15].  525 

In addition to our first-principles thermodynamics model, we perform CALPHAD 526 
computations for the uranium and plutonium compounds for which more experimental 527 
data are available than for the thorium compounds. The CALPHAD results satisfactorily 528 
reproduces the experimental data such as the heat capacity. 529 

Concentrating on the ambient-pressure temperature dependence of the free energy 530 
and specific heat, we relate our relativistic-anharmonic theory with CALPHAD and ex- 531 
periments, where available, or quasi-harmonic modeling. For ThC and ThN, our free en- 532 
ergies are consistent with reported quasi-harmonic theory at temperatures up to about 533 
1000 K but deviate above that. There are no high-temperature specific-heat data for ThC, 534 
and for ThN they are sparse and inconsistent at higher temperatures. For ThN, our pre- 535 
dictions of Cp are centered between several experimental data sets, suggesting they are 536 
reasonable. 537 
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In the case of the uranium compounds, UC and UN, more data are available, and we 538 
have available CALPHAD assessments for both. The first-principles free energies agree 539 
excellently with CALPHAD, and the calculated specific heats are consistent with some 540 
(not all) experimental data and CALPHAD. We find, however, that inclusion of defects in 541 
the CALPHAD modeling sensitively impacts the specific heat, thus complicating the com- 542 
parisons with our defect-free theory. 543 

For PuC and PuN, the free-energy discrepancy between theory and CALPHAD is 544 
greater than for their uranium counterparts. The difference is relatively small (less than 545 
3%) but non-negligible. The reason could be inaccuracies in either the first-principles mod- 546 
eling or the CALPHAD approach, where the latter, semi-empirical models are reliant on 547 
the availability of experimental data. In terms of theory, it is plausible that electron-pho- 548 
non coupling, that is not fully explored here, is underestimated for the plutonium com- 549 
pounds. That would then explain why the theoretical free energy is slightly above that of 550 
CALPHAD. Another issue is the question of stoichiometry of the compound, which can 551 
be accounted for using the CALPHAD method with vacancies on the carbon or the nitro- 552 
gen sublattice. We make no attempts to account for possible non-stoichiometric states in 553 
the theory, however. Lastly, it is conceivable that fundamental electron-correlation effects 554 
in the plutonium compounds are not sufficiently addressed in the present electronic struc- 555 
ture. However, for PuC we discussed this possibility in some length [15] and showed that 556 
the DFT+OP approach for the electronic structure is largely appropriate, and we believe 557 
this conclusion holds true also for PuN. 558 
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