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ABSTRACT

We present a surrogate modeling framework for conservatively es-
timating measures of risk from limited realizations of an expensive
physical experiment or computational simulation. Risk measures
combine objective probabilities with the subjective values of a de-
cision maker to quantify anticipated outcomes. Given a set of sam-
ples, we construct a surrogate model that produces estimates of risk
measures that are always greater than their empirical approxima-
tions obtained from the training data. These surrogate models limit
over-confidence in reliability and safety assessments and produce
estimates of risk measures that converge much faster to the true
value than purely sample-based estimates. We first detail the con-
struction of conservative surrogate models that can be tailored to a
stakeholder’s risk preferences and then present an approach, based
on stochastic orders, for constructing surrogate models that are con-
servative with respect to families of risk measures. Our surrogate
models include biases that permit them to conservatively estimate
the target risk measures. We provide theoretical results that show
that these biases decay at the same rate as the L? error in the sur-
rogate model. Numerical demonstrations confirm that risk-adapted
surrogate models do indeed overestimate the target risk measures
while converging at the expected rate.
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1 Introduction

Model-based decision making is subject to various sources of uncertainty. Risk assessment is needed to
quantify the effect of these uncertainties on the severity of predicted outcomes. Conceptually, risk refers
to the possibility of events with undesirable consequences. Following [I], we define a risk as a triplet that
includes a set of possible scenarios, the consequences or outcomes of those scenarios, and the probability
of those outcomes. For example, consider the risk assessment of the truss structure depicted in Figure [I]
Here, the set of possible scenarios are the anticipated loads P, ..., Ps and the possible material properties
Ay, As, Eq, Es of the truss. Each of these scenarios, which we lump into the vector X, lead to different
outcomes that we characterize by the vertical displacement y at the mid-span. Consequently, the mid-span

displacement is a random variable Y.
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Figure 1: Two-dimensional truss structure with 23 bars and 13 nodes with uncertain loads Py, ..., Ps and
material properties, specifically the cross sectional area A; and Young’s modulus E; of the horizontal and
diagonal bars, i = 1,2, respectively. Our goal is to conservatively estimate a risk measure value associated
with the vertical displacement y at the mid-span.

The above definition of risk is simply the statement of the likelihood and consequences of outcomes
defined formally via the probability law of Y. However, rational decision making requires quantitative
metrics, known as risk measures, that combine objective evidence with subjective values. For our truss
example, assume that the decision maker associates vertical displacement with decreased safety and specifies
a constant C as the maximum acceptable displacement. Risk measures provide a quantitative answer to the
question “Is the output Y smaller than the threshold C?”, when uncertainty may occasionally lead to Y
exceeding C. If a risk measure is selected according to the preference of the stakeholder, then the value that
it produces can be easily interpreted.

Numerous risk measures have been studied in the literature (cf. [2] and the references therein). For
example, the expectation, E[Y], is neutral to risk and can be used to certify a truss when the decision
maker does not place any value (or displeasure) on deviations from the expected behavior. In this case, a
system is deemed safe if E[Y] < C. The expectation is inappropriate for risk-averse stakeholders, as it does
not capture any notion of variability and does not quantify rare events. The probability of failure (PoF),
P(Y > (), is more applicable for measuring risk when the decision maker wants to avoid any failure, that is,
any realization of Y above the predefined threshold C. However, when the stakeholder is interested in the
magnitude of failure, a risk measure such as the average value-at-risk (AVaR)El may be more appropriate. See
[3, [, [ [6, [7, []] for recent works using risk measures to quantify and assess risk in engineering applications.

Estimating risk measures that characterize the nature of rare and undesirable events can be challenging.
Monte Carlo (MC) sampling can be used to approximate risk measures. However, MC typically requires
a large number of experiments or simulations, which can make accurately estimating the risk measure
intractable when data generation is expensive. The cost of estimating tail statistics using MC can be
reduced with importance sampling (IS) [9] 10} 11} 12] or subset simulation (SS) [13} 14} [I5]. Unfortunately,
similar to MC, the estimates of rare events using these methods converge slowly as the number of samples
increases.

Replacing an expensive experiment or simulation with a inexpensive surrogate model, e.g. 6y + g(z, 6),
is a popular approach for reducing the cost of sample-based estimation. Given training data in the form of
M input-output pairs (X, Yas), the surrogate model parameters (6p, 6) are estimated so that

Oo+9(X,0) =Y =Y = f(X).

Once constructed, the surrogate model can be sampled at negligible cost to evaluate measures of risk.
Various types of surrogate models can be used for estimating risk measures, including polynomials [16] 17,

[I8], Gaussian process or kriging models [19, 20, 2], 22], 23], neural networks [24} 25] [26], and reduced-order

models [27] 28, [29]. However, these approaches introduce an error in the estimated risk measure value that
must be quantified. In addition, surrogate models are often constructed using finitely many data points.

1Also called the expected shortfall, tail expectation, conditional value-at-risk, or superquantile.



Preprint 3

Without imposing constraints on the estimation of (6, ), certain draws of training samples may lead to
overestimating the risk measure value, while others can underestimate it.

Two general approaches are used to account for uncertainty in surrogate-based estimates of risk measures.
The first approach generates confidence intervals (for example, obtained from the predictive variance of a
Gaussian process) that can be used to inform decision making [30, BI], [32]. In this paper, we consider an
alternative approach, which adds bias to the surrogate model so that it conservatively approximates a risk
measure R(Y") in the sense that

R(Yar) > R(Yr), (1)

where ?M denotes the values of the surrogate model obtained at the training samples X ;. Certain works,
e.g. [33, B5], use heuristic strategies to add multiplicative and additive biases to surrogate models in an
attempt to enforce (I). While others use elements of the risk quadrangle [37] to formulate a loss function
that is guaranteed to train a surrogate model that will conservatively estimate a single risk measure [3] [8|
34, 136, 37].

In this paper, we develop a novel procedure to construct surrogate models that are guaranteed to con-
servatively estimate a family of risk measures. Such approaches are useful when it is not possible to elicit
a single risk measure from the decision makers. This may arise when multiple stakeholders have competing
risk preferences. To conservatively estimate multiple risk measures, we construct surrogate models using ei-
ther first-order or second-order stochastic dominance constraints [38]. By enforcing the first-order stochastic
dominance constraint

P(Y >y) >P(Y >y) VyeR,

we ensure that the surrogate model does not underestimate, in the sense of , a large class of risk measures
including the PoF. Second-order dominance is a weaker condition that we use to effectively enforce the
conservativeness of the surrogate model when first-order dominance is too risk averse.

The main contributions of this paper are:

e An overview of issues that must be considered when using surrogate models to estimate risk measures.
Specific attention is given to procedures for eliciting risk measures that reflect the subjective risk-
aversion of the application stakeholders and the need to tailor the surrogate models to evaluate their
risk measures.

e The introduction of least-squares regression with stochastic dominance constraints to conservatively
estimate a set of risk measures. This is useful when a single risk preference cannot be agreed upon.
Numerical results also suggest that this approach is more likely to conservatively estimate a target risk
measure, not just the empirical estimate from the training data.

e A rigorous theoretical and numerical analysis of the trade off between accuracy and bias for risk-
adapted surrogate models. For example, we show that the error in the estimate of a target risk
measure, obtained using polynomial chaos expansion (PCE) with stochastic dominance constraints,
decays at the same rate as the root-mean-squared error for the PCE model. Similar novel results are
also provided for existing approaches, based on the risk quadrangle, that target estimation of a single
risk measure. These results demonstrate that increasing conservatism (bias) does not significantly
decrease accuracy, but does reduce the likelihood of underestimation.

The subsequent sections are organized as follows. In Section we discuss procedures for selecting
risk measures based on the stakeholder’s notion of regret or disutility and introduce the risk quadrangle
and stochastic dominance. We then review the mathematical framework for using the risk quadrangle to
construct conservative surrogate models tailored to a specific risk measure in Section [3] In Section [@ we
present a stochastic dominance approach to construct surrogate models that are conservative with respect
to broad classes of risk measures. Finally, we provide numerical examples that demonstrate the utility and
efficacy of risk-adapted surrogate models in Section [f] and provide conclusions in Section [f] The proofs for
all technical results are included in the appendix.
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2 Risk Assessment for Decision Making

Risk assessment is typically undertaken to aid decision making. For example, risk assessment can be used
to evaluate and compare the hazards associated with two different truss structures (Figure [1)) with varying
material properties. In this section, we discuss popular risk measures that quantify risk based on the
subjective values of a decision maker. We then discuss procedures for selecting risk measures based on the
stakeholder’s notion of regret or disutility. To this end, we introduce the risk quadrangle, which codifies the
connections between stochastic optimization and statistical estimation through the notions of risk, regret,
deviation and error. Finally, we introduce stochastic dominance and discuss how it can be used when a
single risk preference is difficult to elicit or when multiple stakeholders have competing subjective values. In
the following, we denote the cumulative distribution function (CDF) of a random variable Y by Fy (t) :=
P(Y <1t).

2.1 Risk Measures

For our purpose, we define a risk measure as any real-valued function, R, acting on a space of random
variables, that satisfies R(C) = C for all constant values C' € R. This requirement ensures that deterministic
quantities are without risk. Practically speaking, risk measures provide a deterministic quantification of the
distribution of possible outcomes associated with a risk and therefore are assumed to have the same units
as the outcomes. There are numerous desirable axioms that a risk measure R should satisfy. For any two
random variables Y and Y’, five popular conditions from the literature are:

R1) Convexity: R(tY + (1 —t)Y") <tR(Y) + (1 —t)R(Y’) for all ¢ € [0, 1];
R2) Monotonicity: If Y <Y’ almost surely, then R(Y) < R(Y”);

(
(
(R3) Translation Equivariance: R(Y + C) = R(Y) + C for all C € R;
(R4) Positive homogeneity: R(tY) = tR(Y) for all ¢t > 0;

(

R5) Law Invariance: If Fy () = Fy/(t) for all t € R, then R(Y) = R(Y”).

A risk measure that satisfies (R1), (R2) and (R3) is called a convex risk measure [39]. If a convex risk
measure additionally satisfies (R4), then it is said to be coherent [40]. The monotonicity condition (R2)
ensures that any consequence Y that is always less than an alternative consequence Y’ should have less risk
when measured by R, while the translation equivariance properties (R3) ensures that the deterministic shift
C' is without risk. Positive homogeneity (R4) ensures that if we change the units of Y, then the units of
R(Y) also change in a consistent fashion. Finally, if R is law invariant (R5), then the risk measure value
R(Y) is not affected by rearranging the scenarios of Y. Below, we list various popular law-invariant risk
measures.

e Expected Value. R(Y) = E[Y]. This coherent risk measure is often referred to as risk neutral and
should not be used in high-consequence applications when the extreme behavior of Y is important to
quantify.

e Mean-plus-standard-deviation. R(Y) = E[Y] + AV [Y]%, where A > 0 is a user specified weight.
This risk measure is often an improvement over mean-based risk as it quantifies the deviation of the
outcomes from their average. However, it assigns the same weight to both positive and negative
deviations, failing to account for skewness in the distribution. This risk measure does not satisfy the
monotonicity condition (R2) and therefore is neither a coherent nor convex risk measure.

e Worst-case. R(Y) = sup Y. This coherent risk measure is extremely conservative and is typically
difficult to estimate. It can often misinform decisions based on a single “bad” outcome because it does
not consider how unlikely that outcome is or how “good” the alternative outcomes are.

e Quantile. R(Y) = ¢,[Y] := inf{y e R| Fy(y) > p} for p € (0,1). The p*® quantil provides a
reasonable measure of conservativeness. In words, Y exceeds g, [Y] with probability 1 — p. Roughly

20ften called the value-at-risk (VaR) in financial applications.
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speaking, when p = 1, g, [Y] is the largest value of Y and when p = 0, ¢, [Y] is the smallest value of Y.
The quantile is closely related to the PoF and satisfies the equivalence: ¢,(Y) < C <= P(X > () <
1 — p. Unfortunately, the quantile does not characterize the weight of the distribution tail. Moreover,
the quantile does not satisfy (R1) and therefore is neither a coherent nor convex risk measure.

e Average value-at-risk. R(Y) = AVaR, [Y] := ﬁ fpl ¢o [Y] da for p € (0,1). AVaR is a coherent
risk measure that quantifies the average of the tail in excess of ¢,[Y] and therefore provides a con-
servative alternative to the quantile (i.e., AVaR, [Y] > ¢, [Y] for all p € (0,1) and for all Y'). When
p = 0, AVaR returns the expected value and when p — 1, AVaR returns the worst-case risk mea-
sure. Moreover, AVaR is closely related to the concept of buffered probability [41]. In particular,
the buffered probability that Y exceeds C' is defined as pc(Y) = 1 — p, where p is chosen so that
AVaR, [Y] = C. Analogous to the relation between the quantile and the PoF, we have the equivalence:
AVaR, [Y] < C <= pc(Y)<1-p.

2.2 Eliciting Risk Preference

Risk  measures should be tailored to the subjective beliefs of decision makers.
We use an approach motivated by utility .
theory to mathematically model a decision v(t) Risk Averse
maker’s aversion to risk. A utility measure Risk Neutral
U is an increasing function that quantifies the . .
decision maker’s happiness associated with a Risk Seeking
risk. Similarly a disutility or regret measure V
quantifies a decision makers displeasure with
a risk and satisfies V(Y) = —U(—Y). When
large values of Y are undesirable, risk measures
can be formulated intuitively from regret. For-
mally, a regret measure is a functional V that
assigns each random outcome a scalar value
that quantifies the displeasure for uncertainty
associated with possible realizations of the out-
comes Y. A common approach to defining V is with the expected regret V(Y') = E[v(Y)] where v : R — R
is an increasing function with v(0) = 0. Figure [2| demonstrates different types of regret functions v. In the
subsequent discussion, we consider risk-averse regret measures that satisfy the basic mathematical proper-
ties: V is convex, lower semicontinuous and satisfies V(0) = 0 and V(Y) > E[Y] for all random variables
Y #0.

To construct a risk measure from V, we employ optimized certainty equivalent (OCE) risk measures [42].
The OCE risk measures associated with V is defined by

Figure 2: Regret models of risk preference. The decision
maker is risk seeking when v(t) is concave, risk averse when
v(t) is convex and risk neutral to risk when v(t) = ¢.

R(Y) = inf {d+ V(Y —d)}.

To conceptualize the OCE risk measure, consider the truss depicted in Figure |1} where the regret V(Y)
can be interpreted as the anticipated displacement beyond a reference value C. If we can preload the truss
structure to achieve a certain mid-plane displacement d, then the anticipated displacement after preloading
is d+ V(Y —d). Consequently, R(Y') represents the anticipated displacement that would result from optimal
preloading.

2.3 The Risk Quadrangle

In this section, we review how to generate risk-informed loss functions for statistical estimation using the
risk quadrangle [37], depicted in Figure [3 The risk quadrangle components R, V, £ and D are real-valued
functions, acting on a space of random variables and are assumed to be lower semicontinuous and convex.
Additional properties for these functionals are described in [37]. Three popular risk quadrangles are listed
in Table [I] and Figure [4] depicts their associated regret functions.
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Risk R <+— D Deviation
Optimization ™ S 3T Estimation
Regret V «+— & Error

R(Y)=E[Y]+D(Y) DY) =R(Y) - E[Y]

V() =E[Y]+£(Y) EY)=V(Y)—E[Y]

R(Y) = tig]}{;{t +V(Y —t)} DY) = ggﬂgg(y —t)
S(Y)= ar%égm{t +V(Y —t)} = argerﬂrgin EY —1)

Figure 3: The risk quadrangle.

Table 1: Examples of different risk quadrangles

Safety Margins p-th Quantile Entropic
Risk Quadrangle Risk Quadrangle Risk Quadrangle
V(Y) =E[YT+ MY ]2 V(Y) = 115 E[max{0, Y}] V(Y) = Elexp(Y) — 1]

R(Y) = E[Y] + AV[Y]2 R(Y) = AVaR, [Y] R(Y) = log E[exp(Y)]

E(Y) = N[l E(Y) = E[ 12 max{0, Y} + max{0, ~Y}] E(Y) = Elexp(Y) — Y — 1]
DY) = )\V[Y]% D(Y) = AVaR, [Y - IE[Y]] DY) = logE[exp(Y — E[Y])]
S(Y) =E[Y] SY) = gplY] S(Y) = logE[Y]

Once determined the regret measure can be used to uniquely define an OCE risk measure, as discussed
in the previous section and shown in Figure The risk quadrangle also provides additional connections
between measures of regret, deviation, and error. Specifically, the regret measure uniquely determines an
error measure £ that can be used as a loss function to train surrogate models tailored to estimating R. The
error measure quantifies the proximity of a random quantity to zero and satisfy £(Y') = 0 if and only if Y = 0.
The error measure also defines a deviation measure D, which is a (possibly non-symmetric) generalization of
the standard deviation that quantifies the variability of the random quantity and satisfies D(C) = 0 if and
only if C' is constant. Finally, the optimal values ¢ of the optimization problems that define R and D are
encapsulated in the set-valued map S, which is called the statisticﬂ

2.4 Stochastic Dominance

The choice of risk measure should be tailored to the stakeholder’s risk preference. Unfortunately, eliciting
a single risk preference can be difficult. In such situations, it may be more appropriate to assess risk with
respect to a class of risk measures or even entire distributions. Stochastic dominance can be used in such
cases. For this work, we restrict our attention to dominance with respect to the first and second stochastic
orders.

The random variable Y is said to dominate another random variable Y’ with respect to the first stochastic
order, denoted Y (1) Y, if

Fy(t) < Fy/(t) VteR. (2)
The first-order stochastic dominance (FSD) condition (2)) is equivalent to

E[u(Y)] < Efu(Y")]

31t can be difficult to produce meaningful regret and error measures from a prescribed risk or deviation measure. Fortunately,
it is often more intuitive to elicit a regret or utility measure and use it to define the other risk quadrangle quantities through
the relationships in Figure El
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Figure 4: (left) Popular regret functions v(y). (Right) Associated error functions e(y) codified by the risk
quadrangle.

for all nondecreasing functions v : R — R for which the expectations exist. On the other hand, Y dominates
Y’ with respect to the second stochastic order, denoted Y >=(9) Y, if

t t
/ FY(TI)dHS/ Fy:(n)dn VteR

— 00 — 00

< E[max{0,t — Y}] < Emax{0,t —Y'}] VteR.

Second-order stochastic dominance (SSD) focuses on properties of the left tail, i.e., small values of Y. For
engineering and science applications, we are typically interested in undesirably large values of Y. For this
reason, we employ the so-called increasing convex order defined by

Y Zie V= Efu(Y)] < Efu(Y")] (3)

for all nondecreasing convex functions u : R — R for which the expectations exist. In words, if Y/ =i Y,
then the expected utility of Y is always smaller than the expected utility of Y’. The increasing convex order
is related to SSD as follows

YI Zicx Y <~ -Y E(Q) _Y/'

In particular, we have that Y/ =i, Y if and only if
E[max{0,Y —t}] < Emax{0,Y’ —t}] VteR.

As such, we will refer to dominance with respect to the increasing convex order simply as SSD. It is clear
from the utility representation of FSD and SSD that if Y >=(;) Y, then —Y >(5) —Y’. However, the converse
is not true in general.

Figure [5] illustrates the difference between FSD and SSD. The FSD relation Yo =(1) Y1 ensures that the
CDF of Y3 lies to the right of the CDF Y; in the left plot. In particular, Y2 = (1) ¥1 implies that the PoF
of Y5 will be greater than that of Y7 for any threshold C. We will use this property to construct surrogate
models that conservatively estimate the PoF in Section [4]

Despite being less risk averse than FSD, the SSD relationship —Y> =) —Y3 is more risk-averse than
requiring

R(Y3) = R(Y2) (4)

for many single risk measures R. In fact, the SSD relation —Y3 >3y —Y3 ensures that AVaR,, [Y3] is larger
than AVaR, [Y3] for any confidence level p € (0,1). Consequently, if the underlying probability space is



8 J. D. Jakeman, D. P. Kouri, J. G. Huerta

o Lo w w
o et S S

Fy(y)

E[max{0,Y — t}]

—

0 10 20 0 10 20 —20 0 20
Yy Yy t

Figure 5: Comparison of first- and second-order stochastic dominance. (Left) Yo =) Yi. (Middle)

—Y; >(2) —Y3, but there is no first-order dominance. (Right) The values E[max{0,Y — t}] confirming

second-order dominance. The average of the shaded regions in the middle plot equals the value of the

conditional expectation for Y5 and Y3 in excess of ¢ = 3.5, which are shown as dots on the right plot.

nonatomic, then holds for all risk measures that are proper, lower semicontinuous and satisfy (R1), (R2),
(R3), and (R5) [2| Th. 6.51]. We will use SSD to construct surrogate models that conservatively estimate
the AVaR and other risk measures in Section [l

3 Risk-Adapted Surrogate Modeling

The risk quadrangle provides a rigorous connection between stochastic optimization and statistical estimation
that facilitates the translation of a stakeholder’s preferences to mathematical definitions of risk, deviation,
error and regret. In this section, we leverage these connections to develop a strategy for constructing
surrogate models that accurately and conservatively estimate a chosen risk measure using data obtained
from models of the form

where f(-) represents a (potentially unknown) consequence or loss associated with input or environmental
variables X = (Xi,...,Xp) € Qx C R” and Y € Qy C R is the observed consequence. We conclude
this section with the derivation of an error bound for the surrogate-based risk estimate and with detailed
numerical procedures for constructing these surrogate models.

3.1 Constructing Risk-Adapted Surrogate Models

The risk quadrangle can be used to formulate regression problems tailored to the regret measure elicited
from the decision maker by exploiting the connections between regret and error shown in Figure [3| [36], [34].
Specifically, error measures use the stakeholder’s notion of regret to measure how non-zero a random variable
is through the relationship £(Y) = V(Y) — E[Y]. The right panel of Figure [4] depicts the error functions
e(y) = v(y) —y associated with the regret functions in the left plot of the same figure. It is clear that different
risk preferences lead to different error measures and thus penalize the residuals Y — 0y — g(X, 6) differently,
according to magnitude and sign. The worst-case regret is associated with an error function that assigns
an infinitely large penalty to any positive value. Noting that we define residuals as the signed difference
Y — 60y — g(X,0), we see that the worst-case error function attempts to produce a surrogate model that
is always larger than the data. The other error functions depicted also assign larger penalties to positive
values, relative to negative values, but to differing degrees.

Given an error measure that was generated from a regret measure, we can calibrate the surrogate model
by a two-step procedure.

1. Compute 6) and 0* € O by solving

o, I8 E(Y — 0o —g(X,0)). (5)
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2. Replace 6, with
0 = R(Y — g(X,0%)). (6)

Using this two-step procedure is guaranteed to produce a surrogate that satisfies
R(Y) < 05+ R(g(X,07)). (7)

See for a detailed proof.

To illustrate this procedure consider the safety margins risk quadrangle in Table[T]as an example. For the
risk quadrangle the mean-plus-standard-deviation risk measure is estimated using least-squares regression,
ie.,

M 2
60eR, D<o z_: [ " =60 - g(x“”),a)] : (8)

The shift 63 is then compute using the residuals
R = [7“(1)7~-~77"(M)] r(m) = y(m) —g(x(m),t?*) for m=1,...,M

and setting
M M M 272
= Z P GOMCONITSY Z (m) (r(m) _ Z 7T(m)r(m)> )
m=1 m=1 m=1

Similarly for the quantile risk quadrangle, we solve the quantile regression problem

0o€ER, Oé@k

wmin ZW 2[5~ 00 — (o™, 0)]

where 7, [u} = pmax(0,u) + (1 — p) max(0, —u).
and set

06 = ap(R) + —— Z W(m)(r(m) — ap(R)),

where the residuals R are sorted from smallest to largest so that the p-th quantile is g,(R) = r%) such that
k is the smallest index satisfying 7)) + ... + 70 > 1 —p

Note that when ¢ is linear in § and ® = R¥, the quantile regression problem can be efficiently solved
as a linear program [49]. More complicated, nondifferentiable optimization techniques are required when g
depends nonlinearly on 6 [50].

3.2 Orthonormal Surrogate Models Using the Risk Quadrangle

The risk quadrangle can be applied to most popular approximation strategies including polynomial chaos
expansions (PCE) [43] [44], low-rank tensor decompositions [45] [46], and neural networks [47, [48]. In this
section, we derive error bounds for estimates of R(Y’) using surrogate models based on orthonormal basis
functions, such as PCEs. For this, we assume that the probability laws of X and Y are non-atomic. We
investigate surrogate models with the form

~90+Zwk )6k := b0 + gx (w,0), (9)

where K is the truncation order, © = O = RE, 0 = [0,...,0k]", and {¢,}3, is an orthonormal
system. In particular, {¢5}7 satlsﬁes E[¢r(X)] = 0 and E[tx(X)1¢(X)] = dx¢ and the Fourier coefficients
associated with this basis are 6y := E[Y] and 6}, := E[}Y] for k = 1,2,..., K. Provided Y has finite
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variance, the surrogate model @I} with Fourier coefficients (6, 0) = (6o, 01.x), where 01.5x = [01,...,0x]",
satisfies

E“f(X)—go—gK(X,gLK)P]—>0 as K — o0.

In the following result, we show that the error for the estimate of R(Y'), obtained using gg, decays at a
similar rate as the truncation error of gk, i.e.,

[(Y GO—QK(X 9) =TK : Z gi,
k=K+1

where 7x is the tail energy associated with the order K approximation. To state our next result, we make
the following observation. If R is positively homogeneous, § € O and 0y = R(Y — gk (X,0)), then the
following bounds hold

0 <00+ R(gx(X,0)) —R(Y)

=D - gx(X,0)) + D(gx (X, 0)) = D(Y) (10)
< DY —gk(X,0)) + (gK(X 0) = Y).

This follows from the convexity and positive homogeneity of R and D. In particular, for any two random
variables, Y and Y’, we have that

R(Y)=R(Y' + (Y —Y") <R(Y') +R(Y —Y7) (11)

and similarly for D. Using 7 we can relate our risk estimation error with the mean-squared error.

Proposition 3.1. Suppose the error measure £ is positively homogeneous and that there exists C > 0 and
a > 0 such that

£(X) < CE[X?]°. (12)

Moreover, let 0 € Ok solve the modified deviation minimization problem

min {(D(Y — gx(X.0)) + Dlgic(X.6))} (13)

and let 05 = R(Y — gk (X,0%)). Then, the surrogate model 05 + gi (X, 0*) satisfies the following bound
0 <05+ R(gr(X,07) = R(Y) < 2C7k.

The modified deviation minimization problem includes the term D(gx (X, 0)), which can be inter-
preted as a regularizer that balances the residual deviation and the model variability. Moreover, the problem
directly minimizes the difference between the surrogate and true risk values as demonstrated by .
Finally, when & is positively homogeneous, Proposition ensure that the error in the risk evaluation com-
puted by solving decays to zero as K increases. In particular, we recover the spectral convergence of
the least-squares estimator. However, the requirement that £ satisfies may not hold in general.

Note that for the safety margins and quantile risk quadrangles (see Table [I)) the assumptions of Propo-
sition hold with o = % and C' = 1 for the mean-plus-standard-deviation, and o = % and C = l%p for
AVaR, Tespectively.

4 Risk-Averse Surrogates Using Stochastic Dominance

When the decision maker’s risk preference is difficult to quantify with a single regret measure, it may be
more appropriate to construct approximations that enforce conservativeness with respect to a class of risk
measures or even entire distributions. Stochastic orders can be used to achieve this goal. For this discussion,
we restrict our attention to the first and second stochastic orders. However, one could consider higher
stochastic orders, or more generally integral stochastic orders [2, Ch. 6.3.7], within the same framework.
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With the goal of constructing accurate surrogate models that conservatively estimate the empirical CDF
generated by the training data, we consider the estimation problem

1

: 1 . 2
min LBV 0 g(X,0)) (14a)
subject to 0y + g(X,0) =(1) Y. (14b)

Given 6 € R and 6* € © that solve (14)), we have the ordering P(6 +g(X,6*) >t) > P(Y >t) Vt€Rand
therefore 05 + g(X, 6*) will produce conservative estimates of the PoF of Y for all threshold C. In addition,
Theorem 6.50 in [2] ensures that R(0§ + g(X,6%)) > R(Y) for all law-invariant (R5) and monotonic (R2)
risk measures.

In a similar fashion, we can construct surrogate models that are second-order dominant by solving the
estimation problem

. 1 2
g luin SEIY — o — (X, )] (15a)
subject to =Y =) —(fo + g(X,0)). (15b)

See [38] for more information on stochastic-order constrained optimization problems. As discussed in Sec-
tion the SSD constraint (15b]) ensures that the surrogate model overestimates Y with respect to all
risk measures that satisfy (R1), (R2), (R3), and (R5). Note that if Y is exactly represented by the model
0o + 9(X,0), then both and will produce parameter estimates that exactly reproduce Y. That is,
the least-squares loss function will be zero and the constraints will be satisfied with equality.

4.1 Orthonormal Surrogate Models Using Stochastic-Order Constraints

In this section, we determine an upper bound on the risk estimation error obtained for the truncated
orthonormal surrogate model gx in Section [3.2] calibrated using stochastic dominance constrained least-

squares estimation. The following proposition (proved in [Appendix BJ) provides a bound on the surrogate
model error when the stochastic dominance constraints are enforced on a compact subset of R. In particular,

given a compact set S C R, we enforce the FSD constraints
Py +g(X,0)>t) >P(Y >t) VteS (16)
and the SSD constraints
E[max{0,6y + g(X,0) —t}] > E[max{0,Y —t}] VteS. (17)

Proposition 4.1. Let S C R be a compact set and f : RP — R be a continuous function. Moreover, suppose
that the unconstrained least-squares approximation 0y + gi (+,0) satisfies the error bound

sup | f(z) — (o + gx (2,0))| < 0k (18)
zef~1(S)

with 6% | 0 as K — co. Here, f~1(S) := {x € RP | f(x) € S}. Then, the solution, (0%,0*) € R x O, to the
modified stochastic dominance constrained least-squares problem, with the FSD (or SSD) constraint replaced

by (or (17)) satisfies
E[(Y — 65 — gr(X,0)"] < 7x + 0%

and o
(05, 0%) — (00,0)l2 < 0.

Here, || - ||2 denotes the Fuclidean norm.

Proposition [I.I] demonstrates that the approximation error using FSD and SSD constraints is no worse
than the least-squares error plus a metric of the uniform approximation quality of the least-squares model
given by . See Chapter 3 in [51] for a discussion of best uniform approximations and the applicability of
the condition .



12 J. D. Jakeman, D. P. Kouri, J. G. Huerta

4.2 Constructing Surrogate Models that Satisfy Stochastic Order Constraints

In this section, we discuss the optimization problems that must be solved to construct surrogate models that
satisfy stochastic-order constraints. Given access to a finite set of data (Xas, Yas) of size M, we replace the

FSD and SSD constraints in and by

M

= m=1

\ME

and
M M
7" max{0, g(2™),0) — g(@®,0)} < 3 70" max{0,y™ — by — g(=?, 0)}
m=1 m=1
for i =1,..., M, respectively. Note that since y(") and g(:c(m), ) only assume a discrete set of values, it is

sufficient to enforce the dominance constraints on the discrete set of values t € {6y + g(z(™),0)}M_,.

4.2.1 First-Order Stochastic Dominance

In practice, solving the sampled FSD-constrained least-squares problem is challenging due to the discon-
tinuity introduced by the Heaviside function 1(_ ) in . One approach to solving is to reformulate
the problem as a mixed integer optimization problem. However, if g depends nonlinearly on 6, then the
resulting problem would be extremely challenging to solve due to problem size and potential nonconvexity
[52]. To overcome this complication, we smooth the discontinuous constraints similar to [53]. In particular,
we replace 1(_o o) With two smooth approximations hy, he : R — [0, 1] and solve

M
1
i z (M) (o (m) _ g _ o(p(m) 2 9
o dmin_ zmz::lﬂ (y"™) =6y — g(="™, 0)) (20a)
subject to
M M
Z M hy (g(2™,0) — g(z?, ) Z M by (y™ — 6y — g(2D, 0))
™ 1(g(x ) u 2 0 g\,
m=1 m=1 (20b)
i=1,...,M.

If hy and hsy satisfy
1(—o0,0] (t) < hy(t) and ha(t) < T(—o00] (t) VteR

and if 65 € R and 0* € © solve | . then the original constraints are also satisfied. Consequently, the
resulting surrogate model will be conservative with respect to the data {y"™}. Unfortunately, such h; and
ho often lead to an inconsistent estimation problem. For example, suppose Y is exactly represented by the
model 0y + g(X, 8), then the smoothed constraint in may not be satisfied at the optimal values of 6
and 0, i.e., the feasible set for is smaller than the feasible set defined by .

4.2.2 Second-Order Stochastic Dominance

To approximately solve the sampled SSD-constrained least-squares problem , one can reformulate the
problem by adding slack variables. This approach increases the number of constraints from M to O(M?),
making the resulting problem extremely difficult to solve when M is large. Similar to the FSD approach, we
instead approximate a solution to by employing a smooth approximation d to the positive-part function
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2 — max{0,z}. In particular, we solve the optimization problem

M
1

; z (m)(,(m) _ g _ (M) g))2 21
oo zmzlﬂ (y bo — g(=*™,6)) (21a)
subject to
M M
Z M d(g(z™,0) — g(=D,0)) Z M d(y™ — gy — g(z@,0))

T gzt ™ 0o — g\,
m=1 m=1 (21b)
i=1,..., M.

See [38] for a discussion of sample-based approximation for optimization problems with SSD constraints. We
note that differs from the problems considered in [38] due to the presence of the minus sign in (15b]).
Additionally, we note that is not convex as a result of the constraint (21b), even if the model g is linear
in 6.

5 Numerical Examples

To confirm our theoretical results, we now present multiple numerical examples that highlight the properties
and utility of risk-adapted surrogate models. All numerical results were generated using PyApprox [54] which
is a python package for approximation and probabilitic analysis of data. In all examples, unless otherwise
stated, we construct total-degree polynomial chaos expansions consisting of tensor product basis functions.
Specifically, for each D-dimensional random vector X, we construct a univariate polynomial basis {4},
which is orthonormal with respect to the PDF of the d-th variable and set

D
2) = [ [ ¥rsalza),
d=1

where A = [A1,..., Ap] is a multi-index specifying the degree of the basis in each dimension. A total-degree
polynomial expansion of degree @) is then given by

D
904—21/1)\(.%)9)\ with A= {)\ 1 <Z)\d<Q}, (22)

A€A d=1

where there is a one-to-one correspondence between the basis functions {¢)}rca and the basis functions
{¢p}E_ | used in @ Here, the number of basis functions K is given by K = |A| = (DBQ) — 1. For canonical
random variables (e.g., normal or uniform), analytical expressions exist for the recursion coeflicients needed to
construct the univariate orthonormal polynomials. For other variables (e.g. Gumbel), recursion coefficients
must be computed numerically [55].

For our FSD results, we set hy = ho = h, which can theoretically produce a less conservative surrogate
model. However, we found that the impact on the optimal solution is negligible. We choose the smoothed
Heaviside function h based on the first derivative of the smoothed positive part function

€

d(x;0,€) = x + elog (—I+6> , (23)

which we use for the SSD results. The corresponding approximate right Heaviside function used to produce
the FSD results is given by

0 1

hy(x;6,,€) = %d(iﬁ;&nﬁ) = m-

(24)

Here, §, and € are tunable parameters. As ¢ — 0 the right Heaviside function approaches 1[0,00)(')7 SO we
use the left Heaviside function h(z) = hy(x;0;,€) = hy(—x;—8,€). When & = 0, we have h(0) = 3 for
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all €, which can lead to under-prediction of rare events. We found that setting §; = —e, which results in
1

h(0) = 13e= ~ 0.73 produced more conservative models. Unless otherwise stated, we set ¢ = 10~2. Note
that our smoothed Heaviside function is never equal to the true Heaviside function when € is non-zero.

We investigated the performance of alternative smooth approximations that are only inaccurate on a
local interval of size e. However, we found that solving using these smoothers was very challenging. The
Jacobian of the constraints are often low-rank because the gradient of the local Heaviside approximation is
zero outside of an e-sized interval. This prevents the optimization algorithm from choosing steps that lead
to solutions that satisfy the constraints. Although the smooth Heaviside function that we use performed
better than the alternatives that we investigated, the resulting optimization problem is still challenging to
solve especially for small e. Future work is needed to develop a robust formulation for enforcing FSD and
SSD constraints.

All FSD and SSD surrogate models reported below are obtained by solving the associated regression
problems using the SciPy [57] implementation of the interior point trust-region algorithm from [58]. Both
regression problems are nonconvex and thus we are only guaranteed to find a local minima that depends on
the initial guess passed to the optimizer. We use a three step procedure to determine a reasonable feasible
initial guess. The first step computes the unconstrained least-squares (LstSq) solution. The second step
then computes the magnitude of the largest residual between the least-squares model and the training data.
Finally, the third step adds the size of the largest residual to the coefficient corresponding to the constant
basis term of the PCE so that the initial PCE always lies above the training data.

5.1 Risk Estimation for a Log-Normal Output

Let X be a D-dimensional normal random vector with mean p and covariance Y. We are interested in
computing risk measures from outcomes generated by the model

Y = f(X) = expla’ X), (25)

where a = [aq,. .. ,aD]T and ag > 0 for d =1,...,D. In this setting, the random outcome Y is a log-normal
random variable for which we can compute various risk measures and dominance constraints analytically (see,
e.g., [56, Sect. 3.2]). We construct Hermite-PCE surrogate models using the training samples {z(™}M_,
that we drew randomly using MC. We then compute the PCE-based estimates of risk measures using 10°
Quasi Monte Carlo (QMC) evaluations of the surrogate model. We employ inverse transform sampling to
ensure that the QMC samples integrate with respect to the distribution of Y.

To clarify the forthcoming discussion, we denote the exact output Y by Y., and recall that Y,; denotes
the M-sample empirical approximation of Y,,. We further recall that Yy, x denotes the N-sample empirical
approximation of the surrogate data }7, trained using M samples. As a special case of Yy n, we use Yas ar
to denote the evaluations of the surrogate model at the M training samples.

5.1.1 Conservatively Estimating a Single Risk Measure

In this section, we compare the performance of various methods for constructing surrogate models used to
estimate a single risk measure. Specifically, we assess their ability to conservatively estimate AVaR with
p = 0.8. In the left panel of Figure |§|, we depict the linear ( = 1) PCE approximations built from
30 training samples of (with D = 1, a; = 1) using least squares (LstSq), FSD, SSD and quantile
regression (Qnt) with p = 0.8. The methods described in this paper introduce a bias to ensure that they
conservatively estimate risk. However, it is not just the coefficient 8y of the constant term in the polynomial
expansion that is affected by the constraints. Higher-order coefficients are influenced as well. This is evident
by the different slopes of the linear approximations. In contrast, the safety margin (LstSqB) approach for
constructing conservative surrogate models in [35] introduces a constant bias to the least-squares estimator.
Specifically, given a pre-defined level of conservativeness 0 < ¢ < 1, they use leave-one-out cross validation
to choose the safety margin s (which is added to ) via s = —F;,(1 — ¢), where Fcy is the CDF of the
cross-validation error. It is unclear from [35] and similar references how to choose ¢. Here, we set ¢ = p.
The two rightmost panels of Figure [f] can be used to assess the level of conservativeness of each surrogate
model. For each method, we construct a set of surrogate models using 100 realizations of training data, each
consisting of 30 samples from with D = 3 and a; = a2 = ag = 1. The box plots depict the variation in



Preprint 15

the signed difference between each surrogate and reference values for the risk measure. The lower and upper
bounds of the boxes represent the first and third quartiles of the differences, the horizontal line inside the
box represents the median, and the lower and upper whiskers represent the minimum and maximum values.
The percentage below the lower whisker of each box plot denotes the portion of surrogate models that did
not conservatively estimate AVaR using Y3, (middle) and Y, (right). Because the least-squares surrogate
model, even with the safety margin modification, is not tuned to estimate AVaR, the estimates of the risk
measure are not always conservative with respect to the values obtained from the empirical distribution Y3,
or the reference distribution Y,,. The least-squares surrogate models underestimate the empirical and exact
risk measures 96% and 86% of the time, respectively. The bias introduced by the safety margin approach
improves these rates. However, the degree of conservatism depends on the hyper-parameter ¢, which is not
easily connected to the target risk measure. In contrast, the FSD, SSD and quantile surrogate models always
conservatively estimate R(Yys). As expected, they are not always conservative with respect to R(Yy).

It is impossible to use risk-adapted regression to ensure conservative estimates of risk measures, when
training is performed with a finite amount of data. However, increasing conservatism decreases the rate of
underestimation of the exact risk. That is, the FSD surrogate model has the lowest rate of underestimation,
followed by SSD, and quantile regression. The increased conservatism tends to increase the magnitude of
the error in the risk measure. Consequently, if a single risk measure can be elicited from the stakeholder,
then the associated regression problem derived from the risk quadrangle should be used to construct the
surrogate model. Moreover, the regression problems based on the risk quadrangle are often computationally
easier to solve than their stochastic dominance counterparts.
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Figure 6: (Left) Linear polynomial approximations for computed using various estimation techniques.
(Middle) The signed difference between the surrogate and empirical AVaR estimates computed using the
training data for p = 0.8 and M = 30. (Right) The signed difference between the exact AVaR and the
value obtained by evaluating the surrogate at the validation samples. Here, AVaR(Y.,) = 18.23 and the
percentage below the lower whisker of each box plot represents the portion of surrogate models that did not
conservatively estimate AVaR.

5.1.2 Conservatively Estimating a Set of Risk Measures

In this section, we demonstrate the efficacy of using stochastic dominance to construct surrogate models that
conservatively estimate a set of risk measures. In Figure [, we construct FSD and SSD quadratic (Q = 2)
PCE surrogate models using 30 evaluations of with D =1, a; = 1. The left panel shows that the CDF,
computed using the FSD surrogate model, evaluated at the training data (labeled “FSD Train”), always lies
to the right of the empirical estimate obtained using the same data (labeled “Train”). This means that the
surrogate CDF overestimates the PoF for any threshold as desired.

The left panel of Figure [7| also plots the exact CDF of Y., and the CDF computed using N = 10°
QMC samples Yy of the FSD surrogate model (labeled “FSD Validation”). The FSD CDF evaluated at the
validation samples is still conservative with respect to the empirical estimate, but it is not conservative with
respect to the exact CDF over the entire support of Y. Stochastic dominance, indeed any constraint, can only
be enforced on the training data. When using 30 training samples, the FSD CDF does not conservatively
predict the tail for CDF values greater than approximately 0.96, which can be improved by adding more
samples.
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Figure 7: Comparison of the CDFs (left) and AVaRs (right) computed for a range of thresholds s obtained
analytically (Exact), empirically using M = 30 training samples (Train), using the FSD/SSD approximations
evaluated at the training data (FSD/SSD Train), and using the FSD/SSD approximation evaluated at the
validation data (FSD/SSD Validation). The CDF estimated by evaluating the FSD surrogate model at the
validation sample is not conservative to the right of the vertical dotted blue line. This occurs at y = 5.73
such that P(Yx < y) = 0.96. The SSD CDF P(Yy < y) is also not conservative at a similar value of y, but
is also not conservative to the left of the vertical dotted green line.

As discussed in Section the SSD constraints cannot guarantee that the resulting surrogate model
conservatively estimates the PoF. However, the resulting surrogate model is still more conservative than the
least-squares surrogate models and the risk-quadrangle-based surrogate models described in Section [3]

The right of Figure [7| shows that the values of AVaR,(Yar,ar), computed using the SSD surrogate model
evaluated at the training data, is larger than the empirical estimate obtained using the same data for all p.
The estimates of AVaR, (Y, n) are also closer to the to the reference value AVaR,(Ys) when the surrogate
model is evaluated at the validation Samplesﬁ However, the 30 samples do not contain enough extreme
values to ensure that the surrogate model is conservative with respect to the exact function. Similar to the
FSD surrogate model, the conservativeness of the SSD surrogate model can be improved by using more data
and increasing the polynomial degree. As expected, the FSD estimates of AVaR using the empirical and
validation data are more conservative than the SSD estimates.

Figure [§] compares the accuracy of different surrogate-based estimates of the PoF with D = 3 and
a1 = az = az = 1. We define failure to occur when Y., > C. We set the threshold to C' = ¢g.95(Yoo) so that
P(Yoo > C) = 0.95. The box plots in the left panel of Figure [§| depict the variation (from 100 realizations of
the training dataEI) in the signed difference between the surrogate PoF, P(Yar,ar > C'), and the empirical PoF,
P(Yy > C). For this example, the least-squares surrogate model underestimates the empirical PoF computed
using the training data for 11% of the trials, whereas the FSD surrogate model always overestimates the PoF.
The SSD and quantile surrogate models perform similarly to FSD for this example, but this is not always
the case. The middle panel of Figure [§| plots the accuracy of the PoF estimated using N = 10° evaluations of
each surrogate type. No method is consistently conservative, although least squares is the least conservative.
For a fixed PCE degree, the conservatism of all models can be improved by using more evaluations. The
improved accuracy in the estimated PoF using surrogate models built with M = 100 samples are shown in
the right panel of Figure

4We only plot p € [0.4,1) to better visualize the differences between the different surrogate models. Both FSD and SSD
surrogate models conservatively estimate AVaR for p € [0,0.4).

597 of the 100 FSD estimation problems converged using a fixed set of optimization hyper-parameters. The failing problems
can be solved by hand tuning the solver hyper-parameters. We list the failed run here to demonstrate that solving the FSD-
constrained least-square problem is typically more numerically challenging than solving regression problems admitted by the
risk quadrangle. Future work is needed to develop optimization algorithms that can more robustly solve these problems without
the need to fine tune solver hyper-parameters. We note that algorithm robustness increases as ¢ increases.
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Figure 8: Comparison of the accuracy of different surrogate models when used to compute probability
of failure (PoF) P(Y > ¢o.95(Y)). (Left) The signed difference between the surrogate and empirical PoF
computed using 30 training samples. The signed difference between the exact PoF and the PoF obtained
by evaluating the surrogate at the validation samples when (middle) M = 30 (right) M = 100. Here
PoF(Yy) = 0.95. The percentage below the lower whisker of each box plot represents the portion of surrogate
models that did not conservatively estimate AVaR.

5.1.3 Convergence

In the previous section, we demonstrated the benefit of introducing a nonconstant bias to ensure that the
resulting surrogate model conservatively estimates a fixed risk measure. In this section, we provide numerical
evidence to support the theory presented in Sections [3.2]and [I.1], which states that the error in the estimates
of the target risk measure decays at the same rate as the mean-squared error. Specifically, we show that
as the degree of the PCE increases the estimates of the risk measure, associated with the analytical test
function 7 decay exponentially fast.

In Figure [0 we set a; = exp(—2(i—1)) for i = 1,2 and plot the error in estimates of AVaRg.9(Ya) ~ 6.53
and P(Y,, > 3.6445) = 0.1 obtained using different types of risk-adapted surrogate models as the polynomial
degree increases. The number of samples was set to increase with degree. Specifically, the number of samples
was set to 5 times the number of terms in the PCE. For both quantities, each surrogate model produces an
estimate that converges exponentially fast. However, as shown in the previous examples the least-squares
surrogate models often do not conservatively estimate the risk measure.
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Figure 9: Median error (over 100 trials) in the estimate as a function of the polynomial degree for (left)
AVaR ¢(Y) and (middle) P(Y > 3.6445) obtained using accurate quadrature applied to the surrogate model.
Here, PoF(Y)/AVaR(Ys,) denotes the value computed analytically and PoF (Yas n)/AVaR(Yas n) is esti-
mate using N = 10° random evaluations of the surrogate model. The median computational time to solve
the different regression problems is plotted in the right panel.

The exponential convergence rate depicted in Figure [0 is expected. Propositions [3.1] and [£.1] state that
the error in the risk measure obtained by surrogate models based on the risk quadrangle and stochastic
dominance, respectively, decays at a similar rate as the truncation error of the PCE. For analytical functions,
such as used here, the truncation error decays exponentially fast. For functions of the solution to a partial
differential equation, we can employ the results in, e.g., [59, 60] to determine the anticipated convergence
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rate.

The computational time needed to solve the quantile, FSD and SSD regression problems depends on
the amount of training data and the number of unknowns in the surrogate model. The right panel of
Figure [9] plots the median computational time required to solve each regression problem. The optimization
problems used to construct conservative surrogate models are more expensive than least squares regression.
However, our paper presents methods for estimating risk measures from limited data, assuming that the cost
of evaluating the numerical model used to generate the data is computationally expensive. In this setting
the cost of solving the optimization problem is negligible to the cost of collecting data.

5.2 Risk Estimation for a Truss Structure

In this section, we investigate the utility of risk-adapted surrogate models for a more realistic engineering
benchmark. Specifically, we consider the two-dimensional truss structure depicted in Figure [} The model
of this structure is parameterized by 10 independent random variables representing the uncertain loads and
material properties. The Young’s moduli, £y and Ey (Pa), are log-normally distributed with mean 2.1 x 10!
and standard deviation 2.1 x 101°. The cross-sectional area of the horizontal trusses A; (m?) is log-normally
distributed with mean 2.0 x 102 and standard deviation 2.0 x 10~%, and the cross-sectional area of the
diagonal trusses Ao (m?) is log-normally distributed with mean 1072 and standard deviation 10~%. The
loads Py, ..., Ps (N) satisfy a Gumbel distribution with mean 5.0 x 10* and standard deviation 7.5 x 103.
This problem was used in [61] and has been used to benchmark methods for estimating rare events in [17, [62].
The authors of these works provided a data-set containing the vertical displacement y at the mid-span for
10,000 random MC samples of the uncertain parametersﬁ We used this data for training and validation
of risk-adapted PCE surrogate models. We use the Nataf transformation [43] to transform the log-normal
variables into standard Normal variables and use Hermite polynomials as the univariate basis for each of
these transformed Variablesm We numerically generate the basis associated with the Gumbel variables using
the predictor-corrector algorithm in [55].

Figurecompares the reference AVaRg 9(Yv) & 0.1010 with the estimates obtained from quadratic PCE
models (K = 66) constructed with four different regression methods each using 100 different realizations of
200 training samples. We use 9,000 validation samples, independent of the training samples, to estimate the
reference AVaR. The FSD, SSD and quantile surrogate models always conservatively estimate AVaR with
respect to the training data, but only FSD and SSD overestimate AVaR with respect to the validation data.
The least-squares model almost always underestimates AVaR. The FSD and SSD model also perform well
when estimating the PoF P(Yy > ¢,(Yn)) = 0.1, where ¢,(Yn) ~ 0.9419, computed using M = 100 training
data and the validation data. See the left and right plots of Figure respectivelyﬁ However, quantile
regression performs almost as poorly as basic least-squares regression when estimating the validation PoF
because it no longer targets the correct statistic.

5.3 Wing-weight Model

In this section, we show that our framework for constructing surrogate models can be applied to approxi-
mation strategies other than traditional polynomial regression used in the previous examples. Specifically,
we show that it can be coupled with dimension reduction to significantly reduce the cost of risk estimation
in high-dimensions. Dimension reduction has been used to improve the accuracy of surrogate estimates of
risk in [64] 65], but these methods do not guarantee conservative estimates of the risk measure.

We consider the model for wing-weight used in [66], i.e.,

0.6 -0.3
F(z) = 0.036 53.758W})£035 <COS§4(A)) ¢0-006 ,0.04 (CIOOS(&CJ (N2 Wag)049 + S,y W, (26)

where z =[Sy, Wrw, A, A, q, A te, N, Wyg, Wp]T. The distributions of the random parameters are provided
in Table In the following, we reduce the dimensionality by finding important directions of the input

6The data can be obtained from https://www.uqglab.com.

7The Nataf transformation is necessary because the polynomials orthonormal to the log-normal distribution do not form a
basis [63].

8FSD fails to conservatively estimate the PoF for one realization of the training data. This is a numerical artifact. The PoF
is only underestimated by approximately 10~5. This error is due to solving the FSD problem to a fixed, non-zero accuracy,
constrained through optimization tolerances and because of the use of the smoothing of the max function. We report this result
to make sure that the readers are aware of this possible phenomenon.
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Figure 10: The signed difference between the surrogate and empirical estimate of AVaR,, p = 0.9, using the
(left) M = 200 training data and (right) the validation data. validation data. Here, AVaRg o(Yx) ~ 0.1010
is computed analytically, The percentage below the lower whisker of each box plot represents the portion of

surrogate models that did not conservatively estimate AVaR.
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Figure 11: The signed difference between the surrogate and empirical PoF computed using (left) the M = 100
training data and (right) the validation data. Here, P(Yy > 0.9419) = 0.1 is computed analytically, PoF(Yas)
is computed using the M training samples, PoF (Yas as) is estimated using M evaluations of the surrogate at
the training samples, and PoF (Y, ) is estimated using N = 105 QMC evaluations of the surrogate model.
The percentage below the lower whisker of each box plot represents the portion of surrogate models that did
not conservatively estimate PoF.

space using active subspaces [67]. We determine the important directions by computing the eigenvalue
decomposition of the average outer-products of the gradients of the model f at a set of M samples, that is

M
T _ — 1 m m)\ T
WDWT =0 =2 3 Vaf (™) Vo f ™)

m=1

Figure [12| plots the projection of M = 30 MC evaluations of f onto the dominant one-dimensional (1D)
subspace, defined by the first eigenvector of W. It is evident that the wing-weight model can be reasonably
approximated by a 1D function. However, no 1D approximation can be exact due to small variations in the
model response in the inactive directions. Even so, we can still accurately and conservatively approximate
risk using the framework presented in this paper. In Figure [[2] we compare the quadratic FSD, SSD and
quantile (p = 0.9) surrogate models built on the dominant 1D active subspace using the 30 training samples
depicted. Each surrogate model conservatively and accurately approximates the empirical estimate of AVaR
for p = 0.9. Specifically, the signed relative differences (AVaRg.9(Yasr,a1) — AVaRg.o(Yar))/AVaRg o(Y;,) are
0.023 (FSD), 0.002 (SSD), and 0.005 (Quantile). In contrast the least-squares surrogate model does not
conservatively estimate risk; the associated signed relative error is -0.002.

6 Conclusions

We presented two techniques for conservatively estimating (overestimating) risk measures using a fixed data
set. Such situations arise when archived data is available and there is no recourse to further interrogate the
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400 1
Training data ,’;
— LstSq /,
3504 == FSD
weee SSD
Quantile Table 2: Random variables of the wing weight
3001 model ((26)
8
=
S~ Variable Symbol Distribution
Wing area S U (150, 200)
250 4 ‘Weight of fuel in the wing wa U (220, 300)
Aspect ratio A Uu(6, 10)
Quarter-chord sweep A U(—-5n/9,5w/9)
Dynamic pressure at cruise q U(16, 45)
Taper ratio A Uu(0.5,1)
2001 Aerofoil thickness to chord ratio e U(0.08, 0.18)
Ultimate load factor N, Uu(2.5,6)
Flight design gross weight Wag U(1700, 2500)
Paint weight Wp U(0.025, 0.08)

-1.0 -0.5 0.0 0.5 1.0

Figure 12: Various surrogatd approximations of the
wing-weight model .

data source. The first approach uses the risk quadrangle to construct surrogate models that conservatively
estimate a risk measure associated with the subjective utility /regret preferences of a stakeholder. The second
approach uses stochastic dominance to ensure that our estimates are conservative with respect to a set of
risk measures, when a single utility preference cannot be agreed upon. For both approaches, we derived
theoretical upper bounds on the error for orthonormal surrogate models. The error was shown to converge
at a similar rate as the root-mean-squared error when using, e.g., a polynomial chaos expansions. We
confirmed these results with numerical examples that showed that risk-adapted surrogate models do indeed
overestimate risk, while converging at the expected rate.

Constructing surrogate models with a large number of inputs is challenging. Consequently, surrogate
modeling techniques are often built on lower dimensional subspaces identified by dimension-reduction tech-
niques. However, the use of dimension reduction introduces an error that is difficult to quantify. Through a
numerical example, we demonstrated that the methods proposed in this paper can be used to conservatively
estimate risk even in the presence of such error.

Although not considered in this paper, the approximation strategy presented here can also be used within
an adaptive sampling framework to generate samples that can improve the surrogate model’s estimate of
risk. Existing adaptive strategies build a surrogate model from available training data and use properties
of the surrogate model to select the new data. Although these sampling strategies can target risk measures
[28, 29 68|, they are typically restricted to reduced order modeling for partial differential equations, not
regression, and therefore do not directly apply to our methods. We will explore the extension of such
adaptive sampling strategies to our conservative estimation procedures in future work.

Acknowledgments

This work was sponsored by the Sandia National Laboratories Laboratory Directed Research Development
(LDRD) program and the US Department of Energy, Office of Advanced Scientific Computing Research.
Sandia National Laboratories is a multimission laboratory managed and operated by National Technology
and Engineering Solutions of Sandia, LL.C., a wholly owned subsidiary of Honeywell International, Inc., for
the U.S. Department of Energy’s National Nuclear Security Administration under contract DE-NA0003525.
This paper describes objective technical results and analysis. Any subjective views or opinions that might
be expressed in the paper do not necessarily represent the views of the U.S. Department of Energy or the
United States Government.

The authors would like to thank Joseph Hart and Bart Van Bloemen Waanders at Sandia National
Laboratories for this insightful comments made on initial drafts of this manuscript.



Preprint 21

Appendix A Proof of conservatism and Proposition

In this section, we demonstrate that the two step procedure in equations and @ produces a surrogate
model that conservatively estimates a predefined risk measure. We then prove Proposition [3:1} As seen in
Figure|3[an error measure defines a deviation measure, which allows us to rewrite the regression problem
in the equivalent, two-step, form

6 € argmin D(Y — g(X,0")) with 0€ S(Y — 0y — g(X,0)). (27)
0'cO

This form provides insight that is not immediately evident from . Specifically, the optimal model pa-
rameters § minimize the deviation or uncertainty associated with the model. Moreover, the statistic of the
residual must be zero or equivalently, the optimal 6 is a statistic of the residual 6y € S(Y — ¢g(X,0)). For
least-squares regression, the optimal # minimize the standard deviation of the residual and the associated
statistic, the average of the residual, E[Y — 6y — g(X, 6)], is zero. Consequently, least-squares regression is
inappropriate when large positive outcomes are undesirable. In contrast, the statistic of the quantile risk
quadrangle is the p-th quantile of the residual, which is more representative of undesirable events. The
decomposition of # and 6y in may also provide computational benefits depending on the numerical
properties of the deviation measure D.

To construct risk-adapted surrogate models that conservatively estimate risk, in the sense that they try
to avoid underestimation, we use the following result. We note that this result extends Corollary 4.2 in [36]
with the addition of a lower bound based on the expectation of the surrogate model.

Proposition Appendix A.1l. Suppose R is positively homogeneous and that there exists 0 € © for which
g(x,0) =0 for all x € Qx. If 0* € © solves the deviation minimization problem

min D(Y - g(X,9)), (28)
and we set
05 :=R(Y — g(X,0%)), (29)
then the following bounds hold
05 + Elg(X,67)] < R(Y) < 05 + R(9(X,0%)) = 65 + E[g(X, 6")] + D(g(X, 07)). (30)

Proof[Proof of Proposition |[Appendix A.1l] As a consequence of the relationships depicted in Figure
any risk measure R generated by the risk quadrangle is translation equivariant (R3). The translation

equivariance of R ensures that R(6y + g(X,0)) = 0y + R(g(X, 8)) since the shift parameter 6 is constant. If
R is positively homogeneous (R4), then so are D, V and £. Moreover, positive homogeneity combined with
convexity ensures that R is in fact subadditive and consequently,

R(Y) = R0 + g(X.,0) + (Y — 05 — g(X,0)))
< R(0 +g(X,0)) + R(Y — 0y — g(X,0)). (31)

By choosing 6y = R(Y — g(X, 0)), a straightforward consequence of and the translation equivariance of
R is that R(6y + ¢g(X,0)) > R(Y). Moreover, this choice of 6y ensures that the expectation of the model
satisfies

Elfo + 9(X,0)] =E[Y]+D(Y — g(X,0)). (32)
The upper bound in follows from and our choice of 6. Specifically, we have that
R(Y) < R0 + g(X,0%)) + R(Y — 65 — g(X,0%) = 05 + R(9(X,0)),

where we have used the facts that R(05 + g(X,0*)) = 05 + R(g(X,0*)) and R(Y — 05 — g(X,6*)) = 0. On
the other hand, the assumption that there exists 6 for which g(z,0) = 0 for all z € Qx and the optimality
of 0* ensure that

R(Y)=E[Y]+D(Y) =E[Y]+D(Y - ¢(X,0) > E[Y] + D(Y — g(X,0")).
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Therefore, and the translation equivariance of R yield the lower bound in . O

We note that if Y is exactly represented by the model 6y + g(X,8), the error minimization problem will
return 6 € R and 6* € © that produce zero error, i.e., Y = ) + g(X,0*). Likewise, 8* will produce zero
deviation D(Y — g(X, 6*)) = 0. Therefore,

05 +Elg(X,0M)] =E[Y] =6, + E[g(X,6")] = 65=106;

and hence the above estimation procedures produce 63 and 6* that exactly reproduce Y.

Remark Appendix A.1 (Deviation Error Bounds). An important consequence of n Proposition
pendiz  A.l1| is that the average of the surrogate model 0% + E[g(X, 0%)] underestimates the risk by at most
the deviation D(g(X, 6%)), i.e.,

0 <R(Y) — (65 + E[g(X, 07)]) < D(g(X,0%)), (33)

which follows from the risk quadrangle relationships depicted in Figure[3 Similarly, the risk of the surrogate
model overestimates the true risk again by D(g(X, %)), i.e.,

0 < (05 + R(9(X,0%))) = R(Y) < D(9(X, 07)). (34)

Remark Appendix A.2 (Choice of Shift Parameter). Although the deviation minimization problem
is intuitive—we seek parameters 0* that minimize the uncertainty associated with the residual—the numeri-
cal solution of can be more challenging than the error minimization problem . Fortunately, the risk

quadrangle relationships depicted in Figure [3 ensure that the optimal 8* in Proposition [Appendiz_A.1] also
solves the error minimization problem . As a consequence, we can solve (b)) and still ensure that the re-

sulting surrogate model conservatively estimates R(Y') by computing the shift (29) from Proposition|Appendix

Remark Appendix A.3 (Positive Homogeneity). If R is not positively homogeneous, we can modify
as
R(Y) < Ra(bo + 9(X,0)) + Ria(Y — b0 — g(X,0))

for any A € (0,1), where Ry(X) := tR(X/t) for t > 0. Note that Ry is associated with a risk quadrangle
with components &, Dy and Vy defined analogously. In this setting, the minimum deviation upper bound in
holds with R replaced by Ri_». However, the lower bound in may no longer hold. To circumvent
this, one may consider replacing the error measure used in with either

1 s 2 s
E(X):= Oértlglé't(X) or &%(X):= t11_>1£5t(X).

Unfortunately, the first error measure is equal to € and the second is identically zero for many practical £.
As a simple example, consider the mean-squared error £(X) = %E[Xz]. It follows that

gt(X) = %]E[XQ]?

which is strictly decreasing with respect to t and hence £ = € and £2 = 0.
This brings us to the proof of Proposition [3.1
Proof[Proof of Proposition We denote the first K Fourier coefficients by 6;.x. The optimality of 6*
and the fundamental risk quadrangle relationships ensure that
D(Y — gk (X,07))+D(g9xk (X, 0")) — D(Y)
<D(Y - gx(X,01.x)) + D(9x (X, 01.1)) = D(Y)
<D(Y — g (X, 01.x)) + D(gr (X, 01.5) = Y)
<E(Y —gr(X,01.x)) + E(gr (X, 01.5) = Y)
<2CTE

as was to be proved. Here, the first inequality follows from the optimality of 6*, the second follows from
, the third follows from the definition of D, and the fourth follows from . O

9The optimal shift 6} from satisfies 0, € S(Y — g(X,0*)), but need not coincide with 6} unless S(-) = R(:). This is the
case, for example, with the entropic risk quadrangle for which R is the entropic risk measure, R(Y) = InE[exp(Y')]. However,
the entropic risk measure is not positively homogeneous.
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Appendix B Proof of Proposition 4.1

The proof of Proposition [£.1] proceeds as follows.
Proof[Proof of Proposition Note that we have the following inequalities:

i = E[(Y — 0y — gk (X, 01.K))7]

E[(Y — 65 — gx(X,6%))%] (35)

<
<E[(Y — 0o — gr(X,0))7],
for all (6p,0) € R x O satisfying the stochastic dominance constraints for t € S. We now find a 6y € R

such that (6, 0. k) is a feasible point. To this egd, we denote by rx the remainder associated with the K-th
approximation, i.e., rx(x) = f(z) — 0y — g (x,01.x), and choose

Op =0y + sup rr(x).
z€f~1(S)

Consequently, we have that
f(x) =00+ gk (X,01.k) + i () < b0+ g (X, 01.) Ve fH(S).
Therefore, (6o, 0. k) satisfies the FSD and SSD constraints and thus ensures that
e SE[(Y = 65 — gx(X,07)%] <E[(Y — b0 — gx (X, 01.5))?]

2
Tk+< sup rK(x)) STK+(§%(.
zef~1(S)

We note here that since f is continuous and S is compact, then f~1(S) is compact and the supremum of 7y,
over f~1(9) exists and is finite. Expanding the quadratic objective function and utilizing the orthonormality
of 1y yields the desired result. O
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