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Abstract

Despite widespread use of factor fixing in environmental modeling, its effect on model predictions
has received little attention and is instead commonly presumed to be negligible. We propose a
proof-of-concept adaptive method for systematically investigating the impact of factor fixing. The
method uses Global Sensitivity Analysis methods to identify groups of sensitive parameters, then
quantifies which groups can be safely fixed at nominal values without exceeding a maximum
acceptable error, demonstrated using the 21-dimensional Sobol’ G-function. Three error measures
are considered for quantities of interest, namely Relative Mean Absolute Error, Pearson Product-

Moment Correlation and Relative Variance. Results demonstrate that factor fixing may cause large
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errors in the model results unexpectedly, when preliminary analysis suggests otherwise, and that the
default value selected affects the number of factors to fix. To improve the applicability and
methodological development of factor fixing, a new research agenda encompassing five

opportunities is discussed for further attention.

1 Introduction
Complex models incorporating many processes and variables are increasingly used to represent real-

world problems to generate understanding and/or inform management (Tscheikner-Gratl et al.,
2019; Yang et al., 2014). However, complex models, such as environmental models that describe
biophysical and socio-economic systems, present a system identification problem (Guillaume et al.,
2019) in the sense that they contain many uncertain parameters that cannot be measured and need
to be estimated. On the other hand, estimation is thwarted by the fact that there is rarely enough
information in the input and output model variables to identify/estimate those parameters uniquely
(Guillaume et al., 2019). The usual solution to this non-identifiability is to make assumptions that
constrain the space of parameter solutions. Parameter Fixing (PF) is one approach that attempts to
set parameters deemed insensitive to fixed values and then estimate the more sensitive ones from
the available data. More generally, in an uncertainty quantification or exploratory modeling context,
other static inputs that do not need to be estimated from data are also commonly held constant
(Maier et al., 2016) to reduce the scenario space that needs to be explored (Guillaume et al., 2012).
Given their similarity, static inputs and parameters are often referred to collectively as “factors”, and

we therefore focus here on “factor fixing” (FF) generally.

Model calibration and uncertainty analysis are common practices to inform selection of parameter
values and their impact on predictions. Yet conducting accurate calibration and uncertainty analysis
can be challenging when the computational cost of running a model is high. Moreover, this challenge
is amplified when the model has a large number of parameters (Becker et al., 2018; Yang et al.,
2018) because the number of model runs needed for accurate analysis typically increases with the
dimensionality of the parameters. Though it could in some circumstances be possible to run such
analysis over the full factor space with supercomputing infrastructure, reducing the factor
dimensionality by, for example, FF can benefit the further use of a model. At the cost of requiring
additional computation for FF analysis, several advantages can be achieved, which include 1)
obtaining a reduced model that increases the computational efficiency of future model analyses by
constraining the explored factor space, 2) identifying redundant factors and decreasing unnecessary
model complexity (Monari and Strachan, 2017), and 3) improving the estimation of sensitive factors

using the available data. Factor fixing can address the issue of high dimensionality by excluding



insensitive parameters from further analysis. Of central interest in this paper is the exclusion of
those factors which have no effect, or negligible effect, on the Quantities of Interest (Qol). Qols may
consist of model predictions or some function of them relevant to the objectives of the modeling

exercise (e.g., calibration objective functions; Guillaume et al., 2019).

Unimportant parameters can be identified using a variety of Global Sensitivity Analysis (GSA)
methods (Razavi et al., 2021) which are implemented in numerous software packages (Douglas-
Smith et al., 2020). Factor fixing (or factor screening) is therefore approached through identification
of non-influential parameters (Norton, 2015; Pianosi et al., 2016; Wagener and Pianosi, 2019).
Subsequent reductions in the number of model runs/evaluations have been reported with FF,
including with respect to hydrologic models (Cuntz et al., 2015; van Werkhoven et al., 2009). For
example, Gou et al. (2020) concluded that optimized results were improved by applying GSA to
classify the importance of factors instead of fixing default factors, as is usually recommended for the

VIC hydrological model calibration across China.

Studies of applying screening approaches, however, have mainly focused on comparing the
performance and efficiency of different methods (Cosenza et al., 2013; Jaxa-Rozen and Kwakkel,
2018; Mara et al., 2017), decreasing the computing cost (Becker et al., 2018; Cuntz et al., 2015;
Jakeman et al., 2019), and distinguishing sensitive and insensitive factors using sensitivity indices
(Nossent et al., 2011; Sarrazin et al., 2016). Examples of method comparisons in the environmental
modeling field include: Vanrolleghem et al. (2015) who concluded that the Morris screening and
Extended FAST methods showed substantial agreement with respect to FF; Khorashadi Zadeh et al.
(2017) who identified the same unimportant factors by Sobol' and PAWN approaches in an
application to the SWAT model; and Koo et al. (2020) who used the Extended FAST method on a

SWAT model to determine the relative effect of 15 factors on model uncertainty.

The selection of a GSA method, whatever its purpose, depends partially on the computational
budget, whereas the best-performing measure depends on the model (Becker et al., 2018). Given
that computing time can be prohibitive for assessing sensitivity and uncertainty in high model
dimensionalities, another important consideration is using more efficient sampling techniques, such
as multi-criteria trajectory-based sampling (Khare et al., 2015) and sequential screening strategies

(Cuntz et al., 2015).

Before comparing different methods and applying more efficient sampling techniques, it is vital,
nevertheless, to separate influential and non-influential factors successfully. Approaches developed
for such separation can be classified into three types: screening thresholds, grouping techniques and

statistical testing.



Use of a screening threshold appears to be the most commonly adopted approach and involves
classifying a factor as insensitive if the sensitivity index is below a pre-specified threshold. For
variance-based GSA methods, factors responsible for less than a certain threshold of the variance
(e.g., Total Sensitivity Index < 0.01, 0.1 or 0.2) are often screened out (Cleaves et al., 2019; Hubler,
2020; Vanrolleghem et al., 2015; Wang et al., 2010). The threshold for the Morris method, in
contrast, is often case-specific. In general, thresholds when set should have values that are highly
related to the Qols examined. Another way of determining the screening threshold involves adding a
“dummy” factor (a variable that is not used in the model), and any factor for which confidence
intervals (Cls) of its sensitivity index overlaps with that of the dummy factor is identified as

insensitive (Khorashadi Zadeh et al., 2017).

Screening thresholds for fixing non-influential factors, however, may not be sufficiently indicative of
actual errors in Qol's. For a Qol not related to output variance, it may not be possible to derive an
associated error estimate from Sobol’ or other variance-based sensitivity indices. Moreover, error
estimates are generally obtained by marginalizing over factor values instead of considering the
“default value” at which the factor will actually be fixed in practice. The difference between these

error estimates may be further accentuated when multiple factors are fixed.

Grouping techniques categorize factors into pre-determined groups, based on considerations such
as expertise and experience of the problem or model, intuition, the pre-specified threshold for
sensitivity indices, or into objectively optimized groups using an automatic approach (Hou et al.,
2015; Saltelli et al., 2007; Sheikholeslami et al., 2019). Those factors in the insensitive group are then

treated as constants in the model.

Statistical testing methods build on the screening threshold approach by evaluating whether the
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entire set of factors (associated with what are called the “unconditional” outputs) is reliably divided
into sets of influential (sensitive) factors (i.e., the associated “conditional” outputs) and non-
influential factor space. Sarrazin et al. (2016) used the statistical significance of the Kolmogorov-
Smirnov (KS) test to validate whether factors were indeed insensitive with the consideration that the
correlation coefficient, of types in, for example, Branger et al. (2015), Nossent et al. (2011) and Tang
et al. (2007), may still be high when unconditional and conditional outputs follow a non-45° straight
line (Sarrazin et al., 2016). The KS statistic used in Sarrazin et al. (2016) is a more conservative test as
it uses the most sensitive location of a non-influential factor for validation. They repeat this test with

the factors considered fixed at a variety of values rather than explicitly analyzing the

representativeness and effect on predictions resulting from the default values used for fixing.



Visual techniques are also employed to aid in identifying factors to fix (Garcia et al., 2019). They tend
to informally use a combination of approaches (including screening, retaining the top important
factors and factor grouping), given that there is uncertainty about the screening threshold, the

number of factors to retain, and the separation of groups.

Traditional factor screening is more qualitative, identifying factors to fix with fewer model runs
(Song et al., 2015) and lacking a sufficient indication of errors induced in Qols. One approach is to
approximate the error from setting unimportant factors to the average values over the factors’
distributions using the analysis of Sobol’ et al. (2007) (as described in Jawad et al., 2015). On the
whole, there are remarkably few studies that explicitly determine the set of factors to fix on the
basis of the errors caused in the prediction(s) of Qols. There is an identified need for a theoretical
error analysis approach to factor fixing (Alexanderian et al., 2020) and methods are needed to

answer the fundamental question:

Can all insensitive factors or any of the weakly influential factors be set to default values with

model performance remaining acceptable?

The resulting challenge is the high computational cost required to evaluate errors induced by factor
fixing because of the need to compute both conditional and unconditional Qols (i.e., with and
without factor fixing). It is, therefore, necessary to reduce the number of evaluations needed by
testing the fixing of as few unique combinations of factors as possible. A further consideration is that
sampling-based sensitivity indices are uncertain due to numerical errors, sampling variation and the
approximation of sensitivity indices. The full convergence of indices is not always possible even with
a large sample size (Nossent et al., 2011; Sarrazin et al., 2016), which is a challenge for threshold-
based factor fixing. On the other hand, studies generally show that factor rankings are less variable
and converge faster than sensitivity indices (Sarrazin et al., 2016; Sheikholeslami et al., 2019; Wang

et al., 2013).

In this paper, we therefore explore the effects of factor fixing with a proof-of-concept adaptive
process able to 1) systematically quantify the error in a nominated Qol with given default values for
factors, and 2) identify the number of factors that can be fixed without exceeding a maximum
acceptable error, whilst 3) minimizing the number of evaluations required for acceptable error. An
uncertainty-based, partial sort approach via bootstrapping is developed for factor ranking to reduce
the number of model runs used for GSA and increase the robustness of rankings. Factors are fixed in
groups to decrease the frequency of error estimation by identifying the smallest number of unique
factor combinations to fix. Treating model predictions with all factors varying as unconditional values

and model outputs with some factors fixed as conditional values, we measure the differences
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between unconditional and conditional outputs using multiple metrics. Error measures are
evaluated preliminarily using a small sample set to define factors that are safe to fix or to vary. A
larger number of model runs is conducted if it is difficult to decide whether to fix a factor group due
to the large uncertainty in the error measures. The largest set of factors that can be fixed whilst
keeping errors under a given threshold is then determined in an adaptive fashion. The method
seems widely applicable and can be performed so as to minimise the number of times that errors

need to be estimated.

Section 2 presents an intuitive example of the effect of fixing factors on the predictions of Qols. The
proposed method is elaborated in Section 3, and then applied in Section 4 to the commonly-used
Sobol’ G-function with two GSA methods being used to generate the sensitivity indices described
there. The interpretation of results, including evaluating the effects of sensitivity from different GSA
methods, error measures and default values to fix factors, is given in Section 4. This is followed by
discussion of emerging opportunities within a new research agenda on the topic of FF in Section 5.

Our conclusions are given in Section 6.

2 The effect of fixing factors on predictions

Overall, the impacts of fixing factors on model predictions can be treated as a source of bias. Fixing
truly non-influential variables would theoretically not affect the model outputs over the factor

space. However, factors screened as non-influential often have non-zero sensitivity, which will still
cause some error in predictions, leading to a reduction in the precision of predictions across factor

space compared with model results obtained without factor fixing.

Figure 1 provides an example of the potential effects of factor fixing on predictions. The left plots
(Figure 1 a and c) depict the contours of the function f(x1, x;) = (Wx1 + x2)?, where x; and x; are
uniform variables on [0,1] and x7 is sensitive when w = 0.5 and insensitive for w = 0. The effect of
fixing x1 on the outputs from fis shown for two different values of x4 (vertical lines in cyan and red
colors for x1 = 0.50 and 0.01, respectively). When x is set to 0.5 (or 0.01), the two-factor model is
reduced to a one-dimension model f, x,(x2]x; = 0.50) (or fx,, x,( x2|x1 = 0.01)); and the value f
(0.70, 0.50) marked by the black dot is approximated by f( 0.50, 0.50) (or f( 0.01, 0.50)) marked

in cyan (red) as shown in Figure 1 a and c.

When x1 is insensitive (top panel), the Probability Density Function (PDF) of the outputs by fy, «,
(x2]x1 =0.50) and f,, x,( x2|x; = 0.01) are identical to that of f(x1, x2), indicating that fixing x1
has no effect on f as plotted in Figure 1b. When x1 is sensitive (bottom panel), the PDF of f depends
significantly on the value at which x4 is fixed (Figure 1d). Whether or not the error induced by fixing
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x1 is important depends on the modeling objective and accuracy requirements. The true mean of f

is 0.67 and if we set x1 = 0.5 the mean of the conditional function f, x,( x2|x; = 0.50) is 0.64,

which may be a reasonable approximation. However, if there is concern for predicting small extreme

values, fixing x4 at 0.5 would be inappropriate. The PDF in Figure 1d shows that when x; = 0.5 the

model is incapable of predicting values of f near 0, and when x; = 0.01 it cannot predict large

values.

This low-dimensional example demonstrates that fixing a factor can lead to a significant error when

the factor has non-zero sensitivity. For high-dimensional cases, the projection in factor space implied

by fixing factors cannot be visualized as easily, which is why a computational analysis to estimate

errors is needed.
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Figure 1. The effects of fixing x4 in f(xq, x2) = (Wx, + x2)2. When w = 0 (top), x4 is insensitive, and when

w = 0.5 (bottom), x4 is sensitive. The left column depicts the contours of f. The right column depicts the PDFs

of the outputs obtained for f when no factors are fixed, for f, x,( x2|x1 = 0.50) where x1 is set at 0.50 and

fxy,%,(X2]x1 = 0.01) where x1 is set at 0.01. Arrows are projections of evaluation points of the two-factor

model onto the one-dimensional models created by fixing x;.
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3 Methods for evaluating effects of fixing factors

The goal of our proposed algorithm is to determine the largest set of unimportant factors that can
be fixed without the error in the Qol of the resulting lower-dimensional model exceeding an
acceptable threshold. We fix the factors in groups to reduce the number of times that error
measures need to be evaluated. The groups are ordered by increasing sensitivity, and the least
sensitive groups are fixed first. The groups emerge by partial sorting of factors according to
confidence intervals of their ranking, obtained through sensitivity analysis. If groups are found to be
too coarse, the computational budget is increased to refine them. This adaptive approach also
reduces the number of model runs needed for sensitivity analysis. The applicability of the method is
illustrated with two GSA techniques (Sobol’ and Morris methods). Three contrasting metrics are
selected to evaluate errors due to factor fixing: Relative Mean Absolute Error (RMAE), Pearson
Product-Moment Correlation (r) and relative variance (RV). The error measures are evaluated
adaptively, with a preliminary estimate at an initial small number of model runs to screen out those
partial groups for which fixing would either result in errors far beyond or below the given error

threshold.



Algorithm 1 The adaptive method for factor fixing

Algorithm 2 Function for partial sort of factors

L

2:

14:
15:
16:
(17
18:
19:
20:

L:
22:

Determine input factors x, the model output y, the error measure 7,
default values to fix factors at Xyepqur

Decide the acceptable error threshold &,

the GSA method and sampling technique s for error calculation

© Notare» Notops Nswep < the smallest, largest and the step of sample sizes

p « confidence level
A < number of repetitions needed to confirm stability of results
with increasing sampling size

: procedure FACTOR FIXING(x, U, 17, Xgefquit »

€,8, Norare . Notop , Ngep . 0, A)
X; « samples generated for error calculation with all factors in x varying
i « evaluate iy with X,
Converged = False
Neotar = 0

while not Converged and Ny < Ny do

il Ny = 0 then
Xstep +— Generate Nypy new factor vectors
Yitep < Generate Ny, new model evaluations
else
Xoep < Generate Ny, new factor vectors
Ysrep < Generate Ny, new model evaluations
X & Ny factor vectors of model evaluations
Y « N model evaluations
g < PARTIAL SORT(X.Y p)
e « ERROR CALCULATION(g. 7, yr, X;. A, €)
Converged « CHECK CONVERGENCE(e, g, & , 4, Converged)

I:
2

2 A

10:

11:

12

function PARTIAL SORT(X, ¥, p)
m « the size of bootstrap resampling
Generate m bootstrap resamples for GSA
for each bootstrap X;.. ¥, do
Ry & factor rankings calculated with GSA
R, « confidence intervals of rankings using R at the confidence level p
R! « lower bounds of Ry R* « upper bounds of Ry for factors x
Rank R with R™ in increasing order
for x; € x do

Xise,i < factors x of which Ril =R}

g < partial rankings using X;;5,
return g

Algorithm 4 Function for checking convergence

Algorithm 3 Function for error caleulation caused by factor fixing

2:
3t

R B

Tunction ERROR CALCULATION(g. . y.. X;, A, €)
for cach factor group g; € g do
if the combination of factors in g; and lower ranked groups
appear grealer or equal Lo A times consecutively then
X, « X, with factors in g; and lower ranked groups fixed 10 Xdepaute
y. « cvaluate y from X,
e <Yy Yo
if ¢ > € then
return e

1:

function CHECK CONVERGENCE(e, g, =, 4, Converged)
Grir < the group sale (o fix, gy, ¢ the group not safe Lo fix
YGsampie < e group needing more samples
Rank e in increasing order
foreach ¢ € e do
if ¢ <= ¢ then
Add factors in g; A lower ranked faclors 0 gix
elseif ¢ >z & ¢._; >=¢ then
Add factors in gy A higher ranked factors (0 gyary
elseif ¢ >z & ¢_; <& & g; contains more than one factor then
Add factors in g; A lower ranked factors that are
notin g 10 Gsampie
else
Add factors in g; A higher ranked factors o g4
Converged = True
return Converged

= Denote the partial group for ¢ as g,

Algorithms 1-4. Algorithms for the proposed adaptive method for factor fixing and sample size determination,

given a selected GSA method and model. Algorithm 1 covers the overall adaptive procedure with Algorithms 2-4

describing the three main steps involved.

3.1 An adaptive method for simultaneous factor fixing and sample size

determination

The adaptive method is specified in Algorithms 1-4 as pseudo-code. Algorithm 1 describes the

overall procedure, and Algorithms 2-4 emphasize the three main steps involved: partial sorting of

factors, error calculation, and checking of convergence.

Model input factors x, the quantity of interest y and other parameters requiring determination for

the adaptive analysis are identified in lines 1-5 of Algorithm 1. The smallest and largest sample sizes

to consider (Ng¢qre and Ngop, respectively), and the number of samples by which to iteratively

increase (Ng¢ep) the sample size, indicate the number of model runs to be used and depend on the

given GSA method as well as the computational budget.

The confidence level p is used to calculate the confidence intervals of factor rankings. Error

measures 717 should reflect the requirements of the problem and relevant interest groups, as

discussed in Section 3.3. The symbol € denotes the maximum error measured by 77 (e.g., 5% change
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of the variance of model outputs) that is considered acceptable in the model outputs. The matrix X;
denotes samples generated for evaluating the errors with the sampling technique s, which may be
different from the samples used for sensitivity analysis. The X; for a small sample size is generated
first, leading to an initial estimation of 7. Checking of convergence requires specifying the number of

repetitions A to establish stability of results as the sample size of the sensitivity analysis increases.

With an initial N4+ Samples (L12-19), the selected GSA method, for example, the Morris method, is
used to generate confidence intervals of factor rankings using bootstrap resampling (Algorithm 2 L2-
6, see Section 3.2 for more details). Factors are then partially sorted, such that they form groups g
ordered by sensitivity (Algorithm 2 L7-12). Algorithm 3 then calculates errors by fixing factors in
groups that are stable, with the least sensitive group first. The group with second lowest sensitivity
will then be fixed together with the previous group, followed by the calculation of error measures.

The process is repeated until the error exceeds the acceptable threshold.

The sorting of factors into groups will depend on the sample size used as part of the GSA method.
Larger sample sizes are better able to identify the ranking of factors, splitting factors into smaller
groups, but at a higher computational cost. An adaptive method is therefore used to simultaneously
determine the factors to fix and assess whether increasing the sample size would be beneficial in

producing more stable partial groups, with convergence evaluated by Algorithm 4.

The combination of factors for fixing that remains unchanged over at least A consecutive iterations is
treated as being stable and indicative of increased confidence in results. The larger the A is, the more

robust the partial groups are, but the more model runs are needed.

The pseudo-code in lines 5-15 of Algorithm 4 partitions factor groups into three main sets. If the
error e; in e is small and acceptable, factors in the corresponding group g; and less sensitive factors
are included in the fixing set g ;. Alternatively, if e; is large, caused by fixing a group of highly
sensitive factors, these factors will be added to g4y and will no longer be considered for fixing.
Typically, sensitivity analysis with more samples is required to resolve the moderately sensitive
factors so as to determine whether a subset of the factors within such groups can be fixed reliably.
The group needing more samples for enhanced resolving is denoted as gsampie- If No more factors

are in this group, convergence is then achieved.

During the adaptive process, the user can also decide to adjust €, considering the trade-off between
the increased computation and the acceptable error. Increasing the size of X; may also be
considered if it is impossible to decide to which set (gvary, gsample OF Jrix) a factor group belongs

due to the large uncertainty in the initially estimated 7. In the adaptive process, factors are not fixed

10



in the sensitivity analysis so that samples from the previous iteration can be reused. Error
calculations for groups of factors can be cached rather than re-evaluated at each iteration. Overall,
two criteria have been included to improve confidence in the robustness of the result: robustness in
factor ranking, through uncertainty-based partial rankings; and the stability of results when

increasing the sample size A times (Razavi and Gupta, 2016; Sarrazin et al., 2016).

3.2 Partially sorting factors using bootstrapping

Traditionally, the sensitivity rankings R = {Ry,..., R;, ..., Rg} of d factors (x = {xq, ..., x,.., Xx4}) ina
model are generated by referring to sensitivity indices informed by N data points over the factor
space using one GSA method. Factors are ranked least sensitive to most sensitive so that a lower

value of ranking R; for factor x;, here, represents a smaller sensitivity.

Uncertainty in the ranking R is expected due to the variability of sampling (Garcia et al., 2019;
Sheikholeslami et al., 2019) and subsequent approximation of the sensitivity indices. The ranks R;
may vary within certain ranges during bootstrapping. To obtain converged factor rankings, additional
samples are needed to better define the ranking of that factor. We can account for the uncertainty

in rankings via partial sorting.

As an example, consider three factors {x, x5, x3} of a model. The confidence intervals (Cls) of the
factor rankings calculated with the percentile method (being distribution-free and easy to
implement) are shown in Figure 2. Details of the calculation of Cls are described below. At sample
size N1, factors x1 and x3 are classified into the same group that is less sensitive than x; due to the
Cls of rankings both ranging from 1 to 2. With an increased sample size N2, the three factors are

instead ordered as x1 < x3<x5 .

- Sample size N1

<> Sample size N2 o~

w
|

Sensitivity rankings
= N
| |
0

o

| I [
X1 X2 X3

Factors
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Figure 2. An example of partial sorting for three factors. The diamond represents the mean of rankings and
vertical lines designate the Cls of rankings, with a larger ranking indicating higher sensitivity. Factors x1 and x3
are categorised into one group (colored in blue) with sample size N1. They are subsequently split into two
separate groups at sample size N2, indicated by green for x1 and orange for x3. Note that whiskers of box plots

are not visible because the variation in rankings is insignificant.
The steps needed to partially sort factors in Algorithm 2 are explained below.
Step 1: Determine the bootstrap resampling sample size m and the confidence level p.

Step 2: Conduct bootstrap resampling with replacement m times. For each resample k
(k=1,2, .., m), compute the sensitivity rankings with use of a GSA method. For each factor, the

distribution of the rankings is then obtained with a total of m estimates.

Step 3: Calculate the confidence intervals of factor rankings at confidence level p (e.g., p=0.05 leads

to Cls of 95%) for d factors. Form the Clsas R.; = [{Rl, ....,Rf, - Rfi}, {RY, ...R, .., }j}] with u

denoting their upper bound and [ their lower.

Step 4: Partially sort factors by constructing a directed acyclic graph describing the rank order of
pairs of factors using R; calculated in Step 3 (L8-10 in Algorithm 2). This is analogous to a

dependency graph. Specifically, find all factors x; that satisfy R:> R} (j=1,2,..,d;j#1) foreach

factor x; and use xy;5;; to represent {xj| R > R}, j+ i}. Factors not in x5 ; are in the same group

as x; due to the fact that their ranking Cls overlap with that of x;. Using the collection of ordering
relations x; < xy;5;;, topological sorting then separates factors into totally ordered groups, which is
undertaken here with the toposort Python package (Smith, 2016). The level of confidence represents

the robustness of factor rankings at a user-defined value, bearing in mind the computational budget.

3.3 Evaluation of metrics of error due to factor fixing

3.3.1 Description of metrics of errors

Based on existing literature (Bennett et al., 2013; Nossent et al., 2011; Tang et al., 2007), three
measures (1) are used in this paper to capture different potential influences on model outcomes
caused by fixing factors, as illustrated by Figure 1. Relative Mean Absolute Error (RMAE) is an equal-
weighting metric for residuals, i.e., calculates the difference between two data sets point-by-point
(herein, conditional and unconditional outputs of interest), and easy to interpret in terms of
acceptable error. The Pearson Product-Moment Correlation (r) describes the extent to which the
two datasets are linearly correlated, ranging from -1 to 1. A value of 1 for r implies a totally positive
linear correlation between two datasets and can be obtained if the two data series only have a

constant offset. Relative variance (RV) is a direct value comparison method that compares the two
12



data sets in terms of their variance, being a summary characteristic of the spread in the data.
Equations 1 to 3 express the formulae for these three error measures with use of X; mentioned in
Section 3.1.

RMAE = Zz=1|¥t.k — yC,kI’
Yk=1Yt Equation 1

r= ZZ:l(Yc, k= Ytk — YE)/(ZZ=1 ek — YVo)? ZZ=1 ek — Y22,
Equation 2

_ Zim1 Wek— ¥)? Equation 3

RV= %, Ot — 70

where: nis the size of X, k (k =1, 2,..., n) is the sample index; X.,x denotes the sample point X4,
with some factors fixed; y; x is the unconditional value at the sampling point X, with no factors
fixed; y., k is the conditional modeling result at X,;; and y; and Y. denote the average of y. and y,
over all sampling points. Each time a combination of factors is fixed, n model evaluations need to be
run to generate the conditional outputs (Y. ), and the same model outputs can then be used to
calculate different error metrics (e.g., different statistics of a time series). When no factor is fixed, r
and RV will be 1. The threshold for errors is set here to be 5%, which means the acceptable r and RV
= 0.95. n is denoted as n, to represent the size of y; so as to distinguish the sample size n in GSA

methods in the following sections.

Before continuing, we remark that our method can be used with a large class of error measures,
including but not limited to those quantifying changes to the variance. The choice of this measure
should be dictated by user concerns and the modeling requirements, including the purpose of the
exercise. For example, if there is concern about the sensitivity of tail events to input parameters,
then the metric used should reflect this. If the distribution of the model output is symmetric, the
variance can give a good indication of the variability of a model output. However, if the distribution
is asymmetric, other metrics based upon measures such as the probability of failure or conditional
value at risk should be used. The determination of an admissible error threshold is crucial and needs
to be contextualized according to the purpose of the modeling; for example, if a high accuracy of

predicting extreme events is sought, then this may require a small error in conditional value at risk.

3.3.2 Determine sample size needed for error measures evaluation
All the error measures are calculated by sampling of factors, resulting in variation between samples.

As mentioned in the previous section, unconditional model outputs y. require the same number of
model runs as y; when fixing each unique factor set. Thus, the total number of model evaluations

needed for calculating error measures is N = n, * (z + 1) where z is the number of combinations
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of factors to fix. To achieve a balance between the computational cost (N model evaluations) and
the accuracy of error measures produced, error measures are assessed adaptively, initializing n,, to a
small value. Uncertainties of error measures are quantified with both bootstrap and replicate
sampling techniques, respectively, noting that this is a separate uncertainty quantification step to

the bootstrap used for partial ranking of factors.

For the replicate sampling method, the Sobol’ sequence is adopted given that quasi-Monte Carlo
methods can outperform the standard Monte Carlo (Hou et al., 2019). A total of m independent
factor sets x?’) of size ny, are generated, where i = 1, ..., m. The calculation of error measures, e.g.,
RMAE, is then performed m times, resulting in m independent estimates of the error measures €in,,

i=1, .., m. The average of €in,, i=1, .. misthen

lzm Equation 4

en = i—1 €j
ny m&i=1 i,ny’

and the standard deviation (SD) of the €n, is

m
1 2
SD S . _ B i
(eny) =1 lgl (emy eny) ) Equation 5

It is often appropriate to select m to be of a small value, leadingto N = ny, * (z + 1) * m model
evaluations for z combinations of factors to fix and m independent realizations. A value of m =20 is
used in the paper. The 95% confidence intervals of each error measure can be written as [ény

—1.96 % SD(en,), €, +1.96 * SD(e, )].

Bootstrapping, on the other hand, uses Monte Carlo sampling given the risk of bias associated with
resampling of quasi-Monte Carlo sequences. The mean and the standard deviation of error
measures are calculated with Equation 4 and Equation 5. Here, m, represents the number of
bootstrap resamples in the equations, with m, = 1,000 used in this paper. Error measures e,
calculated from a small n,, may result in a large variation but could still provide valuable information.
If the upper bound of an error measure is below (beyond) the error threshold €, the corresponding

factor set is to fix (vary).

3.4 GSA methods

Two GSA methods are chosen (Sobol’, Morris) to illustrate the partial sort method and to explore the
differences due to their different perspectives on measuring sensitivity. Note that the proposed

parameter fixing approach can be utilized with any GSA technique for which confidence intervals on
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rankings can be calculated. Our focus is on demonstrating the effects on the Qol with the proposed
adaptive framework. Determining the best GSA method is problem dependent and beyond the

scope of this paper.

3.4.1 Morris screening method

The Morris screening method (Morris, 1991) is a commonly-used GSA method for evaluating the
effect of varying factors locally one-at-a-time (OAT) at repeated points across factor space. It is
efficient in factor screening and well-suited to high-dimensional cases, as can occur with
environmental models (Herman et al., 2013; Jia et al., 2018; Sun et al., 2012). In Morris, the overall
effect of a factor is measured here by the sensitivity measure u*, which is the average of the
absolute “elementary effects” (EEs) computed at points that are evenly distributed over the factor
space for the (parameter) input (at different “levels”) (Campolongo et al., 2007). Following the
sampling strategy suggested by Morris, n trajectories containing d +1 points (d is the number of
factors) are generated, resulting in a total N = n - (d +1) model evaluations. EE and u* are

calculated according to

EE = £k s, xk + Ak, k) — Fok, ok, ok, oK Equation 6
i A¥ ’
x _ 1ym k Equation 7
i = Xk=1|EE;], q

where n is the number of trajectories, Af-‘ is the size of variation for factor x; at trajectory k and

determined by the number of levels used, and y; is the sensitivity measure for factor x;.

Values of u* are highly related to the choice of factors and Qols, such that they generally should not
be compared across applications. Herein, factors were ranked according to u*. It is also common to
consider the standard deviation of the EEs as a measure of non-linearity and factor interactions, or

some combination of the mean and standard deviation.

3.4.2 Sobol” sensitivity analysis

The Sobol’ sensitivity method, a variance-based sensitivity analysis technique, evaluates influences
of factors by decomposing the unconditioned variance of the model results into contributions from
individual factors and their interactions (Saltelli, 2002; Sobol’, 2001). Consider the model as a

function

y=f(x)=f(x1, .. Xa), Equation 8

where y, or some property of it, is the Qol and x = {xy, ..., x4} is the set of factors. Denote the

unconditional variance of fas V,,. Following the Sobol’ method, V(y) can be decomposed as

Vy =S Vit S B Vi + o+ Ve Equation 9
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where V; is the amount of variance explained by an individual factor x; and V; is the contribution of

the pairwise interactions of factors x; and x;. Higher-order interactions are also typically included.

The most commonly-used measures of sensitivity are first-order and total-order indices that are

defined in Equation 10 and Equation 11, respectively as
S, = %' Equation 10

VNi H
Sti=1—=7, Equation 11

where V _; represents the variance explained by all factors except x;. The first-order index S; , also
called the “main effect”, quantifies the contribution of an individual factor x; to the variance of the
Qol. St;, the total-order index, measures the total effect of x; including its interactions with other
factors and is, therefore, more conservative for factor screening compared with S;. Sobol’ indices are
commonly approximated by numerical integration due to the complexity of highly non-linear
models. Given that u* can be a better proxy of the St; (Campolongo et al., 2007) than , in this
paper, factors were ranked according to St; using the Saltelli sampling method (Saltelli, 2002),
which is an extension of Sobol’ sampling. The formula adopted for calculating total-order effects is
the Jansen method (Jansen, 1999) and a total of n - (d +2) model evaluations are required to
calculate both S; and St;. SALib, an open-source Python package (Douglas-Smith et al., 2020;

Herman and Usher, 2017), was used to conduct Morris screening and Sobol’ analysis.

4 Application and results

4.1 Application to Sobol” G-function

Given the focus of this paper on providing a proof of concept for adaptively evaluating errors due to
factor fixing, an example function is selected that is simple with known behavior of its factor
sensitivities. We have thus selected the commonly-used mathematical test function, the Sobol’ G-

function, which is defined as:

— T7d 4% -2+ a :
Y(x1,x2,. Xq) = Hizl 1t a Equation 12

where factors x;(i = 1, 2, ..,,d) are uniformly distributed over a [0, 1]¢ hypercube, and the a; are
non-negative constants. Here y is our predictive Qol. Low values of a; result in a large main effect for
X;. More detailed explanations of the Sobol’ G-function can be found in Saltelli et al. (2010). Some 21
coefficients which can be grouped into four influential groups have been selected, following
Sheikholeslami et al. (2019). Unless otherwise stated, when factors x; are fixed they are set to 0.25
(from Equation 12, this removes the ith parameter), which also causes the least error while
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conducting factor fixing, as will be shown in Section 4.5 below. See Table 1 for the coefficients used

in this study for the 21-dimensional Sobol’ G-function.

Table 1. Coefficients used in the Sobol’ G-function following Sheikholeslami et al. (2019). Due to the

construction of the Sobol G-function in Equation 12, high values of a correspond to insensitive factors.

Group Coefficient

Strongly influential aq = ap =0; az =0.005; as =0.090

Moderately influential as = ag = ay = 2;{ag, aq, a1, a11}=1{2.10, 2.75, 3, 3.15}
Weakly influential {a12, a13, a14, a15} = {8, 13, 13.5, 16}

Non-influential {a16, 17, A18, A19, A20, A21} = {70, 75, 80, 85, 90, 99}

To obtain the initial estimate of error measures, 10 data points of each independent sample set
were generated using the Sobol’ sampling technique for the replicate sampling. Samples used in
Sobol’ sensitivity analysis are included for the error calculation. 100 data points were first sampled
over the factor space by a Monte Carlo sampling approach and resampled for a bootstrap analysis.
Factors were fixed from the least sensitive group with groups of higher importance included

gradually, as described in Section 3.

The number of bootstrap resamples for both Morris and Sobol’ was set to m =1,000 to obtain non-
parametric bootstrap-based Cls on rankings at confidence level 0.05. With the Morris method, the
bootstrap is conducted with use of EEs. From the n trajectories, a “new” sample of n trajectories is
selected randomly m times with replacement, with each bootstrap resampling providing estimates
of u* for all factors. For Sobol’ sensitivity analysis, the resampling is repeated m times from the
model output samples and sensitivity indices calculated for each bootstrap. The 95% Cls of rankings
can then be generated for both sensitivity methods. The trajectories used for the Morris method
started from 20 (in total Ngiqrc = 440 model runs given 21 factors) with an increment of N

= 210 model runs (10 trajectories). The number of levels is 4 as recommended in the literature
(Campolongo et al., 2007). In Sobol’ sensitivity analysis, the sample size started fromn = 200 and
increased with a step size of 200 (Ns¢art = Ngtep = 4600 model runs). While GSA parameters could
be further optimised based on an understanding of the test function, it is treated here as a black

box.

4.2 Adaptively identify factors for fixing using RMAE
The results of the adaptive process are shown in Figure 3 for the error measure RMAE using the

Morris screening method and bootstrap to quantify the uncertainty in error measures. RMAE was

initially estimated with 100 samples (n,). The number in the first column indicates the total number
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of factors fixed to calculate RMAE in each row. Upper bounds of the 95% confidence intervals of
RMAE are presented and used to determine whether the error is acceptable. The sensitivities of the
factors increase from the bottom group to the top one. Factors partially sorted into a group were
fixed together, as rankings within a group cannot be further discriminated because the 95% Cls of
rankings overlap. Accordingly, one RMAE value is obtained for each group and is presented in the

top cell of each group block, with the remainder of the cells left empty.

As explained in Section 3.3.1, one error evaluation is conducted for each combination of fixed
factors. In order to reduce the number of model runs, the error measure is calculated when the
partial groups are stable. Given A = 3, no RMAE is produced for 20 and 30 trajectories (colored in
grey) in Figure 3. Readers can also refer to Table A2 in the Appendix for Cls of factor rankings
resulting from 20 Morris trajectories. The changing colored blocks demonstrate the adaptive process
to determine fixed factors and the sample size needed for sensitivity analysis. Generally, increasing
the number of Morris trajectories results in better discrimination of the factor rankings, resulting in

more and smaller groups.

(a) (b)
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fixed 20 30 40 50 60 70 80 Number of factors fixed
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5 Legend No evaluation of error metrics needed
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3 Not to fix (Fary) Needing better resolution (gsqmpie)
i - Safe to fix (gfix) Safe to fix (gfix)

Figure 3. Error (RMAE) in predictions caused by (a) fixing varying numbers of factors partially sorted using the
Morris method, and (b) fixing 9 factors in terms of the number of samples of size ny. In (a), columns are for
sample sizes and rows are for numbers of factors fixed. Factors are fixed from the bottom (the least sensitive)
group, resulting in one RMAE shown in the top cell for each fixed group. Values presented are upper bounds for
RMAE and are repeated across columns when the same factors are fixed, and different if the same number of
different factors is fixed. In (b), the dashed lines present the 95% Cls of the RMAE as a function of sample size

using bootstrapping with 1000 resamples.

In Figure 3a, three partial groups containing 6 factors (in blue), 4 factors (in green), and 11 factors (in

cream) were identified as stable at 40 trajectories. An RMAE = 1.83% from fixing the bottom six
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factors (in blue) was below the acceptable RMAE error threshold of € = 5%. Thus, the least sensitive
factors are reliably fixed (gix). When up to 10 factors are fixed, the resulting RMAE is 7.83% (above
5%). As described in Algorithm 4 in Section 3.1, more trajectories are then needed to split the four
factors in green into smaller groups to ascertain whether more factors can be fixed (denoted as
Jsample)- The same percentage in a row is due to the same combination of factors being fixed — a
sign of stability. Also, note that no additional calculation is needed when there are repetitions of the

same values induced by fixing the same factors.

At 80 Morris trajectories, the partial rankings of another three factors shown in orange (out of the
green block) appeared to be stable, so the error is evaluated, with an estimate of 6.40% for the 95
percentile of RMAE. Due to the RMAE being estimated with n,, = 100, the uncertainty of RMAE can
also be overestimated. The RMAE from fixing 9 factors is then calculated with more samples so as to
determine whether those three factors in orange are safe to fix. Figure 3b plots RMAE as a function
of increasing sample size, where a declining uncertainty is observed. RMAE generally ranges from
4.5% - 6% with sample size n,, from 400 to 1000, i.e. its upper bound still exceeds the threshold of
5%.

At this point, we need to decide whether to retain our a priori decision to limit error to 5% or to
update our target error in order to avoid increasing the sample size further for sensitivity analysis.
That is, there is a trade-off between further computational cost and acceptable error. Changing a
threshold can be a rational, practical response in such decisions involving trade-offs, and even more
so in adaptive decision-making situations. Therefore, for illustration we update the threshold to 6%
for the remaining analyses. The three factors in the orange block in Figure 3a will then also be fixed
(9rix). Similar results are obtained using the replicate sampling technique (see Figure Al in
Appendix), though this requires a significantly larger number of model runs to achieve the
conclusion that 9 parameters are safe to fix. Note that the sample size required for error evaluation
is case-specific and also affected by the design of the numerical experiments (e.g., the sampling

technique and the approach for calculating uncertainty).

At this stage, we have a preliminary determination of the number of factors to fix after evaluating
the error for three unique factor combinations, which results in three unique error estimates in
Figure 3a. Therefore, this method compares favorably to fixing all factors in increasing order without
considering uncertainty in the ranking (nine error evaluations of error measures), or ~2 million factor
fixing settings (22!) if all combinations of factors were tested without using sensitivity information at

all.
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4.3 Comparison of the Sobol” and Morris methods
For each of the two GSA methods, the sample size needed was determined following the adaptive

method described in Section 3.1. The additional group of factors with acceptable error (referred to
as the “orange block” in Figure 3) were identified with n=800 (N=18,400, /=3) samples using the

Sobol’ method. Partial sorts for each GSA method (N=1,760 for Morris and N=18,400 for the Sobol’
method) are shown in Table 2. Factors in a group are clustered in the same cell and sensitivities of

factor groups increase from left to right.

Partial sort rankings using Morris and Sobol’ methods are similar but there are differences in the
composition of partial groupings. A group containing factors x1g and xz¢ is separated as well as the
group of x11 and x10 when using the Sobol’ method. The factor xgq is in a single group for Morris and
less sensitive than factors x11 and x1¢, which is different from what the Sobol’ method defines. The
two groups, however, did not affect the determination of which factors to fix. The same nine factors
(i.e. x21, X20,X19,X18, X17,X16, X15, X14, X13) Were identified as being the least sensitive and safe to fix
by the two GSA methods. The Morris screening method needs much fewer samples whilst yielding
similar ranking, as is well known, even if optimizations of the GSA methods may further reduce the

number of model runs required for both methods.

Table 2. Ranking of groups of factors: partial sort results with sample sizes of 1,760 and 18,400, for Morris and
Sobol’, respectively. Where multiple cells are merged, rankings of factors within the merged cell are not able to
be distinguished and therefore form one group, e.g., factors xX13, X14 and X15 are in a group according to the

Morris method.

No. of factors 1 /2 3 4 |5 6 |7 |8 |9 10 |11 |12 (13 14 15 |16 17 18 | 19 20 21
to fix
Morris | x20| X16:X18X19, X17,X21 X13,X14, X15 | X12| X9 X11,X10, X8,X7,X6,X5 X4,X3, X1,X2
Factors
’
Sobol’ | xz1| x18%20 | X16X17,X19 | X13,X14X15 | X12| X11,X10 X9,X8,X7,X6, X5 X4,X2,X1,X3

4.4 Comparison of different error measures
We use RMAE, r and RV to measure the performance of the dimensionality-reduced Sobol’ G-

function. In addition, the decrease in variance normalized by the total variance is also analytically
calculated for comparison, which is denoted as “% decrease in variance” in Figure 4. This is
analogous to the relative variance error metric (RV). The total variance of the reduced Sobol’ G-
function can be obtained analytically using the formula for the 21-dimension function, where the
fixed factor plays the role of a multiplier. This produces an independent measure of "% decrease in
variance”. As discussed in Section 4.3, Sobol’ analysis with n = 800 resulted in more and smaller

partial groups.
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Following the corresponding factor rankings by the Sobol’ method, the three error measures and the
decrease in variance are visualized in Figure 4 (excluding factors with RMAE greater than 50%) where
the vertical lines indicate confidence intervals for each error measure (with n,=1000 samples and m,,

= 1000 bootstrap replicates).
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Figure 4. Four measures of error due to fixing factors, partially ranked by the Sobol” method using n = 800
(18,400 model evaluations). Markers represent the mean and vertical lines are the 95% Cls for each error

measure.

Changes in r increase dramatically when up to 17 factors are set to 0.25. If r was used to measure
the error induced by using the simplified Sobol” G-function, 12 factors would finally be screened for
factor fixing. The change in ris then under 6%; in contrast, RMAE is nearly 20% and the upper bound
in the changes of RV is also above 6%. The decrease in variance is within the 95% Cls of RV,
indicating that Sobol’ indices provide expected changes in the variance of Qols. The other error
measures could not be directly calculated from the Sobol’ indices; direct evaluation of error is
necessary and particularly important in this case as RMAE is the first to exceed the acceptable error

threshold.

The large uncertainty in RV from fixing 9, 10 and 12 factors requires a more precise estimation with
more model runs, considering that the mean of errors is far below the threshold while the upper
bounds of confidence are beyond it. Figure 5 plots the variation of all three metrics along with
increased sample size n,, where RV shows the highest variation and r the smallest. The large
variation in the mean of 1-RV and 1-r, with n, from 100 to 1000, suggests that the corresponding
samples did not cover the factor space adequately and caused biases to the estimation of error

measures. As samples are reused as the sample size increases, this bias then decreases gradually. As
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might be expected, different error measures can necessitate different sample sizes. We can see that
correlation (r) shows an acceptable error (<6%) even with low sample sizes. In the case of RV, n, of
up to 2500 is required to determine that fixing 10 factors yields an acceptable error, which is much

larger than the number of model runs required by the other two error measures.
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Figure 5. Variation of RMAE, 1- RV and 1- r as a function of the sample size used for calculating error measures.
The orange, blue and grey colors are results of fixing the least sensitive nine, ten and twelve factors,
respectively. (a) is for RMAE, (b) for 1 - RV and (c) for 1 - r. The dashed lines display the 95% Cls by bootstrap
with a constant m,=1000 replicates. Purple dashed lines represent the threshold ( & 6%) given errors, e.g., RV,
being larger or smaller than 1. Samples are reused as sample size increases, resulting in gradual correction of

initial biases.

RMAE rises rapidly as the number of groups fixed increases, yielding nine factors that could be fixed,
as described in Section 4.2. This is consistent with the finding of Sarrazin et al. (2016) that r could still

be high even if the difference between each pair of conditional and unconditional outputs may be
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large. Therefore, the residual performance measure RMAE dominates the determination of the
fixed-factor set for the Sobol’ G-function. Of course, in practice, the choice of error measure would

also be dictated by the objectives of the modeling exercise.

4.5 “Default” value evaluation
The choice of “default” values for fixed factors can affect errors in Qols, and therefore those factors

that can be reliably fixed, as illustrated in Section 2. Figure 6 shows the effect of the selected default
values on the three error measures for the Sobol’ G-function based on partial sorting using the
Morris method with n = 80. In Section 4.2, we concluded that factors in two blocks, in blue and
orange, could be fixed if 0.25 was treated as the default value. Here, in order to assess the effects of
default values on the decision, multiple default values for variable x were selected, ranging from 0.0
to 0.5. The response from 0.5 to 1 is similar due to the symmetry of the Sobol’ G-function. More
values were sampled between 0.20-0.30 to refine the shape of the curve. Sobol’ et al. (2001) provide
a similar analysis using squared errors normalized by the variance, but with a larger number of

factors.

The error measures RMAE, RV and r respond quite differently when the default value of x is varied.
Group 1 and Group 2 (in different colors) exhibit a similar trend for each measure, while as expected,
errors from fixing Group 1 are much smaller overall. For x < 0.5, the closer x is to 0.25, the smaller
RMAE is. This indicates that selecting 0.25 as the fixed value maximizes the number of factors that
can be fixed for a given error threshold. When x was set to 0.0 or 0.5, the RMAE value due to fixing
factors in the non-influential group alone (Group 1) can even reach 7.4%. However, changes in RV
decrease with x close to 0.25, and RV is within 1.0 + 0.05 if the default x ranges from 0.2 to 0.3
when fixing Group 1. In common, both RMAE and RV will decrease by reducing the applicable range
of factors to, for example, [0.2, 0.3]. RV could be larger than 1; this is caused by the Sobol’ G function
being the product of linear effects of each variable. Let f(z4, z;) = g(z1)h(2z;) and g and h have
unit variance and zero mean. The variance of fis then just the product of the variances of gand h

(i.e., 1). If we fix z; at some value w such that h(w)>1 then the variance V[f(z4, z; = w)] > V[f

(le ZZ)]'

Considering that decrease in variance is within the 95% Cls of RV with 0.25 as the default values in
Section 4.4, the decrease in variance, therefore, is not a sufficient measure of the effects caused by
fixing factors at specific values. This is because typically-used variance-based metrics marginalize out
the insensitive parameters, but in practice the variables are not marginalized but fixed. This means
that the contribution of a factor to the total variance estimated by these approaches can be

misleading. Interestingly, r remains almost the same for each group, indicating that r is not affected
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by different default values, which could be explained by the property that the Sobol’ G-function is
the product of linear effects of each variable. Therefore r might result in more factors being fixed if
used as the only error measure. In summary, the effect of “default” values suggests measuring the
errors due to factor fixing at a fixed position may cause large error even when the expected
sensitivity of fixed factors is small. Developing an efficient algorithm for choosing the best values to

use for fixing is interesting but beyond the scope of this paper.
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Figure 6. Evaluation of the influences of “default” values on the selection of factor fixing. Group 1 represents the
blue block in Figure 3 and Group 2 includes both the blue and orange block. Confidence bands are for the 95%
Cls of each error measure calculated using bootstrapping. Group 1 consists of X21, X20, X19, X18, X17, X16 and

Group 2 consists of x15, X14, X13.

5 Discussion

5.1 Comparison of errors using different screening rules
In this paper, we have discussed the effect of factor fixing on model quantities of interest and

introduced an adaptive strategy for factor screening. The screening is based on evaluation of model
errors using a partial sort strategy to consider the uncertainty in factor importance rankings. Factors
that can be set to default values with output errors under a given percentage, here 6% is used for
illustration, are then identified. A summary of the computational cost in calculating error measures
is provided in Table Al in the Appendix. The same nine factors for fixing were identified by both
Morris and Sobol’ GSA methods for the application to a test function (Sobol’ G-function), which
include all the “non-influential” and some of the “weakly influential” factors defined by

Sheikholeslami et al. (2019).

These results can be compared with other factor screening methods that do not directly evaluate
the error due to factor fixing. If using 1% as the threshold for the Sobol’ Total Sensitivity Index in

distinguishing insensitive factors, then all the ten factors in the bottom two groups in Table 1 would
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be screened as insensitive and the resulting RMAE would be 7.7%, higher than the desired threshold
of 6%. The threshold of 5% used in Jawad et al. (2015) would screen 11 factors for fixing. For Morris
screening, the six least sensitive factors in blue in Figure 3 would be screened as non-influential and
set to default values when adopting the 1% cumulative sensitivity indices cut-off used in previous
studies (Jia et al., 2018). Sarrazin et al. (2016) made a similar finding that the typical screening
threshold used for variance-based GSA methods (0.01) is more generous than a test based on the
error in Qols (in their case, the K-S test). It is also worth noting that if the error threshold is more

strict (or more lenient), fewer (or more) factors may be identified for fixing using the same process.

5.2 Limitations and advantages of the method for sensitivity ranking
The presented study uses bootstrapping of sensitivity indices in order to quantify the uncertainty in

the ranking of factors. However, bootstrapping may provide misleading results if factor space has
been insufficiently sampled, or structured rather than random sampling methods are used. In such
cases, uncertainty in factor ranking would need to be quantified using other methods, such as
repeated sampling without replacement. Nevertheless, it is worth noting that in the proposed
method, uncertainty in factor ranking is primarily used to reduce noise in the results — factors with
an uncertain ordering can be fixed as a group rather than individually. From this point of view, some
uncertainty in bootstrapping is permissible, which is also why we invoke 95% confidence intervals.
This uncertainty is then mitigated by the fact that the proposed method then tests whether results
stay the same when the sample size for GSA is further increased, and increasing sample size tends to
increase the certainty in the ranking, and therefore reduce the effect of any error in this noise

filtering process.

5.3 Emerging opportunities for a new research agenda

Factor fixing is an important practice for reducing the factor space in many environmental modeling
contexts (Garcia et al., 2019; Varella et al., 2010). The key argument of this paper is that errors of
interest due to factor fixing need to be estimated. Here, we have taken a necessary first step of
demonstrating a proof-of-concept on a well-known function for which there are existing results in
the literature. It provides guidance on fundamental issues in factor fixing and a framework for
undertaking FF for other test functions and for real-world applications such as to spatio-temporal
environmental models. Only by testing such a framework on many applications might its methods be

enhanced.

We contend that evaluating error due to factor fixing opens a new field of work that echoes and
reinforces certain key trends in best practice environmental modeling. This paper aims to open up

opportunities within a new research agenda rather than providing the last say on the topic. We
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identify five specific opportunities in the use or development of factor fixing. From the perspective
of computational considerations, we would like to draw attention to two aspects: how to evaluate
error efficiently and for which combinations of factors to evaluate error. Tackling these two points is
particularly important when applying the approach to higher-dimensional modeling problems for
which factor fixing becomes more essential. To improve the broader applicability of factor fixing,
three opportunities stand out for further investigation: determination of error metrics and error
thresholds, accounting for error due to factor fixing in selection of default values, and the
transferability of error estimates. As an example of how these opportunities come together, we
discuss specific challenges and opportunities of factor fixing for inverse problems and integrated

environmental modeling.

(1) How to evaluate error efficiently

While the proposed method aims to reduce the number of error evaluations, even a single error
evaluation may still be potentially prohibitive for very expensive models or those requiring large
numbers of model runs to explore factor space. An obvious strategy would involve using model
emulation (Asher et al., 2015; Mara et al., 2017; Palar et al., 2018; Ratto et al., 2012) to assist in
assessing factor fixing options for environmental models, which can substantially reduce
computational costs. Emulators may introduce further biases in predictions, such that resulting
uncertainties in sensitivity analysis and the calculation of error measures will need to be addressed.
Developing adaptive sampling approaches for error evaluation is another promising way to reduce
the computational burden. For example, aim to calculate errors in Qols by recycling samples
available including those from sensitivity analysis. The uncertainty or bias of errors in such a process
should then be recognized due to the samples being structured or insufficiently taken. If it is not
possible to evaluate the error due to factor fixing at all, this should, however, raise questions about

the effect of factor fixing on the credibility of the Qols produced.

(2) Selecting combinations of factors requiring error evaluation

Building on the tradition of factor fixing based on sensitivity analysis in environmental modeling, this
paper has evaluated error for combinations of factors defined by their ranking. However, this
assumes a sufficient alignment between the sensitivity indices and the Qol for which error will be
tested. In principle, sensitivity analysis is being used to avoid testing all possible combinations of
factors for fixing in a high-dimensional model, which in turn impacts on both the computation for
error evaluation and the reliability of a reduced-model of a given order. There is potential to explore
other heuristics or algorithms to achieve this alignment aim; some of these may indeed be variants

of existing sensitivity indices that capture the effect of factors on different summary metrics. The
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sequence in which combinations of factors are tested also matters in the presence of interactions
between factors, where the effect of fixing one factor may be compensated by another, suggesting
that factors may need to be considered as a group rather than individually. Future work may test
how Sobol’ sensitivity indices, for instance, that elicit combinations of factors could be used for this

purpose.

(3) Determination of error metrics and error thresholds

Determining what metrics can or should be used for different problems to evaluate the performance
of models is a broad and perennial topic in environmental modeling (Bennett et al., 2013; D. N.
Moriasi et al., 2007; Gleckler et al., 2008; Jackson et al., 2019). Factor fixing emphasizes two key
requirements: specification of acceptable error thresholds; and measurement of the difference
between a full-model and its reduced-model. The use of metrics is to some extent left to the
modeler’s discretion but needs to reflect the purpose of modeling, be decision-relevant and have an
intuitive interpretation in order to be able to evaluate whether error is acceptable. For example,
metrics indicating the changes in appropriate uncertainties are preferred if a reduced-model is to be
used for uncertainty analysis. Multiple metrics are recommended in practice as the multiple
influences of factor fixing on the Qol are unlikely to be reflected by a single metric (Jackson et al.,
2019). Acceptable error thresholds also need to account for associated uncertainty in the error
estimate, and the potential for acceptability of errors to be dependent on what is achievable. Thus,
whenever the precise purpose of modeling can be considered somewhat flexible in a case study to
support decision-making needs, error thresholds may be defined iteratively in order to chase useful
conclusions from the analysis. The future, therefore, requires both exploration of error metrics
suitable for a factor fixing context in a wide scope of cases and pursuit of guidelines for the

assessment of errors.

(4) How selection of default values should take into account error due to factor fixing

The determination of default values at which to fix factors is another challenge in the application to
real-world models, especially when there is little knowledge of what values are appropriate in
advance. Three common practices are to fix factors at: their nominal values in the model; the
average of their distributions considering that the variation caused by fixing at average values might
be smaller; and values at random by treating the model as a stochastic model. If the computational
expense to find their location is affordable and the aim is to find the maximum number of factors for
fixing, values in the applicable range resulting in the least error while fixing factors might be
preferred. It would also be more conservative for the screening of parameters to evaluate error by

fixing factors at values that cause the largest error. This minimizes the risk of underestimating the
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errors from factor fixing. Some of these approaches take into account the error due to factor fixing
explicitly or implicitly, and others simply take the default value as externally specified. Best or
reasonable options in different case studies will need to be tested so as to provide ongoing advice

for the community.

(5) The transferability of error estimates

The transferability of error estimates needs to be seen in a broader context related to all four points
discussed above as well as the conditions under which a model is used. Caution should be taken
when transferring a reduced-model from a different study as the experimental design and
conclusions depend on each research-specific context; for example, factor combinations in
hydrologic modeling that are determined for fixing for annual discharge volume may not work for
daily flow simulation. As with performance assessment in environmental modeling generally,
estimation of factor fixing faces issues under non-stationary conditions, i.e. where calibrated model
parameters change according to time period analysed. On one hand, the importance of a factor
varies among different conditions, e.g., wet versus dry years in a hydrological model response
(Basijokaite and Kelleher, 2021). On the other hand, the reasonable values at which to fix a factor
may change due to non-stationarity (Pathiraja et al., 2016) and a fixed parameterization is thus not

sufficient to represent varied patterns (Sadegh et al., 2014).

To spot the mismatch in transferability, one can detect whether there is non-stationarity, possibly by
checking the long-term trends such as precipitation sequence, or other physical characteristics in a
catchment (Kundzewicz and Robson, 2004; Sadegh et al., 2014). Common strategies include
understanding the conceptual role of factors under varying conditions (e.g., the climate condition,
the Qol), especially those fixed and comparing errors in calibration and validation. If the error is
small in calibration but large in the validation conditions, it could be caused by a fixed factor.
Determination of factor fixing and default values then requires re-evaluation. Evaluation of errors
due to factor fixing is at the cliff face of how model complexity relates to non-stationarity: it literally
evaluates how removing a degree of freedom affects performance, in one or multiple different

conditions.
Key application area: factor fixing for inverse problems

Inverse problems are a key application area for factor fixing, where it is commonly implemented
before conditioning parameters with observations. Error due to factor fixing is, however, complex in
this setting: factor fixing collapses the posterior for that parameter, resulting in other parameters
taking on a compensatory role. Error in the multi-variate posterior is therefore already large, but

error in the marginal distributions of other parameters (or their optimized values) might still be
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acceptable, as might error in model predictions and predictive uncertainty. For non-identifiable
parameters, the “error” introduced into the distribution amounts to treating the default value as
additional information, which again, may or may not impact on predictions in any given conditions.
Evaluating error in predictions due to factor fixing requires solving the full inverse problem, raising

the stakes for achieving computationally efficient estimates with an acceptable error.

At the same time, when model pre-calibration is accessible, factor fixing needs to integrate the
effects of observational data, parameter uncertainty and model prediction, for example, by using the
prediction sensitivity of parameters as indicators of parameter importance, especially if a model is
used for prediction (Tiedeman et al., 2004, 2003). While further work is required, focusing on error
due to factor fixing in inverse problems potentially represents a paradigm shift in which analysis is
driven by adaptive construction of surrogate models that help to quantitatively explore the
dynamics between: providing additional information in the form of fixed parameters; changes to the
posterior distribution of the remaining parameters; and changes to predictions - all while
simultaneously obtaining iterative preliminary estimates of both parameter and predictive

uncertainty. Recognizing the necessity of error evaluation is just the start of a new conversation.
Implications of research agenda for integrated environmental models

Factor fixing in environmental modeling to some extent simply highlights existing issues because it
involves modelers consciously inducing an error relative to a reference, more complete, model (de
Baan, 2020; Matott et al., 2009). Environmental models can be composed of multiple sub-models
with many uncertain parameters (Fu et al., 2019; Tscheikner-Gratl et al., 2019) and fixing factors in a
component model may cause cascading effects on the whole integrated system. Due to the
computational ease of running a sub-model rather than the whole integrated system, error

evaluation in the sub-model can be checked first before calculating the final output.

For the sake of supporting decision making on environmental management problems of concern,
error measures selected for FF also need to be easily communicated, or even agreed upon, to ensure
the Qol are those that stakeholders care about. In the case of integrated models, issues with high
dimensionality are further highlighted because factor fixing or its variants are so often used as a
solution without testing their implications. For example, parameters in environment models, such as
catchment water quality models, are spatially variable. A parameter may be critical in a sub-area,
even though it might be of little importance as indicated by sensitivity analysis over the whole study
region. Fixing such a parameter would result in inaccurate simulation locally. In principle, we call for
efforts to quantitatively evaluate the error induced by dimensionality reduction techniques even in

large multi-component integrated models. In practice, we recognize that this is a research agenda
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that will be open for some time to come, and that transparent, pragmatic discussion around this

topic will remain a key part of the solution to ensure models are credible, legitimate and salient.

6 Conclusions

An adaptive method has been proposed and evaluated against previous practice on a well-known
test function. Its basis and methods seem to warrant application to real-world models where factor
fixing is often considered necessary to reduce model dimensionality and computational load. The
work has motivated questions and issues that are outlined as part of an ongoing research agenda
with respect to factor fixing and environmental modeling in general. Based on all the analysis in the

paper, we conclude as follows:

(1) Fixing sensitive factors can lead to substantial errors that have commonly been ignored.
Estimating predictive error in the quantity of interest is a necessary method for modelers to
understand the loss incurred by factor fixing; and one can determine the fixed-factor set
adaptively by considering the trade-off between the accuracy of model performance and

affordable computation.

(2) The effect of factor fixing can be investigated systematically within the adaptive framework
described. A bootstrap-based partial sort is an efficient approach for identifying the relative
importance of factors in consort with global sensitivity analysis. The GSA methods of Morris
and Sobol’ share similar results here for the G-function in terms of factor screening, albeit

with Morris being much more computationally efficient.

(3) The selection of default values can considerably influence the error caused by factor fixing,
even if the sensitivity indices suggest the factor is of low importance. This, in turn, means
that the use of default values in models can be critical and warrants investigation in

determining the number of factors to fix when the decision is based on anticipated error.

(4) A focus on evaluation of error induced by factor fixing (and potentially other dimensionality
reduction techniques) appears to open an interesting new research agenda that both
highlights and will continue to provide new perspectives on common issues in best practice

environmental modeling.
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Appendix

Table Al. Summary of model evaluations used for error measure

calculation with bootstrap in the adaptive process with 1,=1000 at 80 trajectories.

Morris method Sobol’ method
Number of Number of model Sample size Number of model
trajectories | evaluations for error evaluations for
measures error measures
20 0 200 0
30 0 400 0
40 100 * 3 =300 600 100 * 3 =300
50 0 800 1900
60 0
70 0
80 1900
Total 2200 2200

Table A2. 4" and 95% confidence intervals of rankings with use of 20 trajectories

Factors 20 trajectories
Average Rankings Rankings | Group
of u* lower upper membership
bound bound

X1 7.68 17 21 Not to fix
Xy 9.20 18 21 (Gvary)
X3 11.34 18 21
X4 9.79 18 21
Xs 4.37 12 18 Needing
Xg 2.99 12 17 better
X7 3.35 12 17 resolution
Xg 3.38 12 17 (Gsample)
Xg 2.98 11 17
X10 2.27 10 17
X11 1.88 10 14
X12 0.86 8 10
X13 0.62 7 10
X14 0.58 7 9
X15 0.99 7 11
X16 0.15 3 6 Safe to fix
X17 0.19 2 6 (9 Fix)
X1g 0.10 1 5
X19 0.18 2 6
X20 0.10 1 4
X21 0.09 1 3
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Figure Al. The 95% confidence intervals of RMAE along with increasing sample sizes, which is calculated with
replicate sampling technique and Sobol’ sampling approach.
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