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Routing Problem for Unmanned Aerial Vehicle
Patrolling Missions - A Progressive Hedging Algorithm

Sudarshan Rajana, Kaarthik Sundarb, Natarajan Gautama

aTexas A& M University, College Station, TX
bInformation Systems & Modeling, Los Alamos National Laboratory, Los Alamos, NM

act

per presents a two-stage stochastic program to model a routing problem involving an Unmann

Vehicle (UAV) in the context of patrolling missions. In particular, given a set of targets and a set

ental targets corresponding to each target, the first stage decisions involve finding the sequence

the vehicle has to visit the set of targets. Upon reaching each target, the UAV collects informati

the operator of the UAV deems that the information collected is not of sufficient fidelity, then t

as to visit all the supplemental targets corresponding to that target to collect additional informati

proceeding to visit the next target. The problem is solved using a progressive hedging algorith

tensive computational results corroborating the effectiveness of the proposed model and the soluti

ology is presented.

rds: two-stage stochastic program, progressive-hedging, integer programming, routing, unmanned

ehicles

roduction

use of small Unmanned Aerial Vehicles (UAVs) has seen a tremendous increase in the past deca

h civilian applications [1, 2] viz., precision agriculture [3, 4], forest fire monitoring and manageme

an bathymetry [6] etc. and military applications [7] viz., monitoring, surveillance, border patr

ence, and reconnaissance (see [8, 9] and references therein). The primary reason for this increase

ted to the low fixed and operational costs, ease of use, payload capacity, and ability to fly low-altitu

s. There is extensive work in the literature [10] that examines specific applications and develo

hms ranging from higher level path planning to lower level control algorithms and the integrati

aforementioned applications. Higher level path planning algorithms are offline algorithms that a

obtain paths for the vehicles a few hours prior to the start of the mission; in the optimizati

re, this corresponds to vehicle routing problems (VRP) for UAVs. The lower level control algorithm

ine algorithms that perform real-time trajectory adjustments and vehicle speed changes based on t

ment at play. Most of the literature in small UAVs have had an application-specific focus becau

pplication tends to impose its own unique set of constraints that need to be handled separate

plication of small UAVs that has received little attention in literature, in terms of higher level pa

g, is that of patrolling [11].

rolling applications are essentially data collection missions and despite the term patrolling havi

ary connotation, similar applications exists even in a civilian context e.g., precision agriculture a

alth monitoring [3]. Such missions are typically involve uncertainty in the information collected fro

cified targets. It also entails re-routing to visit additional nearby locations near the pre-specifi

to improve the fidelity of the information gathered. Hence, higher level planning algorithms th

to account this information uncertainty and plan vehicle routes are needed for such application

t submitted to Elsevier November 30, 20
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have been several attempts in the last few years to build platforms for operating small UAVs in da

ng missions pertaining to precision agriculture [3], mapping disaster recovery [12], etc. To ma

concrete, consider the application of precision farming where the UAV visits a particular target

images of the crops. Suppose the images indicate that the crops at that location are damaged

unusual pattern in leaf color, then the farmer would want the vehicle to inspect additional near

ns to gather more information to come up with robust conclusions on the crop health. If nothi

l is observed then the vehicle is expected to continue to the next pre-specified target location. In th

we address the higher level planning problem that occurs frequently in almost all data gatheri

tions and is informally defined as follows:

a set of targets, a source, a destination, and a UAV, the objective is to find a path for the UAV th

t the source, terminates at the destination, and visits each target exactly once, such that the followi

ons are satisfied: if the (uncertain) information collected at a particular target is not sufficient, t

as to visit one [13] or more supplemental targets corresponding to the visited target, before proceedi

s the next target in the path such that the sum of the cost of the path and the expected additional trav

visit the supplemental targets is a minimum.

shall refer to the above problem as the single vehicle data gathering problem (SVDGP). The unce

in the SVDGP is associated with the information collected at a particular target. This uncertain

eled using a probability distribution and we do not make assumptions on the exact form of the d

on. Rather, we assume that the distribution permits sampling. This makes the problem setting ve

l and increases its applicability to a very large pool of civilian and military applications detailed

vious paragraphs. We formulate the SVDGP as a two-stage decision making problem where t

age (“here-and-now”) decisions are made before the mission under the face of uncertainty and t

stage, recourse decisions are made once the mission starts and uncertainty is revealed. We set

blem as a two-stage sequential decision making problem instead of a multi-stage problem for t

ng reason: an algorithm algorithm to solve the two-stage version of the problem provides a reasonab

ion of whether the algorithm can scale to a multi-stage version, i.e., if the two-stage version of t

itself is intractable, then the multi-stage version of the problem is definitely not tractable, a

(iii) a two-stage approximation combined with a rolling horizon algorithm [14] could be an efficie

solve the multi-stage version of the stochastic optimization problem. Nevertheless, we note that t

ation and the algorithms presented in this paper can be extended to a multi-stage setting.

elated Work

literature contains many variants of UAV routing problems, and algorithms that can obtain optim

ns and heuristics have been extensively studied for these variants. For ease of exposition, we w

the work done in the literature using the following three categories: (1) deterministic UAV routi

ches, (2) stochastic approaches, and (3) progressive-hedging to solve stochastic variants.

far as deterministic approaches are concerned, plenty of optimization models and algorithms

te optimal solutions, and fast heuristics to compute good feasible solutions have received extensi

on over the past decade. As mentioned in the introduction, most of the literature concerning d

istic approaches have had an application-specific focus because each application tends to impose

ique set of constraints that need to be handled separately. In most of the approaches, the concern

problems are modeled as variants of the single traveling salesman problem (TSP), multiple TS

icle Routing Problems (VRPs) with additional constraints to model the specific mission at hand; f

le see [15, 16, 17]. An interested reader is referred to [18] for an extensive survey on optimizati

ches for deterministic UAV routing problems. To the best of our knowledge, the only work in t

2
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re that addresses the specific application of patrolling is that of [11] where the authors propose

programming formulation to model the patrolling problem as a deterministic multiple TSP a

heuristics to solve the same.

en compared to the deterministic approaches, literature that focuses on modeling uncertainty in t

s and developing algorithms to solve stochastic variants of the problems concerning UAVs are scarc

heless, there exists a wide range of literature that deals with stochastic optimization problems in t

t of the TSPs and VRPs. The interested reader is referred to [19] for a review of all the variants. F

P, stochastic variants involving uncertainty in the targets themselves and uncertainty in travel tim

predominant ones that are dealt with in the literature [20, 21]. As for the VRPs, stochasticity arisi

ncertain demands [22, 23], capacities, customers [24], travel times [23, 25] and various combinatio

e [26] have been rigorously examined both from a modeling and algorithm development standpoin

context of problems concerning UAVs, two-stage stochastic programming formulations have be

d in single and multiple UAV delivery problems [27, 28, 29, 30]. The related literature for stochas

nd VRPs is summarized in Table 1. To the best of our knowledge, apart from our prelimina

nce article that introduces a simpler variant of the SVDGP with only one supplemental locati

get [13], there is no other work that explores such formulations and algorithms in the context

athering missions with uncertainty in data collected at points of interest. In [13], we formulate t

P with only one supplemental location per target to make the second stage optimization problem

rogram; this in turn enables a solution algorithm to compute the optimal two-stage solution usi

ers decomposition. In this paper, we explore a general and more practical setting where there a

le supplemental locations per target that need to be visited to obtain high fidelity information on t

area under consideration.

oblem type Uncertainty Reference Approach

TSP targets [20] theoretical bounds
TSP travel times [21] dynamic programming
VRP demands [22, 23] heuristics, Markov Decision Process
VRP capacity, customers [24] heuristics and bounds
VRP travel times [25] heuristics
VRP travel times, capacity, demands [26] nearest neighborhood heuristic

V routing facility location [27] heuristic + shortest-path
V delivery reliability of drones [28] MILP heuristics
V routing fuel consumption [29] SAA with rounding heuristic
V delivery delivery service [11] SAA + genetic algorithm

Table 1: Literature related to stochastic variants of the TSP and VRPs.

his article, we present a progressive hedging algorithm to solve the two-stage stochastic programmi

ation for the SVDGP. To that end, we first review the literature that utilize the progressive hedgi

hm to solve stochastic variants of TSP and VRPs. To the best of our knowledge, [31] is the fir

o solve a two-stage stochastic programming formulation for a multi-path TSP with uncertain trav

sing a progressive hedging algorithm; they showed its the benefits of the proposed methodolo

solution quality and computational effort when compared to solving the deterministic equivale

ation using a commercial solver. Other recent works also show the algorithm’s effectiveness in

tic time-window assignment VRP [32], stochastic inventory routing problems [33], and other varian

s [34]. In all these papers, it was observed that the progressive hedging approach was efficient

the stochastic variants of TSP and VRPs making it a suitable first choice for the SVDGP.

contributions of this article are as follows: we develop the first two-stage stochastic programmi

3
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ation for a UAV data-gathering mission where uncertainty arises in the actual data collected

gets. The formulation, as presented in the subsequent sections, contains binary variables in bo

t as well as the second stage and we present a progressive hedging algorithm [35] to solve th

. The motivation behind developing a progressive hedging algorithm to solve this two-stage proble

ation will be detailed in later sections. Finally, extensive computational experiments that corrobora

ectiveness of these models against deterministic counterparts and effectiveness of the algorithm

te an optimal solution for any instance of the problem, as opposed to solving an extensive form (E

ample average approximation (SAA), are presented. The rest of the article is organized as follow

2, we present the formal problem statement after introducing the necessary notations. In Sec.

ulate the SVDGP as a two-stage stochastic program and present an algorithm to solve the same

Finally in Sec. 5, we present the computational results followed by conclusions and future resear

ns in Sec. 6.

blem Statement

ore we present the formal problem statement, we introduce some notations that will be used throug

rest of the article. We are given a set of n targets T̂ = {t1, . . . , tn}, a source s, and a destination

e for exposition, we will assume that s = d = t0 and remark that the formulations and algorithm

extended easily to the case where they are distinct. We also let T = T̂ ∪ {t0}. As detailed in t

s section, the decision making process is two-staged. The first stage decision for the mission is

te a path for the UAV that starts and ends at t0 and visits each target in the set T̂ and collec

ation. Also associated with each target k ∈ T is a set of supplemental locations Sk whose purpo

llows: suppose the UAV visits the target k and collects some information, then depending on t

ormation gathered, it may have to visit some additional set of locations (supplemental location s

either validate the collected information or to gather more information. The decision on whether t

eeds to visit these supplemental targets are recourse decisions and are taken after the uncertain

zed. For the purpose of this article, we assume |Sk|, the cardinality of Sk for each k = 1, . . . , n,

ere m > 2 and S0 = ∅. We shall, from here on, refer to the set V = T
⋃
S1

⋃ · · ·⋃Sn as the s

ices. Given these notations, the SVDGP is formulated on a graph G = (V,E) where E denotes t

t; we delegate the definition of the edge set E to the Sec. 3. We note that G can be a directed

irected graph and the formulation and the algorithms presented in this article are applicable to bo

To keep the exposition fairly general, we will assume that the graph is directed and that the cost

g between any pair of targets is asymmetric i.e., given (i, j) ∈ V , cij 6= cji. The cost of traversi

e (i, j) ∈ E can be anything ranging from distance to travel time. We also assume that this co

ersal between any pair of vertices is known a-priori or can be pre-computed. Since the focus of t

is to develop a model to account for uncertainty in a systematic way, in the next section, we det

certainty model associated with the information collected at each target.

ncertainty Modeling

uncertainty in the problem arises from the fidelity of information collected at any target i ∈
on the information collected at target i, the UAV may or may not have to visit the supplement

ns in the set Si before proceeding to visit the next target in the route. Hence, we associate wi

rget i ∈ T , a Bernoulli random variable with probability pi which denotes the probability that t

ation collected at target i is not of sufficient fidelity. For the target t0, we assume that pi = 0, whe

}. For ease of exposition, we assume that the random variables corresponding to any pair of targets,

ndent of each other. However, this can be relaxed or changed and the uncertainty can also be model

Markov chain. The uncertainty in this information collected over all the targets is modeled as

4
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scenario vector of size |T | where the component corresponding to target i ∈ T takes a value 1 wi

ability pi. These realizations of uncertainty are captured in a countable set of scenarios Ω, in whi

ement ω ∈ Ω occurs with probability pω. Each element ω ∈ Ω is a |T |-dimensional binary vect

each element is 1 with a probability pi. We let ωi denote the ith component of ω. When ωi = 1, t

thered from the target i is not of sufficient fidelity and additional supplemental targets correspondi

target i have to be visited by the vehicle. In this particular case, given that the probabilities pi a

ciated with any pair of targets (i, j) are independent, the probability of occurrence of the scenario

by

pω =

n∏

i=0

{1(ωi = 1) · pi + 1(ωi = 0) · (1− pi)} (

the function 1(·) is the indicator function.

e let F denote the set of all feasible first stage paths for the UAV, the first stage cost is the cost

h and for any feasible path in F , the second stage decision is a set of recourse decisions which is a s

es through the supplemental targets based on the fidelity of information collected at the targets. T

stage decisions are scenario-dependent and the second stage cost is given by the expected addition

traversal for the UAV to visit the supplemental targets. The goal of the SVDGP is to find a pa

inimizes the sum of the first and second stage travel costs.

thematical Formulation

remark that when there is no uncertainty associated with the problem and when the informati

d at every target i ∈ T is already of sufficient fidelity, then no supplemental targets need to be visit

vehicle and the first stage problem reduces to a asymmetric TSP on the set T . For the SVDG

nformation associated with a target i ∈ T is not of sufficient fidelity, the UAV needs to visits t

ental targets in the set Si before proceeding towards the next target. To formulate this proble

o-stage stochastic program, we first define two edge sets E1 and E2 for the first and the seco

respectively. The edge set E1 includes edges that are allowed for the vehicle in the first stage i.

ge between every pair of vertices in the set T . The second stage edge set E2 includes the edges th

icle is allowed to traverse in the second stage i.e., apart from containing all the edges in the s

includes the edges from every target i ∈ T to every supplemental target in the set Si, from eve

ental target in the set ∪iSi to every target in the set T and for every i ∈ T , between any pa

lemental targets in the set Si. For any edge in the set (i, j) ∈ E1 ∪ E2, cij denotes the cost

al of that edge. Also, given a subset of vertices V̂ , we define δ1
+(V̂ ) = {(i, j) ∈ E1 : j /∈ V̂ and i ∈ V̂

(V̂ ) = {(i, j) ∈ E2 : j /∈ V̂ and i ∈ V̂ } as the set of outgoing edges in the first and second sta

t, respectively. Similarly, given V̂ ⊂ V , we let δ1
−(V̂ ) = {(j, i) ∈ E1 : j /∈ V̂ and i ∈ V̂ } a

= {(j, i) ∈ E2 : j /∈ V̂ and i ∈ V̂ } as the set of incoming edge. Furthermore, when V̂ = {i} i.

eton, we simply write δ1
+(i) instead of to δ1

+({i}). Finally, given two disjoint subsets of vertic

V , we define γ(V1 → V2) = {(i, j) ∈ E2 : i ∈ V1, j ∈ V2}.

bjective function

en the above notations, we introduce binary first stage decision variables xij for each (i, j) ∈ E

g the presence of the edge (i, j) in the first stage solution and another set of binary second sta

n variables yωij for each (i, j) ∈ E2 denoting the presence of the edge (i, j) in the second sta

scenario ω ∈ Ω. We let x and y denote the vector of first and second stage decision variabl

ively. Finally, given a subset of edges Ê1 ⊂ E1 and Ê2 ⊂ E2, we let x(Ê1) and yω(Ê2) deno

5
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ms
∑

(i,j)∈Ê1 xij and
∑

(i,j)∈Ê2 yωij , respectively. Now, the objective for the two-stage stochas

mming formulation of the SVDGP is given by:

min C ,
∑

(i,j)∈E1

cijxij + EΩ [β(x, ω)] (

=
∑

(i,j)∈E1

cijxij +
∑

ω∈Ω

pωβ(x, ω)

(x, ω) is the additional traversal cost required to visit the supplemental targets given a scenar

rst stage constraints

ce the first stage solution is a feasible tour through the set of targets in T , the constraints in th

re the TSP constraints which are given below:

x(δ1
+(i)) = 1 ∀i ∈ T, (3

x(δ1
−(i)) = 1 ∀i ∈ T, (3

x(δ1
+(S)) > 1 ∀S ⊂ T, |S| > 2, and (3

xij ∈ {0, 1} ∀(i, j) ∈ E1. (3

Eqs. (3a) and (3b) are the in-degree and out-degree constraints that enforce exactly one edge to ent

ve each target in the set T . Eq. (3c) ensures that there are no sub-tours in the solution, and fina

) enforces the binary restrictions on the decision variables xij .

cond stage formulation

second stage model for a fixed first stage solution x and the realization of uncertainty ω ∈ Ω is

:

β(x, ω) = min
∑

(i,j)∈E2

cijy
ω
ij−

∑

(i,j)∈E1

cijy
ω
ij (4

subject to:

yω(δ2
+(i)) = 1 ∀i ∈ T, (4

yω(δ2
−(i)) = 1 ∀i ∈ T, (4

yω(δ2
+(j)) = ωi ∀j ∈ Si, i ∈ T, (4

yω(δ2
−(j)) = ωi ∀j ∈ Si, i ∈ T (4

yωij = xij(1− ωi) ∀(i, j) ∈ E1 (4

yω(γ(Si → {j})) = xijωi ∀i, j ∈ T, (4

yω(δ2
+(S)) > 1 ∀S ⊂ V, |S| > 2, S ∩ T 6= ∅ and (4

yωij ∈ {0, 1} ∀(i, j) ∈ E2. (4

bjective in Eq. (4a) minimizes the additional cost of visiting the supplemental targets if informati

d at a particular target is not of sufficient fidelity. The first summation is the total cost of the rou

ng the additional supplemental target visits and the second term is the cost of the edges that a

both in the first and the second stage solutions. The Eqs. (4b) and (4c) are the in-degree a

6
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ree constraints for the targets in the set T . The Eqs. (4d) and (4e) ensure that if the informati

d at any target i ∈ T is not of sufficient fidelity i.e., ωi = 1, then the supplemental targets in t

have to be visited by the vehicle. The Eq. (4f) ensures that if an edge (i, j) ∈ E1 is traversed

icle in the first stage and if ωi = 0, then this edge is necessarily used in the second stage by setti

and if an edge (i, j) ∈ E1 is not used by the vehicle in the first stage, then it is also not used in t

stage corresponding to scenario ω. Eq. (4g) ensures that given a target i ∈ T with ωi = 1 and giv

∈ T is the target that vehicle visits immediately after i in the first stage solution, the vehicle has

additional information from all the supplemental targets in the set Si before visiting the next targ

ether, Eqs. (4f) and (4g) also ensure that the sequence in which the vehicle visits the targets in t

age solution given by x remains unchanged in the second stage. The Eq. (4h) eliminate sub-tours

ond stage solution and finally, the Eq. (4i) impose binary restrictions on the decision variables yωij

ution Methodology

s section details the description of our approach to solve the two-stage mathematical formulation

DGP presented in Sec. 3. The formulation, as presented, contains binary decision variables both

t and the second stages. We leverage the Progressive hedging (PH) algorithm proposed by Rockafell

ts [36] to solve the SVDGP; PH is also referred to as scenario decomposition in the literature [35] sin

mposes stochastic programs by scenarios i.e., samples of the realization of the random variables in t

. The other predominantly used method for solving mixed-integer stochastic optimization problem

hastic Dual Dynamic Programming (SDDP) [37]. This method relies on outer-approximating t

e problems using linear constraints obtained from the dual values of linear relaxation of the recour

s. For the SVDGP, we favour the PH algorithm over the SDDP since each recourse problem its

onential number of sub-tour elimination constraints that are added dynamically during the solve a

ng dual values of the dynamically added constraints requires separate cut-management algorith

a well-known algorithm for solving multistage stochastic convex optimization problems [38].

H possesses theoretical convergence guarantees when all decision variables in the convex multista

tic program are continuous, i.e., PH is guaranteed to converge to the global optimal solution of t

age stochastic program when all decision variables, except for the here-and-now decision variabl

tinuous. In the presence of discrete variables, a wealth of recent theoretical and empirical resear

, 41] has shown that the PH algorithm can prove to be a very robust heuristic to solve stochas

ms, specifically the case of pure binary programs in both stages of the formulation even in the ca

e number of scenarios is prohibitively large. These algorithmic features of PH make its applicati

r the SVDGP. To that end, the subsequent sections detail the techniques involved in the PH approa

esent findings that shows its impact as an effective heuristic to solve the SVDGP. In the forthcomi

aphs, we present an overview of the PH algorithm specifically tailored for the SVDGP.

lgorithm Overview

ore, we present the overview of the algorithm, we restate the two-stage stochastic program for t

P in a concise manner as follows:

min
∑

(i,j)∈E1

cijxij +
∑

ω∈Ω

pωβ(x, ω) (5

subject to: x ∈ Q (5

, Q = {x : x satisfies Eq. (3)}. The concise formulation, as presented in Eq. (5), is the well-know

ve form of the two-stage stochastic program [42] in Sec. 3. The PH is a scenario-decompositi

7
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hm that uses a separate set of first stage decision variables for each scenario to perform paral

i.e., for each ω ∈ Ω, it introduces decision variables xω and implicitly enforces the non-anticipativi

ints (x = xω ∀ω ∈ Ω) via penalization; these constraints avoid allowing the first stage decisi

x to depend on the scenario. The basic PH algorithm takes as input two parameters (i) a penal

ρ > 0 and (ii) a termination threshold, ε. Given ρ and ε, the pseudo-code for the PH algorithm is

:

thm 1 Progressive Hedging: a pseudo-code

tialization:

0 . iteration cou

r every ω ∈ Ω, xk
ω ← argminx∈Q

∑
(i,j)∈E1 cijxij + β(x, ω)

←∑
ω∈Ω pωx

k
ω

every ω ∈ Ω, wk
ω , ρ · (xk

ω − xk) . initial weight vector computation w

ration update:

← k + 1

composition:

r every ω ∈ Ω,

xk
ω ← argmin

x∈Q


 ∑

(i,j)∈E1

cijxij + 〈wk−1
ω ,x〉+

ρ

2

∥∥x− xk−1
∥∥2

+ β(x, ω)




gregation:

←∑
ω∈Ω pωx

k
ω

ight update:

every ω ∈ Ω, wk
ω , wk−1

ω + ρ · (xk
ω − xω)

rmination criterion check:

,
∑

ω∈Ω pω
∥∥xk

ω − xk
∥∥

k > ε then

Go to Step 5

e

Terminate with xk as the first stage solution

d if

tep 6 of Algorithm 1, the symbol 〈a, b〉 denotes the dot product of the vectors a and b. Furthermo

ice that the computations in Steps 2 and 6 involve solving multiple mixed-integer linear program

each scenario in the set Ω and that the solves are completely parallelizable. The quadratic penal

r the proximal term [35]) penalizes the non-anticipativity constraints and ensures that it is satisfi

algorithm terminates. For every iteration k, the term εk is also referred to as the residual. The valu

is a tolerance value and it can be set to any value that is desired depending on the level of accura

required for PH algorithm. As for the value of ρ, the following procedure was used to set its valu

rocedure is not new and has been previously used in the literature concerning PH algorithms in [3

observed in [35] that values of ρ ∈ (0, 1) is a good starting point to fix the value of ρ and that

proportional to the first stage edge costs, i.e., cij would lead to good convergence behaviour (witho

ions) of the PH algorithm. This technique of fixing a ρ value proportional to the costs is referred

8
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t proportional” heuristic [35]. For the SVDGP, we combined both the suggestions by first scaling

ts between every pair of targets in the range (0, 1) and then allowing the value of ρ to be the avera

he scaled cost values. This technique worked well for all the computational experiments and henc

her experiments were done to compute more effective values of ρ.

eneral, there is no guarantee that the PH algorithm will converge to a binary first stage solution [3

has been observed that for a wide variety of problems it is observed to converge to a binary first sta

n [35]. In all our computational experiments, we did not find a single instance for which the algorith

t converge. Nevertheless, if one encounters instances where convergence is not observed, heurist

riable-fixing, slamming, or rounding can be used to force convergence. The following sections sho

ults obtained by adopting this approach to our two-stage formulation of the problem.

mputational Results

PH algorithm for the SVDGP was implemented in C++, and CPLEX 12.8 was used to solve t

le MILPs that occur in each iteration of the PH algorithm. All the computational experiments we

ed using an 2.9 GHz Intel Core i7 processor with 16 GB RAM. The performance of the algorith

sted on randomly generated test instances. The instances generation procedure is detailed in t

uent section.

stance Generation

the targets, the supplemental locations, the source, and the destination were all generated on

100 grid. The source and the destination vertices for all the instances were located at (5, 5) a

), respectively. The number of targets n were varied from 10 to 40 in steps of 5. For each targ

ations of its corresponding supplemental targets were also randomly generated within a maximu

cified radius, R, from the target location; the value of R was chosen from the set {5, 10} units. T

r of supplemental locations per target, m was chosen from the set {3, 5, 7, 9}. Now, as for the vehic

e assume that the vehicle is a fixed-wing UAV with a minimum turn-radius of 5 units. For this fixe

AV, the cost of traversal between any pair of targets is assumed to be the shortest path taken by t

to go from one target to the other. This path length is in-turn a function of the heading angle of t

t each target. To that end, we generate random heading angles for every target and its correspondi

ental location and then compute the length using the well-known result by Dubins [43]. We rema

e shortest path computed using the result in [43] is asymmetric. Given this instance generati

ure, the total number of instances was 56 and all computational experiments were performed on th

6 instances. A subset of these instances are used for each of the computational experiments and t

of chosen instances for each experiment is presented in the respective sections.

H Algorithm Parameters and Scenario Generation

PH algorithm has two main input parameters, ρ and ε. The value of ε is set to 1 × 10−5 a

ue of ρ for each instance was computed using the heuristic detailed in Sec. 4.1. We note that f

ty of the instances the value of ρ computed using the heuristic was close to 0.5. The uncerta

os for each run of the problem are generated using a vector of Bernoulli random variable, one f

rget. Across a majority of the experiments in the subsequent sections, the probability that t

ation collected at a particular target is of sufficient fidelity is assumed to be 0.5 for every target. F

ther computation experiments other probability values are used and these values are presented wh

responding experiment is described. For the source and the destination, we set this probability to

uired number of scenarios are generated from this vector of Bernoulli random variables. The numb

arios was varied from a minimum value of 10 to a maximum value of 200 across all experiments. Ea

9
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ly generated scenario, ω is a binary vector indicating if the information collected at a particul

is of sufficient fidelity or not. In the subsequent paragraphs, we present the results for the vario

tational experiments perform to evaluate the PH algorithm on the SVDGP. Before we present t

obtained using the PH algorithm, we remark that when the full two-stage stochastic formulati

3 was provided to CPLEX with a time-limit of three hours, all problem instances with number

greater than 50 and number of scenarios greater than 20 timed-out. Hence, we do not present a

that show that CPLEX was not able to solve the full problem as stated in Sec. 3.

ance of PH algorithm. In this section, we compare the performance of the PH algorithm again

the full two-stage problem in its extensive form using CPLEX. For this study, we choose only the

instances. The values of m and R are varied in the set m ∈ {2, 3, 4, 5} and R ∈ {5, 10}. The values

chosen to be m ∈ {2, 3, 4, 5} because the extensive form for the two-stage program does not comple

the stipulated computation time limit when m > 5. Finally, the number of scenarios, |Ω| was vari

et {50, 100, 200} and the probabilities to generate these scenarios were chosen in the set {0.2, 0.5, 0.8
e generated 10 random instances per each combination of these parameters. In total, the numb

instances for this study was 720. CPLEX was used to solve the extensive form of the two-sta

with a computation time limit of 7200 seconds. The Table 2 shows the number of instances whe

the extensive form failed to result in an optimal solution for the instance compared to solving t

using the PH algorithm. As seen from Table 2, it is clear that solving the extensive form usi

is very inefficient since many instances with just 10 targets were not solved to optimality. On t

and, the PH algorithm is capable of solving all instances to optimality. This justifies the need for t

ed decomposition algorithm for the SVDGP. For all instances that were solved to optimality by bo

ution methods, the difference in solution quality between the two methods was found to be 0%. Th

rovides an empirical proof that despite being an heuristic approach, the PH algorithm is capable

ally producing the globally optimal solution for the two-stage SVDGP considered in this paper. W

that this statement is not true in general since it is based on the experiments that were perform

720 test instances for this study. Finally, for all the runs where both the approaches provided t

l solution, the PH algorithm was on an average 2.5 times faster than solving the extensive form usi

. The objective values obtained by the progressive hedging algorithm and CPLEX is shown in Tab

rthermore, out of the 720 instances, 48% of the instances had PH algorithm converging to the optim

n in more than 1 iteration.

|Ω| total # instances
# timed out instances

extensive form PH algorithm

50 240 20 0

100 240 21 0

200 240 34 0

Number of instances where providing the extensive form directly to CPLEX timed out as against applying the P
m to solve the two-stage problem.

rison with deterministic equivalent. This set of results is focused on comparing the solution of t

ge stochastic program provided by the PH algorithm against its the Expected Value Problem (EV

he expected value problem is solved directly using CPLEX and the value of stochastic solution

the difference between the objective value of the full two-stage stochastic program and its expect

roblem. It is known that this VSS is non-negative [44] and greater its value the greater the value

10



Journal Pre-proof

solving of

m and he

numbe tic

solutio ig.

1, ther P

when t

Effect he

scalabi is

experim ch

of thes or

this set is

effectiv

Table 3: os.

The ar

realiza re

not str us

of 5 un

Effect at

demon et.

To tha },
R = 5, les

5 and se
Jo
ur

na
l P

re
-p

ro
of

p = 0.2 p = 0.5 p = 0.8

0.0

2.5

5.0

7.5

10.0

12.5

15.0

17.5

R
el

at
iv

e
im

p
ro

ve
m

en
t

in
ob

je
ct

iv
e

(%
)

|T | = 10

|T | = 20

|T | = 30

|T | = 40

Figure 1: Value of Stochastic Solution (in percentage).

the stochastic version as opposed to the expected value problem. To this end, we fix the value

R to be 5 units and vary the probability of generating scenarios within the set {0.2, 0.5, 0.8}. T

r of generated scenarios is fixed to 100 for all the runs. The Fig. 1 show the value of stochas

n as a relative percentage with respect to the objective value of the EVP. As observed from the F

e is a substantial quantitative value in solving the two-stage stochastic problem as against an EV

he value of the probabilities used for generating the scenarios are greater than 0.5.

of increasing the number of scenarios. Here, we present the first set of results to demonstrate t

lity of the PH algorithm for the SVDGP with increasing number of scenarios. To that end, for th

ent, the instances with value of n ∈ {10, 15, 20, 25, 30, 35, 40}, m = 5, R = 5 are chosen. For ea

e instances, the number of scenarios are varied in the set |Ω| ∈ {10, 25, 50, 100, 200}. The results f

of experiments is shown in Tables 3 and 4. It is observed from the tables that the PH algorithm

ely able to solve all the instances with up to 100 scenarios within two hours of computation time.

|Ω| n = 10 n = 15 n = 20 n = 25 n = 30 n = 35 n = 40

10 0.24 1.05 4.06 281.30 60.40 13.99 351.94

25 0.59 2.71 12.99 564.80 134.28 47.31 1084.65

50 0.95 4.85 21.86 1766.95 262.78 95.25 3121.86

100 2.02 9.94 46.57 5025.31 598.94 191.47 7256.49

200 4.28 19.07 57.45 9304.92 1133.70 336.65 16315.99

Computation time (in seconds) taken by the PH algorithm for increasing number of targets and number of scenari

Fig. 3 shows the feasible first stage (Fig. 2a) and a second stage solution (Fig. 2b) for one particul

tion of the random variable for a 10-target instance. Notice that the paths taken by the vehicle a

aight lines because we assume that the vehicle is a fixed-wing aircraft with a minimum turn-radi

its and follows the Dubins path [43].

of increasing the number of supplemental locations per target. The second set of results are aimed

strating the scalability of the algorithm with increasing number of supplemental locations per targ

t end, for this experiment, the instances with value of n ∈ {10, 15, 20, 25, 30, 35, 40}, m = {3, 5, 7, 9
and |Ω| = 100 (generated using a probability of 0.5) are chosen and the results are reported in Tab

6. Though the expectation is for the computation time and the number of iterations to increa

11
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|Ω| n = 10 n = 15 n = 20 n = 25 n = 30 n = 35 n = 40

10 1 1 1 16 9 1 14

25 1 1 1 14 10 1 15

50 1 1 2 26 11 1 22

100 1 1 1 34 12 1 23

200 1 1 1 30 12 1 25

Number of iterations taken to obtain convergence of the PH algorithm for increasing number of targets and numb
rios.
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(a) First stage solution for a 10-target instance.
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solution to the two-stage problem for one particular realization of the uncertainty. The black lines are the path that is sa
st stage solution and the orange routes correspond to the additional visits to the supplemental locations corresponding to
here the fidelity of information collected was not sufficient.

Figure 2: The solution provided by the PH algorithm for a 10-target instance.

creasing value of m, it is not really the case for this problem, as observed from Tables 5 and

rmore, we also observe that for the 40-target instances, the computation time is much greater th

urs. For typical patrolling applications, the number of target locations will be around 100 targe

h patrolling missions, use of multiple UAVs is preferred. In this case, a simple clustering heuris

12
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used to partition the targets into manageable cluster sizes and the algorithm can be used to compu

e vehicle solution for each cluster. This addresses the scalability aspect of the algorithm.

m n = 10 n = 15 n = 20 n = 25 n = 30 n = 35 n = 40

3 1.68 6.34 21.90 185.49 92.15 66.25 2777.89

5 2.02 9.94 46.57 5025.31 598.94 191.47 7256.49

7 5.82 33.55 63.68 162.63 1605.04 6082.88 9404.69

9 22.38 57.53 870.38 1422.58 412.64 7152.56 2325.88

Computation time (in seconds) taken by the PH algorithm for increasing number of targets and number of supplemen
s per target.

m n = 10 n = 15 n = 20 n = 25 n = 30 n = 35 n = 40

3 1 1 1 11 1 1 20

5 1 1 2 34 12 1 23

7 1 1 1 1 7 19 20

9 1 1 6 6 1 8 1

Number of iterations taken to obtain convergence of the PH algorithm for increasing number of targets and numb
emental locations per target.

of increasing the pre-specifed radius for the supplemental locations. This set of results presents t

n in the computation time and the number of iterations for the PH algorithm to converge when t

cified radius in which the supplemental locations are present is varied in the set {5, 10}. The resu

the change in computation time and number of iterations for n = {10, 15, 20, 25, 30, 35, 40} and wh

|Ω| = 100 (generated using a probability of 0.5). The Tables 7 and 8 present the computation tim

e number of iterations for the above instances, respectively. Again, no clear trend exists between t

f R and the computation time or the number of iterations taken for the PH algorithm to converg

eless, the trivial trend that can be observed from the two tables is that greater the number

ns the greater the computation time.

R n = 10 n = 15 n = 20 n = 25 n = 30 n = 35 n = 40

5 2.023 9.943 46.569 5025.308 598.943 191.472 7256.488

10 45.824 762.224 23.985 98.602 736.891 1284.960 2022.578

Table 7: Computation time (in seconds) taken by the PH algorithm for values of R.

of changing the probabilities in the scenario generation. This set of results is aimed at examining t

f changing the probabilities that the information collected at any target is not of sufficient fideli

ose a specific instance with n = 20, m = 5, and R = 5 units. There is no specific reason for th

and the results for all the other instances followed the same trend. To that end, the probabilit

e choose to generate 100 scenarios for this particular instance is given by {0.0, 0.2, 0.5, 0.8, 1.0}. W

that when the probability is 0.0, it basically means that the information collected at all the targe

13
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R n = 10 n = 15 n = 20 n = 25 n = 30 n = 35 n = 40

5 1 1 2 34 12 1 23

10 13 37 1 1 10 12 7

Table 8: Number of iterations taken by the PH algorithm for varying values of R.

fficient fidelity and this reduces the SVDGP to computing a traveling salesman tour through t

argets. On the other hand, if all the probabilities take a value 1.0, then the information collect

y target is not of sufficient fidelity and the SVDGP reduces to a TSP the set of targets and th

ental locations with additional sequencing constraints i.e., the supplemental locations have to

immediately after their respective target visits. The Table 9 presents both the computation time a

ber of iterations for this experiment. The computation time for the case when the probability val

s the least as solving a TSP with 20 targets is substantially fast. On the other end of the spectru

putation time for case with a probability value of 1.0 is the maximum as it reduces to the proble

ing a TSP with 120 vertices and additional sequencing constraints. Also, for these two cases, t

e action is obtained directly by solving the TSP or the TSP with additional sequencing constrain

nce, the number of iterations for the PH algorithm to converge for these two cases will always

o one.

p time (seconds) # iter

0 4.88 1

0.2 39.62 5

0.5 45.79 2

0.8 89.38 1

1 269.26 1

Computation time and number of iterations for different values of probabilities. Here p represents the probability th
rmation collected at the target is not of sufficient fidelity for any target, and # iter is the number of iterations tak
H algorithm to converge.

orithm residual statistics. This set of results shows the changes in the residual of the PH algorith

in Algorithm 1) for varying number of scenarios. We remark that this residual function is not

decreasing function. For this experiment, the instance with n = 40, m = 5, and R = 5 was chose

as the scenarios are concerned, all of them were created using a probability value of 0.5. The Fig.

the residual values for varying number of scenarios. All the results presented thus far illustrate t

eness of the PH algorithm in computing heuristic solutions to the SVDGP with uncertainty in t

of information collected.

14
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: Residual value progress for the PH algorithm. The value of (n,m,R) for the instance for this set of runs is given
, respectively.

nclusion

s article presents the first formulation and solution approach for a UAV path planning problem

text of data gathering missions. We present a Progressive Hedging algorithm to solve the proble

is may be considered as a good first step towards practical implementation. The PH algorithm h

sted on its effectiveness has been corroborated on a large set of test instances. On all the instanc

observed that no convergence issues have been observed. Nevertheless, future work would focus

ed algorithms to prune the computation time to the order of minutes. This problem can be extend

ulti-stage setting using the same framework. This is the first attempt to solve such a sequent

tic programming problem in this context and there is scope to work on this further to develop a

istributed computing algorithms to solve it for a multi-stage setting while reducing the computation

Furthermore, extension of this problem to a multi-vehicle setting entails addressing an addition

xity of partitioning the targets. This partitioning problem can be solved heuristically using clusteri

hms or one can resort to exact resolution of the partitions by embedding constraints in to the mod

his presents an interesting avenue for future work.
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dix A Progressive Hedging Approach vs CPLEX

Table 10 shows the objective values obtained by using the CPLEX and the progressive hedgi
hm.

Table 10: Complete results for performance of PH algorithm.

|Ω| m R instance PH objective CPLEX objective PH time (sec.) CPLEX time (sec.)

50 2 10 0 417.682 417.682 0.772 0.268

50 2 10 1 471.799 471.799 0.612 0.214

50 2 10 2 422.116 422.116 7.744 0.238

50 2 10 3 416.741 416.741 2.173 0.162

50 2 10 4 438.438 438.438 0.485 0.300

50 2 10 5 422.456 422.456 5.085 0.315

50 2 10 6 427.494 427.494 0.452 0.176

50 2 10 7 462.189 462.189 0.540 0.208

50 2 10 8 405.399 405.399 0.401 0.197

50 2 10 9 385.918 385.918 0.539 0.140

50 2 5 0 431.853 431.853 0.577 0.146

50 2 5 1 445.085 445.085 0.640 0.283

50 2 5 2 408.367 408.367 0.647 0.267

50 2 5 3 446.556 446.556 0.543 0.150

50 2 5 4 431.737 431.737 3.377 0.117

50 2 5 5 523.067 523.067 5.933 0.351

50 2 5 6 469.162 469.162 0.583 0.172

50 2 5 7 466.46 466.46 0.588 0.143

50 2 5 8 442.777 442.777 0.531 0.128

50 2 5 9 433.674 433.674 5.458 0.134

50 3 10 0 414.775 414.775 0.756 0.174

50 3 10 1 497.215 497.215 0.718 0.274

50 3 10 2 426.181 426.181 0.684 0.309

50 3 10 3 507.662 507.662 8.547 0.338

50 3 10 4 472.554 472.554 0.738 0.265

50 3 10 5 470.72 470.72 0.825 0.776

50 3 10 6 469.779 469.779 1.266 0.248

50 3 10 7 454.722 454.722 0.727 0.315

50 3 10 8 507.662 507.662 8.343 0.343

50 3 10 9 435.764 435.764 3.548 0.254

50 3 5 0 483.471 483.471 0.637 0.215

50 3 5 1 470.018 470.018 0.817 0.305

50 3 5 2 463.736 463.736 0.679 0.209

50 3 5 3 565.074 565.074 1.013 1.085

50 3 5 4 477.83 477.83 1.239 0.797

50 3 5 5 418.666 418.666 0.619 0.184

50 3 5 6 498.611 498.611 0.662 0.352

50 3 5 7 502.623 502.623 0.528 0.225

50 3 5 8 441.076 441.076 1.317 0.193

50 3 5 9 519.328 519.328 12.642 325.269

50 4 10 0 520.906 520.906 1.129 0.283

50 4 10 1 480.341 480.341 4.346 0.364

50 4 10 2 449.635 449.635 0.948 0.369

50 4 10 3 574.154 574.154 3.919 0.825

50 4 10 4 486.745 486.745 1.057 0.415

50 4 10 5 481.465 481.465 1.107 0.362

50 4 10 6 519.754 519.754 0.949 0.458

50 4 10 7 492.497 492.497 0.821 0.371

50 4 10 8 507.095 507.095 1.024 0.426

50 4 10 9 498.056 498.056 0.837 0.338

50 4 5 0 546.717 546.717 1.543 1.756

50 4 5 1 559.046 559.046 0.796 1.301

50 4 5 2 569.254 569.254 4.658 1.062

50 4 5 3 511.314 511.314 0.804 0.353

50 4 5 4 545.209 545.209 1.412 0.637

50 4 5 5 611.231 611.231 3.029 12.240

50 5 10 0 561.692 561.692 4.001 0.344

50 5 10 1 558.401 558.401 1.127 0.665

50 5 10 2 535.974 535.974 1.172 0.498

50 5 10 3 559.409 559.409 1.506 0.969

50 5 10 4 500.424 500.424 1.483 0.960

50 5 10 5 556.651 556.651 1.762 1.369
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Table 10: Complete results (continued).

|Ω| m R instance PH objective CPLEX objective PH time (sec.) CPLEX time (sec.)

50 5 10 6 555.887 555.887 1.960 0.856

50 5 10 7 559.409 559.409 1.908 1.036

50 5 10 8 530.709 530.709 0.989 0.804

50 5 10 9 443.013 443.013 0.834 0.287

50 5 5 0 539.173 539.173 3.442 0.448

50 5 5 1 578.938 578.938 6.941 0.445

50 5 5 2 626.473 626.473 0.931 0.551

50 5 5 3 564.793 564.793 0.848 0.323

50 5 5 4 574.025 574.025 0.765 0.403

50 5 5 5 584.492 584.492 0.128 0.546

50 5 5 6 555.916 555.916 1.064 0.315

50 5 5 7 510.819 510.819 1.247 0.501

50 5 5 8 486.053 486.053 1.001 0.462

50 5 5 9 534.426 534.426 1.148 0.469

50 2 10 0 564.588 564.588 0.733 0.261

50 2 10 1 587.734 587.734 0.847 0.235

50 2 10 2 568.637 568.637 1.001 0.384

50 2 10 3 596.657 596.657 3.166 0.245

50 2 10 4 566.431 566.431 0.819 0.571

50 2 10 5 573.34 573.34 2.939 0.257

50 2 10 6 590.063 590.063 0.465 0.173

50 2 10 7 596.643 596.643 0.688 0.201

50 2 10 8 541.697 541.697 0.453 0.145

50 2 10 9 518.813 518.813 0.451 0.188

50 2 5 0 569.144 569.144 0.547 0.228

50 2 5 1 580.306 580.306 0.734 0.314

50 2 5 2 583.723 583.723 0.875 0.255

50 2 5 3 603.648 603.648 0.655 0.215

50 2 5 4 599.828 599.828 5.716 0.129

50 2 5 5 661.932 661.932 1.063 4.926

50 2 5 6 617.661 617.661 0.662 0.208

50 2 5 7 603.62 603.62 0.619 0.177

50 2 5 8 602.326 602.326 0.575 0.177

50 2 5 9 580.647 580.647 9.171 0.178

50 3 10 0 623.592 623.592 0.875 0.221

50 3 10 1 697.587 697.587 1.137 0.440

50 3 10 2 606.192 606.192 1.079 0.543

50 3 10 3 698.299 698.299 1.644 1.376

50 3 10 4 664.403 664.403 0.995 0.244

50 3 10 5 642.368 642.368 1.534 1.472

50 3 10 6 676.99 676.99 1.666 0.327

50 3 10 7 630.077 630.077 0.996 0.439

50 3 10 8 698.299 698.299 0.636 1.360

50 3 10 9 619.705 619.705 0.384 0.378

50 3 5 0 683.646 683.646 0.934 0.335

50 3 5 1 683.935 683.935 0.787 0.373

50 3 5 2 676.974 676.974 0.886 0.320

50 3 5 4 690.557 690.557 0.326 0.306

50 3 5 5 600.703 600.703 0.849 0.230

50 3 5 6 689.019 689.019 0.927 0.708

50 3 5 7 693.892 693.892 0.710 0.279

50 3 5 8 653.256 653.256 1.290 0.190

50 4 10 0 770.886 770.886 1.318 0.704

50 4 10 1 728.95 728.95 7.449 0.517

50 4 10 2 690.439 690.439 1.837 0.623

50 4 10 3 794.735 794.735 5.722 1.523

50 4 10 4 729.515 729.515 1.762 1.054

50 4 10 5 718.056 718.056 1.575 0.437

50 4 10 6 750.941 750.941 1.155 0.506

50 4 10 7 776.613 776.613 1.672 1.008

50 4 10 8 775.285 775.285 1.554 0.499

50 4 10 9 757.748 757.748 1.246 0.438

50 4 5 0 823.311 823.311 4.744 11.164

50 4 5 1 827.186 827.186 0.745 0.903

50 4 5 2 850.385 850.385 0.841 0.409

50 4 5 3 749.986 749.986 1.144 0.564

50 4 5 4 829.013 829.013 2.146 1.098
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Table 10: Complete results (continued).

|Ω| m R instance PH objective CPLEX objective PH time (sec.) CPLEX time (sec.)

50 5 10 0 889.759 889.759 2.650 1.328

50 5 10 1 908.227 908.227 1.782 1.241

50 5 10 2 826.431 826.431 1.798 0.708

50 5 10 3 889.42 889.42 54.325 338.499

50 5 10 4 791.85 791.85 2.824 5.650

50 5 10 5 866.095 866.095 2.530 3.470

50 5 10 6 845.644 845.644 2.463 2.048

50 5 10 7 889.42 889.42 56.516 351.462

50 5 10 8 790.15 790.15 1.742 0.941

50 5 10 9 755.779 755.779 1.186 0.363

50 5 5 0 875.86 875.86 0.271 0.718

50 5 5 1 976.848 976.848 0.826 0.875

50 5 5 2 934.133 934.133 2.461 3.989

50 5 5 3 899.895 899.895 0.088 0.511

50 5 5 4 915.169 915.169 0.322 0.916

50 5 5 5 918.459 918.459 1.997 0.601

50 5 5 6 943.349 943.349 1.310 0.412

50 5 5 7 837.063 837.063 1.806 1.346

50 5 5 8 813.896 813.896 1.624 1.253

50 5 5 9 843.011 843.011 1.729 0.534

50 2 10 0 707.404 707.404 1.012 0.242

50 2 10 1 712.45 712.45 1.001 0.274

50 2 10 2 742.132 742.132 0.064 0.379

50 2 10 3 749.457 749.457 0.873 0.199

50 2 10 4 703.348 703.348 0.711 0.404

50 2 10 5 697.452 697.452 2.573 0.304

50 2 10 6 731.009 731.009 0.600 0.179

50 2 10 7 710.035 710.035 0.683 0.227

50 2 10 8 675.702 675.702 0.422 0.144

50 2 10 9 677.487 677.487 0.633 0.149

50 2 5 0 707.94 707.94 0.784 0.161

50 2 5 1 741.628 741.628 0.797 0.231

50 2 5 2 719.653 719.653 0.836 0.218

50 2 5 3 774.369 774.369 1.035 0.280

50 2 5 4 746.002 746.002 0.754 0.126

50 2 5 5 802.944 802.944 1.835 1.029

50 2 5 6 780.306 780.306 0.654 0.163

50 2 5 7 721.766 721.766 0.678 0.182

50 2 5 8 754.708 754.708 0.668 0.184

50 2 5 9 694.717 694.717 3.688 0.219

50 3 10 0 800.8 800.8 0.969 0.232

50 3 10 1 869.324 869.324 1.449 0.983

50 3 10 2 800.098 800.098 1.052 0.483

50 3 10 3 930.755 930.755 3.241 4.917

50 3 10 4 857.544 857.544 1.085 0.274

50 3 10 5 854.733 854.733 2.039 0.794

50 3 10 6 860.336 860.336 1.997 0.345

50 3 10 7 840.869 840.869 1.827 0.782

50 3 10 8 930.755 930.755 3.640 4.926

50 3 10 9 762.409 762.409 0.487 0.508

50 3 5 0 907.978 907.978 0.822 0.359

50 3 5 1 904.377 904.377 0.781 0.334

50 3 5 2 890.432 890.432 1.332 0.476

50 3 5 4 893.92 893.92 0.005 0.690

50 3 5 5 790.395 790.395 0.601 0.223

50 3 5 6 858.508 858.508 0.908 0.534

50 3 5 7 895.249 895.249 1.051 0.277

50 3 5 8 889.208 889.208 1.597 0.219

50 4 10 0 1032.8 1032.8 2.014 4.176

50 4 10 1 954.21 954.21 0.634 0.847

50 4 10 2 976.209 976.209 2.580 2.434

50 4 10 3 1027.12 1027.12 6.839 3.930

50 4 10 4 992.837 992.837 2.713 1.429

50 4 10 5 964.372 964.372 2.086 0.651

50 4 10 6 979.4 979.4 1.215 0.510

50 4 10 7 1012.86 1012.86 2.921 1.444

50 4 10 8 986.333 986.333 1.418 0.571
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Table 10: Complete results (continued).

|Ω| m R instance PH objective CPLEX objective PH time (sec.) CPLEX time (sec.)

50 4 10 9 1018.67 1018.67 2.088 0.633

50 4 5 0 1073.47 1073.47 6.007 8.475

50 4 5 1 1113.53 1113.53 2.972 11.613

50 4 5 2 1128.44 1128.44 9.017 0.605

50 4 5 3 1079.34 1079.34 2.247 1.231

50 4 5 4 1080.17 1080.17 3.118 2.451

50 5 10 0 1239.76 1239.76 1.643 3.828

50 5 10 1 1195.8 1195.8 2.571 1.209

50 5 10 2 1153.12 1153.12 2.325 0.803

50 5 10 4 1076.29 1076.29 3.282 2.197

50 5 10 5 1156.66 1156.66 3.132 3.448

50 5 10 6 1175.23 1175.23 40.006 801.837

50 5 10 8 1077.74 1077.74 2.465 0.896

50 5 10 9 1039.68 1039.68 1.314 0.427

50 5 5 0 1199.6 1199.6 8.439 0.910

50 5 5 1 1366.28 1366.28 3.479 3.684

50 5 5 2 1268.07 1268.07 64.848 583.397

50 5 5 3 1242.9 1242.9 6.462 0.608

50 5 5 4 1234.11 1234.11 0.811 0.916

50 5 5 5 1239.96 1239.96 2.462 0.980

50 5 5 6 1242.47 1242.47 1.361 0.441

50 5 5 7 1192.41 1192.41 2.242 1.292

50 5 5 8 1215.18 1215.18 2.545 1.754

50 5 5 9 1243.59 1243.59 2.562 0.715

100 2 10 0 432.656 432.656 1.605 0.528

100 2 10 1 473.369 473.369 1.358 0.480

100 2 10 2 426.553 426.553 0.118 0.475

100 2 10 3 416.797 416.797 4.148 0.345

100 2 10 4 440.704 440.704 0.999 0.742

100 2 10 5 419.272 419.272 9.340 0.505

100 2 10 6 422.386 422.386 0.974 0.303

100 2 10 7 460.78 460.78 1.314 0.416

100 2 10 8 402.133 402.133 0.955 0.271

100 2 10 9 387.248 387.248 0.798 0.268

100 2 5 0 424.957 424.957 0.881 0.343

100 2 5 1 449.513 449.513 1.259 0.396

100 2 5 2 401.989 401.989 1.239 0.485

100 2 5 3 447.654 447.654 1.056 0.441

100 2 5 4 438.401 438.401 6.923 0.222

100 2 5 5 512.268 512.268 0.274 0.625

100 2 5 6 464.289 464.289 2.851 0.349

100 2 5 7 465.361 465.361 1.129 0.315

100 2 5 8 438.544 438.544 1.024 0.235

100 2 5 9 431.062 431.062 0.171 0.268

100 3 10 0 416.347 416.347 1.505 0.482

100 3 10 1 485.414 485.414 1.484 0.550

100 3 10 2 434.133 434.133 1.622 0.556

100 3 10 3 511.886 511.886 0.311 0.795

100 3 10 4 461.796 461.796 1.401 0.443

100 3 10 5 458.9 458.9 1.575 1.380

100 3 10 6 460.888 460.888 2.554 0.455

100 3 10 7 457.245 457.245 1.569 0.577

100 3 10 8 511.886 511.886 0.608 0.817

100 3 10 9 428.272 428.272 7.049 0.450

100 3 5 0 475.114 475.114 1.065 0.546

100 3 5 1 467.074 467.074 1.546 0.587

100 3 5 2 475.708 475.708 1.164 0.501

100 3 5 3 550.841 550.841 1.649 1.742

100 3 5 4 501.554 501.554 0.634 0.531

100 3 5 5 424.969 424.969 1.264 0.385

100 3 5 6 478.91 478.91 1.137 0.639

100 3 5 7 494.186 494.186 1.055 0.418

100 3 5 8 448.686 448.686 3.708 0.393

100 4 10 0 535.409 535.409 1.994 0.831

100 4 10 1 479.954 479.954 8.365 0.658

100 4 10 2 468.614 468.614 2.177 0.765

100 4 10 3 556.685 556.685 7.116 1.493
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Table 10: Complete results (continued).

|Ω| m R instance PH objective CPLEX objective PH time (sec.) CPLEX time (sec.)

100 4 10 4 470.401 470.401 2.234 0.764

100 4 10 5 502.999 502.999 2.272 0.762

100 4 10 6 535.541 535.541 1.994 1.154

100 4 10 7 490.162 490.162 1.645 0.913

100 4 10 8 486.675 486.675 2.044 0.906

100 4 10 9 489.617 489.617 1.693 0.793

100 4 5 0 545.184 545.184 2.878 11.292

100 4 5 1 540.314 540.314 2.075 1.329

100 4 5 2 559.409 559.409 8.406 0.680

100 4 5 3 501.997 501.997 1.573 0.760

100 4 5 4 548.954 548.954 2.780 1.392

100 4 5 5 590.569 590.569 3.575 31.176

100 5 10 0 565.472 565.472 1.743 0.944

100 5 10 1 552.005 552.005 2.251 1.252

100 5 10 2 526.907 526.907 2.284 0.959

100 5 10 3 548.901 548.901 2.224 2.737

100 5 10 4 515.092 515.092 2.994 2.949

100 5 10 5 551.203 551.203 3.091 2.306

100 5 10 6 567.268 567.268 40.828 39.188

100 5 10 7 548.901 548.901 2.560 3.105

100 5 10 8 546.874 546.874 1.888 1.015

100 5 10 9 478.012 478.012 1.837 0.961

100 5 5 0 535.254 535.254 7.844 0.875

100 5 5 1 616.894 616.894 1.769 1.029

100 5 5 2 609.796 609.796 1.536 1.448

100 5 5 3 578.15 578.15 0.221 0.724

100 5 5 4 568.82 568.82 0.983 0.865

100 5 5 5 575.168 575.168 2.198 0.874

100 5 5 6 564.321 564.321 1.936 0.683

100 5 5 7 503.147 503.147 2.427 1.161

100 5 5 8 504.655 504.655 2.374 0.964

100 5 5 9 535.562 535.562 2.273 0.810

100 2 5 0 576.226 576.226 1.163 0.291

100 3 5 0 676.132 676.132 1.587 0.544

100 2 10 0 569.202 569.202 1.907 0.594

100 2 10 1 593.716 593.716 1.690 0.628

100 2 10 2 577.225 577.225 0.404 0.993

100 2 10 3 588.66 588.66 6.586 0.415

100 2 10 4 568.424 568.424 1.146 1.416

100 2 10 5 582.548 582.548 5.999 0.478

100 2 10 6 580.525 580.525 1.284 0.400

100 2 10 7 585.163 585.163 1.007 0.436

100 2 10 8 544.692 544.692 0.880 0.339

100 2 10 9 526.901 526.901 1.301 0.320

100 2 5 0 576.226 576.226 1.410 0.415

100 2 5 1 585.064 585.064 1.490 0.467

100 2 5 2 570.801 570.801 1.363 0.566

100 2 5 3 595.692 595.692 1.249 0.477

100 2 5 4 608.7 608.7 1.229 0.222

100 2 5 5 656.636 656.636 12.780 12.181

100 2 5 6 623.611 623.611 1.381 0.428

100 2 5 7 597.357 597.357 1.385 0.371

100 2 5 8 596.272 596.272 1.226 0.354

100 2 5 9 563.011 563.011 0.684 0.541

100 3 10 0 617.571 617.571 2.088 0.515

100 3 10 1 691.075 691.075 2.359 1.936

100 3 10 2 608.269 608.269 2.121 0.930

100 3 10 3 709.671 709.671 1.173 2.435

100 3 10 4 655.832 655.832 1.908 0.528

100 3 10 5 635.801 635.801 2.685 10.306

100 3 10 6 670.698 670.698 3.372 0.648

100 3 10 7 637.934 637.934 2.137 0.818

100 3 10 8 709.671 709.671 4.815 2.437

100 3 10 9 603.37 603.37 0.988 0.744

100 3 5 0 676.132 676.132 1.480 0.574

100 3 5 1 692.941 692.941 1.502 0.799

100 3 5 2 687.168 687.168 1.658 0.762
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Table 10: Complete results (continued).

|Ω| m R instance PH objective CPLEX objective PH time (sec.) CPLEX time (sec.)

100 3 5 4 702.186 702.186 4.658 1.676

100 3 5 5 606.65 606.65 1.339 0.433

100 3 5 6 668.473 668.473 1.603 0.834

100 3 5 7 698.02 698.02 1.803 0.556

100 3 5 8 668.222 668.222 3.269 0.443

100 4 10 0 774.683 774.683 2.755 2.951

100 4 10 1 728.794 728.794 15.227 1.095

100 4 10 2 696.011 696.011 3.705 5.664

100 4 10 3 786.965 786.965 1.598 8.449

100 4 10 4 719.109 719.109 3.515 1.920

100 4 10 5 730.417 730.417 3.341 1.111

100 4 10 6 779.048 779.048 2.512 1.319

100 4 10 7 777.077 777.077 3.161 1.931

100 4 10 8 772.975 772.975 2.833 1.192

100 4 10 9 743.483 743.483 2.330 0.948

100 4 5 0 817.752 817.752 16.730 890.002

100 4 5 1 805.32 805.32 2.673 1.472

100 4 5 2 852.735 852.735 1.175 1.017

100 4 5 3 789.891 789.891 2.757 1.174

100 4 5 4 820.692 820.692 4.255 32.472

100 5 10 0 910.113 910.113 10.600 16.746

100 5 10 1 896.893 896.893 3.436 2.767

100 5 10 2 828.857 828.857 3.397 1.488

100 5 10 4 810.489 810.489 5.061 1440.943

100 5 10 5 863.814 863.814 4.651 4.150

100 5 10 6 869.06 869.06 5.256 7.078

100 5 10 8 818.688 818.688 3.502 1.773

100 5 10 9 759.632 759.632 2.661 0.842

100 5 5 0 876.803 876.803 1.196 1.692

100 5 5 1 989.245 989.245 2.172 2.142

100 5 5 2 938.069 938.069 12.207 15.219

100 5 5 3 893.014 893.014 0.230 1.428

100 5 5 4 919.365 919.365 1.873 2.286

100 5 5 5 908.658 908.658 3.724 1.540

100 5 5 6 919.93 919.93 2.484 0.880

100 5 5 7 849.715 849.715 3.923 1.792

100 5 5 8 858.344 858.344 3.450 5.100

100 5 5 9 839.428 839.428 3.587 1.115

100 2 10 0 707.001 707.001 1.892 0.563

100 2 10 1 712.804 712.804 2.159 0.464

100 2 10 2 735.307 735.307 0.408 0.860

100 2 10 3 758.187 758.187 0.944 0.439

100 2 10 4 701.116 701.116 1.442 1.010

100 2 10 5 713.093 713.093 4.582 0.662

100 2 10 6 720.4 720.4 1.027 0.365

100 2 10 7 705.035 705.035 1.137 0.463

100 2 10 8 682.206 682.206 0.964 0.303

100 2 10 9 680.525 680.525 1.034 0.326

100 2 5 0 709.175 709.175 1.395 0.381

100 2 5 1 739.829 739.829 1.492 0.502

100 2 5 2 723.281 723.281 1.486 0.406

100 2 5 3 756.794 756.794 1.792 0.665

100 2 5 4 751.943 751.943 1.314 0.247

100 2 5 5 811.268 811.268 2.595 4.394

100 2 5 6 786.252 786.252 2.372 0.347

100 2 5 7 712.548 712.548 1.523 0.400

100 2 5 8 749.396 749.396 1.370 0.404

100 2 5 9 687.199 687.199 0.979 0.409

100 3 10 0 792.986 792.986 2.236 0.630

100 3 10 1 876.181 876.181 2.908 2.648

100 3 10 2 798.934 798.934 2.225 1.946

100 3 10 3 932.584 932.584 61.359 182.254

100 3 10 4 865.569 865.569 2.285 0.623

100 3 10 5 838.039 838.039 4.049 11.072

100 3 10 6 859.863 859.863 3.447 0.663

100 3 10 7 842.426 842.426 3.386 1.259

100 3 10 8 932.584 932.584 61.856 183.319
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Table 10: Complete results (continued).

|Ω| m R instance PH objective CPLEX objective PH time (sec.) CPLEX time (sec.)

100 3 10 9 765.422 765.422 1.164 1.008

100 3 5 0 900.363 900.363 1.836 0.701

100 3 5 1 902.04 902.04 1.427 0.716

100 3 5 2 899.594 899.594 2.692 1.301

100 3 5 4 897.205 897.205 4.525 3.545

100 3 5 5 802.701 802.701 1.565 0.504

100 3 5 6 860.798 860.798 1.969 1.868

100 3 5 7 901.548 901.548 1.816 0.645

100 3 5 8 894.13 894.13 2.815 0.461

100 4 10 0 1020 1020 3.856 6.781

100 4 10 1 972.162 972.162 2.538 1.743

100 4 10 2 978.306 978.306 5.242 6.510

100 4 10 3 1039.78 1039.78 13.580 14.396

100 4 10 4 991.23 991.23 5.272 2.305

100 4 10 5 973.524 973.524 4.090 1.574

100 4 10 6 1014.34 1014.34 2.563 1.198

100 4 10 7 1011.5 1011.5 5.806 19.511

100 4 10 8 991.42 991.42 3.038 1.058

100 4 10 9 1017.75 1017.75 4.034 1.453

100 4 5 0 1080.57 1080.57 7.666 40.230

100 4 5 1 1110.54 1110.54 79.409 505.641

100 4 5 2 1105.53 1105.53 1.732 1.255

100 4 5 3 1088.86 1088.86 4.959 2.002

100 4 5 4 1056.85 1056.85 6.239 2.875

100 5 10 0 1240.62 1240.62 3.973 13.811

100 5 10 1 1184.54 1184.54 4.885 2.694

100 5 10 2 1143.63 1143.63 4.700 2.024

100 5 10 4 1091.45 1091.45 7.251 14.944

100 5 10 5 1148.67 1148.67 6.204 5.487

100 5 10 6 1169.86 1169.86 2.956 4.551

100 5 10 8 1099.12 1099.12 5.252 2.226

100 5 10 9 1044.01 1044.01 2.449 1.020

100 5 5 0 1200.65 1200.65 1.578 2.388

100 5 5 1 1344.58 1344.58 2.350 3.860

100 5 5 2 1253.95 1253.95 33.520 37.455

100 5 5 3 1216.94 1216.94 1.628 1.407

100 5 5 4 1263.94 1263.94 2.210 2.613

100 5 5 5 1233.66 1233.66 4.843 2.157

100 5 5 6 1245.75 1245.75 3.143 1.017

100 5 5 7 1184.62 1184.62 4.387 2.333

100 5 5 8 1214.32 1214.32 5.211 2.796

100 5 5 9 1250.68 1250.68 4.988 1.561

200 2 10 0 430.323 430.323 2.837 1.154

200 2 10 1 470.386 470.386 2.561 1.148

200 2 10 2 431.11 431.11 3.434 1.363

200 2 10 3 424.036 424.036 9.004 0.828

200 2 10 4 434.655 434.655 2.117 2.215

200 2 10 5 417.482 417.482 1.973 1.132

200 2 10 6 427.649 427.649 1.600 0.782

200 2 10 7 461.034 461.034 2.094 0.908

200 2 10 8 402.024 402.024 1.746 0.629

200 2 10 9 392.12 392.12 1.453 0.581

200 2 5 0 418.937 418.937 1.710 0.715

200 2 5 1 454.263 454.263 2.541 1.037

200 2 5 2 398.946 398.946 2.494 1.065

200 2 5 3 444.359 444.359 2.177 0.944

200 2 5 4 450.321 450.321 1.950 0.611

200 2 5 5 513.475 513.475 2.441 1.683

200 2 5 6 467.345 467.345 5.222 0.887

200 2 5 7 458.307 458.307 2.103 0.832

200 2 5 8 440.563 440.563 1.964 0.637

200 2 5 9 431.836 431.836 0.328 0.703

200 3 10 0 422.481 422.481 2.347 1.020

200 3 10 1 487.119 487.119 3.135 2.226

200 3 10 2 428.66 428.66 2.998 1.914

200 3 10 3 513.781 513.781 2.018 2.598

200 3 10 4 464.164 464.164 2.665 0.996
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Table 10: Complete results (continued).

|Ω| m R instance PH objective CPLEX objective PH time (sec.) CPLEX time (sec.)

200 3 10 5 462.31 462.31 3.242 3.274

200 3 10 6 460.729 460.729 4.687 1.069

200 3 10 7 453.533 453.533 2.818 1.277

200 3 10 8 513.781 513.781 3.440 2.576

200 3 10 9 439.259 439.259 1.722 1.196

200 3 5 0 470.642 470.642 2.112 1.063

200 3 5 1 466.082 466.082 2.697 1.295

200 3 5 2 461.173 461.173 2.337 1.267

200 3 5 3 548.7 548.7 3.032 8.144

200 3 5 4 500.859 500.859 2.805 1.222

200 3 5 5 413.71 413.71 2.729 0.908

200 3 5 6 476.522 476.522 2.574 1.332

200 3 5 7 486.592 486.592 2.638 1.014

200 3 5 8 454.193 454.193 6.466 0.887

200 4 10 0 536.266 536.266 3.638 2.364

200 4 10 1 475.184 475.184 1.137 1.580

200 4 10 2 463.97 463.97 3.894 2.407

200 4 10 3 559.014 559.014 1.418 4.256

200 4 10 4 468.755 468.755 3.822 1.958

200 4 10 5 500.602 500.602 4.532 1.984

200 4 10 6 530.524 530.524 4.125 2.880

200 4 10 7 484.741 484.741 3.197 2.389

200 4 10 8 481.035 481.035 3.809 1.908

200 4 10 9 475.389 475.389 3.238 1.749

200 4 5 0 538.411 538.411 6.013 4130.433

200 4 5 1 537.522 537.522 3.417 3.115

200 4 5 2 556.661 556.661 1.072 2.438

200 4 5 3 508.884 508.884 3.249 1.816

200 4 5 4 546.355 546.355 5.524 2.961

200 5 10 0 580.622 580.622 3.188 2.854

200 5 10 1 539.728 539.728 4.543 2.967

200 5 10 2 525.531 525.531 4.654 2.532

200 5 10 3 562.542 562.542 12.999 16.888

200 5 10 4 497.213 497.213 5.530 16.740

200 5 10 5 544.778 544.778 5.353 4.357

200 5 10 6 562.491 562.491 43.318 48.735

200 5 10 7 562.542 562.542 9.429 17.277

200 5 10 8 550.036 550.036 3.676 2.974

200 5 10 9 466.014 466.014 3.282 1.726

200 5 5 0 526.455 526.455 1.164 1.850

200 5 5 1 620.442 620.442 3.349 2.856

200 5 5 2 578.037 578.037 0.564 3.457

200 5 5 3 571.327 571.327 2.942 2.104

200 5 5 4 572.053 572.053 1.549 2.248

200 5 5 5 564.504 564.504 5.318 2.468

200 5 5 6 570.108 570.108 3.852 1.587

200 5 5 8 523.885 523.885 4.157 6.132

200 5 5 9 534.297 534.297 4.676 1.981

200 2 10 0 572.289 572.289 3.450 1.355

200 2 10 1 584.908 584.908 3.094 1.381

200 2 10 2 580.91 580.91 3.737 2.253

200 2 10 3 589.598 589.598 0.792 0.962

200 2 10 4 568.144 568.144 2.322 2.451

200 2 10 5 577.251 577.251 1.772 1.328

200 2 10 6 578.346 578.346 1.929 0.881

200 2 10 7 584.846 584.846 2.056 1.009

200 2 10 8 541.518 541.518 1.717 0.677

200 2 10 9 532.508 532.508 1.688 0.716

200 2 5 0 562.973 562.973 2.440 0.775

200 2 5 1 586.315 586.315 2.764 1.145

200 2 5 2 560.097 560.097 2.836 1.096

200 2 5 3 595.43 595.43 2.687 1.109

200 2 5 4 615.532 615.532 0.421 0.525

200 2 5 5 655.606 655.606 25.783 29.471

200 2 5 6 624.543 624.543 6.282 0.969

200 2 5 7 596.324 596.324 2.594 0.943

200 2 5 8 597.28 597.28 2.439 0.817
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Table 10: Complete results (continued).

|Ω| m R instance PH objective CPLEX objective PH time (sec.) CPLEX time (sec.)

200 2 5 9 563.391 563.391 0.668 1.185

200 3 10 0 613.557 613.557 3.499 1.247

200 3 10 1 683.163 683.163 4.398 12.124

200 3 10 2 612.226 612.226 4.202 3.799

200 3 10 3 714.252 714.252 30.010 35.743

200 3 10 4 659.395 659.395 3.494 1.284

200 3 10 5 642.614 642.614 5.174 14.079

200 3 10 6 660.957 660.957 6.509 1.660

200 3 10 7 644.967 644.967 3.927 2.037

200 3 10 8 714.252 714.252 30.385 35.530

200 3 10 9 608.159 608.159 1.917 1.824

200 3 5 0 677.564 677.564 2.493 1.561

200 3 5 1 689.419 689.419 2.923 1.787

200 3 5 2 679.725 679.725 3.088 1.714

200 3 5 4 707.412 707.412 82.361 4.636

200 3 5 5 604.313 604.313 2.615 1.032

200 3 5 6 662.897 662.897 3.892 3.264

200 3 5 7 695.753 695.753 3.016 1.350

200 3 5 8 669.528 669.528 6.645 1.080

200 4 10 0 781.15 781.15 6.599 8.308

200 4 10 1 712.016 712.016 3.227 2.658

200 4 10 2 697.41 697.41 7.159 26.191

200 4 10 3 787.011 787.011 22.655 34.308

200 4 10 4 713.895 713.895 6.623 4.537

200 4 10 5 735.285 735.285 6.522 2.944

200 4 10 6 772.189 772.189 5.251 4.097

200 4 10 7 752.304 752.304 5.956 5.349

200 4 10 8 742.825 742.825 5.541 3.054

200 4 10 9 747.236 747.236 5.042 2.558

200 4 5 1 807.408 807.408 47.798 7.141

200 4 5 2 858.192 858.192 33.222 2.522

200 4 5 3 794.932 794.932 5.277 3.027

200 5 10 1 867.801 867.801 6.567 8.061

200 5 10 2 839.964 839.964 6.769 4.015

200 5 10 5 844.825 844.825 8.876 9.721

200 5 10 6 873.012 873.012 118.478 1972.559

200 5 10 8 825.688 825.688 6.694 6.603

200 5 10 9 749.316 749.316 4.879 2.204

200 5 5 0 865.256 865.256 3.453 3.858

200 5 5 1 986.241 986.241 5.483 5.434

200 5 5 2 931.815 931.815 25.550 30.254

200 5 5 3 893.308 893.308 1.365 5.551

200 5 5 4 930.931 930.931 3.884 16.070

200 5 5 5 897.562 897.562 7.002 3.494

200 5 5 6 916.807 916.807 5.376 2.179

200 5 5 8 873.806 873.806 6.972 30.354

200 5 5 9 868.503 868.503 7.270 2.745

200 2 10 0 712.196 712.196 4.014 1.287

200 2 10 1 711.116 711.116 4.098 1.279

200 2 10 2 733.829 733.829 4.544 2.417

200 2 10 3 750.674 750.674 1.365 0.984

200 2 10 4 698.329 698.329 2.847 2.772

200 2 10 5 711.767 711.767 9.253 1.148

200 2 10 6 725.46 725.46 2.205 0.897

200 2 10 7 704.704 704.704 2.478 1.026

200 2 10 8 679.669 679.669 1.788 0.650

200 2 10 9 676.586 676.586 2.038 0.630

200 2 5 0 708.969 708.969 2.936 0.862

200 2 5 1 730.989 730.989 3.031 1.163

200 2 5 2 714.036 714.036 3.064 0.966

200 2 5 3 759.818 759.818 3.386 1.381

200 2 5 4 760.043 760.043 0.256 0.579

200 2 5 5 804.643 804.643 11.001 16.763

200 2 5 6 785.9 785.9 4.791 0.846

200 2 5 7 716.329 716.329 2.783 0.961

200 2 5 8 753.784 753.784 2.675 0.787

200 2 5 9 683.99 683.99 0.905 0.928

24



Journal Pre-proof

Refere

[1] J. C ro-

log

[2] C. on

ove s 7

(20

[3] P. ion

agr

[4] J. F or,

Use

[5] D. s,

in:

[6] H. nt

wit
 Jo
ur

na
l P

re
-p

ro
of

Table 10: Complete results (continued).

|Ω| m R instance PH objective CPLEX objective PH time (sec.) CPLEX time (sec.)

200 3 10 0 790.988 790.988 4.009 1.363

200 3 10 1 876.743 876.743 6.090 8.151

200 3 10 2 798.531 798.531 4.758 3.886

200 3 10 3 934.879 934.879 114.484 163.436

200 3 10 4 871.718 871.718 4.271 1.559

200 3 10 5 835.789 835.789 8.248 81.919

200 3 10 6 858.62 858.62 6.975 1.657

200 3 10 7 845.752 845.752 6.823 2.862

200 3 10 8 934.879 934.879 116.864 161.715

200 3 10 9 762.304 762.304 26.987 2.356

200 3 5 0 899.309 899.309 2.795 1.781

200 3 5 1 904.497 904.497 2.519 1.789

200 3 5 2 891.14 891.14 5.481 2.890

200 3 5 4 905.235 905.235 2.422 3.655

200 3 5 5 810.276 810.276 2.555 1.105

200 3 5 6 863.766 863.766 4.339 3.982

200 3 5 7 904.073 904.073 3.152 1.520

200 3 5 8 890.285 890.285 7.764 1.153

200 4 10 0 1020.82 1020.82 7.263 19.245

200 4 10 1 949.508 949.508 78.161 4.896

200 4 10 2 970.624 970.624 10.413 62.099

200 4 10 3 1029.53 1029.53 27.255 50.408

200 4 10 4 986.736 986.736 10.574 5.628

200 4 10 5 969.737 969.737 7.870 3.349

200 4 10 6 1009.77 1009.77 5.343 3.519

200 4 10 7 999.784 999.784 10.891 71.527

200 4 10 8 978.985 978.985 5.664 3.959

200 4 10 9 1018.07 1018.07 8.530 5.583

200 4 5 2 1113.48 1113.48 2.675 3.977

200 4 5 3 1080.04 1080.04 1.010 6.532

200 5 10 0 1251.88 1251.88 6.813 43.920

200 5 10 1 1173.31 1173.31 8.938 8.118

200 5 10 2 1146.43 1146.43 9.249 5.262

200 5 10 5 1131.14 1131.14 12.038 14.293

200 5 10 6 1183.08 1183.08 1.594 9.362

200 5 10 8 1112.86 1112.86 10.407 7.804

200 5 10 9 1039.64 1039.64 5.036 2.646

200 5 5 0 1197.04 1197.04 4.045 5.898

200 5 5 1 1337.7 1337.7 9.827 9.219

200 5 5 2 1270.55 1270.55 26.121 51.549

200 5 5 3 1225.28 1225.28 1.487 3.626

200 5 5 4 1278.85 1278.85 4.854 6.672

200 5 5 5 1233.25 1233.25 9.684 5.275

200 5 5 6 1246.91 1246.91 6.071 2.492

200 5 5 7 1209.05 1209.05 7.747 6.403

200 5 5 8 1205.22 1205.22 10.449 19.159

200 5 5 9 1242.72 1242.72 9.713 3.803
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