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Abstract

In this work, we present a polarizable frozen density embedding method for calcu-
lating polarizabilities of coupled subsystems. The method (FDE-pol) combines a frozen
density embedding method with an explicit polarization model such that the expensive
freeze/thaw cycles can be bypassed, and approximate non-additive kinetic potentials
are avoided by enforcing external orthogonality (EO) between the subsystems. To
describe the polarization of the frozen environment, we introduce a Hirshfeld-partition-
based density-dependent method for calculating the atomic polarizabilities of atoms in
molecules which alleviate the need to fit the atomic parameters to a specific system of
interest or to a larger general set of of molecules. We show that the Hirshfeld-partition-
based method predicts molecular polarizabilities close to the basis set limit and thus a
single basis set dependent scaling parameter can be introduced to improve the agree-
ment against the reference polarizability data. To test the model we characterized the
uncoupled and coupled response of small interacting molecular complexes. Here the

coupled response properties include the perturbation of the frozen system due to the
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external perturbation which is ignored in the uncoupled response. We show that FDE-
pol can accurately reproduce both the exact uncoupled polarizability and once local
fields are include also the coupled polarizabilities of the supermolecular systems. Using
damped response theory we also demonstrate that the coupled frequency-dependent po-
larizability can be described by including local field effects. The results emphasize the
necessity of including local-field effects for describing the response properties of coupled

subsystems, as well as the importance of accurate atomic polarizability models.

1 Introduction

There is a significant interest in developing models for describing the response prop-
erties of molecules embedded within an environment such as a solvent, protein or a
surface. In quantum embedding methods, the larger chemical system is subdivided into
fragments which are then treated separately and offers versatility for evaluating the
properties for a large range of systems.' " The natural drawback of dividing a large
system into smaller constituent fragments is the resultant inadequate description of the
interactions between the individual fragments due to challenges involved in accurately
partitioning the electron density into subsystems. This becomes particularly significant
when performing spectroscopic simulations for strongly coupled systems. To overcome
this hurdle, and to have an accurate electronic structural description of the subsystems
which is pivotal for simulating optical properties, various types of exact embedding
methods have been developed. ™

A popular approach to doing embedding calculations is subsystem DFT, "~° where
the entire system is partitioned into subsystems and the electronic structure is de-
termined separately at the DFT level. Within subsystem DFT, exact embedding ap-
proaches can be achieved either by reconstructing the embedding potential”' '~ or
enforcing external orthogonality using projection operators.” =" A common subsystem
approach is frozen density embedding (FDE) " where the total energy is minimized

with respect to changes in one subsystems’ density while the density of the other sub-



systems is kept frozen. In FDE, the total electron density is calculated from the sum of
fragment densities, where both embedded system and environment densities are itera-
tively solved using a freeze-and-thaw approach.~>*" This method is in principle exact,
however, in practice it typical relies on an approximate non-additive kinetic potential
which tends to fail for strongly overlapping fragment densities.”»*° However, the need
for the non-additive kinetic potential can be avoided by enforcing orthogonality between
the orbitals of the different subsystems.“’~*" Furthermore, recent work has shown that
the computationally expensive freeze/thaw (FT) cycles can be avoided by including a
polarization term in the embedding operator.

Another common strategy is quantum mechanics and molecular mechanics (QM/
MM) models where the embedding operator is approximated based on a classical Hamil-
tonian.”” " These models have been particularly successful in molecular simulations
of large systems,” due to the lower computational cost of describing the coupling of
the sybsystems. The mutual polarization of the subsystems can be accounted for us-
ing polarization embedding potentials*“*© which are particularly important for the
prediction of response properties. "”>*Y The embedding potential typically consists of
atomic point charges or higher multipoles representing the charge distribution of the
MM system and atomic polarizabilities used to describe the induction energy.“”" The
parameters needed for the embedding potential are typically derived from quantum me-
chanical calculations.” The quality of the embedding potential largely determines the
size of the QM system needed for generating accurate results.” Polarization embedding
methods can also be combined with a repulsion term based on a Huzinaga based pro-
jection operator which averts the electron spill-out from quantum to classical region
important for response properties. "

Subsystem methods have also been extended to describe excited state properties "
or general response properties. ”° The FDE method has been extended to TDDFT
regime and can be implemented to make it a computationally efficient choice for cal-
culating the response properties of large embedded systems.’”"Y Within FDE-TDDFT

one can differentiate between two approaches; the uncoupled and the coupled approach.



The first approach only accounts for the response of the active system and the response
of the environment is neglected and the second includes the coupling to the environ-
ment response. The uncoupled approach is suited for studying localized excitations but
fails when describing excitations delocalized over different subsystems.~”""™% The
coupled TDDF'T approach combined with the projection based embedding can exactly
reproduce supermolecular DFT results for both delocalized excitations and other re-
sponse properties such as polarizabilities. """ Within a polarizable QM /MM approach
the response of the environment can be incorporated through the so-called local field
effects which accounts for the polarization of the MM region by the external perturba-
tion. " 5"? The inclusion of the local field effects have been shown to have resulted
in greater accuracy for oscillator strengths and two-photon absorption cross-sections
calculated with the polarizable density embedding.”” Local field effects are also essen-
tial for describing the interactions between molecules and plasmonic nanoparticles for
example for describing surface-enhanced Raman spectroscopy (SERS).

In this work, we extend the polarizable frozen density embedding method“” for
describing response properties of molecules coupled to an environment. The method
(FDE-pol) combines a frozen density embedding method with an explicit polarization
model such that the expensive freeze/thaw (FT) cycles can be bypassed. Furthermore,
the need for an approximate non-additive kinetic potential (NAKP) is circumvented
by enforcing external orthogonality (EO) between the subsystems. Previously, the po-
larization of the environment used atomic polarizabilities obtained either by fitting to
the specific system of interest or to a larger general set of of molecules. In this work,
we introduce a density-dependent method for calculating the atomic polarizabilities of
atoms in molecules which alleviate the need for fitting the atomic parameters. We show
that FDE-pol can accurately reproduce the exact uncoupled polarizability for a series
of interacting molecular complexes. Furthermore, we show that the coupled polariz-
abilities of the supermolecular systems can be reproduced once local field effects are
included. Comparison between different polarization models using uncoupled response

showed little differences due to the small effects of the polarization. However, once



local field effects are included larger differences can be found showing that an accurate
polarization model is necessary for reproducing the supermolecular response. Inclusion
of local field effects with polarizable embedding models therefore offers a more stringent

test of the model and should be considered when benchmarking.

2 Theory

In the FDE-pol method the density of the environment is kept frozen but mutual polar-
ization is accounted for through a polarization operator.”” We have previously shown
that the inclusion of the polarization term enables to avoid computationally expensive
freeze/thaw cycles while still providing accurate results for the active fragment. The
use of the projection operator avoid the need for using an approximate non-additive

kinetic energy term and thus enables strongly interacting densities to be considered.

2.1 The FDE-pol method

In the following we will denote the density of the active fragment as p; and the density
of the frozen environment by ,o? ;- In the FDE-pol method we can write the total energy

as

E[Pl] = Ts{PpP?[] =+ Vnuc{ﬂp P?[] + J[P}yﬂ?]] + Von + EXC[PpP?[]

+E"O[p;, 2P + E™p;, 6] (1)

where T} is the non-interacting kinetic energy for which the non-additive kinetic energy
is zero as the EO projection operator enforces orthogonality between the orbitals in
system I and 11, Vue[p, %] is the electron-nuclei potential, J[p;, p%] is the Coulombic
electron-electron interaction term, V,,,, represent the nucleus-nucleus repulsion. The
total exchange-correlation functional is contained in EXC[p,, p%,]. E¥C[p;,~%] is the

EO contribution that ensures the orbitals in I are orthogonal to I1 and the non-local



functional is given by
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where p is a scaling parameter, p (u ~ 10° Ej, ),** the frozen density matrix in system
IT is denoted by 79, and ST! are the overlap matrices between the MOs of the two sub-
systems. The final term is the induction energy describing the many-body polarization

energy’”
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where §p%;(r) is the induced density in system I7 due to the potential, VS (7), arising
from the charge distribution p; in system I. Introducing the non-local polarizability

agy(r,r") we can write the induction as""
‘ 1
B = -3 / FSF (r)ag, (r, ) ESF (¢ drr’ (4)

where F ECF is the field along the S-direction.

The calculation of induction energy in this way would require solving the linear
response equations for system I to generate the non-local polarizability. However, this
becomes computationally too demanding. Therefore, we will coarse-grain the induction

energy in terms of atomic dipolar contributions as

in 1
EM = 9 Z F3(rm) Bin, gy F5 (rn) (5)

m,n

where we have approximated the non-local polarizability in terms of the classical dipole-
dipole response matrix, By, 3,. The classical response matrix, B = A~ can be

obtained by solving the classical linear response equations
A[,Lind _ FSCF (6)

where the matrix A describes the dipole-dipole interactions including self-interactions



and is given by

Amn,a,@ (W> = (7)

where oy, o8 = 0ag0um is the isotropic atomic polarizability and Tmn’ B is the screened
dipole-dipole interaction tensor.’' The atomic polarizabilities are related to the po-
larizable volume as shown in the Supporting Information. Previously, we have used
fixed atom-type polarizability parameters, whereas in reality the polarizable volume
of an atom in a molecule is sensitive to the environment effects caused by the pres-
ence of neighboring atoms. Therefore, in this work we will adapt a density dependent

polarizabilities given by

—_ fr3wm(r)p(r)d3r o V’I’ZH afree (8)
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where the effective volume of an atom in molecule is obtained from the Hirshfeld par-
titioning of total electron density with the following weights,
Pi(r)

wn(t) = 5 ) )

The free atom polarizabilities are taken from Ref.’” The Hirshfeld partitioning has
previously been used to describe density-dependent dispersion coefficients.
The atomic dipoles are smeared out by a Gaussian charge distribution to avoid

overpolarization which leads to the following form for the dipole-dipole interaction

tensor '
(2)  _ 3rijaTijps—dasrl rig 2 Ty ,—(rij/Ril)?
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for the dipole-dipole interactions where R, = (Ri)? + (RJ)2. The parameters R,

are effective radii and can be uniquely defined in terms of the polarizability and by



taking the limit r;; — 0 as
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The KS equations are then obtained by minimizing the energy w.r.t the density
which gives

5 o]+ ]| of = o (12

where vgﬁs [p1] is the standard KS effective potential, "’ ¢; are the orbital energies, and

the embedding potential is given by
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The first two terms of Eq. 13 describe the nuclear and electronic potential due to system
II, and the third term non-additive (nadd) components of the exchange-correlation
(vge) potential. The fourth term is the non-local EO potential that ensures that the

KS orbitals of the subsystems mutually orthogonal and is given by

III
oWl =n D SETA0S5 (14)
r,sell

based on the projection operator method, where the orbital energies of a subsystem were
raised by a scaling parameter, p (u ~ 106 Ej, ).”" The final term is the polarization

operator and is given by
DIM|, d
Ve = 2T i (15)

where uigdﬁ are the induced dipoles obtained by solving the linear response equations

(Eq. 6), and TZ(;L is a first-order interaction tensor given by:

rij
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where a°" is a screening parameter used to avoid over-polarization. By default, a®" is

set to 1 a.u.



2.2 Response theory within the FDE-pol method

To derive the response equations within the FDE-pol method, we will follow the quasi-
energy formulation of response theory™>®" The quasi-energy formalism enables fre-
quency dependent molecular response properties to be obtained as energy derivatives
similar to ground state properties.””>®" Furthermore, the quasi-energy formalism en-
sures that the molecular response functions retain the correct symmetry properties
with respect to interchanging of response operators.“”°" Finally, the quasi-energy for-
malism becomes important when deriving molecular properties that includes local field
effects.”” As we will show in the following, the inclusion of local field effects are nec-
essary for direct comparison with super-molecular simulations. The damped response
functions will then be obtained by incorporating a complex orbital energy (g; — iI)
where I' corresponds to an energy broadening term that can be related to the finite

lifetime of the excited state.”” ™" We can write the the quasi-energy as

Q) = B0 i 3 (o5 16) an)

where ¢; are the time-dependent KS orbitals, and the time-dependent energy is given

by

B() = 37 D)l O + 5 3 Do) el Velo )] ) (18)
% uv
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Here p(t) is the perturbed density for system I, D, (t) is the corresponding density
matrix, and V;[p(t)] is the Coulomb potential. x, are the basis functions, which are
assumed to be independent of the perturbation. This is fine for the electric field pertur-
bations consider here, however, for magnetic perturbation one also has to consider the

additional time-dependence of the basis sets.”” The one-electron operator h(t) contains



the time-dependent electric field perturbation and is given by
h(t) = h° + VEXt =h 4P 4 1) g (19)

where ¢ is the field strength and S indicates the direction of the electric field perturba-

tion. We can then expand the density matrix in terms of the perturbation as
D = D° 4 [e**'DP (+w) + DP(0)]e? + ... (20)

where the number of superscripts indicates the order of the perturbation.“”°" Molecular

properties can then be obtained as the derivatives of the time-averaged quasi-energy

1 [T/2

Qur=7 [ e 21)

where T' = 27 /wy is the period of the perturbation. For example, the frequency-

dependent polarizability is given by

*{Q}r
deﬁdsv
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where the first term is the polarizability of perturbed subsystem I and the last term is
the result of the interaction between subsystem I/ and the external perturbation. The

term is given by

d2{Eind}T tOt »
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where a%(—w,w) is the polarizability of the unperturbed system II, and the total

electric field is given by

ZDMV Xl T glx) + FRe + ePeivt (25)
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and contains the external electric field, €®. The local field operator is given by

1 it _ ind,ext (1)
> Z o) s Bn, gy P () = > i) (26)

m

where umdﬁeXt is the induced dipoles due to a unit field F¥*(r,,). Therefore, we can

write the total polarizability as

gy (= ZHﬁ D (@) = Y Vs (@) Dy (@) + affy (—w,w) - (27)

1%

The interactions between the external field and subsystem I thus give rise to two
contributions. The second term is the local field contribution to the response. The
local field response is due to the induced polarization in the subsystem I1 caused by
the external electric field. The third term is simply the polarizability of the isolated
subsystem I calculated using the classical response equations.
The first-order density matrix can be calculated using damped response theory.

As mentioned above the damped response equations cannot be derived directly using
the quasi-energy approach but rather the damping term is added phenomenologically,

the first-order density matrix is then given by
DP(+w) = CP(w)nC + C'nCPT(Fw) (28)

where n is the occupation number and C?(Fw) are the first-order perturbed MO coef-
ficients. The first-order perturbed MO coefficients are related to the unperturbed MO
coefficients as C?(+w) = COUP(+w) where UP(4w) is the first-order transformation

matrix, given by
GACY)
€ —& FwFil

Up (w) = (29)

where &; and £, are the one-electron energies for occupied and virtual orbitals respec-
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tively, and G is the first-order KS matrix in the MO basis®" given by
Gl (Hw) = (QVE + VI (w) + VO [5pr] + VEC[ops] + VP ™[Spilla) (30

and we have introduced the Coulomb potential, V" [5p;], exchange potential, VXC[5p;],
and DIM potential, VﬁPIM [0p1] due to the first-order perturbed density of system I. Note
that the total polarizability in Eq. 27 depends on the local field both through the in-
duced density and the additional term arising from the quasi-energy derivative of the

induction energy. This ensures that the polarizability tensor is symmetric.

2.3 Computational Details

All computations were performed using a local version Amsterdam Density Functional
2019.%” The geometries and reference polarizability components used for the molecular
polarizability calculations presented here are taken from the QM7b data-set.”’ The po-
larizabilities were then calculated using the dipole interaction model '® by substituting
effective atomic polarizabilities from Hirshfeld method for the static atomic polariz-
abilities. The electron densities required for this were calculated with different com-
binations of functional and basis sets as mentioned in the corresponding plots. These
polarizabilities are compared against the molecular polarizabilities from response cal-
culations” in ADF at the same level of DF'T. To this end, two test systems are chosen,
the 2-Aminopyridine with methanol (AP-MeOH) and 7-Hydroxyquinoline with water
(HQ-H20). These systems were previously shown to give accurate excitation energies
with frozen density embedding method.”” In this work we choose to analyze the po-
larizability because of its extreme sensitivity to the variations in electron density. For
each supermolecule, the constituent fragments are pulled apart by displacing the sol-
vent molecule along the Z-axis and then the polarizabilities are calculated at each point
along the displacement using the Perdew-Wang functional (PW91) """ with TZP basis
set from the ADF library unless otherwise stated. The polarizabilities were calculated

at each point along the potential energy surface (PES) using FDE-pol(X), uEO-FT,
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cEO-FT and full DFT (PW91/TZP). In FDE-pol(X) the X denotes the different atomic
polarization models using in the calculations with X=H representing Hirshfeld atomic
polarizabilities from Eq. 8, X=G represents the atomic polarizabilities fit to the CCSD
results for the QM7b database,”” and for X=D the atomic polarizabilities are obtained
by fitting to the DFT polarizabilities for each specific molecule. The uEO-FT model
corresponds to the exact uncoupled response and cEO-FT represents the exact cou-
pled response which in this work is calculated using the finite difference method. The
cEO-FT results exactly reproduce the supermolecular response when summed over all
subsystems. In all the FDE calculations the scaling parameter, u was kept as 106 Ej,
and the supermolecular basis set was used. Frequency-dependent polarizabilities were
calculated using the adiabatic local density approximation (ALDA) kernel within the

AOResponse module of ADF, for life-time I' = 0.01 a.u.

3 Results and Discussion

3.1 Polarizability of free molecules

To test the accuracy of the density-dependent Hirshfeld method of calculating molec-
ular polarizabilities we compare the results against the molecular polarizability com-
ponents from the first 240 molecules of the QM7b data-set obtained using CCSD.

Previous work have shown that the density-dependent Hirshfeld method can reproduce
the isotropic polarizability to around 12%.'*" Figure 1 shows the isotropic molecular
polarizability for molecules in the chosen data subset as calculated from DFT with
different basis sets and the LDA functional compared with the polarizabilities from
the Hirshfeld method for the same molecules. We find that the isotropic polarizabili-
ties from Hirshfeld method showed an average percentage error of 28% to 11% (before
scaling) where the error decreased with increasing basis set size. The polarizability
predicted by the Hirshfeld method are found (see Figure S1) to be nearly independent

of the basis set whereas the DFT results showed a significant basis set dependence with
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Figure 1: Isotropic polarizability from Hirshfeld vs DFT for different basis sets: scaled to
get optimum fit.

the smaller basis sets predicting smaller polarizabilities as compared to the largest basis
set. Hirshfeld partitioning is known not to be very sensitive to the size of the basis set
and therefore likely predict atomic polarizabilities that are close to the basis set limit.
This is consistent with the finding that the smallest mean deviation was found for the
largest basis set and that the polarizability from the Hirshfeld method is systematically
overestimated. Therefore, we chose to introduce a basis-set specific coefficient k that re-
duces the atomic polarizabilities so that the polarizabilities obtained from the Hirshfeld
method match the DFT results. The polarizabilities calculated using the the scaling
factor for the different basis sets are shown in Figure 1. With this basis set dependent
scaling factor we find that the average percent errors for all basis sets were less than
10%. Since the scaling parameter has been determined from the isotropic polarizability
we also show (see Figure S2) in the Supporting Information that the individual com-

ponents show similar accuracy. The scaling parameter is also found to be independent
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of the functional used as shown in Figure S3 in the Supporting Information and there-
fore reflects the differences in the basis sets. Alternatively, the atomic polarizability
parameters can be fit directly to the QM7b data-set. The result of this fitting is shown
in Figure S4 in the Supporting Information for the individual components. We find
that this parameterization gives an average percentage error of 9% for the small subset
and 5% for the complete set, and thus is comparable with the Hirshfeld method. The
main advantages of the Hirshfeld method is that no parameterization is needed for new

elements.

Figure 2: a) 2-Aminopyridine... MeOH and b) 7-Hydroxyquinoline. .. HyO showing frag-
ments A and B in each supermolecule. The inter-fragment distance is denoted by z.

Below we will benchmark the different FDE methods for complexes consisting of 2-
Aminopyridine (AP) interacting with methanol (MeOH), and 7-Hydroxyquinoline (HQ)
interacting with HoO. The supermolecular systems and the displacement variables are
shown in Figure 2. The dotted rectangles show the constituent fragments in each
supermolecular system. For each system, the smaller molecule (MeOH or H20O) was
displaced along the Z-axis with the inter-fragment bond aligned with the same axis to
calculate the electronic and response properties of the supermolecule as a function of
the displacement variable.

We will compare three different parameterizations for the polarization model; (1)
molecule specific parameters (DIM) obtained by fitting directly to the DFT results, (2)

general parameters obtained by fitting to the QM7b set of molecules, and (3) Hirsh-
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Table 1: Polarizability components for each fragment molecules from DFT and DIM, Global,
and Hirshfeld parameters. All numbers are in atomic units (bohr?)

DFT DIM  Hirshfeld Global
amx
AP 96.36  95.88 103.97 95.66
MeOH | 2247 2241 23.77 30.95
HQ 165.67 169.62  146.57  132.62
H,0O 8.40 8.45 7.55 9.33
Qyy
AP 4471  45.06 38.28 35.80
MeOH | 19.22 19.22 18.35 26.23
HQ 72.54  72.30 59.56 56.81
H,O 9.19 9.15 11.27 14.32
Qyz
AP 80.72 81.71 86.89 77.71
MeOH | 19.57 19.52 18.86 26.75
HQ 122.77 12296  119.74 115.45
H,0 8.17 8.25 6.73 8.29

feld effective atomic polarizabilities. The DIM parameters were fit so as to give <3%
error with respect to the DFT polarizabilities for each molecules. Table 1 shows the
polarizability components for each fragment molecule as calculated from the specific fit
(DIM), Hirshfeld, general fit (global), and full DF'T methods. The atomic polarizability
parameters are shown in Table S2 of the Supporting Information. Interestingly, we find
that the Hirshfeld gives parameters which are similar across the different molecules and
to that obtained from the general fit. In contrast, the atomic parameters from the
specific fit are very different for each molecule. This is expected since in the specific fit
the atomic parameters can be chosen to reproduce both the isotropic and anisotropic
part of the polarizability and likely there are more than one set of parameters that
offers similar accuracy in describing the polarizability. The percentage errors of polar-
izability components for each molecule as obtained from these three methods are given
in Table S1. Based on that data, the percentage error for isotropic polarizability with
reference to the corresponding DFT data varied from 3% to 22% for Hirshfeld method,
whereas the general parameter fit had an error in the range of 1% to 55%. In general,

the Hirshfeld and general parameters give polarizabilities of similar accuracy.
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Figure 3: Fragment-wise individual polarizability components against inter-fragment dis-
for 2-Aminopyridine...MeOH using different methods, without local field (uncoupled
response). Top: 2-aminopyridine as the active fragment, bottom: MeOH as the active frag-

tance

ment.

3.2 Uncoupled Polarizability of supermolecules from FDE-
pol

To benchmark the FDE-pol calculations of the uncoupled polarizabilities we will com-
pare against the uEO-FT results which represent the exact uncoupled polarizabilites
for the given functional and basis set. Figure 3 shows the fragment-wise individual po-
larizability components against inter-fragment distance for AP-MeOH using different
methods, and Figure 4 shows that for the (HQ-H20O) system. In Figure 3, the top row
are the polarizability components for the AP molecule with AP as the active system
and MeOH kept frozen, whereas the bottom row shows the polarizability components
for MeOH, with the active and frozen fragments switched, that is MeOH as the active
fragment and AP as the frozen fragment. Similarly in Figure 4, the top row contains

polarizability components for HQ molecule with HQ as the active system and HoO kept
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Figure 4: Fragment-wise individual polarizability components against inter-fragment dis-
tance for 7-Hydroxyquinoline...H,O using different methods, without local field (uncoupled
response). Top: 7-Hydroxyquinoline as active fragment, bottom: H,O as active fragment.

frozen, and bottom row contains the polarizability components for HoO molecules with
HQ as the frozen fragment.

We see that for the larger fragments (AP and HQ) the polarizability components
increase as the separation decreases with the largest increases for the component (Z7)
along the separation axis. For the two smaller fragments (MeOH and H20) we find
smaller changes for the XX and YY components and again an increase in the ZZ polar-
izability component as the distance is decreased. In general, we find that the FDE-pol
results agree well with the uEO-FT results independently of the polarization model
used, with an error percentage less than 10% for all polarizability components. The
largest error amongst these was for the ZZ component of the HoO fragment, with a
percent error of 9.2%. At the shortest separations FDE-pol tends to slightly overesti-
mate the polarizabilities which could indicate a small over-polarization. However, small

changes to the short-range screening (a°") of the polarization operator did not lead to
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significantly better agreement and was not considered further.

In each of these plots, we also plot the coupled polarizabilities obtained using cEO-
FT. The sum of the coupled polarizabilities exactly reproduces the supermolecular DF'T
results. Comparing the coupled polarizabilities with the uncoupled polarizabilities we
see that they are significantly lower for the XX and YY components and larger for the
77 components. The coupled polarizabilities include the response of both systems to
the external perturbation whereas the uncoupled polarizability neglects the response
of the frozen system to the external perturbation. Therefore, the response from the
frozen fragment screens the external electric field in the XX and YY directions but
enhances it along the ZZ direction. This leads to a significant change to the anisotropic
polarizability whereas the isotropic polarizability is much less affected. Therefore, it is
important to look at all the diagonal components of the polarizability tensor and not
only the isotropic polarizability when analyzing the perturbation due to the surrounding

environment.

3.3 Coupled Polarizability of supermolecules from FDE-
pol

To describe the coupled polarizability we need to consider the response of the frozen
system to the external perturbation. Within FDE-pol method this is done by including
local field effects when calculating the polarizability. Once the local field effects are
included in the FDE-pol simulation the obtained polarizability will contain the changes
to the polarizability of both fragments as shown in Eq. 24. Therefore, to compare with
the supermolecular calculation we will consider an effective polarizability of the active

fragment defined as

active __ _ supermolecule frozen (31)

Qpg = Qg —Qpp

where 3 is x,y, or z. In this way the polarizability of the active fragment includes
changes to the polarizability of the frozen system and thus is consistent with the polar-

izability obtained in FDE-pol. The active fragment polarizabilities for the AP-MeOH
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Figure 5: Effective polarizability components vs the inter-fragment distance for the 2-

Aminopyridine...MeOH system including local field effects (coupled response).
aminopyridine as the active fragment, bottom: MeOH as the active fragment.

Top: 2-

system are shown in Figure 5 where the top row are the polarizability components for
the AP molecule as the active system, whereas the bottom row shows the polarizability
components for MeOH as the active and frozen fragments. Similarly in Figure 6, the
top row contains polarizability components for HQ as the active system, and bottom
row contains the polarizability components for HoO molecules as the active fragment.
For comparison we have also included the uncoupled polarizability calculated using
uEO-FT which does not include the response of the frozen system to the external field.

For the AP-MeOH system shown in Figure 5 we see that the FDE-pol model ac-
curately reproduces the effective polarizability of the active fragment. The largest
deviations is found for FDE-pol(G) parameterization especially for the AP active frag-

ment. This reflects that the global parameterization of the polarizability of MeOH
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Figure 6: Effective polarizability components vs the inter-fragment distance for the 7-
Hydroxyquinoline...HoO system including local field effects (coupled response). Top: T7-
hydroxyquinoline as the active fragment, bottom: HyO as the active fragment.

shows the largest errors and therefore does not predict the local fields accurately. This
is in contrast to the uncoupled polarizabilities where the different parameterization of
FDE-pol(X) lead to very similar results. Once local field is included the accuracy of
the classical polarization model becomes more important and serves as a more stringent
test of the parameterization. Comparison with the uncoupled results in Figure 5 shows
that the screening of the external field in the XX and Y'Y direction and enhancement
along the ZZ direction is captured correctly by the local field effects.

For the effective polarizabilities for HQ shown in Figure 6 we see that the best de-
scription is obtained using the FDE-pol(D) parameterization which is consistent with
the accuracy of the DIM parameterization for HoO. Surprisingly, for HoO the FDE-

pol(D) parameterization gives the worst agreement even though the polarizability of
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Figure 7: Frequency dependent polarizability components (diagonal) for the 7-
Hydroxyquinoline...H,O system at equilibrium geometry. FDE-pol(H) calculations with HQ
as the active fragment and HyO as frozen fragment is compared to supermolecular calcula-
tions using full DFT methods. ‘LF’ indicates that local field effects (coupled response) were
included in the calculation.

the frozen system (here HQ) is accurately reproduced by the parameterization. In gen-
eral, the FDE-pol(X) method struggles to accurately describe the effective polarizability
of HoO. However, this is likely a result of how well FDE-pol(X) described the uncou-
pled polarizability which already indicated an over polarization as described above.
For all other systems the FDE-pol(D) parameterization provides the best agreement
with supermolecular result due to the improved description of the polarizability of the
frozen system. We also see that FDE-pol(H) tends to perform similarly or better than
the FDE-pol(G) parameterization which again shows that obtaining the polarizability
parameters from the atomic Hirshfeld volumes is an alternative to obtaining general

atom type parameters by fitting to a large data set.
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3.4 Frequency-dependent polarizabilities from FDE-pol

Local field effects are also expected to be important when considering the frequency-
dependent polarizability. To test this we calculated the real and imaginary part of the
polarizability of the HQ-HoO system between 3.5-5.5 eV. These results were obtained at
the equilibrium geometry (r = 0) and using HQ as the active fragment and water as the
frozen fragment. The energy range was chosen on the basis of the excitation energies
of the supermolecule, for which the lowest excitation energy was calculated to be at 3.6
eV and a strong transition at 5.2 €V at this level of theory (PW91/TZP). This strong
excitation is localized on the HQ fragment and therefore should be captured by FDE-
pol(H). In Figure 7 we plot the real and imaginary polarizability of HQ-H2O calculated
using the FDE-pol(H) method. Both the uncoupled (without local field) and coupled
(with local fields) response are compared with the supermolecule DFT results. Here we
consider the diagonal elements of the polarizability tensor and the corresponding data
for the off-diagonal components are shown the Supporting Information in Figure S6.
The frequency dependent polarizability is characterized by a large increase in the real
polarizability around 5 eV and a corresponding increase in the imaginary polarizability
around 5.2 eV due to the strong excitation localized in the HQ fragment at 5.2 eV. In
general we find good agreement between the FDE-pol(H) results and the supermolecular
DFT results and that the agreement is improved upon the inclusion of local field effects
in the calculations. In particular, we find that the local field increases the ZZ-component
and decreases the YY component. The XX-component is largely unaffected by the
inclusion of local field effects. The largest deviations are found for the ZZ-components
but that reflects the slight underestimation of the static polarizability using the FDE-
pol(H) model. We find that the local field effect is the largest for the real part of
the polarizability and only significant for the imaginary polarizability along the ZZ
components around 5.2 eV. Since the water molecule is aligned with the Z-direction
the strongest influence of the local field should be along this direction. The larger
contribution of the local fields to the real part of the polarizability can be rationalized

by considering the number of excited states contributing to the polarizability. Near
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Figure 8: Frequency dependent polarizability components (diagonal) for the 7-

Hydroxyquinoline...H,O system at equilibrium geometry. FDE-pol(D) calculations with HQ
as the active fragment and H,O as frozen fragment is compared to supermolecular calcula-
tions using full DFT methods. ‘LF’ indicates that local field effects (coupled response) were

included in the calculation.

a resonance the imaginary polarizability is dominated by that particular excited state
whereas the real part has contribution from several electronic states. Since the local
field couples into all these states the contribution to the real part of the polarizability
can be expected to be larger.

Since the frequency-dependency of the polarizabiity obtained using FDE-pol(H)
is very similar to that of the supermolecular results it indicate that the main differ-
ences is in the description of the static polarizability. The Hirshfeld parameterization
significantly underestimates the ZZ component of the polarizability of water which
likely results in the larger deviations for the coupled and uncoupled response in this
direction. To verify this we calculated the frequency-dependent polarizability using
FDE-pol(D) where the polarization model is molecule-specific. In Figure 8 we plot the

coupled and uncoupled real and imaginary polarizability of HQ-H2O calculated using
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the FDE-pol(D) method. This shows that the polarizabilities from the molecule-specific
fit (FDE-pol(D)) is in better agreement than the density dependent Hirshfeld (FDE-
pol(H)), but both methods give smaller than 5% mean average error with respect to
DFT. Off-diagonal elements have larger mean deviation than diagonal elements but
within 18% when not including local field and 12% when local field is included (see
the Supporting Information). We note that the ZZ component is improved due to
the better description of the polarizability of the water fragment using the molecule
specific parameterization. Thus, the inclusion of local field effects significantly im-
proves the agreement with the supermolecular results in particular for the real part
of the polarizability. In all of these calculations the frequency dependent response of
the frozen-fragment has been ignored. However, the dispersion in the polarizability of
water is small as long as it is not near an electronic resonance and therefore likely neg-
ligible. If the incident frequency is near an electronic resonance in the frozen-fragment

the frequency-dependent response cannot be ignored.

4 Conclusions

We have presented a polarizable frozen density embedding (FDE-pol) method for cal-
culating polarizabilities of coupled subsystems. A frozen density embedding is com-
bined with an explicit polarization model and external orthogonality (EO) between
the subsystems is enforced. The polarization model is based on a Hirshfeld-partition-
based density-dependent method for calculating the atomic polarizabilities of atoms in
molecules. This enables both the induction energy and the response of the frozen envi-
ronment to be described without the need for fitting of atom type parameters. We found
that the Hirshfeld-partition-based method predicts molecular polarizabilities close to
the basis set limit. The introduction of a basis set dependent scaling parameter was
shown to improve the agreement with the reference data. In general, we found that the
Hirshfeld-partition-based method works as well as as a polarization model obtaining by

fitting atom-type parameters to a large data base of molecular polarizabilities. To test
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the model we characterized the uncoupled and coupled response of complexes consisting
of 2-Aminopyridine (AP) interacting with methanol (MeOH), and 7-Hydroxyquinoline
(HQ) interacting with HoO. The uncoupled polarizability neglects the perturbation
of the frozen system due to the external perturbation, whereas the coupled response
includes the response of the environment and thus can be compared directly with super-
molecular calculations. Within the FDE-pol method the coupled response is obtained
by including local field effects. We show that FDE-pol can accurately reproduce both
the exact uncoupled polarizability as well as the coupled polarizabilities of the super-
molecular systems once local field effects are included. Using damped response theory
we also demonstrate that the coupled frequency-dependent polarizability can be de-
scribed by including local field effects. Our results show the necessity of including local
field effects for describing the response properties of coupled subsystems, as well as the

importance of accurate atomic polarizability models.
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