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We investigate spin chains with bilinear-biquadratic (BLBQ) spin interactions as a function of
an applied magnetic field h. At the Uimin-Lai-Sutherland (ULS) critical point we find a gapless to
gapless transition revealed by the dynamical structure factor S(g,w) as a function of h. At h = 0, the
envelope of the lowest energy excitations goes soft at two points g1 = 2w /3 and g2 = 47/3, dubbed
the phase A. With increasing field, the spectral peaks at each of the gapless points bifurcate, making
in total four soft modes, and combine to form a new set of excitations that soften at a single point
q=m at hc1 = 0.94. Beyond h.; the system enters another gapless B-phase until the transition at
he2 = 4 to the fully polarized phase. We compare the ULS model results with those for the AKLT
model as a representative of gapped Haldane phase. We explain the mechanism of the gapless to
gapless transition in the ULS model using its conserved charges and a spinon band picture. We also
discuss the universality of central charges of the BLBQ family of models subjected to a magnetic

field.

I. INTRODUCTION

Quantum magnetism has been a subject of intense
study, from exact solutions in one dimensions, to long
range ordered states in higher dimensions, to quantum
spin liquids arising from geometric frustration and com-
peting interactions. Among various quantum magnetic
systems, 1D spin systems are rather unique. In con-
trast to its higher dimensional counterparts, particles in
one dimensional systems are highly affected by quantum
fluctuations which prevent the breaking of continuous
symmetries, and are much more likely to exhibit collec-
tive behavior because they cannot avoid the effects of
interactions.

One dimensional magnetic systems have a long history
that dates back to 1931 when the exact solution of the
spin-1/2 Heisenberg chain was found by Bethe [1], predict-
ing algebraic correlations in the ground state and gapless
excitations. The mechanism of such gaplessness was given
by the Lieb-Shultz-Mattis theorem whereby the separa-
tion between the ground and first excited state energies of
a half-integer spin chain was shown to vanish in the ther-
modynamic limit [2]. Haldane’s generalization to larger
spin-S SU(2) chains, using a mapping to a non-linear
sigma model, showed that one dimensional Heisenberg
antiferromagnets with integer spins have an excitation
gap [3-5], later observed in experiments [6, 7]. Following
Haldane’s prediction, much research has been done to
study quantum phase transitions (QPTs) of integer spin
chains under the influence of quadratic spin interactions
and magnetic field [8-11]. While these papers have pro-
vided some understanding of the magnetic properties of
the BLBQ model, the static and dynamic properties of
BLBQ models coupled to an external magnetic field have
not been explored and is the topic of this paper.

The BLBQ Hamiltonian is a good description of
(quasi) one-dimensional quantum magnetic systems such
as CsNiCl; [6, 12, 13], LiVGe3Og [14, 15]. Recently we

also proposed that such models naturally arise in strong
spin-orbit coupled Mott insulators, such as OsCly, in
which the transition metal is in the 5d* electronic config-
uration [16, 17].

Our two main discoveries of the BLBQ spin-1 quantum
chain as a function of h are: (1) a continuous phase
transition from the gapped Haldane phase to a gapless
intermediate phase that precedes the polarized phase; and
(2) a continuous phase transition from a gapless phase
to another intermediate gapless phase for the Uimin-Lai-
Sutherland (ULS) critical Hamiltonian (see Eq. 1). In
case (2), while both phases harbor gapless excitations,
their nature are different, with modes that go soft at
different points in the Brillouin zone. There have been
reports on electronic gapless to gapless phase transitions in
metals that can be interpreted as a Lifshitz transition [18],
whereby the topology of the Fermi surface of the metal
changes at the transition, resulting in a new metallic phase
that gives rise to anomalies in the electronic properties [19].
We show that the QPT in the BLBQ model mentioned
above can also be understood as a Lifshitz-type phase
transition involving 3 spinon bands arising from the SU(3)
symmetry at the ULS point, with 4 soft magnon modes
decreasing to 1 soft mode across the transition. We
compare the static and dynamical signatures of the field-
induced phases of the BLBQ model at different points.
We propose material candidates of BLBQ magnets where
our predictions for the dynamical structure factor may
be observable by inelastic neutron spectroscopy.

The paper is organized as follows. Section II briefly
reviews the BLBQ model and the phase diagram as a
function of external magnetic field. Section III introduces
definitions and computational methods. Section IV dis-
cusses the results for the AKLT model as a representative
of the Haldane phase of the BLBQ), to be compared with
those of the ULS model. Our main results are shown in
section V where we present both statics and dynamics
of the ULS model and the phase transitions in a field.
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Left panel: phase diagram of the spin-1 bilinear-biquadratic (BLBQ) model parameterized by the angle §: H =

> gr§ost Si - S; +sind (S - S;)%. A denotes the gap which can be zero or finite in different phases. We focus on two
representative points: the Affleck-Kennedy-Lieb-Tasaki (AKLT) model at 6 = 0.10247 (8 = 1/3), and the critical ULS model at
0 =m/4 (8 =1). VBS refers to the valence bond solid ground state of the AKLT model at h = 0. Right panel: schematic phase
diagram of BLBQ parameterized by 8 and h reproduced from Ref.[9]. Phase boundaries are marked by black solid lines. black
dashed line marks a cross-over to an effective spin-1/2 XXZ model in a field within the B phase; at 8 = 1 the mapping is to an
effective spin-1/2 Heisenberg model. We obtain the evolution of the static and dynamical correlation functions in the gapless
phase A | B-phase and Haldane phase along the two red dashed lines.

Section VI includes discussions of DMRG, the single mode
approximation, extraction of the central charge of these
models, and prospective materials to where our predic-
tions may be observed. Section VI concludes with a
summary and open questions.

II. MODEL

It was first argued by Haldane, and later rigorously
proved, that one dimensional Heisenberg antiferromag-
nets with integer spins have an excitation gap and finite
correlation length [3, 5]. This gapped one-dimensional
integer-spin Heisenberg antiferromagnet can be consid-
ered a particular case of the Haldane phase in a more
generic spin-1 bilinear biquadratic Hamiltonian (BLBQ)
[20], defined on a chain of L sites by,

1
Heiso= Si-Sj+8(SiSj)?, (1)
o

where we have set the exchange energy J = 1. Its well-
known phase diagram, parameterized by S or the related
angle tan § = f3, is shown in Fig. 1. In this paper, we will
discuss the dynamical properties in these one-dimensional
quantum magnets, particularly at the Affleck-Kennedy-
Lieb-Tasaki (AKLT), Uimin-Lai-Sutherland (ULS), and
Heisenberg points marked in the figure. In addition, we
add an external magnetic field h yielding the Hamiltonian:
1
H = HBLBQ +h Slz (2)

where h is measured in units of the exchange energy.

We calculate the static and dynamical structure factors
using the DMRG algorithm [21, 22] for the Hamiltonian
defined in Eq. 2 to provide direct signatures that can be
probed by neutron spectroscopy. Specifically we study
B =1 for the critical ULS model for which we find two
transitions: a gapless to gapless transition at h¢; and a
second transition from a gapless to a polarized phase at
heo. We contrast the behavior of the critical ULS point
with the AKLT model at 8 = 1/3 as a representative
of Haldane phase that also shows two transitions but of
different character: a gapped to gapless transition at h¢y,
followed by a transition at hco to a polarized phase.

Besides the unbiased DMRG results, we provide inter-
pretations of the gapless to gapless QPT using a spinon
band picture. In the discussion section we apply a single
mode approximation (SMA) analysis for the gapped-to-
gapless transitions of AKLT Hamiltonian under a field,
which shows the extent to which magnons in the Haldane
and phase B can be captured by a single mode excitation,
and indicate the degree of fractionalization. We also pro-
vide insights of universality of these phases via central
charges. Finally we describe the candidate materials with
5d* electronic configuration and strong spin-orbit cou-
pling that are suitable to observe the gapless-to-gapless
phase transition in the orbital sect

In the following, we define S, = S, and Eg(S;) the
ground state energy of the BLBQ model at the parameter
B without a field in spin sector S;. Because both Hg| o
and the field term commute with S,, S, is a conserved
quantum number of H. This implies that for every h,
the ground state of Eq. (2) with energy Eg(h) is an
eigenstate of Hgipg with energy Eg(h) — hS; for some
—L < 5; < L. Moreover, this eigenstate is the ground
state of the sector or block of Hgpg with that value of



S;, so that by mapping each h to its S, sector, we can
find the ground state of Eq. (2) for any h. Therefore,
for a finite size system the QPT of the new Hamiltonian
depends on the re-distribution of the energy spectrum of
Hp go: the QPT is driven by level crossings at certain
hc1 at which an old excited state becomes the new ground
state.

To guide the discussion in this paper, we depict a
schematic phase diagram of the BLBQ model at various
values of 8 for the BLBQ model in an applied magnetic
field in Fig. 1 based on our DMRG results. We find that
the gap in the Haldane phase closes at a critical field
hc1 and the system enters a gapless B-phase. In a small
AKLT chain solved by ED (see Supplemental Fig.S7 [23]),
this gaplessness can be viewed as a successive falling of
excited states to the new ground states after the first
level crossing at hci, and becomes a critical region in the
thermodynamic limit.

The system at the ULS point is gapless with 2 incom-
mensurate soft modes, followed by the gapless phase A
when subjected to a small magnetic field. We found that
this phase A has 4 soft modes instead of 2 and persists for
a large range of external fields before reaching the first crit-
ical point at hcy. At this point we find a gapless-to-gapless
transition. In a small system solved by ED, the magneti-
zation of the ULS model under a field exhibits steadily
increasing steps, and is predicted to increase smoothly
within the two phases in a large system as a function of
h, until ultimately reaching the transition point of the
polarization field [24]. The calculation by DMRG shows
more subtle structure prior to the gapless-to-gapless phase
transition at he; = 0.94, and that the magnetization is in
fact zigzag instead of smooth even for large systems. We
will explain the behavior at this transition quantitatively
by exploiting the SU(3) symmetry of the BLBQ model at
the ULS point and developing a picture of Lifshitz-type
transition that involves depopulation of spinon bands.

III. COMPUTATIONAL METHODS

Statics: We first investigate the static signatures of the
BLBQ model on a chain of L sites using density matrix
renormalization group (DMRG) [21, 22]. We calculate
the spin-spin correlation function between spins separated
by a distance R defined by:

1
[Si - Siyr ) (3)

Cs(R) = 11

where 7 labels the sites. We also calculate the momentum-
space correlations

Sg)=13 VIS S (4)
§

in order to elucidate the nature of the ground state. Here,
ri and rj are the real-space coordinates of sites ¢ and j, and

k represents the crystal momentum. It is well-known that
exponentially decaying spin-spin correlations indicate the
presence of a spectral gap, whereas a power-law decay of
correlations implies a gapless critical state [25, 26]. Hence,
although the static spin-spin correlations do not provide
information about the dispersion of the modes, they can
nevertheless provide qualitative information about the
nature of the ground state for varying external fields h.

Dynamics: The dynamical structure factor S(gq,w) as a
function of frequency w and momentum ¢ can be mea-
sured with inelastic neutron scattering, adding to their
importance. S(q,w) is defined as usual

4
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which is related to Eq.(4) by S(q) = I:kIS’(q,w)dw. To
evalute Eq.(5) under open boundary condition (OBC)
by DMRG, we take the central site ¢, and compute the
dynamical structure factor by its analytic continuation
which is given by the real space function:

SOP(r,c,w) = [gls.|SF SBlg.s. (6)

for all sites r, where |g.s.[ds the ground state of the
Hamiltonian H (either for the AKLT or ULS model),
with or without magnetic field, Ey the corresponding
ground state energy, and J a small broadening factor to
ensure the convergence of the Green’s function. From the
Fourier transform we obtain S(¢,w) and by integrating
over all momenta, the density of states S(w) = S(c, ¢,w).

For S; = 0 or at h = 0 the static and dynamic cor-
relation functions involving xx, yy, and zz are all equal
due to rotational symmetry. However, in a finite field,
while zx and yy correlations remain equal, they can differ
from the zz correlations. In what follows, we discuss the
dynamical behavior of both STS~ and S?5% (the S%5%
dynamics are shown in the supplemental material [23]).

Reference [27] describes in detail our Krylov-space ap-
proach of dynamical DMRG. The supplemental material
[23] provides evidence of convergence with the number of
states m kept within DMRG, and shows when finite size
effects in the dynamical structure factor can be neglected.
We have used § = 0.05 as the broadening factor, and have
scanned the frequencies in increments of Aw = 0.025 in
units of energy. Both statics and dynamics are computed
with DMRG with a desired truncation error 10~7 that
requires us to retain up to a maximum number of m = 800
states.

Entanglement: The von Neumann entanglement entropy
Sun also serves as another important signature of the
model. Syn of a subsystem A of the quantum spin chain
with the rest of the chain is calculated by the reduced
density matrix pa:

1] 1
pa = Trg l:llg.s.[l]@ls.,j, (7)
S§=—Tr palog(pa) (8)



and provides a way to probe its entanglement structure.
The second order transition point in a field is directly
reflected in the discontinuity of entanglement entropy,
which, in the low field regime, can be used as a benchmark
especially for exactly solvable models like AKLT.

In addition, we also use entanglment properties to probe
the possible conformal field theory (CFT) description
of gapless modes. The entanglement entropy of 1+1
dimensional CFT under OBC satisfies

S(n) = SCFT(n) + S°5C(n) + const (9)

where n is the bond position. The first two terms SCFT (n)
and SOS€(n) are defined as [28, 29]

L o

CFT _¢ L . TN
S (n) = 5 log —sin —
@ cos(2amn/N) (10)

0SC/(, \ _ pa v _costeamn/N)
§7 ) a L L sin(n7r/L)|A‘al
where ¢ = N — 1 is the central charge and A, the scaling
dimension of the SU(N) Wess-Zumino-Witten (WZW)
theory, N defines the SU(N) symmetry of the effective
CFT, L the total length of chain and F2(n/L) is a uni-
versal scaling factor which has only one scaling dimension
a = 1 for SU(2) and SU(3), and it can be treated ap-
proximately as a constant [30, 31]. We fit our data from
DMRG against Eq.(10) and extract the central charge ¢
in the gapless phases as an indicator of their universality
class. Extracting central charge using Eq.(10) involves the
fitting of oscillatory waves with fine periodicity, therefore
we have increased the number of states to m = 3000 to
enhance the accuracy of the fitting. With this value of m
we indeed obtain ¢ = 2 for the ULS model from Eq.(10),
exactly as expected by the SU(3) WZW theory.

IV. HALDANE PHASE

This section discusses the static and dynamical proper-
ties of the AKLT model, as a representative of the Haldane
phase under an external field. It is defined by Eq. (1)
with 8 = 1 and a ground state energy [32] Eo/L = —2/3.
The Hamiltonian in an external field is:

L1 1 2 1
HakLtz = Si- S5+ E(Si -Sj)*+hSF, (1)
7 ! i

The AKLT Hamiltonian is not integrable. While some of
its stationary eigenstates can be constructed explicitly [33,
34], less in known about the signatures of its excited states
beyond the VBS ground state and about its dynamical
properties, and are discussed below.

A. Statics of AKLT

In this subsection we discuss the static behavior of an
AKLT chain when subjected to magnetic field. We will

look into its entanglement properties, magnetization and
two-point correlations that probe phase transitions.

The magnetization is obtained both by simulating the
model with a field, and also by using the relation

h(Sz) :E(Serl)_E(Sz): (12)

with E(S;) = Fakit(Sz) being the ground state energy of
the AKLT model in the Sz symmetry secfor-wjthout the
field. Since the total magnetizationS, = ; S§ is a good
quantum number, it can only increase in integer steps.
As a result, we can compute quantum sectors of different
S, separately, and the energy differences thereof can be
attributed to different magnetic field h(S;). Figure 2(a)
shows the magnetization per site vs magnetic field, where
two critical points can be identified by kinks in the total
magnetization. Due to the non-zero gap above its |V BS[]
ground state, the zero-magnetization phase is protected
before the gap is closed by the increasing magnetic field
at he; = 0.75%0.02, after which the magnetization begins
to increase until saturation at a polarization field hgo = 4.
Further evidence from the von-Neumann entropy shown
in Fig 2(b) also reflects the same transition.

It is worth pointing out that hco = 4 marks the phase
transition point to the polarized phase for all Hamiltonians
in the BLBQ family. We briefly sketch the proof below:
The critical value he, is the lowest field at which the BLBQ
system becomes fully saturated. For this to happen, the
sector with S; = L — 1 has to have lower energy than the
sector with S, = L, and the field needed satisfies

Eg1Bo(L) — he,L = EgLeo(L — 1) — he, (L — 1), (13)

where EBLBQ(LQ is the ground state energy of BLBQ
Hamiltonian without field in sector S, = LY We use PBC,
which coincides with OBC in the thermodynamic limit
L - oo. The sector with S; = L has only one state, with
all spins having m = 1 with the total energy contribution
from Hggo given by EgrLeo = (1+3)L. Now the sector
with S; = L — 1 has exactly L states, and all states have
L — 1 spins with m = 1 and one spin with m = 0. We
call [kp[(3he state with m = 0 on the p-th site. Then

Hp o kp = |kpy1 B |kp—1 3 [(1+5) L —2] |kp 1 (14)

which can be solved by a Fourier transform. The
|Sz = L — 1Cground state can then be written as
1
1S =L—10F  (=1)° |kpL] (15)
p

with energy (1 + )L — 4; using Eq. (13) yields heo = 4.
Moreover, the Von Neumann entropy of the ground state
of the S; = L — 1 sector is exactly equal to In(2), and
that of the fully saturated state is 0. Therefore, the Von
Neumann entropy has a discontinuity at h = hey = 4, as
expected, due to the second order nature of the transition.
To conclude the phase diagram, we have identified three
different phases: the SPT phase for 0 < h < h¢y, the




























































