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Abstract: 
We use classical potential atomistic modeling to demonstrate that negative vacancy and self-
interstitial formation energies are inherently present in amorphous silicon (a-Si). Our conclusions 
are based on comprehensive calculations of vacancy and self-interstitial formation energies in 
nine different models, ranging in size from 1000 to 2744 atoms and formed by quenching liquid 
Si at rates between 1010 and 1012 K/s. We account for a range of possible reference energies 
corresponding to different choices of reservoirs for atoms inserted into or removed from our 
models. Moreover, we show that successive addition of either vacancies or self-interstitials does 
not deplete the number of negative formation energy sites. Instead, it further lowers defect 
formation energies. These findings lead us to conclude that a-Si is not a structure at or near a 
local enthalpy minimum nor can it be brought to a local enthalpy minimum through the 
introduction of constitutional defects. 
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1. Introduction 

Materials used in nuclear energy applications are subject to irradiation by high kinetic energy, 
massive particles, including neutrons and ions [1]. Upon colliding with atoms in a solid, these 
particles displace the atoms from their original positions [2]. In crystalline solids, such 
displacements result in the formation of vacancies and self-interstitial atoms (SIAs) [3]. In non-
crystalline solids, collisions with high energy particles also give rise to atom displacements, 
which leave behind locations where an atom has been removed and others where an extra atom 
has been inserted. These locations may be viewed as analogues of vacancies and self-interstitials. 
However, while radiation-induced vacancies and SIAs in crystalline solids have been 
investigated extensively [4], relatively less is known about their analogues in non-crystalline 
solids. Rising interest in the radiation response of non-crystalline solids [5-9] motivates further 
research into the behavior of vacancies and self-interstitials in these materials. 
 
In crystalline solids, point defects—including vacancies and SIAs—are described by their 
atomic-level structures and their thermodynamic properties, in particular their formation energies 
[10]. The structures of vacancies and self-interstitials are usually viewed as modifications to an 
otherwise perfect reference state. While perfect, defect-free single crystals are the clear choice 
for such a reference structure in crystalline solids, there is no consensus on the appropriate 
reference structures to use in the case of non-crystalline solids. However, the thermodynamic 
properties of point defects are well defined even in the absence of a reference structure. The 
present study therefore focuses on investigating the formation energies of vacancies and self-
interstitials in a representative non-crystalline solid, namely amorphous silicon (a-Si). 
 
Vacancy formation energy is defined as 
 

∆𝐸!
" = (𝐸#$% + ∆𝐸&) − 𝐸#,  Eqn. 1 

 
where 𝐸# is the initial energy of a solid containing N atoms, 𝐸#$% is the energy of that solid after 
a vacancy has been created in it through the removal of one atom (leaving N-1 atoms behind), 
and ∆𝐸& is the energy per atom of the reservoir into which the removed atom is placed. 
Similarly, self-interstitial formation energy may be written as 
 

∆𝐸'
" = (𝐸#(% − ∆𝐸&) − 𝐸#.  Eqn. 2 

 
Here, 𝐸#(% is the energy of a solid after the insertion of an atom, assumed to be taken from a 
reservoir with energy per atom is ∆𝐸&. In single-component, crystalline solids, ∆𝐸& is usually the 
cohesive energy per atom of the reference, defect-free crystal. Several different choices for ∆𝐸& 
are possible in the case of amorphous solids, creating some ambiguity in the calculation of defect 
formation energies, as we will discuss. 
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The free energy minimizing, thermodynamic equilibrium concentration of defects with formation 
energy ∆E)*  is 
 

𝑐+, =
-,!∆#$
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Here, c). is expressed as a site occupancy fraction and A reflects the defect formation entropy [4]. 
If the point defect has positive formation energy, ∆E)* > 0, then its equilibrium concentration 
vanishes in the limit of zero temperature. By contrast, for negative defect formation energy, the 
above expression predicts a concentration that approaches unity as temperature goes to zero. This 
outcome is not to be taken at face value. Rather, it means that the reference structure with respect 
to which the defect energies were originally determined is itself not a minimum enthalpy state 
and is therefore expected to undergo spontaneous, exothermic evolution toward a lower enthalpy 
configuration. 
 
Some atomic structures with negative defect formation energies may be brought to a local 
enthalpy minimum by successively introducing defects at negative formation energy sites. The 
number of such sites is thereby gradually depleted until none remain. The resulting structure is in 
a local enthalpy minimum while containing a definite number of defects at specific locations. 
Such defects are termed “constitutional defects,” as opposed to “thermal defects,” as their 
formation is not driven by configurational entropy at non-zero temperature. Rather, they are an 
inherent part of the solid’s zero-temperature, minimum enthalpy structure. Any additional point 
defects introduced into such a minimum enthalpy structure possess positive formation energy 
and may be viewed as thermal defects. 
 
For example, several atomistic modeling studies found negative ∆𝐸!

" at grain [11,12] and phase 
boundaries [13,14] in polycrystalline metals. These findings were interpreted to mean that the as-
constructed atomistic models are initially not minimum enthalpy states. Consequently, 
algorithms were developed to systematically remove atoms from sites with negative ∆𝐸!

" [15]. 
With continued removal of such atoms, the number of negative ∆𝐸!

" sites decreases and 
eventually vanishes, resulting in minimum enthalpy interface structures possessing constitutional 
vacancies. Constitutional vacancies have also been observed experimentally at certain solid state 
interfaces, e.g., in S3 tilt grain boundaries in SrTiO3 [16]. 
 
In an atomistic modeling study on interfaces between a-Si and face centered-cubic (fcc) gold 
(Au), Navale and Demkowicz also found numerous locations where vacancy and self-interstitial 
energies are negative [7]. However, unlike in the aforementioned investigations of grain and 
phase boundaries in metals [11-15], where no negative ∆𝐸!

" sites were found outside of 
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interfaces, Navale and Demkowicz observed that all regions within the a-Si component—both 
near and far from the a-Si/Au interface—contain negative ∆𝐸!

" sites. The same was true of self-
interstitial formation energies: negative ∆𝐸'

" sites were found at all distances from a-Si/Au 
interfaces. This observation implies that the a-Si in these models is not in a minimum enthalpy 
state. Moreover, it prompts the question whether the a-Si structure might be brought to a local 
enthalpy minimum—i.e., a structure with no negative ∆𝐸!

" or ∆𝐸'
" sites—through introduction of 

constitutional vacancies or interstitials. Answering this question is the goal of the present study. 
 
Several atomistic modeling studies have been performed previously on vacancies in a-Si. Using 
first principles methods, Miranda et al. investigated vacancy formation at four selected sites 
within an a-Si model containing 216 atoms [17]. All four vacancy formation energies were lower 
than in crystalline silicon and one was negative. Similarly, Kim et al. investigated vacancies at 
four selected sites in a 216-atom model, albeit by the tight binding method [18]. They, however, 
did not find any negative ∆𝐸!

" values. Indeed, two of the sites they investigated had higher 
vacancy formation energies than crystalline Si. These studies show that vacancy formation 
energies in a-Si vary from site to site, on account of local differences in coordination and 
bonding. However, because they did not evaluate vacancy formation energies at all atomic sites, 
they do not permit drawing conclusions about the distribution of vacancy formation energies or 
the incidence of negative values, in particular. 
 
By contrast, Joly et al. used classical potentials to calculate ∆𝐸!

" at all sites within a 1000-atom 
a-Si model [19]. They found values ranging from ca. -0.5eV to 3.5eV, with numerous atomic 
sites exhibiting negative formation energy. Moreover, they observed that low vacancy formation 
energies occur preferentially at sites of local compressive or shear stress while local tensile 
stresses result in higher ∆E/*  values. Finally, using first principles density functional theory 
(DFT) calculations, Pedersen et al. evaluated ∆E/*  at all sites in five different a-Si models, 
yielding a total of 1049 ∆E/*  values [20]. Though they found some sites with near zero formation 
energies, none of their E/*  values were negative. In view of this outcome, the authors concluded 
that their a-Si models were fully relaxed. Following the reasoning used in studies on vacancy 
formation energies at interfaces in polycrystalline solids [11-14], the finding of Pedersen et al. 
suggests that a-Si is a structure of locally minimal enthalpy. 
 
The present work advances the state of research beyond that established in the aforementioned 
studies in three ways. First, we investigate a range of model sizes, from 1000 to 2744 atoms. 
Second, we determine the effect that inserting point defects has on the subsequent insertion of 
additional point defects. Finally, we calculate not only the formation energies of vacancies, but 
also those of self-interstitial atoms. Our work leads us to conclude that negative vacancy and 
self-interstitial formation energy sites are an inherent feature of a-Si and that, consequently, a-Si 
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cannot be brought to a state of locally minimal enthalpy through the introduction of 
constitutional point defects. 
 
 

2. Modeling methods 
We carried out atomistic simulations using LAMMPS [21] and visualized the resulting structures 
with AtomEye [22]. Interatomic bonding was modeled with a modified embedded atom method 
(MEAM) potential for silicon [23]. Because this is a classical potential, it does not represent 
charge injection and therefore may only model electronically neutral defects. Amorphous silicon 
models were prepared following a procedure similar to that used by Demkowicz and Argon [24] 
and Navale and Demkowicz [7]. First, diamond cubic crystal models were melted under constant 
zero pressure by ramping temperature from 300K to 4000K. Then, the liquid was quenched back 
to 1000K at one of three different rates: 1010K/s, 1011K/s, or 1012K/s. This approach for 
generating a-Si models is justified given that a-Si is often made by ion irradiation [25,26], 
wherein amorphization occurs through the quenching of collision-induced thermal spikes at rates 
comparable to those used here [5]. 
 
Each quench rate yields an amorphous solid with differing atomic-level structure. We 
investigated models of three different sizes: ones containing 1000, 1728, and 2744 silicon atoms. 
All models used periodic boundary conditions and were relaxed to their nearest inherent state 
[27,28] using conjugate gradient energy minimization after quenching from the liquid. To 
characterize the resulting structures, we computed their densities, cohesive energies per atom, 
and average coordination numbers, classified atomic environments as solidlike or liquidlike [24], 
investigated radial distribution functions, and performed common neighbor analysis (CNA) [29]. 
 
Table 1 lists the cohesive energy per atom for the a-Si models, which are close to those reported 
by Navale and Demkowicz [7]. Figure 1 plots cohesive energy per atom, average coordination, 
density, and fraction of liquidlike atoms against quench rate for all three model sizes. Consistent 
with previous investigations [24], there is a tendency for cohesive energies, average 
coordinations, and liquidlike fractions to approach those of c-Si as quench rate decreases. The 
outlier is the 1000-atom model quenched at 1010K/s, which shows a relatively higher cohesive 
energy and liquidlike fraction. We attribute this behavior to the small size of this model, which 
frustrates the tendency for crystallization—discussed below—exhibited at 1010K/s by the two 
larger models. Of particular note are the computed densities, which are approximately 1-2% 
lower than that of c-Si, in agreement with experiments [30], and do not exhibit any obvious 
trends in model size or quench rate. Like other classical potentials for Si [31], the one we use 
overpredicts average coordination. 
 

Table 1: Energy per atom of a-Si as a function of model size and quench rate. The energy per 
atom in diamond cubic Si is -4.635 eV. 
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 1010 K/s 1011 K/s 1012 K/s 
1000 atoms -4.386 eV -4.417 eV -4.330 eV 
1728 atoms -4.584 eV -4.407 eV -4.373 eV 
2744 atoms -4.581 eV -4.421 eV -4.381 eV 

 

 
Fig. 1: Quench rate dependence of a) cohesive energy per atom, b) density, c) average 

coordination number, and d) fraction of liquidlike atomic environments for all three a-Si model 
sizes investigated. The legend in d) applies to all four panes. 

 
CNA showed similar atomic arrangements as the ones found in the a-Si models created by 
Navale and Demkowicz [7]. Representative a-Si structures are shown in Fig. 2. Quench rates of 
1011K/s or 1012K/s yielded fully amorphous structures for all model sizes, as illustrated in Fig. 
2.c). By contrast, a quench rate of 1010K/s resulted in near complete crystallization for models 
containing 1728 or 2744 atoms, as shown in Fig. 2.b). This distinction is also discernible in the 
radial distribution functions, shown for the 2744-atom model in Fig. 3.a). These plots compare 
favorably with the experimental results of Laaziri et al. [30]. In particular, the first- and second-
nearest neighbor shells are located just above 2Å and below 4Å, respectively, while the lack of 
pronounced peaks beyond ~8Å confirms that the structure is amorphous for quench rates of 
1011K/s and above. Meanwhile, the distinct peaks visible at all pair separations for a quench rate 
of 1010K/s demonstrate the long-range ordering characteristic of crystallinity. While 1000-atom 
models quenched at 1010K/s were not fully crystalline, Fig. 2.a) demonstrates that they 
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nevertheless contained pockets of local crystalline order, suggesting that crystal nuclei had 
formed, but did not grow. 
 

 

Fig. 2: Representative a-Si structures: a) 1000 atoms quenched at 1010K/s, b) 2744 atoms 
quenched at 1010K/s, and c) 1000 atoms quenched at 1012K/s. Atoms are colored by their local 

atomic structures, as determined by CNA [29]. 

 

Structure factors, S(q), may be computed directly from radial distribution functions, g(r), using 
the Fourier transform method [32]. Representative structure factors for models of different size 
quenched at 1012 K/s are plotted in Fig. 3.b). The sharp peak at ~2/Å has recently been analyzed 
in detail by Dahal et al. [33], who attribute it to medium-range structural ordering in a-Si. Long-
wavelength density fluctuations, as evidenced by the value of S(q) in the limit of q=0, have been 
a topic of intense debate in recent years [34-36]. However, the oscillations below ~2/Å in Fig. 
3.b) are due to the relatively small size of our models and cannot be directly related to these 
studies. 
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Fig. 3: a) Radial distribution functions, g(r), for 2744-atom models quenched at different rates 
and b) structure factors, S(q), for models of different size quenched at 1012 K/s. For clarity, the 

plots are offset along the y-axis by the increments listed in the legends. 
 
To compute the vacancy formation energy associated with a specific atomic site, we remove the 
atom from that site, equilibrate the structure using conjugate gradient energy minimization and 
calculate ∆𝐸!

" according to Eqn. 1. To carry out the calculation, a reference energy ∆𝐸& must be 
chosen. This value is the energy per atom of the reservoir into which the removed atom is 
deposited. In our work, we consider two limiting choices for ∆𝐸&: the cohesive energy per atom 
of diamond cubic crystalline Si (∆𝐸0120$3' = −4.635𝑒𝑉) and the average energy per atom of the 
amorphous structure within which the vacancy is created (∆𝐸0124$3'; initial values given in Table 
1). This calculation may be repeated for all atomic sites in any given a-Si model, yielding a 
complete listing of all vacancy formation energies in the model. 
 
Unlike vacancies, whose sites are determined by the locations of atoms in the structure, 
interstitials may be inserted into any location not already occupied by other atoms. Canonical 
interstitial locations have been enumerated for a variety of crystal structures [10]. However, no 
such enumeration is available for amorphous solids. Therefore, we investigated self-interstitial 
formation energies on a 80´80´80 grid of a pre-defined locations, corresponding to over 180 
grid points per atom in our largest models. Following insertion of an atom at a grid point, the 
structure is relaxed and ∆𝐸'

" computed using Eqn. 2. The same two options for ∆𝐸& are 
considered as previously stated for vacancy formation energies. We compute self-interstitial 
formation energies this way for all grid points in the model. When applied to crystalline solids, 
this procedure recovers all the canonical interstitial structures listed in the literature [7]. 
 
Conjugate gradient relaxation of atomistic models may be carried out under constant volume or 
constant pressure. We attempted both approaches when computing vacancy and self-interstitial 
formations energies, using zero pressure for the constant pressure relaxations. The outcomes in 
both cases were equivalent, showing only minor differences in computed formation energies, 
which do not modify the conclusions of our study. Therefore, we only report results obtained 
from relaxation carried out under constant volume. 
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One of our goals is to determine how point defects (vacancies or self-interstitials) inserted into a 
given structure affect the formation energies of additional defects added subsequently. To that 
end, we adopt the iterative defect insertion approached developed by Yu and Demkowicz for 
grain boundaries in copper [15]. First, all of the formation energies for one type of defect—e.g., 
vacancies—are determined within the initial model structure. Once the site with the lowest 
vacancy formation energy is found, a new model structure is created containing a vacancy at that 
site. The process is then repeated, yielding a sequence of structures with increasing number of 
vacancies and differing associated distributions of vacancy formation energies. A similar 
procedure is adopted to generate a sequence of structures with increasing number of self-
interstitials and differing self-interstitial formation energy distributions. 
 
 

3. Vacancies 
Figure 4 shows the distribution of vacancy formation energies, calculated using ∆𝐸& = ∆𝐸0120$3' 
and ∆𝐸& = ∆𝐸0124$3', for 1000-atom a-Si models quenched at 1010K/s and 1012K/s. As expected, 
both quench rates result in a wide range of ∆𝐸!

" values, reflecting the variety of local atomic 
environments found in a-Si. Nevertheless, several differences between them are apparent. The 
distribution for the 1010K/s quench rate is noticeably narrower than in the case of 1012K/s, 
suggesting greater variability of local atomic structures in the latter. Moreover, while the peaks 
in both distributions lie below the vacancy formation energy of c-Si (indicated by the vertical 
dashed line in Fig. 4), the peak for 1010K/s lies closer to ∆𝐸!

" in c-Si than that for 1012K/s, 
consistent with the latter structure being less well relaxed than the former. These differences are 
captured in the means and standard deviations of the distributions. Using ∆𝐸& = ∆𝐸0120$3', they are 
2.20±0.69 eV (mean ± standard deviation) for 1010K/s and 1.62±0.84 eV for 1012K/s. 
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Fig. 4: Distributions of ∆𝐸!

" for 1000-atom a-Si models quenched at a) 1010K/s and b) 1012K/s. 
Thick black lines are for ∆𝐸& = ∆𝐸0120$3' while thin red lines for ∆𝐸& = ∆𝐸0124$3'. The vertical 

dashed lines show the vacancy formation in c-Si, ∆𝐸!
" = 3.02𝑒𝑉. 

 
The choice of reference energy (∆𝐸0120$3' or ∆𝐸0124$3') does not change the shapes of the 
distributions, but rather only causes a shift in their mean values. All higher moments, including 
standard deviations, are unaffected. Since ∆𝐸0120$3' is lower (more negative) than ∆𝐸0124$3' for both 
quench rates, ∆𝐸!

" distributions calculated using the former have lower mean values. In other 
words, since c-Si is a lower energy reservoir for Si atoms than a-Si, vacancies formed through 
the removal of an atom to the former have lower energy (i.e., they are easier to create). 
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The choice of reference energy, ∆𝐸&, influences the extremities of the distributions shown in Fig. 
4. Both quench rates lead to some ∆𝐸!

" values greater than that in c-Si, regardless of ∆𝐸&. 
Similarly, regardless of ∆𝐸&, the a-Si model quenched at 1012K/s contains negative formation 
energy sites. However, in the case of the 1010K/s quench rate, using ∆𝐸& = ∆𝐸0120$3' gives rise to 
some negative vacancy formation energy sites while ∆𝐸& = ∆𝐸0124$3' yields no such sites at all. 
 
Thus, the incidence of negative vacancy formation energy sites depends on the assumed 
reference energy in some cases, but not in others. In our subsequent analysis, we will consider 
such sites to be unambiguously present only if the model contains at least one of them when 
∆𝐸& = ∆𝐸0124$3', as is the case in the 1012K/s model discussed above. We will consider them 
unambiguously absent if the model does not contain any when ∆𝐸& = ∆𝐸0120$3'. On the other hand, 
if they are absent when ∆𝐸& = ∆𝐸0124$3' and present when ∆𝐸& = ∆𝐸0120$3', then we will consider 
the sign of the minimum vacancy formation energy in the model to be ambiguous, as is the case 
in the 1010K/s model above. 
 
We now apply the foregoing definitions to investigate the effect of iterative addition of vacancies 
to a-Si models, following the procedure detailed in section 2. As the total number of inserted 
vacancies increases, the model’s cohesive energy, ∆𝐸0124$3', changes. To account for this 
variation, we define the atom removal energy as 
 

∆𝐸-56 = 𝐸#$% − 𝐸#. 
 
Thus, the vacancy formation energy in Eqn. 1 may be rewritten as ∆𝐸!

" = ∆𝐸-56 + ∆𝐸&. The 
advantage of this notation is that ∆𝐸!

" < 0 whenever ∆𝐸-56 < −∆𝐸& (and vice versa: ∆𝐸!
" > 0 

whenever ∆𝐸-56 > −∆𝐸&). 
 
After each vacancy insertion, we find the new minimum ∆𝐸-56 value, ∆𝐸7'8-56, and plot it against 
the current ∆𝐸0124$3', as shown in Fig. 5 for as-quenched a-Si models containing 1000 atoms. For 
comparison, we also display results from iterative vacancy insertion into an initially defect-free, 
diamond cubic crystalline Si model containing 1000 atoms. The shaded region contains 
∆𝐸-56 = −∆𝐸& for all ∆𝐸&, ranging from ∆𝐸& = ∆𝐸0124$3' to ∆𝐸& = ∆𝐸0120$3'. Thus, all ∆𝐸7'8-56 
values that fall below this region correspond to a-Si models that unambiguously contain negative 
vacancy formation energy sites while all those with ∆𝐸7'8-56 above this region are unambiguously 
free of such sites. The sign of the lowest vacancy formation energy is ambiguous only for those 
∆𝐸7'8-56 values that fall within the shaded region. 
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Fig. 5: Minimum atom removal energy (∆𝐸7'8-56) plotted against cohesive energy per atom 
(∆𝐸0124$3') for simulations of iterative vacancy insertion into a-Si models that initially contain 

1000 atoms. Data are shown for models quenched at 1010 K/s, 1011 K/s, and 1012 K/s as well as 
for an initially defect free, diamond cubic c-Si model. Star symbols mark ∆𝐸7'8-56 in the initial 
structure and arrows indicate the general direction in which ∆𝐸7'8-56 and ∆𝐸0124$3' evolve upon 

successive insertion of vacancies. Within the gray, triangular region, the sign of the minimum 
vacancy formation energy is ambiguous. Above this region, minimum vacancy formation 

energies are unambiguously positive while below it they are unambiguously negative. 

 
As expected, the minimum atom removal energy of defect-free c-Si falls well above the shaded 
region in Fig. 5, signaling that the initial minimum vacancy formation energy is positive. The 
systematic reduction of ∆𝐸7'8-56 as vacancies are added to the material is consistent with a 
continuous divergence from an energy minimizing, thermodynamic equilibrium structure. 
Because of the tendency for vacancies in crystalline solids to bind into clusters, the minimum 
vacancy formation energy in c-Si always occurs in the vicinity of pre-existing vacancies. As the 
vacancies aggregate into a nano-scale void, their minimum formation energies drop and trend to 
zero as the void radius grows to infinity. However, in a small-scale model, such as the one used 
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in this study, continuous removal of atoms eventually leads to the formation of regions of 
negative (convex) curvature, which exhibit negative formation energies. Thus, ∆𝐸7'8-56 for c-Si 
eventually drops below the shaded region shown in Fig. 5. 
 
Unlike c-Si, the a-Si models quenched at 1011 K/s and 1012 K/s exhibit minimum atom removal 
energies below the shaded region in Fig. 5, corresponding to minimum vacancy formation 
energies that are unambiguously negative in the initial state. However, similar to c-Si, ∆𝐸7'8-56 
values also decrease as further vacancies are added. Thus, the a-Si structures start out in a non-
equilibrium state and the addition of further vacancies takes them even further away from 
thermodynamic equilibrium. This behavior stands in contrast with interfaces in crystalline solids, 
which often contain negative vacancy formation energy sites in their as-constructed state, but 
where insertion of vacancies brings the structure closer to thermodynamic equilibrium, 
evidenced by vacancy formation energies gradually increasing and eventually becoming positive 
[11,13-15]. Finally, the initial atom removal energy in the model quenched at 1010 K/s falls 
within the shaded region (consistent with the analysis in Fig. 4). Thus, the sign of the minimum 
vacancy formation energy in this model is ambiguous. However, subsequent atom removals 
further reduce ∆𝐸7'8-56 in this model, moving the structure further from thermodynamic 
equilibrium and causing minimum vacancy formation energies to become unambiguously 
negative. 
 
We also performed iterative vacancy insertion simulations on a-Si models containing 1728 and 
2744 atoms. The outcomes were qualitatively similar to those found in 1000-atom models: initial 
vacancy formation energies were unambiguously negative, except for models quenched at 1010 
K/s, some of which exhibited minimum vacancy formation energies of ambiguous sign. 
However, ∆𝐸7'8-56 in all models decreased continuously upon successive atom removals, 
demonstrating that all of them recede from thermodynamic equilibrium as vacancies are created. 
 
Figure 6 plots the initial vacancy formation energies computed using ∆𝐸& = ∆𝐸0124$3' 
(corresponding to the lower bound of the shaded region in Fig. 5) as a function of model size for 
all three quench rates. These energies do not exhibit any clear trends with model size or quench 
rate. Thus, we conclude that the effect of statistical variations from structure to structure are 
comparable to that of any effects of quench rate or model size, for the models considered here. 
However, these statistical variations are never sufficient to generate a-Si structures with 
unambiguously positive minimum vacancy formation energies. Indeed, the only structures that 
ever exhibit minimum vacancy formation energies of ambiguous sign are the ones with 
significant crystallinity, i.e., those quenched at 1010 K/s (see section 2). 
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Fig. 6: Initial minimum vacancy formation energies computed using ∆𝐸& = ∆𝐸0124$3' in a-Si 

models of different sizes and constructed by quenching at different rates. 
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4. Self-interstitials 

We analyze the effect of iterative insertion of self-interstitials into a-Si models following a 
similar procedure to that detailed for vacancies in section 3. We define the atom insertion energy 
 

∆𝐸-96 = 𝐸#(% − 𝐸#. 
 
Thus, the self-interstitial formation energy in Eqn. 2 may be rewritten as ∆𝐸'

" = ∆𝐸-96 − ∆𝐸&. 
As before, the advantage of this notation is that ∆𝐸'

" < 0 whenever ∆𝐸-96 < ∆𝐸& (and vice 
versa: ∆𝐸'

" > 0 whenever ∆𝐸-96 > ∆𝐸&). 
 
Fig. 7 plots the minimum ∆𝐸-96 values, ∆𝐸7'8-96 , against the corresponding cohesive energies, 
∆𝐸0124$3'. Because the computational cost of iterative self-interstitial insertion calculations is much 
greater than that of iterative vacancy insertion, we only present data for two a-Si models 
containing 1000 atoms: one quenched at 1012 K/s and one at 1010 K/s. For comparison, we also 
display results from an initially defect-free, diamond cubic crystalline Si model containing 1000 
atoms. The shaded region contains all ∆𝐸7'8-96  values whose corresponding self-interstitial 
formation energy has ambiguous sign. All ∆𝐸7'8-56 values that fall below it have sites with 
unambiguously negative self-interstitial formation energies while all those with ∆𝐸7'8-56 above it 
are unambiguously free of such sites. 
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Fig. 7: Minimum atom insertion energy (∆𝐸7'8-96 ) plotted against cohesive energy per atom 
(∆𝐸0124$3') for simulations of iterative self-interstitial insertion into a-Si models that initially 

contain 1000 atoms. Data are shown for models quenched at 1010 K/s and 1012 K/s as well as for 
an initially defect free, diamond cubic c-Si model. Star symbols mark ∆𝐸7'8-96  in the initial 

structure and arrows indicate the general direction in which ∆𝐸7'8-96  and ∆𝐸0124$3' evolve upon 
successive insertion of self-interstitials. Within the gray, triangular region, the sign of the 

minimum self-interstitial formation energy is ambiguous. Above this region, minimum self-
interstitial formation energies are unambiguously positive while below it they are unambiguously 

negative. 

 
As in the case of vacancies, minimum self-interstitial energies in the c-Si model are initially 
unambiguously positive and decline with subsequent self-interstitial insertions. This finding is 
consistent with the c-Si structure being a thermodynamic equilibrium state and with self-
interstitial insertion driving it progressively further from equilibrium. In the a-Si models, initial 
minimum self-interstitial formation energies are unambiguously negative. They also decline as 
additional self-interstitials are inserted. Thus, these structures start out as thermodynamic non-
equilibrium states. Further self-interstitial insertion drives then even further from equilibrium.  
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5. Discussion 

Using atomistic calculations, we demonstrate that amorphous silicon (a-Si) inevitably contains 
sites with negative vacancy and self-interstitial formation energies. Moreover, successive 
addition of either vacancies or self-interstitials does not deplete the number of negative 
formation energy sites. Rather, it further lowers defect formation energies. Our calculations 
account for the range of possible choices of reference energies corresponding to c-Si or a-Si as 
reservoirs for atoms inserted into or removed from our models. Structures with minimum 
vacancy formation energies of ambiguous sign are occasionally observed, but these always 
exhibit a significant degree of crystallinity, suggesting that they are not representative of truly 
amorphous states. 
 
Based on these findings, we conclude that a-Si is not in or near a local enthalpy minimum. If it 
were at a local enthalpy minimum, all perturbations to the structure in the form of single atom 
insertions or removals would incur a net energy increase—i.e., a positive defect formation 
energy—which is contrary to our findings. Alternatively, if it had been near, but not strictly at, a 
local enthalpy minimum, then insertion or removal of defects with minimum formation energy 
would relax it towards the nearby local minimum. In such a situation, minimum defect formation 
energies increase with successive defect insertions, as is seen in the case of interfaces in 
crystalline solids [11-15]. However, we observe the opposite effect in our simulations of a-Si: 
successive defect insertions cause defect energies to become even more negative. 
 
These results imply that a-Si may always undergo spontaneous, exothermic evolution to ever 
lower enthalpy states. This conclusion is consistent with the experimental work of Roorda et al. 
[5], who show that a-Si undergoes continuous relaxation upon annealing, with no evidence of a 
discontinuous change in thermodynamic state (such as a phase transition) until it arrives at a 
crystalline form. It also agrees with the thermodynamic analysis of Fortmann et al. [37], who 
concluded that dangling bond defects in a-Si have negative formation energies and that, 
consequently, the material may relax exothermically without apparent limit through the creation 
of dangling bonds. However, it conflicts with the view of Pedersen et al. [20], who report 
atomistic a-Si models without negative vacancy formation energies. They argue that these 
models represent minimum enthalpy a-Si structures on account of being well relaxed. Moreover, 
their study uses density functional theory, thereby reducing the possibility that their findings are 
an artifact of classical potential construction. 
 
Nevertheless, the study of Pedersen et al. has several weaknesses. First, it uses very small 
models containing 214 atoms or fewer. Consequently, any atom is separated from its own 
periodic image by only five other atoms and may interact with it. The combination of small size 
and periodic boundary conditions therefore imposes an artificial translational long-range order 
that makes the model more like a crystal with a large basis, rather than an amorphous solid. 
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Second, the study uses ∆𝐸& = ∆𝐸0124$3': a choice that results in the highest possible values of 
minimum vacancy formation energy. It is not clear from Ref. [20] what these values would be 
had ∆𝐸& = ∆𝐸0120$3' been chosen, instead. Finally, the authors did not analyze the structure of their 
a-Si models to determine if they contain regions of crystallinity, as we found in models that were 
quenched at 1010 K/s. Although these drawbacks cast doubt on the conclusions of Pedersen et al., 
all are in principle resolvable with additional investigation. DFT-based simulations on models 
containing thousands of atoms may be especially illuminating. 
 
In addition to shedding light on the thermodynamic nature of a-Si, our findings are also relevant 
to the interstitialcy-based theories of amorphous materials articulated by Granato et al. [38,39]. 
These theories propose that interactions between self-interstitial atoms of split-dumbbell form 
(i.e., interstitialcies) are sufficiently strong to cause the emergence of metastable structures at 
high self-interstitial concentrations. These structures are thought to be so distorted as to have 
effectively lost translational long-range order, i.e., that they are amorphous. However, one 
consequence of this model is that self-interstitial energies in the putative amorphous structure 
ought to be positive: a prediction falsified for the case of a-Si by the present work. 
 
Experiments have shown that some electronic states within the band gap of a-Si are associated 
with charged defects [40]. However, in classical potential simulations, such as ours, defects are 
constrained to be charge-neutral. This artificial restriction is absent in DFT, where the formation 
energy of each defect may be calculated as a function of its charge state. By examining a range 
of charge states, the charge that yields the minimum formation energy for each defect may be 
found. In general, the state with minimum formation energy is not the charge-neutral state. Thus, 
the defect formation energies computed in our study ought to be viewed as upper bound 
estimates of the true defect formation energies: a DFT investigation that relaxes defect charge 
states may find that minimum vacancy and interstitial formation energies in a-Si are even lower 
than we predicted. Consequently, such an investigation will not change the core conclusion of 
our study, namely that the minimum vacancy and interstitial formation energies in a-Si are 
negative. However, it is likely to produce results that are in better agreement with experiments. 
 
It is not clear whether the persistence of negative vacancy and self-interstitial formation energies 
we observed in a-Si is also present in other amorphous solids, such as metallic glasses or 
amorphous polymers. Two amorphous solids of especially high interest are atactic 
polyvinylacetate [41] and certain non-aqueous calcium-nitrate electrolytes [42]. Both materials 
have been classified as “ideal glassformers,” according to the definition proposed by Angell [43], 
and are therefore considered thermodynamically stable amorphous phases. Simulations of atom 
removal and insertion energies for these materials stand to advance fundamental understanding 
of the thermodynamic nature of non-crystalline solids. 
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While the present study shows that a-Si is expected to relax spontaneously into ever lower 
enthalpy states, it leaves several associated questions open for future investigation. For example, 
the kinetic processes governing the rate of relaxation are currently unknown, as is the structure 
towards which this relaxation proceeds. It would also be illuminating to explore whether the 
formation energies of point defects in a-Si are predictable from the continuous random network 
(CRN) model of Zachariasen [44]. Similar investigations may also be performed on structural 
models of other amorphous solids, such as the ring topology formalism for network-bonded 
amorphous solids, such as SiO2 or Si3N4 [45], or dense packing of atomic clusters models used 
for describing metallic glasses [46]. Are negative point defect formation energy sites are an 
inherent feature of these models? 
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