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1 Introduction

Cosmic inflation naturally gives rise to coherent production of scalar condensates with
extremely large vacuum expectation values (VEVs). These VEVs are characterized by the
Hubble scale during inflation, H∗, which could be around the order of 1013 GeV [1, 2]. If
some of these scalar condensates carry baryon or lepton numbers from the Standard Model
or dark sectors of the particle theories, their relaxation and decay after inflation ends can
create a non-negligible baryon (lepton) asymmetry to the Universe. This is usually referred
to as the Affleck-Dine (AD) mechanism of baryogenesis [3–6].
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In order to obtain a quantitative prediction about the amount of baryon asymmetry
produced by the AD mechanism from the energy scale of inflation, there are at least two
essential questions requiring clarification at the beginning of the process, as pointed out in [7]:
(1) What are the origins of the baryon/lepton number violating interactions in the scalar
potential, and (2) what are the initial conditions for the relaxation of scalar condensates?

So far, the mainstream research on AD baryogenesis has been devoted to the presence of
“flat directions” in the early Universe arising from, typically, the supersymmetric extension of
the Standard Model field theories [7]. The necessary supersymmetry breaking at the energy
scale of inflation provides answers to both questions (1) and (2). Firstly, self-couplings of flat
directions in the Kahler potential (or the superpotential) generically foster baryon/lepton
number (B/L) violating terms that are non-renormalizable. These B/L violating terms
can have complex coefficients to serve as the source of CP violation in the AD mechanism,
yet this is not a necessary condition since CP violation can emerge from the stochastic
pick-up of scalar VEVs during inflation [7–9]. Secondly, flat directions are in general
lifted by soft supersymmetry violating terms and higher-order non-renormalizable terms in
the superpotential with parameters of order H∗. These parameters determine the global
minimum of the effective potential (and thus the VEVs of flat directions). Thanks to the
tachyonic instability at the potential origin caused by soft terms, initial VEVs for the AD
mechanism may be larger than H∗ by 102 − 103 times, ensuring successful baryogenesis
over a wide parameter space.

In this work, we explore a novel class of initial conditions for AD baryogenesis in
the unusual limit with VEVs of the charged scalar (the AD field) provided that they are
much smaller than H∗. Our scenario does not rely on a tachyonic mass term, so that the
average value of the AD field decays exponentially in time. This is similar to that of the
flat direction scenario with a minimal Kahler potential in which case the AD mechanism is
expected to fail [7]. The key difference with the mainstream scenario is that the AD field is
dynamically excited around a later phase of inflation so that the scalar condensate is not in
an equilibrium state [54]. With a slow but non-zero coherent motion of the AD field by the
end of inflation, we show that initial VEVs around 10−2–10−1 in units of H∗ are sufficient
to produce the baryon asymmetry observed today.

As a concrete demonstration of the basic idea, we consider that the background
spacetime of inflation is created by single-field models that exhibit multi-stage transitions
of the rolling dynamics of the inflaton field [10–24]. This class of models is proposed for
primordial black hole (PBH) formation on small scales with significantly enhanced curvature
perturbation induced by a sharp deceleration of inflaton (from the primary slow-roll phase
on large scales). The so-called ultra-slow-roll (USR) inflation [27–31] is a special case of
interest, which in particular provides a convenient limit for illustration.

We show that the presence of derivatives coupling between the inflaton and the AD
field in general introduces soft effective mass terms governed by the rolling, and more
importantly, the rate of rolling of inflaton. Due to the sharp transition of the inflaton rolling
rate in the USR scenario for PBH formation, coherent motion of the AD field condensate
can be triggered during inflation, leading to successful baryogenesis from initial conditions
in the parameter space that were usually omitted in previous investigations.

– 2 –



J
H
E
P
0
1
(
2
0
2
2
)
0
1
5

There is a crucial asset in considering baryogenesis triggered by inflation scenarios
of the USR class, since PBHs are currently under close examination of their feasibility
for contributing all (or a significant fraction) of dark matter. Suppose that PBHs occupy
more than 10 percent of the dark matter density, their energy density today is of the same
order as that of the baryons. This could be considered as a special version of the “cosmic
coincidence problem.”

Baryogenesis initiated by USR inflation is a mechanism in parallel with that of PBH
formation, and can be realized even without the presence of any PBHs today. Thus it is
not identical to the idea where baryon asymmetry of the Universe is created by existing
PBHs [32–40], providing a different insight to the cosmic coincidence between dark matter
and baryon densities sourced by PBHs [41, 42] or originated from the asymmetric dark sector
in particle physics [43–46]. Based on the assumption of PBH dark matter, the scenario
investigated in this work allows a more systematic study on the viable parameter space for
the cosmic coincidence problem as model parameters of the USR inflation simultaneously
control the dark matter density and the baryon asymmetry of the Universe.

This work is organized as follows: in section 2, we outline the structure of the inflaton
dynamics in the (quasi) USR limit, the template of the corresponding power spectrum of
the curvature perturbation, and the coherent motion of a massive scalar field under such
an inflationary background. In section 3, we provide a simple realization of the AD field
with effective mass terms controlled by parameters of the USR inflation. We then compute
the AD field evolution during inflation and estimate the amount of baryon asymmetry
created at the end of inflation. These results are initial conditions for section 4 to obtain
the final baryogenesis in the radiation-dominated era of the Universe. Finally, in section 5
we take into account the associated PBH abundance in terms of the USR parameters
based on several statistical approaches that address different uncertainties about the PBH
formation from inflation. We explore the viable parameter space for PBHs to be a significant
contributor to dark matter with the correct amount of baryon asymmetry. Conclusions for
baryogenesis and implications for the cosmic coincidence problem are given in section 6.

2 Inflation and primordial black holes

Models of inflation investigated in this work are motivated by primordial black hole (PBH)
production via an enhanced power spectrum Pζ of the curvature perturbation ζ on small
scales. In single-field inflationary framework, the enhancement of Pζ can be realized
by a sharp deceleration of the inflaton field, φ, in its potential V (φ) that causes the
decrease of the first slow-roll parameter εH ≡ −Ḣ/H2 ≈ εV by many orders of magnitude,
where εV ≡ (V,φ/V )2M2

P denotes the first slow-roll parameter for the inflaton potential.
Throughout this work, we will keep in mind the key parameter that controls such a
deceleration, defined as

δ = φ̈

Hφ̇
, (2.1)

where δ ≈ εV − ηV and ηV ≡ V,φφ/VM
2
P denotes the second slow-roll parameter for the

potential. δ can be O(1) or larger due to the significant violation of the slow-roll conditions
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kmin k0 k* kend

N = 0 N* Nend

δ1 = 0 δ2 < -3 δ3 = -δ2 -3

∝ k4

Pζ (k)

Figure 1. Analytic template for the power spectrum of the curvature perturbation for a 3-stage
constant-rate inflation with Phase 1 δ1 = 0 of the primary slow-roll and Phase 2 δ2 = −3.05 in the
(quasi-)ultra-slow-roll limit.

from ηV . We restrict ourselves to models that satisfy the condition εH ≈ εV � 1 where the
background is well described by the de Sitter space.

2.1 Ultra-slow-roll (USR) templates

To illustrate the basic idea for baryogenesis, we will assume that inflation is composed of
three essential phases with a nearly constant rate-of-rolling (δ ≈ const.) during each period.
The analytic structure of Pζ with the constant-rate condition δ̇ = 0 has been well studied in
multi-stage inflation [18–24]. The first stage of inflation is the primary slow-roll phase with
a nearly scale-invariant power spectrum probed by cosmic microwave background (CMB)
observations and we take δ1 = δ(t < t0)→ 0 for simplicity. Superhorizon enhancement of
Pζ occurs when the second stage (t0 ≤ t < t∗) has a constant rate δ2 < −3/2 [22]. Except
for further notification, in the following discussion we focus on a second stage of inflation
close to (but not exactly in) the ultra-slow-roll (USR) limit [27–31], where

δ2 = φ̈

Hφ̇
. −3, t0 < t < t∗. (2.2)

To suppress the non-Gaussian tail in the high-sigma limit of ζ led by quantum diffusion
in the exact USR limit (δ2 → −3) [51, 89–92], we put an upper bound to δ2 as discussed
in appendix A. Note that for δ ≤ −3, the curvature perturbation ζ is led by the late-time
scaling dimension (or conformal weight) ∆ ≡ 3/2−

√
9/4 + 3δ + δ2 = 3/2− |3/2 + δ|, and

thus the dimensionless power spectrum Pζ ∼ k2∆ → k0 as δ → −3. The USR limit is
therefore a specific case in the slow-roll violation regime that can give rise to a scale-invariant
power spectrum as that from the standard slow-roll inflation (δ → 0).

The momentum scaling of the power spectrum Pζ(k) from a 3-stage constant rate
inflation can be summarized as [22, 24]:

Pζ =


ACMB k < kmin,

APBH(k/k0)4, kmin < k < k0,

APBH(k/k0)6+2δ2 , k > k0,

(2.3)
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where ACMB ≈ H2
∗/(εCMBM

2
P ) measured on CMB scales has negligible contribution for

PBH formations, and the enhanced spectral amplitude

APBH ≈
H2
∗

εCMBM2
P

(
k0
k∗

)6+4δ2
. (2.4)

Here MP is the reduced Planck mass and H∗ is the Hubble parameter during inflation and
0 ≤ εCMB < 0.0063 [1]. In figure 1 we plot the case in the USR limit with δ2 = −3. We
choose N = ln a = 0 at the time t = t0 where k0 = a(t0)H∗ crosses the horizon so that
APBH/ACMB = e−N∗(6+4δ2). Models of inflation that realize the power spectrum given in
figure 1 are sometimes called “punctuated inflation.” [47–50] See also [18, 50–52] for PBHs
from inflationary scenarios that exhibit a secondary slow-roll phase.

The transition from the primary slow-roll phase (Phase 1) to the USR phase (Phase 2)
shows an apparent violation of the continuity of the time derivative for the leading ζ mode
with ∆1 = 0 on superhorizon scales. This is due to the efficient entropy production driven
by the sharp deceleration of inflaton that violates the adiabaticity of the curvature pertur-
bation [24, 25, 50]. Subleading entropy modes with the next-to-lowest scaling dimension
come to dominate the power spectrum in the range of kmin ≤ k < k0 with the special power
Pζ ∼ k4, where kmin ≈ k0(k0/k∗)3/2 for δ2 = −3.1 The k4 scaling of Pζ is firstly identified
in USR inflation by Leach-Sasaki-Wands-Liddle [26], and this mechanism is also called as
the steepest growth of the power spectrum [18, 20].

The transition from the USR phase to the final phase (Phase 3) with a non-negative
rate δ3 ≥ 0 is necessary for stopping the growth of the power spectrum. For inflation
models that can realized a stable negative rate, δ2 ≤ −3 with δ̇2 ≈ 0, in Phase 2, the value
of δ3 is constrained by the continuity of the scaling dimension ∆, where the condition
∆2 = ∆3 = −δ3 indicates that δ3 = −δ2 − 3. This is due to the non-violation of the
adiabatic condition in the acceleration phase of inflaton, and the effective mass of inflaton
retains continuous [24]. Thus if Phase 2 goes to the USR limit with δ2 → −3, one finds
that δ3 → 0 where Phase 3 must be a secondary slow-roll phase.

The termination of the secondary slow-roll phase in this class of models relies an
additional assumptions [47–50]. We will consider that inflation is terminated by (1) the
sudden decay of inflaton into radiation at Nend and drives instantaneous reheating (section 3)
or (2) the coherent oscillations of the inflaton as it rolls into a deep valley and obtains a
large mass (section 4).

2.2 Massive scalars under USR transition

Before going to the concrete scenario for baryogenesis, we derive in this section some useful
formulae that describe the coherent motion of massive scalar fields during the multi-stage
constant-rate inflation illustrated above, focusing on the limit where Phase 2 is USR. We

1The leading scaling dimension for the curvature perturbation ζ in slow-roll is the same as in USR
(∆SR = ∆USR = 0). However, the leading scaling dimension for the time derivative ζ̇ in USR is ∆USR − 1,
yet it is ∆SR + 1 in slow-roll. Thus the steepest growth Pζ ∼ k4 occurs only for the slow-roll → USR
transition [18] and it does not occur for the inverse USR → slow-roll transition [53]. For a more detailed
discussion, see [24].
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are interested in a scenario where a spectator field, σ, with negligible energy density during
inflation receives different effective masses in each phase, where mσ = mi for i = 1, 2, 3 in
Phase i. The vacuum expectation value (VEV) in Phase 1 is developed naturally by the
stochastic effect in equilibrium [54]. This gives the initial conditions for Phase 2 as

σ1(t0) =
√

3
8π2

H2
∗

m1
, σ̇1(t0) = 0, (2.5)

where the VEV is the result of a massive non-interacting scalar.
With the transition from the primary slow-roll phase to USR, σ gains a different mass

m2 6= m1 which suddenly drives the coherent condensate out of equilibrium in the potential.
This leads to the evolution of the VEV with respect to a simplified equation of motion as

σ̈2 + 3H∗σ̇2 +m2
2 σ2 = 0, t0 ≤ t < t∗. (2.6)

According to the initial conditions given by (2.5), the solution of σ2 reads [55]:

σ2(N) =
√

3
8π2

H2
∗

m1

1
2ν2

(
∆+

2 e
−∆−

2 N −∆−2 e−∆+
2 N
)
, (2.7)

where we use N = H∗t with N0 = H∗t0 = 0, and the scaling dimensions (conformal weights)
for a massive scalar in the de Sitter space [55–58] are given by

∆±2 ≡
3
2 ± ν2, ν2 =

√
9
4 −

m2
2

H2
∗
. (2.8)

Note that this is the leading scaling dimension for the coherent motion of σ (to be dis-
tinguished from those for the curvature perturbation ζ in section 2.1). With ∆−2 ∆+

2 =
9/4− ν2

2 = m2
2/H

2
∗ , the time-derivative of σ2 reads

dσ2
dN

= σ̇2
H∗

=
√

3
8π2

m2
2

m1

1
2ν2

(
e−∆+

2 N − e−∆−
2 N
)
, (2.9)

which gives non-zero initial conditions for Phase 3 at N = N∗.
After the scalar condensate is excited by the slow-roll to USR transition, the equation

of motion for σ from USR to the secondary slow-roll phase (Phase 3) is unchanged but the
non-zero time-derivative in Phase 2 asks the solution to take the general form as

σ3(N) = Ce−∆+
3 N +De−∆−

3 N , (2.10)

where similarly, the leading scaling dimension is fixed by the mass in Phase 3 as

∆±3 ≡
3
2 ± ν3, ν3 =

√
9
4 −

m2
3

H2
∗
. (2.11)
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Matching boundary conditions at the time slice N = N∗ at the end of USR, one finds

C =
√

3
8π2

H2
∗

m1

∆−2
∆−2 −∆+

2

e∆+
3 N∗

∆−3 −∆+
3

×
[(

∆−3 −∆+
2

)
e−∆+

2 N∗ + ∆+
2

(
1− ∆−3

∆−2

)
e−∆−

2 N∗

]
, (2.12)

D =
√

3
8π2

H2
∗

m1

∆−2
∆−2 −∆+

2

e∆−
3 N∗

∆+
3 −∆−3

×
[(

∆+
3 −∆+

2

)
e−∆+

2 N∗ + ∆+
2

(
1− ∆+

3
∆−2

)
e−∆−

2 N∗

]
. (2.13)

For a constant mass mi/H∗ ≤ 3/2, νi is real so that the positive branch ∆+ decays much
faster than the negative branch ∆−. For mi/H∗ > 3/2, νi or ∆±i contain imaginary parts
so that both ± branches contribute to the late-time dynamics of the mass scalar. In this
work, we focus on the mass range mi/H∗ ≤ 3/2 and thus only the negative branch survives
at the end of inflation as

σ3(Nend)→ De−∆−
3 Nend ,

dσ3
dN

∣∣∣∣
Nend

→ −∆−3 De−∆−
3 Nend . (2.14)

The results in (2.14) are the two most relevant quantities for the computation of baryon
production from a charged scalar field at or after the end of inflation.

3 Baryogenesis during inflation

In most of the cases, baryon or lepton number production during inflation is considered
negligible due to the exponential dilution of the particle number density in time. However,
for baryon production triggered by the phase transition of USR at N = N0 on scales much
smaller than those constrained by CMB observations, the duration ∆N = Nend −N0 is less
constrained as long as the total duration Nend −NCMB & O(50).

Baryogenesis investigated in this section is driven by a charged scalar σ that possesses
a global U(1) particle number and develops non-zero expectation values during inflation.
The baryon or lepton number excitation is triggered by the phase transition of the USR
dynamics and it is essentially described by the Affleck-Dine (AD) mechanism [3], except for
the fact that we evaluate the process in the (quasi-)de Sitter space.

3.1 Asymmetric scalar masses

To illustrate how the transition of inflaton rolling rate δ given by (2.1) can lead to a
transition of effective masses for a charged scalar σ (the AD field), let us consider

L = Lφ + |∂σ|2 +m2
σ|σ|2 + ∆L, (3.1)

where Lφ describes the multi-stage constant-rate (including the USR) model for PBH
formation. ∆L includes self-interactions of σ and derivative couplings with φ of the form

∆L ⊃ c1
Λ
∣∣∣σ2
∣∣∣�φ+ c2

Λ ∂µφ [σ∂µσ + σ∗∂µσ∗] + c3
Λ2 (∂φ)2 |σ|2, (3.2)

– 7 –
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where we have imposed C and CP to the system so that c1, c2 and c3 are O(1) real constants.2
The derivative couplings used in (3.2) are similar to those of the inflaton-induced chemical
potential for an enhanced charged scalar production [59–61]. However, CP-violating
couplings, such as ∂µφ(σ∗∂µσ − σ∂µσ∗) [61] is forbidden for simplicity. The necessary
C/CP violation for baryogenesis is spontaneously realized by the initial condensation of the
charged scalar at the VEVs during inflation.

One can rewrite the Lagrangian for σ with respect to the mass eigenstates σ±, based
on the decomposition σ ≡ (σ− + iσ+)/

√
2, to obtain a system for two real scalars as

Lσ = 1
2 (∂σ−)2 + 1

2

[
m2
σ + c1 − c2

Λ �φ+ c3
Λ2 (∂φ)2

]
σ2
−

+ 1
2 (∂σ+)2 + 1

2

[
m2
σ + c1 + c2

Λ �φ+ c3
Λ2 (∂φ)2

]
σ2

+. (3.3)

The mass eigenstates provide a convenient basis for the study of baryon number production,
and, unless with a fine tuning of the coefficients, they in general have non-degenerated
effective masses

m2
± = m2

σ + c1 ± c2
Λ �φ+ c3

Λ2 (∂φ)2 . (3.4)

Λ is the cutoff scale for the effective field theory that satisfies H∗ � Λ ≤MP .
We now apply the multi-stage constant-rate inflation described in section 2.1 to specify

the spatially homogeneous dynamics of φ. With a constant δ, we have �φ = −φ̈− 3Hφ̇ ≈
−(δ + 3)

√
2εHMPH

2
∗ and (∂φ)2 = φ̇2 ≈ 2εHM2

PH
2
∗ . If δ 6= 0, the first slow-roll parameter

εH is evolving in each phase where ε2 = εCMBe
2δ2N in Phase 2 and ε3 = ε∗e

2δ3(N−N∗) in
Phase 3 with ε∗ = εCMBe

2δ2N∗ . As a result, the effective masses for σ± change with the
rolling rate of inflaton in different phases:

m2
i± = m2

σ + c1 ± c2
Λ [−(δi + 3)]

√
2εiMPH

2
∗ + c3

Λ2 2εiM2
PH

2
∗ . (3.5)

For the USR scenario of our interest (δ1 = 0, δ2 = −3 and δ3 = −δ2 − 3 = 0), the masses
m1± and m3± in Phase 1 & 3 are always constants. The time-dependence of m2± replies on
the choices of parameters, and there are two common assumptions for the mass spectrum
of the AD field:

Heavy AD field. Charged scalars arising as the superpartners of the Standard Model
fermions are natural candidates for the AD field [7]. The necessary supersymmetry breaking
generically induces soft masses for those charged scalars of order the Hubble constant H∗
due to inflation. Baryon-violating terms residing in the superpotential, a non-minimal
coupling with gravity or the stochastic effect of quantum fluctuations during inflation can
also introduce effective masses related to H∗ [4–6]. If the scalar mass is associated with the

2In general, c1, c2 and c3 can have imaginary components given by non-zero phases. However, the
combination of c1 and c3 terms with their complex conjugates only gives a redefinition of c1 and c3, while
the phase of c2 can be absorbed into σ via a constant shift of its phase term.

– 8 –
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Hubble scale of inflation, namely mσ ∼ O(H∗), we can find nearly constant masses in each
phase where

m2
1± = m2

σ − 3c1 ± c2
Λ
√

2εCMBMPH
2
∗ + c3

Λ2 2εCMBM
2
PH

2
∗ ,

m2
2± = m2

σ + c3
Λ2 2ε2M2

PH
2
∗ ≈ m2

σ, (3.6)

m2
3± = m2

σ + δ2
c1 ± c2

Λ
√

2ε∗MPH
2
∗ + c3

Λ2 2ε∗M2
PH

2
∗ ,

where δ3 = −δ2 − 3 is used for m3±. The approximation m2± ≈ m2
σ is valid as long as

m2
σ/H

2
∗ � εCMBM

2
P /Λ2, which implies a lower bound for the cutoff Λ� εCMBMP . In this

case the time evolution of σ± is directly given by the results found in section 2.2. Note that
mσ ∼ H∗ also ensures that the density fluctuation of σ during inflation merely contributes
to negligible isocurvature perturbations in the CMB background radiations.

Massless AD field. Another usual assumption for the bare mass parameter mσ is of
order the electroweak scale (mσ = m3/2), which has negligible contribution at the energy
scale of inflation. The special massless limit (mσ → 0) can harvest a non-negligible baryon
asymmetry at the end of inflation which is investigated in appendix B.

A possible scenario towards the UV completion of (3.2) would be to consider a vector
field Aµ that couples to the AD field and a scalar ϕ through the interactions

∆LA ⊃ cA1ϕA
µ∂µϕ+ cA2σA

µ∂µσ + cA3σ
∗Aµ∂µσ + c.c., (3.7)

where ϕ should be identified with the inflaton via the redefinition ΛAφ ≡ ϕ2/2. Since
inflaton is real scalar, (3.7) cannot be a gauge theory. Aµ shall be heavy with a mass mA ∼ Λ
so that it can be integrated out at the energy scale of inflation. This results in the effective
theory cA1ϕA

µ∂µϕ ≡ cA1ΛAA
µ∂µφ ⊃ −cA1cA2

ΛA
m2
A
σ∂µσ∂µφ − cA1cA3

ΛA
m2
A
σ∗∂µσ∂µφ + · · · .

The only choice for the effective theory to reproduce (3.2) is to make sure ΛA = Λ where one
can recognize c1 ∼ cA1cA3, c2 ∼ cA1cA2 and the c3 term becomes higher-order corrections.
Although there are analogous terms to 1

Λ2σ
2(∂σ)2, 1

Λ2 |σ|2|∂σ|2, · · · arise in this scenario
that introduce non-canonical couplings to the mass eigenstates, one can check that these
terms of Λ−2 are indeed subdominant corrections to (3.2) with the proper choice of the
cutoff H∗ � Λ ≤MP .

There is a simple constraint Lφ ≈ 3M2
PH

2
∗ � ∆L to ensure the de Sitter background of

single-field inflation. The background assumption φ̇ ∼ √εHMPH∗ and the initial condition
σ±(t0) ∼ H2

∗/m± indicate that the c1 or c2 term has ∆L ∼ √εH MP
Λ

H6
∗

m2
±
, and the c3 term

has ∆L ∼ εH
M2
P

Λ2
H6

∗
m2

±
. Thus ∆L � H4

∗ � Lφ is naturally consistent with the constant mass
approximation m2

σ/H
2
∗ � εCMBM

2
P /Λ2 used in (3.6).

3.2 Baryon number production

The sudden transition of scalar masses induced by the change of inflaton rolling rate δ from
slow-roll to USR triggers the coherent motion of the σ VEV. As σ starts in motion, the
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Figure 2. The parameter scan for the baryon asymmetry |YB | at the end of inflation from a heavy
AD field (mσ = H∗/2) in the USR limit δ2 = −3 with {c1, c2, c3} = {−2, 1, 1}, N∗ = 0.5 and
H∗ = 2.37× 1013 GeV. Dashed lines are contours of |YB |. Colored regions are excluded by validity
of the late-time approximation for m3±/H∗ < 3/2 and the constant-mass formalism (3.6).

conserved current jµ = i(σ∗∂µσ − σ∂µσ∗) associated with a global U(1) quantum number
in the limit of ∆L → 0 is produced from zero. We will assign such a U(1) to the baryon
number for a typical example, despite that in general the U(1) can be a combination of
baryon, lepton or even quantum numbers in the dark sector [43–45]. In terms of mass
eigenstates, the baryon number is

nB = j0 = σ+σ̇− − σ−σ̇+ = H∗

(
σ+

dσ−
dN
− σ−

dσ+
dN

)
. (3.8)

Note that it is only the c2 term in (3.2) that violates the baryon number.
To estimate the baryon asymmetry at the end of inflation, in this section we assume

instantaneous reheating soon after Nend, where the radiation energy density ρr(tend) ≈
3M2

PH
2
∗ . The temperature T (t) = [ 30

π2g∗
ρr(t)]1/4 at the beginning of radiation domination is

therefore given by T∗ ≡ T (H∗) and the corresponding entropy production s∗ = 2π2g∗T
3
∗ /45,

where the number of relativistic degrees of freedom above 300GeV is g∗ = 106.75.
Based on the results given by (2.14) for each mass eigenstate, we can compute nB to

find out the baryon asymmetry as

YB = nB(Nend)
s∗

= H∗
s∗
D+D−

(
∆−3+ −∆−3−

)
e−(∆−

3++∆−
3−)Nend , (3.9)

where D± and ∆−3± are the coefficient (2.12) and the Phase 3 scaling dimension (2.11) with
respect to the mass eigenstates m3±. For a large duration number Nend � 1/(∆−3+ + ∆−3−),
the exponential suppression of YB illustrates the conventional expectation for a negligible
baryon asymmetry from long-term inflation.

Let us find out the typical |YB| at the end of inflation from a heavy AD field. For
mσ ∼ H∗, we apply constant-mass approximation (3.6) to compute the evolution of each
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mass eigenstate, where the solutions for σ± at the end of inflation are readily given in
section 2.2. With H∗ ∼ 1013 GeV, the instantaneous reheating gives H3

∗/s∗ ∼ 10−9 and with
Λ ∼MP , D+D−/H

2
∗ ∼ 10−2 for arbitrary choices of N∗ and Nend. |∆−3+ −∆−3−| & 10−1 if

N∗ . 0.5 and |∆−3+ −∆−3−| . 10−3 if N∗ & 2.5. (Note that N∗ > 2.5 is usually required
for the byproduct PBHs from the USR inflation to be important dark matter, see the
discussion section 5.)

As a result, for heavy AD mass 0.2 < mσ/H∗ < 1.5, our numerical results show that
the maximal baryon asymmetry given by (3.9) is realized at the order of

|YB| (mσ, N∗, Nend) . 10−11, (3.10)

for short term USR inflation with N∗ < 0.5 and Nend < 5 that gives e−(∆−
3++∆−

3−)Nend ∼ O(1).
A parameter scan for |YB| at the end of inflation from a heavy AD field with mσ = H∗/2 is
shown in figure 2. We conclude that for a heavy charged scalar with a bare mass mσ ∼ H∗,
the observed baryon asymmetry cannot be purely explained by its dynamical excitation
triggered by the USR phase transition during inflation. However, when taking into account
the coherent oscillation of inflaton after the end of inflation in the usual (non-instantaneous)
reheating scenario, a heavy scalar can still generate sufficient baryon asymmetry through
the standard AD mechanism. We will explore baryogenesis after inflation via reheating
in section 4.

The correlation length. Here we address the correlation length (or the variance) of the
local baryon asymmetry associated with the initial conditions. First of all, it is remarkable
that the choice of (2.5) for the mass eigenstates in Phase 1 correspond to VEVs with
maximal CP violation. The averaged baryon asymmetry among the probability distribution
of all VEVs is expected to be dominated by those values with maximal CP violation [9]. To
see what is the meaning of maximal CP violation, let us apply the polar representation
σ = Reiθ/

√
2 to the AD field, where the radial VEV is given by 〈R2〉 = 〈σ2

−〉+ 〈σ2
+〉 and

the angular VEV can be computed via the relation tan θ = σ+/σ−. For heavy AD field
considered here, m1± given by (3.6) is dominated by mσ so that |σ+/σ−| = m1−/m1+ ≈ 1,
which implies that the initial VEV of θ is approximately at ±π/4 or ±3π/4.

In terms of the polar representation, the equation of motion reads

R̈+ 3HṘ+
[
m2
σ + c1

Λ�φ+ c3
Λ2 (∂φ)2 − θ̇2

]
R = c2

Λ�φR cos(2θ), (3.11)

θ̈ +
(

3H + 2Ṙ
R

)
θ̇ = −c2

Λ�φ sin(2θ). (3.12)

One can see that initial conditions with θ = θmax ≡ ±(2n + 1)π/4 are the values that
provide the maximal source for the θ-motion on the right-hand-side of (3.12). Given that
nB = Rθ̇ and that the radial VEV is always positive, a local Universe filled with matter or
antimatter is in fact determined by the initial VEV of θ, which controls the sign of θ̇.

We can derive the effective potential V (R, θ) = mR(θ)2R2/2 for the AD field from (3.11),
where mR(θ)2 = m2

σ+(c1−c2 cos(2θ))�φ/Λ+c3(∂φ)2/Λ2. For a heavy AD field with mR ∼
O(H∗), the perturbation of the radial mode on top of the coherent value R0 ≡

√
〈R2〉 is
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Figure 3. The inflaton energy density ΩI ≡ ρI/(3M2
pH

2) as a function of time based on the
smoothed and analytic approximations with an inflaton mass mI = 20H∗. The dotted-dashed line
depicts the energy density of radiation Ωr ≡ ρr/(3M2

pH
2). The vertical dashed line is t = 1/ΓI .

negligible. In contrast to the presence of “flat directions” in higher-order non-renormalizable
potential [7], θ may not have a well-defined coherent value in this scenario, yet one can
easily check that the effective mass of the angular mode at the maximal CP violation is
given by m2

θ ∼ ∂θ∂θV (R, θ)|θ=θmax → 0. The correlation length xc for a massive scalar in
de Sitter, defined from G(xc) = G(0)/2, is xc/xref = 23H2

∗/(2m2) [54, 69], where m is the
scalar mass, xref is a reference length scale and G(x) ≡ G(|~x1− ~x2|) is the two-point spatial
correlation function. Since we are interested in long wavelength modes that have exited
the horizon by the time of USR transition (namely xref ∼ 1/kCMB can be a good choice),
the condition mθ → 0 implies that baryon asymmetry from θ picked up by the choice (2.5)
for the mass eigenstates has a correlation length much larger than the Hubble scale, which
ensures that a local patch of the Universe is left with a pure (anti)matter (see also the
discussion in section 4.1 of ref. [7]).

4 Baryogenesis after inflation

The presence of a coherent oscillation of the inflaton following the end of the (secondary)
slow-roll phase is a conventional assumption to terminate inflation. Once the inflaton φ

rolls into a deep potential valley, it acquires a large mass mI � H∗ and starts to oscillate
around the potential minimum, leading to an effective matter-domination epoch. Reheating
starts with the decay of inflation into radiative degrees of freedom and finally the energy
density of radiation dominates the Universe. In this section, we investigate the subsequent
evolution of the AD field from inflaton coherent oscillations to completed reheating (or
namely the beginning of radiation domination).

We assume the existence of a deep valley ∂2V (φ)/∂φ2 ≈ m2
I � H2

∗ without specifying
the shape of the potential V (φ). The decay of φ is governed by a perturbative channel,
featured by the decay width ΓI of the inflaton, where the energy density of inflaton and
radiation (ρI and ρr) evolve as

ρ̇I + 3HρI = −ΓIρI , ρ̇r + 4Hρr = ΓIρI . (4.1)
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Figure 4. The time evolution of mass eigenstates σ± from the end of inflation to radiation
domination with mI = 20H∗, Λ = MP , H∗ = 2.37× 1013 GeV and ΓI = 1013 GeV. In both panels
N∗ = 1 and Nend = 5 are used. The vertical dotted lines are t = π/mI and the vertical dashed
lines are t = 1/ΓI . Left panel: the case of tachyonic initial masses with {c1, c2, c3} = {−2, 1, 1} and
mσ = H∗/2. Right panel: the case of positive masses with {c1, c2, c3} = {2,−1, 1} and mσ = H∗.

The evolution of each density species satisfies the constraint 3M2
PH

2 = ρI + ρr. It is
convenient to defined the energy scale of inflation Λ4

I = 3M2
PH

2
∗ = ρI0 as the initial

condition for the post-inflationary dynamics, where ρI0 = ρI(tend). The energy density of
radiation is created from zero: ρr0 = 0.

To mimic the background expansion in the effective matter domination Universe driven
by the rapid oscillation of φ, we impose a simplified analytic representation [62] as

φ(t) = φmaxa
−3/2 cos [mI(t− tend)] e−ΓI(t−tend)/2, (4.2)

where φmax ≡ Λ2
I/mI is the maximal oscillatory amplitude for φ at the beginning of

oscillation. This analytic representation is a good approximation as long as mI � H∗
and H∗(t − tend) � 1. For clearness and simplicity we take tend = 0 from now on. In
the limit of mI → ∞, one can reproduce the smoothed energy density of the inflaton as
ρI = 〈m2

Iφ
2〉 → Λ4

Ia
−3e−ΓI t. We plot in figure 3 an analytic example with mI = 20H∗.

One can see that tr ≡ 1/ΓI is the approximated time scale at the beginning of radiation
domination for arbitrary choice of mI .

Based on the analytic representation (4.2) we can express the mass terms (3.4) of
the mass eigenstates σ± as explicit functions of the background dynamics through �φ =
−φ̈−3Hφ̇ = m2

Iφ and (∂φ)2 = φ̇2. Therefore we are now ready to study the time evolution of
σ± in the post-inflationary epochs with initial conditions at the end of inflation investigated
in the previous sections.3

Dynamical initial conditions. As seen from (2.14), for the ending time of inflation
Nend . 1/∆−3±, VEVs of the AD field excited by the USR phase transition remains in
motion, providing dynamical initial conditions for their relaxation during reheating.

3The AD field has a maximal energy density at the end of inflation where the c1 or c2 term has
∆L . 1

Λ
H4

∗
m2
σ
m2
Iφmax ∼

mIΛ2
I

Λm2
σ
H4

∗ and the c3 term has ∆L . Λ4
I

Λ2
H4

∗
m2
σ
as σ± ∼ H2

∗/mσ is slightly decay during
inflation. For a heavy AD field with mσ ∼ H∗, ∆L � Lφ holds in an apparent way so that reheating driven
by the coherent oscillation of φ is not interrupted by the AD field back reactions.
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Figure 5. The baryon asymmetry |YB | generated by a heavy AD field mσ = H∗/2 with tachyonic
initial masses led by the choice of {c1, c2, c3} = {−2, 1, 1}. Upper panel: initial conditions of the
mass eigenstates (left) and their time derivatives (right) with respect to Nend. Lower left panel: the
time evolution of |YB | from the end of inflation to reheating complete with respect to various choices
of N∗ and Nend = 5. The vertical dotted line is t = π/mI and the vertical dashed line is t = 1/ΓI .
Lower right panel: the final |YB | in radiation domination with respect to various choices of Nend. In
all panels, Λ = MP , H∗ = 2.37× 1013 GeV and ΓI = 1013 GeV are used.

Let us focus on a heavy AD field with mσ ∼ H∗ and Λ ∼MP which guarantees initial
conditions of σ± that are well computed by the constant-mass approximation (3.6). For
mσ . H∗ and mI � H∗, the initial masses at tend are dominated by c1 and c2 terms where
m2
± ≈ (c1 ± c2)mIΛ2

I/Λ ∼ (c1 ± c2)mIH∗ � H2
∗ . This is due to the transition of potential

energy to kinetic terms for the inflaton at the end of inflation, which gives the opportunity
for m± to become tachyonic at the beginning of reheating, depending on the choices of
c1 and c2. In figure 4, we show examples for the evolution of σ± from tachyonic initial
masses m2

±(tend) < 0 and positive initial masses m2
±(tend) > 0 with different choices of the

coefficients ci. For both choices of c1 and c2 in figure 4, the effective masses m2
i± during

inflation given by (3.6) are all positively defined. It is remarkable that these initial VEVs are
in the regime of σ± � H∗, while the conventional AD baryogenesis from flat directions [7]
relies on initial VEVs much greater than the scale of H∗.

With the numerical solutions of the mass eigenstates σ±, we can obtain the baryon
asymmetry YB(t) = nB(t)/s(t) during reheating where nB = σ+σ̇− − σ−σ̇+. For arbitrary
choices of the initial conditions, the ending time of inflation, Nend, is the most important
parameter that determines the final YB in radiation domination. Some examples based on
the tachyonic initial masses of m± at the end of inflation are given in figure 5. The decay
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of |YB| due to the increase of Nend in the initial conditions is easy to understand since the
initial VEVs of σ± and their time derivative are exponentially diluted by Nend.

On the other hand, YB is not sensitive to the duration of the USR phase, N∗, from
arbitrary initial conditions. This is due to the fact that with sufficiently large N∗, ε∗ =
εCMBe

2δ2N∗ becomes too small so that the effective masses m2± = m3± ≈ mσ, as seen
from (3.6). As a result, initial conditions of the mass eigenstates at the end of inflation are
nearly the same for N∗ & 1 when δ2 = −3.05. Such an asymptotic constant behavior for
the final baryon asymmetry towards the large N∗ limit has an important implication to the
PBH formation from the USR inflation models. As will be discussed in section 5, N∗ > 2 is
generally required for the by product PBHs from USR inflation to act as important dark
matter today.

The decay of AD condensate due to scattering with thermalized particles during
reheating could be an important issue, especially for baryogenesis following high-scale
inflation considered in this work. It is usually assumed that the finite temperature effect
induced a thermal mass mT to the AD field led by the smallest Yukawa coupling ys as
mT ∼ ysT [63]. For the scale of inflation ΛI ∼ 1016 GeV used in our examples, the maximal
temperature during reheating is Tmax ∼ (MPΛ2

IΓI)1/4 ∼ 1015 GeV. However, one can
check that if ys is of order 10−2 − 10−4, mT has negligible contribution to the relaxation
process since m± . (mIΛ2

I/Λ)1/2 is dominated by inflaton kinetic energy at the beginning
of reheating. Therefore, unless ys could be of order 10−1 or larger, we find that the finite
temperature effect does not play an important role in the AD mechanism.

Long-term inflation. For models of inflation that experience a long duration until the
end of the secondary slow-roll phase with Nend � 1/∆−3±, the coherent motion of the AD
field triggered by the Phase 1 to 2 transition becomes negligibly small. In this case the
accumulation of long wavelength perturbations that exit the horizon in Phase 3 can develop
new condensates for the mass eigenstates σ±. As the subsequent scalar condensate reaches
equilibrium under the stochastic effect [54], the VEV of σ± can be estimated by

σend± =
√

3
8π

H2
∗

mend±
, σ̇end± = 0, (4.3)

where εend ∼ O(1), and for convenience we take εend = 1/2 so that (3.4) at Nend gives

m2
end± = m2

3±(tend) = m2
σ + c1 ± c2

Λ δ2MPH
2
∗ + c3

Λ2M
2
PH

2
∗ . (4.4)

Note that mend± is a constant in constant-rate inflation with δ2 ≤ −3.
Baryogenesis from the static VEVs given by (4.3) does not rely on the constant-mass

approximation (3.6) nor the late-time expression (2.14), so that the applicable parameter
space for mσ and the cutoff scale Λ is less constrained. This allows us to explore cases
away from the USR limit with δ2 < −3. In figure 6 we compare the resulting YB with
different choices of δ2 away from the USR limit. The final YB approaches to a constant
value in the massless limit where mσ � mend±. The enhancement of YB in the large AD
mass limit mσ � H∗ is due to the resonance amplification led by the choice of inflaton
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Figure 6. The baryon asymmetry |YB | from static initial conditions (4.3) after long-term inflation
with respect to the mass parameter mσ of the AD field and various choices of δ2. In this plot, we use
{c1, c2, c3} = {−2, 1, 1}, mI = 20H∗, Λ = 0.3MP , where H∗ = 2.37× 1013 GeV and ΓI = 1013 GeV.

mass mI/H∗ ∼ O(10). Such a resonance between inflaton and the AD field could happen in
reality but is not a necessary condition for the scenario to reach enough baryon asymmetry.
We remark that the purpose of this section is to show a complete analysis of the possible
initial conditions for baryogenesis triggered by constant-rate inflation. However, information
related to parameters for PBH formation, such as N∗ or Nend, will be washed away by the
long-term inflation. For the discussion of the PBH-baryon correlation in section 5, we shall
focus on dynamic initial conditions.

5 Baryon-PBH correlation

So far we have investigated baryon production during or after multi-stage USR inflation
without taking into account PBH formation is generated by the enhanced power spectrum
Pζ on scales much smaller than those of the CMB. As the inflaton decays during reheating,
the enhanced small-scale curvature perturbation ζ is inherited by the density perturbations
of the radiation, and high peaks of these superhorizon density perturbations collapse to
form PBHs when they reenter the horizon. For those byproduct PBHs from USR inflation
to occupy a significant fraction of the dark matter density ΩDM at matter-radiation equality
(t = teq), the power spectrum Pζ has to satisfy several constraints set by current observations.
In this section, we investigate the viable parameter space for the multi-stage USR inflation
to produce significant PBH dark matter and a large enough baryon asymmetry.

5.1 PBH dark matter

We focus on the viable window for PBHs to be all dark matter in the asteroid-mass range
MPBH/M� ' 10−16 − 10−12. This indicates that the pivot scale k0/keq ≈ (Meq/MPBH)1/2

for the initiation of the USR phase is subject to the range of k0 ' 1012− 1014 Mpc−1, where
keq = 0.01 Mpc−1 and Meq ' 2.94× 1017M� are the horizon wavenumber and the horizon
mass at matter-radiation equality, respectively. The comoving horizon length RH ≡ 1/(aH)
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as a function of the horizon mass MH = 4πρ(H)H−3/3 is given by

RH(MH) = 1
keq

(
MH

Meq

)1/2(
g∗
geq

)1/6

, (5.1)

where geq = 3 accounts for the relativistic degrees of freedom at teq. Note that Req =
RH(Meq) ≈ 1.57× 1040 GeV−1.

We define ΩPBH(RH) = ΩPBH(MH) as the density parameter of PBHs at a given
scale RH (or namely MH) in radiation domination. The mass fraction, β(MPBH,MH) ≡
dΩPBH/d lnMPBH, describes the distribution of PBH masses MPBH at the given scale MH .
The statistics of the PBH density at the comoving scale RH can be summarized as

ΩPBH(RH) =
∫
· · ·
∫ ∞
Fc

MPBH
MH

fc(yi)P (F, yi, σFi)dFdy1 · · · dyi, (5.2)

where a Gaussian random field is an ideal choice for F and yi denotes spatial or temporal
derivatives (constraints) of F . fc(yi) describes spacetime constraints to ensure that the
selected F meets the criteria of PBH formation [65–69]. σFi describes the i-th spectral
moment of F which can be computed by the power spectrum of F as

σ2
Fi(RH) =

∫ ∞
0

k2iW 2(kRH)PF (k)d ln k, (5.3)

where W (kRH) is a window function smoothing over RH to prevent the divergence in
the limit of k → ∞. The probability distribution function P (F, yi, σFi) is in general a
multi-variable structure due to the non-trivial conditional distribution of F . The density
contrast of radiation is the most widely adopted choice of F for PBH formation [64]. The
curvature perturbation ζ is another natural option for the fundamental random field in the
statistics of PBH abundance from models of inflation [71–73]. The compaction function is a
good choice of F to explore the P (F, yi, σFi) correlation with the threshold value Fc [70, 82],
and the inflaton perturbation, δφ, is a convenient candidate of F to study the effect of
quantum diffusion in ultra-slow-roll scenarios [92].

5.1.1 The fiducial statistics

The simplest one-variable Gaussian statistics, referred to as the Press-Schechter method [64],
is the standard approach to obtain a reference PBH abundance from models of inflation.
As the fiducial method to forecast the PBH abundance from the constant-rate model (2.3),
we adopt the Press-Schechter formula for the mass fraction of the form:

βPS(MH) = 2
∫
νc

e−ν
2/2

√
2π

dν = erfc
(
νc/
√

2
)
, (5.4)

where F is identified as the density contrast of radiation, ν ≡ F/σF0 is the peak value
for a Gaussian random field F over its variance σF0 (or the zeroth spectral moment), and
νc ≡ Fc/σF0 is the critical peak value defined at the threshold Fc of gravitational collapse.
The analytic expression of (5.4) is given in appendix C.1.
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Figure 7. The PBH mass function f(MPBH) (blue) based on the fiducial (Press-Schechter) ap-
proach (C.1, solid line) and extended mass functions given by the effect of critical collapse (C.2,
dashed), the finite-size effect (C.3, dash-dotted) and non-linear density contrast (C.4, dotted). The
pivot scale k0 = 7.3× 1012 Mpc−1 for the USR transition is used, and N∗ in each function is fixed
by fPBH = 1 with δ2 = −3.05 and Nend = 20. The existing observational bounds are shown from:
galactic (red) and extragalactic (green) probes, as well as CMB and Edges (black).

Given that PBHs behave as dust-like matter, the mass fraction grows as β(MH) =
β(Meq)(a/aeq) in the radiation-dominated Universe. The final PBH density at matter-
radiation equality is therefore given by

ΩPBH,eq =
∫
β(MH)

(
Meq
MH

)1/2
d lnMH ≡ ΩDM,eq

∫
f(MH)d lnMH (5.5)

where the scaling relation MH/Meq ∼ a/aeq is used. The mass function f(MH) = β(MH)
(Meq/MH)1/2/ΩDM,eq shows the PBH ratio in dark matter density at each horizon scale
MH and fPBH = ΩPBH,eq/ΩDM,eq measures the contribution from all PBHs in the dark
matter density.

Let us explore the viable parameter space for realizing fPBH > 0.1, where PBHs occupy
a significant fraction of the dark matter density. A perfect USR inflation with δ2 = −3 will
launch a scale-invariant power spectrum from k0 all the way to kend. This means that the
dominant contribution to the mass function f(MH) at matter-radiation equality comes from
the mass range around MH & 1015 gram, as lower mass PBHs have been fully evaporated
via Hawking radiation. The perfect USR case with fPBH > 0.1 is thus immediately ruled
out by the severe constraints on PBH evaporation in the CMB, and the extra and inner
galactic background radiation.

Fortunately, a slightly red-tilted USR inflation with δ2 . −3 can lead to sufficient
decay of f(MPBH) towards the small mass limit. In figure 7 we provide an example of the
mass function computed by the fiducial method (5.4) (solid blue line) with δ2 = −3.05 and
fPBH = 1. For a comparison, we also provide extended mass functions based on several
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statistical uncertainties discussed in appendix C. In all cases, one can see that f(MPBH) <
10−6 for MPBH/M� ≤ 10−18 so that the mass functions given in figure 7 are compatible
with current constraints.4 Notably, the green lines denote the Galactic bounds from: the
Voyager1 data [95], the MeV diffuse flux observed by the Integral/Spi detector [98],
the 511 keV line observed in our Galaxy [96, 97] and the Comptel measurements [116].
The red lines indicate the extragalactic bounds from Super-Kamiokande [100] and from
the extragalactic background radiation [99]. Finally, the CMB and Edges constraints are
displayed in black.

There is a lower bound of δ2 that comes from the constant-mass approximation (3.6)
for the AD field, given that time-dependence appears in the Phase 3 mass eigenstates m3±
when δ2 is away from the USR limit at −3. For example, with mσ/H∗ = 1/2, N∗ = 2 and
Nend = 20, the constant-mass approximation m3± ≈ mσ holds for Λ > 0.2MP at which
the lower bound reads δ2 > −3.12. For Λ = MP , the constant-mass holds for a larger
parameter space with δ2 > −3.3. We remark that, however, the violation of constant-mass
approximation does not imply a failure of the baryogenesis but just invokes an extension of
the formalism in section 2.2.

5.1.2 Uncertainties

The PBH abundance from inflationary models of the USR class involves several uncertainties
in the statistical approaches. The purpose of this section is to clarify the possible deviations
from the fiducial parameter space led by various uncertain effects for the PBH formation.
Here we summarize these uncertainties in terms of the difference in N∗ with respect to the
fiducial value reported by βPS defined in (5.4), where N∗ is obtained by fPBH(δ2, N∗, Nend) =
1 with fixed δ2 and Nend.

• Quantum diffusion. The leading uncertainties for the PBH abundance in this scenario.
In the exact USR limit (δ2 = −3), investigations in [90, 92] suggest that the real
abundance enhanced by quantum diffusion might lead to a deviation β/βPS ∼ 105 −
1012, which can be translated into an O(10−2 − 10−1) deviation in N∗. However,
generalization of the method to the quasi-USR case with δ2 < −3 is required for the
current scenario, where we expect a significant suppression of the effect of quantum
diffusion due to the large effective inflaton mass of order H∗ (see appendix A). As
discussed in section 5.2, the viable parameter space for PBH as important dark matter
with large enough baryon asymmetry allows a deviation β/βPS � 10100 or namely an
O(1) shift in N∗.

• Non-linear density. The leading uncertainty for PBH formation arises from models
of inflation. The deviation could be up to O(10−1) difference in N∗ (appendix C.4).
The non-linear effect moves N∗ towards a larger value since the required spectral
amplitude APBH becomes larger [75]. The shape of the resulting mass function is
similar to that of the critical collapse, see figure 7.

4The plot of the observational constraints was generated using the publicly available code
https://github.com/bradkav/PBHbounds.
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• Finite-size effect. PBHs are not zero-size objects in real space and they only form
at the local maximum (peaks) of the density contrast [65]. These spatial constraints
introduce a ν3

c factor in addition to the Press-Schechter method [67, 69]. As shown in
appendix C.3, the effect gives a O(10−2) correction towards a smaller N∗ for a fixed
PBH abundance.

• Critical collapse. The effect of critical collapse [84–87] is an intrinsic uncertainty
for PBH formation from the reenter of large density perturbation into horizon. The
extended mass function under critical collapse (appendix C.2) shows an evidently
increased low-mass tail and a lowered peak value, yet it has a negligible correction of
O(10−3) to the parameter N∗ for a fixed PBH abundance.

Note that corrections from the transfer function that describes the time evolution of
the density contrast after horizon reentry have been neglected in our results. There may be
more uncertainties that arise from the choices of window functions, the profile dependence
of the curvature perturbation, and the exact threshold value of gravitational collapse. We
expect the combination of all uncertainties can only lead to a difference β/βPS � 10100,
which means at most an O(10−1) uncertainty for N∗.

5.2 The cosmic coincidence

The cold dark matter density today ΩCDM0 = 0.265 in the standard ΛCDM Universe [88]
indicates that at matter-radiation equality ΩCDMeq = 0.42 and the baryon density ΩBeq =
mBnBeq = 0.08, where mB = 0.938GeV is the averaged nucleon mass and nBeq = |YB|s(teq)
is the baryon number density. The specific ratio between the two density parameters:

ΩCDMeq/ΩBeq ≈ 5, (5.6)

is referred to as the “cosmic coincidence problem.” This cosmic coincidence also implies
that ΩPBHeq/ΩBeq ∼ O(1) if PBHs occupy 10 − 100 percent of the dark matter density.

Taking H0 = 67.36 km s−1 Mpc−1, ΩΛ0 = 1−Ωm0 = 0.6847, and the redshift zeq = 3402
from [88], we find that Heq = H0

√
ΩΛ0 + 2Ωm0(a0/aeq)3 ≈ 2.264× 10−37 GeV and thus the

baryon asymmetry at equality is |YB| = 6.25× 10−11. Based on this estimate, we seek a
viable parameter space for baryogenesis to satisfy |YB| & 10−10.

In figure 8, we scan the parameter space {N∗, Nend} for the USR inflation with a slightly
tilted spectrum δ2 = −3.05 that can be realized fPBH > 0.1 and keep the constant-mass
formalism (3.6) as a good approximation. The results in figure 8 show that baryogenesis
triggered by the USR inflation with |YB| & 10−10 is compatible with PBH dark matter in
the range of 19 < Nend < 24 and this viable parameter space is not sensitive to a small
variation in N∗. On the other hand, the PBH abundance is very sensitive to a perturbation
in N∗ so that a specific value in the range of 0.1 ≤ fPBH ≤ 1 will fix a precise value of
N∗ in the region of N∗ > 2. In other words, if PBHs compose an important dark matter
fraction with 0.1 ≤ fPBH ≤ 1, the inflationary parameter N∗ is fixed to the space that gives
|YB| & 10−10 so that ΩPBHeq/ΩBeq ∼ O(1) becomes a natural outcome in the scenario. This
provides a potential explanation to the cosmic coincidence problem for PBH dark matter.

– 20 –



J
H
E
P
0
1
(
2
0
2
2
)
0
1
5

0.0 0.5 1.0 1.5 2.0 2.5 3.0

16

18

20

22

24

N*

N
en
d

10-11

10-10

10-9.6

10-9.5

Nend - N0.002 < 54.9

m± > 3/2
fPBH = 1

fPBH = 0.5

fPBH = 0.1

2.645 2.650 2.655 2.660 2.665 2.670

16

18

20

22

24

N*

N
en
d

Figure 8. The parameter scan of PBH-baryon production from USR inflation with δ2 = −3.05
in the {N∗, Nend} plane, where N = 0 is chosen at the onset of USR transition in figure 1. The
PBH-to-dark matter ratio fPBH(N∗, Nend) = 0.1, 0.5, 1 is estimated by the monochromatic relation
MH = MPBH. Initial conditions for σ±(N∗, Nend) are computed by (2.14) based on the constant-
mass approximation with {c1, c2, c3} = {−2, 1, 1}, mσ = H∗/2, and Λ = 0.3MP . The contours
are the final baryon asymmetry |YB | resulting from the given initial conditions {N∗, Nend}, where
mI = 20H∗ and ΓI = 1013 GeV are taken in the reheating scenario. Colored regions in the left panel
are excluded by the minimal e-fold number of single-field inflation and the condition m±/H∗ < 3/2
for the late-time approximation of (2.14). Right panel: a zoom-in for the ratio fPBH(N∗, Nend) on
the N∗ axis.

The above conclusion is unchanged even if one takes into account the effects of critical
collapse C.2 or the non-linear density corrections C.4 in the PBH mass function. As one
can see from figure 7, the effect of critical collapse slightly decreases the peak amplitude
of f(MPBH) and lifts the population of PBHs towards the small mass limit. As a result,
the values of N∗ required by 0.1 ≤ fPBH ≤ 1 are slightly larger than those without critical
collapse. Similarly, the non-linearity of the density contrast asks a larger N∗ by O(0.1), yet
a constant shift of N∗ towards the region of N∗ > 2 does not affect the resulting |YB| in
this scenario.

Note that in the paradigm of slow-roll single-field inflation, the exclusion of a perfect
scale-invariant Pζ in general requires a finite e-fold number 50 < Nend −N0.002 < 60, where
N0.002 is the number at the pivot scale of CMB measurements kCMB = 0.002 Mpc−1 [1].
The non-observation of spatial curvature requires an additional 4.9 e-folds to produce the
pivot scale [1]. These two constraints imply a minimal e-fold number from CMB scales to
the smallest scales at the end of inflation: ln(kend/kCMB) ≈ ln(aend/aCMB) > 54.9, which
translates into a constraint Nend = ln(kend/k0) > 54.9− ln(k0/kCMB).

Before closing this section, we remark that the final baryon asymmetry triggered by the
USR transition during inflation always approaches a constant value in the regime of N∗ > 2
for a heavy AD field with mσ ∼ O(H∗), which we have numerically confirmed with various
choices of the O(1) parameters, c1, c2, c3 (but avoided the fine cancellation between c1 and
c2), and mI > 10H∗. This conclusion relies on the constant-mass approximation (3.6) which
sets a lower bound to the cutoff as Λ >

√
εCMBMPH∗/mσ. However, a Λ below this bound

does not necessarily mean a failure of the baryogenesis, but only requires a modification of
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the solutions in section 2.2 to that of a time-dependent mass term. In general, a larger YB
is obtained with a lower Λ since it gives a larger source of the baryon number violation in
the equation of motion (namely the c2 term).

The “asymptotic constant” behavior of |YB| implies that the viable parameter space
for explaining the cosmic coincidence problem holds as long as APBH/ACMB > 5× 102 for
δ2 . −3, which can be translated into the viable range 10−6 < APBH < 10−1 with the upper
bound set by the perturbativity of the inflation model.5 As a result, even if there could be
some O(1−10) uncertainty for the necessary amplitude APBH to realize 0.1 ≤ fPBH ≤ 1 due
to any uncovered effect involved in the PBH formation from USR inflation, the prediction
of the ratio ΩPBHeq/ΩBeq remains unaffected.

6 Conclusion

The sharp deceleration of the slow-roll dynamics on small scales into an “ultra-slow-roll
(USR)” phase is a generic mechanism to enhance the primordial power spectrum for PBH
formation in single-field inflation. If PBHs indeed play an important role in dark matter,
the cosmic coincidence problem among the energy densities of the Universe today might
hint a correlated origin for baryon and dark matter. In this work, we have explored and
confirmed the viability of baryogenesis, based on the AD mechanism, with modified initial
conditions and baryon-number-violating operators triggered by the generic USR transition
for PBH formation.

Baryogenesis driven by the USR transition during inflation significantly extends the
viable parameter space for the initial conditions from preceding conclusions. It does not
rely on the presence of “flat directions” nor a tachyonic soft mass term induced by non-
minimal Kahler couplings. Scalar fields with initial VEVs much smaller than the Hubble
scale of inflation can create sufficient baryon asymmetry as long as they were dynamically
excited during inflation. In other words, the AD mechanism of baryogenesis can be realized
with a minimal Kahlar potential or without the assumption of supersymmetry. Albeit
the formalism presented in this work has been focused on the constant-mass assumption
for the AD field near the USR limit (δ2 ' −3) with a bound 0 < m±/H∗ < 3/2 on the
effective masses, we expect successful baryogenesis beyond those constraints. The coherent
production of scalar motion away from the USR limit and the modified late-time behavior
for m±/H∗ > 3/2 are interesting topics for further investigations.

The asymptotic constant behavior of the final baryon asymmetry towards the large
USR duration limit (N∗ � 1) is a generic feature of the presented scenario and this fact
has important implications to the cosmic coincidence problem. For PBHs to occupy a
significant fraction of the dark matter density ΩPBH, the value of N∗ must be precisely
fixed, whereas the exact value depends on various uncertainties involved in the statistics of
the PBH abundance. However, all statistical methods tested in this work suggest that the
allowed space of N∗ for PBH dark matter lies deep inside the constant plateau of the correct

5For a reference in terms of fPBH based on the fiducial method, the value N∗ = 2.3 with δ2 = −3.05
gives fPBH ∼ 10−130 and APBH ∼ 3 × 10−3, and N∗ = 2.3 with δ2 = −3.1 gives fPBH ∼ 10−83 and
APBH ∼ 5× 10−3.
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baryon asymmetry, where the coincidence between ΩPBHeq and ΩBeq can incorporate at
least 10100 orders of uncertainties in the ratio of fPBH ≡ ΩPBH/ΩDM. Nevertheless, despite
the fact that the USR transition provides a quantitative connection between baryon and
PBH densities with a viable answer to the cosmic coincidence problem independent of
the statistical uncertainties, the existing fine-tuning problem for the inflaton potential to
realize PBH dark matter inevitably enters the story of cosmology. On the other hand, the
asteroid-mass window for PBH dark matter, one of the fundamental assumption in this work,
could be tested by near future astrophysical or gravitational-wave experiments [106–118].
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A The inflaton mass in quasi-USR inflation

The exact USR limit with δ2 = −3 corresponds to a region of completely flat potential
in which the inflaton field φ is effectively massless. In this region stochastic effect driven
by modes well inside the horizon can play an important role in the VEV of φ, leading to
non-linear translation of the curvature perturbation ζ from φ beyond the standard Gaussian
approximation [51, 89–92]. In this section, we drive an upper bound for δ2 to prevent the
breakdown of the Gaussian assumption for ζ.

The constant-rate condition δ̇2 = 0 used for the USR template in section 2.1 is in fact
a constraint on the inflaton mass. To see this, one uses δ = φ̈/(Hφ̇) to replace the classical
motion φ̈+ 3Hφ̇+ Vφ = 0 to obtain δ + 3 = −Vφ/(Hφ̇). Taking the time derivative of δ
one obtains the relation with the inflaton mass Vφφ [24], where the constant-rate condition
δ̇ = 0 gives

Vφφ
H2 = (εH − δ) (δ + 3) , (A.1)

where εH → 0 manifests a de Sitter background. One can see that δ = 0 (slow-roll) and
δ = −3 (USR) are two special cases for the massless inflaton. The condition δ3 = −δ2 − 3
with δ2 ≤ −3 implies a continuous inflaton mass from Phase 2 to 3 so that the scaling power
of Pζ is also continuous [24].

To avoid a large quantum diffusion led by the stochastic fluctuation of φ, we ask the
effective mass m2

φ ≡ |Vφφ| to satisfy the condition, m2
φ/H > H/(2π), so that the classical

deviation is larger than the size of the quantum fluctuation. With Vφφ = −δ(δ + 3)H2, one
finds that mφ/H > 1/

√
2π gives the upper bound δ2 < −3.05.
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The statistics of PBH abundance in the exact USR inflation with δ2 = −3 is very
sensitive to the effect of quantum diffusion [89, 91]. For more physical cases with δ2 < −3,
the inflaton mass (A.1) led by the constant-rate condition δ̇2 = 0 in fact has fixed solutions of
the inflaton mode functions (with the de Sitter condition εH → 0), see [24]. In other words,
power spectrum of the Gaussian inflaton perturbation δφ has been uniquely determined by
the background evolution of φ, where in the USR limit with δ2 → −3 the spectrum Pδφ is
exactly scale invariant. There is no degree of freedom to impose an additional delta-like
spectrum for δφ as in [92] and the effect of quantum diffusion in the probability distribution
function of the density contrast away from the USR limit is left for future effort.

B Baryogenesis from massless AD field

Let us explore in this section the baryogenesis during inflation triggered by a charged scalar
with a negligible bare mass. In the limit of mσ → 0, m1± and m3± given in (3.6) are still
constants yet the scalar mass in Phase 2 only given by the c3 term becomes decaying with
time, where

m2
1± = −3c1 ± c2

Λ
√

2εCMBMPH
2
∗

m2
2± = c3

Λ2 2εCMBM
2
PH

2
∗e

2δ2N = m̄2e−6N , (B.1)

m2
3± = −3c1 ± c2

Λ
√

2ε∗MPH
2
∗ + c3

Λ2 2ε∗M2
PH

2
∗ , (B.2)

and we denote m̄2 = 2c3εCMBM
2
PH

2
∗/Λ2 for convenience. To study the baryogenesis in this

limit, the coefficients ci are chosen such that mi± in each phase is always positive defined.
We ask m1± ∼ O(H∗) for the AD field to be compatible with the isocurvature constraint in
Phase 1, which gives an upper bound to the cutoff as Λ < 3

√
2εCMBMP .

For mσ � H∗, we adopt the massless approximation (B.1) to the mass eigenstates,
where m2± are degenerated but they have explicit time-dependence. The Phase 2 equation
of motion for σ± becomes

σ̈2± + 3H∗σ̇2± + m̄2e2δ2H∗t σ2± = 0, t0 ≤ t < t∗, (B.3)

where m̄2 = 2c3εCMBM
2
PH

2
∗/Λ2, and in the USR limit δ2 = −3 the solution takes a simple

form of

σ2±(N) =
√

3
8π2

H2
∗

m1±
cos

[
m̄

3H∗

(
1− e−3N

)]
. (B.4)

Note that initial conditions given by (2.5) at N = 0 have been used. The decaying-
mass solutions in Phase 2 modify the coefficients of the constant-mass Phase 3 solutions
σ3± = C±e

−∆+
3±N +D±e

−∆−
3±N , by matching boundary conditions at N = N∗, as

C± = e∆+
3±N∗

∆−3± −∆+
3±

(
σ∗±∆−3± −A±

)
, D± = e∆−

3±N∗

∆−3± −∆+
3±

(
A± − σ∗±∆+

3±

)
, (B.5)
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Figure 9. The parameter scan for the baryon asymmetry |YB | at the end of inflation from
massless AD field (mσ = 0) in the USR limit δ2 = −3 with {c1, c2, c3} = {−2, 1, 1}, N∗ = 0.5 and
H∗ = 2.37× 1013 GeV. Dashed lines are contours of |YB |. Colored regions are excluded by validity
of the late-time approximation for m3±/H∗ < 3/2 and the existence of the USR phase (Nend > N∗).

where σ∗± = σ2±(N∗), A± = σ0±(m̄/H∗)e−3N∗ sin[m̄(1−e−3N∗)/(3H∗)] and σ0± ≡ σ±(t0) =√
3/(8π2)H2

∗/m1±.
The resulting baryon asymmetry estimated at the end of inflation from a massless AD

field (mσ → 0) can marginally reach the observational value |YB| . 10−10 in a very limited
parameter space. An example using the late-time approximation (3.9) for m±/H∗ < 3/2
with N∗ = 0.5 and H∗ = 2.37× 1013 GeV is given in figure 9. By definition, the ending time
of inflation Nend > N∗ is necessary for the existence of the USR phase (Phase 2).

C The statistics of PBH abundance

In this section we provide a more detailed formulation of the uncertain effects in the statistics
of PBH abundance considered in section 5.1.2. In table 1, a summary is given about the
condition fPBH = 1 for PBH as all dark matter from different statistical approaches
in terms of the duration of the USR phase N∗ and the maximal spectral amplitude
APBH = ACMBe

−N∗(6+4δ2). The corresponding mass function in each approach given in
figure 7 is compatible with existing observational constraints from galactic [95–98], extra-
galactic [99, 100], and CMB or 21cm experiments [101–105].

C.1 The fiducial approach

In this work, we forecast the PBH abundance by assuming the monochromatic relation
MPBH = MH (no critical collapse)6 at each comoving epoch so that the ratioMPBH/MH = 1
in (5.2). Assuming that F is the only variable relevant to the PBH formation without

6Due to the effect of critical collapse [84–87], MPBH in general can be much smaller than the horizon
mass MH at the epoch of formation.
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βPS βc β3d βNL
δ2 = −3.05 2.6645 2.6687 2.6423 2.7473
APBH 0.0329 0.0286 0.0337 0.0549
δ2 = −3.1 2.5837 2.5877 2.5628 2.6638
APBH 0.0334 0.0292 0.0342 0.0558

Table 1. The duration of the USR phase, N∗, and the corresponding spectral amplitude, APBH, for
realizing PBH as all dark matter fPBH = 1 from various statistical approaches with Nend = 20.

further constraints, we have fc(yi) = 1 and P (F, yi, σFi) = eF
2/(2σ2

F0)/
√

2π so that (5.2)
simply gives the Press-Schechter formula (5.4) (up to a factor of 2).

Conventionally, the Gaussian field F is identified as the density perturbation of radiation
converted from the decay of inflaton during reheating. At linear order, the power spectrum
of F is related to Pζ according to

PF = 4(1 + w)2

(5 + 3w)2

(
k

aH

)4
Pζ , (C.1)

where w = 1/3 is the equation of state of the Universe in radiation domination. The linear
simplification (C.1) of the density spectrum inevitably loses non-linear and non-Gaussian
contributions from Pζ [11, 72–82]. However, given that the PBH abundance is exponentially
sensitive to the peak value ν, the statistical results based on non-linear or non-Gaussian
approaches can usually be mimicked by the linear Gaussian statistics with a mild change
in the input parameters (or, to be more specifically, the spectral amplitude APBH), see
also [72, 81].

The gain from using the linear relation (C.1) is that one can obtain explicit analytic
expressions for the spectral moments (5.3) given by the USR template (2.3). Importing the
Gaussian window function W (kR) = exp[−k2R2/2], one can decompose the template (2.3)
into one blue-tilted trapezoidal spectrum (from kmin to k0) plus one step/trapezoidal
spectrum (from k0 to kend) to obtain the analytic result of σFi based on the method in [69],
and it reads

σ2
Fi(RH) = 4(1 + w)2

(5 + 3w)2
APBH
2R2i

H

(C.2)

×
[

Γ(5 + i+ δ2, r
2
0)

r6+2δ
0

− Γ(5 + i+ δ2, r
2
end)

r6+2δ
0

+ Γ(4 + i, r2
min)

r4
0

− Γ(4 + i, r2
0)

r4
0

]
,

where r0 = k0RH , rmin = kminRH and rend = kendRH . Note that APBH = ACMBe
−N∗(6+4δ2),

kmin = (ACMB/APBH)1/4k0, and kend = k0e
Nend are all expressed by free parameters

{δ2, N∗, Nend} of the USR inflation. k0 is fixed by the targeting mass range of PBHs.

C.2 The effect of critical collapse

In this section, we derive the PBH mass function with extended MPBH to MH relation
led by the effect of critical collapse [84–87]. This effect is conventionally described by the
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scaling relation of the form:

MPBH = KMH(F − Fc)γc , (C.3)

where K = 3.3 and γc = 0.35 are two numerical constants. Fc is the threshold density
perturbation for gravitational collapse. The scaling formula generalizes the peak value
ν = F/σF0 to be a function of both MPBH and MH so that [69, 83]:

βc (MPBH,MH) = K√
2πγcσF0(MH)

(
MPBH
KMH

)1+1/γc
exp

[
− F 2

2σ2
F0(MH)

]
, (C.4)

where F = [MPBH/(KMH)]1/γc + Fc.
The PBH mass function based on the extended mass relation at matter-radiation

equality is therefore a sum of the contribution at each epoch of the horizon mass MH , where

fc(MPBH) = 1
ΩDM,eq

∫ lnMeq

lnMmin

(
Meq
MH

)1/2
βc (MPBH,MH) d lnMH . (C.5)

The lower limit Mmin comes from the upper bound for F as over-large density perturbation
would have already collapsed to form PBHs in earlier epoch. We adopt a conservative upper
bound Fmax ≤ 2Fc so that one can derive the lower limit Mmin ≥MPBH/(KF γcc ) from the
scaling relation (C.3).

Finally, the PBH ratio in dark matter is the sum of all masses at equality: fPBH ≡∫
fc(MPBH)d lnMPBH. As a comparison, for fPBH = 1 with k0 = 7.3× 1012 Mpc−1, we find

that N∗ = 2.6687 (2.6645) with (or without) the effect of critical collapse.

C.3 The finite-size effect

The fact that PBHs are not point particles in real space and they only form at the
local maximum of the density contrast introduces spatial constraints of the peak value
ν = F/σF0 with respect to its first and second spatial derivatives. These constraints in
3-dimensional space lead to non-trivial functions fc(yi) among the spectral moments in
the PBH density (5.2) and invoke a system of 10-variable Gaussian statistics [65]. In the
high-peak limit νc = Fc/σF0 � 1, the mass fraction with 3-dimensional spatial constraints
is found as [67, 69]:

β3d(MH) ' 1
2Q

3/2ν3
cβPS(MH), (C.6)

where Q ≡ R2σ2
F1/(3σ2

F0) is an O(1) factor near the pivot scale k0 of the USR transition,
and ν3

c is nothing but the finite-size effect for PBHs in 3-dimensional real space. The
detailed derivation of β3d and the extended version with the effective of critical collapse
can be found in [69].

The finite-size effect usually becomes negligible if PF is a broad spectrum spanning
a wide mass range. By fixing fPBH(δ2, N∗, Nend) = 1 at Nend = 20 for a broad spectrum
with δ2 = −3.05, we find that the result from β3d (βPS) gives N∗ = 2.6423 (2.6645). For a
comparison, a narrower spectrum with δ2 = −3.1 at Nend = 20, we find that N∗ = 2.563
from β3d and N∗ = 2.584 from βPS.
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C.4 Non-linear density contrast

The general solution of the Einstein equation for the relation between the curvature
perturbation and the density contrast of radiation is non-linear. Recent studies [75, 93, 94]
suggested that the density perturbation of radiation, δρr/ρr, in terms of the compaction
function provides a well-defined criterion for PBH formation, which is related to the profile
of the curvature perturbation, ζ(r), through the non-linear equation as

δρr
ρr
≡ FNL = F − 3

8F
2, (C.7)

where F = −4rm∂rζ(rm) is the linear density contrast imposed in the fiducial approach and
rm is the local maximum of the compaction function. Such a non-linear relation promotes
the extended mass relation of critical collapse (C.3) to be

MPBH = KMH(FNL − Fc)γc = KMH

(
F − 3

8F
2 − Fc

)γc
. (C.8)

Completing the square of the linear perturbation (with 2/3 > F > Fc [75]), one can derive
the modified relation

dF = 4
3γc

[
16
9 −

8
3Fc −

8
3

(
MPBH
KMH

)1/γc
]−1/2 (

MPBH
KMH

)1/γc
d lnMPBH. (C.9)

Given that our goal is only to clarify the effect of non-linearity for the mass function based
on the fiducial approach, we compute the PBH density by using the one-variable formula
with Gaussian probability distribution function as

ΩPBH(MH) = 1√
2πσF0

∫
Fc

MPBH
MH

e−F
2/(2σ2

F0)dF. (C.10)

Taking the modified relations from (C.8) and (C.9), one can derive the mass fraction from
non-linear density contrast of the form

βNL(MPBH,MH) = 4K
3
√

2πγcσF0

(
MPBH
KMH

)1+1/γc
(C.11)

×
[

16
9 −

8
3Fc −

8
3

(
MPBH
KMH

)1/γc
]−1/2

exp
[
− F 2

2σ2
F0

]
.

The unified result of non-linear density contrast with the finite-size effect of density peaks
is provided in [75].

The extended mass function from non-linear density perturbation can be computed
similarly as (C.5) by using βNL. Comparing with the resulting N∗ for fPBH(δ2, N∗, Nend) = 1
with fixed δ2 and Nend based on the fiducial method, the mass function from non-linear
density contrast asks a larger N∗ by O(10−1).
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