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ABSTRACT

In this work, we employ and adapt the image-to-image translation concept based on conditional generative adversarial networks
(cGAN) for learning a forward and an inverse solution operator of partial differential equations (PDEs). We focus on steady-state
solutions of coupled hydro-mechanical processes in heterogeneous porous media, and present the parametrization of the
spatially heterogeneous coefficients, which is exceedingly difficult using standard reduced order modeling techniques. We
show that our framework provides a speed-up of at least 2,000 times compared to a finite element solver and achieves relative
Root Mean Square Error (RMSE) of less than 2% for forward modeling. For inverse modeling, the framework estimates the
heterogeneous coefficients, given input of pressure and/or displacement fields, with relative RMSE of less than 7%, even for
cases where input data is incomplete and contaminated by noise. The framework also provides a speed-up of 120,000 times
compared to a Gaussian prior-based inverse modeling approach while also delivering more accurate results.

Introduction

Development of a reduced order model (ROM)'* which aims to produce a low-dimensional representation of full order model
(FOM) could be an alternative towards handling field-scale parameter estimation, optimization, or real-time control system.
The ROM methodology relies on a parameterized problem (i.e., repeated evaluations of a problem depending on parameters,
which could correspond to physical properties, geometric characteristics, or boundary conditions®~’). However, it is difficult to
parameterize spatial fields of partial differential equation (PDE) coefficients (i.e., corresponding to heterogeneous material
properties) by a small number of parameters. Specifically, the problem of interest in coupled hydro-mechanical (HM) processes
commonly involves complex subsurface structures®!! where the corresponding spatially distributed parameters can span
several orders of magnitude and include discontinuous features. As a result, the traditional parameterized ROM> %13 might
not be suitable for this type of problem because a “global” proper orthogonal decomposition (POD) approach might require a
high dimensional reduced basis (see Supplementary Section 3 for more information).

Data-driven and physics-informed modeling enabled by machine learning techniques have recently gained significant
scientific computing attention as an alternative to the aforementioned reduced order modeling techniques. Directly incorporating
physical laws, Physics-informed neural networks (PINN) were proposed to solve PDEs in forward and inverse settings without
the need for labeled data'4~'6. Their limitation lies in the fact that they can not efficiently handle problems with heterogeneous
coefficients. Extended-PINN (xPINN) attempts to address this issue using domain decomposition”. However, it still cannot
handle a high degree of spatial heterogeneity of the PDE coefficients as an input (see Fig. 1) since it is not practical to subdivide
these types of fields. Even though PINN and its variants can be used for parameter estimation problems, they cannot efficiently
provide multiple inquiries for the forward problem. Data-driven learning of solution operators of PDEs has recently been
proposed in DeepONet'® and Neural Operator!®, which have been shown to approximate the solution of PDEs in a forward
solution setting. These methods, however, are limited to an approximation of continuous functions, which might not be
applicable to problems that deal with discontinuous input and output functional spaces, as shown in Fig. 1. We note that even
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though the Neural Operator modgtould generalize between spatially heterogeneous input elds, discontinuities must be
smoothed prior to training. Additionally, we have found the training time required for the latter approach is exceedingly high
for standard engineering applications (see Supplementary Section 4.4).

Central to the developments of this data-driven solution is an idea of generative adversarial networks (GAN). Since the
introduction of GAN in 2014, this architecture has gained popularity because of its generalization ability and has been widely
used in image/video analy$fs?L. GAN is based on two networks, (1) a generator and (2) a discriminator, which compete with
each other. The generator's goal is to produce realistic output that resembles the real data (belonging to the training set). The
discriminator’s job is to differentiate between the output of the generator and the real data. The training phase is complete
when the discriminator cannot distinguish between real data belonging to the generator's training set and data produced by
the generator. The concept of deep convolutional neural networks (CNN) has been employed for both the generator and the
discriminator of GAN to capture highly heterogeneous spatial feattifésind their evolution in tim&. Additionally, an
augmentation of discrete labeled data has been used to control the generator's output, termed conditional GANGEEGAN
Still, all the aforementioned frameworks cannot be used directly to address the data-driven solution of PDEs since they are
limited to only categorical conditioning, which is not suf cient for the parametrization of spatially heterogeneous input elds.

To approximate primary variables with given heterogeneous coef cients of the PDEs and to estimate the spatially het-
erogeneous coef cients given the primary variables, we employ the idea of the image-to-image translation fra&fework
Different from a classical cGAN in which is conditioned by labeled data (e.g., classes of object the image is representing),
the image-to-image translation framework relies on conditional elds, which could be edges, masks, points, or segmentation
maps®35 This idea has been extended to high-resolution imdgésunsupervised translatidir3®, controllable facial
attribute editing?, and controllable segmentation mappifigWe rely on the image-to-image translation concept because
we want to construct mappings of gradients, discontinuities, and multiscale features between input and output elds. We
achieve these goals through (1) nonlinear data compression (latent representation) and (2) multiscale feature mapping (skip
connections), as illustrated in Fig. 1. We would like to emphasize that the reasoning for using the GAN-based framework
lies within the fact that GAN aims to approximate the underlying distribution of the training samples, which will improve the
generalization of our ROM framework. The work presented here contributes in two main ways

1. We propose and adapt the image-to-image translation concept to learn forward and inverse solution operators of PDEs.
This data-driven ROM framework can ef ciently parameterize highly complex input elds and generalize mappings
between those input elds and their corresponding output elds.

2. We illustrate that using a U-Net generatbinstead of the deep CNN (see Supplementary Section 4.5 for more detail and
performance comparison), and a patch-based discrimifattamg with spectral normalizatidhor Wasserstein loss
with gradient penalt}f- 41 can improve the framework's accuracy and training stability without adding costly training
time.

Results

Data generation

We present two possible applications of our proposed model; (1) forward modeling: with given permeability elds, the model
approximates the eld of the primary variables (i.e., pressure and displacement elds), and (2) inverse modeling: with given a
subset of primary variable elds, the model estimates the permeability eld. We utilize a Discontinuous Galerkin nite element
model of linear poroelasticity to generate training, validation, and tesfs®tsThe geometry, boundary conditions, and input
parameters are summarized in Supplementary Section 1. In short, we have a rectangular unit domain with heterogeneous
permeability. We achieve these conditions by enforcing constant pressures of 0 and 1000 at the top and bottom boundaries.
We drain uid from the top and inject uid into the bottom of the domain. We utilize three types of highly heterogeneous
permeability elds: (1) a permeability eld given as a Gaussian distribution (Supplementary Section 4.2.1), (2) a permeability
eld de ned by a bimodal transformation (Supplementary Section 4.2.2), and (3) a permeability eld from a Zinn & Harvey
transformation (Supplementary Section 4.23Yhe details of how we generate these elds could be found in Supplementary
Section 4.1.

Model selection

Our approach uses the cGAN image-to-image translation concept to enable ef cient parametrization of spatially heterogeneous
input elds while mapping multiscale features to the output (see Supplementary Section 4.5 for more detail). The model
has three variations: (1) base model with classic adversary loss (Supplementary Section 2.1), (2) SN model with spectral
normalization (Supplementary Section 2.2), and (3) W model with Wasserstein loss and gradient penalty (Supplementary
Section 2.3). We here only present results of the W model (corresponding to one out of three variants of our ROM), which is
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developed based on Wasserstein loss with gradient penalty (see Supplementary Section 2.3) as it provides the best accuracy and
the most training stability. We compare the performance of three models, (1) base model (Supplementary Section 2.1), (2) SN
model (Supplementary Section 2.2), and (3) W model (Supplementary Section 2.3) in detail for both training and test dynamics

in Supplementary Section 4.2.1, Supplementary Section 4.2.2, and Supplementary Section 4.2.3.

Forward modeling

Focusing on the steady-state solution of poroelasticity equations (as described in Supplementary Section 1) while considering
highly heterogeneous material properties, we train, validate, and test the ROM based on three types of highly heterogeneous
permeability elds simultaneously. The details of each eld are provided in Supplementary Section 4.1. The input to the
ROM is three types of permeability eld, and the output is pressure and displacement elds. Details on how we generate each
permeability eld, set model parameters, training, and testing of the ROM can be found in Supplementary Section 4.2.1 for the
Gaussian distribution, Supplementary Section 4.2.2 for the bimodal transformation, and Supplementary Section 4.2.3 for the
Zinn & Harvey transformation. We illustrate three test cases (out of 3000 test examples, which are excluded from the training
set) in Fig. 2. The size of the training set will be discussed in the following paragraphs. From this gure, we note that our
model can provide reasonable approximations of the FEM results. The difference between solutions produced by the FOM and
ROM (further referred to as DIFF) is calculated by

DIFF(X)= Xn Rp: 1)

Xp is a nite-dimensional approximation of the set of primary variables, corresponding to displacement and pressure elds in
this study, as calculated by the FORI, is an approximation oX;, produced by the ROM. An extensive discussion can be
found in theMethods section.

Our results show that the maximum DIFF values are two-order of magnitude less than the maximum pressure value. When
the ROM is trained and tested separately for each type of permeability eld (see Figs. 9, 11, and 13), the maximum DIFF values
remain in the same order of magnitude. This behavior indicates that the proposed ROM can generalize ef ciently among three
types of microstructures. As expected, the permeability eld from the Zinn & Harvey transformation case has the highest DIFF
value since the permeability eld exhibits extensive discontinuities over the domain and the highest contrast. The permeability
eld as bimodal transformation generally has greater DIFF values than the Gaussian distribution case.

We then investigate the effect of the number of training samMg®i the model dynamics (i.e., accuracy and its trend).

We have ve cases with a different number of training examplesN(%) 1500training examples, (2) 3000 training examples,

(3) 7500 training examples, (4) 15000 training examples, and (5) 30000 training examples. As previously mentioned, we train,
validate, and test our model using three types of permeability elds; hence, we divide the portion of each eld equally. For
instance, assuming we have 30000 training examples, we use 10000 samples from each permeability eld. In line with this, for
validating and testing, we u$¢= 1500 testing examples (500 examples from each eld) for all ve cases.

The relative root mean square error (relative RMSE) of the test cases, de ned as

S S

2 N 5.\ 2 a N 2
) N : : N X .
relative RMSE= a'-l():l )" a"Nl Lo % 2 Xpandé 2 K )

is evaluated and presented in Fig. 3. We notexhahdX; are the ground truth (FOM result) and approximated values (ROM
result), respectively. These relative RMSE values in Fig. 3 are calculated based on the test set. We select the best model of each
model that has different number of training examples based on the evaluation of the validation set (see Supplementary Section
4.2.4 for more detail). As one expected, the model's performance is improved as the number of training samples increase. We
observe that if we keep the number of training samples greater than 7500 (2500 examples for each eld), our ROM framework
performs well and does not show an over tting behavior.

So far, we have seen that the ROM accuracy is acceptable when the W model is employed. Additionally, this model exhibits
a reliable training behavior. We now investigate the W model's ef cacy by comparing the gained speed-up and the lost accuracy
using the ROM. We apply the multi delity Monte Carlo (MFMC) idea and criteria to evaluate the efadyhe accuracy loss
is quanti ed through a correlation between FEM and ROM using

cov Xh;Xh

My g = ———————; ©))
Xn®h Sp(Xp) SD K
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wherer X Kr, is the Pearson correlation coef cient Xf, with X;,, COV( ) is a co-variance, anflD( ) is standard deviations.
To quantify a trade-off between speed-up and accuracy, we use the following cfitetfon

1 r2
W .
Xh thxh: 4)
W, r2
Xh Xh;Xh

Here,wy,, andw,(h denote the computational cost in wall times for computigand Xy, respectively.wy, andw,(h are
approximately 4 and 0.002 seconds resulting in a speed-up of 2000. As we solved a time-dependent set of equations to obtain
the steady-state response, we utilized ten steps of the time-integration scheme, resulting in 40 seconds for the FOM steady-state
solution indicating a speed-up of 20000. Here, we compare to the time of just one solution step of the FOM corresponding to a
linear problem for a fair comparison. Any time-dependent or nonlinear problem we lead to a greater speed-up. We present the
results of(4) for (1) 1500 training samples, (2) 3000 training samples, (3) 7500 training samples, (4) 15000 training samples,
and (5) 30000 training samples in Fig. 15. From this gure, we observe that all ve cases 4)i§fg., the blue line is always

above the red line). Moreover, as the number of training examples increase the differences between FEM and ROM results
1r2
decrease (seerM value).
Xpih

Inverse modeling
In contrast to the forward modeling setup where the coef cients were the input and the solution eld in terms of the primary
variables was the output, here we use a subset of pressure and displacement elds at the steady-state solutions of the FOM as
an input, i.e., measurements, to the ROM framework. The model's output is the reconstructed permeability eld discussed in
Section Supplementary Section 4.2.3. The model's input could have one, two, or three channels (i.e., pressure, displacement
in the x-direction, and displacement in the y-direction). Throughout this section, we only show two cases; (1) input has one
channel - pressure eld, and (2) input has three channels - elds of pressure, displacement in the x-direction, and displacement
in the y-direction. We note that one could also utilize the ROM framework as a forward approximator (as we digiwénd
modeling section) combined with an optimization algorithm to solve the inverse problem.

We test our framework in an inverse setting against the Principal Component Geostatistical Approach*(P€@mjch
is a scalable Hierarchical Bayesian model with Gaussian prior. PCGA utilizes the low dimensional space of the prior covariance,
i.e., principal components, to approximate the maximum a posteriori estimate as to the inverse solution with its linearized
uncertainty and is considered as one of the state-of-the-art inverse modeling methods in ge¢stiemtgrequires a few
hundreds of the forward model runs in total without any intrusive implementation and accelerates dense matrix operations
through the linearly scalable fast linear algebra metPfod&/e use PCGA in conjunction with our FOM sol¢ér*3in this study.
We reduce the available data points38 of the input in a nite-dimensional setting, and we also illustrate the performance of
the framework using noisy data. Note that we represent no measurements data using a ag of -1 (e.g., -1000 in a real value for
pressure eld).

Data not corrupted by noise

The details of cGAN architecture, parameters, and loss functions could be found in Supplementary Section 2. We note that
we only use the W model (Supplementary Section 2.3) in the current comparison. Moreover, the input eld of both training,
validating, and testing data is not corrupted by noise. We note that this practice is rarely done in inverse modeling literature
since data acquisition is always subject to errors. However, this problem is used to test our framework robustness before
we progress to the noisy data in the following section. The PCGA parameters are set as follows; the number of principal
components is 100, the prior distribution of log permeability follows a Gaussian distribution with a prior standard deviation of

2 log(m?) and exponential covariance with a scale lengtfodF; 0:1]. The variance of the measurement error is s&afoP&.

The comparison between the W model and PCGA is shown in Fig. 23 for three test cases. We note that we only use pressure
as an input eld for both models. The details of selecting the W model's state, the sets of weights and biases that deliver the
best performance, are presented in Supplementary Section 4.3.4. Since we consider the coupled hydro-mechanical problem as
in Supplementary Section 1, the pressure data is related to the displacement through the coupled PDEs so that the pressure
data alone may characterize spatially distributed permeability eld better than those obtained from the pressure data in the
single-phase ow con guratiof" %2 Moreover, we use the result from the checkpoint at 50000 steps for the W model. From
Fig. 23, we observe that the W model could capture most of the structures and details with an acceptable error. On the other
hand, the PCGA's inversion with spare pressure measurements does not provide accurate results as expected since the estimated
permeability elds are smoothed due to Gaussian prior assumption and lack of the displacement information that the pressure
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data alone cannot capture. The relative RMSE of the W model is from 1.39 to 2.70 % while the RMSE of the PCGA is from
4.75t05.16 %.

We run the PCGA model using 36 cores (AMD Ryzen Threadripper 3970X) using the python package pyRGGA
/lgithub.com/jonghyunharrylee/pyPCGA , and the inversion takes approximately four to ve minutes to converge
with six to eight Gauss-Newton iterations. We train the W model on a single Quadro RTX 6000, and it takes around 1 hour for
the model at the 50000 steps checkpoint. For the online phase or prediction, the W model takes about 0.002 seconds. Hence,
the W model could provide a speed-up of 120000. We note that even though the W model must be trained, it could be used
repeatedly to estimate the permeability eld much faster than the pyPCGA approach.

Data corrupted by noise
Next, we perform a study of the effect of added noise, which is created from the truéghtes(follows* 53,54

Xhnoise= Xn+ €SD(X) G(0;1); (5)

whereXhnoiseiS the input data with noise. The constantvhich is set td:05, determines the noise level as it is multiplied
with the standard deviation of the input el (0;1) is a random value which is sampled from the standard normal distribution
with mean and standard deviation of zero and one, respectively.

The comparison between the W model and PCGA with noisy data is illustrated in Fig. 4. Again, the details of selecting
the W model's state, the sets of weights and biases that deliver the best performance, are presented in Supplementary Section
4.3.4. Like the previous section, the W model could approximate the permeability eld using only the pressure eld as an input
with relative RMSE from 3.20 to 5.16 %. The PCGA has approximately from 5.08 to 6.72 % of relative RMSE value. These
results illustrate that the W model is tolerant against noise in the input data. Again, during the online phase, the W model
could estimate the permeability eld was signi cantly more ef cient with respect to computational time. We note that, for the
PCGA's parameter, the variance of the measurement error is set R25

Sensitivity analysis of noise level and available input data

We then perform a sensitivity analysis of noise level and available input data using 0.5 % 1.50 % 3.00 % , and 6.00 % of input
elds with xed e = 0:05, and usinge =, 0.05, 0.10, 0.20, and 0.40 with xed 3 % of input elds. Our results are presented in

Tab. 3. As expected, when the % of input elds increases, our model delivers a higher accuracy. Besitteseases, our

model has less accuracy. We want to emphasize thaterdthhigh as 0.4, our model still could provide an average relative
RMSE of less than 9 %. Moreover, even when we have only 0.5 % of the original input data, our model still has an average
relative RMSE of 6.52 %. We note that we present only results of the W model with only pressure as its input. Furthermore,
these relative RMSE values are calculated using our test set employing the best model, a xed set of weights and biases,
obtained from the analysis of the validation set, see Supplementary Section 4.3.4.

Discussion

Based on Supplementary Section 4.2.1, Supplementary Section 4.2.2, and Supplementary Section 4.2.3, we have illustrated that
the proposed framework can ef ciently learn the forward solution operator and generate solutions outside of the training set,
which have acceptable accuracy with respect to the full-order model (a Discontinuous Galerkin Finite Element framework in
our case). It does so, even in exploring highly heterogeneous elds of material parameters, and more speci cally, permeability
elds in uid- lled porous media. This observation suggests that our framework can be utilized to solve other linear and
nonlinear PDEs, exploring the effect of heterogeneous material properties such as Young's modulus, Poisson's ratio, or porosity
in the material and structural response. Although we have two primary variables in our HM problem, corresponding to the
pressure and displacement elds, we only present the results of the pressure eld for conciseness. The displacement eld results
also have the same range of relative RMSE. The RMSE values are two to three orders of magnitude less than the maximum
value of the primary variables. Moreover, the ROM with W loss, referred to as the W model in this manuscript, showcases the
best accuracy and the most stable training behavior. However, the W model is computationally more expensive to train than the
base and SN models. The W model's training time for 700000 back-propagation steps is two hours greater than that of the base
and SN models. The summary of wall time used for each operation is presented in Tab. 4. As one expects, the cost of creating
FOM snapshots is an expensive task. Each snapshot takes four seconds to complete; hence, to build up 10000 snapshots, it
would take approximately 11.1 hours, roughly similar to that of the ROM training time. However, during the online phase, one
would enjoy a very fast evaluation of ROM, which we will discuss in the following paragraph.

We then focus on the ability of the proposed framework to generalize iRéalts: Forward modelingsection. There,
we demonstrate that the framework can approximate primary variables given highly heterogeneous permeability elds, which
have signi cantly different characteristics and ranges. Again, we utilize three types of highly heterogeneous permeability elds:
(1) a permeability eld given as a Gaussian distribution, (2) a permeability eld de ned by a bimodal transformation, and (3) a
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permeability eld from a Zinn & Harvey transformation. The model with only 7500 training examples (2500 examples for each
eld) could provide the RMSE of two orders of magnitude less than the maximum value of the primary variable. This behavior
shows that our model does not require extensive training sets, which is very bene cial in practice. The developed framework
could give a speedup of approximately 2000 and still be able to capture most of the high- delity model results ( nite element
method). In Supplementary Section 4.4, we illustrate that the W model could handle a binary function as an input. Moreover,
the W model has RMSE approximately four-order of magnitude less than the neural operator dfpidasttharacteristic

would be bene cial to various applications such as optimization, uncertainty quanti cation, and multiscale modeling.

We also illustrate the model's performance when it is used to solve the forward problem for cases that are outside of the
training region, see Supplementary Section 4.7. In the case where the validation data does not share underlying features with
the training data, see discussion in Supplementary Section 4.1 and Fig. 6, our framework performs poorly and delivers an
average relative RMSE of 28.14 %. However, our model could predict a data set that they are not trained upon but share some
underlying feature, see discussion in Supplementary Section 4.1 and Fig. 6, with an average relative RMSE of 5.75 %. This
indicates that an adaptive sampling technfgRe®®might provide a resolution to this issue going forward.

Supplementary Section 4.3.1 shows that the framework could also be used for inverse modeling (i.e., with given elds of
primary variables, we inquire the model to approximate the material property distributions - the permeability eld in this case).
As we observe that the W model outperforms the base and SN models in terms of training stability and model's accuracy on the
test set, we only use the W model in the inverse modeling part. The RMSE values are two orders of magnitude less than the
maximum value of the permeability eld. In addition, using both pressure and displacement elds as input, the model does not
provide any signi cant incremental accuracy compared to the model with only pressure eld as input since the pressure data
contains information on the displacement eld through the coupled HM PDEs. We note that this statement is valid only when
the full data of the input eld is provided.

In many realistic cases, however, the input data is sparse, especially in subsurface operations such as geothermal, ground-
water, or hydrocarbon harvesting, since measurement points are strictly limited to the location of the wells or non-intrusive
geophysics and INSAR data. Therefore, we use Supplementary Section 4.3.2 and Supplementary Section 4.3.3 to demonstrate
that our framework could also provide reasonable accuracy (i.e., still approximately two orders of magnitude less than the
maximum value of the permeability eld) in cases where available input data is incomplete (as low as six % of the completed
data). As expected, the more insuf cient the data set is, the less accurate the model becomes. In contrast to Supplementary
Section 4.3.1, where input data is complete, we could not observe a signi cant difference between using both pressure and
displacement elds and using only pressure eld as input; the W model with both pressure and displacement elds as input has
higher accuracy than the W model with only a pressure eld in cases where input data is incomplete. This observation re ects
the fact that as the available input data is decreased (spatially), the additional information from the other elds, displacement
eld, in this case, could provide more information to the model and resulting in better accuracy.

We compare our framework in an inverse setting with Principal Component Geostatistical Approach (PCGA) method
in Results: Inverse modelingsection. Our model's performance is better than the PCGA approach since the estimated
permeability elds of the PCGA approach are smoothed due to Gaussian prior assumption and lack of sensitivity in the pressure
data alone. We also observe that the model with both pressure and displacement elds as input is more affected by noise in data
than the model with pressure as an input alone. For a computational time comparison, our framework provides approximately a
speed-up of 120000. We then perform a sensitivity analysis of noise level and available input data. We illustrate ¢hed with
high as 0.4, our model still could provide an average relative RMSE of 8.1 %. Moreover, even when we have only 0.5 % of the
original input data, our model still has an average relative RMSE of 6.52 %.

As our approach did not perform well for out of distribution data for the forward problem, we expect a similar response for
the inverse problem. Traditional inverse modeling approaches such as PCGA may outperform our method in this situation since
they rely on progressive training through Bayesian updating. This means that PCGA could keep adding more data to identify
the closest solution to the ground truth in the prior space as long as the relative RMSE has not met the desired value. As a
future improvement, one could apply progressive or adaptive tr&iftinefto our cGAN framework in order to improve the
model performance.

We note that our approach output for both forward and inverse problemsissiiguess Parametric bootstrapping and
Bayesian dropout can be implemented quickly to quantify uncertdinBpr the forward modeling in which the problem is
usually well-posed, the best guess is suf cient. For the inverse modeling in which the problem is generally ill-posed, however,
one may want to quantify uncertainties associated with the prediction, especially when the input eld is minimally available.
Therefore, incorporating the Bayesian inferetidato our ROM would help in this regard.
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Methods

Our main target is illustrated in Fig. 5. We consider a system of time-independent PDEs

FOX;m=0 in W
X=fp on Wb; (6)
NX n= fy on W:

corresponding to quasi-static or steady-state problems, WhlerdR"™ (ng 2 f 1;2;3g) denotes the computational domain, and

Wb and{Wy denote the Dirichlet and Neumann boundaries respectiXely.a set of scalarX 2 R) or tensor valued (e.g.

X2 R orR"™ RM) generalized primary variables, amiare scalarfi2 R) or tensor valued (e.gn2 R"™ orR™ R")
generalized parameters for which a solution can be obtained in a nite-dimensional setting through a FOM. We are interested in
developing a data-driven ROM to ef ciently (1) approximate primary variallder a solution of the system of PDEs given
heterogeneous elds for the generalized paramatem=nd (2) estimate the generalized parametevehen given information

from the solution of the primary variable elX that is full, partial or corrupted by noise. We note thaandX must be able to
correspond to both continuous or discontinuous elds over the domain of interest (see Fig. 5) for both the forward and the
inverse problem.

A summary of the proposed framework built upon the of ine-online paradigm is presented in Fig. 6. The rst step of the
of ine stage represents the initialization of a training set of paramemaysf cardinalityM (colored in blue in Fig. 6). These
coef cientsmcould represent physical properties, geometric characteristics, or boundary conditions. However, in this work, we
focus on usingnto represent collections of spatially heterogeneous scalar coef cients, de ning the physical characteristics of
complex microstructures.

In the second step (colored in green in Fig. 6), we query the FOM, which can provide a solution in a nite-dimensional
setting, for each parametarin the training set. The FOM is used to approximate primary variakjgsvhich could correspond
to material displacement and uid pressure elds given the eld of parameteas input. We note tha}, is a nite-dimensional
approximation oX corresponding to the FOM results, which our model takes as the ground truth. Even though the proposed
framework could be applied to a wide range of PDEs, here, we will focus on the steady-state solution of the linear poroelasticity
equations coupling solid deformation and uid diffusion in porous media with highly heterogeneous permeability. For the
FOM, we use the Discontinuous Galerkin nite element solver, discussed in Supplementary Section 1, as required to handle the
high degree of heterogeneity of the system.

In the third step, we build the ROM based on the cGAN image-to-image translation framework, which is discussed in
detail in Supplementary Section 2. We compare the performance of three different variants of the proposed ROM (modifying
the architecture and loss function) with respect to both accuracy and computational costs. These variants of the model are
extensively discussed in Supplementary Section 2.1, Supplementary Section 2.2, and Supplementary Section 2.3. The training
of the ROM must be adapted depending on whether it is to be used in forward or inverse modeling. For the forward setting
(colored in yellow in Fig. 6), the input to the generatomisand the output iX;,. The input to the discriminator Xy, or Xj,,
and the output quanti es the proximity of the generated data to the real data. For the inverse modeling (colored in red in Fig. 6),
the input to the generator ¥, and the output ih The input to the discriminator Xy, or i, and the output again quanti es
the proximity of the generated data to the real data.

Finally, during the online phase for the forward modeling (colored in dotted yellow in Fig. 6), we used the trained generator
to predictXy, with givenm For the inverse modeling (colored in dotted red in Fig. 6), the trained generator is used to estimate
mwith givenX;. In practice, the input eld for the inverse model might be incomplete because the measurement points are
limited and are located sparsely. Moreover, the input might also be contaminated with noise due to uncertainty in experimental
measurement. Hence, the ROM in the inverse setting is tested with incomplete and noisy data.
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Figures

Figure 1. lllustration of strongly heterogeneous input and output elds. Our framework aims to handle continuous and/or
discontinuous input and output elds through nonlinear data compression and skip connections. Red, blue, and green dots
represent t-Distributed Stochastic Neighbor Embedding (t-SNE) under three different statistical distributions. We calculate the
t-SNE plots using Scikit-Learn package using its default setting and perplexity of 15. We note that these t-SNE plots are based
non-normailized data. We illustrate that red, blue, and green dots distribute differently for each stage of nonlinear compression.
In the latent representation, all colors mix with each other. Multiscale features are captured progressively through skip
connections, so that decoded input samples become uncorrelated and evenly distributed in the latent space. Therefore, without
skip connection (multiscale data transfer), the output eld might lose some essential features (see Supplementary Section 4.5).

Figure 2. The results of the test case of the W model trained with 30000 examples (10000 for each Gaussian distribution,
bimodal transformation, and Zinn & Harvey transformation). The model then is tested using 1500 examples (500 for each
Gaussian distribution, bimodal transformation, and Zinn & Harvey transformation). These three cases shown here are randomly
picked from 1500 test examples. Note that the ranges (minimum and maximum values) of each permeability eld are different.
DIFF is calculated as shown in Eq. (1).

Figure 3. relative Root Mean Square Error (relative RMSE) of the test set over the number of training samples of the W
model using. We use an equal number of training, validating, and testing examples for each permeability eld. For instance, if
the training samples are 30000, we use 10000 for each Gaussian distribution, bimodal transformation, and Zinn & Harvey
transformation. Each step refers to each time we perform back-propagation, including updating both generator and
discriminator's parameters. relative RMSE is calculated as shown if2EdWe note that the black dots represent outliers, and

the box plot covers the interval from the 25th percentile to 75th percentile, highlighting the mean (50th percentile) with an
black line. Blue line and blue text represent a mean value.
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Figure 4. Three test cases' results (a), (b), and (c) with a noisy data of the W model and pyPCGA using 3 % of input elds.
For the W model, we use only pressure as its input, and the number of training examples is 10000, the number of validate
examples is 500, and the number of test examples is 500. These three cases shown here are randomly picked from 500 test
examples.

Figure 5. Main goals of data-driven model reduction framework of PDEsmandX are continuous, (binis continuous,
but X is discontinuous, (cinis discontinuous, buX is continuous, and (dnandX are discontinuous. We note that, in this
manuscriptmis a set of parameterized spatial elds, aldepresents exact solutionsef ).

Figure 6. Summary of data-driven model reduction framework of PDEs. Gen. represents generator, and disc is discriminator.
We note thakX}, is an approximation aX, exact solutions oF ( ), obtaining from FOM, an&}, is an approximation oXp,

obtaining from ROM in forward modeling settinmis a set of parameterized spatial eld®is an estimation omusing

ROM in inverse modeling setting.
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Supplementary information
Supplementary Section 1 Coupled hydro-mechanical processes in porous media

Even though the reduced order model presented in this manuscript (Section Supplementary Section 2) could be applied to any
types of differential equations, we here focus on coupled hydro-mechanical (HM) processes in porous media, in which uid
ow and solid deformation tightly interact. These coupled multiphysics processes are involved in various problems ranging
from groundwater and contaminant hydrology to biomedical engineletihgwe follow the Biot's formulation for linear
poroelasticity?- 12 Note that although linear poroelasticity theory may oversimplify deformations in soft porous materials such
as soild316 this description is reasonably good for stiff materials such as rocks, which are the focus of this work. The theory
of linear poroelasticity theory describes the HM problem through two coupled governing equations, namely linear momentum
and mass balance equations.

LetW RY (d 2 f 1;2;3g) denote the physical domain afidV denote its boundary. The time domain is denoted by
T =(0;T]with T> 0. Primary variables used in this paper a'eW T ! R, which is a scalar-valued uid pressurd and
u:W T! RY whichis a vector-valued displacement (m). The in nitesimal strain teesside ned as

e(u) = %(Nu+( Nu)'); (Supplementary Equation 1)

Further,s is the total Cauchy stress tensor, which may be related to the effective Cauchy stress femsbthe pore
pressurep as

s(up)=sYu) apl: (Supplementary Equation 2)

Here,| is the second-order identity tensor, amds the Biot coef cient de ned a%’:
a=1 —; (Supplementary Equation 3)

with K andKs being the bulk moduli of the bulk porous material and the solid matrix, respectively. According to linear elasticity,
the effective stress tensor relates to the in nitesimal strain tensor, and therefore to the displacement, through the following
constitutive relationship, which can be written as

squ) = 1 tr(e(u)1 + 2me(u): (Supplementary Equation 4)

wherel | andm are the Lamé constants, which are related to the bulk modukrsd the Poisson ratio of the porous solid as

3Kn

. and _ 3K(1 2n).
1+n

2(1+n) -

I = (Supplementary Equation 5)

Under quasi-static conditions, the linear momentum balance equation can be written as
N s(up)+ f=0; (Supplementary Equation 6)

where f is the body force term de ned a$ g+ rg(1 f)g, wherer is the uid density,r s is the solid densityf is the
porosity, andy is the gravitational acceleration vector. The gravitational force will be neglected in this study, but the body force
term will be kept in the succeeding formulations for a more general case.

For this solid deformation problem, the domain bound@yis assumed to be suitably decomposed into displacement and
traction boundarieg]W, andW, respectively. Then the linear momentum balance equation is supplemented by the boundary
and initial conditions as:

N squ aN (ph+ f=0 in W T;
u=up on W, T;
s(uy n=tp on TW T,;
u= up in Watt=0;

(Supplementary Equation 7)

whereup andtp are prescribed displacement and traction values at the boundaries, respectivelis #mlunit normal vector
to the boundary.
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Next, the mass balance equation is givet¥a$
19p, e

M Tt +a n +N q=ginW T; (Supplementary Equation 8)
where

1 .

—= fci+ a (Supplementary Equation 9)

M Ks

is the Biot modulus. Heres; is the uid compressibilitye, :=tr(e) = N u s the volumetric strain, anglis a sink/source term.
The super cial velocity vectoq is given by Darcy's law as

q= k(Np rg): (Supplementary Equation 10)

Herek = % is the porous media conductivityy is the uid viscosity. Again, the gravitational forceg, will be neglected in
this work, without loss of generality. In additiok s the matrix permeability tensor de ned as

82 3

Kok Koy  Kiz

8 kx ky k& ifd=3;
kox  Kzy  Kgz

k=" # (Supplementary Equation 11)

Koo Ky ifd=2
Kyx Ky

Kyx ifd=1;

To simplify our problem, we assume all off-diagonal termg®dpplementary Equation 119 be zero and all diagonal
terms have similar value. For the uid ow problem, the domain bound@is also suitably decomposed into the pressure
and ux boundariesf|W, and W, respectively. In what follows, we apply the xed stress split schEm@ assuming
(sv svo)+t a(p po)= Ke,. Then we write the uid ow problem with boundary and initial conditions as

2
%+a? %+%% N (kNp)=g in W T;
pP=po on W, T; (Supplementary Equation 12)
kNp n=gp on W, T;
p= po in Watt=0;

wheres,, := %tr(s) is the volumetric stress, armmh andqp are the given boundary pressure and ux, respectively.

We utilize the discontinuous Galerkin nite element model of linear poroelasticity *3for this study. To simplify the

process, we only investigate the pressure and displacement elds at the steady-state solutions and use these solutions to train our

ROM model. The mesh and boundary conditions adapted from Kadeethurf?etralpresented in Fig. 1. We také= ( 0; 1)
corresponding to a square domain of2lanea, and decompose its bound§ with the following labels

Left=f0g [0;1];
Top=[0;1] f 1g;
Right=f1g [0;1];
Bottom=[0;1] f Og:

Throughout this study, the boundary conditions are described as follows

(Supplementary Equation 13)

Uup n=0 m on Left T;
tp=[0; 1] kPa on Top T;

up n=0 m on Right T;

up n=0 m on Bottom T,;

(Supplementary Equation 14)
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for (Supplementary Equation 7), and

go=0 m=s on Left T,
pp=0 Pa on Top T;
go=0 m=s on Right T;
pp = 1000 Pa on Bottom T,

(Supplementary Equation 15)

for (Supplementary Equation 12)he degrees of freedom associated with this mesB&2&for the continuous approximation
of the displacement elds, and 7110 for the discontinuous approximation of the presgure

The following set of input parameters are used throughout this study. Vile x1, as the porous matrix is characterized by
K = 1000 kPawhile the bulk solid is modeled bs! ¥ kPgcs= 1:0 10 19Pal f = 0:2, uid viscosity - my = 10 3
Pas, and Poisson ratin = 0:25. The permeability in x-directiorkgy) is uniquely populated for each simulation by GSTéals
Then the permeability eldK) is set as

kek  0:0

00 Ky (Supplementary Equation 16)

Supplementary Figure 1. Domain, its boundaries, and mesh used for all numerical examples.

As porous media are generally heterogeneous, and the sharp contrast of phases of the porous microstructure leads to
discontinuous material properties that can span several orders of magnitude, it is very challenging and time-consuming to
capture multiphysics processes occurred in these media using nite volume or nite element Methd@é3 Hence, we aim
to reduce this problem's computational cost while maintaining the acceptable accuracy through a generative model presented in
Section Supplementary Section 2.

Remark 1 We want to emphasize that we use the discontinuous Galerkin nite element model of linear poroelasticity to
generate training and test example$24243 Each FEM simulation uses the same set of input parameters except the
permeability eld ), which is uniquely generated for each simulation GSFdoBesides, to simplify the process, we only
employ the steady-state solutions in this study. Time-dependent problems will be incorporated in our subsequent studies.

Supplementary Section 2 Conditional generative adversarial network

We propose a data-driven model order reduction for physics-based problems using conditional generative adversarial network
(cGAN)?1-33 The framework is adapted from the idea of paired image-to-image transfafiorThe word “paired' re ects the
fact that there is a one-to-one mapping between input elds and output elds. In the past several years, this technique and its
variations have been applied to many problems both supeffis€dnd unsupervised learnitig*L

In contrast to the classical cGAN in which noise and class vectors are used as an input to the gértbmborage-to-image
translation framework employs a conditional matrix (or a conditional eld) as its #pihis conditional eld could be edges,
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Supplementary Figure 2. Generator: U-net composed of two components. The rst component of the generator is a
contracting block that performs two convolutions followed by a max pool operation (light and dark orange blocks). The second
component is an expanding block (blue and pale yellow) in which it performs an upsampling, a convolution, and a
concatenation of its two inputs. The visualization is done by PlotNeuralNet:

https://github.com/Harislgbal88/PlotNeuralNet

masks, points, or segmentation maps in typical image analysis studies. These elds then are mapped to the output, which is an
image3>~*% This study, however, uses physics elds that could represent material properties, boundary and initial conditions,
and measurable quantities such as pressure, temperature, or displacements as the generator's input and output elds.

The generator used in this framework is illustrated in Fig. 2, and it resembles the well-established architecture of U-net,
which typically is used for image segmentatiériThe rst component of the generator is a contracting block that performs
two convolutions followed by a max pool operation (see Fig. 2 - light and dark orange blocks). The second component is an
expanding block (see Fig. 2 - blue and pale yellow) in which it performs an upsampling, a convolution, and a concatenation of
its two inputs. The generator used in this study consists of six contracting and six expanding blocks.

We provide a detailed architecture of the generator used in this study in Tab. 1. Note that each contracting block uses
LeakyReLU with a negative slope of 0.2 as its activation function, each expanding block uses ReLU as its activation function,
the 15t convolutional layer is used to map input chanr@}] to hidden layer sizeH), and it does not subject to any activation
function, and th@" convolutional layer is used to map hidden layer sk to output channelGo.), and it subjects to the
Sigmoid activation function. For the generat@y, = Cout = C, andH = 32 The domain size is governed BOFyx  DOFy,
which is 128 128 throughout this manuscript. We note tBat batch size.

Both input or conditionall() and output or real®) elds of the generator are normalized to be in a rangfpf] as follows

i min(l) and O = O min(O)

Ii:ma><(l) min(l) max O) min(O):

(Supplementary Equation 17)

wherei represents each member's index in the setsaridO. We also note thdt andO haveM members (as well as the
approximated output or fake eldﬁ)). As the last layer of the generat?l convolutional layer (see Tab. 1), is subjected to
the Sigmoid activation function, t@ is always in a range of 0 to 1.

In the classical cGAN, input to the discriminator is a concatenation of conditional vector (e.g., [0, 1, ..., 8, 9] for MNIST
dataset) and output eld produced from the generator or a real eld (training/testing.ser) the contrary, the image-to-
image translation framework uses a combination of conditional and output elds produced from the generator or a real eld
(training/testing set) as its inptit The schematic of the patch discriminator is shown in Fig. 3. The discriminator utilizes the
contracting block (see Fig. 3 - light and dark orange blocks), which is also used in the generator. The purple block is used to
illustrate that our discriminator output is not a single value, but a nfatrix

The detail of patch discriminator architecture is shown in Tab. 2. Each contracting block (see Fig. 3 - light and dark orange
blocks) uses LeakyReLU with a negative slope of 0.2 as its activation functiotStbenvolutional layer is used to map+
conditional eld toH = 8, and it does not subject to any activation function, and an@teonvolutional layer is used to
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Supplementary Table 1. Generator; U-net's detail used in this study (input and output sizes are represenBdby [
DOFx, DOFy]. We use hidden layetd = 32)

Block Input size Output size Batch normalization Dropout
15t convolutional layer | [B, C, 128, 128] | [B, 32, 128, 128]

15t contracting block | [B, 32,128, 128]| [B, 64, 64, 64] v
2" contracting block [B, 64, 64, 64] | [B, 128, 32, 32] v’
3@ contracting block [B, 128, 32,32] | [B, 256, 16, 16] v’

4™ contracting block | [B, 256, 16, 16] | [B, 512, 8, 8]
5M contracting block [B, 512, 8, 8] [B, 1024, 4, 4]
6™ contracting block [B, 1024, 4, 4] [B, 2048, 2, 2]
15t expanding block [B, 2048, 2, 2] [B, 1024, 4, 4]
2"d expanding block [B, 1024, 4, 4] [B, 512, 8, 8]
3@ expanding block [B,512,8,8] | [B, 256, 16, 16]
4™ expanding block [B, 256, 16, 16] | [B, 128, 32, 32]
5 expanding block [B, 128, 32,32] | [B, 64, 64, 64]
6™ expanding block [B, 64, 64, 64] | [B, 32,128, 128]
2"d convolutional layer| [B, 32, 128, 128]| [B, C, 128, 128]

NAYAA A A AN A VANANAN

mapH = 8to C. Dissimilar to the generator where the input size is equal to outpuDsdec DOFy = 128 128, the
discriminator input size iDOFx  DOFy = 128 128, while the output size is a patch matrix of SP&ATCHy PATCHy

= 8 8. We note that we have tried different generator and discriminator architectures such as fully connected layers, deep
convolutional networks, or U-Net without residual blocks. We select these generator and discriminator architectures, Figs. 2
and 3 because they provide the best performance based on our trial-and-error process.

Supplementary Table 2. Discriminator: Patch discriminator's detail used in this study (input size is represent&d Gy [
DOFx, DOFy], and output size is represented B C, PATCHx, PATCHy]. We use hidden layeid = 8). Note that the
spectral normalization is applied only for the SN model (see Section Supplementary Section 2.2).

Block Input size Output size Batch normalization| Dropout | Spectral normalization
15t convolutional layer | [B, C+1, 128, 128]| [B, 8, 128, 128]
15t contracting block [B, 8,128, 128] | [B, 16, 64, 64]
2" contracting block [B, 16,64,64] | [B, 32,32, 32]
3@ contracting block [B, 32, 32, 32] [B, 64, 16, 16]
4™ contracting block [B, 64, 16, 16] [B, 128, 8, 8]
2"d convolutional layer|  [B, 128, 8, 8] [B,C, 8, 8]

NAVAN

NAYANANANAN

We note that the input of the discriminator is combined elds of ingyiafhd output Q) elds of the generator; hence,
they are normalized b{Supplementary Equation 1@hd range from 0 to 1. In this study, we compare three different models'
performance in both accuracy and computational costs. The detail of each model is provided in the following sections.

Supplementary Section 2.1 Base model
As previously discussed, the cGAN model is generally composed of one generator and one discriminator (see Figs. 2 and 3).
The goal of the generator is to generate an approximated output@lthat looks realistic and similar to a real output el@)

with a given conditional eld [). The discriminator, on the other hand, tries to differentiate bet®®andO. Consequently, to
train the framework (both generator and discriminator), we equivalently try to solve the following constraint

mGin mglx[‘a+ [ (Supplementary Equation 18)

Here,G andD are short for generator and discriminator, respectivelys an adversarial loss de nedds*

O Iog®i+(1 O) log 1 (. (Supplementary Equation 19)

Q

I
W~
I oo
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Supplementary Figure 3. Discriminator: PatchGAN, which utilizes the contracting block (light and dark orange blocks),
which is also used in the generator. The purple block is used to illustrate that our discriminator output is not a single value, but
a matrix. The visualization is done by PlotNeuralNetps://github.com/Harislgbal88/PlotNeuralNet

where, againB is batch size an8 M, which is the total number of training examples. Thds a penalty constant selected
by users, and we sét = 500 throughout this paper. Theis read

18 .

§ a 6 o: (Supplementary Equation 20)
We choose L1 norm (i.e(Supplementary Equation 20pver L2 norm because it has shown to improve GAN perfor-
mancé®. We would like to emphasize that according(8upplementary Equation 1@8nd (Supplementary Equation 19)

the discriminator's goal is to maximizga2, O log+(1 O) log 1 ® ,which equivalently means that it tries

to differentiate betwee® and O. The generator of the base model, on the other hand, is not affect&y nyg@
term in (Supplementary Equation 19Hence, the goal of the generator is to mlnlméé 1(1 O) log 1 & and

é B, 6 o. By satisfying these two constraints , the generator attempts to produce rdlistic

We use the adaptive moment estimation (ADAM) algoriffito train the framework (both generator and discriminator).
The learning ratel) is calculated &§

1 t .
he= hmin+ é(hmax Rmin) 1+ cos %P (Supplementary Equation 21)

whereh, is a learning rate at stegieR, hmin is the minimum learning rate, which is seths 10 8, hyax is the maximum or

initial learning rate, which is selected &s 10 4, step is the current step, arslep is the nal step. We note that each step

refers to each time we perform back-propagation, including updating both generator and discriminator's parameters. In certain
circumstances, one could do multiple rounds of back-propagating on the generator while updating the discriminator only once
and vice versa to achieve more stable training. However, in this study, we update the generator and discriminator's parameters
one time per step.

Supplementary Section 2.2 Spectral normalization generative adversarial networks (SN model)

Studies show that employing the loss terms and architecture in the base model in Section Supplementary Section 2.1 may result
in unstable training (e.g., mode collapse or vanishing gradient problem), which could lead to the early ceasing of the GAN
learning proce$$-°% Therefore, we adapt the concept of spectral normaliztiarhis spectral normalization enforces the
constraint in the discriminator that the weights matrix exhibits Lipschitz continuity (Euclidean norm of discriminator's gradient
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is at most one), which could provide a certain level of functional smoothness in all directions during the training process. The
spectral normalization is applied to weight matricé#) (esulting iret:>2

w

= W; (Supplementary Equation 22)

Wsn

We apply spectral normalization only to the discriminator as shown in Tab. 2. The loss terms for both generator and
discriminator are similar to the base model (see (Supplementary Equation 18)).

Supplementary Section 2.3 Wasserstein generative adversarial networks (W model)

To prevent the GAN model from mode collapse or vanishing gradient problem, we could also use the Wasserstein loss or W
losg'-%0 The W loss employs the Earth mover's distance, enforcing the distribution of the generator's output to be similar to
that of the actual distributidf >3, Dissimilar to the previous models, the W model uses the following constraint

mGi‘anax[‘a+ I+ 1AL (Supplementary Equation 23)

where’ 5 in this model is the Earth mover's distance de ned as

B B
“a= %5_ D(l;; O) %é D I;:® ; (Supplementary Equation 24)
i=1 i=1

Here,D(l;; O;) is an output matrix from the patch discriminator for each training sainfskee Fig. 3) using a real outpQt
D 1;;® ,onthe other hand, is an output matrix from the patch discriminator using an approximatetﬁmfﬂpeach sample

i produced by the generatds(l;) = @i); | p denotes a gradient penalty constant that we set to 10 throughout thisiswdy;
gradient penalty regulariza’rioﬁ\;p is used to enforce Lipschitz continuity of weight matricéé)(i.e., Euclidean norm of
discriminator's gradient is at most one.

We note that there are two common ways of ensuring Lipschitz continulty;afeight clipping and gradient penatfy>°,
With weight clipping,W of the discriminator is forced to take values between a xed interval, which means that weights over
that interval, either too high or too low, will be set to the maximum or the minimum amount allowed. One of the disadvantages
is forcing the discriminator'$V to a limited range of values could limit the discriminator's ability to learn and ultimately
resulting in an early termination of the learning proééss

The gradient penalty, another method, is a much softer way to enforce the discriminator to be Lipschitz continuous. The
gradient penalty adds a regularization tetmﬁ( p) to the loss functiorfSupplementary Equation 23Jhis term penalizes the
discriminator when its gradient norm is higher than one by

1
B i

kND(I;;O)k, 1 2; (Supplementary Equation 25)

Qow

Ap=

1

Where6i is a mixing betweeld9i andO;, which is de ned by

O0=g0+(1 e)b: (Supplementary Equation 26)
We randomly seleat; for eachO_i from a uniform distribution on the interval §®; 1).

Remark 2 We note that in some literature, the “discriminator' of Wasserstein generative adversarial networks or W model in
this paper is referred to as “critic' since its output is not bounded by 0°8°2 Throughout this paper, however, we refer the

“critic' to “discriminator' for the sake of simplicity.

Remark 3 Finite element resultd 2242 5gre based on unstructured grids. Hence, we pre-processing our data by interpolating
the nite element results as well as permeability eld populated GSTéatsstructured grids using cubic spline interpolation
and use this processed data in our ROM framework.
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s Supplementary Section 3 Supplementary information on proper orthogonal decomposi-
560 tion (POD) analysis

ss1  \We perform proper orthogonal decomposition (POD) on the pressurepetibtained from FOM discussed in Supplementary

sz Section 1 using RBnICS projé€t The decay of eigenvalues resultspfusing (1) permeability eld as Gaussian distribution

ssa  Supplementary Section 4.2.1, (2) permeability eld as bimodal transformation Supplementary Section 4.2.2, and (3) permeability
ss«  eld as Zinn & Harvey transformation Supplementary Section 4.2.3 are presented in Fig. 4. From this gure, we could observe
sss  that the decay is very slow, which means POD, low-dimensional linear subspace, poorly approximateslthéVe note

s that the total available data is 10000. The result is based on a "global" POD approach and using “local” POmethod

ss7 improve a performance of POD.

Supplementary Figure 4. Normalized eigenvalue as a function of basis for uid pressure gig)(

s Supplementary Section 4 Supplementary information on numerical examples

ss0  Supplementary Section 4.1 Supplementary information on the training, validation, and test sets

so  We have three types of permeability elds. The rst one is permeability elds populated using an unconditional Gaussian
s distributior?®>”. The mean of log-permeability (base 10) eld is -Ig)(m?), the variance is Iog(m?)2, and the covariance

s kernel is Gaussian (i.e., Squared exponential) with the length-scalens. E6r the sake of brevity, all 'log' in this manuscript

ses  refers to 'logl0." We create 11000 pairs of permeability and primary variable elds. We use 10000 pairs to train the ROM
s« model, validate with 500 cases, and test with 500 cases.

505 The second one is permeability elds that have a bimodal distribution. Again, we rst populate 11000 realizations of
s a permeability eld using a multivariate Gaussian distribution with a mean of log10 of permeability eld iBg(@?),

7 the variance is 1og(m?)?, and the length-scale is Onl. Subsequently, we transform the permeability elds using bimodal

s« transformatioR®. Similar to the previous eld, we use 10000, 500, and 500 examples for training, validating, and testing,
se0  respectively. The third one is permeability elds as Zinn & Harvey transformation. We rst populate 11000 realizations of
w0 a permeability eld using an unconditional Gaussian distribution with a mean of log10 of permeability eld isg(t2?),

«1 the variance is log(m?)2, and the length-scale is On2 Then, we transform the generated permeability elds using Zinn &

«2 Harvey transformatioft- 2 that promotes the connectivity in the high values of the original Gaussian eld. This transformation

sz transforms a Gaussian random eld realization to a random eld with enhanced connectivity (high or low values of the original
ss realization are connected) without changing the rst and second moments (mean and covariance of the random variable). Again,
ss We populate 11000 permeability elds and use 10000, 500, and 500 of those elds for training and testing, respectively.

606 We plot the histogram and distribution of mean and standard deviation of these three elds in Fig. 5. We can see that the
o7 distribution of the mean of each eld for both normalized permeability and normalized pressure are similar. The standard
cs deviation, on the other hand, is signi cantly different. The standard deviation of permeability eld as Gaussian distribution case,
s0 NO transformation, is much lower than bimodal permeability elds and permeability eld as Zinn & Harvey transformation.
s The standard deviation of all pressure elds resulting from each permeability eld exhibits two modes.

611 We present t-SNE plots of permeability and pressure elds for train, validation, and test sets in Fig. 6. Our observations are
sz as follows: we can see that the permeability eld as Gaussian distribution distributes as one cluster. The bimodal permeability
sz elds and permeability eld as Zinn & Harvey transformation, on the contrary, show three clusters. The t-SNE of pressure
sa  elds resulting from each permeability eld shows a smoother transition. The ones from bimodal permeability elds and
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Supplementary Figure 5. Information, mean and standard deviation, on the training, validation, and test sets: (a) mean of
the normalize(permeability), (b) SD of the normalize(permeability), (c) mean of the normalize(pressure), and (d) SD of the
normalize(pressure). The following codes are used throughout this section - training set: permeability eld as Gaussian
distribution (red dot), training set: bimodal permeability elds (blue dot), training set: permeability eld as Zinn & Harvey

transformation (green dot), validation set: permeability eld as Gaussian distribution ( ), validation set: bimodal
permeability elds ( ), validation set: permeability eld as Zinn & Harvey transformation (royalblue dot), test set:
permeability eld as Gaussian distribution ( ), test set: bimodal permeability elds ( ), test set: permeability
eld as Zinn & Harvey transformation ( ).

permeability eld as Zinn & Harvey transformation expand more extensively than the ones from Gaussian distribution. The
bimodal permeability elds and permeability eld as Zinn & Harvey transformation distribute themselves similarly. We can see
that our validation and test sets situate within our training set, which means we do not extend our validation and test outside our
training domain. We calculate the t-SNE plots using Scikit-Learn pacRaggng its default setting and perplexity of 15.

Supplementary Section 4.2 Supplementary information on forward modeling

We utilize pressure and displacement elds at the steady-state solutions of discontinuous Galerkin nite element model of
linear poroelasticit§!22:42:43.6%g train our ROM model. Throughout this section, we x our framework parameters as
follows; the model architecture is shown in Figs.2 and 3 and discussed in Section Supplementary Section 2. The input
and output elds have a resolution @28 128 The input has one channel, but the output could have one, two, or three
channels (i.e., pressure, the displacement in the x-direction, or the displacement in the y-direction). Note that we present
here, the forward modeling part, only the results of pressure pgldor the sake of compactness. A very similar result is

held for the displacement eld (., uy,] 2 u,) as well. The batch size is xed at four as it has been shown that GAN or
cGAN model generally requires a small batch size to improve model ac&ratie use the adaptive moment estimation
(ADAM) algorithm as an optimizér. Its learning rate is 0.0001, ardis (0.5, 0.999). The L1 penalty coef cient (in
(Supplementary Equation 18j (Supplementary Equation 23§ 500. For the W model, we use gradient penalty coef cient

(I pin (Supplementary Equation 23)) of 30
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Supplementary Figure 6. Information, t-distributed stochastic neighbor embedding (t-SNE): (a) training set:
normalize(permeability), (b) training set: normalize(pressure), (c) validation and test sets: normalize(permeability), (d)
validation and test sets: normalize(pressure), (e) train, validation, and test sets: normalize(permeability), and (f) train,
validation, and test sets: normalize(pressure). The following codes are used throughout this section - training set: permeability
eld as Gaussian distribution (red dot), training set: bimodal permeability elds (blue dot), training set: permeability eld as
Zinn & Harvey transformation (green dot), validation set: permeability eld as Gaussian distribution ( ), validation
set: bimodal permeability elds ( ), validation set: permeability eld as Zinn & Harvey transformation (royalblue

dot), test set: permeability eld as Gaussian distribution ( ), test set: bimodal permeability elds ( ), test set:
permeability eld as Zinn & Harvey transformation ( ). We calculate the t-SNE plots using Scikit-Learn package
using its default setting and perplexity of 15.

Supplementary Section 4.2.1 Example 1: Permeability eld as Gaussian distribution

This section explores the ROM model's behavior using permeability elds populated using an unconditional Gaussian
distributior?®%”. The mean of log-permeability (base 10) eld is -tt@(m?), the variance is Iog(m?)2, and the covariance

kernel is Gaussian (i.e., Squared exponential) with the length-scalens A& create 11000 pairs of permeability and primary
variable elds. We use 10000 pairs to train the ROM model, validate the model with 500 cases, and test the model with 500
cases. To reiterate, we have three types of model (1) base model, (2) SN model, and (3) W model as discussed in Section
Supplementary Section 2. The training losses of both generator and discriminator are presented in Fig. 7.

In Fig. 7, each step refers to each time we perform back-propagation including updating both generator and discriminator's
parameters. Comparing Figs. 7a-c, we could observe that the generator loss of the W model behaves more stable than those of
the base and SN models. Besides, there is no signi cant difference between the base and SN models. We also observe that the
W model has better stability in training than the base and SN models for the discriminator losses. Its loss value reaches zero
slower than those of the base and SN models (i.e., the learning process cease¥)ater

The relative RMSE of the base, SN, and W models are shown in Fig. 8. We note that these relative RMSE values are
calculated from 500 validation cases (id.7 500. From Fig. 8, one can observe that the relative RMSE values of the W
model are the most stable, the ones from the SN model are a little bit less stable, while the results of the base model are not
stable (i.e., oscillating).

According to the validation set, for the base model, the collection of weights and bigkés aroe” step has the lowest
average relative RMSE of 2.18 %. The outliers, however, could go as high as 70 %. For the SN model, the set of weights and

biases a6:5 107" step has the lowest average relative RMSE of 1.09 %. Its maximum relative RMSE value, 25 %, is also
lower than that of the base model. The W model has the best average relative RMSE of 0.96 % using the set of weights and
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