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ABSTRACT

In this work, we employ and adapt the image-to-image translation concept based on conditional generative adversarial networks
(cGAN) for learning a forward and an inverse solution operator of partial differential equations (PDEs). We focus on steady-state
solutions of coupled hydro-mechanical processes in heterogeneous porous media, and present the parametrization of the
spatially heterogeneous coefficients, which is exceedingly difficult using standard reduced order modeling techniques. We
show that our framework provides a speed-up of at least 2,000 times compared to a finite element solver and achieves relative
Root Mean Square Error (RMSE) of less than 2% for forward modeling. For inverse modeling, the framework estimates the
heterogeneous coefficients, given input of pressure and/or displacement fields, with relative RMSE of less than 7%, even for
cases where input data is incomplete and contaminated by noise. The framework also provides a speed-up of 120,000 times
compared to a Gaussian prior-based inverse modeling approach while also delivering more accurate results.

Introduction1

Development of a reduced order model (ROM)1–4 which aims to produce a low-dimensional representation of full order model2

(FOM) could be an alternative towards handling field-scale parameter estimation, optimization, or real-time control system.3

The ROM methodology relies on a parameterized problem (i.e., repeated evaluations of a problem depending on parameters,4

which could correspond to physical properties, geometric characteristics, or boundary conditions5–7). However, it is difficult to5

parameterize spatial fields of partial differential equation (PDE) coefficients (i.e., corresponding to heterogeneous material6

properties) by a small number of parameters. Specifically, the problem of interest in coupled hydro-mechanical (HM) processes7

commonly involves complex subsurface structures8–11 where the corresponding spatially distributed parameters can span8

several orders of magnitude and include discontinuous features. As a result, the traditional parameterized ROM5, 12, 13 might9

not be suitable for this type of problem because a “global” proper orthogonal decomposition (POD) approach might require a10

high dimensional reduced basis (see Supplementary Section 3 for more information).11

Data-driven and physics-informed modeling enabled by machine learning techniques have recently gained significant12

scientific computing attention as an alternative to the aforementioned reduced order modeling techniques. Directly incorporating13

physical laws, Physics-informed neural networks (PINN) were proposed to solve PDEs in forward and inverse settings without14

the need for labeled data14–16. Their limitation lies in the fact that they can not efficiently handle problems with heterogeneous15

coefficients. Extended-PINN (xPINN) attempts to address this issue using domain decomposition17. However, it still cannot16

handle a high degree of spatial heterogeneity of the PDE coefficients as an input (see Fig. 1) since it is not practical to subdivide17

these types of fields. Even though PINN and its variants can be used for parameter estimation problems, they cannot efficiently18

provide multiple inquiries for the forward problem. Data-driven learning of solution operators of PDEs has recently been19

proposed in DeepONet18 and Neural Operator19, which have been shown to approximate the solution of PDEs in a forward20

solution setting. These methods, however, are limited to an approximation of continuous functions, which might not be21

applicable to problems that deal with discontinuous input and output functional spaces, as shown in Fig. 1. We note that even22



though the Neural Operator model19 could generalize between spatially heterogeneous input �elds, discontinuities must be23

smoothed prior to training. Additionally, we have found the training time required for the latter approach is exceedingly high24

for standard engineering applications (see Supplementary Section 4.4).25

Central to the developments of this data-driven solution is an idea of generative adversarial networks (GAN). Since the26

introduction of GAN20 in 2014, this architecture has gained popularity because of its generalization ability and has been widely27

used in image/video analysis20,21. GAN is based on two networks, (1) a generator and (2) a discriminator, which compete with28

each other. The generator's goal is to produce realistic output that resembles the real data (belonging to the training set). The29

discriminator's job is to differentiate between the output of the generator and the real data. The training phase is complete30

when the discriminator cannot distinguish between real data belonging to the generator's training set and data produced by31

the generator. The concept of deep convolutional neural networks (CNN) has been employed for both the generator and the32

discriminator of GAN to capture highly heterogeneous spatial features22,23 and their evolution in time24. Additionally, an33

augmentation of discrete labeled data has been used to control the generator's output, termed conditional GAN or cGAN25–28.34

Still, all the aforementioned frameworks cannot be used directly to address the data-driven solution of PDEs since they are35

limited to only categorical conditioning, which is not suf�cient for the parametrization of spatially heterogeneous input �elds.36

To approximate primary variables with given heterogeneous coef�cients of the PDEs and to estimate the spatially het-37

erogeneous coef�cients given the primary variables, we employ the idea of the image-to-image translation framework29.38

Different from a classical cGAN in which is conditioned by labeled data (e.g., classes of object the image is representing),39

the image-to-image translation framework relies on conditional �elds, which could be edges, masks, points, or segmentation40

maps30–35. This idea has been extended to high-resolution images30,31, unsupervised translation33–35, controllable facial41

attribute editing32, and controllable segmentation mapping36. We rely on the image-to-image translation concept because42

we want to construct mappings of gradients, discontinuities, and multiscale features between input and output �elds. We43

achieve these goals through (1) nonlinear data compression (latent representation) and (2) multiscale feature mapping (skip44

connections), as illustrated in Fig. 1. We would like to emphasize that the reasoning for using the GAN-based framework45

lies within the fact that GAN aims to approximate the underlying distribution of the training samples, which will improve the46

generalization of our ROM framework. The work presented here contributes in two main ways47

1. We propose and adapt the image-to-image translation concept to learn forward and inverse solution operators of PDEs.48

This data-driven ROM framework can ef�ciently parameterize highly complex input �elds and generalize mappings49

between those input �elds and their corresponding output �elds.50

2. We illustrate that using a U-Net generator37 instead of the deep CNN (see Supplementary Section 4.5 for more detail and51

performance comparison), and a patch-based discriminator38 along with spectral normalization39 or Wasserstein loss52

with gradient penalty40,41can improve the framework's accuracy and training stability without adding costly training53

time.54

Results55

Data generation56

We present two possible applications of our proposed model; (1) forward modeling: with given permeability �elds, the model57

approximates the �eld of the primary variables (i.e., pressure and displacement �elds), and (2) inverse modeling: with given a58

subset of primary variable �elds, the model estimates the permeability �eld. We utilize a Discontinuous Galerkin �nite element59

model of linear poroelasticity to generate training, validation, and test sets42,43. The geometry, boundary conditions, and input60

parameters are summarized in Supplementary Section 1. In short, we have a rectangular unit domain with heterogeneous61

permeability. We achieve these conditions by enforcing constant pressures of 0 and 1000 at the top and bottom boundaries.62

We drain �uid from the top and inject �uid into the bottom of the domain. We utilize three types of highly heterogeneous63

permeability �elds: (1) a permeability �eld given as a Gaussian distribution (Supplementary Section 4.2.1), (2) a permeability64

�eld de�ned by a bimodal transformation (Supplementary Section 4.2.2), and (3) a permeability �eld from a Zinn & Harvey65

transformation (Supplementary Section 4.2.3)44. The details of how we generate these �elds could be found in Supplementary66

Section 4.1.67

Model selection68

Our approach uses the cGAN image-to-image translation concept to enable ef�cient parametrization of spatially heterogeneous69

input �elds while mapping multiscale features to the output (see Supplementary Section 4.5 for more detail). The model70

has three variations: (1) base model with classic adversary loss (Supplementary Section 2.1), (2) SN model with spectral71

normalization (Supplementary Section 2.2), and (3) W model with Wasserstein loss and gradient penalty (Supplementary72

Section 2.3). We here only present results of the W model (corresponding to one out of three variants of our ROM), which is73
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developed based on Wasserstein loss with gradient penalty (see Supplementary Section 2.3) as it provides the best accuracy and74

the most training stability. We compare the performance of three models, (1) base model (Supplementary Section 2.1), (2) SN75

model (Supplementary Section 2.2), and (3) W model (Supplementary Section 2.3) in detail for both training and test dynamics76

in Supplementary Section 4.2.1, Supplementary Section 4.2.2, and Supplementary Section 4.2.3.77

Forward modeling78

Focusing on the steady-state solution of poroelasticity equations (as described in Supplementary Section 1) while considering79

highly heterogeneous material properties, we train, validate, and test the ROM based on three types of highly heterogeneous80

permeability �elds simultaneously. The details of each �eld are provided in Supplementary Section 4.1. The input to the81

ROM is three types of permeability �eld, and the output is pressure and displacement �elds. Details on how we generate each82

permeability �eld, set model parameters, training, and testing of the ROM can be found in Supplementary Section 4.2.1 for the83

Gaussian distribution, Supplementary Section 4.2.2 for the bimodal transformation, and Supplementary Section 4.2.3 for the84

Zinn & Harvey transformation. We illustrate three test cases (out of 3000 test examples, which are excluded from the training85

set) in Fig. 2. The size of the training set will be discussed in the following paragraphs. From this �gure, we note that our86

model can provide reasonable approximations of the FEM results. The difference between solutions produced by the FOM and87

ROM (further referred to as DIFF) is calculated by88

DIFF(XXX) =
�
�
�XXXh � cXXXh

�
�
� : (1)

XXXh is a �nite-dimensional approximation of the set of primary variables, corresponding to displacement and pressure �elds in89

this study, as calculated by the FOM.cXXXh is an approximation ofXXXh produced by the ROM. An extensive discussion can be90

found in theMethodssection.91

Our results show that the maximum DIFF values are two-order of magnitude less than the maximum pressure value. When92

the ROM is trained and tested separately for each type of permeability �eld (see Figs. 9, 11, and 13), the maximum DIFF values93

remain in the same order of magnitude. This behavior indicates that the proposed ROM can generalize ef�ciently among three94

types of microstructures. As expected, the permeability �eld from the Zinn & Harvey transformation case has the highest DIFF95

value since the permeability �eld exhibits extensive discontinuities over the domain and the highest contrast. The permeability96

�eld as bimodal transformation generally has greater DIFF values than the Gaussian distribution case.97

We then investigate the effect of the number of training samples (N) on the model dynamics (i.e., accuracy and its trend).98

We have �ve cases with a different number of training examples; (1)N = 1500training examples, (2) 3000 training examples,99

(3) 7500 training examples, (4) 15000 training examples, and (5) 30000 training examples. As previously mentioned, we train,100

validate, and test our model using three types of permeability �elds; hence, we divide the portion of each �eld equally. For101

instance, assuming we have 30000 training examples, we use 10000 samples from each permeability �eld. In line with this, for102

validating and testing, we useN = 1500 testing examples (500 examples from each �eld) for all �ve cases.103

The relative root mean square error (relative RMSE) of the test cases, de�ned as104

relative RMSE=

s
å N

i= 1 (xi � x̂i)
2

N
=

s
å N

i= 1x2
i

N
; xi 2 XXXh andx̂i 2 cXXXh; (2)

is evaluated and presented in Fig. 3. We note thatxi andx̂i are the ground truth (FOM result) and approximated values (ROM105

result), respectively. These relative RMSE values in Fig. 3 are calculated based on the test set. We select the best model of each106

model that has different number of training examples based on the evaluation of the validation set (see Supplementary Section107

4.2.4 for more detail). As one expected, the model's performance is improved as the number of training samples increase. We108

observe that if we keep the number of training samples greater than 7500 (2500 examples for each �eld), our ROM framework109

performs well and does not show an over�tting behavior.110

So far, we have seen that the ROM accuracy is acceptable when the W model is employed. Additionally, this model exhibits111

a reliable training behavior. We now investigate the W model's ef�cacy by comparing the gained speed-up and the lost accuracy112

using the ROM. We apply the multi�delity Monte Carlo (MFMC) idea and criteria to evaluate the ef�cacy45. The accuracy loss113

is quanti�ed through a correlation between FEM and ROM using114

r XXXh;cXXXh
=

COV
�

XXXh; cXXXh

�

SD(XXXh) SD
�

cXXXh

� ; (3)
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wherer XXXh;cXXXh
is the Pearson correlation coef�cient ofXXXh with cXXXh, COV(�) is a co-variance, andSD(�) is standard deviations.115

To quantify a trade-off between speed-up and accuracy, we use the following criterion45,46
116

wXXXh

wcXXXh

>
1� r 2

XXXh;cXXXh

r 2
XXXh;cXXXh

: (4)

Here,wXXXh andwcXXXh
denote the computational cost in wall times for computingXXXh and cXXXh, respectively.wXXXh andwcXXXh

are117

approximately 4 and 0.002 seconds resulting in a speed-up of 2000. As we solved a time-dependent set of equations to obtain118

the steady-state response, we utilized ten steps of the time-integration scheme, resulting in 40 seconds for the FOM steady-state119

solution indicating a speed-up of 20000. Here, we compare to the time of just one solution step of the FOM corresponding to a120

linear problem for a fair comparison. Any time-dependent or nonlinear problem we lead to a greater speed-up. We present the121

results of(4) for (1) 1500 training samples, (2) 3000 training samples, (3) 7500 training samples, (4) 15000 training samples,122

and (5) 30000 training samples in Fig. 15. From this �gure, we observe that all �ve cases satisfy(4) (i.e., the blue line is always123

above the red line). Moreover, as the number of training examples increase the differences between FEM and ROM results124

decrease (see
1� r 2

XXXh; cXXXh
r 2

XXXh; cXXXh

value).125

Inverse modeling126

In contrast to the forward modeling setup where the coef�cients were the input and the solution �eld in terms of the primary127

variables was the output, here we use a subset of pressure and displacement �elds at the steady-state solutions of the FOM as128

an input, i.e., measurements, to the ROM framework. The model's output is the reconstructed permeability �eld discussed in129

Section Supplementary Section 4.2.3. The model's input could have one, two, or three channels (i.e., pressure, displacement130

in the x-direction, and displacement in the y-direction). Throughout this section, we only show two cases; (1) input has one131

channel - pressure �eld, and (2) input has three channels - �elds of pressure, displacement in the x-direction, and displacement132

in the y-direction. We note that one could also utilize the ROM framework as a forward approximator (as we did in theforward133

modelingsection) combined with an optimization algorithm to solve the inverse problem.134

We test our framework in an inverse setting against the Principal Component Geostatistical Approach (PCGA)47,48, which135

is a scalable Hierarchical Bayesian model with Gaussian prior. PCGA utilizes the low dimensional space of the prior covariance,136

i.e., principal components, to approximate the maximum a posteriori estimate as to the inverse solution with its linearized137

uncertainty and is considered as one of the state-of-the-art inverse modeling methods in geoscience49. It only requires a few138

hundreds of the forward model runs in total without any intrusive implementation and accelerates dense matrix operations139

through the linearly scalable fast linear algebra methods50. We use PCGA in conjunction with our FOM solver42,43 in this study.140

We reduce the available data points to3%of the input in a �nite-dimensional setting, and we also illustrate the performance of141

the framework using noisy data. Note that we represent no measurements data using a �ag of -1 (e.g., -1000 in a real value for142

pressure �eld).143

Data not corrupted by noise144

The details of cGAN architecture, parameters, and loss functions could be found in Supplementary Section 2. We note that145

we only use the W model (Supplementary Section 2.3) in the current comparison. Moreover, the input �eld of both training,146

validating, and testing data is not corrupted by noise. We note that this practice is rarely done in inverse modeling literature147

since data acquisition is always subject to errors. However, this problem is used to test our framework robustness before148

we progress to the noisy data in the following section. The PCGA parameters are set as follows; the number of principal149

components is 100, the prior distribution of log permeability follows a Gaussian distribution with a prior standard deviation of150

2 log(m2) and exponential covariance with a scale length of[0:1;0:1]. The variance of the measurement error is set to102 Pa2.151

The comparison between the W model and PCGA is shown in Fig. 23 for three test cases. We note that we only use pressure152

as an input �eld for both models. The details of selecting the W model's state, the sets of weights and biases that deliver the153

best performance, are presented in Supplementary Section 4.3.4. Since we consider the coupled hydro-mechanical problem as154

in Supplementary Section 1, the pressure data is related to the displacement through the coupled PDEs so that the pressure155

data alone may characterize spatially distributed permeability �eld better than those obtained from the pressure data in the156

single-phase �ow con�guration51,52. Moreover, we use the result from the checkpoint at 50000 steps for the W model. From157

Fig. 23, we observe that the W model could capture most of the structures and details with an acceptable error. On the other158

hand, the PCGA's inversion with spare pressure measurements does not provide accurate results as expected since the estimated159

permeability �elds are smoothed due to Gaussian prior assumption and lack of the displacement information that the pressure160
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data alone cannot capture. The relative RMSE of the W model is from 1.39 to 2.70 % while the RMSE of the PCGA is from161

4.75 to 5.16 %.162

We run the PCGA model using 36 cores (AMD Ryzen Threadripper 3970X) using the python package pyPCGAhttps:163

//github.com/jonghyunharrylee/pyPCGA , and the inversion takes approximately four to �ve minutes to converge164

with six to eight Gauss-Newton iterations. We train the W model on a single Quadro RTX 6000, and it takes around 1 hour for165

the model at the 50000 steps checkpoint. For the online phase or prediction, the W model takes about 0.002 seconds. Hence,166

the W model could provide a speed-up of 120000. We note that even though the W model must be trained, it could be used167

repeatedly to estimate the permeability �eld much faster than the pyPCGA approach.168

Data corrupted by noise169

Next, we perform a study of the effect of added noise, which is created from the true data (XXXh) as follows14,53,54

XXXhnoise= XXXh + eSD(XXXh) G(0;1) ; (5)

whereXXXhnoise is the input data with noise. The constante, which is set to0:05, determines the noise level as it is multiplied170

with the standard deviation of the input �eld.G(0;1) is a random value which is sampled from the standard normal distribution171

with mean and standard deviation of zero and one, respectively.172

The comparison between the W model and PCGA with noisy data is illustrated in Fig. 4. Again, the details of selecting173

the W model's state, the sets of weights and biases that deliver the best performance, are presented in Supplementary Section174

4.3.4. Like the previous section, the W model could approximate the permeability �eld using only the pressure �eld as an input175

with relative RMSE from 3.20 to 5.16 %. The PCGA has approximately from 5.08 to 6.72 % of relative RMSE value. These176

results illustrate that the W model is tolerant against noise in the input data. Again, during the online phase, the W model177

could estimate the permeability �eld was signi�cantly more ef�cient with respect to computational time. We note that, for the178

PCGA's parameter, the variance of the measurement error is set to 252 Pa2.179

Sensitivity analysis of noise level and available input data180

We then perform a sensitivity analysis of noise level and available input data using 0.5 % 1.50 % 3.00 % , and 6.00 % of input181

�elds with �xed e = 0:05, and usinge = , 0.05, 0.10, 0.20, and 0.40 with �xed 3 % of input �elds. Our results are presented in182

Tab. 3. As expected, when the % of input �elds increases, our model delivers a higher accuracy. Besides, ase increases, our183

model has less accuracy. We want to emphasize that withe as high as 0.4, our model still could provide an average relative184

RMSE of less than 9 %. Moreover, even when we have only 0.5 % of the original input data, our model still has an average185

relative RMSE of 6.52 %. We note that we present only results of the W model with only pressure as its input. Furthermore,186

these relative RMSE values are calculated using our test set employing the best model, a �xed set of weights and biases,187

obtained from the analysis of the validation set, see Supplementary Section 4.3.4.188

Discussion189

Based on Supplementary Section 4.2.1, Supplementary Section 4.2.2, and Supplementary Section 4.2.3, we have illustrated that190

the proposed framework can ef�ciently learn the forward solution operator and generate solutions outside of the training set,191

which have acceptable accuracy with respect to the full-order model (a Discontinuous Galerkin Finite Element framework in192

our case). It does so, even in exploring highly heterogeneous �elds of material parameters, and more speci�cally, permeability193

�elds in �uid-�lled porous media. This observation suggests that our framework can be utilized to solve other linear and194

nonlinear PDEs, exploring the effect of heterogeneous material properties such as Young's modulus, Poisson's ratio, or porosity195

in the material and structural response. Although we have two primary variables in our HM problem, corresponding to the196

pressure and displacement �elds, we only present the results of the pressure �eld for conciseness. The displacement �eld results197

also have the same range of relative RMSE. The RMSE values are two to three orders of magnitude less than the maximum198

value of the primary variables. Moreover, the ROM with W loss, referred to as the W model in this manuscript, showcases the199

best accuracy and the most stable training behavior. However, the W model is computationally more expensive to train than the200

base and SN models. The W model's training time for 700000 back-propagation steps is two hours greater than that of the base201

and SN models. The summary of wall time used for each operation is presented in Tab. 4. As one expects, the cost of creating202

FOM snapshots is an expensive task. Each snapshot takes four seconds to complete; hence, to build up 10000 snapshots, it203

would take approximately 11.1 hours, roughly similar to that of the ROM training time. However, during the online phase, one204

would enjoy a very fast evaluation of ROM, which we will discuss in the following paragraph.205

We then focus on the ability of the proposed framework to generalize in theResults: Forward modelingsection. There,206

we demonstrate that the framework can approximate primary variables given highly heterogeneous permeability �elds, which207

have signi�cantly different characteristics and ranges. Again, we utilize three types of highly heterogeneous permeability �elds:208

(1) a permeability �eld given as a Gaussian distribution, (2) a permeability �eld de�ned by a bimodal transformation, and (3) a209
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permeability �eld from a Zinn & Harvey transformation. The model with only 7500 training examples (2500 examples for each210

�eld) could provide the RMSE of two orders of magnitude less than the maximum value of the primary variable. This behavior211

shows that our model does not require extensive training sets, which is very bene�cial in practice. The developed framework212

could give a speedup of approximately 2000 and still be able to capture most of the high-�delity model results (�nite element213

method). In Supplementary Section 4.4, we illustrate that the W model could handle a binary function as an input. Moreover,214

the W model has RMSE approximately four-order of magnitude less than the neural operator approach19. This characteristic215

would be bene�cial to various applications such as optimization, uncertainty quanti�cation, and multiscale modeling.216

We also illustrate the model's performance when it is used to solve the forward problem for cases that are outside of the217

training region, see Supplementary Section 4.7. In the case where the validation data does not share underlying features with218

the training data, see discussion in Supplementary Section 4.1 and Fig. 6, our framework performs poorly and delivers an219

average relative RMSE of 28.14 %. However, our model could predict a data set that they are not trained upon but share some220

underlying feature, see discussion in Supplementary Section 4.1 and Fig. 6, with an average relative RMSE of 5.75 %. This221

indicates that an adaptive sampling technique2,55,56might provide a resolution to this issue going forward.222

Supplementary Section 4.3.1 shows that the framework could also be used for inverse modeling (i.e., with given �elds of223

primary variables, we inquire the model to approximate the material property distributions - the permeability �eld in this case).224

As we observe that the W model outperforms the base and SN models in terms of training stability and model's accuracy on the225

test set, we only use the W model in the inverse modeling part. The RMSE values are two orders of magnitude less than the226

maximum value of the permeability �eld. In addition, using both pressure and displacement �elds as input, the model does not227

provide any signi�cant incremental accuracy compared to the model with only pressure �eld as input since the pressure data228

contains information on the displacement �eld through the coupled HM PDEs. We note that this statement is valid only when229

the full data of the input �eld is provided.230

In many realistic cases, however, the input data is sparse, especially in subsurface operations such as geothermal, ground-231

water, or hydrocarbon harvesting, since measurement points are strictly limited to the location of the wells or non-intrusive232

geophysics and InSAR data. Therefore, we use Supplementary Section 4.3.2 and Supplementary Section 4.3.3 to demonstrate233

that our framework could also provide reasonable accuracy (i.e., still approximately two orders of magnitude less than the234

maximum value of the permeability �eld) in cases where available input data is incomplete (as low as six % of the completed235

data). As expected, the more insuf�cient the data set is, the less accurate the model becomes. In contrast to Supplementary236

Section 4.3.1, where input data is complete, we could not observe a signi�cant difference between using both pressure and237

displacement �elds and using only pressure �eld as input; the W model with both pressure and displacement �elds as input has238

higher accuracy than the W model with only a pressure �eld in cases where input data is incomplete. This observation re�ects239

the fact that as the available input data is decreased (spatially), the additional information from the other �elds, displacement240

�eld, in this case, could provide more information to the model and resulting in better accuracy.241

We compare our framework in an inverse setting with Principal Component Geostatistical Approach (PCGA) method242

in Results: Inverse modelingsection. Our model's performance is better than the PCGA approach since the estimated243

permeability �elds of the PCGA approach are smoothed due to Gaussian prior assumption and lack of sensitivity in the pressure244

data alone. We also observe that the model with both pressure and displacement �elds as input is more affected by noise in data245

than the model with pressure as an input alone. For a computational time comparison, our framework provides approximately a246

speed-up of 120000. We then perform a sensitivity analysis of noise level and available input data. We illustrate that withe as247

high as 0.4, our model still could provide an average relative RMSE of 8.1 %. Moreover, even when we have only 0.5 % of the248

original input data, our model still has an average relative RMSE of 6.52 %.249

As our approach did not perform well for out of distribution data for the forward problem, we expect a similar response for250

the inverse problem. Traditional inverse modeling approaches such as PCGA may outperform our method in this situation since251

they rely on progressive training through Bayesian updating. This means that PCGA could keep adding more data to identify252

the closest solution to the ground truth in the prior space as long as the relative RMSE has not met the desired value. As a253

future improvement, one could apply progressive or adaptive training2,55,56to our cGAN framework in order to improve the254

model performance.255

We note that our approach output for both forward and inverse problems is itsbestguess. Parametric bootstrapping and256

Bayesian dropout can be implemented quickly to quantify uncertainty57. For the forward modeling in which the problem is257

usually well-posed, the best guess is suf�cient. For the inverse modeling in which the problem is generally ill-posed, however,258

one may want to quantify uncertainties associated with the prediction, especially when the input �eld is minimally available.259

Therefore, incorporating the Bayesian inference58 into our ROM would help in this regard.260
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Methods261

Our main target is illustrated in Fig. 5. We consider a system of time-independent PDEs

FFF (XXX;mmm) = 000 in W;

XXX = fff D on ¶WD;

� ÑXXX � n = fff N on ¶WN:

(6)

corresponding to quasi-static or steady-state problems, whereW� Rnd (nd 2 f 1;2;3g) denotes the computational domain, and262

¶WD and¶WN denote the Dirichlet and Neumann boundaries respectively.XXX is a set of scalar (XXX 2 R) or tensor valued (e.g.263

XXX 2 Rnd or Rnd � Rnd) generalized primary variables, andmmmare scalar (mmm2 R) or tensor valued (e.g.mmm2 Rnd or Rnd � Rnd)264

generalized parameters for which a solution can be obtained in a �nite-dimensional setting through a FOM. We are interested in265

developing a data-driven ROM to ef�ciently (1) approximate primary variablesXXX for a solution of the system of PDEs given266

heterogeneous �elds for the generalized parametersmmm, and (2) estimate the generalized parametersmmmwhen given information267

from the solution of the primary variable �eldXXX that is full, partial or corrupted by noise. We note thatmmmandXXX must be able to268

correspond to both continuous or discontinuous �elds over the domain of interest (see Fig. 5) for both the forward and the269

inverse problem.270

A summary of the proposed framework built upon the of�ine-online paradigm is presented in Fig. 6. The �rst step of the271

of�ine stage represents the initialization of a training set of parameters (mmm) of cardinalityM (colored in blue in Fig. 6). These272

coef�cientsmmmcould represent physical properties, geometric characteristics, or boundary conditions. However, in this work, we273

focus on usingmmmto represent collections of spatially heterogeneous scalar coef�cients, de�ning the physical characteristics of274

complex microstructures.275

In the second step (colored in green in Fig. 6), we query the FOM, which can provide a solution in a �nite-dimensional276

setting, for each parametermmmin the training set. The FOM is used to approximate primary variablesXXXh, which could correspond277

to material displacement and �uid pressure �elds given the �eld of parametersmmmas input. We note thatXXXh is a �nite-dimensional278

approximation ofXXX corresponding to the FOM results, which our model takes as the ground truth. Even though the proposed279

framework could be applied to a wide range of PDEs, here, we will focus on the steady-state solution of the linear poroelasticity280

equations coupling solid deformation and �uid diffusion in porous media with highly heterogeneous permeability. For the281

FOM, we use the Discontinuous Galerkin �nite element solver, discussed in Supplementary Section 1, as required to handle the282

high degree of heterogeneity of the system.283

In the third step, we build the ROM based on the cGAN image-to-image translation framework, which is discussed in284

detail in Supplementary Section 2. We compare the performance of three different variants of the proposed ROM (modifying285

the architecture and loss function) with respect to both accuracy and computational costs. These variants of the model are286

extensively discussed in Supplementary Section 2.1, Supplementary Section 2.2, and Supplementary Section 2.3. The training287

of the ROM must be adapted depending on whether it is to be used in forward or inverse modeling. For the forward setting288

(colored in yellow in Fig. 6), the input to the generator ismmm, and the output iscXXXh. The input to the discriminator isXXXh or cXXXh,289

and the output quanti�es the proximity of the generated data to the real data. For the inverse modeling (colored in red in Fig. 6),290

the input to the generator isXXXh, and the output isbmmm. The input to the discriminator isXXXh or bmmm, and the output again quanti�es291

the proximity of the generated data to the real data.292

Finally, during the online phase for the forward modeling (colored in dotted yellow in Fig. 6), we used the trained generator293

to predictcXXXh with givenmmm. For the inverse modeling (colored in dotted red in Fig. 6), the trained generator is used to estimate294

bmmmwith givenXXXh. In practice, the input �eld for the inverse model might be incomplete because the measurement points are295

limited and are located sparsely. Moreover, the input might also be contaminated with noise due to uncertainty in experimental296

measurement. Hence, the ROM in the inverse setting is tested with incomplete and noisy data.297
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Figures322

Figure 1. Illustration of strongly heterogeneous input and output �elds. Our framework aims to handle continuous and/or
discontinuous input and output �elds through nonlinear data compression and skip connections. Red, blue, and green dots
represent t-Distributed Stochastic Neighbor Embedding (t-SNE) under three different statistical distributions. We calculate the
t-SNE plots using Scikit-Learn package using its default setting and perplexity of 15. We note that these t-SNE plots are based
non-normailized data. We illustrate that red, blue, and green dots distribute differently for each stage of nonlinear compression.
In the latent representation, all colors mix with each other. Multiscale features are captured progressively through skip
connections, so that decoded input samples become uncorrelated and evenly distributed in the latent space. Therefore, without
skip connection (multiscale data transfer), the output �eld might lose some essential features (see Supplementary Section 4.5).

Figure 2. The results of the test case of the W model trained with 30000 examples (10000 for each Gaussian distribution,
bimodal transformation, and Zinn & Harvey transformation). The model then is tested using 1500 examples (500 for each
Gaussian distribution, bimodal transformation, and Zinn & Harvey transformation). These three cases shown here are randomly
picked from 1500 test examples. Note that the ranges (minimum and maximum values) of each permeability �eld are different.
DIFF is calculated as shown in Eq. (1).

Figure 3. relative Root Mean Square Error (relative RMSE) of the test set over the number of training samples of the W
model using. We use an equal number of training, validating, and testing examples for each permeability �eld. For instance, if
the training samples are 30000, we use 10000 for each Gaussian distribution, bimodal transformation, and Zinn & Harvey
transformation. Each step refers to each time we perform back-propagation, including updating both generator and
discriminator's parameters. relative RMSE is calculated as shown in Eq.(2). We note that the black dots represent outliers, and
the box plot covers the interval from the 25th percentile to 75th percentile, highlighting the mean (50th percentile) with an
black line. Blue line and blue text represent a mean value.
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Figure 4. Three test cases' results (a), (b), and (c) with a noisy data of the W model and pyPCGA using 3 % of input �elds.
For the W model, we use only pressure as its input, and the number of training examples is 10000, the number of validate
examples is 500, and the number of test examples is 500. These three cases shown here are randomly picked from 500 test
examples.

Figure 5. Main goals of data-driven model reduction framework of PDEs: (a)mmmandXXX are continuous, (b)mmmis continuous,
butXXX is discontinuous, (c)mmmis discontinuous, butXXX is continuous, and (d)mmmandXXX are discontinuous. We note that, in this
manuscript,mmmis a set of parameterized spatial �elds, andXXX represents exact solutions ofFFF (�).

Figure 6. Summary of data-driven model reduction framework of PDEs. Gen. represents generator, and disc is discriminator.
We note thatXXXh is an approximation ofXXX, exact solutions ofFFF (�), obtaining from FOM, andcXXXh is an approximation ofXXXh
obtaining from ROM in forward modeling setting.mmmis a set of parameterized spatial �elds.bmmmis an estimation ofmmmusing
ROM in inverse modeling setting.
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Supplementary information436

Supplementary Section 1 Coupled hydro-mechanical processes in porous media437

Even though the reduced order model presented in this manuscript (Section Supplementary Section 2) could be applied to any438

types of differential equations, we here focus on coupled hydro-mechanical (HM) processes in porous media, in which �uid439

�ow and solid deformation tightly interact. These coupled multiphysics processes are involved in various problems ranging440

from groundwater and contaminant hydrology to biomedical engineering1–10. We follow the Biot's formulation for linear441

poroelasticity11,12. Note that although linear poroelasticity theory may oversimplify deformations in soft porous materials such442

as soils13–16, this description is reasonably good for stiff materials such as rocks, which are the focus of this work. The theory443

of linear poroelasticity theory describes the HM problem through two coupled governing equations, namely linear momentum444

and mass balance equations.445

Let W� Rd (d 2 f 1;2;3g) denote the physical domain and¶W denote its boundary. The time domain is denoted by
T = ( 0;T] with T > 0. Primary variables used in this paper arep : W� T ! R, which is a scalar-valued �uid pressure (Pa) and
uuu : W� T ! Rd, which is a vector-valued displacement (m). The in�nitesimal strain tensoreee is de�ned as

eee(uuu) :=
1
2

(Ñuuu+ ( Ñuuu)| ) ; (Supplementary Equation 1)

Further,sss is the total Cauchy stress tensor, which may be related to the effective Cauchy stress tensorsss 0and the pore
pressurep as

sss (uuu; p) = sss 0(uuu) � a pI : (Supplementary Equation 2)

Here,I is the second-order identity tensor, anda is the Biot coef�cient de�ned as17:

a = 1�
K
Ks

; (Supplementary Equation 3)

with K andKs being the bulk moduli of the bulk porous material and the solid matrix, respectively. According to linear elasticity,
the effective stress tensor relates to the in�nitesimal strain tensor, and therefore to the displacement, through the following
constitutive relationship, which can be written as

sss 0(uuu) = l l tr(eee(uuu)) I + 2ml eee(uuu): (Supplementary Equation 4)

wherel l andml are the Lamé constants, which are related to the bulk modulusK and the Poisson ration of the porous solid as446

l l =
3Kn
1+ n

; and ml =
3K(1� 2n)

2(1+ n)
: (Supplementary Equation 5)

Under quasi-static conditions, the linear momentum balance equation can be written as

Ñ� sss (uuu; p)+ fff = 000; (Supplementary Equation 6)

where fff is the body force term de�ned asrf g+ r s(1 � f )g, wherer is the �uid density,r s is the solid density,f is the447

porosity, andg is the gravitational acceleration vector. The gravitational force will be neglected in this study, but the body force448

term will be kept in the succeeding formulations for a more general case.449

For this solid deformation problem, the domain boundary¶Wis assumed to be suitably decomposed into displacement and
traction boundaries,¶Wu and¶Wt , respectively. Then the linear momentum balance equation is supplemented by the boundary
and initial conditions as:

Ñ � sss 0(uuu) � a Ñ � (pI )+ fff = 000 in W� T;

uuu = uuuD on ¶Wu � T;

sss (uuu) � n = tttDDD on ¶Wt � T;

uuu = uuu0 in Wat t = 0;

(Supplementary Equation 7)

whereuuuD andtttD are prescribed displacement and traction values at the boundaries, respectively, andn is the unit normal vector450

to the boundary.451
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Next, the mass balance equation is given as18,19:

1
M

¶ p
¶t

+ a
¶ev

¶t
+ Ñ � qqq = g in W� T; (Supplementary Equation 8)

where

1
M

=
�

f cf +
a � f

Ks

�
(Supplementary Equation 9)

is the Biot modulus. Here,cf is the �uid compressibility,ev := tr(eee) = Ñ� uuu is the volumetric strain, andg is a sink/source term.
The super�cial velocity vectorqqq is given by Darcy's law as

qqq = � kkk (Ñp� r g): (Supplementary Equation 10)

Herekkk = kkk
mf

is the porous media conductivity,mf is the �uid viscosity. Again, the gravitational force,r g, will be neglected in452

this work, without loss of generality. In addition,kkk is the matrix permeability tensor de�ned as453

kkk :=

8
>>>>>>>>>>>>><

>>>>>>>>>>>>>:

2

6
4

kxx kxy kxz

kyx kyy kyz

kzx kzy kzz

3

7
5 if d = 3;

"
kxx kxy

kyx kyy

#

if d = 2;

kxx if d = 1;

(Supplementary Equation 11)

To simplify our problem, we assume all off-diagonal terms of(Supplementary Equation 11)to be zero and all diagonal454

terms have similar value. For the �uid �ow problem, the domain boundary¶Wis also suitably decomposed into the pressure455

and �ux boundaries,¶Wp and¶Wq, respectively. In what follows, we apply the �xed stress split scheme19,20, assuming456

(sv � sv;0) + a (p� p0) = Kev. Then we write the �uid �ow problem with boundary and initial conditions as457

�
1
M

+
a 2

K

�
¶ p
¶t

+
a
K

¶sv

¶t
� Ñ � (kkkÑp) = g in W� T;

p = pD on ¶Wp � T;

� kkkÑp� n = qD on ¶Wq � T;

p = p0 in Wat t = 0;

(Supplementary Equation 12)

wheresv := 1
3 tr(sss ) is the volumetric stress, andpD andqD are the given boundary pressure and �ux, respectively.458

We utilize the discontinuous Galerkin �nite element model of linear poroelasticity21,42,43for this study. To simplify the459

process, we only investigate the pressure and displacement �elds at the steady-state solutions and use these solutions to train our460

ROM model. The mesh and boundary conditions adapted from Kadeethum et al.22 are presented in Fig. 1. We takeW= ( 0;1)2
461

corresponding to a square domain of 1m2 area, and decompose its boundary¶Wwith the following labels462

Left = f 0g � [0;1];

Top= [ 0;1] � f 1g;

Right= f 1g � [0;1];

Bottom= [ 0;1] � f 0g:

(Supplementary Equation 13)

Throughout this study, the boundary conditions are described as follows463

uuuD � n = 0 m on Left� T;

tttDDD = [ 0; � 1] kPa on Top� T;

uuuD � n = 0 m on Right� T;

uuuD � n = 0 m on Bottom� T;

(Supplementary Equation 14)
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for (Supplementary Equation 7), and464

qD = 0 m=s on Left� T;

pD = 0 Pa on Top� T;

qD = 0 m=s on Right� T;

pD = 1000 Pa on Bottom� T;

(Supplementary Equation 15)

for (Supplementary Equation 12). The degrees of freedom associated with this mesh are9722for the continuous approximation465

of the displacement �elduuu, and 7110 for the discontinuous approximation of the pressurep.466

The following set of input parameters are used throughout this study. We �xa � 1, as the porous matrix is characterized by467

K = 1000 kPawhile the bulk solid is modeled byKs ! ¥ kPa, cf = 1:0� 10� 10 Pa� 1, f = 0:2, �uid viscosity - mf = 10� 3
468

Pa:s, and Poisson ration = 0:25. The permeability in x-direction (kxx) is uniquely populated for each simulation by GSTools23.469

Then the permeability �eld (kkk) is set as470

kkk :=
�

kxx 0:0
0:0 kxx

�
(Supplementary Equation 16)

Supplementary Figure 1. Domain, its boundaries, and mesh used for all numerical examples.

As porous media are generally heterogeneous, and the sharp contrast of phases of the porous microstructure leads to471

discontinuous material properties that can span several orders of magnitude, it is very challenging and time-consuming to472

capture multiphysics processes occurred in these media using �nite volume or �nite element methods1,24–30,43. Hence, we aim473

to reduce this problem's computational cost while maintaining the acceptable accuracy through a generative model presented in474

Section Supplementary Section 2.475

Remark 1 We want to emphasize that we use the discontinuous Galerkin �nite element model of linear poroelasticity to476

generate training and test examples21,22,42,43. Each FEM simulation uses the same set of input parameters except the477

permeability �eld (kkk), which is uniquely generated for each simulation GSTools23. Besides, to simplify the process, we only478

employ the steady-state solutions in this study. Time-dependent problems will be incorporated in our subsequent studies.479

Supplementary Section 2 Conditional generative adversarial network480

We propose a data-driven model order reduction for physics-based problems using conditional generative adversarial network481

(cGAN)31–33. The framework is adapted from the idea of paired image-to-image translation34,35. The word `paired' re�ects the482

fact that there is a one-to-one mapping between input �elds and output �elds. In the past several years, this technique and its483

variations have been applied to many problems both supervised36–38and unsupervised learning39–41.484

In contrast to the classical cGAN in which noise and class vectors are used as an input to the generator32, the image-to-image485

translation framework employs a conditional matrix (or a conditional �eld) as its input34. This conditional �eld could be edges,486
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Bottleneck

Supplementary Figure 2. Generator: U-net composed of two components. The �rst component of the generator is a
contracting block that performs two convolutions followed by a max pool operation (light and dark orange blocks). The second
component is an expanding block (blue and pale yellow) in which it performs an upsampling, a convolution, and a
concatenation of its two inputs. The visualization is done by PlotNeuralNet:
https://github.com/HarisIqbal88/PlotNeuralNet

masks, points, or segmentation maps in typical image analysis studies. These �elds then are mapped to the output, which is an487

image.35–41. This study, however, uses physics �elds that could represent material properties, boundary and initial conditions,488

and measurable quantities such as pressure, temperature, or displacements as the generator's input and output �elds.489

The generator used in this framework is illustrated in Fig. 2, and it resembles the well-established architecture of U-net,490

which typically is used for image segmentation42. The �rst component of the generator is a contracting block that performs491

two convolutions followed by a max pool operation (see Fig. 2 - light and dark orange blocks). The second component is an492

expanding block (see Fig. 2 - blue and pale yellow) in which it performs an upsampling, a convolution, and a concatenation of493

its two inputs. The generator used in this study consists of six contracting and six expanding blocks.494

We provide a detailed architecture of the generator used in this study in Tab. 1. Note that each contracting block uses495

LeakyReLU with a negative slope of 0.2 as its activation function, each expanding block uses ReLU as its activation function,496

the1st convolutional layer is used to map input channel (Cin) to hidden layer size (H), and it does not subject to any activation497

function, and the2nd convolutional layer is used to map hidden layer size (H) to output channel (Cout), and it subjects to the498

Sigmoid activation function. For the generator,Cin = Cout = C, andH = 32. The domain size is governed byDOFX � DOFY ,499

which is 128� 128 throughout this manuscript. We note thatB is batch size.500

Both input or conditional (III ) and output or real (OOO) �elds of the generator are normalized to be in a range of[0;1] as follows501

Ii =
Ii � min(III )

max(III ) � min(III )
and Oi =

Oi � min(OOO)
max(OOO) � min(OOO)

: (Supplementary Equation 17)

wherei represents each member's index in the sets ofIII andOOO. We also note thatIII andOOO haveM members (as well as the502

approximated output or fake �elds (bOOO)). As the last layer of the generator2nd convolutional layer (see Tab. 1), is subjected to503

the Sigmoid activation function, thebOOO is always in a range of 0 to 1.504

In the classical cGAN, input to the discriminator is a concatenation of conditional vector (e.g., [0, 1, ..., 8, 9] for MNIST505

dataset) and output �eld produced from the generator or a real �eld (training/testing set)32. On the contrary, the image-to-506

image translation framework uses a combination of conditional and output �elds produced from the generator or a real �eld507

(training/testing set) as its input34. The schematic of the patch discriminator is shown in Fig. 3. The discriminator utilizes the508

contracting block (see Fig. 3 - light and dark orange blocks), which is also used in the generator. The purple block is used to509

illustrate that our discriminator output is not a single value, but a matrix43.510

The detail of patch discriminator architecture is shown in Tab. 2. Each contracting block (see Fig. 3 - light and dark orange511

blocks) uses LeakyReLU with a negative slope of 0.2 as its activation function, the1st convolutional layer is used to mapC +512

conditional �eld toH = 8, and it does not subject to any activation function, and and the2nd convolutional layer is used to513
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Supplementary Table 1. Generator: U-net's detail used in this study (input and output sizes are represented by [B, C,
DOFX , DOFY ]. We use hidden layersH = 32)

Block Input size Output size Batch normalization Dropout
1st convolutional layer [B, C, 128, 128] [B, 32, 128, 128]
1st contracting block [B, 32, 128, 128] [B, 64, 64, 64]
2nd contracting block [B, 64, 64, 64] [B, 128, 32, 32]
3rd contracting block [B, 128, 32, 32] [B, 256, 16, 16]
4th contracting block [B, 256, 16, 16] [B, 512, 8, 8]
5th contracting block [B, 512, 8, 8] [B, 1024, 4, 4]
6th contracting block [B, 1024, 4, 4] [B, 2048, 2, 2]
1st expanding block [B, 2048, 2, 2] [B, 1024, 4, 4]
2nd expanding block [B, 1024, 4, 4] [B, 512, 8, 8]
3rd expanding block [B, 512, 8, 8] [B, 256, 16, 16]
4th expanding block [B, 256, 16, 16] [B, 128, 32, 32]
5th expanding block [B, 128, 32, 32] [B, 64, 64, 64]
6th expanding block [B, 64, 64, 64] [B, 32, 128, 128]
2nd convolutional layer [B, 32, 128, 128] [B, C, 128, 128]

mapH = 8 to C. Dissimilar to the generator where the input size is equal to output sizeDOFX � DOFY = 128� 128, the514

discriminator input size isDOFX � DOFY = 128� 128, while the output size is a patch matrix of sizePATCHX � PATCHY515

= 8 � 8. We note that we have tried different generator and discriminator architectures such as fully connected layers, deep516

convolutional networks, or U-Net without residual blocks. We select these generator and discriminator architectures, Figs. 2517

and 3 because they provide the best performance based on our trial-and-error process.518

Supplementary Table 2. Discriminator: Patch discriminator's detail used in this study (input size is represented by [B, C,
DOFX , DOFY ], and output size is represented by [B, C, PATCHX , PATCHY ]. We use hidden layersH = 8). Note that the
spectral normalization is applied only for the SN model (see Section Supplementary Section 2.2).

Block Input size Output size Batch normalization Dropout Spectral normalization
1st convolutional layer [B, C+1, 128, 128] [B, 8, 128, 128]
1st contracting block [B, 8, 128, 128] [B, 16, 64, 64]
2nd contracting block [B, 16, 64, 64] [B, 32, 32, 32]
3rd contracting block [B, 32, 32, 32] [B, 64, 16, 16]
4th contracting block [B, 64, 16, 16] [B, 128, 8, 8]
2nd convolutional layer [B, 128, 8, 8] [B, C, 8, 8]

We note that the input of the discriminator is combined �elds of input (III ) and output (OOO) �elds of the generator; hence,519

they are normalized by(Supplementary Equation 17)and range from 0 to 1. In this study, we compare three different models'520

performance in both accuracy and computational costs. The detail of each model is provided in the following sections.521

Supplementary Section 2.1 Base model522

As previously discussed, the cGAN model is generally composed of one generator and one discriminator (see Figs. 2 and 3).523

The goal of the generator is to generate an approximated output �eld (bOOO) that looks realistic and similar to a real output �eld (OOO)524

with a given conditional �eld (III ). The discriminator, on the other hand, tries to differentiate betweenbOOO andOOO. Consequently, to525

train the framework (both generator and discriminator), we equivalently try to solve the following constraint526

min
G

max
D

[`a + l r ` r ] : (Supplementary Equation 18)

Here,G andD are short for generator and discriminator, respectively.`a is an adversarial loss de�ned as44,45
527

`a =
1
B

B

å
i= 1

�
Oi � log bOi + ( 1� Oi) � log

�
1� bOi

��
; (Supplementary Equation 19)
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Supplementary Figure 3. Discriminator: PatchGAN, which utilizes the contracting block (light and dark orange blocks),
which is also used in the generator. The purple block is used to illustrate that our discriminator output is not a single value, but
a matrix. The visualization is done by PlotNeuralNet:https://github.com/HarisIqbal88/PlotNeuralNet

where, again,B is batch size andB � M, which is the total number of training examples. Thel r is a penalty constant selected528

by users, and we setl r = 500 throughout this paper. The` r is read529

` r =
1
B

B

å
i= 1

�
�
� bOi � Oi

�
�
� : (Supplementary Equation 20)

We choose L1 norm (i.e.,(Supplementary Equation 20)) over L2 norm because it has shown to improve GAN perfor-530

mance46. We would like to emphasize that according to(Supplementary Equation 18)and(Supplementary Equation 19),531

the discriminator's goal is to maximize1B å B
i= 1

�
Oi � log bOi + ( 1� Oi) � log

�
1� bOi

��
, which equivalently means that it tries532

to differentiate betweenbOOO and OOO. The generator of the base model, on the other hand, is not affected byOi � log bOi533

term in (Supplementary Equation 19). Hence, the goal of the generator is to minimize1
B å B

i= 1 (1� Oi) � log
�

1� bOi

�
and534

1
B å B

i= 1

�
�
� bOi � Oi

�
�
� . By satisfying these two constraints , the generator attempts to produce realisticbOOO.535

We use the adaptive moment estimation (ADAM) algorithm47 to train the framework (both generator and discriminator).536

The learning rate (h ) is calculated as48
537

hc = hmin +
1
2

(hmax� hmin)
�

1+ cos
�

stepc
stepf

p
��

(Supplementary Equation 21)

wherehc is a learning rate at stepstepc, hmin is the minimum learning rate, which is set as1� 10� 16, hmax is the maximum or538

initial learning rate, which is selected as1� 10� 4, stepc is the current step, andstepf is the �nal step. We note that each step539

refers to each time we perform back-propagation, including updating both generator and discriminator's parameters. In certain540

circumstances, one could do multiple rounds of back-propagating on the generator while updating the discriminator only once541

and vice versa to achieve more stable training. However, in this study, we update the generator and discriminator's parameters542

one time per step.543

Supplementary Section 2.2 Spectral normalization generative adversarial networks (SN model)544

Studies show that employing the loss terms and architecture in the base model in Section Supplementary Section 2.1 may result545

in unstable training (e.g., mode collapse or vanishing gradient problem), which could lead to the early ceasing of the GAN546

learning process49–51. Therefore, we adapt the concept of spectral normalization51. This spectral normalization enforces the547

constraint in the discriminator that the weights matrix exhibits Lipschitz continuity (Euclidean norm of discriminator's gradient548
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is at most one), which could provide a certain level of functional smoothness in all directions during the training process. The549

spectral normalization is applied to weight matrices (W) resulting in51,52
550

WSN =
W

SN(W)
: (Supplementary Equation 22)

We apply spectral normalization only to the discriminator as shown in Tab. 2. The loss terms for both generator and551

discriminator are similar to the base model (see (Supplementary Equation 18)).552

Supplementary Section 2.3 Wasserstein generative adversarial networks (W model)553

To prevent the GAN model from mode collapse or vanishing gradient problem, we could also use the Wasserstein loss or W554

loss49,50. The W loss employs the Earth mover's distance, enforcing the distribution of the generator's output to be similar to555

that of the actual distribution49,53. Dissimilar to the previous models, the W model uses the following constraint556

min
G

max
D

[`a + l r ` r + l pÃ p] : (Supplementary Equation 23)

where`a in this model is the Earth mover's distance de�ned as557

`a =
1
B

B

å
i= 1

D(Ii ;Oi) �
1
B

B

å
i= 1

D
�

Ii ; bOi

�
; (Supplementary Equation 24)

Here,D(Ii ;Oi) is an output matrix from the patch discriminator for each training samplei (see Fig. 3) using a real outputO;558

D
�

Ii ; bOi

�
, on the other hand, is an output matrix from the patch discriminator using an approximated outputbO for each sample559

i produced by the generator (G(Ii) = bOi); l p denotes a gradient penalty constant that we set to 10 throughout this study;Ã p560

gradient penalty regularization;Ã p is used to enforce Lipschitz continuity of weight matrices (W), i.e., Euclidean norm of561

discriminator's gradient is at most one.562

We note that there are two common ways of ensuring Lipschitz continuity ofW; weight clipping and gradient penalty49,50.563

With weight clipping,W of the discriminator is forced to take values between a �xed interval, which means that weights over564

that interval, either too high or too low, will be set to the maximum or the minimum amount allowed. One of the disadvantages565

is forcing the discriminator'sW to a limited range of values could limit the discriminator's ability to learn and ultimately566

resulting in an early termination of the learning process50.567

The gradient penalty, another method, is a much softer way to enforce the discriminator to be Lipschitz continuous. The568

gradient penalty adds a regularization term (l pÃ p) to the loss function(Supplementary Equation 23). This term penalizes the569

discriminator when its gradient norm is higher than one by570

Ã p =
1
B

B

å
i= 1

�
kÑD(Ii ; Ōi)k2 � 1

� 2 ; (Supplementary Equation 25)

whereŌi is a mixing betweenbOi andOi , which is de�ned by571

Ō = eiO+( 1� ei) bOi : (Supplementary Equation 26)

We randomly selectei for eachŌi from a uniform distribution on the interval of[0;1).572

Remark 2 We note that in some literature, the `discriminator' of Wasserstein generative adversarial networks or W model in573

this paper is referred to as `critic' since its output is not bounded by 0 or 149,50. Throughout this paper, however, we refer the574

`critic' to `discriminator' for the sake of simplicity.575

Remark 3 Finite element results21,22,42,54are based on unstructured grids. Hence, we pre-processing our data by interpolating576

the �nite element results as well as permeability �eld populated GSTools23 to structured grids using cubic spline interpolation577

and use this processed data in our ROM framework.578
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Supplementary Section 3 Supplementary information on proper orthogonal decomposi-579

tion (POD) analysis580

We perform proper orthogonal decomposition (POD) on the pressure �eldph obtained from FOM discussed in Supplementary581

Section 1 using RBniCS project55. The decay of eigenvalues results ofph using (1) permeability �eld as Gaussian distribution582

Supplementary Section 4.2.1, (2) permeability �eld as bimodal transformation Supplementary Section 4.2.2, and (3) permeability583

�eld as Zinn & Harvey transformation Supplementary Section 4.2.3 are presented in Fig. 4. From this �gure, we could observe584

that the decay is very slow, which means POD, low-dimensional linear subspace, poorly approximates theph �eld. We note585

that the total available data is 10000. The result is based on a "global" POD approach and using “local” POD method56 may586

improve a performance of POD.587

Supplementary Figure 4. Normalized eigenvalue as a function of basis for �uid pressure �eld (ph).

Supplementary Section 4 Supplementary information on numerical examples588

Supplementary Section 4.1 Supplementary information on the training, validation, and test sets589

We have three types of permeability �elds. The �rst one is permeability �elds populated using an unconditional Gaussian590

distribution23,57. The mean of log-permeability (base 10) �eld is -12log(m2), the variance is 1log(m2)2, and the covariance591

kernel is Gaussian (i.e., Squared exponential) with the length-scale is 1.0m. For the sake of brevity, all 'log' in this manuscript592

refers to 'log10.' We create 11000 pairs of permeability and primary variable �elds. We use 10000 pairs to train the ROM593

model, validate with 500 cases, and test with 500 cases.594

The second one is permeability �elds that have a bimodal distribution. Again, we �rst populate 11000 realizations of595

a permeability �eld using a multivariate Gaussian distribution with a mean of log10 of permeability �eld is -12log(m2),596

the variance is 1log(m2)2, and the length-scale is 0.1m. Subsequently, we transform the permeability �elds using bimodal597

transformation23. Similar to the previous �eld, we use 10000, 500, and 500 examples for training, validating, and testing,598

respectively. The third one is permeability �elds as Zinn & Harvey transformation. We �rst populate 11000 realizations of599

a permeability �eld using an unconditional Gaussian distribution with a mean of log10 of permeability �eld is -12log(m2),600

the variance is 1log(m2)2, and the length-scale is 0.2m. Then, we transform the generated permeability �elds using Zinn &601

Harvey transformation23,58 that promotes the connectivity in the high values of the original Gaussian �eld. This transformation602

transforms a Gaussian random �eld realization to a random �eld with enhanced connectivity (high or low values of the original603

realization are connected) without changing the �rst and second moments (mean and covariance of the random variable). Again,604

we populate 11000 permeability �elds and use 10000, 500, and 500 of those �elds for training and testing, respectively.605

We plot the histogram and distribution of mean and standard deviation of these three �elds in Fig. 5. We can see that the606

distribution of the mean of each �eld for both normalized permeability and normalized pressure are similar. The standard607

deviation, on the other hand, is signi�cantly different. The standard deviation of permeability �eld as Gaussian distribution case,608

no transformation, is much lower than bimodal permeability �elds and permeability �eld as Zinn & Harvey transformation.609

The standard deviation of all pressure �elds resulting from each permeability �eld exhibits two modes.610

We present t-SNE plots of permeability and pressure �elds for train, validation, and test sets in Fig. 6. Our observations are611

as follows: we can see that the permeability �eld as Gaussian distribution distributes as one cluster. The bimodal permeability612

�elds and permeability �eld as Zinn & Harvey transformation, on the contrary, show three clusters. The t-SNE of pressure613

�elds resulting from each permeability �eld shows a smoother transition. The ones from bimodal permeability �elds and614

19/42



Supplementary Figure 5. Information, mean and standard deviation, on the training, validation, and test sets: (a) mean of
the normalize(permeability), (b) SD of the normalize(permeability), (c) mean of the normalize(pressure), and (d) SD of the
normalize(pressure). The following codes are used throughout this section - training set: permeability �eld as Gaussian
distribution (red dot), training set: bimodal permeability �elds (blue dot), training set: permeability �eld as Zinn & Harvey
transformation (green dot), validation set: permeability �eld as Gaussian distribution (lightcoral dot), validation set: bimodal
permeability �elds (orange dot), validation set: permeability �eld as Zinn & Harvey transformation (royalblue dot), test set:
permeability �eld as Gaussian distribution (cyan dot), test set: bimodal permeability �elds (lime dot), test set: permeability
�eld as Zinn & Harvey transformation (limegreen dot).

permeability �eld as Zinn & Harvey transformation expand more extensively than the ones from Gaussian distribution. The615

bimodal permeability �elds and permeability �eld as Zinn & Harvey transformation distribute themselves similarly. We can see616

that our validation and test sets situate within our training set, which means we do not extend our validation and test outside our617

training domain. We calculate the t-SNE plots using Scikit-Learn package59 using its default setting and perplexity of 15.618

Supplementary Section 4.2 Supplementary information on forward modeling619

We utilize pressure and displacement �elds at the steady-state solutions of discontinuous Galerkin �nite element model of620

linear poroelasticity21,22,42,43,60to train our ROM model. Throughout this section, we �x our framework parameters as621

follows; the model architecture is shown in Figs.2 and 3 and discussed in Section Supplementary Section 2. The input622

and output �elds have a resolution of128� 128. The input has one channel, but the output could have one, two, or three623

channels (i.e., pressure, the displacement in the x-direction, or the displacement in the y-direction). Note that we present624

here, the forward modeling part, only the results of pressure �eldph, for the sake of compactness. A very similar result is625

held for the displacement �eld ([uxh, uyh] 2 uuuh) as well. The batch size is �xed at four as it has been shown that GAN or626

cGAN model generally requires a small batch size to improve model accuracy61. We use the adaptive moment estimation627

(ADAM) algorithm as an optimizer47. Its learning rate is 0.0001, andb is (0.5, 0.999). The L1 penalty coef�cient (l r in628

(Supplementary Equation 18)or (Supplementary Equation 23)) is 500. For the W model, we use gradient penalty coef�cient629

(l p in (Supplementary Equation 23)) of 1050.630
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Supplementary Figure 6. Information, t-distributed stochastic neighbor embedding (t-SNE): (a) training set:
normalize(permeability), (b) training set: normalize(pressure), (c) validation and test sets: normalize(permeability), (d)
validation and test sets: normalize(pressure), (e) train, validation, and test sets: normalize(permeability), and (f) train,
validation, and test sets: normalize(pressure). The following codes are used throughout this section - training set: permeability
�eld as Gaussian distribution (red dot), training set: bimodal permeability �elds (blue dot), training set: permeability �eld as
Zinn & Harvey transformation (green dot), validation set: permeability �eld as Gaussian distribution (lightcoral dot), validation
set: bimodal permeability �elds (orange dot), validation set: permeability �eld as Zinn & Harvey transformation (royalblue
dot), test set: permeability �eld as Gaussian distribution (cyan dot), test set: bimodal permeability �elds (lime dot), test set:
permeability �eld as Zinn & Harvey transformation (limegreen dot). We calculate the t-SNE plots using Scikit-Learn package
using its default setting and perplexity of 15.

Supplementary Section 4.2.1 Example 1: Permeability �eld as Gaussian distribution631

This section explores the ROM model's behavior using permeability �elds populated using an unconditional Gaussian632

distribution23,57. The mean of log-permeability (base 10) �eld is -12log(m2), the variance is 1log(m2)2, and the covariance633

kernel is Gaussian (i.e., Squared exponential) with the length-scale is 1.0m. We create 11000 pairs of permeability and primary634

variable �elds. We use 10000 pairs to train the ROM model, validate the model with 500 cases, and test the model with 500635

cases. To reiterate, we have three types of model (1) base model, (2) SN model, and (3) W model as discussed in Section636

Supplementary Section 2. The training losses of both generator and discriminator are presented in Fig. 7.637

In Fig. 7, each step refers to each time we perform back-propagation including updating both generator and discriminator's638

parameters. Comparing Figs. 7a-c, we could observe that the generator loss of the W model behaves more stable than those of639

the base and SN models. Besides, there is no signi�cant difference between the base and SN models. We also observe that the640

W model has better stability in training than the base and SN models for the discriminator losses. Its loss value reaches zero641

slower than those of the base and SN models (i.e., the learning process ceases later49,50)642

The relative RMSE of the base, SN, and W models are shown in Fig. 8. We note that these relative RMSE values are643

calculated from 500 validation cases (i.e.,N = 500). From Fig. 8, one can observe that the relative RMSE values of the W644

model are the most stable, the ones from the SN model are a little bit less stable, while the results of the base model are not645

stable (i.e., oscillating).646

According to the validation set, for the base model, the collection of weights and biases at6:0� 105th
step has the lowest647

average relative RMSE of 2.18 %. The outliers, however, could go as high as 70 %. For the SN model, the set of weights and648

biases at6:5� 105th
step has the lowest average relative RMSE of 1.09 %. Its maximum relative RMSE value, 25 %, is also649

lower than that of the base model. The W model has the best average relative RMSE of 0.96 % using the set of weights and650
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