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Resilience-Motivated Distribution System
Restoration Considering Electricity-Water-Gas
Interdependency

Jiaxu Li, Student Member, IEEE, Yin Xu, Senior Member, IEEE, Ying Wang, Member, IEEE,
Meng Li, Member, IEEE, Jinghan He, Fellow, IEEE, Chen-Ching Liu, Life Fellow, IEEE,
and Kevin P. Schneider, Fellow, IEEE

Abstract—A major outage in the electricity distribution system
may affect the operation of water and natural gas supply systems,

leading to an interruption of multiple services to critical customers.

Therefore, enhancing resilience of critical infrastructures requires
joint efforts of multiple sectors. In this paper, a distribution system
service restoration method considering the electricity-water-gas
interdependency is proposed. The objective is maximizing the
supply of electricity, water, and gas to critical customers after an
extreme event. The operational constraints of electricity, water,
and natural gas networks are considered. The characteristics of
electricity-driven coupling components, including water pumps
and gas compressors, are also modeled. Relaxation techniques are
applied to nonconvex constraints posed by physical laws of those
networks. Consequently, the restoration problem is formulated as
a mixed-integer second-order cone program, which can readily be
solved by the off-the-shelf solvers. The proposed method is
validated by numerical simulations on an electricity-water-gas
integrated system, developed based on benchmark models of the
subsystems. The results indicate that considering the
interdependency refines the allocation of limited generation
resources and demonstrate the exactness of the proposed convex
relaxation.

Index Terms—Resilience, service restoration, distribution
system, water supply system, gas supply system, interdependency.

I. NOMENCLATURE

A. Notation Associated with Electricity Distribution System

Sets and Parameters

NE Set of nodes in electricity distribution system,
NE — NL U Jypump y prcomp NDG

NL apump - Set of nodes with customers, water pumps, gas

Jveomp aArDG - compressors, and DGs, respectively

EE Set of branches in electricity distribution
system

a;, b, c; Weighting factors of electricity, water, and gas
demand of customer at node i.

E Upper limit of current magnitude squared on
branch i — j

spate Electricity demand of customer at node i
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Siﬁ Upper Ii_mits of DG apparent power generation
at node i

v,V Lower and upper limits of voltage magnitude

- squared at node i

w; Priority weight associated with customer at
node i.

9,4 Weighting coefficients of sub-objectives and
penalty terms in objective, respectively.

Variables

li; Current magnitude squared on branch i — j

ppHmP Real power consumption of pump at node i

peomP Real power consumption of compressor at
node i

T Electricity demand restoration status of
customer at node i, binary variable. If customer
at node i is restored, r; = 1; otherwise, r; = 0

S; Complex power injection at node i

sPG Complex power output of DG at node i

Sij Sending-end complex power flow on branch
lL—]

v; Voltage magnitude squared at node i

Xi ON/OFF status of water pump or gas

compressor at node i, binary variable. If it is
ON, x; = 1; otherwise, y; = 0

B. Notation Associated with Water Supply System

Sets and Parameters

nNw Set of nodes in water supply system

Ew Set of branches in water supply system, EW =
gpipe y ghump

gpipe. gg\;lmp Set of pipes and pumps in water supply

W system, respectively
gV Standard gravity. g"'=9.8m/s?.
h; Lower limit of water head at node i
;{ate Water demand of customer at node i
Wi Upper limit of water flow on branch i — j
a, Pump parameters

Pump efficiency
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oV Water density. pW = 10%kg/mé. need multiple resources to perform critical tasks. For example,
Variables: to perform a surgery in a hospital, electricity is required for
w; Water demand restoration status of customer lighting and medical equipment, while water and gas are used

at node i for cleaning and sterilization [16], [17]. In addition, as people
w'R Water output from water reservoir at node i are required to work from home due to COVID-19 in many
W Water flow on branch i - j areas of the world, residents rely more on the electricity, water,
h; Water head at node i and gas supply for their daily lives [18]. Therefore, if a major

Ah Water head loss on branch i — j

ij
C. Notation Associated with Gas Supply System

Sets and Parameters

NG Set of nodes in gas supply system

s Set of branches in gas supply system, £¢ =
g(p;)ipe U g(c;omp

ngipe' geomp  Set of pipes and compressors in gas supply

¢ system, respectively
grate Gas demand of customer at node i
y Compression ratio of compressor
o Polytropic exponent of compressor
neompP Compressor efficiency
Variables:
Ji Gas demand restoration status of customer at
node i
gss Natural gas output from gas station at node i
Gij Gas flow on branch i — j
Y; Gas pressure magnitude squared at node i
Ay Gas pressure drop on branch i — j

Il. INTRODUCTION

Due to the increasing number of major power outages
caused by natural disasters, cyber-attacks, and accidents,
power system resilience has received much attention by the
power industry and researchers [1], [2]. After a major outage,
using power sources available locally to restore critical loads can
improve resilience and reduce economic losses [3]. Local sources
used for service restoration include distributed generators (DGs)
[4], energy storage (ES) [5], intermittent energy resources [6],
electrical vehicles (EVs) [7], and mobile emergency resources
(MERSs) [8], etc. Microgrids and networked microgrids can also
be used as a resiliency resource to restore critical loads on utility
feeders [9], [10]. During restoration, the distribution network can
be sectionalized into several small electrical islands [4]-[7],[9] or
alarge island can be formed to share limited generation resources
in a wider range [3], [8], [10].

A major outage in the electricity distribution system may also
interrupt the water and natural gas supply to customers. In a
water supply system, water treatments, which consume
electricity, produce portable water for urban customers [11].
Electricity-driven water pumps are employed to boost the water
head, compensating water head losses along a water pipe [12].
In a gas supply system, gas compressors run by electric motors
are used to maintain an acceptable gas pressure at nodes [13].
The electricity demand of water treatments, water pumps, and
gas compressors depends on the service area [14], [15].

It is essential to provide electricity, water, and gas services to
critical customers after a major event. These customers may

outage occurs under this circumstance, it would be helpful to
restore services to customers with coordinated efforts among
electricity, water, and natural-gas sectors.

Studies on service restoration for electricity distribution
systems  rarely  consider the electricity-water-gas
interdependency. Some utilities flag critical facilities of the
water and gas supply systems and consider them as high priority
loads [19], [20]. In [21], a distribution system restoration
method aiming at maximizing the operational capacity of
hospitals is proposed. The model incorporates operational
constraints of the power distribution system and water pumping
stations. A repair crew dispatch strategy for resilient electric
and natural gas systems is proposed in [22]. The
interdependency results from devices that require coupling
between different infrastructures such as gas-fired DGs and
electricity-driven gas compressors.

The interdependency between electric power and
water/natural gas supply systems has been considered in the
studies of renewable energy harvesting, economic scheduling
and demand management [23]-[25], etc. The schematic of
electricity and water link is depicted in [23]. Ref. [24]
introduces a mathematical model describing the hydraulic
characteristics and power consumption of water treatments and
pumps. The gas-fired DGs and gas compressors driven by
electric motors are modelled in [25]. These studies provide the
foundation for the work reported in this paper.

In this research, a new service restoration method for
electricity distribution systems considering the electricity-
water-gas  interdependency is proposed. The major
contributions include:

1) An optimization model for the service restoration
strategy is proposed, considering the operational
constraints of electricity, water, and gas supply
networks and the coupling among them. It is formulated
as a mixed-integer nonlinear program (MINLP).

2)  The model is reformulated as a mixed-integer second-
order cone program (MISOCP) by using relaxation
techniques, which is exact under certain conditions.

3) The benefits of incorporating interdependency in
service restoration modeling and the exactness of
relaxation are analyzed, validated by simulation results
of an electricity-water-gas integrated system.

The remainder of this paper is organized as follows. Section
Il describes the service restoration problem considering
interdependency and its challenges. The service restoration
model is proposed in Section IV. Section V presents the convex
relaxation methods converting the MINLP to a MISOCP and
illustrates the exactness conditions. Case studies are presented
in Section VI. Section VI concludes the paper.
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I1l. PROBLEM DESCRIPTION

The operation of electricity, water, and gas supply systems
relies on each other in multiple scales through various
components. This paper focuses on the electricity needs for
moving water and natural gas from reservoirs to customers in
the distribution scale. The structure of the electricity-water-gas
integrated system considered in this paper is shown in Fig. 1
[23]. The system consists of an electricity distribution system
with distributed energy resources, a water supply system with
pumps, and a natural gas supply system with compressors.

The water pumps overcome elevation differences between
nodes and water head losses in pipes to move water. Gas
compressors are placed on selected pipes to increase the
pressure at their output node. Both water pumps and gas
compressors require electricity to operate. Therefore, the
operation of water and gas supply systems relies on the electric
network. It is also assumed that customers in this system model
demand electricity, watei, and natural gas.

Q 45 o 7
Water J T —

Electricity ‘
A [ ...
- Customers
Gas
Water reservoirs <E\§I ‘Water pump m Gas station ﬁ Gas compressor
§ Transmission system 'EIDG ES

Fig. 1. Structure of the electricity-water-gas integrated system

A major outage scenario is considered. Suppose that in the
electric distribution system, the utility power is not available,
while the water reservoir and gas station are remain functional.
The power outage cuts the primary and auxiliary electricity
supply to the water pumps and gas compressors. Although there
is backup power, it may operate for just a few hours due to
limited fuel availability [14]. After that, the water pumps and
gas compressors have to be shut off, leading to low pressure in
the water and gas supply systems. To prevent water backflow
and natural gas leak, the water and natural gas supply to
customers are also interrupted.

The purpose of this study is to develop a service restoration
method for electric distribution systems, considering consumer
demand on electricity, water, and natural gas, as well as the
reliance of water pumps and gas compressors on electricity. The
major task is to properly allocate limited generation resources
and determine the amount of load to be restored.

The challenges lie in two aspects. First, the operational
constraints of electricity, water, and natural gas networks must
be satisfied. These constraints are described by a set of
nonlinear and nonconvex equations, such as electric power flow
equations [26], water head loss equations [12], and gas pressure
drop equations [13]. The resulting optimization model is
complex. Second, on-line decisions should be made within a
reasonable time, say, a few minutes. Therefore, a
computationally efficient and reliable decision-making method
is required.

IV. PROBLEM FORMULATION

In this section, the proposed optimization model for the
service restoration problem is presented.

A. Decision Variables

The decision variables contain restoration status of
customers and coupling components, as well as DG outputs. For
customers, the status of electricity demand r; is discrete, while
the water w; and natural gas g;are continuous. For coupling
components, the restoration status y;represents ON/OFF. When
they are switched ON, the electricity consumptions of water
pumps PP and gas compressors P°°™ are variable.

B. Objective Function

Two objectives are considered. One is maximizing the
weighted sum of restored electricity, water, and natural gas
demand, as shown in (1). Weighting factors a;, b;, c; describe
the reliance of each customer on multiple demands. The other is
maximizing the weighted sum of the minimum of three types of
restored demand, balancing the electricity, water, and natural
gas served to a customer, as shown in (2). They are combined
into one objective with a weighting coefficient 9, as indicated
by (3). Due to differences in range and unit, g; and w; are
normalized with respect to their rated values.

NL
W. .
f1=Zwi(airi+biﬁ+ci%}i€]\ﬂ“ @)
i=1 Wi gi
NL
W. .
f2=Zwimin{ri,ﬁ,%},iENL )
i=1 Wi gi

max f = f; +9f, 3
C. Constraints

1) Operational Constrains on Electricity Distribution System
The operational constraints on electricity distribution system
can be expressed as follows [20].

Z (Ski_zkilki)+si: Z SU,lENE (4)

k:k—i k:k—i
s; = sP6 — rysrate j e PG (5)
s;=-nsfteie wt (6)

2, .

U,: —_ Uj = ZRe(le}[SU) —_ |Zij| , 1L —)] € NE (7)
|Sy|" = viliy, i - j € €F ®)
0 < |sPS| < sPS,,i € wPE 9)
ESUiSU_i,iENE (10)
lj<lji—>j€E" 11)

Constraints (4)-(8) represent the power flow constraint [26].
This paper considers the three-phase balanced power flow,
because water pumps and gas compressors driven by three-
phase power are widely used [27]. Constraint (9) indicates that
the DG outputs cannot exceed their capacities. Constraints (10)
and (11) ensure the node voltage and branch current are within
the limits.

2) Operational Constraints on Water Supply System

The operational constraints on water supply system are

described in detail as follows.
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ZWki+(WiWR—wL-)=ZWij,iENW (12)

k:k—i k:k—i

0<w; <weienw (13)
Ah;; =h; —h;,i—»je&W (14)
Ahyj = Fy; WU,L - j € ERPe (15)

{Ahij —(aWi; +B) if xm=1

Wi = 0 if Xm =0
i—>j€e&N™, meNPumP  (16)
0<W; <W;.i-jeeW 17)
h < h,ie NV (18)

Constraint (12) represents the water flow balance at each
node. The amount of restored water demand is limited by (13).
Constraint (14) demonstrates the water head variation between
adjacent nodes. Constraint (15) is Darcy—Weisbach equation
that represents the water head losses in pipes, where F;; is a
constant [23]. Constraint (16) represents the hydraulic
characteristics of pumps. If the pump is restored, the
relationship between water head gain and water flow through
the pump is described as a linear expression [23]. Constraint (17)
and (18) indicate that the water flow on branch and water head
at each node are bounded.

3) Operational Constraints on Natural Gas Supply System

The operational constraints on natural gas supply system are
described as:

ZGki+(giGS_gi):ZGij:iENG (19)

k:k—i k:k—i

0<g;<greienNC (20)
Wi — ;= My, i - j € ERPE (21)
CijAp; = GB,i— j € EXP° (22)
¢L<¢]<V¢L if xm=1
{ Gij =0 if xm=0
i>jEEY P, meNCmP  (23)
0<G;<Gji—jeES (24)
ﬂSlPlSl/)L,LENG (25)

Constraint (19) represents the gas flow balance at each node.
Constraint (20) means the restored gas demand should not
exceed its rated capacity. Constraints (21) and (22) demonstrate
the gas pressure drop in pipes based on Weymouth equation,
where C;; is a constant. Constraint (23) is the operational
constraint of gas compressors. If the compressor is restored, the
node pressure at its output can be increased by a factor y [22].
Constraints (24) and (25) ensure that gas flow on each branch
and gas pressure at each node stay within a preset range.

4) Electricity Consumption for Water Pumps and Gas
Compressors

The electricity consumption for water pumps and gas

compressors can be calculated as follows.

npump ( + BWU)’
m e NPUMP i - j e elP (26)
peomp _ _Gii® [y(’?—l - 1],
ncomp

meN©Om i »jel™  (27)
Constraint (26) links the electric power distribution system

Ppump

with the water supply system. The electricity consumption of
water pumps is a quadratic function of the water flow.
Constraint (27) connects the electric power distribution system
and natural gas supply system. The electricity consumption of
a gas compressor is proportional to the gas flow.

The water pumps and gas compressors are considered as a
load with a constant power factor in the electric network. They
are modeled as injected complex power at respective nodes, i.e.,

si = (P 4 jor TURTTYY i P (28)
si= =BT+ jo PRI e ey (29)

D. Optimization Model

To sum up, an MINLP model for the service restoration is
obtained, which is referred to as SRS-MINLP.
SRS-MINLP
Obj:  (3)
over: ruwugu i l]:suvi'l
XUW I/Vuth Ahlj'gl 'Gl]'lljuAlpij
st (4)-(29)

ppump Pcomp DG S, B
ij

V. MODEL CONVEXIFICATION

Note that SRS-MINLP contains several nonconvex terms,
i.e., (8), (15), (16), (22), (23), (26), (28), and (29), making the
model computationally intractable. In this section, the SRS-
MINLP is transformed into a MISOCP model using several
convex relaxation techniques. The exactness conditions are also
represented.

A. Relaxation of Nonconvex Constraints

For the electricity distribution system, the branch flow
definition (8) is a quadratic equality and hence nonconvex. It
can be relaxed as a second-order cone constraint [26].

|Sij|2 < vilij'i —>] € SE (30)
This relaxation is exact in radial networks and has been used in
restoration problem [4].

For the water supply system, the hydraulic characteristics of
pipes (15) is a quadratic equation and can be relaxed into a
convex inequality [12].

Ahyj = FjW2, i > j € EDPC (31)
i-jeehipe

The inequality is tightened to an equality in radial networks
with penalty term P; appended to the objective [12].

The hydraulic characteristic of water pumps (16) contains a
logic proposition. To eliminate the if expression, the big-M
method is used to rewrite the constraint.

_M(l_)(m) - (a +ﬂ) <Ahu'
i—>je&™, meNPUP (33)
Ahy; < M(1 = xm) — (aVVij +B),
i—j &, meNPumP  (34)
Wy < XmM,
i—j€e&N™, meNPumP  (35)
where M is a sufficiently large positive constant. When y,,, =
1, the water pump is switched ON. Constraints (33) and (34)
yield Ah;; = —(aW;; + ) and (35) holds trivially. When

Page 4 of 8
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; Xm = 0, the water pump is switched OFF. Constraints (33) and  B. Convex Model
3 (34) hold trivially and (35) enforces W;; = 0. As a result, a MISOCP model is formulated.
4 For the natural gas supply system, the pressure drop SRS-MISOCP
5 constraint (22) is a quadratic equality and the gas compressor max f —A(P, +P,)
6 operation constraint (23) contains a logical proposition. Similar over: rl,wl,g“ PPTP, PO $PC, S si vi, L,
7 toI thedconstraints of the water supply system, they can be Xiows Wi, by, Ah”,gl .Gu.l/JuAl/h
8 relaxed as e st (A7), (9)-(14), (17)-(21), (24)(25), (27),
9 CijAYi; = G, i~ j € &g (36) (28)-(31), (33)-(39), (41)-(49)
10 M1 = xm) + P <Yy,
1 i _)] e Séomp,m € Jycomp (37) VI. CASE STUDIES
12 Y; S MA — xp) + v, An electricity-water-gas integrated system is developed and
13 i-j€ gé"mp,m € NOmP  (38) simulated to show the benefits of modeling interdependency
14 Gij < XmM, and validate effectiveness of the proposed method.
15 .
16 _ o ImJE g h,m E NP (39) A Test System Information
17 Constraint (34) is tightened to an equality in the radial In this paper, an integrated electricity-water-gas system is
18 network with penalty terms P, appended to the objective [13].  nroh0seq that consists of a 32-node electricity system [20], a
19 P, = z A (40) 15-node water system [24], and a 20-node natural gas system
20 i~ jcebipe [13]. The topologies of three subsystems are shown in Fig. 2.
G - . . .
21 For water pumps, the electricity consumption is a quadratic  'VOt€ that pumps in a water distribution system and compressors
22 equality (26) and can be relaxed into an inequality. in a natural gas distribution system may be served by multiple
23 feeders in the distribution system. The test system only includes
2 PP > pump (a +,8Wij), (41) one feeder for simplification. The proposed method can be
readily extended to systems with multiple feeders.
;2 m e Npump’l- _)] € g‘ll)\;lmp y y WPZ p
57 The relaxation is exact if the following conditions are satisfied. " ” N
28 Condition 1: Not all water demands are restored. —® />
Condition 2: The water flow on pipes does not reach its upper w 7 Te o 10/ |2
29 bound — ‘
2(1) Condition 3: The water head at reservoir node is greater than } & \_,“ P iﬁ é S
the sum of water head losses on pipes under maximum
32 5 22 25 DG3 5
i : W, - Gcz
33 allowable water flow, i.e., hy > Ziqjege\;pe Fjjw;; . . 2 GCB Wpa )
34 The proof is given in Appendix A. . 7
o .. DG5 17
35 For nodes with water pumps connected, the injected complex O—e* o—a2 12 B B F 3§
36 pOWQr (28) iS determiHEd by ON/OFF StatUS and 9|ectriCity * 1st-level customer @ 2nd-level customer @ 3rd-level customer
37 i il pump i
38 consumption. T_he b|||nea_r term ; P, _ makes constraint (2§) © Distributed Generator @ Water Pump 7 Gas Compresspor
39 nonconvex. This c.o_nstral.nt can be eq_uwa_lentl)_/ ex_pressed via (a) Topology of the 32-node electric system
20 four linear inequalities using McCormick linearization method. 7 wes s 8w
a1 —Xi (Plpump _l_j(plpumpplpump) < Si,i € jy’pump (42) ; w2 s v owe s . .
42 _(Plpump +j(p})umpplpump) S S“i E Npump (43) 12 13 14 15
43 s; < 0,i € ypump (44) I
um . um um
“ < (B + ol R™) + _ .
. Hpbump . Pumpw . pump Water Reservoir Water Pump
46 @ Xl)(P‘ +Je; Pl )’ LeN . (45) (b) Topology of the 15-node water system
Note that when y; =1, constraints (42)-(45) vyields s; = 151
47 um um um . —**
48 —(PPY™P + jP"™P PPy When y; = 0, constraints (42)- ez s 4 Gens W e e
49 (45) enforce s; = 0. | L.f:x T
50 For nodes with gas compressors connected, the injected . ii?m
51 complex power (29) can be replaced by constraints (46)-(49). Too6 s
52 _ comp comp comp s comp W Gas Station [) Gas Compressar
53 X‘(P +je; k ) SspieN (46) (c) Topology of the 20-node natural-gas system
—(Pl.comp +](piC°mPPL.C°mp) < s, i € NComP (47)  Fig.2. Topology of electricity-water-gas integrated system
>4 s; <0,i € Veomp (48) Three water pumps and three gas compressors are connected
gg < _(Pcomp _|_j(p00mpp00mp) + to the electricity subsystem. The detailed information is given
< ; : ] o ’
—comp) . in Table I, [25] [28]. Especially, abbreviations WP and GC in
comp comp pcomp comp
;73 a- XL)(P e R )’l eN (49)  Table I represent water pump and gas compressor, respectively.
59
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TABLE | 80
WATER PUMPS AND GAS COMPRESSORS INFORMATION T T gas compressur .
Water/Gas  Electricity  Rated Active _ e lower limit R A G o S S
TYPe  “Branch Node / Power (kW) Parameters § 60 [ pper fmk . +
‘g r Ol

WP1 1-2 7 1200 a =185 g
B =223.32 s 1

WP2 4-5 19 800 PP ~0.05 g . pod R

WP3 7-8 31 400 @PUTP =0.85 &0 i f‘

GC1 1-2 9 1200 y =144

GC2 414 25 800 o =121 Y S S VY SIS SV W S S
n°mP=0.8, 1.2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20

GC3 17-18 29 400 @ °mP =0.85 Node

Fifteen customers in the integrated system are divided into
three levels with the priority weights 100, 10, and 0.2,
respectively [3]. The location of customers at three subsystems
is listed in Appendix B. Detailed information of the subsystems
is available in [20], [24], and [13]. Simplified, the weighting
factors a;, bi, and ¢; of all customers are set as 0.6, 0.2, and 0.2.
Five DGs provide electricity, whose capacities are 1020, 750,
880, 600, and 930 kVA. Weighting coefficients 9, 4 are setas 1
and 0.001, respectively.

B. Service Restoration Strategy

Suppose that after an extreme event, the electricity
distribution system is disconnected from the main grid. The
supply of electricity, water, and gas to fifteen customers is
interrupted. The water pumps and gas compressors are switched
OFF. The model is solved using the optimization toolbox
YALMIP [29] along with the solver MOSEK [30]. The
restoration status of customers is shown in Fig. 3

[CJelectricity [T water [N Gas |

0.8 1

0.6

0.4 [
0.2 [
o Ll Al

123“'1éé;éé1'01'11‘21'31‘41‘5
Customer

Fig. 3. Restoration status of electricity, water, and gas demand of each customer

As shown in Fig. 3, the electricity, water, and natural gas
demand of all 1st-level, 2nd-level, and one of 3rd-level
customers are fully restored. Limited by generation resource,
58.62% water and gas demand of customer 2 is restored and no
demand of six 3rd-level customers can be restored. All water
pumps and gas compressors are switched ON. The water head
profile in water supply system and the gas pressure profile in

Percentage of demand restored

gas supply system after restoration are shown in Fig.4 and Fig.5.

800

Water head/m
B
o
o
|

200 - B

Node
Fig.4. Water head profile in water supply system after restoration

Fig.5. Gas pressure profile in gas supply system after restoration

As shown in Fig. 4 and Fig. 5, the water head at each node is
higher than the lower limit, and the gas pressure is maintained
within the feasible range. The total electricity consumption of
water pumps and gas compressors is 1918.76 kW, while the
restored electricity demand of customers is 1095 kW. Nearly
2/3 electricity is allocated to water pumps and gas compressors
to restore water and gas supply to customers.

C. Benefit of Considering Interdependency

In this part, results of the service restoration method without
considering interdependency is obtained. The restoration status
of water pumps and gas compressors is first determined by
solving the electricity distribution service restoration problem,
in which the WP1 and GC1 are set as 1st-level loads and WP2,
WP3, GC2, and GC3 are set as 2nd-level loads. Based on that,
the restoration status of water and natural demand is determined,
then the final restoration strategy is obtained. The comparison
of two methods is shown in Fig. 6.

[ with interdependency [l Without interdependency 680.6
}‘fi' Number/percentage of restored 1st-level customers

Number/percentage of restored 2nd-level customers
O Number/percentage of restored 3rd-level customers
8 100 100 100 100 349.8

Objective
Electricity zas (%% value

Fig. 6. Comparison between methods with and without considering
interdependency

For restoration results obtained using the method without
considering interdependency, it is intuitive to restore electricity
loads, while the electricity demand of water and natural supply
systems is ignored. Although the electricity demand of 15
customers is restored, nearly half of the water and gas demand
of critical customers cannot be restored. The objective value of
the proposed method has a 94.5% improvement than that of the
method without considering interdependency. Therefore, more
customers can maintain service to the primary function after
restoration.

D. Quantification of Benefit Under Multiple Scenarios

To further illustrate the benefit, 1000 scenarios are generated
for this part. Different scenarios have different DG capacities,
customer demands, and weighting factors (a;, b;,c;). The
methods with and without modeling interdependency are
applied in these scenarios. The probability density function of
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APPENDIX A
PROOF OF EXACTNESS OF RELAXATION (41)

To prove that the relaxation is exact, it suffices to show that
any optimal solution of SRS-MISOCP attains equality in (41).
Assume for the sake of contradiction that S, =
{rowi, gi, s BT, BT, W} is the set of optimal solution
for SRS-MISOCP, but a water supply system branchi — j €

w W
pump H i ; ; pump (P4 2
Ew has strict inequality, i.e., P, " > pump (aW? +

[3Wl-j). Introduce ¢ > 0 and consider another set §;. =
{7 wi, gi, sP¢ BT, By P, Wi} denoted by

= wi =w; +¢ 9i = gi
SPG* — SLDG Prgump* — Prgump Pnclomp* — Pn(;omp
Wejy = Wey Wagy = Wagy +¢ hi=h

where Q(j) means the upstream branches of node j and ©(j)
means the downstream branches. Since w; > w;, §;, has a
strictly larger objective value than §,.. If §;,. is a feasible set,
then it nullifies the optimality of S,,..

It suffices then to check that there exists & > 0 that Sz,
satisfies SRS-MISOCP constraints. Since §.,. is feasible,
despite water supply system operational constraints (12)-(14),
(17)-(18), (31), (33)-(35), and (41), the others hold for S as
well. Under condition 1 and condition 2, constraints (12)-(14),
(17), (31), and (33)-(35) hold for S;,.. To prove that constraint
(18) is satisfied, for each node k incident to Q(j), assign the
water head consistent with (15) along the path from water
reservoir to k
hy = hi + aWj+ B —

i~jen(k) i~jeq(k)

Under condition 3, hy, is larger than the allowable water head.
For nodes incident to ©(j), h, = h;, and constraint (18) is
satisfied. For constraint (41) across i — j, it is obtained that

w_ W
pump* _ p g

*2

(aW;? +BW;)

m jPump
_ ppump prW 2
=P~ a(Wy +8)" +B(W; +9)
w_w w_ W
) P9
= Prgump - pPump ((ZI/VJ + BVVU) - pPump (ZaVVUf +aé?+ :Bf)
w_ W
Since P — E5E (aWj + fW;) > 0, we can choose a

w_ W
& >0 sufficiently small that PP“™P —Z—g

*2
pump (aVVij +
ﬁW{}) > 0. This completes the proof.

APPENDIX B
TABLE B1
THE LOCATION OF FIFTEEN CUSTOMERS AT THREE SUBSYSTEMS

Customer  Electricity Subsystem  Water Subsystem  Gas Subsystem
1 1 1 1
2 4 2 2
3 5 3 3
4 6 4 5
5 8 5 6
6 10 6 7
7 11 7 9
8 15 8 10
9 17 9 12

10 18 10 14
11 21 11 15
12 22 12 16
13 24 13 17
14 27 14 19
15 32 15 20
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