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List of Symbols
σij Stress
εkl Strain
C0

ijkl Compliance of undamaged
matrix

ϵcij Strain contributed by
microcracks

ni Components of crack normal
in global basis

[ui] Displacement jump across
microcrack faces

u±i Crack opening displace-
ments (CODs)

N Number of microcracks in
the REV

A Area of 2D REV
Γ Set of all microcrack surfaces

in 2D REV
Γr Surface of rth line crack
E {ê1, ê2} Global basis
E′ {ê′1, ê′2} Local basis aligned to the

microcrack
ω Angle between ê1 and ê′1

Qij Transformation tensor be-
tween E and E′

u′±1 , u′±2 CODs in local basis
x′1, x

′
2 Local coordinates

a Half size of line crack
τ ′, σ′

22 Stress components in local
basis

µ Shear modulus of undam-
aged matrix

ν Poisson’s ratio of undam-
aged matrix

k Elastic constant = 3− 4ν

τ̂ ′f Mobilized shear resistance
on crack surfaces

σ′
c Crack closing stress
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ϵ′cij Strain contributed by micro-
cracks in local basis

ε̂′1D Dilation-induced normal
strain for a single crack

b Elastic constant computed
from µ and k

ξij Transformation tensor con-
taining the information of
crack orientation

g∗1 Gibbs free energy for REV
with a single microcrack

ρ̂(ω, a) Directional distribution den-
sity of microcracks

amax Maximum half size of micro-
cracks in the REV

N0, ρ̂0 Initial values of N and ρ̂
d̂ Directional damage
g∗ Gibbs free energy functional
g1 Gibbs free energy contribu-

tion of uncracked matrix
ĝ∗
2 Gibbs free energy contri-

bution of all microcracks
aligned at orientation ω

ε̂′D Dilation-induced normal
strain for multiple cracks

d̂0 Initial distribution of d̂
γ̂′f Sliding-induced shear strain
ε̂′n Closing-induced normal

strain
ŷf Yield condition for frictional

sliding
τ ′fc Maximum shear resistance
µf Friction coefficient between

crack faces
Θf Set of directions undergoing

frictional sliding
λ̂f Fictional multiplier
χ̂d Damage stress
κ̂ Damage resistance
B Reference damage growth

rate
n Stress corrosion index for

damage growth
Θd Set of directions undergoing

damage growth
κc Peak κ̂
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dc Value of d̂ at κ̂ = κc

r Parameter that controls the
rate of softening of κ̂

κ̂0 Initial distribution of κ̂
β Dilation coefficient
W Work input
ψ Helmholtz free energy
ϕ Dissipation rate functional
g Alternate form of g∗ ob-

tained through Legendre
transformation

ĝ2 Alternate form of ĝ∗
2 ob-

tained through Legendre
transformation

d0, κ0 Initial values of d̂ and κ̂
along all directions for ini-
tially isotropic material

σ0 Confining stress
t Creep time
ωp Direction of maximum

damage
qf Minimum stress difference

required to induce long term
failure

1 Introduction

Understanding and predicting the time-dependent deformation of rocks is criti-
cal in ensuring the long-term stability of underground structures such as tunnels
and caverns (Nadimi et al 2011; Shalabi 2005; Zhang et al 2011). Many aspects
of the mechanical behavior of brittle rocks, such as nonlinearity, hysteresis, in-
duced anisotropy, pressure dependence, volumetric dilation and brittle failure are
attributed to the presence and growth of microcracks (David et al 2020; Horii and
Nemat-Nasser 1983; Horii et al 1986; Kachanov 1993; Nemat-Nasser and Obata 1988;
Walsh 1965b; Wong 1982). The long-term deformation of brittle rocks is further as-
sociated with the subcritical growth of microcracks (Atkinson 1984; Brantut et al
2013; Kemeny 1991; Michalske and Freiman 1982; Swanson 1984), which can lead to
the ultimate failure as the growing microcracks coalesce to form a macroscopic fault
(Kranz 1979, 1980; Lajtai et al 1987; Martin and Chandler 1994). Factors affecting
the creep characteristics such as confining pressure, deviatoric stress, pore pressure
and temperature have been extensively studied in laboratory through uniaxial or tri-
axial brittle creep experiments (Chen et al 2017; Heap et al 2011; Lin et al 2009; Yang
et al 2014). However, mechanistic-based modeling of the time-dependent behavior
of brittle rocks with explicit acknowledgments of microcracks remains challenging
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from a mathematical and numerical standpoint, restricting the existing models of
this type to simplified geometries and crack distributions (Brantut et al 2012; Li and
Shao 2016; Li et al 2018; Miura et al 2003).

A number of constitutive models are formulated in the framework of continuum
damage mechanics (CDM) which smears the effect of microcracks on material degra-
dation via a macroscopic damage variable (Einav et al 2007; Ju 1989; Krajcinovic
1996; Lemaitre 2012; Shao and Rudnicki 2000; Voyiadjis et al 2011; Zhu and Arson
2015). Many rate-dependent CDM models adopt a scalar damage parameter com-
bined with a viscoplasticity-type formulation to represent isotropic damage (Wu et al
2019; Zhu et al 2015). Anisotropic damage is often incorporated through a damage
tensor of rank two (Bui et al 2017; Shao et al 2006) or four (Ren et al 2015). Despite
their wide applications, it is worth noting that the scalar/tensorial representation of
damage is an approximation of a continuous microcrack distribution density, which is
only effective for regular-shaped distributions with several orthogonal pairs of peaks
(Lubarda and Krajcinovic 1993; Voyiadjis and Kattan 2006). As a result, traditional
damage variables cannot capture sophisticated microcrack distributions generated by
complex loading histories (e.g., near a fault zone, Hoxha et al (2005)) and the asso-
ciated directional dependence of stiffness and strength properties of the rock matrix.
In addition, mapping a damage tensor back to microcrack distribution may result in
regions of negative density (Lubarda and Krajcinovic 1993), which is not physical.
Representing damage through discrete families of cracks (Bikong et al 2015) does not
run into these issues but a directionally continuous representation is, however, still
lacking. Improved representation of material anisotropy induced by microcracks and
its evolution is of particular importance for engineering critical geological structures
such as underground nuclear waste repositories and storage caverns. Excavation and
construction process can induce new microcracks in addition to the pre-existing crack
sets and bedding planes (Kim et al 2013; Li et al 2017), generating complex crack
distribution pattern and significantly modifying the hydro-mechanical properties of
host rocks near the excavation zone (Chen et al 2015; Tsang et al 2012).

The purpose of this study is to model the delayed deformation and failure of
brittle rocks with enhanced representation of the direction-dependent material dam-
age induced by microcracking. The idea is to preserve the information of continuous
directional distribution density of microcracks in the macroscale constitutive theory
instead of its discrete or tensorial approximations. To do so, the global strain induced
by microcracks is derived from the crack opening displacements (CODs) considering
sliding, closure, and dilation in section 2.1. The Gibbs free energy of microcracked
solid is derived in section 2.2 through statistical homogenization, from which the
definition of directional damage that collects the information of microcrack size and
direction is arrived. Material damage thus enters the model as an internal state func-
tion of orientation through the vehicle of directional damage instead of the traditional
damage internal variables. The evolution of directional damage and other internal
state functions is detailed in section 2.3. The range of model parameters to ensure
thermodynamic consistency is derived in section 3. A summary of the model along
with a simple and intuitive calibration scheme is presented in section 4. The model
is applied to simulate the response of basalt rock samples under constant-strain-rate
compression and brittle creep at different confining and deviatoric stresses in section
5. The predicted evolution of directional damage and other internal state functions
during basalt creep is discussed in section 6. It is worth to note that this work focuses
on two-dimensional (2D) plane-strain condition to better delineate the micromech-
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6 M. Sisodiya, Y. Zhang

anisms controlling the time-dependent behavior of brittle rocks. Conclusions of this
study and possible model extensions towards three-dimensional (3D) formulation are
discussed at the end in section 7.

2 Model Formulation

2.1 Strain induced by microcrack

The macroscopic stress-strain relationship for a representative element volume (REV)
consisting of linear-elastic matrix with embedded microcracks can be expressed as
(Horii and Nemat-Nasser 1983; Kachanov 1982):

εij = C0
ijklσkl + ϵcij , (1)

where σkl and εij are the macroscopic stress and strain of the REV; C0
ijkl is the

compliance of uncracked matrix; and ϵcij is the additional strain contributed by
microcracks. For a 2D REV, the strain induced by microcracks is related to the
crack opening displacements through the following relation (Horii and Nemat-Nasser
1983):

ϵcij =
r=N∑
r=1

1

2A

∫
Γr

([ui]nj + [uj ]ni) dΓr, (2)

where [ui] = u+i − u−i is the displacement jump along the crack surfaces with u±i
being the crack opening displacements of the crack faces; ni is the crack normal; A
is the area of the REV; Γr is the 1D surface of the rth microcrack; and N is the
total number of microcracks in the REV, so that Γ =

∪N
r=1 Γr is the total crack

surface. It should be noted that Eqs. (1) and (2) are not affected by the choice
of homogenization scheme. Different upscaling assumptions will instead affect the
expression of crack displacements [ui] and therefore the dependency of ϵcij on the
applied stress. Here we assume noninteracting cracks, meaning that the expression
of [ui] derived from single crack in an elastic body remains valid by neglecting the
interaction among cracks. This is supported by the study of Kachanov (1993), show-
ing that the noninteracting assumption remains valid for non-vanishing crack density
given the spatial distribution of cracks is random because of the competing shielding
and amplification effects of crack interactions. While the crack interactions start to
become significant as the cracks start to grow in preferential directions and near the
limit of coalescence, we have ignored such effects in this first study for the sake of
simplicity. Higher order homogenization schemes, like the PCW scheme (Castañeda
and Willis 1995) may be adopted to account for crack interactions (Zhu and Shao
2017; Zhu et al 2009) in future generalizations.

Focusing on the displacement jump of individual cracks, it is useful to define a lo-
cal coordinate system with its basis vectors aligned with the microcrack. A schematic
of the REV with a single crack of length 2a and inclined at an angle of ω is shown in
Fig. 1. The global coordinate system has the basis E {ê1, ê2} and the local coordinate
system has the basis E′ {ê′1, ê′2} such that, ê′1 is parallel and ê′2 = n is normal to
the crack surface. The basis E′ and E are relate through the rotation transformation
e′i = Qjiej with

[Q] =

[
n2 n1

−n1 n2

]
=

[
cos(ω) −sin(ω)
sin(ω) cos(ω)

]
. (3)
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Title Suppressed Due to Excessive Length 7

The COD for a single line crack embedded in an infinite isotropic-linear-elastic plane
is readily available in fracture mechanics literature. For a smooth (frictionless) open
crack in E′ {ê′1, ê′2} basis, the COD is related to the far-field stress through the
expression (Gdoutos 2020):

u′±1 = ±k + 1

4µ
τ ′
√
a2 − x′21 , (4)

u′±2 = ±k + 1

4µ
σ′
22

√
a2 − x′21 , (5)

where µ is the shear modulus of the uncracked matrix and k = 3− 4ν with ν being
the Poisson’s ratio of the uncracked matrix; τ ′ is the shear component of the far-field
stress along the crack face and σ′

22 is normal to the crack face; a is the half-size of
the crack; and x′1 is the local coordinate along the crack surface as depicted in Fig. 1.

For a closed crack in compression with non-smooth surfaces, friction will develop
to resist the relative sliding motion along the crack. To better understand the mo-
bilization of these frictional forces, let us treat a general macroscopic compressive
stress state as a superposition of two elementary stress states (Fig. 2), granted by the
linear elastic nature of the solid. Here τ̂ ′f represents the mobilized shear resistance
developed along the crack to resist relative sliding. As seen from the stress decom-
position, stress state ‘I’ does not cause sliding across the microcrack faces because
the far-field shear stress is same as the mobilized shear resistance on the crack face.
In the stress state ‘II’, the difference between the applied shear stress (τ ′) and the
mobilized shear resistance (τ̂ ′f ) is applied on the REV that contains a frictionless
microcrack. No sliding will take place as long as τ̂ ′f can be mobilized to resist the
applied shear stress (i.e., τ ′ = τ̂ ′f ). Sliding takes place only after the maximum value
of τ̂ ′f is reached and no further resistance can be mobilized (i.e., τ ′ > τ̂ ′f ). Such
thought experiment therefore illustrates that, for frictional cracks, the stress differ-
ence (τ ′ − τ̂ ′f ) acts as the driving force for the displacement jump [u′1] in contrast
to τ ′ in the case of smooth crack. Thus, the shear component of displacement jump
[u′1] for a non-smooth closed crack in compression can be described by replacing τ ′
with (τ ′ − τ̂ ′f ) in Eq. (4):

u′±1 = ±k + 1

4µ
(τ ′ − τ̂ ′f )

√
a2 − x′21 , (6)

where the `hat' on τ̂ ′f is to emphasis that it is a function of orientation over
ω ∈ [0, π]. The `hat' notation is used for all the direction-dependent internal state
functions (ISFs) in the remainder of this paper. For rocks, a significant portion of
their apparent compressibility and the unilateral effect is related to initially open mi-
crocracks being closed under compressive stress (Martin and Chandler 1994; Walsh
1965a; Zhang and Tang 2020). Here, microcracks closed under compression are dis-
tinguished from open cracks based on the normal stress acting on the crack face. For
a line crack, the normal stress acting on the crack face is equal to the far field stress
component along the crack face (Lauterbach and Gross 1998) and the amount of
normal stress required to close the crack depends on its aspect ratio (Walsh 1965b).
The most general approach to incorporate aspect ratio in our formulation is to con-
sider it as an independent variable in the microcrack distribution density function
which must then be calibrated through experimental data. Direct measurement of
the statistics of crack aspect ratio is difficult. Methods have been developed based
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8 M. Sisodiya, Y. Zhang

on the variation of elastic wave velocity with pressure (David and Zimmerman 2012;
Kuster and Toksöz 1974; Morlier 1971; Tran et al 2008; Tsuji and Iturrino 2008; Zim-
merman 1991). However, these methods assume predefined directional distribution
of microcracks and the results are also dependent on the homogenization scheme.
Considering these complexities on the model formulation and calibration, a simpler
approach is adopted here by assigning a single aspect ratio representing the statisti-
cally averaged value for all the cracks. Such simplification is expected to result in the
prediction of a linear stress-strain curve at low stresses prior to crack closure instead
of the more realistic nonlinear one. This will not affect the prediction of damage
growth and brittle creep at high stress levels, however, which is the main objective
of this study. As a consequence, cracks are considered open if σ′

22 ≤ σ′
c and they

are considered closed if σ′
22 > σ′

c, where σ′
c is the normal stress on crack face re-

quired to close an open crack (David et al 2012). In addition, microcracks subjected
to shearing can exhibit dilation due to their rough frictional surfaces (Barton and
Choubey 1977; Brace et al 1966; Huang et al 1993). Considering these effects, the
normal component of COD in Eq. (6) is modified to incorporate the crack closing
stress σ′

c and a shear-induced dilation term:

u′±2 = ±κ+ 1

4µ

(
σ′
c − ⟨σ′

c − σ′
22⟩
)√

a2 − x′21

± 1

π
ε̂′1D

√
a2 − x′21 ,

(7)

where ⟨ ⟩ is the Macaulay bracket such that ⟨x⟩ = x for x ≥ 0 and ⟨x⟩ = 0 for x < 0;
ε̂′1D represents the dilation-induced normal strain for a single crack.

Now focusing on the microcrack strain contribution due to a single crack, Eq. (2)
can be expressed equivalently in E′ basis and setting N = 1, Γ1 = [a,−a], and
dΓ1 = dx′1:

ϵ′cij =
1

2A

∫ a

−a

(
[u′i]n

′
j + [u′j ]n

′
i

)
dx′1. (8)

The expression of ϵcij for a single crack is obtained by substituting Eqs. (6) and (7)
into in Eq. (8) and converting the tensor components through the transformation
ϵcij = QipQjqϵ

′c
pq. The stress-strain relation for REV with a single microcrack is then

obtained by substituting ϵcij into Eq. (1):

εij =C0
ijklσkl + 2b

a2

A
ξij
(
τ ′ − τ̂ ′f

)
+ ninj

a2

A
ε̂′1D

− 4bninj
a2

A
⟨σ′

c − σ′
22⟩+ 4bninj

a2

A
σ′
c,

(9)

where b = π(k + 1)/(16µ) is a constant that encompasses the effect of elastic prop-
erties of the matrix on crack opening displacements and ξij is a second-order trans-
formation tensor that is solely related to the crack normal vector:

[ξ] =

[
2n1n2 n2

2 − n2
1

n2
2 − n2

1 −2n1n2

]
. (10)
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The energy potential corresponding to Eq. (9) is obtained by integrating it with
respect to stress and taking the energy at stress free reference state as zero:

g∗1
(
σij , τ̂

′
f , σ

′
c, ε̂

′1
D, a, ω

)
= −1

2
C0

ijklσijσkl

− 2b
a2

A

(
τ ′ − τ̂ ′f

)2 − a2

A
σ′
22ε̂

′1
D

− 2b
a2

A
⟨σ′

c − σ′
22⟩2 − 4b

a2

A
σ′
cσ

′
22.

(11)

In Eq. (11), the first term on the right hand side (RHS) is the Gibbs free energy
of the intact REV matrix; the second term is the free energy contribution from the
frictional sliding of the microcrack; the third term is the free energy associated with
crack dilation; and the last two terms represent the free energy contribution from
crack closure under compression.

2.2 Directional damage and homogenization

Let us now consider a REV with N microcracks as shown schematically in Fig. 3.
Each microcrack in the REV is characterized by its orientation ω ∈ [0, π] and the
half-size a ∈ [0, amax]. The distribution of the microcracks over ω and a is repre-
sented through a distribution density function ρ̂(ω, a) (Kanatani 1984; Krajcinovic
1996). When compared to the formulation in Kanatani (1984), it should be notated
that ρ̂(ω, a) is akin to the directionally smooth density function ‘F (n)’ and should
not be confused with the directionally singular function ‘f(n)’. Both N and ρ̂ can
evolve with time through the nucleation, propagation and coalescence of microcracks.
At any instant of time, however, the microcrack distribution density function always
satisfies the normalization condition (Mardia and Jupp 1999):∫ π

0

∫ amax

0

ρ̂(ω, a) da dω = 1. (12)

Thus, the number of microcracks dN within orientation between ω to ω + dω and
half-size between a and a+ da is equal to (Mardia and Jupp 1999):

dN = Nρ̂(ω, a) da dω. (13)

To account for pre-existing cracks in a rock sample, let ρ̂0 be the initial microcracks
distribution density and N0 be the initial number of microcracks (i.e., values of ρ̂
and N at time=0). The number of microcracks dN0 with orientation between ω to
ω+ dω and half-size between a and a+ da for the initial distribution of microcracks
is given by:

dN0 = N0ρ̂0(ω, a) da dω. (14)

Under the noninteracting assumption, the Gibbs energy potential of the REV can
be obtained by adding up the contributions of each microcrack. This summation
becomes an integral over the entire span of orientation ω and size a for a continu-
ous microcrack distribution. Thus, the Gibbs free energy of the REV with multiple
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10 M. Sisodiya, Y. Zhang

microcracks is obtained by multiplying dN to the crack-induced terms on the RHS
of Eq. (11) and integrating over a ∈ [0, amax] and ω ∈ [0, π]:

g∗[σij , τ̂
′
f , ε̂

′1
D, ρ̂(ω, a), ρ̂0(ω, a), N,N0] =

− 1

2
C0

ijklσijσkl

−
∫ π

0

∫ amax

0

2b
a2

A

(
τ ′ − τ̂ ′f

)2
dN

−
∫ π

0

∫ amax

0

a2

A
σ′
22ε̂

′1
D dN

−
∫ π

0

∫ amax

0

2b
a2

A
⟨σ′

c − σ′
22⟩2 dN0

−
∫ π

0

∫ amax

0

4b
a2

A
σ′
cσ

′
22 dN0.

(15)

Here we have assumed that only pre-existing cracks have initial openings in stress
free state and thus the last two terms of Eq. (15) are integrated with respect to dN0

instead of dN . Substituting Eqs. (13)-(14) into Eq. (15) and rearranging leads to:

g∗[σij , τ̂
′
f , ε̂

′1
D, ρ̂(ω, a), ρ̂0(ω, a), N,N0] = −1

2
C0

ijklσijσkl

−
∫ π

0

2b(τ ′ − τ̂ ′f )
2

(∫ amax

0

N

A
a2ρ̂(ω, a) da

)
dω

−
∫ π

0

σ′
22ε̂

′1
D

(∫ amax

0

N

A
a2ρ̂(ω, a) da

)
dω

−
∫ π

0

2b⟨σ′
c − σ′

22⟩2
(∫ amax

0

N0

A
a2ρ̂0(ω, a) da

)
dω

−
∫ π

0

4bσ′
cσ

′
22

(∫ amax

0

N0

A
a2ρ̂0(ω, a) da

)
dω.

(16)

It is obvious that all the crack-induced terms on the RHS of Eq. (16) contain the
same inner integral over a ∈ [0, amax]. Physically, this integral smears the effects of
microcracks in a given direction ω, with N/A characterizing the overall microcrack
density and the integral over a encompassing all microcracks with various sizes.
Whereas, the outer integral over ω ∈ [0, π] in each term collects such effect for all
directions. It is therefore convenient to define the inner integral as the directional
damage:

d̂(ω) =

∫ amax

0

N

A
a2ρ̂(ω, a) da, (17)

that quantifies the intensity of microcrack-induced damage along a given direction ω.
As it is seen from the derivation in Eqs. (12)-(17), the definition of directional damage
in Eq. (17) follows naturally from the microcrack distribution density function ρ̂(ω, a)
under the noninteracting homogenization. Here, a key difference from the generally
employed microcracking-induced damage definitions is that the distribution density
function ρ̂(ω, a) is incorporated in its general form through functional analysis based
formulation rather than using scalar (Fanella and Krajcinovic 1988; Kachanov 1982)
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Title Suppressed Due to Excessive Length 11

or tensorial (Arson 2020) approximations. Substituting Eq. (17) into Eq. (16) gives
the expression for the Gibbs free energy in compact form as:

g∗[σij , τ̂
′
f , ε̂

′
D, d̂0, d̂] =

g1(σij) +

∫ π

0

ĝ∗
2(σij , τ̂

′
f , ε̂

′
D, d̂0, d̂, ω) dω,

(18)

with
g1(σij) = −1

2
C0

ijklσijσkl, and

ĝ∗
2(σij , τ̂

′
f , ε̂

′
D, d̂0, d̂, ω) = −2b(τ ′ − τ̂ ′f )

2d̂− σ′
22ε̂

′
D

− 2b⟨σ′
c − σ′

22⟩2d̂0 − 4bσ′
cσ

′
22d̂0,

(19)

where g1 is the Gibbs free energy of uncracked rock matrix; ĝ∗
2 represents the free

energy contribution of microcracks oriented along ω; d̂0 is the initial damage distribu-
tion (at time=0) and ε̂′D = ε̂′1Dd̂ is the dilation-induced normal strain for cracks with
orientation ω. Applying the hyperelastic relation to Eq. (18) gives the stress-strain
relationship for a microcracked REV:

εij =− ∂g∗

∂σij
= − ∂g1

∂σij
−
∫ π

0

∂ĝ∗
2

∂σij
dω

=C0
ijklσkl

+

∫ π

0

(
1

2
ξij γ̂

′
f + ninj ε̂

′
D + ninj ε̂

′
n

)
dω,

(20)

where γ̂′f is the sliding-induced shear strain along direction ω:

γ̂′f =
∂ĝ∗

2

∂τ̂ ′f
= 4b(τ ′ − τ̂ ′f )d̂, (21)

and ε̂′n is the closing-induced normal strain along direction ω:

ε̂′n = 4bd̂0
(
σ′
c − ⟨σ′

c − σ′
22⟩
)
. (22)

Similar to the directional damage d̂, τ̂ ′f ,γ̂′f ,ε̂′D and ε̂′n are also internal state functions
defined over ω ∈ [0, π]. Therefore at any given time and stress state, the evolution of
these ISFs must be explicitly defined to complete the proposed constitutive model.
This is tackled in the following subsection.

2.3 Evolution of Internal State Functions

Evolution of frictional sliding: It is evident from Eq. (21) that γ̂′f and τ̂ ′f are
thermodynamically conjugated variables. Therefore, a simple linear yield function
for frictional sliding can be defined using the driving force τ̂ ′f :

ŷf
(
τ̂ ′f , σij , ω

)
= |τ̂ ′f | − τ ′fc ≤ 0, (23)

where | | is the absolute value function such that |x| = x for x ≥ 0 and |x| = −x for
x < 0; τ ′fc is the fully mobilized (maximum) value of τ̂ ′f . While the characteristics of
friction between surfaces of a crack is still a active field of research (Wang et al 2020;
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12 M. Sisodiya, Y. Zhang

Xie et al 2016), Coulomb’s friction law (Ashby and Hallam (Née Cooksley) 1986;
Walsh 1965b) and cohesive-frictional contact (Horii et al 1986; Lawn and Marshall
1998) are commonly adopted to model the friction between crack surfaces in brittle
solids. For simplicity, τ ′fc is assumed to be governed by the Coulomb’s friction law
in this study:

τ ′fc = µf ⟨σ′
22⟩, (24)

where µf is the coefficient of friction between the microcrack surfaces. Since both
τ̂ ′f and ŷf are functions of directions, the yield conditions must be checked for each
direction. Depending on the applied stress, microcracks in some directions may slip
while others may not. The set of directions with microcrack sliding, Θf , is identified
through the yield and consistency conditions:

Θf = {ω ∈ [0, π] | ŷf = 0 and ˙̂yf = 0}. (25)

The consistency condition is readily obtained from the rate form of ŷf in Eq. (23)
as:

sgn(τ̂ ′f ) ˙̂τ ′f − τ̇ ′fc = 0 forω ∈ Θf , (26)

where τ̇ ′fc is obtained from Eq. (24) as:

τ̇ ′fc =

{
µf σ̇

′
22 = µfninj σ̇ij forσ′

22 ≥ 0,

0 forσ′
22 < 0.

(27)

The flow rule for γ̂′f can be finally defined using Eq. (23) as:

˙̂γ′f = λ̂f
∂ŷf
∂τ̂ ′f

=

{
sgn(τ̂ ′f )λ̂f forω ∈ Θf ,

0 otherwise,
(28)

where λ̂f ≥ 0 is the frictional multiplier (similar to plastic multiplier in elastoplas-
ticity models) and sgn( ) is the signum function such that sgn(x) = 1 for x > 0,
sgn(x) = −1 for x < 0, and sgn(0) = 0.
Evolution of time-dependent directional damage: The microscale origin of
damage evolution is the formation, propagation and coalescence of microcracks. It
is therefore natural to seek analogies with classical fracture mechanics theories in
developing the evolution law for d̂. First, it is possible to define an “energy release
rate” due to the growth of directional damage as:

χ̂d = −∂ĝ∗
2

∂d̂
= 2b(τ ′ − τ̂ ′f )

2, (29)

where χ̂d is the driving force for damage growth, denoted as the damage stress. χ̂d is
analogues to the energy release rate G defined for a single fracture. In linear elastic
fracture mechanics, there exists a threshold value GC where fracture propagates
instantaneously (at the sound speed) when G > GC . Subcritical crack growth (SCG)
theories however states that the crack can still propagate with a finite velocity even
if G ≤ GC (Michalske and Freiman 1982; Rice 1978) and above a lower bound G0,
due to interactions with a non-inert environment. Further, the velocity is related
to G through a power law (Charles 1958; Maugis 1985) or an exponential relation
(Wan et al 1990). The slow growth of cracks is now understood as the governing
mechanism for the creep and delayed failure of brittle rocks (Brantut et al 2012;
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Title Suppressed Due to Excessive Length 13

Kranz 1979; Martin and Chandler 1994; Miura et al 2003). For this reason, it is
natural to relate damage growth rate with its driving force χ̂d through similar kinetic
laws in SCG theories. Taking inspiration from the SCG model of Maugis (1985) and
its generalizations for modeling the delayed crushing of granular materials (Zhang
and Buscarnera 2018, 2017), the directional damage evolution law is proposed as
following:

˙̂
d = B

⟨
χ̂d

κ̂
− 1

⟩n/2

, (30)

where B ≥ 0 is a reference damage growth rate that controls the base rate of
damage evolution; n is a model parameter similar to the stress corrosion index in
SCG models; κ̂ represents the material’s resistance to damage growth, denoted as
the damage resistance. Following Eq. (30), the set of direction undergoing damage
growth, Θd, can be identified as:

Θd = {ω ∈ [0, π] | χ̂d − κ̂ > 0}. (31)

Intuitively, the damage resistance κ̂ should first increase with d̂, reflecting the initial
growth of microcracks and the strengthening of the material with respect to damag-
ing. Then κ̂ should start to decrease after the directional damage reaches a critical
value dc, representing the coalescence of crack network and the onset of failure of the
REV. Under these physical considerations, the “hardening law” for κ̂ with respect
to d̂ is proposed as:

κ̂ =


κc − (κc − κ̂0)

(
dc − d̂

dc − d̂0

)2

for d̂(ω) ≤ dc,

κc

1 + r
(
d̂− dc

) for d̂(ω) > dc,

(32)

where κc is the peak value of κ̂ achieved at d̂(ω) = dc; r is a material constant that
controls reduction rate of κ̂ with increasing damage; d̂0 is the initial distribution
of directional damage and κ̂0 is the initial distribution of the damage resistance.
For isotropic rock matrix, the values of material constants κc, r, and dc are the
same for all directions. Thus they are independent of orientation ω and do not have
superposed “hat” in their notations. The variation of κ̂ with respect to d̂ for an
arbitrarily direction (ωi) is shown schematically in Fig. 4.
Evolution of ε̂′D and ε̂′n: As discussed before, ε̂′D represents the strain induced
by the opening of microcrack upon frictional sliding. A simple evolution law for ε̂′D
inspired by a saw-tooth model (Goodman 1989; Patton 1966) is proposed as:

˙̂ε′D =

{
β
2

d|γ̂′
f |

dt = β
2 sgn(γ̂′f ) ˙̂γ′f forσ′22 ≥ 0,

0 forσ′22 < 0,
(33)

where β is the dilation coefficient. On the other hand, ε̂′n is the normal strain induced
by crack closure and is a function of the normal stress acting on the crack face. Its
evolution law is directly obtained from the rate form of Eq. (22) as:

˙̂ε′n =

{
0 forσ′22 ≥ σ′

c,

4bd̂0σ̇′22 = 4bd̂0ninj σ̇ij forσ′22 < σ′
c.

(34)
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14 M. Sisodiya, Y. Zhang

3 Thermodynamic Consistency

The second law of thermodynamics requires that the total dissipation generated
during any arbitrary process should be non-negative. For isothermal conditions, dis-
sipation is related to the free energy through the work equation (Einav and Puzrin
2004; Houlsby and Puzrin 2007) as:

Ẇ = ψ̇ + ϕ, (35)

where Ẇ = σij ε̇ij is the rate of work input, ψ is the Helmholtz free energy and ϕ is
the dissipation rate function. The Helmholtz free energy is related to the Gibbs free
energy through a Legendre transform with respect to the strain tensor (Houlsby and
Puzrin 2007):

g = ψ − σijεij . (36)
Combining Eqs. (35) and (36) gives the relationship between g and ϕ as:

ϕ = −ġ − σ̇ijεij . (37)

For evaluating the thermodynamic consistency of the proposed model, it is useful to
reform the Gibbs free energy to its canonical form:

g[σij , γ̂′f , ε̂′D, d̂0, d̂] =

g1(σij) +

∫ π

0

ĝ2(σij , γ̂
′
f , ε̂

′
D, d̂0, d̂, ω) dω,

(38)

where ĝ2 is related to ĝ∗
2 through a Legendre transform with respect to the conjugates

γ̂′f and τ̂ ′f :
ĝ2(σij , ε̂

′
D, γ̂

′
f , d̂0, d̂, ω) = ĝ∗

2 − τ̂ ′f γ̂
′
f =

1

8b

γ̂′2f

d̂
− τ ′γ̂′f − σ′

22ε̂
′
D

− 2b⟨σ′
c − σ′

22⟩2d̂0 − 4bσ′
cσ

′
22d̂0.

(39)

The rate of change of Gibbs free energy is thus obtained from Eqs. (38), (21) and (29):

ġ =
∂g
∂σij

σ̇ij −
∫ π

0

χ̂d
˙̂
d dω

−
∫ π

0

τ̂ ′f ˙̂γ
′
f dω −

∫ π

0

σ′
22

˙̂ε′D dω.

(40)

Substituting Eq. (40) into Eq. (37) yields the condition required to satisfy the second
law:

ϕ =− ∂g
∂σij

σ̇ij − σ̇ijεij +

∫ π

0

χ̂d
˙̂
d dω

+

∫ π

0

τ̂ ′f ˙̂γ
′
f dω +

∫ π

0

σ′
22

˙̂ε′D dω ≥ 0

(41)

Noticing that εij = −∂g/∂σij , and χ̂d
˙̂
d is always non-negative in Eq. (41), a suffi-

cient condition to satisfy the second law can be expressed as:∫ π

0

(
τ̂ ′f ˙̂γ

′
f + σ′

22
˙̂ε′D

)
dω ≥ 0. (42)
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Title Suppressed Due to Excessive Length 15

Applying the non-negativity constraint to the integrands in Eq. (42) gives a stronger
and still sufficient condition:

τ̂ ′f ˙̂γ
′
f + σ′

22
˙̂ε′D ≥ 0. (43)

For ˙̂γ′f = 0, Eq. (43) is trivially satisfied since the left hand side (LHS) goes to zero
according to Eq. (33). Therefore, ˙̂γ′f is substituted from Eq. (28) into Eq. (43) and
the non-trivial case is considered:

τ̂ ′f λ̂f sgn(τ̂ ′f ) + σ′
22

˙̂ε′D = λ̂f |τ̂ ′f |+ σ′
22

˙̂ε′D ≥ 0. (44)

If ˙̂ε′D = 0, Eq. (44) is unconditionally satisfied because both λ̂f and |τ̂ ′f | are always
non-negative. For ˙̂ε′D ̸= 0, substituting Eq. (33) into Eq. (44) we observe that the
required condition becomes:

λ̂f

(
|τ̂ ′f |+ σ′

22
β

2
sgn(γ̂′f )sgn(τ̂ ′f )

)
≥ 0. (45)

Here, λ̂f = 0 is trivial and λ̂f > 0 implies that the yield condition for frictional
sliding (i.e.,ŷf = 0) is satisfied. Therefore, Eq. (45) can be further simplified by
eliminating |τ̂ ′f | using Eq. (23)-(24):

µf ⟨σ′
22⟩+ σ′

22
β

2
sgn(γ̂′f )sgn(τ̂ ′f ) ≥ 0. (46)

In Eq. (46), we notice that sgn(γ̂′f ) and sgn(τ̂ ′f ) ∈ {−1, 0, 1} with either of them
being zero as the trivial case. Also, the dilation effect is only activated when σ′

22 ≥ 0.
Therefore, Eq. (46) can be equivalently expressed as:

µfσ
′
22 ± σ′

22
β

2
≥ 0, (47)

which reduces to a parametric constraint:

µf +
β

2
≥ 0 and µf − β

2
≥ 0. (48)

In other words, the compliance to the second law of thermodynamics is guaranteed
for the proposed model if the dilation coefficient and the friction coefficient satisfies

|β| ≤ 2µf . (49)

4 Model Summary and parameter calibration

The proposed model describes the time-dependent deformations of brittle rocks un-
der compression through a micromechanics based formulation. At the center of the
model is the notion of directional damage (Eq. 17) which serves as the key vehicle
for upscaling various physics at the individual crack level. Specifically, the time-
independent sliding of microcracks is modeled through a friction law (Eq. 21) where
the limit of mobilized shear resistance is governed by Coulombs friction (Eq. 23-24).
The time-dependent evolution of directional damage is modeled by a kinetic law
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16 M. Sisodiya, Y. Zhang

inspired by the subcritical crack growth theory (Eq. 30). The dilation effect is intro-
duced by considering simple saw-tooth motion between microcrack surfaces (Eq. 33).
The closure of initially open cracks upon compression is taken into account through
a normal strain related to normal stress acting on the crack face (Eq. 34). Thanks
to the micromechanical basis of each constitutive component, the model has only 10
material parameters which have clear physical meanings along with the initial states
of two ISFs. An initially isotropic material can be described by assigning constant
initial values to the ISFs, i.e. κ̂(ω, t = 0) = κ0 and d̂0(ω, t = 0) = d0, ∀ω ∈ [0, π].

The elastic parameters µ, ν, crack closing stress σ′
c and the initial isotropic dam-

age d0 can be obtained from a single biaxial compression test. In consolidation stage,
equal confining stress is applied along e1 and e2 till σ22 = σ11 = σ0. In the shearing
stage, constant axial strain rate is applied along e2 direction and the difference of
σ22 − σ11 is detonated as the stress difference. Fig. 5 shows a representative stress-
strain curve generated from the model under such stress path. The elastic properties
can be calibrated from the linear part of the stress-strain curve. It is observed from
Fig. 5 that the model also correctly predicts the initial nonlinearity in the axial
stress-strain curve and the high initial volumetric compression caused by microc-
rack closing, which is consistent with experimental observations (Brace et al 1966;
Martin and Chandler 1994). The crack closing stress can therefore be calibrated by
inspecting either the initial nonlinear to linear transition on the stress vs. axial strain
curve, or by the initially high compressibility to low compressibility transition on the
stress vs. volumetric strain curve, as depicted in Fig. 5. After obtaining µ, ν and σ′

c,
the initial isotropic damage d0 can be calibrated from either the axial strain or the
volumetric strain accumulated at the crack closing stress.

Fig. 6a shows the directional distribution of the damage stress χ̂d corresponding
to point ‘A’ in Fig. 5. It is observed that χ̂d has exceeded κ̂ along some directions
(ω ∈ Θd) and damage evolution is taking place along those directions. This fea-
ture is similar to the Perzyna-type viscoplasticity models (Perzyna 1966) where the
‘overstress’ function exceeds the yield-surface as the evolution of internal state can-
not keep up with the external loading. For biaxial loading, the peak value of χ̂d is
always predicted to align along the direction of:

ωp =
π

4
+
tan−1(µf )

2
. (50)

Using Eq. (50), the friction coefficient µf can be calibrated by observing the fail-
ure plane orientation of post-test samples. Alternatively, µf can be calibrated at the
micro level through interface friction tests. It is worth noting that Eq. (50) coincides
with the failure plane predicted by Mohr-Coulomb (MC) criterion for triaxial con-
ditions with tan−1(µf ) being the corresponding angle of internal friction. This can
be explained by noting that for an initially isotropic material, both γ̂′f and d̂ attain
their maxima at ω where (τ ′ − τ̂ ′f ) is maximum. Since τ̂ ′f is fully mobilized on the
failure plane (i.e. τ̂ ′f = µfσ

′
22), it follows that the plane satisfying (τ ′ − µfσ

′)max

will also be the plane of maximum γ̂′f and d̂ for axial loading. It is straightforward
to show that this yields the same result for ωp as if the entire REV is described by
the MC criterion. It should be emphasized that the similarity between this model
and the MC criterion is limited to the prediction of the failure plane orientation ωp.
The stress state at failure predicted by the damage model, in general, will not lie on
an MC failure line. Instead, failure is controlled by the proposed damage hardening
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law Eq. (32) (Fig. 4), which suggests that the maximum damage resistance of the
material is reached at κc. Therefore, setting χ̂d(ωp) = κc gives the relation between
the confining stress σ0 and the minimum stress difference required to initiate failure.
Noting that ωp ∈ Θf is always true as demonstrated in Fig. 6b, it is possible to
set τ̂ ′f (ωp) = τ ′fc(ωp) and χ(ωp) = κc in Eq. (29), and using Eq. (3) to convert the
stress components from basis E′ to E to arrive at the following relationship:

qf =
2µfσ0 +

√
2κc/b

sin(2ωp)− µf − µf cos(2ωp)
, (51)

where qf is the minimum stress difference required to initiate failure in creep test
simulation conducted at confining stress σ0, which is equivalent to the long-term
rock strength (Damjanac and Fairhurst 2010). Eq. (51) can be used to determine κc
given the values of µf , ωp, and b from the previously discussed calibration procedure
and qf from creep experiments.

Parameter β governs the opening of microcracks upon sliding which affects both
axial and volumetric strain response. As shown in Fig. 7, the effect of β on axial
strain is negligible and thus the calibration of β can be done by focusing on match-
ing the volumetric responses post-yielding. The calibrated values of µf and β should
be checked to make sure the parametric constraint Eq. (49) is satisfied. Fig. 8 shows
a typical creep strain vs. creep time plot predicted by the model. Parametric study
shows that the size of the hardening portion of the damage resistance curve (Eq. 32)
directly controls the magnitude and duration of creep in the primary and secondary
phases. Setting κc = κ0, dc = d0 will effectively remove the primary creep, and
the predicted creep rate will be monotonically increasing over time until failure
(i.e. only secondary and tertiary creep). This is consistent with our physical intu-
ition: for highly brittle rocks that immediately fail after some elastic straining, the
time-dependent growth of cracks can only finitely delay the time-to-failure, which is
reflected as an ever accelerating creep rate. By the same token, parameter r controls
the tertiary creep response. Setting r = 0 (i.e. remove the softening portion of the
damage resistance curve) will lead to a creep curve with a constant secondary creep
strain rate without exhibiting a tertiary regime. This, however, does not affect the
strain rate in the secondary creep phase. The steady state creep rate is governed by
the SCG parameters B and n together with the threshold value damage resistance
κc. Therefore B, n, and κc can be calibrated from the creep strain-rate vs. stress
difference data. The Parameters κ0, dc, and r can then be obtained by best matching
the overall shape of the axial creep strain vs. time curve from experiments using the
parameters calibrated so far.

To summarize, using the above mentioned method, the model can be calibrated
with minimum two sets of experiments: at least two constant strain rate compression
tests conducted at different confining pressures, and two stress-stepping creep tests
conducted at different confining stresses with the last stress-step applied till failure
in at least one of the tests.

5 Model Validation

The proposed model is validated against the mechanical behavior of Mt. Etna basalt
obtained from triaxial compression tests and brittle creep tests by Heap et al (2011).
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The model parameters are calibrated through the process detailed in Section 4 and
are listed in Table 1. More details on calibration are provided throughout this section
along with the discussions on individual simulations. Note that (|β| = 1.1) < (2µf =
2.0) and thus the second law is satisfied. The model is programmed into MATLAB as
a constitutive driver with explicit time-integration scheme. The ISFs are discretized
directionally with 360 segments on the unit circle. Strictly speaking, the proposed
calibration procedure requires plane strain compression test data to be consistent
with the 2D nature of the model. In the absence of biaxial test results (which might
be the case for most rocks), the model may be loosely applied to describe triaxial
compression and creep test results, provided that the model parameters are also
calibrated based on triaxial test data. Ultimately, a 3D generalization of the model is
needed for better representation of conventional laboratory tests and field conditions.
Possible strategies for such generalization is discussed in the last section of the paper.

5.1 Constant strain-rate triaxial compression

Heap et al (2011) conducted triaxial compression tests at three effective confining
pressures of 10 MPa, 30 MPa and 50 MPa at a constant axial strain rate of 1.0 ×
10−5sec−1. Parameters µ, ν, µf , σ′

c, β, and d0 are calibrated using the constant
strain-rate compression data, roughly following the process described in Section 4.
Fig. 9a shows the modeled axial strain response using parameters listed in Table 1
together with the experimental data from Heap et al (2011). It is observed that the
increase in compressive strength of basalt with increasing confining stress and the
brittle failure are well captured by the model. It, however, underestimated the initial
axial strain associated with crack closure, even though a crack closing stress of σ′

c =
120 MPa is adopted. Parametric study shows that this axial strain component can
be boosted by increasing the initial damage parameter d̂0 (equivalent to increasing
the number of pre-existing open cracks) to generate an axial stress-strain curve
that matches the experimental data. However, this could result in overestimated
compressive volumetric strain at low stress levels due to the excessive compaction
induced by microcrack closing. This aspect may be improved by using a 3D version of
the model, where a 3D penny-shaped crack will produce less volumetric strain than a
2D line crack for the same amount of axial strain. It is also worth noting that although
the modeled stress-strain curve up to the onset of softening and in all phases of
creep remains unique, the post-peak behavior under strain-controlled loading cannot
be described objectively. Numerically, the loss of objectivity in post-peak regime
is related to the dependency of the direction spans contributing to softening on
the discretization of orientation. Physically, microcracks will coalescence into a few
macro fractures in the softening regime where the noninteracting assumption breaks
down. At this point, the specimen may be more appropriately analyzed by fracture
mechanics. Tackling the interplay between localization and softening in the present
model is nontrivial and shall be reserved for follow-up studies.

Fig. 9b shows the experimental vs. modeled volumetric strain curves for the same
tests. As seen from the figure, the initial compression strain due to crack closure is
well captured. The volumetric compressibility is reduced after entering the linear
elastic regime as cracks perpendicular to the axial direction become fully closed.
In this stage, the three curves start to separate from each other, and the one with
the higher confining pressure is predicted to have less compressibility. Such behavior
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agrees nicely with the experimental data. Micromechanically, this is due to the micro-
cracks in the specimen get partially closed during consolidation. Specimen confined
at higher pressure will have more cracks closed, requiring less axial stress to fully close
the microcracks during shearing. This effect is sometimes macroscopically modeled
by pressure-dependent nonlinear elasticity (Johnson and Rasolofosaon 1996). In our
theory, the rock matrix is linear isotropic elastic but the nonlinearity is intrinsically
embedded at the micro level by considering the initial opening of microcracks. The
dilation of microcracks starts as soon as cracks along some directions begin to slip.
Therefore, the dominating effect of dilation in the volumetric strain curve appears
before the apparent yielding in the axial stress-strain curve which corresponds to
the rapid damage growth. This is in agreement with experimental observations that
the rapid microcrack growth and dilation precedes the peak in axial stress-strain re-
sponse for rocks (Brace et al 1966; Martin and Chandler 1994; Nicksiar and Martin
2013).

5.2 Brittle creep

The brittle creep tests on Mt. Etna basalt by Heap et al (2011) are simulated using
the same model parameters reported in Table 1. Specifically, three sets of simulations
under confining pressure of 10 MPa, 30 MPa and 50 MPa with different magnitudes
of stress differences are conducted.

Fig. 10 shows an example of modeled axial creep strain vs. time curve and the
predicted volumetric creep strain vs. time curve at confining pressure of 30 MPa and
stress difference of 357 MPa together with the experimental data from Heap et al
(2011). The axial creep response was used in the calibration of parameters r, dc,
and κ0 while the volumetric creep response is predicted from the fully calibrated
model. It is observed that the model can reasonably capture the experimental result
in all three phases of creep in terms of the creep strain rate, the time-to-failure,
and the accelerated creep in the tertiary phase. The model slightly over predicts the
volumetric dilation in the secondary creep phase but the overall agreement with the
primary and tertiary creep behavior is satisfactory.

The simulated creep strain rates attained during secondary creep along with the
results from Heap et al (2011) are plotted in Fig. 11. Creep strain rate data from 10
MPa and 30 MPa confinement was used to calibrate the model while the 50 MPa
confinement results are naturally predicted by the model. Excellent agreement be-
tween the model prediction and the experimental data is attained for a wide range
of confining stresses and applied stress differences. Particularly, the exponential in-
crease of creep strain rate as a function of stress difference is well captured for all
three confining stresses. Fig. 12 shows the predicted time-to-failure for the confining
stress of 30 MPa using the previously calibrated parameters. Again, the behavior of
Mt. Etna basalt is captured exceptionally well over a wide range of time scale from
a few minutes to several days. The exponential decay of the time-to-failure with in-
creasing stress difference is successfully predicted, including the slight non-linearity
exhibited by the experimental data. Considering that the rate law for damage evo-
lution adopted by the model (Eq. 30) is purely inspired by the kinetics of subcritical
crack growth a priori, such good agreement between the predicted and the mea-
sured creep rate and time-to-failure is an indirect proof that SCG is the dominating
micromechanism responsible for the time-dependent behavior of brittle rocks.
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6 Time-evolution of Directional ISFs

One of the unique capabilities of the proposed theory is that it can predict the
directional distribution of damage induced by microcracking, shear strain induced
by crack sliding, and normal strain induced by crack closure and frictional dilation.
Here we examine the evolution of these ISFs during creep under 30 MPa confining
stress and 357 MPa stress difference (the same test shown in Fig. 10). The directional
distribution of all the ISFs at the beginning of creep (i.e. t=0) is shown in Fig. 13.
Since the applied stress remains constant during creep, the distribution of τ ′, τ̂ ′f
and τ ′fc shown in Fig. 13a will remain the same for the entire duration of the creep
process. Thus, the directions undergoing frictional-sliding (i.e. Θf ) do not change
throughout the creep stage. Fig. 13b shows that χ̂d has already exceeded κ̂ along
some directions (i.e. along Θd) at the beginning of creep. This is because of the fast
loading rate (5 MPa/min) applied to reach the creep stress, causing χ̂d to increase
quickly while κ̂ did not have the time to evolve much. It is indeed such“overstress”
that drives the delayed growth of damage d̂ and the development of creep strain.
Fig. 13c shows the directional damage developed during the constant-stress-rate
loading stage. Since χ̂d remains constant during creep, the directions undergoing
damage Θd will remain the same as well. It can also be seen from Fig. 13c that
the distribution of directional damage evolved from a perfect circular shape before
loading to a circle with two elongated loops inclined at an angle from the loading
axis after loading. The classical tensorial approximations of damage cannot capture
such anisotropy due to the limited shapes of microcrack density distribution they
can represent. The directional distributions of γ̂′f and ε̂′D are shown in Fig. 13d and
Fig. 13e, respectively. During constant-stress-rate loading, the evolution of γ̂′f and ε̂′D
is contributed by both the development of τ̂ ′f and d̂, with Θf evolving continuously
as more directions undergo frictional sliding. Fig. 13f shows that the crack closing
strain ε̂′n is fully mobilized along many directions indicating that the stresses normal
to those planes (i.e., σ′

22) have exceeded the crack closing stress σ′
c. Since ε̂′n is a

function of stress alone (see Eq. 22), it will remain unchanged during creep as well.

The evolution of ISFs during primary and secondary creep is shown in Fig. 14.
It is observed that κ̂ hardens quickly early on (Fig. 14a), resulting in primary creep
response with reducing creep strain rate. As κ̂ gets closer to κc, the hardening slows
down and the directional distributions of κ̂ at t = 9 min and at t = 18 min are
almost identical. This gives the relatively steady creep strain rate manifested as the
secondary creep. Fig. 14b shows that even though Θd remains unchanged during
creep, damage evolves faster along directions with higher value of χ̂d indicated in
Fig. 13b. It is also observed that the peak value of directional damage at any time is
oriented at ωp given by Eq. (50). The peak value of directional damage at t = 18 min
has not reached to dc = 0.85 yet. Once d̂ passes dc, κ̂ will transit from hardening to
softening along those directions, initiating the accelerated creep (tertiary) phase. The
time-evolution of γ̂′f and ε̂′D are shown in Fig. 14c and Fig. 14d, respectively. In the
creep stage, Θf , τ ′ and τ̂ ′f do not evolve because of the constant external stress. The
accumulation of γ̂′f and ε̂′D are therefore solely contributed by the time-dependent
growth of directional damage. Fig. 14c indeed shows that γ̂′f evolves proportionally
to the damage growth along Θd. Fig. 14d suggests that ε̂′D evolves in proportion to
γ̂′f as described by Eq. (33).
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The directional distribution of ISFs during tertiary creep is shown in Fig. 15. It
is observed from Fig. 15a that κ̂ has entered the softening branch (d̂ > dc in Eq. 32)
along a few directions, causing accelerated damage growth along those directions as
shown in Fig. 15b. The distribution of directional damage is highly localized along ωp,
indicating the concentrated growth and coalescence of microcracks and the possible
formation of a macroscopic failure plane along ωp. Fig. 15c and Fig. 15d show that
both γ̂′f and ε̂′D peak along the direction ωp, indicating that the localization of
microcracking is accompanied by heavy frictional sliding and dilation along the same
plane. Beyond the failure point (t=25.9 min), the directional damage along ωp blows
up and leads to the runaway creep failure exhibited in Fig. 10.

7 Conclusion

A novel continuum damage mechanics theory by treating damage as an internal
state function instead of the conventional scalar or tensorial variables is proposed to
model the time-dependent deformation and failure of brittle rocks. The information
of microcracks such as orientation and size is preserved through a continuous internal
function named directional damage, offering enhanced resolution in representing the
anisotropic distribution of microcracking-induced damage that cannot be described
by the usual damage tensors. In developing the theory, the strain contribution in-
duced by a single microcrack is firstly obtained from the crack opening solution in
fracture mechanics literature. The result is then integrated for multi-crack system
through the noninteracting homogenization scheme which leads to the definition of
directional damage. Such micromechanical basis of the model permits a bottom-up
incorporation of the effects of frictional sliding, dilation, and crack closure through
the modified expressions of crack opening displacements. The model is cast in the free
energy form, and the constraints of model parameters to ensure compliance with the
second law of thermodynamics under arbitrary loading paths are rigorously derived.
With only ten physically meaningful parameters and initial values of two ISFs, the
model is able to reproduce the stress-strain and creep behavior of Mt. Etna Basalt
with demonstrated predictive abilities in terms of volumetric strain, time-to-failure
and strain rate results under creep loading. In addition, the theory also produces the
continuous evolution of damage intensity, frictional sliding, and closing and dilation
of microcracks along various orientations, which cannot be predicted using classical
damage mechanics models.

A 3D version of the proposed theory can be obtained by applying the same math-
ematical workflow to a 3D elastic matrix embedded with penny-shaped microcracks.
In this case, the domain for homogenization will also be extended from a unit circle
to a unit sphere. Numerical challenges are expected because of the added integration
span for a unit sphere. Such difficulty may be mitigated by coarsening the direc-
tional discretization in the model implementation. In future, the wing crack model
may be incorporated in the presented theory to enhance the description of the dam-
age resistance mobilized by the material in response to the damage driving force.
The proposed theory is also readily generalized for modeling the hydromechanical
processes in excavation damage zones. Specifically, a one-to-one relation between
the predicted directional damage distribution and the anisotropic permeability of
rocks can be established by microscopically considering fluid flow through individual
microcracks and then upscaling again through the notion of directional damage.
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Tables

Table 1 Model parameters for Mt. Etna Basalt

Parameter µ ν µf σ′
c β B n dc κc r d0 κ0

GPa MPa sec−1 kPa kPa

Value 4.737 0.474 1.0 120 -1.1 4.16̄× 10−7 12 0.85 80 0.9 0.014 70

Figures

Fig. 1 Basis vectors and stress components in the global and local coordinate systems

Original stress state Stress state I Stress state II

Fig. 2 Decomposition of the stress state of an REV containing a frictional crack in the local
basis
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Microcracked REV

Fig. 3 Schematic distribution of microcracks in the REV

Increasing

Hardening Softening

Fig. 4 Schematic variation of damage resistance with directional damage along an arbitrarily
direction ωi

 1 
 2 
 3 
 4 
 5 
 6 
 7 
 8 
 9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 



Title Suppressed Due to Excessive Length 29

0 1 2 3
Strain (%)

0

100

200

300

400

S
tr

es
s 

d
if
fe

re
n
ce

 (
M

Pa
)

Axial strain
Volumetric strain

Damage onset

Sliding onset

Point 'A'

Fig. 5 Example of predicted axial and volumetric responses in biaxial compression under
constant strain-rate loading
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Fig. 6 Polar plots of ISFs showing the directional distribution of fictional sliding and damage
at point A for Fig. 5: (a) Plots of χ̂d and κ̂; (b) Plots of τ̂ ′f , τ ′ and τ ′fc
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Fig. 7 Representative stress-strain response in biaxial compression with constant-strain-rate
loading for different values of dilation parameter β
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Fig. 8 Representative creep response from the model
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Fig. 9 Measured and modeled (a) axial stress-strain curves and (b) volumetric strain curves
from triaxial compression tests on Mt. Etna basalt at different confining stresses. Data from
Heap et al (2011)
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Fig. 10 Measured and calibrated axial response with predicted volumetric response from creep
tests on Mt. Etna basalt at 30 MPa confining pressure and 357 MPa stress difference. Data
from Heap et al (2011)
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Fig. 11 Measured and model predicted creep strain rate at various stress conditions for Mt.
Etna basalt. The 10 and 30 MPa curves are calibrated while the 50 MPa curve is predicted by
the fully calibrated model. Data from Heap et al (2011)
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Fig. 12 Measured and predicted time-to-failure at various stress differences for brittle creep
test on Mt. Etna basalt. Data from Heap et al (2011)
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Fig. 13 Directional distribution of the ISFs at the beginning of creep (t=0) for the creep test
shown in Fig. 10
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Fig. 14 Directional distribution of the ISFs during primary and secondary creep for the creep
test in Fig. 10
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Fig. 15 Directional distribution of the ISFs during tertiary creep for the creep test in Fig. 10
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