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ABSTRACT
This article is part-I of a review of density-functional theory (DFT) that is the most widely used method for calculating elec-
tronic structure of materials. The accuracy and ease of numerical implementation of DFT methods has resulted in its exten-
sive use for materials design and discovery and has thus ushered in the new field of computational material science. In this
article, we start with an introduction to Schrödinger equation and methods of its solutions. After presenting exact results
for some well-known systems, difficulties encountered in solving the equation for interacting electrons are described. How
these difficulties are handled using the variational principle for the energy to obtain approximate solutions of the
Schrödinger equation is discussed. The resulting Hartree and Hartree–Fock theories are presented along with results they
give for atomic and solid-state systems. We then describe Thomas–Fermi theory and its extensions which were the initial
attempts to formulate many-electron problem in terms of electronic density of a system. Having described these theories,
we introduce modern DFT by discussing Hohenberg–Kohn theorems that form its foundations. We then go on to discuss
Kohn–Sham (KS) formulation of DFT in its exact form. Next, local density approximation (LDA) is introduced and solutions
of KS equation for some representative systems, obtained using the LDA, are presented. We end part-I of the review describ-
ing the contents of part-II.AQ3AQ4

KEY WORDS: Schrödinger equation; density functional theory; Kohn–Sham equation; variational method; Hartree–Fock the-
ory; local-density approximation.

INTRODUCTION: MOTIVATION FOR DENSITY-
FUNCTIONAL THEORY
Properties of materials are determined by how their constitu-
ents—electrons and ions—respond to different stimuli applied
to them. For example, bulk modulus of a system is determined
by how much the underlying arrangement of the constituent
atoms or molecules in the corresponding crystal change when it
is subjected to pressure; colour of a substance depends on how
its electrons change their state when light interacts with it.
Similarly, electric properties of matter are based on the re-
sponse of its electronic charge to an electric field and its

magnetic properties on the sum of magnetic moments (orbital
or spin) of electrons in it when subjected to a magnetic field.
Thus, theoretical understanding of properties of different mate-
rials requires a knowledge of how the atoms, ions and electrons
forming it are arranged and how their distribution responds to
an external stimulant. The problem is thus solved in two stages:
we first calculate the structure of a given system without any
external influence and then build up on it to calculate the re-
sponse of the system to an applied field. Both are described by
the wavefunction of the system. The wavefunction in turn is
obtained by solving the Schrödinger equation [1, 2]. Thus, an
understanding of what a wavefunction represents and how

Submitted: 4 August 2021; Revised: 14 December 2021; Accepted: 15 December 2021

VC The Author(s) 2021. Published by Oxford University Press.
This is an Open Access article distributed under the terms of the Creative Commons Attribution License (https://creativecommons.org/licenses/by/4.0/),
which permits unrestricted reuse, distribution, and reproduction in any medium, provided the original work is properly cited.

1

Oxford Open Materials Science, 2021, 00(0): itab018

https://doi.org/10.1093/oxfmat/itab018
Review

https://orcid.org/0000-0002-3460-9290
https://orcid.org/0000-0002-7597-9060
https://academic.oup.com/


properties of interest are calculated from it is important for a
theoretical material scientist. Furthermore, the Schrödinger
equation is a complicated differential equation and can be
solved exactly only for a limited number of systems. It is there-
fore equally important to understand how its solution can be fa-
cilitated by making reasonable approximations or by some
other methods, and how these are solved on computers numer-
ically. These methods and the associated numerical techniques
have been developed ever since the Schrödinger equation was
discovered and have evolved to become more and more accu-
rate with time. Among all these, the method of choice for mate-
rial scientists is the subject matter of this article and is known
as density-functional theory (DFT).

In the following, we start with a discussion of the
Schrödinger equation and the wavefunctions. We then present
the difficulties faced in solving the many-particle Schrödinger
equation and describe some methods of solving it to obtain ap-
proximate wavefunctions. This is followed by a brief description
of the initial attempts made to bypass solving the Schrödinger
equation for the wavefunction by recasting the problem in
terms of the density. Next, we discuss how these seminal efforts
culminate in the exact reformulation of many-body
Schrödinger equation in terms of density and make it possible
to apply it to a range of systems with equal ease. This to a large
extent has also been aided by the increase in computational
power, since the corresponding equations can be solved only
numerically. Thus, numerical techniques form an essential
component of any theory of material design and are discussed
along with the formulation of DFT. The paper is concluded by
presenting different possible directions that can be taken in ap-
plying DFT to obtain properties of material.

Many-electron Schrödinger equation

Materials of interest in this article are made up of positively
charged nuclei or ions of atoms and electrons. Consider a neu-
tral system that has NI ions and N electrons with their masses
being M (for simplicity, we have assumed that all the ions have
the same mass) and m, respectively. The position of ions is rep-
resented by Ri i ¼ 1 " " "NIð Þ and those of electrons by ri i ¼ 1 " " "Nð Þ.
The corresponding stationary-state wavefunction
W R1 " " "RNI ; r1 " " " rNð Þ is a function of both the nuclear and the
electron coordinates. It is a solution of the time-independent
Schrödinger equation

HW ¼ EW; (1)

where

H ¼ %
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with !h being Planck’s constant divided by 2p, is the Hamiltonian
operator and referred to simply as the Hamiltonian and con-
tains second-order derivatives with respect to both sets of coor-
dinates, i.e. Rif g and rif g. These derivatives represent the kinetic
energy operators for the corresponding particles. Additionally,
the Hamiltonian contains the potential energy of the system (as
operators, these are multiplicative operators in contrast to the
kinetic energy operator that is a differential operator) that con-
sists of the energy of interaction VII R1 " " "RNIð Þ between the ions,

vext R1 " " "RNI ; rið Þ between the nuclei and the electrons (it will be
referred to it as the external potential in the manuscript, as is
done in the literature) and the last term which is the energy of
interaction between the electrons. Notice that because of the
external potential, the motion of the constituent ions and the
electrons is coupled. The first simplification in the equation
comes by decoupling this motion. The simplest way to do it is to
make the ‘static approximation’ [3] and take the ionic positions
to be fixed at their equilibrium positions R0

i

n o
in the system—

this effectively amounts to taking the mass of the ions to be in-
finitely large. Then their kinetic energy vanishes and the corre-
sponding potential energy VII R1 " " "RNIð Þ is a constant. As a
result, only the electronic degree of freedom is to be considered
and one solves the Schrödinger equation for the Hamiltonian
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Using the electronic wavefunctions w R0
1 " " "R

0
NI

; r1 " " " rN

! "
so

obtained, one can then build up the complete wavefunction as a
product

W R1 " " "RNI ; r1 " " " rNð Þ ¼ w R0
1 " " "R

0
NI

; r1 " " " rN

! "
v R1 " " "RNIð Þ (4)

of the electronic and the ionic wavefunctions v R1 " " "RNIð Þ. The
wave-equation for the latter is obtained by substituting the
wavefunction of Equation (4) in the full Schrödinger equation of
Equation (1) and taking its expectation value with respect to
w R0

1 " " "R
0
NI

; r1 " " " rN

! "
. A variant of static approximation is the

‘Born–Oppenheimer approximation’ or the ‘adiabatic approxi-
mation’ [3] where the electronic wavefunction is calculated
with the external potential determined by the instantaneous
position of the ions and the total wavefunction is written as the
product of the electronic function so determined and the ionic
wavefunction. Again, the latter is obtained by solving the equa-
tion that is derived from the full Schrödinger equation of
Equation (1). The ionic and electronic wavefunctions can be sep-
arated because of the enormous difference between the masses
of the ions and electrons (keep in mind that proton’s mass is
about 1800 times that of an electron). This is explained in the
box below on the basis of the uncertainty principle.

The adiabatic approximation

Imagine a collection of electrons and ions which move over the length
scale l. Then by the uncertainty principle, momentum of each of these is
of the order of !h=l. However, since ions are of much larger mass than
the electrons, variance of their speeds will be significantly smaller in
comparison to those of electrons. Hence, as the zeroth level approxima-
tion, movement of ions about their centre of mass can be ignored and
electronic movement can be decoupled from it.

In either case, one must first solve the electronic Schrödinger
equation and then use the corresponding wavefunction to de-
termine ionic motion; the latter is described approximately
even if the electronic part is known exactly. For a critical discus-
sion of the adiabatic approximation and its applicability, we re-
fer the reader to Ref. [4]. It suffices here to say that in applying
the adiabatic approximation, motion of nuclei is restricted to
small regions around their equilibrium position [4]. In this
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article, however, we will be concerned with solving the elec-
tronic problem assuming a given position of ions.

For a given position of ions, the Schrödinger equation for the
electrons is
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vext rið Þ þ
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X

i; j
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64

3

75w r1 " " " rNð Þ ¼ Ew r1 " " " rNð Þ;

(5)

where for brevity, we have not shown the dependence of vext rið Þ
or the electronic wavefunction w r1 " " " rNð Þ on the ion coordinates
explicitly. Furthermore, we have also taken
!h ¼ m ¼ ej j ¼ 1 and e2

4pe0
¼ 1: These are known as atomic units

(a.u.), and the unit of length is 0:529A' in terms of these, which
is the Bohr radius of an electron in hydrogen atom, and the unit
of energy is 27.21 eV. Notice that if the electrons were not inter-
acting, the last term in the square brackets in Equation (5) will
not be there. The wavefunction is required to satisfy certain
mathematical properties [1, 2] related to its continuity and inte-
grability. The equation is solved with appropriate boundary
conditions for the wavefunction. These conditions and the re-
quired mathematical properties can be satisfied only for certain
values of E. These are known as the eigenvalues for the energy
and the corresponding wavefunctions as the eigenfunctions.
We refer the reader to Refs. [1, 2] to review how the single-
electron Schrödinger equation

% 1
2
r2 þ vext rð Þ

# $
w rð Þ ¼ Ew rð Þ (6)

is solved analytically for some specific systems and numerically
for general external potentials.

A note before further discussion

For brevity, right now we will take the wavefunction to depend only on
the space coordinates and postpone the inclusion of spin in it to little
later. The electronic wavefunction is antisymmetric with respect to the
exchange of all coordinates (space and spin) of any two electrons.
Therefore, if the space and spin components of a wavefunction can be
separated, one of them will be symmetric and the other antisymmetric
with respect to such an exchange.

The wavefunction w r1 " " " rNð Þ is in general complex and its abso-
lute square is proportional to the probability density p r1 " " " rNð Þ
of finding electrons at positions r1 " " " rNð Þ. Therefore, the wave-
functions is normalized so that

ð
w r1 " " " rNð Þ
&& &&2dr1 " " "drN ¼ 1 (7)

and the probability density

p r1 " " " rNð Þ ¼ w r1 " " " rNð Þ
&& &&2: (8)

As a result, the density q rð Þ of electrons is given as

q rð Þ ¼ N
ð

w r1 ¼ r; r2 " " " rNð Þ
&& &&2dr2 " " "drN: (9)

In writing the expression for the density above, use has been
made of the property of the space component of the wavefunc-
tion for electrons that it is either symmetric or antisymmetric,
which makes w r1 " " " rNð Þ

&& &&2 symmetric, with respect to the ex-
change of coordinates of any two electrons. Any property of in-
terest for a given system is represented by an operator Ô and is
calculated from the wavefunction as the expectation value

wjÔjw ¼
ð

w( r1 " " " rNð Þ Ô w r1 " " " rNð Þdr1 " " "drN (10)

of this operator; it is also denoted as Ôh i in short. For exam-
ple, the operator for the density is [5]

q̂ rð Þ ¼
XN

i¼1

d r% rið Þ: (11)

It is easily verified that expectation value of q̂ rð Þ leads to
Equation (9) for the density. Notice that the expectation value of
an operator will come out to be equal to the eigenvalue if the
wavefunction is an eigenfunction of the operator.

To illustrate various ideas discussed in this article, we will
make use of two simplest many-electron systems which con-
tain two electrons. In both of these, we consider the ground-
state of electrons for which the space-dependent wavefunction
is symmetric with respect to the position of the electrons. One
of the examples is that of two electrons moving in a potential
proportional to the square their distance from the origin. This is
known as the Hookium atom. The Schrödinger equation for the
Hookium [6, 7]
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1
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x2r2
1 þ

1
2

x2r2
2 þ

1
r1 % r2j j

# $
w r1; r2ð Þ ¼ Ew r1; r2ð Þ

(12)

is exactly solvable analytically [6] for x ¼ 1
2 . On solving it, the

energy of the system comes out to be exactly 2. The correspond-
ing wavefunction is

w r1; r2ð Þ ¼ CN 1þ 1
2

r1 % r2j j
' (

e%
1
4 r2

1þr2
2ð Þ; (13a)

where

CN ¼
p3=4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8þ 5p1=2
p : (13b)

The expression for the density of the system can be worked
out using Equation (9) and is given in Ref. [4]. Let us compare
the wavefunction given in Equation (13a) with that obtained if
interaction between electrons was not there. In that case, the
wavefunction will be proportional to e%

1
4 r2

1þr2
2ð Þ. Thus, the effect

of interaction on the wavefunction is to make it larger as the
distance r1 % r2j j between the electrons increases, thereby in-
creasing the relative probability of them being farther apart
from each other. Evidently, for r1 ¼ r2, electrons have much
higher probability of being on the opposite sides of the origin
than for being on the same side; if they were not interacting,
these probabilities would be equal. The wavefunction thus
keeps the electrons ‘correlated’.

The other example is that of the Helium atom, which has
two electrons with a nucleus made of two protons and two
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neutrons. The corresponding Schrödinger equation satisfied by
the electrons is

% 1
2
r2

1 %
1
2
r2

2 %
2
r1
% 2

r2
þ 1

r1 % r2j j

" #
w r1; r2ð Þ ¼ Ew r1; r2ð Þ: (14)

This equation cannot be solved analytically. However, highly
accurate numerical solutions [8–11] exist for it and we will take
them to be equivalent to exact results. To facilitate faster calcu-
lations, very accurate semi-analytic wavefunctions for these
systems have also been developed over the years [12–14].

From the examples above, we see that even for the simplest
systems, exact solution exists only for a specific case. In gen-
eral, exact solution of the many-electron Schrödinger equation
(Equation 5) cannot be obtained. This difficulty arises because
the electron–electron interaction energy term in the
Schrödinger equation does not allow separation of variables. As
a result, the wavefunction cannot be written as a product of sin-
gle particle wavefunctions, which are solutions of single particle
Schrödinger equation like that of Equation (6). Furthermore,
purely numerical solution may also not be possible because of
the enormous requirement of memory. Therefore, methods to
obtain accurate solutions have to be developed to make further
progress. This is done using the variational principle for the en-
ergy and is described next.

The variational method of obtaining approximate
solutions [2]

The ground-state (the lowest energy state) of any system has
the following property. If the expectation value of the
Hamiltonian for a system is taken with respect to a normalized
wavefunction satisfying the appropriate boundary conditions, it
will always be greater than or equal to the exact ground-state
energy E0. Thus,

wjHjw ) E0; (15)

where the equality holds if the wavefunction is exact. This
property of the ground-state can be used to find an approximate
ground-state wavefunction for the system. The procedure for
this is as follows.

First, we choose an approximate wavefunction appropriate
for the given system. The wavefunction can be chosen as a
function with its analytical form appropriate for the system un-
der consideration. In the examples discussed below, we follow
this path. In a different approach, the wavefunction is written
as a linear combination of a set of functions with the expansion
coefficients treated as parameters of the wavefunction; the
basis-functions employed for this are according to the system
one is dealing with. For example, in performing calculations on
solids, often the wavefunction is expanded in terms of plane
waves or related functions [15]. Having chosen a wavefunction,
it is normalized and the expectation value Hh i of the
Hamiltonian is calculated using it. The wavefunction is then
varied until Hh i achieves its minimum value. This can be done
in two following ways. First, we can choose a functional form
with some parameters in it that are varied to minimize Hh i.
Wavefunctions written as a linear combination automatically
fall in this category. Secondly, we can derive a variational equa-
tion for the wavefunction and solve it. In either case, the wave-
function obtained is an approximation to the true ground-state
wavefunction and the minimum expectation value gives

approximate energy of the ground-state. The energy obtained is
always above the true ground-state energy and thus represents
an upper bound to it. A nice feature of the variational method is
that it offers a way of systematically improving the wavefunc-
tion by including more and more parameters in it. As this is
done, the expectation value becomes lower and lower, and it
approaches the exact value of the energy from above. Let us il-
lustrate this by applying the method to the examples of two-
electron systems considered earlier.

For two-electron systems, the simplest wavefunction that
we can choose [2] is the ‘product wavefunction’ of two single-
electron wavefunctions u rð Þ, that is,

w r1; r2ð Þ ¼ u r1ð Þu r2ð Þ: (16)

The full wavefunction

W r1;ms1; r2;ms2ð Þ ¼ w r1; r2ð ÞS ms1;ms2ð Þ; (17)

where ms ¼ 6 1
2

! "
denotes the z-component of electron spin, is

the product of the space part and the spin part. We note that
choosing direction z for specifying the component of spin is ar-
bitrary. For the ground-state, the spin part is the antisymmetric
function

S ms1;ms2ð Þ ¼
1ffiffiffi
2
p a ms1ð Þb ms2ð Þ % a ms2ð Þb ms1ð Þ
* +

; (18)

where a=b are the spin wavefunctions with

a 1
2

! "
¼ 1; a % 1

2

! "
¼ 0; b 1

2

! "
¼ 0; b % 1

2

! "
¼ 1. Note that the full

wavefunction is antisymmetric with respect to the exchange of
all (including spin) coordinates of two electrons, as it must be
because electrons are indistinguishable fermions.

From now onwards, we will refer to the single-electron
wavefunctions u rð Þ as orbitals. The functional form for orbitals
in Equation (16) is taken to be the same as the solution of the
single-particle Schrödinger equation corresponding to the re-
spective systems. Thus, for the Hookium

u rð Þ ¼ a
p

' (3=4

e%
ar2

2 ; (19a)

and for the Helium atom

u rð Þ ¼ a3

p

' (1=2

e% ar; (19b)

where a is the variational parameter that is varied to minimize
the expectation value of the Hamiltonian. Note that if the elec-
tron–electron interaction Veeð Þ was not present, the value of a
will come out to be equal to x for the Hookium and 2 for the
Helium atom; these are the exact answers [1, 2] for the corre-
sponding non-interacting systems. However, because of Vee,
electrons will repel each other that makes them less tightly
bound. Therefore, when expectation value of the true
Hamiltonian is minimized, a should come out to less than x
(Hookium) and 2 (Helium), as it indeed does.

To calculate the expectation value of the Hamiltonian for
each system, one can either do a fully numerical calculation or
employ numerical tools after obtaining analytical forms for the
expectation value as far as possible. For the wavefunctional
form given above, analytical calculation can be performed for
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Helium and He-like ions. For the Hookium atom, calculations
are performed numerically. Results obtained by minimizing Hh i
with respect to a are shown in Table 1 in comparison to the ex-
act ones.

It is clear from Table 1 that variational calculation with even
a single parameter leads to reasonable values for the energy.
However, the wavefunction itself may not be as accurate as the
energy. The reason for this is that in a variational calculation,
energy has an accuracy which is one order higher than the ac-
curacy of the wavefunction [2]. Thus, if deviation of a varia-
tional wavefunction from the exact one is of O dð Þ, the difference
in the corresponding energies is of O d2ð Þ.

In the wavefunction considered above, both the electrons
are in the same orbital. However, for interacting electrons, the
orbital extends much more in regions away from the nucleus
than the corresponding orbital for the non-interacting system
because of the electron–electron interaction. The effect of this
interaction on the wavefunction has therefore been taken into
account to some extent, but only in the average sense: the po-
tential that the electrons are moving in has been modified by
adding to the external potential the electrostatic potential that
is given by the electron density. Thus, electrons are assigned to
an orbital determined by a mean field. This scheme, where elec-
trons are taken to be in individual orbitals, is therefore known
as the ‘mean-field approximation’. However, in reality, some-
thing more than this happens. As discussed in the context of
the Hookium atom, electrons tend to avoid coming near each
other because of their mutual repulsion. As such, when one
electron is near the nucleus, the other one will be as far from it
as possible while remaining bound to the nucleus so that the to-
tal energy is minimized. This makes their motion correlated
and this interdependence should be incorporated in the wave-
function, making it a ‘correlated wavefunction’. This is certainly
not the case if both electrons are in the same orbital resulting
from an average potential. Correlation effects can be repre-
sented in the wavefunction directly by having terms that are
proportional to inter-electronic distance, as in the exact solu-
tion (Equation 13a) for the Hookium atom. An example for this
type of variational wavefunctions is the Hylleraas wavefunction
[16] for two-electron atoms and ions forming the He-
isoelectronic series.

It is also possible to account for correlations in other ways
motivated by physical insight [17]. For example, in the two-
electron systems, we are discussing, when one electron is near
the nucleus, the other one is far from it. Thus, although the
orbitals for the two electrons can be taken to have the same ex-
ponential form, their coefficient should be different. So, the

product wavefunction will be proportional to e%
ar2

1
2 e%

br2
2

2 a 6¼ bð Þ for
the Hookium and e%ar1 e%br2 a 6¼ bð Þ for He-like systems, where
we now have two variational parameters a and b. However, be-
cause electrons are indistinguishable, we cannot differentiate
between electron 1 and electron 2 and therefore the space part
of the wavefunction is made symmetric with respect to ex-
change of r1 and r2. It is therefore taken to be

w r1; r2ð Þ ¼ CN e%
ar2

1
2 e%

br2
2

2 þ e%
ar2

2
2 e%

br2
1

2

! "
; (20a)

where CN is the normalization constant, for the Hookium and

w r1; r2ð Þ ¼ CN e% ar1 e% br2 þ e% ar2 e% br1
, -

; (20b)

for He-like systems. We remind the reader again that the full
wavefunction is a product of the space part above and the spin
part given by Equation (18). To understand how the wavefunc-
tions in Equation (20) keep two electrons separated, assume
a > b. Then when one of the electrons is near the centre or the
nucleus (corresponding to the orbital e%

ar2
2 or e%ar), the other elec-

tron is far from it (being in the orbital e%
br2

2 or e%br). For He-like
systems, expressions for expectation values of different compo-
nents of Hh i have been calculated [18] analytically for this wave-
function. For Hookium, calculations are performed numerically.
The corresponding values of a and b that minimize Hh i and the
corresponding minimum value of Hh i are given in Table 1. Note
that for the Hookium, values of a and b come out to be the
same.

It is clear from the results above that taking a physically mo-
tivated parametrized functional form for the wavefunction and
optimizing it to minimize Hh i leads to an upper bound for the
ground-state energy. The value of Hh i approaches the true en-
ergy as the number of parameters is increased. Now we ask the
question if instead of varying a few parameters in a chosen
functional form, the function itself can be varied at each point
in space to minimize Hh i so that the best function describing an
orbital is obtained. This indeed is possible and leads to the
Hartree and Hartree–Fock methods that we describe next.

Hartree and Hartree–Fock theories

We learnt in the section above that with properly chosen ap-
proximate wavefunctions, variational method can be applied to
estimate the ground-state energy of a system. We now wish to
do it systematically within the framework of mean-field ap-
proximation. This means that we take the many-electron wave-
function to be a product wavefunction made up of single
electron orbitals; the best orbitals are then found by minimizing
Hh i calculated with this wavefunction.

In the Hartree method [19, 20], the ground-state wavefunc-
tion for N electrons

wH r1; r2 " " " ri " " " rNð Þ ¼ u1 r1ð Þu2 r2ð Þ " " "uN rNð Þ (21)

is the product of N single-particle orbitals; In writing the
ground-state wavefunction in the manner given above, Pauli’s
principle is taken into account by occupying each orbital by one
electron (since two electrons can be accommodated in each or-
bital, there are actually N=2 independent orbitals). Thus, the
wavefunction in Equation (21) contains N distinct orbitals with
lowest possible energy each. We will refer to this as the Hartree
wavefunction.

Table 1. Value of parameters a= a and bð Þ for wavefunctions of
Equations (19)/(20) that minimize the expectation value Hh i of the
Hamiltonian and the corresponding Hh i

Atom/ion a [2] Hh i a B Hh i E0 [10]

H% 0.6875 %0.4727 1.01392 0.2832 %0.5133 %0.5277
He 1.6875 %2.8477 2.1832 1.1885 %2.8756 %2.9037
Be2þ 3.6875 %13.5977 4.3872 2.9853 %13.6180 %13.6555
Ne8þ 9.6875 %93.8477 10.7912 8.5795 %93.8476 %93.9068
Hookium x ¼ 1

2

! "
0.4211 2.0405 0.4211 0.4211 2.0405 2.0000

These are compared with the exact values E0 given in the last column. Note that
for the Hookium, inclusion of one more parameter does not affect the result. All
the numbers are in a.u.
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The expectation value of the Hamiltonian with respect to
the Hartree wavefunction, denoted as E u1; u2; . . . uN½ +, is

E u1;u2; . . . uN½ + ¼
XN

i¼1

uij%
1
2
r2juiþ

ð
q rð Þvext rð Þdrþ1

2

ð ð
q rð Þq r0ð Þ

jr% r’j
drdr0

%1
2

XN

i¼1

ð ð jui rð Þj2jui r0ð Þj2

jr% r’j
drdr0

:

(22)

From now onwards, we will refer to the expectation value of
the Hamiltonian as energy also. Here,

q rð Þ ¼
XN

i¼1

ui rð Þ
&& &&2 (23)

is the electron density. The notation E u 1; u 2; . . . uN½ + indicates
that the energy is a ‘functional’ of the functions in the square
brackets (meaning of a functional and its derivative is explained
in Supplementary Material). The first term on the right-hand
side of Equation (22) gives the kinetic energy of electrons and
the second term is the energy of interaction with the external
potential. The last two terms in the expression arise due to elec-
tron–electron interaction. The third term is the Coulomb energy
of the electronic charge distribution with charge density q rð Þ; it
is referred to as the ‘Hartree energy’ and is written as EH q½ +. The
last term arises from i 6¼ j term in the expression for electron–
electron interaction energy in the Hamiltonian and is known as
the self-interaction energy of electrons. It is understood as fol-
lows. In writing the Hartree energy as given above, it is assumed
that the associated charge distribution is continuous. However,
electrons carry charge %1 (in a.u.) that cannot be divided any
further. Therefore, the self-energy of each electron, calculated
from its charge density u i rð Þ

&& &&2, gets subtracted from the Hartree
energy to correct for the granular nature of electronic charge,
and leads to the fourth term. We will now apply the variational
method to obtain the orbitals that minimize the energy.

Assume N electrons distributed uniformly inside a sphere of radius R
a.u. Calculate their Hartree energy and the total self-energy.

Suppose the energy attains its minimum value for the set
u1 r1ð Þ; u2 r2ð Þ " " " uN rNð Þ
. /

. If orbitals are now varied arbitrarily
about these to u1 r1ð Þ þ du1 r1ð Þ; u 2 r2ð Þ þ du2 r2ð Þ " " " uN rNð Þþ

.

duN rNð Þg, while keeping each of them normalized up to the first
order so that

ð
du(i rð Þui rð Þdrþ

ð
u(i rð ÞduiðrÞdr ¼ 0 (24)

for each i, the corresponding change dE in the energy calculated
up to the first order in du 1 r1ð Þ; du2 r2ð Þ " " " duN rNð Þ

. /
will vanish.

This change is given as

dE¼
XN

i¼1

"ð
du(i rð Þ %1

2
r2þvext rð Þþ

ð
q r0ð Þ

jr%r’j
dr0%

ð jui r0ð Þj2

jr%r’j
dr0

 !
ui rð Þdr

þ
Ð
u(i rð Þ %1

2
r2þvext rð Þþ

ð
q r0ð Þ

jr%r’j
dr0%

ð jui r0ð Þj2

jr%r’j
dr0

 !
dui rð Þdr

# :

(25)

Since each of the variations du1 r1ð Þ; du2 r2ð Þ " " " duN rNð Þ
. /

is
arbitrary and satisfies the normalization condition given by
Equation (24), dE will vanish if

% 1
2
r2 þ vext rð Þ þ

ð
q r0ð Þ
r% r0j jdr

0 %
ð

ui r0ð Þ
&& &&2

r% r0j j dr
0

 !

ui rð Þ ¼ !iui rð Þ;

(26)

where ei is a constant and is different for each orbital. It is left
as an exercise for the reader to show that this is the case using
the fact that both u i rð Þ and u (i rð Þ satisfy Equation (26) and vanish
as rj j ! 1 for bound states. We direct the reader to go to
Supplementary Material to learn how this derivation is done us-
ing ‘functional derivatives’. In what follows, we will make use of
it directly to minimize different functionals.

Let us now understand Equation (26) physically. To do this,
we look at the effective potential

vext rð Þ þ
ð

q r0ð Þ
r% r0j jdr

0 %
ð

ui r0ð Þ
&& &&2

r% r0j j dr
0

(27)

seen by the electron in orbital u i rð Þ. The potential is the sum of
the external potential and the Coulomb potential of the rest of
the electrons. The latter is obtained by subtracting the ‘self-in-
teraction potential’ (third term in the equation above) from the
Coulomb potential (second term in the equation and known as
the ‘Hartree potential’) of the total electronic charge density
q rð Þ. Thus, in Hartree theory, the effect of electron–electron in-
teraction is accounted for taking the electrons to be moving in a
‘mean field’ given by Equation (27), i.e. electrons are not moving
in a correlated manner. This is reflected in the wavefunction
with the absence of terms dependent on distance between two
electrons and in the potential seen by the electrons being the
average potential. This potential is orbital-dependent because
self-interaction of an electron depends on its orbital.

Equation (26) is known as the ‘Hartree equation’. Since the
effective potential in it depends on the orbitals themselves, the
equation is solved ‘self-consistently’. Let us understand what
that means. Suppose we choose a set u1 r1ð Þ; u2 r2ð Þ " " " uN rNð Þ

. /
of

orbitals and use them as input to calculate the effective poten-
tial. When the Hartree equation is solved with this potential,
the resulting output orbitals will not necessarily be the same as
the ones we started with. Therefore, the new set of orbitals is
again used to construct the effective potential and Hartree
equation is solved again to get the next set of orbitals and this
process is repeated until the input and output orbitals are the
same. These orbitals represent the self-consistent solution of
the Hartree equation. As is clear, obtaining self-consistent solu-
tion is an iterative process. A little reflection on the procedure
of obtaining self-consistent solution clearly indicates that this
is to be done numerically using a computer. An algebraic exam-
ple of self-consistent solution is given in the box below.

An algebraic example of a self-consistent calculation

Consider the quadratic equation

x2 þ x% 6 ¼ 0 ;

which has the solution x ¼ %3 and x ¼ 2. We now will get these solu-
tions by starting with a guess for the solution and making it self-
consistent iteratively. For this, we write the equation above as
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Exercise: Write the Hartree equation for He-like two-electron systems.
Connection between this equation and the variational calculation done
earlier can be seen as follows. Calculate the potential for the Hartree
equation using orbital of Equation (19b). Then take the trial wavefunc-
tion to be of the same form as that of Equation (19b) with a replaced
by a different parameter b and calculate the expectation value of the
Hamiltonian of the Hartree equation. Next, minimize this expectation
value with respect to b, keeping a fixed. After this, take a ¼ b in the
resulting equation to make them self-consistent and solve for their
value. This will give ¼ Z% 5

16.

One system for which exact analytical solution of Hartree equa-
tion exists is the homogeneous electron gas (HEG). HEG is a col-
lection of electrons in the background of equal amount of
positive charge spread uniformly with constant density q.
Explicit solutions for the HEG play an important role in the de-
velopment of energy functionals in DFT. Hence, we discuss it
below in detail.

For free electrons (constant external potential and no inter-
action potential energy), it is well known that the solutions of
the Schrödinger equation are plane waves. When normalized
over a large volume V with periodic boundary conditions, these
are given as

ffiffiffi
1
V

q
eik:r and various properties of free electron gas

are obtained [15, 22] using them. Self-consistent solutions of
Hartree equation too are plane waves. This can be easily seen as
follows. Plane waves give rise to a uniform density of electrons
equal to the background density. Furthermore, the self-
interaction potential for each orbital is zero for an infinite sys-
tem. Thus, the net effective potential of Equation (27) is a con-
stant. This then gives plane waves as the self-consistent
solutions of Hartree equation. In calculating the energy also, it
is easily seen that the energy of interaction between the elec-
trons and the uniform positive background cancels with the
sum of electrostatic energy of the background charge and elec-
tronic charge densities. The energy of HEG in Hartree theory is
therefore the same as that for free electrons and equal to their
kinetic energy. For density q, its value per electron is (in a.u.)

!k qð Þ ¼
3

10
3p2q
, -2

3; (28a)

which is equal to

3
5

k2
F

2

' (
; (28b)

where kF ¼ 3p2q
, -1

3 is the Fermi wavevector, that is the wave-
vector for the highest occupied (HO) quantum-state. Thus, ki-
netic energy per electron for a HEG is three-fifths of the energy
of the HO state. It is also expressed in terms of Wigner–Seitz ra-
dius rs as

!k rsð Þ ¼
1:105

r2
s

; (28c)

where rs is defined by the equation

q ¼ 4p
3

r3
s

' (%1

; (29)

and gives the radius of the sphere containing one electron.
The question we now ask if the Hartree wavefunction is the

best possible product wavefunction or can it be improved fur-
ther? The answer is that the wavefunction can be made better.
It is done by considering all possible ways of distributing N elec-
trons among N orbitals and then taking linear combination of
these products so that the final wavefunction is antisymmetric
with respect to exchange of the coordinates (including spin) of
any two electrons. The best orbitals are then found by applying
the variational principle. The wavefunction thus obtained is
known as the Hartree–Fock (HF) wavefunction and the method
as Hartree–Fock theory [3, 15, 23, 24]. It gives the best possible
mean-field wavefunction and energy for a system. We now dis-
cuss the theory in detail.

The wavefunction in HF theory is constructed from spin-
orbitals

vi;s xð Þ ¼ ui;s rð Þs msð Þ; (30)

where x ¼ r;msð Þ is the coordinate of an electron including the
spin-variable ms that gives the z-component of its spin and
takes values 6 1

2. The spin wavefunction s msð Þ could be either

x2 ¼ 6% x

and connect the solution in the ith iteration to that in the (i þ 1)th iter-
ation according to

xiþ1 ¼ 6
ffiffiffiffiffiffiffiffiffiffiffiffiffi
6% xi

p
:

We start with a guess of x0 ¼ 1. Then, the series of answers one gets
by keeping positive and negative solutions are, respectively,

1; 2:236; 1:940; 2:015; 1:996; 2:001

and

1; % 2:236; % 2:870; % 2:978; % 2:996:

As one can see, the solutions are slowly converging towards the correct
values. On the other hand, one could have also rearranged the equation
differently and do the iteration according to

xiþ1 ¼ 6% x2
i :

Again, if we start with x0 ¼ 1, we find that the solution starts becoming
larger and larger and does not converge. In other words, the process is
unstable. To make it stable, the new input value of x is taken to be a
weighted mixture of xi and xiþ1. In the present case, we will take it to
be

0:8xi þ 0:2xiþ1:

Now starting with x0 ¼ 1, we get a series of solutions as follows.

On the other hand, the solution x ¼ %3 is not obtained using the for-
mula xiþ1 ¼ 6% x2

i iteratively. So, the process remains unstable for this
solution. This example shows that in general, an iterative process is sta-
ble if the new input is taken to be a judicious mixture of the old input
and the output from it. Thus, performing a self-consistent calculation is
as much an art as it is a technical skill.

xi xiþ1 xinput ¼ 0:8xi þ 0:2xiþ1 xoutput ¼ 6% x2
i

1 5 1.8 2.76
1.8 2.76 1.992 2.032
1.992 2.032 2.000 2.000
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a msð Þ or b msð Þ. As indicated earlier, the values taken by the spin
wavefunction are

a þ 1
2

' (
¼ 1; b % 1

2

' (
¼ 0; a þ 1

2

' (
¼ 0; b % 1

2

' (
¼ 1: (31)

It is evident that products of two spin wavefunctions for dif-
ferent combinations of spin quantum number s and spin vari-
able ms are

a( msð Þa m’
s

! "
¼ d

ms ;
1
2

d
ms ;m’

s ;

b( msð Þb m’
s

! "
¼ d

ms ;%
1
2

d
ms ;m’

s ;

a( msð Þb msð Þ ¼ 0:

(32)

The integration
Ð

dx with respect to x is then equivalent toÐ
dr
Ð

dms with the symbolic integration with respect to ms being
the summation over its discreet values, that is,

ð
f msð Þdms ,

X

ms

f msð Þ ¼ f þ 1
2

' (
þ f % 1

2

' (
: (33)

Using Equations (32) and (33), it is clear that spin wavefunc-
tions are normalized. Finally, by including index s in the orbital
u i;s rð Þ, we have shown explicitly that besides other quantum
numbers denoted by i, it may have a dependence on s.

In terms of spin orbitals, the HF wavefunction for N electrons
is the determinant

wHF x1; x2 " " " xNð Þ ¼
ffiffiffiffiffi
1
N!

r
v1 x1ð Þ
v2 x1ð Þ

v1 x2ð Þ " " "
v2 x2ð Þ " " "

v1 xNð Þ
v2 xNð Þ

..

.

..

.
..
.

..

.
..
.

..

.

vN x1ð Þ vN x2ð Þ " " " vN xNð Þ

2

6666664

3

7777775
(34)

and is known as the Slater determinant. Like the product wave-
function of Equation (21), in HF wavefunction also each spin or-
bital is occupied by one electron. However, unlike the
wavefunction of Equation (21), HF wavefunction does not assign
a specific electron, identified by the subscript on coordinate x, to
a given spin orbital. This is reflected in the wavefunction being a
linear combination of products of orbitals with each product hav-
ing different permutations of electron labels distributed among
the orbitals. Therefore, quantum numbers associated with a spin
orbital in the determinant above cannot be assigned to a particu-
lar electron, consistent with the indistinguishability of electrons.

Next, we take the expectation value of the Hamiltonian with
respect to the HF wavefunction. For this, we make use of the fol-
lowing relation [23, 24]:

*

wHFjÔ jwHF ¼ v1 x1ð Þv2 x2ð Þ " " "

vN xNð ÞjÔj

v1 x1ð Þ
v2 x1ð Þ

v1 x2ð Þ " " "
v2 x2ð Þ " " "

v1 xNð Þ
v2 xNð Þ

..

.

..

.

..

.

..

.

..

.

..

.

vN x1ð Þ vN x2ð Þ " " " vN xNð Þ

2

666666664

3

777777775

+
;

(35)

where in general the operator Ô ¼ Ô x1; x2 " " " xNð Þ may also de-
pend on spin of electrons. Therefore, the expectation value is

taken by integrating over the spatial as well as spin coordinates
of the electrons. Notice that the factors involving N! do not ap-
pear in the expression above. Of our interest right now are the
one-particle operators and two-particle operators. One-particle
operators are written as

Ô1 x1; x2 " " " xNð Þ ¼
XN

i¼1

Ô1 rið Þ (36)

and include the density, the kinetic energy and the external en-
ergy operators. Expectation value of these operators is given, us-
ing Equation (35), as [23, 24]

wHFjÔ1 jwHF ¼
XN

i¼1

ð
v(i xið ÞÔ1 xið Þvi xið Þdxi: (37a)

Since the integration variable can be written by any symbol,
we write the equation above as

wHFjÔ1 jwHF ¼
XN

i¼1

ð
v(i xð ÞÔ1 xð Þvi xð Þdx: (37b)

We now use the explicit form of the spin orbitals and sepa-
rate the spin and other quantum numbers to write the expres-
sion in Equation (37b) as

wHFjÔ1 jwHF ¼
Xb

s¼a

ð
s( msð Þs msð Þdms

X

i

ð
u(i;s rð ÞÔ1 rð Þui;s rð Þdr:

(37c)

Finally, using Equation (32), or equivalently the normaliza-
tion condition for the spin wavefunctions, the expectation value
of the single-particle operator of Equation (36) is

wHFjÔ1 jwHF ¼
X

ms

X

i

ð
u(i;ms

rð ÞÔ1 rð Þui;ms
rð Þdr : (38)

(Note that we have replaced s by ms in the labels for the orbi-
tals employing Equation (32)). For example, using Equation (38),
electron density is given as

q rð Þ ¼
X

ms

X

i

u(i;ms
rð Þui;ms

rð Þ : (39)

We now consider two-particle operators. These involve coor-
dinates of two electrons and have the following form:

Ô2 x1; x2 " " " xNð Þ ¼
1
2

XN

i; j ¼ 1
i 6¼ j
, -

Ô2 ri ; rjð Þ: (40)

Using Equation (35) and following the steps involved in
obtaining the expectation value for single-particle operators, we
get [23, 24]

wHFjÔ2 jwHF¼
1
2

X

ms ;m’
s

X

i; j

ðð
u(i;ms

rð Þu(
j;m’

s

r0ð ÞÔ2 r; r0ð Þui;ms
rð Þu

j;m’
s

r0ð Þdrdr0
# $

%1
2

X

ms ;m’
s

X

i; j

d
msm’

s

ðð
u(i;ms

rð Þu(
j;m’

s

r0ð ÞÔ2 r; r0ð Þu
i;m’

s

r0ð Þuj;ms
rð Þdrdr0

# $
:

(41)
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Notice that now the sum over orbital quantum numbers
does not have i;msð Þ 6¼ j;m0

s

, -
terms. This condition is automati-

cally satisfied since i;msð Þ ¼ j;m0

s

, -
terms in the two expressions

on the right-hand side of Equation (41) cancel.
The two-particle operator of our interest right now is the

electron–electron interaction energy term with

Ô2 ri ; rjð Þ ¼
1

ri % rjj j
: (42)

Using the formula for the density given in Equation (39) and
the explicit form of Coulomb potential, the first expression in
Equation (41) is easily shown to be the Hartree energy, which
was also a component of the energy in Hartree theory. We call
this the direct term. The second expression, known as the ex-
change term, gives an additional component of electron–elec-
tron interaction energy and is referred to as the ‘exchange
energy’. This arises from that product in the determinant where
the coordinates of electrons in orbitals vi;s xð Þ and vj;s0 x0ð Þ have
been swapped in the diagonal term while all the other coordi-
nates remain the same. This term therefore picks up a minus
sign with respect to the direct term and these orbitals now ap-
pear as vi;s x0ð Þ and vj;s0 xð Þ. Because of this, integration over spin
coordinates gives the Kronecker delta dmsm0s

in the expression for
the exchange energy. What this means is that contribution to
exchange energy comes only from interaction between elec-
trons in orbitals with the same spin, or z-component of spin to
be more precise. When the sum over m0

s is carried out and
Ô2 r; r0ð Þ is replaced by 1

r%r0j j , explicit expression for the exchange
energy Ex comes out to be

Ex ¼ %
1
2

X

ms

X

i;j

ð ð u(i;ms
rð Þu(j;ms

r0ð Þui;ms
r0ð Þuj;ms

rð Þ
jr% r0j

drdr0
" #

; (43)

where the sum in the expression above is over the occupied
orbitals. Note that the spin quantum number of all the orbitals
in the expression above is the same. In addition, as right after
Equation (41), self-energy of electron in each occupied orbital is
included in the exchange energy.

Collecting all the terms together, the expression for energy
in HF theory is

EHF¼
X

ms

X

i

ð
u(i;ms

rð Þ %1
2
r2

' (
ui;ms

rð Þdrþ
ð
q rð Þvext rð Þdrþ1

2

ðð
q rð Þq r0ð Þ

jr%r’j
drdr0

%1
2

X

ms

X

i;j

ððu(i;ms
rð Þu(j;ms

r0ð Þui;ms
r0ð Þuj;ms

rð Þ
jr%r0 j drdr0

" # :

(44)

Taking the functional derivative (see Supplementary
Material) of EHF with respect to complex conjugate of an orbital
and setting it to zero with the constraint that each orbital is nor-
malized gives the Hartree–Fock equation

%1
2
r2þvext rð Þþ

ð
q r0ð Þ

jr%r’j
dr0

 !
ui;ms

rð Þ%
X

j

ðu(j;ms
r0ð Þui;ms

r0ð Þuj;ms
rð Þ

jr%r0j
dr0

¼!i;ms ui;ms
rð Þ;

(45a)

for that orbital. As is the case with the Hartree equation, HF
equation also is solved self-consistently since the potential
depends on the solution itself. Substitution of the solution of HF
equation in Equation (44) gives the HF energy.

The effective potential in HF theory consists of two parts:
the Hartree potential and the exchange potential. The exchange
potential is a non-local potential in that it acts on the orbital as
an integral operator. Furthermore, it also depends on the spin of
the orbital that it is acting upon.

Comment: General operation of a non-local potential v r; r0ð Þ on a

function f rð Þ is given as

ð
v r; r

0, -
f r

0ð Þdr
0
:

For multiplicative potentials, like vext rð Þ or the Hartree potential,
v r; r0ð Þ / d r% r0ð Þ.

We write the exchange potential as

vx;ms r; r
0, -
¼ %

X

j

u(j;ms
r0ð Þuj;ms

rð Þ
r% r0j j ; (46)

where, as noted earlier, the sum in the expression above is over
the occupied orbitals. It is evident that the exchange potential
includes in it the self-interaction potential of Hartree equation
and additional terms, making it more general. The additional
terms give the interaction between electrons in different orbi-
tals. Using expression of Equation (46), the Hartree–Fock equa-
tion is rewritten as

% 1
2
r2 þ vext rð Þ þ

ð
q r0ð Þ

jr% r’j
dr0

 !
ui;ms

rð Þ þ
Ð

vx;ms r; r0ð Þui;ms
r0ð Þdr0

¼ !i;ms ui;ms
rð Þ

:

(45b)

For a general discussion on the physical interpretation of the
exchange energy and potential and how the exchange potential
can be made local on the basis of this interpretation, we refer
the reader to Ref. [25].

Some general features of HF theory are listed below:

i. HF theory is the best mean-field theory as no other product
wavefunction can give a lower energy than the HF energy.

ii. Negative of the eigenvalues !i;ms of HF equation can be
shown to approximate the removal energy of an electron
from the corresponding orbital. This is known as
Koopmans’ theorem [24, 26].

iii. For a single electron system, the direct and the exchange
terms cancel in both the total energy and in the effective
potential. This clearly indicates that the theory is free of
self-interaction of electrons.

iv. For HEG, self-consistent solutions of HF equation also are
plane waves. This is so because, like in Hartree theory,
when these solutions are substituted in the expression for
the potential, all the terms in it come out to be constants.
However, the energy now has the additional component of
exchange energy. Its value per electron in terms of the den-
sity is [15]

!x qð Þ ¼ %
1
4

3q
p

' (1
3

; (47a)
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or equivalently

!x rsð Þ ¼ %
0:456

rs
(47b)

in terms of the Wigner–Seitz radius rs;

i. The total average energy per electron in Hartree–Fock theory
is [15]

! rsð Þ ¼
1:105

r2
s
% 0:456

rs
: (48)

Next, we present some representative results obtained in
Hartree–Fock theory and compare them with experimental val-
ues. We start with the results for atoms. Hartree–Fock equation
for atoms has been solved [27, 28] fully numerically and also by
expanding the orbitals in terms of basis functions known as
Slater orbitals. The HF orbitals obtained using the latter method
have been tabulated [29]. These semi-analytical orbitals are
quite useful when we wish to perform any calculations for
atoms by employing HF wavefunctions.

Exercise: Write a computer program to calculate for atoms the total en-
ergy and its different components employing their HF orbitals given in
Ref. [29].

Given in Table 2 are the total energies and negative %emax of the
energy eigenvalues for the HO orbital in HF theory [29] for the
hydrogen anion and some noble gas atoms along with the ex-
perimental [30, 31] total energies and ionization potential (IP). It
is seen that the Hartree–Fock energies always lie above the ex-
perimental values. The difference arises because HF wavefunc-
tion is not the exact wavefunction. Since this wavefunction is
calculated from an average potential, it does not have terms de-
pendent on interelectronic distances and therefore neglects cor-
relation between electrons arising due to their Coulomb
interaction. Inclusion of these effects will lower the energy and
bring it closer to the true ground-state energy. Furthermore, for
heavy atoms, relativistic effects also contribute the difference.
We define the correlation energy Ec of a system as

Ec ¼ EHF % Enon%relativistic
exact : (49)

It follows from the definition that correlation energies will
always be negative. Since relativistic effects are negligible for

atoms shown in Table 2, their correlations energies can be cal-
culated from the numbers given in the table.

Exercise: Calculate what percent of the total energy is the correlation
energy in the atomic systems shown in Table 2? Whys does this percent-
age become smaller with increasing atomic number?

A look at the numbers in Table 2 indicates that HF method is a
good approximation for calculating total energies and also gives
reasonable estimates of the ionization energies. Why should we
then be concerned with correlation energy? The answer is pro-
vided by the value of energy for H% and when we compare it
with the energy of hydrogen atom, which is %0:5 a.u. Since in
HF theory the energy of H% is above the energy of hydrogen
atom, the anion should spontaneously release one electron and
become neutral so that the total energy is lowered, if the HF en-
ergy were its true energy. However, correlation makes the true
energy of H% lower than that of hydrogen atom. Although the
correlation energy is numerically small here, it plays a key role
in making the ion stable. This is only one of many examples
where the character of a system will be totally different if corre-
lation is not taken into account.

Now we present the example of extended systems when HF
theory is applied to them. We first discuss the results for HEG.
HEG is best suited to metals where the ionic potential is
screened by the electrons and the resulting background poten-
tial can therefore be approximated as uniform. Energy of HEG in
HF theory has already been given. Here, our focus is on results
for some properties other than the energy. These are not given
[15] correctly by HF theory for metals. First, the bandwidth of
the conduction band comes out to be much larger than seen in
experiments. Secondly, the density of states for electrons
becomes infinitely large at the Fermi level and that leads to
wrong temperature dependence of specific heat at low
temperatures.

Let us next discuss what are the results when HF theory is
applied to other systems, with the potential of the ions replac-
ing the constant background potential of HEG. In Table 3, we
present the results for lattice constants, bulk moduli and energy
band gaps of some non-metallic systems.

It is clear from Table 3 that lattice constants of the materials
considered calculated with HF theory are close to the experi-
mental results. However, the bulk modulus is reasonable for
some of these and is overestimated for others. On the other

Table 2. Total energy and eigen-energy of the HO orbital of H% and
three noble gas atoms as calculated in HF theory

AtomTotal energy Eigenvalue (HO) and Ionization potential

EHF [29] Eexpt [30, 31]%emax [29] Iexpt [30, 31]

H% %0.4879 %0.5277 0.0462 0.0277
He %2.8617 %2.9034 0.9179 0.9035
Ne %128.5471 %129.0600 0.8504 0.7925
Ar %526.8174 %529.2490 0.5910 0.5790

These are compared with the experimental total energies and IPs. All numbers
are given in a.u.

Table 3. Lattice constants, bulk modulus and energy band gap for
some non-metallic systems calculated in HF theory

Solid aHF [Å] aExpt [Å] BHF [GPa] BExpt [GPa] EHF
Gap [eV] EExpt

Gap [eV]

C 3.55 [32]
3.57 [33]

3.57 [22] 438 [32]
464 [33]
476 [33]

442 [34] 12.1 [35, 36] 5.5 [22]

Si 5.46 [33] 5.43 [22] 109 [33] 99 [34] 5.6 [36] 1.2 [22]
Ge 5.79 [33] 5.65 [22] 85 [33] 76 [34] 4.2 [36] 0.7 [22]
Ne 4.43 4.46 [37] 1.2 1.1 [38] 25.4 [39]

25.2 [40]
21.4 [41]

Ar 5.15 5.30 [42] 4.4 2.9 [38] 18.5 [39]
18.5 [40]

14.3 [41]

Kr 5.50 5.65 [43] 5.1 3.3 [38] 16.4 [40] 11.6 [41]
Xe 6.01 6.13 [44] 5.4 3.7 [38] – 9.8 [41]

These are compared with the corresponding experimental numbers.
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hand, the band gaps in HF theory are consistently larger than
the experimental band-gaps for all systems. Overestimation of
band gaps is easily understood when we look at Equation (45b)
for the unoccupied orbital uC rð Þ at the bottom of the conduction
band and the operation of the exchange potential of Equation
(46) on this orbital. It is first noted that in calculating the ex-
change potential, the sum is over only the occupied orbitals and
the Hartree potential is calculated from the density of electrons
occupying these orbitals. However, we can add the density
uC r0ð Þ
&& &&2 of the unoccupied orbital to q r0ð Þ and extend the sum in
the exchange term to include uC rð Þ without affecting the equa-
tion. But looking at the equation in this manner shows the HF
equation for uC rð Þ to be for a system that has an additional elec-
tron. This makes the resulting sum of the Hartree and exchange
potential more positive for uC rð Þ and gives the orbital energy for
it also to be more positive, corresponding to the system with an
additional electron. This gives a larger gap between the bottom
of the conduction band and top of the valence band than
expected for the system with a fixed number of electrons.

Going beyond Hartree–Fock theory

As must be clear by the presentation above, HF theory is a good
first approximation to the true many-body solution but also
fails considerably in predicting certain properties. This happens
because HF wavefunction neglects Coulomb correlations among
electrons. The example we saw above in this connection is that
of H% ion. In such two electron systems, because of Coulomb
correlations among the electrons, the wavefunction has in it a

term dependent on r12. This makes the charge cloud of one elec-
tron shift away from the nucleus resulting in bringing the nu-
cleus closer to the second electron and leading to an attraction
between them. That makes it possible for the second electron to
get bound to the system. Without such a correlation between
the electrons, it will not be possible to bind the extra electron to
a neutral hydrogen atom rendering the H% ion to be unstable.
This is shown schematically in Figure 1.

In metals, the long-range component of Coulomb interaction
among the electrons gives rise to collective motion of electrons.
The residual interaction between individual electrons is thus re-
duced to being short-range and, therefore, weak. This implies
that electrons can be treated as effectively free, which removes
the problems arising in HF theory. Separating the motion of
electrons into collective and individual coordinates and dealing
with these differently is then one way [3, 45] of taking care of
correlation effects in metals. This method of obtaining the cor-
relation energy has been applied making an approximation
known as the random phase approximation [45], or simply the
RPA. An equivalent way of calculating the correlation energy
within the RPA is by integrating the frequency-dependent re-
sponse function of HEG [46, 47].

Notwithstanding the discussion in the paragraphs above,
the question arises as to how does one go beyond Hartree–Fock
theory and account for Coulomb correlations in the wavefunc-
tion in general? We discuss this qualitatively in the following
paragraphs without doing any derivations or performing any
rigorous calculations. The idea is to convey that wavefunctional
calculations become complicated when one goes beyond mean-

Figure 1: ðaÞ A neutral hydrogen atom shown schematically by a nucleus, depicted by the large dark circle, and a spherically symmetric electron charge cloud around
it. The picture shows an imaginary situation where the charge cloud of the electron in the atom remains unaffected as another electron, shown by small dark circle,
approaches it. In such a case, there is no attraction between the atom and the approaching electron. This happens if correlation between the electrons is neglected. ðbÞ
In contrast to the situation in ðaÞ, the charge cloud around the nucleus is distorted because of electron–electron interaction showing that the correlation between them
has been taken into account. Because of the resulting asymmetric charge distribution in the atom, the second electron is attracted to it.
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field theories. This suggests need to develop alternatives to
wavefunctional theory and DFT provides precisely that.

One approach to account for Coulomb correlations in a
wavefunction is to explicitly incorporate in it terms that depend
on distance between electrons. Hylleraas wavefunctions [16] for
two-electron atomic systems, alluded to in the ‘The variational
method of obtaining approximate solutions [2]’ section, are an
example of this. These wavefunctions have explicit dependence
on r12 and give highly accurate energies for two-electron sys-
tems. Other correlated wavefunctions in the ‘The variational
method of obtaining approximate solutions [2]’ section were
given by Equations (20a) and (20b). These were constructed in
such a way that when one electron was near the nucleus, the
other one stayed far from it. However, when number of elec-
trons becomes more than two, it is not practically possible to in-
clude in the wavefunction terms dependent on all inter-
electronic distances nor is it easy to construct functions like
those given in Equations (20a) and (20b). How does one then
make further progress?

An obvious path to go beyond Hartree–Fock theory is to ex-
pand the wavefunction in terms of Slater determinants con-
structed from the ground- and excited-state orbitals. The first
term in such an expansion is the Hartree–Fock wavefunction.
The wavefunction so constructed therefore involves many
more orbitals than the number of electrons and also a large
number of expansion parameters. This makes evaluation of var-
ious expectation values and optimization of these parameters
difficult and numerically cumbersome. The methods based on
this approach are the multi-configuration Hartree–Fock (MCHF)
and configuration-interaction (CI) methods [23]. Readers are
requested to go to the literature to learn more about these.

The model Hamiltonian approach is another way to account
for the Coulomb correlations. The Pariser–Parr–Pople [48–50] or
equivalently the Hubbard Hamiltonian [51] is one such model
Hamiltonian. The former was proposed to deal with electron–
electron correlations in unsaturated molecules and the latter
with electrons in solids. These have been extended further to
develop model Hamiltonians according to the problem to be
addressed.

As a demonstration of the calculation of correlation energy,
we take the example of Wigner crystal [52, 53] where it can be
calculated analytically. Wigner observed that for extremely low
density rs !1ð Þ HEG, electrons settle to form a body-centred-
cubic (BCC) crystal, known as the Wigner crystal. Using this in-
formation, we can calculate the correlation energy per electron
for HEG in the limit of rs !1 as follows. We consider the
Wigner crystal made up of neutral spheres of radius rs with an
electron at the centre of the sphere and the background positive
charge spread uniformly over the sphere. Since each sphere is
neutral, there is no energy of interaction between the spheres.
Therefore, the total energy per electron in this system will be
the sum of the interaction-energy between the electron and the
positively charged sphere and the self-energy of positive charge
sphere. It is equal to

% 3
2

1
rs

' (
þ 3

5
1
rs

' (
¼ % 0:9

rs
: (50)

Exercise: Check from Ref. [54] that the relative difference between the
ground state energy for paramagnetic state of HEG and the value given
by Equation (50) becomes smaller with increasing rs.

Using Equations (48) and (49), we get the correlation energy per
electron (neglecting the kinetic energy term 1:105=r2

s as rs !1)
for very low density HEG with equal number of electrons of both
spins as

!c rsð Þ ¼ %
0:444

rs
: (51a)

Based on this, Wigner interpolation formula [55], which is an
approximate formula valid for a range of spin-compensated
electron densities is given as

!c rsð Þ ¼ %
0:440

rs þ 7:85
: (51b)

With this we conclude the introduction to wavefunctional
methods. We have pointed out the difficulties that finding
solutions of many-electrons Schrödinger equation poses. In
particular, since the wavefunction is a function of 3N spatial
variable for an N electron system, difficulty of calculating it—
even approximately—increases with the increasing number
of electrons. Thus, attempts were made since the very early
days of quantum mechanics to develop methods that bypass
such calculations in favor of the electronic density q rð Þ be-
cause density-based methods require only three space varia-
bles irrespective of the number of electrons. This greatly
eases the numerical implementation of these methods. The
first such method was the Thomas–Fermi method that we
discuss next.

WORKING IN TERMS OF ELECTRON DENSITY:
THOMAS–FERMI THEORY AND ITS
EXTENSIONS [56–59 ]
We are now moving towards the use of electronic density in-
stead of wavefunction to develop a theory of materials. For this
we need to express different quantities of interest in terms of
the density. An important question therefore is whether it is
possible to formulate a quantum-mechanical theory of materi-
als in terms of electronic density. We will defer answering this
question to the next section when we present modern DFT.
Right now, we focus our attention on the earliest theory of elec-
tronic structure in terms of density, known as the Thomas–
Fermi theory, and its extensions. Mathematical tools in formu-
lating this theory are the same as those employed in developing
modern DFT. This subsection therefore provides the reader a
good background for understanding DFT discussed in the rest of
the article.

In Thomas–Fermi theory, kinetic energy per electron for any
system with space-dependent inhomogeneous density q rð Þ is
approximated by the formula of Equation (28a) for HEG. Thus,
the total energy of electrons in this theory is a functional of den-
sity and is given as

ETF q½ + ¼
3

10
3p2ð Þ

2
3

ð
q

5
3 rð Þdrþ

ð
q rð Þvext rð Þdrþ 1

2

ð ð
q rð Þq r0ð Þ

r% r0j j drdr
0
:

(52)

To get the equation for the density, the energy above is mini-
mized with respect to the density under the condition

ð
q rð Þ dr ¼ N; (53)
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i.e. the density integrates to N, the total number of electrons.
This leads to the Euler–Lagrange equation (see Supplementary
Material)

dE q½ +
dq rð Þ

¼ l ; (54)

where l, a constant, is the Lagrange multiplier used to sat-
isfy the condition of Equation (53). Using the Thomas–Fermi ex-
pression for the energy in Equation (54) gives the equation

1
2

3p2q rð Þ
, -2

3 þ vext rð Þ þ
ð

q r0ð Þ
r% r0j jdr

0 ¼ l ; (55a)

for the density. This is known as the Thomas–Fermi equation
and is to be solved self-consistently to obtain the density.

Let us now understand what physics is implied by the equa-
tion above. For this we identify 3p2q rð Þ

, -1
3 as the local Fermi

wavevector [15, 22] kF rð Þ at position r and write the Thomas–
Fermi equation as

k2
F rð Þ
2
þ vext rð Þ þ

ð
q r0ð Þ
r% r0j jdr

0 ¼ l ; (55b)

From Equation (55b), it is clear that although the kinetic en-
ergy of an electron in the HO orbital varies over different points,
its total energy—which is the sum of its kinetic, external and
Coulomb energies in presence of other electrons—is a constant
throughout the system and is equal to l. If it was not a constant,
the system could lower its energy by reducing the electrons in
the regions of higher total energy per electron to the regions of
lower energy, making it equal throughout the system when the
energy minimum is achieved. Equation (55b) also leads the
physical meaning of l: it is the energy of the highest energy
electrons. Furthermore, negative of l is the ‘removal energy of
an electron’ from the system, i.e. l is the ‘chemical potential’.
This is because if we multiply Equation (54) by a small change
Dq rð Þ in the density—corresponding to a change DN ¼

Ð
Dq rð Þdr

in the number of electrons—and integrate over the volume, we
get

DE ¼ lDN; (56a)

or

l ¼ @E
@N

' (

vext

: (56b)

Notice that in the equation above, the external potential is
kept fixed in taking the derivative. This is a requirement in ap-
plying the variational principle and we will come back to this
point again in later sections. Equations (55b) and (56b) also indi-
cate that the energy of the highest energy electron is equal to
the chemical potential of the system. What is the value of
chemical potential itself? That answer is obtained by taking
DN ¼ 61 and gives

l ¼ 7 EN61 % ENð Þ ¼
%I for DN ¼ %1

%A for DN ¼ þ1
;

8
<

: (57)

where I is the IP and A is the electron affinity of the system.
This is similar to Koopmans’ theorem in Hartree–Fock theory.
Our discussion here is depicted schematically for a HEG and an

inhomogeneous electron gas in one dimension in Figure 2.
Since the system taken is very large—like a bulk metal—the or-
bital energies are almost continuous, and the IP and electron af-
finity of the system are the same and equal to the work
function W. We remark on the calculation of chemical potential
in Equation (57) that we have done it using finite difference
DN ¼ 61 while varying the electron number. In part-II of this ar-
ticle, it will be shown rigorously that calculation can also be per-
formed using DN! 0 and that leads the same result.

Exercise: Taking a system of bound electrons to be neutral (due to the
background positive charge binding the electrons), evaluate the left-
hand side of Equation (55a) at infinitely large distance from it to obtain
the chemical potential of the system in Thomas–Fermi theory. Hence,
comment on what will the IP of a neutral atom or molecule in Thomas–
Fermi theory.

After doing the exercise in the box above, the reader will realize
immediately that Thomas–Fermi theory is missing some essen-
tial physics. First, the Hartree potential is calculated for all the
electrons and, therefore, an electron has self-interaction in this
theory. This can be corrected by subtracting from Thomas–
Fermi energy a term which is N times the average self-
interaction energy for each electron. This is known as Fermi–
Amaldi correction [60] and the total energy with this correction
is given as

ETF q½ + %
1

2N

ð ð
q rð Þq r0ð Þ

r% r0j j drdr
0
: (58)

However, as we learnt in going from Hartree theory to
Hartree–Fock theory, Coulomb interaction energy between the
electrons is better given by the sum of the Hartree energy and
the exchange energy. Considering this, Thomas–Fermi theory is
extended more appropriately by including the exchange energy
in ETF q½ +. For this purpose, the exchange energy is calculated

Figure 2: (a) Schematic depiction of electrons in a constant potential. The
shaded region shows the energy levels filled with the electrons and the dotted
line shows the corresponding density of electrons. Note that the kinetic and po-
tential energies of an electron are constant throughout the system. (b) Electrons
confined in a varying potential with shaded regions showing the filled levels
and dotted line showing the electron density. Notice that the kinetic and poten-
tial energies of the highest energy electron now depend on its position in the
system. However, its total energy is constant throughout the system.
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approximately [61] by using expression (47a) for the exchange
energy per electron for HEG and replacing the constant density
in it by the space-dependent density q rð Þ for an inhomogeneous
electron gas. The approximation is similar to that made for the
kinetic energy. It is known as the local-density-approximation
(LDA). In this approximation, inhomogeneous electron gas is
treated as if it is locally homogeneous and any variation in the
density at a point does not have significant effect the quantity
(kinetic or exchange energy) being approximated. The expres-
sion for the exchange energy within the LDA is therefore

ELDA
x q½ + ¼ %

1
4

3
p

' (1
3
ð

q
4
3 rð Þdr: (59)

The theory based on inclusion of exchange energy in
Thomas–Fermi energy is known as Thomas–Fermi–Dirac (TFD)
theory. The total energy in TFD theory is given as

ETFD q½ +¼ ETF q½ + þ ELDA
x q½ +: (60)

Further improvement in the energy is made by including the
correlation energy in the expression above within the LDA by
using Equation (51b).

A significant shortcoming of Thomas–Fermi theory and its
extensions discussed above is the lack of shell structure when
density is calculated for atoms. Keep in mind that properties of
materials depend on how electrons are distributed among dif-
ferent shells in its constituent atoms. Therefore, shell structure
of atoms is important for understanding properties of materials
correctly. To get the shell structure, it is necessary to treat ki-
netic energy of a system in a much better way. This is done by
incorporating in the kinetic energy expression terms that de-
pend on the gradient of the density, thus going beyond the LDA
and taking into account the inhomogeneity of electron gas. The
first such modification to the kinetic energy functional of TF
theory is the von-Weizsäcker correction [62]

TW q½ + ¼
1
8

ð rq rð Þ
&& &&2

q rð Þ
dr: (61)

The total energy is now written as the sum of the Thomas–
Fermi energy, the exchange energy, the correlation energy and
the von-Weizsäcker correction, and the corresponding equation
for the density is obtained by applying the variational principle.
This theory is known as extended Thomas–Fermi theory. It can
be improved further by adding more correction terms to the en-
ergy expression.

Exercise: Obtain the equation for density in extended Thomas–Fermi
theory as more and more energy terms are added to the energy
functional.

For an extensive review and application of Thomas–Fermi the-
ory to a variety of systems, the reader is directed to Refs [58, 59].
As an example of applying extended Thomas–Fermi theory by
employing an approximate variational form of the density, we
refer the reader to Refs. [63, 64]. Applications of the theory to
understand behaviour of bulk materials will be found in Refs.
[65, 66].

Having discussed the many-body Schrödinger equation, its
solutions and density-based Thomas–Fermi theory, we are now
ready to present modern DFT [66–74], which is an exact

formulation of the many-electron problem in terms of the
ground-state density of electrons. The significance of DFT in
theory of material design is that it makes solution of the prob-
lem much easier than solving the Schrödinger equation. Its im-
plementation, however, requires approximating exchange and
correlation energies. Starting from the LDA, these approxima-
tions have evolved [75, 76] since the inception of DFT to a high
degree of accuracy. This coupled with the ease of employing
DFT has made it the most widely used theory of materials.
Research in theory of materials therefore delves into under-
standing fundamental aspects of DFT and developing computa-
tional methods of implementing it over a range of materials.

In the next section, we begin our discussion of theory of
materials by presenting basic formulation of DFT and how it is
applied by using the LDA. Numerical techniques to employ it in
a variety of systems are also discussed. This will bring us to the
end of part-I of the article. Part-II of the article will be devoted to
going beyond the LDA with proper understanding of fundamen-
tals of DFT. The ‘Concluding remarks’ section after that is de-
voted to discussion of some important exact results in DFT.

MODERN DFT
Hohenberg–Kohn theorem and connection with
approximate density-based theories

In the above, we have discussed Thomas–Fermi theory and its
extensions. The theory is based on expressing different energy
components in terms of the density of electrons, using mainly
the results of HEG. The question arises if the formulation in
terms of density is an approximate method only or is it approxi-
mation to an exact quantum-mechanical theory in terms of the
density. It turns out that one can reformulate many-electron
problem in terms of the ground-state of electron density based
on Hohenberg–Kohn (HK) theorems [77] that we now discuss.

Theorem I. For N electrons in a multiplicative external potential
vext rð Þ, there is one-to-one correspondence between the exter-
nal potential and the ground-state density q rð Þ of electrons.

Before giving the proof of the theorem, let us explain the ques-
tion the theorem gives answer to. To determine density of elec-
trons, one solves the Schrödinger equation and obtains the
density from the resulting wavefunction using Equation (9). The
question that arises is as follows: if the Schrödinger equation is
solved with two different multiplicative external potentials in
the Hamiltonian, although the wavefunctions will be different,
can the ground-state densities still be the same. This question
comes up because of the possibility that different antisymmet-
ric functions, when substituted in Equation (9), can still lead to
the same density.

Exercise: Show that two different external potentials differing by more
than a constant cannot have any common stationary-state
wavefunctions.

We give the proof here for non-degenerate ground-states. After
that we comment on its generalization [73] for degenerate case.

Proof: The proof of the theorem is given by contradiction. In
giving the proof we restrict ourselves to non-degenerate
ground-states. We assume that two different potentials vext rð Þ
and - vext rð Þ, whose difference is not a constant, lead to the
same ground-state density q rð Þ and show that it leads to an
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absurd result. To do this, assume that the Hamiltonian H with
external vext rð Þ and - H with external potential - vext rð Þ have
non-degenerate ground-state wavefunctions W and - W, and the
corresponding ground-state energies E and - E, respectively.
However, both W and - W give the same density q rð Þ. By the vari-
ational principle

E ¼ WjHjW < - WjHj- W: (62)

Note that the inequality above is strictly less than and not
less than or equal to. Now write

H ¼ - H þ
XN

i¼1

vext rið Þ % - vext rið Þð Þ; (63)

so that we get

E < h~ jHj~i ¼ h~j ~Hj~iþ
ð
ðvextðrÞ % ~vextðrÞÞqðrÞdr;E

< ~E þ
ð
ðvextðrÞ % ~vextðrÞÞqðrÞdr : (64a)

Now use - E ¼ - Wj- Hj- W < Wj- HjW and follow the steps
above to get

- E < E%
ð

vext rð Þ % - vext rð Þð Þq rð Þ dr: (64b)

Adding Equations (64a) and (64b) give

Eþ - E < Eþ - E: (65)

This is an absurdity since a quantity cannot be strictly less
than itself. Thus, our initial assumption that both the potentials
lead to the same ground-state densities is not correct. In other
words, each external potential gives a unique ground-state
density.

The theorem is easily generalized [73] to degenerate case by
showing that two degenerate ground-states belonging to two
potential that differ by more than a constant cannot be the
same. This is done following exactly the same steps as taken in
the non-degenerate case. A special situation can, however, also
arise in the degenerate case whereby two degenerate wavefunc-
tions give the same density, for example in the non-interacting
lithium atom. We will comment on this aspect further in the
following.

With this theorem, it is clear that a system with a given
number of electrons is fully specified either by the external po-
tential or its ground-state density. As a result, we should be able
to obtain any property of an electronic-system from its ground-
state electron density. However, the theorem above does not
give a prescription for doing this. Contrast this with the case
when the external potential is given for a system. In that situa-
tion, the path to find any property is straightforward: solve the
Schrödinger equation to get the wavefunction and use it to ob-
tain the expectation values of the corresponding operator. So,
while the theorem above provides the basis for electronic-
structure theory in terms of the density, more work is needed
for development of the theory. First step in this direction is the
second HK theorem that establishes the variational principle in
terms of ground-state density. Before we state and prove this
theorem, some mathematical consequences of Theorem I are
presented below.

Because of Theorem I, the wavefunction of a many-electron
system is a functional W q½ + of its ground-state density q rð Þ,

which means that the ground-state energy is also a
functional E q½ + of the density. We write the energy functional as

Evext q½ + ¼ W q½ +jT̂ þ V̂eejW q½ + þ
ð

q rð Þvext rð Þdr; (66)

where subscript vext is written explicitly to indicate that energy
is being calculated for the Hamiltonian with external potential
vext rð Þ. Notice that in the energy functional above, we have not
written vext rð Þ as dependent on the density. This is to be able to
apply the variational principle in terms of the density whereby
the Hamiltonian is to be kept fixed when the density is varied.
The first term in the expression for energy above is the sum of
the kinetic and electron–electron interaction energy and
depends on density alone. It is therefore a ‘universal functional
of the density’ and its form should be the same for all systems.
In the following, we will write this functional as F q½ +. Thus,

F q½ + ¼ T q½ + þ EH q½ + þ EQM
xc q½ +; (67)

where the three terms on the right-hand side of the equation
above represent, respectively, the kinetic energy, the Hartree
energy and the exchange-correlation energy of electrons. We re-
call that by definition the exchange-correlation energy is

EQM
xc q½ + ¼ W q½ +jV̂eejW q½ + % EH q½ +: (68)

In Thomas–Fermi theory, F q½ + is taken to be the sum of the
kinetic and Hartree energies (the first and the third terms in
Equation (52)), with the kinetic energy approximated in terms of
the density.

For the degenerate case, we want to emphasize that the
wavefunction cannot in general be written as a functional of the
ground-state density (refer to the example of Li atom above).
However, the ground-state energy is still a functional of the
density [73] and can be written as the sum of the universal func-
tional of the density and the external energy term.

Next, we present Theorem II.

Theorem II. The ground-state energy functional attains its mini-
mum value, which is the true ground-state energy, for the cor-
rect ground-state density.

Proof: Consider a system which has external potential vext rð Þ
and ground-state density q rð Þ. Its ground-state wavefunction is
W q½ +. If we now consider some other ground-state density q

0 rð Þ
with the corresponding wavefunction W

0
q
0* +

. Then by the varia-
tional principle for the energy (see Equation (62)), it follows that

Evext ½q + ¼ hW½q +jT̂ þ V̂eejW½q +iþ
Ð
qðrÞvextðrÞdr

< hW’½q ’+jT̂ þ V̂eejW’½q ’+iþ
Ð
q ’ðrÞvextðrÞdr ¼ Evext ½q ’+ :

(69)

The theorem above along with its proof shows that Evext q½ +
attains its minimum value, which is the true ground-state en-
ergy, when the correct ground-state density corresponding to
vext rð Þ is substituted in Equation (66). For any other density, the
value of this expression will be higher. We explicitly mention
that in obtaining the inequality above, energy for every density
is calculated by keeping vext rð Þ—and therefore the
Hamiltonian—fixed, as should be done in applying the varia-
tional principle.

Theorem II provides the way to use Theorem I to develop
DFT further. Because the ground-state energy is minimum for
the correct ground-state density, we can get the latter by
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minimizing the energy functional with respect to the density
under the constraint of Equation (53) that the total number of
electrons remains unchanged. This leads to the equation

dEvext q½ +
dq rð Þ

¼ l ; (70a)

for the ground-state density, where l is the Lagrange multiplier
used to ensure that the constraint electron number is fixed.
Here again, the subscript vext indicates that when the density is
varied in search of the ground-state energy, the external poten-
tial is kept fixed, as was noted after presenting the proof of
Theorem II. Equation (70a) is now written in terms of the func-
tional derivative of the universal functional as

dF q½ +
dq rð Þ

þ vext rð Þ ¼ l : (70b)

What we have presented in Equation (70b) applies equally
well to the degenerate ground-states as both the energy and
universal functional for these can be written in terms of the
density.

We have already come across an approximation to Equation
(70b) in the form of Thomas–Fermi equation: when the univer-
sal functional is approximated in Thomas–Fermi theory,
Equation (70b) leads to this equation. The two HK theorems pre-
sented above thus provide a rigorous foundation for developing
theory of electronic-structure in terms of density and show that
Thomas–Fermi theory and its extensions indeed stand on
sound mathematical principles. We now comment on the inter-
pretation of the Lagrange multiplier l in exact DFT.

Since we have already shown that l in Thomas–Fermi theory
comes out to be the chemical potential which is equal to the re-
moval energy of an electron from the system, it is no surprise
that l in the exact theory also has the same meaning.
Furthermore, since the theory is exact, the chemical potential of
Equation (70a) or (70b) will be equal to the experimental IP. The
proof is exactly the same as given for Thomas–Fermi theory and
we urge the reader to go over it once more replacing the approx-
imate energy functionals of Thomas–Fermi theory by the exact
ones.

Let us now summarize what has been established. It has
been shown that ground-state density of a system can be used
as a fundamental variable to describe it. Furthermore, the en-
ergy of a system can be written as a functional of this density
and is the sum of a universal functional F q½ + and energy of inter-
action

Ð
q rð Þvext rð Þdr with the external potential. Next, the equa-

tion for the density has been obtained by applying the
variational principle. Solution of this equation gives both the
ground-state density and the chemical potential of the system.
Thus, if the universal functional is known exactly, the ground-
state density, the corresponding energy and the chemical po-
tential of any system can be obtained by performing calcula-
tions entirely in terms of density, thereby bypassing the need to
obtain the many-body wavefunction. This is precisely what
makes DFT charming and operationally effective.

Having established that electronic structure calculation can
in principle be performed in terms of density, we now discuss
how it is done in practice. One approximate way of applying the
theory we have already described in detail is the Thomas–Fermi
theory and its extensions. However, as noted there, approxi-
mate treatment of kinetic energy leads to many shortcomings
in a density-based theory. How does one then treat kinetic

energy better while employing density as the basis variable?
The answer is provided by Kohn–Sham (KS) reformulation of
Equations (70a) and (70b). We describe that next.

The KS equation

We now discuss the KS formulation [78] of DFT that treats ki-
netic energy very accurately. This theory is formulated in terms
of orbitals of a non-interacting system, called the KS system, of
the same density as the real system. In this system, the non-
interacting electrons move in a multiplicative potential known
as the KS potential. In proposing such a system, it is assumed
that such a potential exists. This assumption is known as the
density being noninteracting v-representable. Uniqueness of
this potential is guaranteed by the HK theorem. The potential
can be obtained [79] from the many-electron wavefunction us-
ing the differential virial theorem and has a physical interpreta-
tion [80, 81] in terms of classical fields. Orbitals of the KS system
are then obtained by solving the corresponding Schrödinger
equation, which is known as the KS equation. Practical impor-
tance of the formulation, however, arises from the fact that the
KS potential can in principle be written exactly in terms of the
density. Then the KS equation becomes like the Hartree equa-
tion and is solved self-consistently to get the orbitals and the
density of a many-electron system. We elaborate on this in the
following.

Imagine a system of non-interacting electrons (particles
with all properties the same as those of electrons except that
they have no charge and are therefore non-interacting) that
have the same density as the true system.

Comment: This is an advantage of working with the density: systems
with different kinds of inter-particle interaction can have the same
ground-state density by adjusting the external potential appropriately.
Since the external potentials are different, wavefunctions for each sys-
tem also differ. A question may be raised: if the external potentials are
different, how can the ground-state densities be the same? Wouldn’t
that be in violation of the HK Theorem I? The answer is in the negative
since Theorem I states that for a system of particles, different external
potentials lead to different ground-state densities. It is implicit in the
theorem that inter-particle interaction is fixed, which became self-
evident while proving the theorem. In the present case, we are chang-
ing the inter-particle interaction and adjusting the external potential so
that the density remains unchanged for each inter-particle interaction.

Let the potential seen by non-interacting electrons be the KS po-
tential vKS rð Þ. Then, the energy of the KS system is

EKS q½ + ¼ Ts q½ + þ
ð

q rð ÞvKS rð Þdr; (71)

where Ts q½ + is the kinetic energy of non-interacting electrons of
the same density. It will be different from the kinetic energy of
interacting electrons with density q rð Þ because their wavefunc-
tions and therefore the expectation values of the kinetic energy
operator for the two systems are different. The equation for the
ground-state density of this system is

dTs q½ +
dq rð Þ

þ vKS rð Þ ¼ l : (72)
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Now we look at the corresponding equation for the true sys-
tem and bring it to the form of Equation (72). For this, the uni-
versal functional is written as follows:

F½q + ¼ T½q + þ EH½q + þ EQM
xc ½q +

¼ Ts½q + þ EH½q + þ EDFT
xc ½q +;

(73)

where the difference Tc q½ + ¼ T q½ + % Ts q½ + between the true kinetic
energy and the non-interacting kinetic energy for density q rð Þ
has been absorbed in the exchange-correlation energy. Thus,
exchange-correlation energy in DFT

EDFT
xc q½ + ¼ EQM

xc q½ + þ Tc q½ + (74)

is different from that calculated from the many-body wavefunc-
tion and includes in it all the many-body effects. With this, the
equation for the density is

dTs q½ +
dq rð Þ

þ vext rð Þ þ
ð

q r0ð Þ
r% r0j jdr

0 þ
dEDFT

xc q½ +
dq rð Þ

¼ l : (75)

A comparison between Equations (74) and (75) gives

vKS rð Þ ¼ vext rð Þ þ
ð

q r0ð Þ
r% r0j jdr

0 þ
dEDFT

xc q½ +
dq rð Þ

: (76)

As noted earlier, the second term on the right-hand side of
the equation above is the Hartree potential and is obtained by
taking the functional derivative of the Hartree energy with re-
spect to the density. From now on we will denote it as vH rð Þ. The
new term in the equation above is the last term which is the
functional derivative of the exchange-correlation energy func-
tional and is known as the exchange-correlation potential and
denoted as vxc rð Þ. Thus,

vxc rð Þ ¼
dEDFT

xc q½ +
dq rð Þ : (77)

Now Equation (72) for the density is equivalent to solving the
Schrödinger equation for non-interacting electrons and finding
the density from the orbitals obtained using Equation (23).
Therefore, Equation (76) implies that the ground-state density
of the interacting system can be found equivalently by solving
the Schrödinger-like equation

% 1
2
r2 þ vext rð Þ þ vH rð Þ þ vxc rð Þ

' (
ui rð Þ ¼ !iui rð Þ; (78)

to get orbitals u i rð Þ
. /

, filling the orbitals with lowest possible
energies following Pauli’s exclusion principle and calculating
the density using Equation (23), i.e.

q rð Þ ¼
XN

i¼1

ui rð Þ
&& &&2: (23)

Equation (78) is known as the KS equation, and the potential
vKS rð Þ and the orbitals u i rð Þ

. /
as the KS potential and KS orbi-

tals, respectively. Like the Hartree or the Hartree–Fock equa-
tions, KS equation is solved self-consistently since the Hartree
and the exchange-correlation potentials depend on the density.
Thus, one starts self-consistency iterations with an approxi-
mate density, constructs the Hartree and exchange-correlation
potentials from it and solve the KS equation to get the orbitals.

These orbitals are then used to get the new density using
Equation (23) and this density is used to get new Hartree and
exchange-correlation potentials and solve the KS again. These
iteration cycles are repeated until the input and output densi-
ties match within a chosen tolerance. The density so obtained
is the true ground-state density of the system.

Once the orbitals and the density have been obtained, these
are used to calculate the energy. The non-interacting kinetic en-
ergy of the system is

Ts q½ + ¼
XN

i¼1

uij%
1
2
r2jui: (79)

When substituted in the expression for energy, it gives

Evext q½ + ¼
XN

i¼1

uij%
1
2
r2jui þ

ð
q rð Þvext rð Þdrþ EH q½ + þ EDFT

xc q½ +: (80a)

The total energy can also be written in terms of the orbital
eigen-energies as

Evext q½ + ¼
XN

1

!i %
1
2

ð ð
q rð Þq r0ð Þ

r% r0j j drdr
0 %
ð

q rð Þvxc rð Þdrþ EDFT
xc q½ +:

(80b)

In passing we note that in terms of the orbital eigen-ener-
gies, the energy of the KS system given by Equation (71) is

EKS q½ + ¼
XN

1

!i : (81)

As noted earlier, structure of the KS equation and the self-
consistent method of solving it are exactly like the Hartree
equation (Equation 26) and the HF equation (Equations 45a and
45b). However, there are significant fundamental differences be-
tween the KS method and the other two methods. In the KS
equation, the exchange-correlation potential is exact while in
Hartree theory it is approximated by the self-interaction poten-
tial of each orbital. Furthermore, while the KS potential is the
same for all orbitals, effective potential (Equation 27) in Hartree
theory is orbital dependent. Nonetheless, both the exchange-
correlation potential and the self-interaction potential are mul-
tiplicative. Next, we compare the KS equation and the HF equa-
tion. Again, while the KS equation has the exact exchange-
correlation potential in it, the HF equation has only the ex-
change potential. In addition, while the exchange-correlation
potential in KS equation is a local potential, i.e. it is multiplica-
tive, the exchange potential in HF theory is non-local. ‘Local na-
ture of the exchange-correlation potential and its orbital-
independence makes solving the KS equation easier than the
Hartree or the Hartree–Fock equations’. Finally, the most impor-
tant difference between Hartree or Hartree–Fock theories and
KS method is in their philosophy of solving the many-electron
problem. The former two are ‘approximate methods’ based on
wavefunctional approach and obtain an approximate wave-
function in terms of single-particle orbitals. In contrast, KS for-
mulation is an ‘exact theory’ which in principle gives the true
ground-state density of a many-electron system directly, cir-
cumventing thereby the requirement of first having to calculate
its wavefunction; orbitals in KS theory are just a mathematical
construct which lead to this density. Consequently, whereas
solutions of Hartree or Hartree–Fock equations can be thought
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of approximate orbitals of an electron in a many-electron sys-
tem, no such physical significance can be attributed to orbitals
in KS theory. Similarly, orbital eigen-energies in KS theory can-
not be interpreted as removal energies—in contrast to orbital
energies in Hartree–Fock theory that are approximately the re-
moval energies from the corresponding orbitals—except that
for the HO orbital. We elaborate on it in the following.

The KS system, by the way it is constructed, has the same
chemical potential l as the real system. From Equation (81), the
chemical potential for the KS system is also equal to the orbital
eigen-energy emax of the HO orbital. Since emax is the removal
energy for the KS system, it follows that

!max ¼ %I: (82)

Thus, in addition to giving the ground-state density and en-
ergy, solution of KS equation also gives the IP of a many-
electron system. This is known as the IP theorem of DFT.

In the discussion so far, we have established the exact DFT
formalism. We have learnt that in principle the theory leads to
the exact ground-state density, energy and the IP. However,
implementation of DFT directly in terms of density requires
that the kinetic and the exchange-correlation energy func-
tional be approximated. This, as we saw in the context of
Thomas–Fermi theory, leads to results that are highly unphys-
ical, primarily because of approximate treatment of kinetic en-
ergy in terms of density. However, kinetic energy can be made
very accurate if its non-interacting component is treated ex-
actly. This is done in terms of orbitals of an auxiliary system of
non-interacting electrons and leads to KS formalism of DFT.
Solving the KS equation requires only the exchange-
correlation energy to be approximated. As these approxima-
tions are made more and more accurate, KS formalism should
lead to better and better results. As such, since the inception
of DFT, KS formalism has been the mainstay of electronic-
structure calculations for material design. In the beginning, KS
formalism was applied [82–84] by employing the LDA for ex-
change and correlation energies [see Equations (47a), (47b),
(51b), and (59)] and is the zeroth-order approximation which
forms the foundation for better approximations developed as
the theory evolved. Even today, most of the times, it is the first
calculations that is performed on a system before more so-
phisticated functionals are employed. Next subsection is
therefore devoted to discussing the LDA for exchange and cor-
relation and numerical methods employed to solve the KS
equation using this approximation.

Solving the KS equation by employing the LDA

In this subsection, we discuss how the KS equation is solved by
employing the LDA for the exchange-correlation energy and
therefore also the exchange-correlation potential. The func-
tional form for the exchange energy in the LDA has been given
in Equation (59). In general, exchange-correlation energy in the
LDA is written as

ELDA
xc qðrÞ½ + ¼

ð
qðrÞ!HEG

xc ðqðrÞÞdr; (83)

where eHEG
xc ð¼ eHEG

x þ eHEG
c Þ is the exchange-correlation energy per

electron for charge density q of HEG. Exact expression for eHEG
x is

given in Equation (47a) and a formula based on interpolation for
eHEG

c is given in Equation (51b). The potentials are calculated by

taking the functional derivative (see Supplementary Material) of
the corresponding functionals and are given as

vLDA
x rð Þ ¼ % 3q rð Þ

p

' (1=3

(84a)

and

vLDA
c rð Þ ¼ % 0:147

rs rð Þ þ 7:85ð Þ2
4rs rð Þ þ 23:55ð Þ; (84b)

where rs rð Þ is related to the density q rð Þ through Equation (29).
While we have used the Wigner interpolation formula for the
correlation energy per electron in a HEG, other more accurate
expressions for it exist. These are parametrizations given by
Hedin and Lundqvist [85], von Barth and Hedin [86], Vosko et al.
[87] and Perdew and Zunger [88] parametrization of Monte-
Carlo calculations of Ceperley and Alder [54]. For some recent
work, a different way of parametrizing the correlation energy
for HEG, we refer the reader to Ref. [89]. Furthermore, a critical
investigation of different parametrization for correlation energy
of HEG has been given in Ref. [90].

A related approximation to the LDA is the local spin density
approximation (LSDA) that calculates the exchange-correlation
energy in terms of the densities q" rð Þ and q# rð Þ of electrons for
spins þ 1

2 and % 1
2, respectively. The energy expression in this ap-

proximation is given as

ELSDA
xc q " rð Þ; q # rð Þ

* +
¼
ð

qðrÞ!HEG
xc ðq " rð Þ; q # rð ÞÞdr : (85)

Exercise: Show that the exchange energy in terms of q" rð Þ and q# rð Þ
can be written as

Ex q " rð Þ; q # rð Þ
* +

¼ 1
2

Ex 2q " rð Þ
* +

þ 1
2

Ex 2q # rð Þ
* +

: (86)

Here, the exchange energy on the right-hand side is calculated using
the expression for system having equal number of electrons for both
spins. Furthermore, show that the non-interacting kinetic energy also fol-
lows the same relation.

We note that the correlation energy cannot be split neatly into
components dependent on q" rð Þ and q# rð Þ separately.
Nonetheless, in the LSDA, the correlation energy too is written
in a manner similar to the exchange energy as follows. Since
the correlation energy for HEG is calculated for systems where
all electrons have the same spin (ferromagnetic and denoted
with superscript F) or half of the electrons have þ 1

2 and the
other half have spin % 1

2 (paramagnetic and denoted with super-
script P), the exchange-correlation energy per particle appearing
in Equation (86) is interpolated [77] in terms of density q ¼ q" þ
q# and spin polarization parameter f ¼ q"%q#

q"þq#
as

!HEG
xc q ; fð Þ ¼ !Pxc q ; 0ð Þ þ !Fxc q ; 1ð Þ % !Pxc q ; 0ð Þ

* +
f fð Þ; (87a)

where

f fð Þ ¼ 1
2

1þ fð Þ4=3 þ 1% fð Þ4=3 % 2
21=3 % 1

" #

: (87b)
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The corresponding potential for electrons of spin r " or #ð Þ
in the LSDA is also written following the exact form for the ex-
change potential and is given as [86, 88]

vLSDA
xc; r rð Þ ¼ vP

xc q rð Þ; 0ð Þ þ vF
xc q rð Þ; 1ð Þ % vP

xc q rð Þ; 0ð Þ
* +

f fð Þ

þ !Fxc q rð Þ; 1ð Þ % !P
xc q rð Þ; 0ð Þ

* +
sgn rð Þ % f½ +

df fð Þ
df

;
(88)

where sgn "ð Þ ¼ 1 and sgn #ð Þ ¼ %1 . The LSDA is more accu-
rate than the LDA and is necessary when we consider a mag-
netic system.

Exercise: Show that relations given by Equations (87a) and (88) are ex-
act for, respectively, the exchange energy per electron and exchange po-
tential in a HEG.

Using potentials given by Equation (84), KS equation can be eas-
ily solved numerically for spherically symmetric systems such
as atoms [82], jellium spheres [63, 91, 92] and Hookium [7]. A
good guide to writing the numerical code to solve the KS equa-
tion self-consistently for spherical systems is in the book by
Herman and Skillman [93]. Solutions of the KS equation give the
orbitals and their eigenvalues. From these, the density of the
system is obtained from Equation (23) and the total energy from
Equation (80a) or (80b). Furthermore, eigenvalue for the highest
energy orbital should give the ionization energy of the system.
Results obtained for noble gas atoms He, Ne and Ar by using the
LDA are shown in Table 4 (within the LDA, the extra electron in
the hydrogen negative ion—and other negative ions—does not
bind [94, 95]).

Numbers for total energies in Table 4 show that the LDA is a
reasonably good approximation and leads to total energies close
to the experimental numbers. Approximate treatment of ex-
change and correlation effects, however, makes them less nega-
tive than the corresponding Hartree–Fock energies given in
Table 2, although correlation energy is included in the total en-
ergy calculation. Nonetheless, it is clear that LDA-based calcula-
tions can be used to obtain the total energies of a system.
Furthermore, accuracy of the energies indicates that better
approximations for exchange and correlation can be developed
with the LDA as the starting point.

In contrast to the total energies, the HO orbital eigen-ener-
gies are much smaller in magnitude compared with the experi-
mental ionization energies. This means electrons in these
orbitals are not as tightly bound as they should be. The reason
for this is that the eigenvalue for the uppermost orbital depends
crucially on the potential in the outer regions of a system; the
LDA potential in these regions is not as deep as the true poten-
tial (exact behaviour of KS potential in asymptotic regions of a
system is discussed in part-II of this article). This is easily un-
derstood from the exchange potential which varies as q1=3 and
therefore decays exponentially in the outer regions where the
density itself varies exponentially with the distance from the
system. This leads to weak binding of electrons in the HO
orbital.

Next, we present the results for some solids obtained from
the solutions of the KS equation by applying the LDA. As men-
tioned earlier in the article, plane-wave basis has been most
popular [96–98] to solve KS equation for solids. Results of KS-
LDA calculations are displayed in Table 5. It is seen that the lat-
tice constants for solids of C, Si and Ge are given quite accu-
rately by the LDA whereas those for Ne, Ar, Kr and Xe do not

have the same accuracy. This is a reflection of the LDA not de-
scribing outer low-density regions of these atoms well. The
band-gaps for all systems, on the other hand, are underesti-
mated by a significantly large amount by the LDA. We will learn
in part-II of the article that underestimation of the gap is not
limited to the LDA but even highly accurate approximations
give a gap smaller than the true gap. An understanding of why
this happens will also be discussed there. Finally, we point out
that the difference in the values of energy gaps given in Refs
[101] and [102] arises due to inclusion of relativistic effects in
work of Ref. [102].

In this subsection, we have given some representative
results for finite and infinitely large systems by solving the KS
equation employing the LDA. These results show that reason-
ably accurate estimates can be made for many properties of
these systems. More importantly, they give the hope that with
better approximations for the exchange-correlation energy
functionals, more accurate results can be obtained.

CONCLUDING REMARKS
In this article, we have started with an introduction to the
Schrödinger equation and presented methods of its solution for
simple cases when particles (electrons) are not interacting. It
was then discussed in detail how the introduction of interaction
between electrons makes solving the equation impossible.
Thus, approximate and yet accurate methods of solution have
to be developed. In this connection, Hartree and Hartree–Fock
methods were presented in detail, partly for the reason that the
structure of equations to be solved in these methods is similar
to the KS equation of DFT. Initial attempts to find an alternative

Table 4. Total energy and eigen-energy of the HO orbital of three no-
ble gas atoms as calculated within the LDA in comparison with the
experimental total energies and IPs

Atom Total energy Eigenvalue (HO) and
ionization potential

ELDA Eexpt [30, 31] %emax Iexpt [30, 31]

He %2.8335 %2.9034 0.5696 0.9035
Ne %128.2210 %129.0600 0.4961 0.7925
Ar %525.9280 %529.2490 0.3822 0.5790

All numbers are given in a.u.

Table 5. Lattice constants, bulk modulus and energy band gap for
some non-metallic systems calculated in LDA

Solid aLDA [Å] aExpt [Å] BLDA [GPa] BExpt [GPa] ELDA
Gap [eV] EExpt

Gap [eV]

C 3.55 [99] 3.57 [22] 458 [99] 442 [34] 4.10 [100] 5.50 [22]
Si 5.41 [99] 5.43 [22] 95 [99] 99 [34] 0.47 [100] 1.17 [22]
Ge 5.63 [99] 5.65 [22] 70 [99] 76 [34] 0.00 [100] 0.74 [22]
Ne 3.86 [101] 4.46 [37] – 1.1 [38] 11.32 [101]

11.40 [102]
21.48 [41]

Ar 4.95 [101] 5.30 [42] – 2.9 [38] 8.16 [101]
8.10 [102]

14.15 [41]

Kr 5.36 [101] 5.65 [43] – 3.3 [38] 6.47 [101]
6.76 [102]

11.59 [41]

Xe 5.90 [101] 6.13 [44] – 3.7 [38] 5.26 [101]
5.56 [102]

9.29 [41]

These are compared with the corresponding experimental numbers.
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to solving the Schrödinger equation for the wavefunction led to
approximate density-based theories starting with Thomas–
Fermi theory. This theory was presented in detail as it forms
the basis of exact DFT and many concepts introduced here ap-
pear again when DFT is discussed. Following Thomas–Fermi
theory and its extensions, we moved on to describe modern
DFT in its exact form both in terms of density and its KS version
in terms of orbitals. Finally, we described how KS equation can
be solved by making the LDA and its spin-dependent version
called the LSDA. Result obtained by this method was presented.

To make further progress in applying DFT and get more ac-
curate results, it is important that fundamental aspects of the
theory be understood well and are used to make better esti-
mates of properties of materials. These aspects of DFT will be
presented in the second part of this article.

SUPPLEMENTARY DATA
Supplementary data are available at OXFMAT Journal online.
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