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Abstract

The advantages offered by additive manufacturing over traditional processes has driven a great deal of industrial and
academic interest in recent years. However, the process is relatively new and requires additional investigation to become
sufficiently mature for wide scale industrial adoption. Electron beam melting powder bed fusion is one technology that
has shown promise for fabricating high temperature resistant materials such as nickel based superalloys. The resulting
microstructures typically exhibit a strong fiber texture in the build direction giving rise to anisotropic time-dependent
deformation behavior. In order to accelerate the qualification of these materials for industrial adoption accurate numerical
models are needed for simulating their behavior. In this work a crystal plasticity model including non-Schmid effects is
presented for capturing creep anisotropy observed in additively manufactured IN738LC. The model is calibrated via a
probabilistic framework where model parameters are treated as random variables. An iterative sequential design strategy
is utilized to efficiently identify the probability density of the unknown model parameters. As a case study the model is
utilized to investigate the behavior of randomly oriented equiaxed grain clusters sometimes observed embedded in the
additively manufactured columnar structure. A synthetic realization is simulated and uncertainty is propagated through
to the full-field response. Results indicate that these features are the source of significant creep relaxation and strain
accumulation which partially explains observed grain boundary decohesion at these locations.
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material behavior. Traditional manufacturing methods,
such as casting, have been studied exhaustively for decades
and are relatively well understood in both respects. Hence,
a dual focus approach, which places emphasis on both
process science and material behavior, is needed for de-
veloping the necessary knowledge needed for widespread
commercial usage of AM. While a great deal of effort to
date has been placed on processing related aspects ad-
ditional effort is needed to develop computational tools
for predicting the mechanical behavior of AM materials.
Microstructures may vary greatly across multiple length
scales relative to traditional materials and so predictive

1. Introduction

Additive manufacturing (AM) is an emerging indus-
trial technology with the potential for enabling innova-
tions in materials synthesis, engineering design, and sup-
ply chain logistics. However, one of the current limitation
towards industrial adoption is driven by a fundamental
knowledge gap associated with material processing and
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tools are needed to better understand and engineer AM
materials. In addition, since these material systems are
complex, and high fidelity experimental data scarce, it is
imperative to consider the uncertainty implicitly present
in these numerical physics models.

Powder bed (PB) based technologies such as electron
beam melting (EBM) and laser PB fusion (LPBF) are
two of the more developed metal-based AM technologies.
The process science in both is largely focused on studying
AM related defects or microstructures and a great deal
of prior knowledge is inherited from the welding litera-
ture [1]. Defects resulting from inadequate fusion of the
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powder bed results in deleterious artifacts in the mate-
rial [2, 3]. Conversely, in-situ studies have demonstrated
that over-heating can also drive keyhole porosity defects
[4]. In highly alloyed materials, for instance Ni-based su-
peralloys, additional physical mechanisms become possible
which promote process induced cracking [5]. Recent works
have studied the cracking propensity of high strength Ni-
based superalloys in both prismatic and component geome-
tries and showed, via simulation, that a stress-temperature
coupling drives cracking [6, 7]. Some works have demon-
strated that via appropriate alloying some cracking mech-
anisms may be suppressed in certain material systems [8].

Microstructure control is another advantageous aspect
of AM. Due to the layer-wise fabrication and selective
melting within each layer there is potential for tailoring
site specific microstructures for optimised component per-
formance. Local crystallographic texture control has been
demonstrated in EBM AM via control of the solidifica-
tion gradient [9, 10]. The grain morphology, columnar,
equiaxed, or even single crystalline, can also be controlled
by manipulation of the solidification velocity and ther-
mal gradient magnitude [11-14]. Due to rapid solidifi-
cation conditions microstructural control can extend to-
wards even smaller length scales yielding novel microstruc-
tures that would otherwise be inaccessible. Hierarchical
microstructures obtained from LPBF under rapid solidifi-
cation conditions has enabled the fabrication of 316L stain-
less steel with superior toughness [15]. Other works have
confirmed that LPBF 316L exhibits anomalous mechani-
cal behavior suggesting that the AM process results in het-
erogeneous structures even at very small length scales [16].
The unique ability to fabricate such novel microstructures
necessitates significant investment in both experimental
and numerical work to understand the corresponding me-
chanical behavior of these materials.

One of the major hindrances that is limiting current in-
dustrial adoption of AM is a fundamental lack of familiar-
ity with these materials and their behavior. For instance,
in Ni-based superalloys there are decades of experience
with workhorse materials such as CM247, IN738, IN100,
etc.. The plastic behavior, creep, fatigue, and environmen-
tal resistance of these materials are well understood; engi-
neers, designers, and manufacturers are comfortable with
utilizing these systems in critical components. Materials
produced via AM, however, are new and consist of unique
microstructures whose impact on service performance is
less studied. There is a fundamental gap in both the sci-
entific knowledge and volume of data available for gen-
erating the necessary “design curves”. Towards this end
the research community is developing a rich body of work
on both experimental and computational efforts for under-
standing the mechanical behavior of various alloys and AM
processing technologies. Recent work has found that longi-
tudinal and transversely oriented IN738LC creep tests ex-
hibit strong orientation anisotropy [17]. The source of this
anisotropy is not immediately clear; loading longitudinally
loads grains perpendicular to their (001) plane and in the

transverse along the (001)-(011) line of the stereographic
triangle. Interestingly, damage accumulation and crack-
ing was observed to coincide with small “clusters” of ran-
domly oriented equiaxed grains embedded in the otherwise
columnar (001)-BD fiber microstructure (Fig. 1). Similar
features have been observed in an EBM AM Co-based su-
peralloy [18]. A precise explanation describing the devel-
opment of these features is not well understood nor is their
local mechanical behavior. Other material systems, such
as Ti-6Al1-4V, have been much more exhaustively studied
and hence the process-structure-property linkages are bet-
ter established [19-21]. Recent work has studied the plas-
tic behavior of sharply textured LPBF IN718 [22]. These
authors performed qausi-static uniaxial tensile and com-
pressive tests at elevated temperatures, in various orienta-
tions relative to the build direction (BD), and developed
a homogenized elasto-plastic self-consistent crystal plas-
ticity model for capturing the observed response. They
found that anisotropy in the material is inherited from
both morphological grain anisotropy and strong crystallo-
graphic fiber texture. Non-Schmid effects were believed to
be responsible for the tension/compression asymmetry. A
similar effort was undertaken by other authors for studying
differences between wrought and LPBF 316L [23]. Neu-
tron diffraction measurements as well as crystal plasticity
modeling indicate that the differences observed are likely
due to disparities in initial dislocation density between the
two materials. A work on LPBF of 304L found that the de-
gree of stress induced martensitic transformations depends
on the loading direction and anisotropy in the material
as well as prior heat treatment procedures [24]. Elevated
temperature nanoindentation of LPBF IN718 revealed the
likely deformation mechanism to be climb and also con-
clude that a higher initial density of dislocations likely im-
proves the creep resistance relative to conventional mate-
rial [25]. They found that the material exhibits anisotropic
time-dependent behavior due to strong texture and grain
morphology present in the material. The influence of ma-
terial anisotropy is so ubiquitous that some topology op-
timization works have begun to incorporate this behavior
into their frameworks [26].



Figure 1: IN738LC micrographs showing GB decohesion localized
at microstructural heterogeneity in creep sample. Tensile direction
parallel to the BD (vertical in image). IPF map corresponds to BD.

Crystal plasticity (CP) is an invaluable computational
tool for understanding and predicting the deformation be-
havior of metals. One of the historical driving forces be-
hind development of these models was to capture anisotropic
effects in polycrystalline materials arising from crystallo-
graphic texture [27]. In addition, the framework provides
a physical basis for predicting texture evolution during
deformation based manufacturing processes e.g. forging,
rolling, extrusion, etc. [27-29]. Early CP finite element
models (CPFEM) often homogenized many single crystal
responses at each integration point but, with improved
computational resources, modern implementations often
explicitly model microstructural features e.g. grains, pre-
cipitates, inclusions, etc. [23, 30-34]. Explicit modeling
is often focused on the characterization of local response
variables which enables the study of heterogeneous physi-
cal phenomena [35-38]. For instance, it is well established
high cycle fatigue is driven by micro-plasticity and hence
direct simulation of polycrystals is insightful for assessing
the fatigue resistance of material systems [31, 39]. Homog-

enized models based on the self-consistent approach are
still utilized if the interest is instead on computational effi-
ciency and the macroscopic constitutive response [22, 40—
42]. This enables capturing of the crystal scale physics
without the need for large computational overhead asso-
ciated with finite element discretization. CPFEM mod-
els have over time grown in complexity and more exotic
phenomena, for instance twining, recrystallization, grain
boundary diffusion, and strain-gradient effects, have been
coupled with the framework to yield ever more predictive
models [43-46]. The utility of these models has spurred a
number of researchers to develop various open source CP
packages for the purpose of making these models accessible
to the larger materials science research community [47-49].
There currently exists a number of works utilizing CP ap-
proaches towards modeling the time-independent behav-
ior of AM materials [22, 23, 30, 40, 50]. In general these
works find that mechanical anisotropy can be accounted
for with a suitable CP model. However, the hardening
behavior of these materials can be complex which is gen-
erally attributed to a high initial dislocation density ex-
hibited by AM materials. Some of these works incorpo-
rate more complex hardening behavior by the inclusion of
internal state variable (ISV) models within the CP frame-
work [22, 23, 40]. These models can capture temperature
dependent phenomena, such as climb, which is known to
significantly affect the materials creep resistance [51].
Uncertainty quantification (UQ) has long since been
employed in materials research [52]. Initially much of the
need for UQ was focused towards microstructure charac-
terization as materials intrinsically contain some structural
randomness. As computational tools have become more
prevalent UQ has once again become increasingly popular
as a means for quantifying the propagation of uncertainty
across simulations and various length scales. Modern ma-
terials research is rich with examples from UQ including,
but not limited to: thermodynamic phase diagrams [53],
efficient computational materials design under uncertainty
[54], [55], inference of constitutive behavior [56-59], ac-
tive learning for exploring AM process space [60], and UQ
approaches for quantifying structural attributes [61, 62].
Recent works have utilized UQ and genetic algorithm to-
wards CPFEM modeling and quantifying the sensitivity
of each model parameter [58, 59, 63]. Another work has
utilized UQ for modeling the propagation of uncertainty
due to structural stochasticity from the CPFEM model to
a reduced order macroscale plasticity formulation [64].
One of the goals of this work is to identify an appropri-
ate CP model for explaining the highly anisotropic creep
behavior exhibited by AM IN738LC Ni-based superalloy
[17]. As previously mentioned, the creep response has been
observed to be extremely anisotropic yet Schmid type ar-
guments alone cannot fully explain this behavior. Further-
more, sporadic anomalously oriented “stray grains” have
been observed in EBM AM materials and their impact
is not yet fully understood. While development of the
constitutive model is in and of itself of great import, the



power of these CPFEM models is the ability to simulate
full-field microstructural representative volume elements
(RVEs) to be used in the design process. Therefore, an
additional focus of this paper will be on UQ of the con-
stitutive parameters and understanding how downstream
propagation of model parameter uncertainty manifests it-
self as uncertainty in the RVE response fields. We will
show that the source of anisotropy in the creep response
impacts crystallographic heterogeneities, e.g. stray grains
in EBM AM material, which drives temporal evolution
of localized stress and strain hot spots. These hot spots
can potentially be a source of localized failure. The field
response is shown to inherit uncertainty from the uncer-
tainty in the model parameters and a key example relevant
to AM-specific microstructure defects is presented.

2. Methods

2.1. Ezxperimental

Creep tests were performed with the tensile axis aligned
with the BD (longitudinal), perpendicular to the BD (trans-
verse), and diagonally oriented with respect to the BD
(diagonal). Longitudinal (L) and transverse (T) data cor-
responds to work from prior published work [17]. Diag-
onal (D) experiments were performed specifically for this Figure 2: Summary of experimental microstructures used in this
work using the balance of material from the prior work.  study (left) IPF maps in tensile direction (middle) pole figures with
The EBM AM microstructure consists of columnar grains the stress dirfection corresponding to X-direction and (right) IPF for
with a mean minor diameter of 50 100 m and a sharp tensile direction.

(001)-BD fiber. Hence, L and T samples load grains along
the (001) direction and the (001)-(011) line on the stan-
dard stereographic triangle. This data alone therefore only
represents a very small fraction of possible crystal orienta-
tions. Hence, diagonally oriented tensile bars were fabri-
cated with the tensile axis 54:7° away from the BD to align
crystal orientations along the (011)-(111) line. A summary
of these microstructures is shown in Fig. 2.

Summary results from the experiments are shown in Ta-
ble 1. For model calibration the secondary creep rate is

Table 1: IN738LC AM EBM 850°C experimental creep results. Lon-
gitudinal and transverse samples from prior work [17].

Secondary Creep

utilized to capture information pertaining to the steady Loading  Stress Strain Rate Time to 1%
state behavior and the time to 1% strain (t;g) is used to direction  (MPa) (s71) (hrs)
capture hardening behavior. L 275 477 10-% 51.3
L 240 1:79 1078 125.0
2.2. Deformation behavior of Ni-based superalloys L 210 1:00 10~8 216.4
Before introducing details of the crystal plasticity model L 175 1:79 1077 957.3
it is important to review some relevant works focused on T 275 9:32 108 31.5
the deformation behavior of Ni-based superalloys. This T 240 3:44 108 73.7
brief review is included to serve as a foundation which will T 210 2:12 1078 106.2
justify some of the modeling choices made in subsequent T 175 9:63 107° 230.2
sections. D 275 1:20 1077 21.1
It is well established that the deformation behavior of D 240 7:00 1078 28.2
Ni-based superalloys is known to exhibit significant crys- D 210 1:86 1078 154.3
tallographic anisotropy [65]. A number of works have D 175 1:13 1078 200.0

studied the tensile creep behavior of single crystals to fo-
cus on the fundamental crystal behavior [66-71]. While
face center cubic (FCC) materials are known to deform



via 12 octahedral h101i(111) slip systems it is well es-
tablished that at higher temperatures either additional
systems, non-Schmid mechanisms, or complex hardening
phenomena become active. Identification of these phys-
ical mechanisms is still an active area of research with
many hypothesized descriptions. Post-mortem transmis-
sion electron microscopy (TEM) characterization across
several works has consistently revealed evidence of stack-
ing fault shearing of the '/ precipitates suggesting the
presence of anomalous h112i (111) slip during high tem-
perature creep [66-69, 72]. Recent work disputes this ex-
planation instead suggesting that in (011)-oriented tensile
samples the ' precipitates are cut by higher mobility h220i
superdislocations, resulting in poorer creep performance,
whereas (001)-oriented tensile samples contained evidence
of precipitate shearing by less mobile h2001 superdisloca-
tion [70]. High temperature time-independent deformation
is also complex in Ni-based superalloys with evidence of
zig-zag dislocation structures observed in -channels mak-
ing an argument for the existence of an effective “cube”
h110i (001) slip system [73]. Supporting evidence, in the
form of cube slip traces have been observed in high tem-
perature superalloy tensile tests [74]. Furthermore, there
is a rich body of work on the deformation behavior of L1,
intermetallics which generally agree on the presence of a
h110i (001) slip system, in addition to octahedral slip, and
various cross-slip mechanisms all of which are temperature
sensitive [75-79].

There are a wide range of CP modeling approaches
for capturing the anisotropic time-dependent behavior of
Ni-based superalloys. A number of works utilize formu-
lations with both cube and octahedral slip for modeling
time-dependent behavior [38, 80-83]. In another work
a model is considered which includes cube and octahe-
dral slip as well as non-Schmid effects based on the Kear-
Wilsdorf locking mechanism [38, 84]. A similar argument
for the inclusion of cube slip can be found in [81]. The in-
terpretation follows the Paidar-Pope-Vitek (PPV) model
which argues that cross slip between the primary (111)
planes is facilitated by a secondary (010) plane [84]. A
common argument for including cube slip is that since
there is a mechanism in which cube slip is engaged, explicit
inclusion of cube slip into a CP model can be justified
despite the underlying mechanism (cross slip) not being
explicitly modeled. A CP model developed for the NigAl
intermetallic phase has successfully captured anisotropy
as well as tension/compression asymmetry via the inclu-
sion of h101i (111), h101i (001), and h112i(111) slip sys-
tems [85]. More recent work utilized octahedral, cube slip,
and several non-Schmid relationships to accurately predict
both quasi-static and time dependent behavior of single
crystal NigAl [86]. There are those, however, who argue
that the evidence for cube slip in creep deformation of Ni-
based superalloys is weak and that historically cube slip
has been included into models in a purely phenomenologi-
cal way [72]. These authors instead built a CPFEM model
which utilized octahedral and h112i (111) slip systems.

The approach adopted here, and discussed in greater
detail in the subsequent section, is to assume slip only
occurs on octahedral h011i (111) systems, however, other
non-Schmid shear stresses can influence the driving force
for slip. The model implementation emulates the cross
slip PPV model by consideration of shear stresses on pri-
mary and secondary planes assisted by an intermediate
cube slip plane. The strength of each of the non-Schmid
contributions to overall deformation is not assumed a pri-
ori; instead they are inferred via a probabilistic calibration
procedure.

2.8. Crystal plasticity model

The continuum mechanics elastic-inelastic problem is
described via the decomposition of the deformation gradi-
ent,

F = FeFP; (1)

where F€ and FP are the elastic and plastic deformation
gradients. The evolution of the plastic deformation gradi-
ent is described by

FP = LPFP; (2)

where LP is the plastic velocity gradient. The plastic veloc-
ity gradient can in turn be described by slip contributions
from each of the prescribed crystal slip systems,

>
LP = ’ (mo I‘lo) ; (3)
where m, and N, are orthonormal vectors quantifying a
slip direction and slip plane normal for the 12 octahedral
slip system. ~ is the slip rate on slip system . A power
law expression is utilized to relate the slip rate with the
resolved shear stress,

— n

=0 o sgn (™ ); (4)

where ', is a reference slip rate, ~ is the generalized shear
stress for slip system , S is the shear stress resistance for
slip system , and n the stress exponent. This functional
form can in general capture time-dependent behavior un-
der isothermal conditions. Capturing the effects of thermal
effects would require a temperature sensitive reference slip
rate which captures competing glide/climb rates [51]. In
the absence of non-Schmid effects =~ is equivalent to the
Schmid shear stress . This term introduces flexibility in
the case that slip may be influenced by non-Schmid shear
stresses. The generalized shear stress can be expressed as
a linear combination of the Schmid and non-Schmid con-
tributions [87],

To= +dy cb+d2 pe+d3 se’ (5)

where , is the cube shear stress, o is the shear stress
acting perpendicular to on the primary slip plane, and
se the corresponding shear stress on the secondary slip



Table 2: Schmid and non-Schmid shear stresses

cb pe se
1 hO11i(111) hO11i(100) h211i(111) h211i(111)
2 h101i(111) h101i(010) h121i(111) h12Ti(111)
3 h110i(111) h110i (001) h112i(111) h112i(111)
4 hO11i(111) hO11i(100) h211i(111) h211i(111)
5 h101i (111) h101i(010) h121i(111) h121i(111)
6 h110i (111) h110i (001) h112i(111) h112i(111)
7 hO11i(111) hO11i(100) h21Ti(111) h211i(111)
8 h101i(111) h101i(010) h121i(111) h121i(111)
9 hT10i(T1T) hI10i(00T) hi12i(T1T) h1T2i (111)
10 hO11i(111) hO11i(100) h211i(111) h211i(111)
11 h101i (111) h101i (010) h121i(111) h121i(111)
12 h110i(111) h110i(001) h112i(111) h112i(111)
plane. This functional form captures the basic physics

driving the PPV cross slip mechanism. Note that despite
considering additional shear stresses slip can only accumu-
late on the octahedral slip system. The parameters d;; ds
and d3 are weighting parameters controlling the influence
of each shear stress. These shear stresses are summarized
in Table 2.

Shear stresses are computed using the tensor product,

=T*: m Noi (6)

where T* is the second Piola-Kirchhoff stress, and mg.;
and Ng; are the
shear stress i.

A simple phenomenological hardening model is adopted

to capture evolution of the slip system resistance s [27,
48],

i o;i

™ glip direction and plane normal for

s ™ (7)
h =q hy 1 s ;

where the sum is over all slip systems, q is 1if =
and ( otherwise, hy the reference hardening rate, m the
hardening exponent, and Sg the saturation slip resistance.
The quantity q controls the degree of latent hardening,
m controls strain hardening evolution, and Sg the harden-
ing limit of the shear stress resistance. Note again that
this functional form is phenomenological. More complex
physics-based ISV laws could be adopted to capture dis-
location driven hardening mechanisms but for simplicity
this is neglected here [51].

The source of the experimentally observed anisotropy
can either be due to crystallographic effects or grain mor-
phology differences between the L, T, and D orientated
tensile samples. Some authors have observed that the
dislocation structure in AM materials may contribute to
differences in behavior relative to conventional materials
[23]. As our material has been HIPed and subsequently

Table 3: Calibration model parameters

lower

ara- u er . .
nljeters bound bglpl)nd description
ss (MPa) 300 600 saturation slip resistance
n 4 9 stress exponent
So (MPa) 150 250 initial slip resistance
o (s7h) 10710 1076 reference slip rate
q 1 4 latent hardening ratio
m 0.05 1 hardening exponent
h, (MPa) 50 300  reference hardening rate
d; -0.5 0.5 non-Schmid weight for
do -0.5 0.5 non-Schmid weight for
ds -0.5 0.5 non-Schmid weight for ¢

solutionized and aged it is unlikely that the as-fabricated
dislocation structures could persist through post process-
ing and contribute to anisotropy. Furthermore, we sus-
pect that the grain morphology is unlikely to explain the
observed anisotropic behavior; stresses are too high for
grain boundary diffusion mechanisms to be active. This is
confirmed by the large experimentally obtained stress ex-
ponents (5 7) [17]. Tertiary creep and eventual rupture
may be sensitive to grain boundary characteristics but this
work is not considering final rupture. Therefore, it is hy-
pothesized that creep anisotropy is driven by crystal-scale
anisotropy. This is somewhat supported by evidence in the
literature from a recent study on high temperature nanoin-
dentation of LPBF IN718 which observed strong crystal-
lographic anisotropy in the creep response [25]. If indeed
anisotropy is driven by crystallographic mechanisms the
proposed model is well suited for capturing these effects.

From a model calibration perspective, detailed in Sec-
tion 2.4, ten undetermined parameters, shown in Table 3,
must be identified. Each parameter is bounded accord-
ing to domain knowledge and estimates available in the
literature on other Ni-based superalloys. The key parame-
ters which are expected to control anisotropy are the non-
Schmid weighting parameters dy; ds, and ds.

A summary of the imposed boundary conditions, the
FEA mesh, and orientation of L, T, and D oriented RVEs
is shown in Fig. 3. Creep simulations were performed
by applying a traction normal to the top and bottom of
the RVE e.g. t = pon where py is the applied uniax-
ial stress and N the surface normal. To ensure appro-
priate application of surface tractions Nanson’s relation,
nda = det(F)F ~TNdA, was utilized to map between the
current configuration area and surface normal (da; n) and
corresponding reference configuration quantities (dA; N)
[88]. This is to ensure that the scale of the traction terms
in the finite element formulation correspond to tractions
acting on the evolving RVE surface area. Periodic bound-
ary conditions were utilized on all faces including a sym-
metric traction on the bottom surface. Some of the RVE
nodes have displacements constrained to eliminate rigid



body motion solutions. A 16 16 16 element grid mesh
was utilized with linear brick elements for emulating the
L, T, and D direction EBM AM material. A crystallo-
graphic cube fiber was applied along the columnar grain
direction to mimic the microstructure of the tested mate-
rial. This was done by simply sampling orientations from
experimental data which alleviates the need to construct
an orientation distribution function.

All CPFEM simulations were performed using the open
source PRISMS package [48]. Small modifications were
made to enable externally applied tractions for creep simu-
lation and inclusion of non-Schmid effects. Microstructure
realizations were obtained using the open source software
Neper [89].

2.4. Statistical inference

The inference problem is on identifying the unknown
CPFEM material coefficients given the experimental data
(creep rate and tyg;). Assuming the CPFEM model is ad-
equate, and that there is some noise that corrupts experi-
mental observations, an appropriate statistical model is,

=f(;; )4z ®)

e =9(: ;5 )+w
where " and ty¢ are the experimental measurements, f( ; ;
and g( ; ; ) the corresponding homogenized output esti-

mates from the CPFEM model, model inputs are the im-
posed stress and material orientation , and z and w
are experimental Gaussian white noise. Since the noise is
assumed to be Gaussian then the disparity between the
model and observations is also Gaussian,

(.5 )
ti, 9( ;)

where 2 and s? are the (unknown) variances character-
izing the experimental noise. From this statistical model
the likelihood for all observations can readily be computed.
Here we assume that the two measured response variables
are independent and so the likelihood function is simply a
product of the two individual likelihoods. Point estimates
of (and 2;s?) can be obtained via a maximum likeli-
hood estimate, however, it is not clear how to quantify
the uncertainty in such a point estimate since ¥ and g are
expected to be highly nonlinear with respect to . Prior
works have utilized gradient-based minimization routines
to obtain estimates for the unknown CP model param-
eters without much consideration for uncertainty in the
estimate [90]. Other works have attempted to account for
this by performing a sensitivity analysis to quantify the
impact of each variable on the model response [58, 59, 63].
However, the notion of a global sensitivity may not be ap-
propriate if the response is nonlinear; in one region of the
solution space a parameter may be sensitive while in an-
other it is insensitive. Also, model parameters may share
some correlation which a sensitivity analysis neglects as

N 0; 2

N 0;s? ; ©)

Figure 3: (left) Boundary conditions imposed on the finite element
RVE and (right) FEA mesh and IPF maps for the longitudinally
and transversely oriented samples. Coloring follows the typical IPF
triangle for cubic systems.



