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Abstract

Efficient and accurate calculation of spatial integrals is of major interest in the numerical

implementation of peridynamics (PD). The standard way to perform this calculation is

a particle-based approach that discretizes the strong form of the PD governing equation.

This approach has rapidly been adopted by the PD community since it offers some ad-

vantages. It is computationally cheaper than other available schemes, can conveniently

handle material separation, and effectively deals with nonlinear PD models. Neverthe-

less, PD models are still computationally very expensive compared with those based

on the classical continuum mechanics theory, particularly for large-scale problems in

three dimensions. This results from the nonlocal nature of the PD theory which leads to

interactions of each node of a discretized body with multiple surrounding nodes. Here,

we propose a new approach to significantly boost the numerical efficiency of PD mod-

els. We propose a discretization scheme that employs a simple collocation procedure

and is truly meshfree; i.e., it does not depend on any background integration cells. In

contrast to the standard scheme, the proposed scheme requires a much smaller set of

neighboring nodes (keeping the same physical length scale) to achieve a specific accu-

racy and is thus computationally more efficient. Our new scheme is applicable to the
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case of linear PD models and within neighborhoods where the solution can be approxi-

mated by smooth basis functions. Therefore, to fully exploit the advantages of both the

standard and the proposed schemes, a hybrid discretization is presented that combines

both approaches within an adaptive framework. The high performance of the developed

framework is illustrated by several numerical examples, including brittle fracture and

corrosion problems in two and three dimensions.

Keywords: peridynamics, discretization, adaptivity, fracture, corrosion

1. Introduction

Material failure and damage modeling is an active area of research and a fundamen-

tal challenge for computational methods based on the classical continuum mechanics

(CCM) theory. In fact, discontinuities, due to material separation, do not satisfy the

basic hypothesis of the classical theory of the differentiability of field variables. Peri-

dynamics (PD) is a recent nonlocal theory introduced by Silling [1] and Silling et al. [2]

to model the spontaneous formation of cracks in solids without requiring spatial differ-

entiability of displacement fields. PD is a nonlocal reformulation of CCM that replaces

the divergence of the stress tensor in the CCM governing equation with a nonlocal inte-

gral operator that does not require spatial differentiability of field variables. Therefore,

the PD governing equation remains valid in the presence of material discontinuities

since it is devised so that the main field variables need only to be square-integrable,

which is a minimal mathematical requirement. Complex phenomena such as nucle-

ation, propagation, and branching of cracks are a natural outcome of the PD equations

of motion and constitutive models. An interesting feature of PD is its characteristic
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length scale called horizon that defines a cut-off distance up to which a material point

interacts with its neighboring points. As the horizon asymptotically approaches zero,

provided suitable regularity assumptions hold, the interactions become local and the

governing equation converges to that of the CCM [3].

PD has been widely exploited as a promising tool to model, among other things,

crack nucleation [4], propagation [5] and branching [6–8], impact damage [9], and fail-

ure and damage in concrete [10, 11], composites [12–16] and polycrystals [17–19]. PD

has advanced the state of the art for modelingmaterial failure and is receiving increasing

attention. In particular, more recently, PD formulations have been extended to broader

fields of physics like diffusion-type problems [20–24] and corrosion damage [25–27].

PD corrosion models have attracted considerable attention in the literature. Corrosion

problems involve a diffusion process in a coupled electrolyte/metal systemwith a phase-

changing mechanism. The difficulty in modeling corrosion damage lies in capturing

accurately the evolution of the phase boundary. Formulations to do so within the con-

text of classical computational methods, such as the finite element method (FEM), exist

but are often cumbersome to implement. PD models can largely bypass this problem as

they are able to capture the evolution of moving interfaces (where the Stefan conditions

are satisfied) fairly naturally.

Since spatial integration plays a fundamental role in PD, accurate calculations of

integrals are of major interest in its numerical implementation. There are two main dis-

cretization schemes frequently discussed and employed by the PD community. These

are the finite element discretization (see, e.g., [28]) and the particle-based method pro-

posed by Silling and Askari [9]. The schemes differ in computational expense, mem-

ory requirement, software complexity, and convergence of numerical solutions. The

advantage of the finite element discretization is its robust and supportive mathemati-

cal analysis. However, it is not amenable in terms of computational cost and software

implementation, particularly for 3D (three-dimensional) simulations involving complex

fractures. This is a consequence of two specific challenges: (1) as the finite element dis-

cretization is based on weak forms, a double spatial integration quadrature is required

instead of a single spatial integration quadrature which is used for strong forms [29, 30]

and (2) in the case of evolving discontinuities (e.g., crack propagation or corrosion), it
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is necessary to adapt the finite element meshes to conform to evolving surfaces which

is cumbersome. In the particle-based method, an underlying grid of nodes is assumed

and a cell is assigned to each node within a body. The approach discretizes the strong

form of the PD governing equation and replaces the required spatial integration, over

the neighborhood of a node, by a summation of integrals over cells [31, 32]. The in-

tegration over each cell is performed via a one-point quadrature, where the cell center

is taken as the quadrature point and the intersecting volume (area in two dimensions,

length in one dimension) between the cell and the considered neighborhood is used as

the weight (see Fig. 4). The particle-based approach is meshfree since it does not de-

pend on any element or geometrical connections between the nodes (except possibly

for the pre-computation of the weights). The method has been rapidly adopted by the

engineering community and thus, throughout this paper, we refer to it as the standard

discretization scheme of PD. To date, the majority of implementations of PD models

utilize the standard scheme for mainly three reasons: (1) it is found to be the most re-

liable strategy to perform integration in regions with damage as it can easily deal with

material separation, (2) it is easy to implement, even in the case of nonlinear PD mod-

els, and (3) it is computationally cheaper than other available schemes in the literature.

On the other hand, the standard scheme suffers from accuracy and convergence issues

[32]. These issues stem from a rough approximation of the volumes of the intersect-

ing regions (also referred to as partial volumes, see Fig. 4) between neighbor cells and

the neighborhood of a node, as well as from a lack of an optimal choice of quadrature

points [30, 31]. Algorithms have been proposed in [31, 32] to improve the standard

discretization scheme.

Although the standard scheme is recognized as the computationally cheapest dis-

cretization scheme to date, PD models are in general very computationally expensive,

for both explicit and implicit solvers, in comparison to meshless and mesh-based meth-

ods based on CCM. In fact, capturing realistic solutions in PD models, which resemble

experimental observations, entails vast amount of computational resources [33]. This

results from the nonlocal nature of PD, which leads to interaction of each node of a dis-

cretized system with multiple surrounding nodes. This issue is particularly significant

in large-scale 3D problems, where the considerable cost of PD models may hinder their
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application. Several studies in the literature have so far proposed remedies to address

this issue. A series of works, while sticking to the standard scheme, try to boost the

computer implementation through high performance computing [33�35]. Some of the

studies suggest application of adaptive grid re�nement to PD models for optimal usage

of computational resources [36�40]. However, dealing with variable grid spacing in

PD is not straightforward. In these methods, special care must be taken with regard

to interfaces between regions discretized with di�erent grid spacing [39]. Otherwise,

these methods often exhibit severe de�ciencies as a consequence of an arti�cial loss of

volume due to non-uniform discretization, at the interfaces, and the well-knownsurface

e�ect [41] (arti�cial reduction of material sti�ness near interfaces and boundaries). An-

other vibrant series of studies, which has led to a great research e�ort in the literature,

concerns approaches which couple PD models with CCM-based methods (either mesh-

less or mesh-based). In CCM-PD coupling, usually the application of a PD model is

restricted to small areas of a domain, e.g., regions a�ected by the presence of disconti-

nuities, while the remaining regions, which are characterized by smooth deformations,

are described by a more e�cient CCM-based method (most commonly the FEM); see

[12, 42�57] for examples and [58] for a review of related local-to-nonlocal coupling

approaches. Despite the bene�t of these methods in terms of e�ciency, CCM-PD cou-

pling approaches su�er from coupling artifacts. In particular, while many CCM-PD

coupling approaches successfully overcome or control coupling artifacts in static prob-

lems, they normally encounter severe di�culties in dealing with spurious wave re�ec-

tions emerging from the coupling zone in dynamic problems. This phenomena is related

to a discrepancy between the PD and CCM dispersion relations [1, 48, 52, 59].

The focus of this paper is on boosting the e�ciency of PD models, without the need

for coupling with methods based on CCM, through less demanding as well as more ac-

curate quadratures. We introduce a meshfree scheme to discretize the strong form of the

PD governing equations in elasticity and di�usion problems. In this work, inspired by

the �nite point method [60, 61], the unknown �eld variables are approximated (within

the neighborhood of each node) by means of a series of monomials. The approximate

solution is constructed through interpolation using the nodal values of a subset of neigh-

boring nodes calledcollocation nodes. The interpolation is carried out via a weighted
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least squares (WLS) approach. The discretization is performed through insertion of the

approximate solution into the PD governing equation. In this way, for linear PD models

and within neighborhoods of fully spherical, circular in 2D (two-dimensional), com-

pact support, the integrals are calculated analytically in terms of the nodal values of the

collocation nodes. This resembles the construction of Gauss quadrature rules in which

the corresponding quadrature points are the collocation nodes. The proposed scheme

o�ers three main advantages over the standard scheme: (1) it facilitates the computa-

tion of spatial integrals since it does not depend on the calculation of partial volumes

and yields a closed-form expression for the quadrature weights; namely, it does not

rely on an underlying mesh of cells and thus it istruly meshfree; (2) its computational

cost can be signi�cantly cheaper than the standard scheme since the quadrature points

are selected from a relatively small subset of the neighboring nodes; (3) in general, it

has higher-order convergence as well as more regular behavior compared with the stan-

dard scheme. However, the bene�ts of the proposed scheme remain valid as long as

discontinuities in the �eld variables such as damage do not appear. As the basis func-

tions of interpolation are smooth, they cannot represent discontinuities in the main �eld

variables. Moreover, the proposed scheme cannot easily rely on analytical calculations

when the neighborhood is not a complete sphere (e.g., near boundaries/interfaces) as

well as in cases in which the PD model is nonlinear. Therefore, the standard scheme,

despite its higher computational cost, has certain advantages relative to the proposed

scheme; for instance, it robustly handles large deformations and topological changes

occurring during fracture.

In this study, considering the aforementioned advantages and disadvantages of each

scheme, we propose a hybrid meshfree discretization for PD models that combines the

proposed scheme with the standard scheme in an adaptive framework. In the case of

dynamic fracture, for instance, we restrict the application of the standard scheme (the

more expensive one) to localized critical zones on the verge of damage or large defor-

mation, while applying the proposed scheme to the remaining regions. To achieve this

goal, inspired by [49], an adaptive algorithm is designed that, as needed, dynamically

switchesthe discretization scheme of the parts represented by the proposed scheme to

the standard one. In this way, the parts discretized by the standard scheme evolve in
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Reference (undeformed) con�guration Current (deformed) con�guration

�

u.x; t/

u.x¨; t/

� + �

Hx

Figure 1: A generic PD domain before and after deformation; each pointx interacts directly with pointsx¨

within the neighborhoodHx through bonds.

time and follow the emerging crack/damage morphology. This strategy culminates in

a highly-e�cient purePD model that optimally uses the computational resources. We

shall show the application of the proposed approach for dynamic fracture modeling in

brittle materials as well as corrosion in solid/electrolyte systems. The extension of the

proposed approach to more general multi-physical problems might be the subject of

future studies.

A brief outline of the rest of this paper is as follows. Sect. 2 gives a brief overview

of the PD formulation for fracture modeling in brittle materials, the PD formulation for

di�usion-type problems, and the standard discretization scheme. The formulation of

the proposed scheme is thoroughly described in Sect. 3. Implementation of the devel-

oped adaptive framework, for crack propagation problems, is discussed in Sect. 4. The

performance of the proposed method in terms of accuracy and e�ciency is numerically

investigated in Sect. 5. The conclusions made throughout the paper are summarized in

Sect. 6.
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2. Overview of peridynamic models

Two versions of the PD formulation are available in the literature: bond-based PD

(BB-PD) [1] and state-based PD (SB-PD) [2]. Here, we brie�y discuss the BB-PD for-

mulation since it is the simplest and most common version for brittle fracture modeling.

Nonetheless, the present study is readily applicable to the SB-PD formulation, as shown

in Appendix A. Then, we shortly review the PD model proposed in [20] for nonlocal

di�usion-type problems, which is also bond-based. In either case, as discussed earlier,

a rather similar particle-based discretization scheme, which we refer to as thestandard

scheme, is widely used by many researchers.

2.1. Bond-based peridynamics and brittle fracture

Let us suppose that a generic body
 (see Fig. 1) occupies a spatial region
 Ï

Rd; d = 1;2 or 3, and it is composed of material points located at positionsx in the ref-

erence (undeformed) con�guration. For the sake of simplicity, the �gures are sketched

in 2D. To each material pointx (hereinafter referred to as pointx) an in�nitesimal vol-

umedVx is associated. In the PD theory, it is common to assume that pointx Ë 


interacts directly only with other pointsx¨ within its neighborhood(a surrounding re-

gion centered atx),

Hx :=
�

x¨ Ë 
 : ñx¨ * xñ f �



; (1)

which represents a closed ball, disc, or line segment in 3D, 2D, and 1D, respectively,

where� in (1) is a length scale called the PDhorizon. According to BB-PD, the equation

of motion for pointx at timet g 0 is

� .x/ ‡u.x; t/ =
ÊHx

f
�
u.x¨; t/ * u.x; t/; x¨ * x

�
dVx¨ + b.x; t/; (2)

where� is the mass density,u is the displacement �eld and‡u denotes its second time

derivative, andb is a prescribed body force density �eld. In BB-PD,� := x¨ * x is

called thebondconnectingx andx¨; the bond contains the pairwise information for

the nonlocal interaction between the points. Correspondingly,f is thepairwise force

function, which represents the force per unit volume squared (or the micro-force density)
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that the neighborx¨ exerts onx. In fact, f contains all the constitutive information of

the material and, in view of (1), one may conclude

f .� ; � / = 0; Åx¨ Ì Hx; (3)

where� := u.x¨; t/ * u.x; t/ denotes the relative displacement ofx andx¨ at timet. The

corresponding equilibrium equation for a static problem is given by

*
ÊHx

f .� ; � /dVx¨ = b.x; t/: (4)

There are certain requirements thatf must meet to satisfy conservation principles. The

linear admissibility condition,

f .* � ; * � / = * f .� ; � /; (5)

the analogue of Newton's third law, ensures the balance of linear momentum. On the

other hand, the balance of angular momentum is guaranteed by the angular admissibility

condition,

.� + � / • f .� ; � / = 0: (6)

As shown in Fig. 1, the term� + � represents the relative position ofx andx¨ in the cur-

rent (deformed) con�guration. The condition in (6) enforces the force vector between

x andx¨ to be parallel to the relative position vector in the deformed con�guration.

As a consequence, due to the conditions in (5) and (6), the interacting forces between

the points must be equal in magnitude, opposite in direction, and collinear with their

relative position vector in the deformed con�guration. In this way, the bond can be

conceived of as a spring that transfers the force between the points. To this end, the

pairwise force functionf takes the form

f .� ; � / = f .� ; � /
� + �

ñ� + � ñ
; (7)

wheref is a symmetric scalar-valued function, i.e.,f .� ; � / = f .* � ; * � /, and it is

de�ned based on the material type. To represent elastic materials, in [1], a special class

of PD materials calledmicroelasticis introduced for whichf is derived from a scalar-

valued di�erentiable functionw, such that

f .� ; � / =
)w .� ; � /

) �
; (8)
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wherew is referred to as thepairwise potential function. Furthermore, themacroelastic

energy densityat x and timet g 0 is de�ned by

W .x; t/ :=
1
2 ÊHx

w.� ; � /dVx¨ ; (9)

where the factor1_2 appears since the elastic energy of each bond is shared between

its two endpoints.

Theprototype microelastic brittle(PMB) material model was introduced in [9] and

then generalized in [59]. For the generalized PMB model,w is de�ned by

w.� ; � / =
! .� /cs2ñ� ñ

2
; (10)

wheres represents the relative elongation (stretch) of a bond as

s =
ñ� + � ñ * ñ� ñ

ñ� ñ
; (11)

andc is the micromodulus constant that determines the bond elastic sti�ness and goes

along with a scalar-valued function! called thein�uence function[59]. Therefore, for

the generalized PMB material model, the scalar-valued functionf in (7) is given by

f .� ; � / = ! .� /cs: (12)

The in�uence function! is responsible for determining the support off and modulating

the bond strength [32, 59, 62]. It can take di�erent forms, and two common ones for

PD models are theconstantandlinear ones denoted by! 0 and! 1, respectively (see

Fig. 2). ! 0 is independent of the bond length,

! 0.� / :=

h
n
l
n
j

1 ñ� ñ f �;

0 ñ� ñ > �;
(13)

whereas! 1 is linearly dependent on the bond length,

! 1.� / :=

h
n
l
n
j

1 * ñ� ñ
�

ñ� ñ f �;

0 ñ� ñ > �:
(14)

In view of (7) and (12), for the generalized PMB material model one may conclude
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Figure 2: (Left) constant and (right) conical/linear in�uence function.

f .� ; � / = ! .� /cs
� + �

ñ� + � ñ
: (15)

The linearization of the BB-PD formulation is presented in [1, 63]. In the case of

small deformations, assumingñ� ñ ~ � , we have

f .� ; � / = ! .� /c
� ä �

ñ� ñ3
� : (16)

It is possible to �nd the micromodulus constantc in terms of the CCM constants,

Young's modulusE and Poisson's ratio� , by equating the macroelastic energy density

de�ned in (9) with the strain energy density of CCM for homogeneous deformations. In

BB-PD, for an isotropic, linear, and microelastic material, the e�ective� is 1_3in plane

stress conditions, while it is1_4in plane strain conditions and3D problems [64]. This

restriction is due to the fact that in BB-PD each pair of points interacts only through

a central force. This limitation is eliminated in SB-PD. Nonetheless, BB-PD is still a

proper candidate for many applications; in particular, brittle fracture modeling. The

procedure to obtainc in terms of the classical constants is thoroughly explained in [63].

For instance, for plane stress conditions we have

c =

h
n
l
n
j

9E
�� 3 ! = ! 0;
36E
�� 3 ! = ! 1:

(17)

In [9], a simple way to introduce failure in a PD model is proposed. For the generalized

PMB material model, a Boolean-valued history-dependent function� is added tof in

(15) as

f .� ; � / = � .� ; t/! .� /cs
� + �

ñ� + � ñ
; (18)
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c s0
s

Figure 3: Schematic representation of the constitutive law of the generalized PMB material model with

! .� / = 1.

where

� .� ; t/ =

h
n
l
n
j

1 if s.t¨/ < s0; 0 < t ¨ < t;

0 otherwise;
(19)

wheres0 is called thecritical stretch for bond failure. In this way,� allows a bond

(spring) to break when its stretch exceeds the prede�ned critical stretchs0. The consti-

tutive relation of the PMB material model is illustrated in Fig. 3. Note that after bond

breakage there is no tensile force sustainable and thus the model is history-dependent.

As proposed in [9], it is possible to links0 with the fracture energy of the materialG0;

for instance, for plane stress conditions we have

s0 =

h
n
l
n
j

t
4�G 0
9E�

! = ! 0;
t

5�G 0
9E�

! = ! 1:
(20)

The introduction of failure at the bond level leads to the notion of damage de�ned at

point x and timet g 0 by

' .x; t/ := 1 *
” Hx

� .� ; t/dVx¨

” Hx
dVx¨

; (21)

where0 f ' f 1. It is noticeable that' = 0 represents an undamaged state, while

' = 1 indicates the disconnection ofx from all the neighbors with which it initially

interacted.
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Imposition of boundary conditions in PD is di�erent than in the classical theory. In

fact, the variational formulation of the PD governing equation does not lead to natural

(Neumann) boundary conditions [1], which are traction boundary conditions in CCM.

In place of that, forces at the surface of a body are imposed as body forces within a

volumetric layer under the corresponding surface. In practice, in BB-PD, this layer

usually has thickness� . Likewise, displacement boundary conditions (Dirichlet-type)

are prescribed within a layer of thickness� under the constrained surface.

2.2. Nonlocal di�usion

Here, we brie�y discuss the PD governing equation for di�usion-type problems.

For a comprehensive explanation one may refer to [20, 21]. The PD formulation for

di�usion is very similar to that explained earlier for elasticity. Regarding di�usion,

a concentration valueC.x; t/ is associated to each pointx at timet. Every pointx is

connected to its neighboring pointsx¨ Ë Hx (with PD horizon� ) through a pipe-like

conductor called thedi�usion bond. In this way, one can think ofx and x¨ as two

buckets and the bond connecting them,� , as a pipe that transfers the concentration

between them. In the bond-based version of PD di�usion, which we employ here, the

transport of concentration in each bond is independent of that in other bonds [21]. The

PD governing equation of di�usion for pointx at timet g 0 is given by [20]

†C.x; t/ =
ÊHx

J
�
C.x¨; t/ * C.x; t/; x¨ * x

�
dVx¨ + S.x; t/; (22)

whereC is the concentration �eld and†C denotes its �rst time derivative,S is a given

source function, andJ is theconcentration �ow densitygiven by

J .� ; � / = ! .� /�
1

ñ� ñq � ; (23)

with a compact support such that

J .� ; � / = 0; ñ� ñ > �; (24)

where� := C.x¨; t/ * C.x; t/, q is an integer that in�uences the shape ofJ , usually

taken equal to1;2 or 3 (one may refer to [65] for more details),� is themicro-di�usivity

13



constant, and! (commonly taken as in (13) or (14)) is the in�uence function that de-

termines the support of the kernel. It is possible to obtain� in terms of the di�usion

coe�cient K of the classical local di�usion equation. Usually, this is done by equating

the PD �ux with that of the local di�usion for some given steady-state cases [20, 23].

For instance, in2D di�usion with q = 2 we have

� =

h
n
l
n
j

4K
�� 2 ! = ! 0;
12K
�� 2 ! = ! 1:

(25)

In PD di�usion, similar to what was discussed earlier for elasticity, boundary conditions

at the surface of a body must be imposed in a volumetric layer of thickness� under the

corresponding surface. Neumann-type boundary conditions appear as part of the source

termS in (22); more details can be found in [65, 66].

2.3. The standard discretization scheme

There are di�erent ways to discretize the PD governing equation [67]. The stan-

dard scheme, the most common one, is given by a meshfree (particle-based) scheme,

introduced in [9], that discretizes the strong form of the PD governing equation. The

scheme is easy to implement and practical for problems involving discontinuities such

as crack propagation and corrosion. In the standard scheme, the domain of interest is

generally discretized into a cubic lattice consisting of cells centered at representative

points callednodes. The set of nodes forms a uniform grid with grid spacing� x, as

shown in Fig. 4. As a result, the domain is represented by a set of nodesxi , i = 1;2;§ ,

wherexi = . x i ; yi ; zi / de�nes the Cartesian coordinates of the node with respect to a

global coordinate system. AvolumeVi (volume.� x/3 in 3D, area.� x/2 in 2D, and

length� x in 1D) is associated to each nodexi . In Fig. 4, the node of interestxi , re-

ferred to as thesource node, interacts with its neighboring nodesxj called thefamily

nodes. We denote the set of family nodes and the neighborhood associated toxi by Fi

andHxi
, respectively. The conventional scheme assumes the same horizon� for all the

nodes. Also, the time is discretized into instants ast0; t1; § ; tn; tn+1 ; § .

In order to compute the integral over each neighborhood, the integral is decomposed

as a summation of integrals over the neighboring cells and a one-point quadrature is em-
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�
x

� .xj * xi /Vj

xj

xi

�

Hxi

Figure 4: Schematic representation of the standard discretization scheme and the neighborhood associated to

nodexi .

ployed within each cell. The quadrature points and their weights are given, respectively,

by the nodes and the volumes of the intersections between the neighborhood and the

cells. The standard discretization scheme replaces the integral in the equation of motion

in (2), at the nodexi and time instanttn, by a �nite sum as follows:

� i ‡u
n
i =

É

j ËFi

f
�

un
j * un

i ; xj * xi

�
�

�
xj * xi

�
Vj + bn

i (26)

and, correspondingly, in the di�usion equation in (22) as follows:

†Cn
i =

É

j ËFi

J
�

Cn
j * Cn

i ; xj * xi

�
�

�
xj * xi

�
Vj + Sn

i ; (27)

where� i := � .xi /, ‡un
i := ‡u.xi ; tn/, un

i := u.xi ; tn/, bn
i := b.xi ; tn/, †Cn

i := †C.xi ; tn/,

Cn
i := C.xi ; tn/, Sn

i := S.xi ; tn/, and

� .� / =

h
n
n
l
n
n
j

1 ñ� ñ f � * 0 :5� x;
� +0:5� x* ñ� ñ

� x
� * 0 :5� x < ñ� ñ < � + 0:5� x;

0 ñ� ñ g � + 0:5� x;

(28)

where� is called thevolume reduction factorand is used to approximate the portion

of Vj covered by the neighborhoodHxi
(see Fig. 4); more details are given in [68]. It
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should be remarked here that in the original implementation of the standard scheme

� = 1 [9]. Later on, a version which also employs a volume reduction factor was imple-

mented in the commonly used PDLAMMPS [69, 70] and Peridigm software [71]. In

this study, for the provided numerical examples, we shall employ the volume reduction

factor in (28). Further related approaches to obtain the quadrature weights by approxi-

mating the intersections between neighbor cells and the neighborhood of a given point

(referred to aspartial volumesin 3D, partial areasin 2D, andpartial lengthsin 1D)

can be found in [31, 32].

In the present study, the time marching is performed by means of two commonly

used explicit algorithms for PD models. For the elasticity problems, we apply the

velocity-Verlet algorithm, which is given by

†u
n+ 1

2
i = †un

i +
� t
2

‡un
i ;

un+1
i = un

i + � t †u
n+ 1

2
i ;

†un+1
i = †u

n+ 1
2

i +
� t
2

‡un+1
i ;

(29)

where� t is the time step, which is usually taken as constant, i.e.,� t = tn+1 * tn for

anyn and thustn = t0 + n� t. According to (29), given the nodal values ofxi at time

instanttn, un
i , †un

i , and‡un
i , the solver computes the displacement at the next time instant

as follows:

un+1
i = un

i + � t †un
i +

� t2

2
‡un

i : (30)

For the di�usion problems, we apply the explicit forward Euler algorithm and thus

given the nodal values ofxi at time instanttn, Cn
i and †Cn

i , the solver computes the

concentration at the next time instant as follows:

Cn+1
i = Cn

i + � t †Cn
i : (31)

In [9], a particular form of the stability condition, useful for BB-PD models, is derived.

Another option is the well-known Courant-Friedrichs-Lewy condition; however, it is

rather conservative for PD models [72].
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3. The proposed discretization scheme

As discussed earlier, the standard discretization scheme is devised so that it can

easily cope with material separation in PD simulations (e.g., in fracture and corrosion

damage problems) as well as nonlinear PD models. However, it can become compu-

tationally very expensive in cases where the PD horizon is large relative to the grid

spacing, especially in 3D problems with millions of degrees of freedom. This lies in

the fact that the spatial integration requires looping through all the background cells

centered at the family nodes. The goal of this section is to present a method to ad-

dress this issue at least for regions which are not a�ected by discontinuities and are

well-represented by a linear PD model.

Let us consider a generic PD neighborhoodHxi
centered at nodexi , referred to as

thesource nodeof the neighborhood, shown in Fig. 5 (left). The family nodes, repre-

sented by the black dots, are collected in a set associated toxi and denoted byFi . As

shown in Fig. 5 (right), in the standard scheme, all the family nodes are assigned to a

background cell and employed in the integration. In contrast, in the proposed scheme,

prior to the integration the main �eld variables are approximated (withinHxi
) in terms

of the nodal values of a subset of the family nodesCi Ó Fi calledcollocation nodes,

which are represented by the blue dots in Fig. 5 (center). This strategy, i.e., having a

closed-form expression for the main �eld variables within the neighborhood, facilitates

the strong form discretization of the PD governing equation since it eliminates the need

to loop over all the family nodes and to calculate the corresponding partial volumes.

The approximation of �eld variables is carried out via a WLS approach using mono-

mial basis functions. In the following, we brie�y review the WLS approximation for

a general function. Thereupon, the e�cient calculation of the integral terms in elas-

ticity and di�usion models are discussed in detail; moreover, a short discussion on the

convergence behavior of the approach is provided.

3.1. Weighted least squares approximation

Here, we recall the WLS approximation commonly employed in the �nite point

method [60, 73]; to gain deeper insight the reader may consult [74]. Let us consider a
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Auxiliary node Family node Collocation node

�

Hxi

xi

Figure 5: A generic PD neighborhood in the present study and representation of (left) the family nodes

surrounded by a Cartesian auxiliary grid, (center) the selected collocation nodes in the proposed scheme

which are the nearest family nodes to the auxiliary nodes, and (right) the family nodes with background

integration cells in the standard scheme.

subdomain centered at nodexi as shown in Fig. 5 (center). This subdomain is referred

to ascloud in the terminology of meshfree methods. The cloud (here we refer toHxi

as the cloud ofxi ) indicates the region over which the unknown �eld variables are

approximated. A local coordinate system with origin at the center is assigned to each

cloud. In this way, a general functiong.x/ can be approximated locally in space by‚g.x/

as follows:

g.x/ ù ‚gi .x * xi / =
npÉ

j =1

aj pj .x * xi / = p.x * xi /ai ; Åx Ë Hxi
; (32)

wherex = . x; y; z/ñ , p.x/ is a vector containingnp monomial basis functions, andai is

the vector of corresponding unknown coe�cients; the coe�cients must be determined

in terms of the nodal values of the collocation nodes. For instance, considering a com-

plete set of monomial bases up to second order we have

p.x/ =
�
1; x; y; z; x2; xy; xz; y2; yz; z2�

; np = 10

ai =
�
.ai /1; .ai /2; § ; .ai /10

� ñ
:

(33)

To proceed with the approximation, the function in (32) is sampled at the collocation

nodes inCi (which includes the source nodexi ) and the resulting values are collected
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in a vectorGi as follows:

Gi =

`
r
r
r
r
r
r
p

gi

4

gj

4

a
s
s
s
s
s
s
q

ù

`
r
r
r
r
r
r
p

‚gi .xi * xi /

4

‚gi .xj * xi /

4

a
s
s
s
s
s
s
q

=

b
f
f
f
f
f
f
d

p.xi * xi /

4

p.xj * xi /

4

c
g
g
g
g
g
g
e

ai = M iai ; Åxj Ë Ci ; (34)

in whichM i is the moment matrix of the approximation. Assuming that the number of

collocation nodesnc is greater than the number of basesnp, M i is not a square matrix and

thus the solution of the linear system of equations in (34) requires a WLS procedure.

In this regard, the solution is achieved by minimizing the weighted sum of squared

residuals:
J =

É

j ËCi

„!
�
xj * xi

� �
gj * ‚gi

�
xj * xi

�� 2

=
É

j ËCi

„!
�
xj * xi

� �
gj * p

�
xj * xi

�
ai

� 2
;

(35)

where „! is a weight function that in�uences the contribution of each collocation node

based on its distance from the source node. In this study,„! is taken as suggested in [75]

as

„! .xj * xi / =

1 * exp
0

64 * 16
ñxj * xi ñ

2

„r2

1

1 * exp.64/
; (36)

where „r indicates the largest possible distance of a collocation node from the source

node. Minimization ofJ in (35) results in a linear system of equations as follows:

A iai = BiGi ; (37)

whereA i is a square matrix given by

A i =
É

j ËCi

„!
�
xj * xi

�
pñ �

xi * xj
�

p
�
xi * xj

�
; (38)

and the matrixBi is given by

Bi =
�

„!
�
xi * xi

�
pñ

�
xi * xi

�
5 „!

�
xj * xi

�
pñ

�
xj * xi

�
5

�
: (39)

Note that the number of columns inBi is equal to the number of collocation nodes. In

view of (37), forai we have

ai = A*1
i BiGi : (40)
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Consequently, the approximate function‚gi can be expressed in terms of the nodal values

of the collocation nodesGi by substitutingai from (40) in (32):

‚gi .x * xi / = p.x * xi /QiGi =
É

j ËCi

N j .x * xi /gj ; (41)

whereQi = A*1
i Bi andN j is the shape function of the approximation corresponding

to nodexj in the set of collocation nodes.

Remark 1

The quality of the approximation in the WLS scheme is in�uenced by the condition

of A i to a large extent [74]. This depends on several factors, such as the number of

basis functionsnp in comparison to the number of collocation nodesnc as well as the

arrangement of collocation nodes within the cloud. In fact, using higher-order mono-

mials (more basis functions) requires more collocation nodes in the approximation. In

this study, to achieve maximum e�ciency, we attempt to employ the least number of

collocation nodes (with respect to the order of monomials) for which the solver does not

face any conditioning problem for the construction of shape functions. Such in�uen-

tial parameters can also be found in the majority of meshfree techniques [74]. Further

discussion on the optimal construction of shape functions is beyond the scope of the

present study and still a controversial topic of investigation [76].

Remark 2

To facilitate the selection of collocation nodes, we make use of an auxiliary Cartesian

grid, illustrated with red circles in Fig. 5 (left). The auxiliary grid is inside the cloud and

centered at the source node. The grid spacing adopted for the auxiliary grid is chosen

so that the farthest nodes of the grid coincide with the border of the cloud and the total

number of nodes is as close as possible to the required number of collocation nodes.

The positions of the auxiliary nodes serve as indicators for the approximate positions

of the collocation nodes. The collocation nodes are then chosen as the subset of the

family nodes nearest to the auxiliary grid nodes (i.e.,Ci Ó Fi , see Fig. 5). This strategy

culminates in a rather homogeneous as well as symmetric arrangement of collocation

nodes within the cloud, which is bene�cial for the quality of the approximation.
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Remark 3

A related approach with a focus on asymptotic compatibility, based on an equality

constrained least squares minimization, was presented in [77, 78], enabling higher con-

vergence rates of PD numerical solutions. Attaining such higher convergence rates in

meshfree PD discretizations has recently attracted attention in the PD community. For

instance, a meshfree reproducing kernel (RK) approach was proposed in [30] for that

purpose. While the RK approach can be very e�ective in increasing the order of con-

vergence of numerical solutions, it can be signi�cantly computationally expensive due

to the need of employing a large number of quadrature points to attain accurate integra-

tions. To alleviate this computational burden, in [79, 80], an RK collocation approach

was proposed, which under certain conditions is equivalent to the approach presented

in [77, 78]. In contrast to these works, the focus of this paper is attaining computational

e�ciency. This is especially achieved by combining the proposed scheme with a (pos-

sibly adaptive) hybrid discretization discussed in Sect. 4.

3.2. Elasticity

This section describes how the proposed meshfree scheme is applied for the strong

form discretization of governing equations in linearized BB-PD, i.e., elasticity with

small deformation. To begin with, withinHxi
at timet, the displacement �eldu.x; t/ =

.u.x; t/; v.x; t/; w.x; t//ñ is approximated along each axis of the local coordinate system

using the described WLS approach as (cf. (41))

u.x; t/ ù ‚ui .x * xi ; t/ =

`
r
r
r
r
p

‚ui .x * xi ; t/

‚v i .x * xi ; t/

‚w i .x * xi ; t/

a
s
s
s
s
q

= „P.x * xi / „Qi
„Ui .t/; Åx Ë Hxi

; (42)
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where „Ui .t/ =
�
Ui .t/;V i .t/;W i .t/

� ñ
collects the displacement values of the collocation

nodes at timet and along thex-, y-, andz-directions:

Ui .t/ =

`
r
r
r
r
r
r
p

ui .t/

4

uj .t/

4

a
s
s
s
s
s
s
q

; V i .t/ =

`
r
r
r
r
r
r
p

vi .t/

4

vj .t/

4

a
s
s
s
s
s
s
q

; W i .t/ =

`
r
r
r
r
r
r
p

w i .t/

4

w j .t/

4

a
s
s
s
s
s
s
q

; Åxj Ë Ci ; (43)

and

„P.x/ =

b
f
f
f
f
d

p.x/ 0 0

0 p.x/ 0

0 0 p.x/

c
g
g
g
g
e

; „Qi =

b
f
f
f
f
d

Qi 0 0

0 Qi 0

0 0 Qi

c
g
g
g
g
e

: (44)

Note that we abuse notation here by usingw to denote the displacement in thez-

direction whilew is also employed to denote the pairwise potential function (see (8)).

Nevertheless, the di�erence in arguments should su�ce to recognize which onew refers

to. Substitution of‚ui in (42) for u in the linearized BB-PD model (16) and using the

resulting pairwise force function in (2) evaluated atxi , leads to

� .xi / ‡u.xi ; t/ ù
ÊH

! .� /c
� ä �

ñ� ñ3

�
‚ui .� ; t/ * ‚ui .0; t/

�
dV� + b.xi ; t/; (45)

where we use here the change of variables� = x¨ * xi andH := ^ � Ë Rd : ðð� ððf � ` .

According to (42), the integral term in (45) can be written in terms of the displacement

values of the collocation nodes:

� .xi / ‡u.xi ; t/ ù „L „Qi
„Ui .t/ + b.xi ; t/; (46)

where

„L =
ÊH

! .� /c
� ä �

ñ� ñ3

� „P.� / * „P.0/
�

dV� : (47)

In fact, „L is a matrix with three vectors arranged in column-wise order as follows:

„L =
�
Lu Lv Lw

�
; (48)
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whereLu, Lv, andLw , respectively, correspond to the displacement �eld along thex* ,

y* , andz* directions, and are given by

Lu =
ÊH

! .� /c
� ä �

ñ� ñ3

b
f
f
f
f
d

p.� / * p.0/

0

0

c
g
g
g
g
e

dV� ;

Lv =
ÊH

! .� /c
� ä �

ñ� ñ3

b
f
f
f
f
d

0

p.� / * p.0/

0

c
g
g
g
g
e

dV� ;

Lw =
ÊH

! .� /c
� ä �

ñ� ñ3

b
f
f
f
f
d

0

0

p.� / * p.0/

c
g
g
g
g
e

dV� :

(49)

The vectors in (49) can be written in the spherical coordinate system, i.e.,� =
�
� x ; � y; � z

�
’

r = r .cos� sin�; sin� sin�; cos� /; to exemplify, forLu we have

Lu =
Ê

�

0 Ê

2�

0 Ê

�

0
! .r /c

b
f
f
f
f
d

cos2 � sin2 � sin� cos� sin2 � cos� sin� cos�

sin� cos� sin2 � sin2 � sin2 � sin� sin� cos�

cos� sin� cos� sin� sin� cos� cos2 �

c
g
g
g
g
e

b
f
f
f
f
d

p.r / * p.0/

0

0

c
g
g
g
g
e

r sin� drd� d�:

(50)

In this way, assuming a complete spherical region forH results in closed-form analytical

expressions for the integrals in (49). For instance, taking a complete set of monomial

bases up to second-order forp in (49), yields

Lu =�

b
f
f
f
f
d

0 0 0 0 1 0 0 1
3

0 1
3

0 0 0 0 0 1
3

0 0 0 0

0 0 0 0 0 0 1
3

0 0 0

c
g
g
g
g
e

;

Lv =�

b
f
f
f
f
d

0 0 0 0 0 1
3

0 0 0 0

0 0 0 0 1
3

0 0 1 0 1
3

0 0 0 0 0 0 0 0 1
3

0

c
g
g
g
g
e

;

Lw =�

b
f
f
f
f
d

0 0 0 0 0 0 1
3

0 0 0

0 0 0 0 0 0 0 0 1
3

0

0 0 0 0 1
3

0 0 1
3

0 1

c
g
g
g
g
e

;

(51)
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where� is a constant, which depends on the in�uence function! , and is given by

� =

h
n
l
n
j

�c� 4

5
! = ! 0;

�c� 4

25
! = ! 1:

(52)

Therefore,„L „Qi , in (48), includes the quadrature weights in the proposed discretization

scheme, while the collocation nodes are the corresponding quadrature points. It should

be pointed out that the zero values in some of the entries in the matrices in (51) arise out

of some monomials inp. Nonetheless, the contribution of a complete set of monomials

is required for the WLS approximation. Extension of the proposed scheme to SB-PD is

provided in Appendix A.

3.3. Di�usion

The application of the proposed scheme to di�usion-type problems is straightfor-

ward. To begin with, similar to (42), the concentration �eld function is approximated

within Hxi
at timet as (cf. (41))

C.x; t/ ù ‚Ci .x * xi ; t/ = p.x * xi /QiCi .t/; Åx Ë Hxi
; (53)

where

Ci .t/ =

`
r
r
r
r
r
r
p

Ci .t/

4

Cj .t/

4

a
s
s
s
s
s
s
q

; Åxj Ë Ci ; (54)

collects the concentration values of the collocation nodes at timet. Substitution of ‚Ci

in (53) forC in the governing equation (22) evaluated atxi leads to

†C.xi ; t/ =
ÊH

! .� /�
1

ñ� ñq

�
‚Ci .� ; t/ * ‚Ci .0; t/

�
dV� + S.xi ; t/; (55)

which can be written in terms of the concentration values of the collocation nodes:

†C.xi ; t/ = LCQiCi .t/ + S.xi ; t/; (56)

where

LC =
ÊH

! .� /�
1

ñ� ñq .p.� / * p.0// dV� : (57)
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Employing the spherical coordinate system used in the previous section, we have

LC =
Ê

�

0 Ê

2�

0 Ê

�

0
! .r /�

1
rq*2

.p.r / * p.0// sin� drd� d�: (58)

Assuming again a complete spherical region forHxi
and taking a complete set of mono-

mial bases up to second-order forp in (49), yields

LC = � C

�
0 0 0 0 1 0 0 1 0 1

�
; (59)

where� C is a constant, which depends on the in�uence function! , and is given by

� C =

h
n
l
n
j

4��� 5* q

*3 q+15
! = ! 0;

4��� 5* q

3q2*33 q+90
! = ! 1:

(60)

A brief discussion on the convergence of the proposed scheme is provided in the sub-

sequent section.

3.4. Convergence

The notion of convergence in the numerical approximation of PD is di�erent from

the traditional one for FEM. This lies in the fact that PD models are nonlocal and a�ected

by the PD horizon� [36]. To get a clearer picture, we consider a 1D linear PD model

(cf. (16)), for which the equation of motion (2) is given by

� .x/ ‡u.x; t/ =
Ê

x+�

x* �
c!

�
x¨ * x

�
0

u.x¨; t/ * u.x; t/
ðx¨ * xð

1
dx¨ + b.x; t/: (61)

Taking! as in (13), employing the change of variable� = x¨ * x, and using a Taylor

expansion ofu.x¨; t/ aboutx, under the assumption of a smooth displacement �eld, we

get

� .x/ ‡u.x; t/ =
Ê

x+�

x* �
c

0
u.x¨; t/ * u.x; t/

ðx¨ * xð

1
dx¨ + b.x; t/

=
Ê

�

* �
c

0
u.x + �; t / * u.x; t/

ð� ð

1
d� + b.x; t/

=
Ê

�

* �

c
ð� ð

4
)u
)x

.x; t/� +
1
2

) 2u
)x 2

.x; t/� 2 +
1
6

) 3u
)x 3

.x; t/� 3 + 5
5

d� + b.x; t/

=
0

1
2

c
Ê

�

* �
ð� ðd�

1
) 2u
)x 2

.x; t/ + 5 + b.x; t/;

(62)
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where antisymmetric terms vanish due to the symmetry of the integration domain. Cal-

culating the integrals analytically, we obtain

� .x/ ‡u.x; t/ =
1
2

c� 2 ) 2u
)x 2

.x; t/+
1
48

c� 4 ) 4u
)x 4

.x; t/+
1

2160
c� 6 ) 6u

)x 6
.x; t/+ 5 + b.x; t/: (63)

In the limit � ™ 0, neglecting the terms higher than second order in the Taylor expansion

of (63), and takingc = 2E_� 2, the equation of motion in CCM is recovered:

� .x/ ‡u.x; t/ = E
) 2u
)x 2

.x; t/ + b.x; t/: (64)

According to (63), the convergence of PD models has two viewpoints: (1) when�

shrinks and approaches zero the higher-order terms in the Taylor expansion become

less dominant and thus the PD equation asymptotically converges to that of the corre-

sponding classical local model; this is related to the concept of asymptotic compatibility

[81, 82]. To do it numerically, in the standard scheme, the ratio� _� x is kept constant

and by taking� x ™ 0 it is expected that the PD numerical solution converges to the

corresponding classical local solution. This is referred to as� -convergence in [36].

(2) when the PD horizon� is kept constant and the contribution of more terms of the

expansion in (63) is taken into account, it is expected that the PD numerical solution

converges to the PD continuum solution for the given PD horizon. This is achieved

numerically in the standard scheme by taking� constant and� x ™ 0 thus� _� x ™ Ø .

In this way, by decreasing� x more nodes fall within each PD neighborhood and, con-

sequently, the standard scheme approximates the higher-order terms of the expansion in

(63) more accurately. This is referred to as them-convergence (where herem := � _� x)

in [36].

An interesting feature of the proposed scheme is that, similar to the traditional FEM,

it hask-order consistency (denoted byCk) wherek is equal to the maximum order of

monomials employed in the approximation. Namely, the proposed scheme can produce

exact polynomial solutions up to thekth order. In the proposed scheme, at leastC2

consistency is required to approximate the PD integral in (62) and to evaluate the �rst

term of the expansion in (63); this makes the proposed scheme to behave monotoni-

cally in the� -convergence case. Furthermore, when� is taken constant, the approach

can yield numerical solutions up to a certain level of accuracy depending on the or-
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Figure 6: Schematic representation of two hybrid con�gurations employed in the present study: (�xed)
 s and


 p are kept �xed in the solution process; (adaptive)
 s evolves in time and follows the damage morphology.

t0 andtf denote the initial and �nal time instants, respectively.

der of consistency. In fact, employing higher-order monomials in the series of basis

functions is equivalent to taking more terms of the expansion in (63) into consideration

and thus coming up with the PD integrals more accurately. To this end, in the case of

m-convergence, by decreasing� x and keeping� constant, the method does not provide

more accurate numerical solutions, unless the order of consistency is levelled up. This

is illustrated in the �rst example of Sect. 5.

4. Hybrid con�guration

In this study, to optimize the usage of computational resources, a hybrid meshfree

framework is devised for problems involving damage, which combines the standard and

the proposed discretization schemes. As discussed earlier, the proposed scheme, despite

its high e�ciency, may lose accuracy near discontinuities (like cracks) and boundaries,

where the standard scheme may perform better. Thus, the developed framework re-

stricts the application of the standard scheme to critical zones on the verge of damage
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and boundaries, whereas the proposed scheme is applied to the remaining zones of the

domain. To this end, the domain
 is divided into two regions:
 s and
 p, where
 s

denotes the region discretized with the standard scheme and
 p denotes the remain-

ing region discretized with the proposed scheme. In the present study, as illustrated

in Fig. 6, two di�erent hybrid con�gurations are considered to tackle problems involv-

ing damage. In the �rst con�guration, referred to as thehybrid �xed con�guration, the

critical zones, susceptible to damage, are known a priori by the analyst and thus
 s

remains unchanged during the simulation. This con�guration results in a highly e�-

cient simulation as long as the critical zones are precisely known; otherwise,
 s must

conservatively be taken much larger than required which adds overhead. In the sec-

ond con�guration, referred to as thehybrid adaptive con�guration, at the initial time

instant,
 s only contains limited zones exposed to initial damage (like pre-cracks) and

no further knowledge by the analyst is required (see Fig. 6). In this con�guration, in-

spired by [49, 52], aswitchingalgorithm is incorporated that iterates over the nodes in


 p and switches the discretization scheme of nodes in the critical zones to the standard

scheme. In this way,
 s adaptively expands and follows the morphology of damage in

time. Therefore, the adaptive strategy restricts the application of the standard scheme

to crucial zones. However, this strategy is more advantageous for problems with fast

and uncertain evolution of damage like dynamic propagation of cracks, because the

triggering of the switching algorithm also adds overhead.

Identi�cation of the critical zones for the switching algorithm requires a reliable

criterion with respect to the physics of the problem. In the case of brittle crack propa-

gation, inspired by [49], we employ a criterion based on the status of the stretch of each

bond within
 p. Let us consider two generic neighboring nodesxi andxj as shown in

Fig. 7. At time instanttn, the linking bond betweenxi andxj is considered critical if its

stretch falls within a given range, as follows:

�s 0 Í

ôôôô

�
xj + un

j

�
*

�
xi + un

i

� ôôôô
ñxj * xiñ

* 1 Í s0; 0 < � < 1: (65)

If two nodes are identi�ed as critical (i.e., their linking bond is considered critical), the

union of their neighborhoods is considered as a critical zone (see Fig. 7). At this stage,
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Figure 7: Schematic representation of the switching algorithm in the hybrid adaptive con�guration: (left)

the bond betweenxi andxj is identi�ed as critical attn; (right) the discretization scheme of the neighboring

nodes corresponding toxi andxj is switched to the standard scheme attn+1 .

before the critical zone is evaluated for damage, at the end of thenth time step, the

discretization scheme of the nodes within the critical zone is switched to the standard

one. The value of� in�uences the expansion size of
 s; i.e, the lower the value of

� , the larger the size of
 s and, consequently, the higher the computational cost. The

value of� must be selected from a proper range, so that the switching algorithm not

only achieves e�ciency but also keeps the damage front far enough from
 p.

5. Numerical examples

In this section, the performance of the proposed scheme, in terms of both accuracy

and e�ciency, is investigated through various numerical examples. In some of the ex-

amples, it is required to estimate the solution error, which we compute with the relative

l 2-norm given by

el 2 :=

u
³ N

j =1
ôôôuNum

j * uEx
j

ôôô
2

u
³ N

j =1
ôôôuEx

j
ôôô

2
; (66)

whereN is the number of nodes in the discretized domain,uNum
j stands for a generic

unknown �eld variable obtained from the numerical solution at nodexj , anduEx
j is that
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�

Proposed-A

Proposed-B

Proposed-C

Standard

Figure 8: Examples of the PD neighborhood employed for each approach in Example 1; the red circles stand

for the auxiliary nodes, while the blue dots are the collocation nodes.

Table 1: Speci�cations of the approaches, based on the proposed scheme, in Example 1.

Scheme Ck np nc

Proposed-A C2 3 5

Proposed-B C4 5 11

Proposed-C C6 7 13

obtained from a corresponding exact (analytical) solution.

To enable e�cient simulation, a largely parallelized C++11 code was developed.

The simulations for the last two examples were performed on a computational node of an

in-house high-performance computing cluster consisting of two sockets with a 24-core

2.1 GHz Intel Xeon Scalable Platinum 8160 processor. This provides a shared memory

multiprocessing parallelism on 48 cores using OpenMP directives. To construct the PD

neighborhoods in a highly e�cient manner, the librarylibkdtree++ (employing the

k-d tree algorithm) was utilized; more details can be found in [33]. It should be pointed

out that the calculation of the run times excludes I/O times.

Example 1: 1D static elasticity with manufactured solution

The goal of this example is to scrutinize the convergence behavior of the proposed

scheme, compared with the standard one. We consider a domain
 = .*100 ;100/ and
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a 1D static elasticity problem with the following PD equilibrium equation forx Ë 
 :

0 =
Ê

x+�

x* �
c

1
ðx¨ * xð

�
u.x¨/ * u.x/

�
dx¨ + b.x/; (67)

wherec = 2_� 2; note that we use a linear PD model of the form of (16) in one di-

mension with an in�uence function! = 1. Near the borders, within a layer of length

equal� , the displacement is constrained by imposing Dirichlet-type boundary condi-

tions, prescribing values obtained from a manufactured solution. In the convergence

studies, for the sake of comparison, the solution of a standard PD approach is included.

For the proposed scheme, three di�erent approaches are employed whose speci�cations

are presented in Table 1. The approaches di�er in the number of collocation nodes,nc,

and the number of basis functions,np, employed for the WLS approximation. Exam-

ples of the PD neighborhood employed are depicted in Fig. 8. For each approach, the

equilibrium is achieved through the solution of a global linear system of equations;

moreover, the poblem domain is uniformly discretized with grid spacing� x. In the

following, we study them-convergence and� -convergence of the approaches.

m-convergence

In this case, we assume an exact/manufactured solution for the nonlocal problem

given by

uEx.x/ := sin
� x

10

�
: (68)

The exact solution is selected so that it is not spanned by the monomials used in the

present collocation technique. Insertion of the exact solution from (68) into the equi-

librium equation in (67) results in the following body force density function:

b.x/ = 2c
�

 * Ci

� �
10

�
+ ln

� �
10

��
sin

� x
10

�
; (69)

whereCi and
 denote the cosine integral function and the Euler's constant, respectively.

Therefore, displacement boundary conditions given by (68) and a body force density

�eld given by (69) are imposed on the problem. In this part, a constant horizon� = 6

is assumed.

Figure 9 (left) presents the results obtained for them-convergence study. As ex-

pected, in the standard scheme, by increasing them ratio and keeping� constant, the
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Figure 9: The (left)m- and (right)� -convergence studies in Example 1.

number of quadrature points increases, resulting in that the higher-order terms in (63)

are evaluated more accurately and thus numerical solutions closer to the analytical

one are gradually obtained. As discussed in Sect. 3.4, the proposed scheme in the

m-convergence study quickly achieves a certain level of accuracy with respect toCk;

moreover, it does not converge further to the exact solution unless higher-order mono-

mials for the bases of collocation are taken into account. As can be seen in Fig. 9

(left), the proposed scheme gives rather constant results for the error norm as� x de-

creases. Nonetheless, the Proposed-A scheme, which has the lowest order of consis-

tency, quickly achieves a level of accuracy with a coarse discretization which cannot be

simply achieved by the standard scheme even with a much �ner discretization. It should

be remarked here that in the �nest grid spacing case (whenlog10 .� _� x/ ù 1:52), the

PD neighborhood includes67 family nodes, i.e., the quadrature points in the standard

scheme, while the Proposed-A scheme employs only5 collocation nodes for the in-

tegration. The obtained results reveal that, in the proposed scheme, by increasingCk

the accuracy level substantially improves. The results obtained by the Proposed-B and

Proposed-C schemes are, respectively, about two and �ve orders of magnitude more

accurate than those obtained by the Proposed-A scheme.
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� -convergence

In the limit � ™ 0, the equilibrium equation in (67) converges to (cf. (64))

0 =
) 2u
)x 2

.x/ + b.x/; (70)

which is the corresponding classical equation withE = 1. Similar to the previous case,

substitution of the exact solution in (68) foru in (70) leads to

b.x/ =
1

100
sin

� x
10

�
: (71)

The problem domain is the same as in the previous case, and we similarly use the same

boundary conditions derived from the exact solution and the body force density ob-

tained in (71). In all the schemes, the domain is uniformly discretized and the ratio

m = � _� x is kept constant equal to12. The results obtained by the standard and pro-

posed schemes are provided in Fig. 9 (right). The results show that, in the� -convergence

study, the standard scheme exhibits an oscillatory behavior and does not guarantee con-

vergence to the exact solution. This demonstrates that the standard scheme with a �xed

m ratio is not asymptotically compatible [81, 83]; related discussions in the context of

nearest-neighbor PD discretizations are presented in [84]. In contrast, all the proposed

schemes rather monotonically converge to the exact solution. It can be concluded that

the proposed scheme performs better than the standard one in terms of convergence to

the local theory.

Example 2: 2D transient di�usion with manufactured solution

In this example, the accuracy of the proposed scheme in the solution of a 2D tran-

sient di�usion problem is studied and compared with that of the standard scheme. The

governing equation of the problem is (22), where the concentration �ow density is

taken as (cf. (23)) J .� ; � / = �_ ñ� ñ2. The problem domain is a square with dimen-

sions.*0 :5;0:5/ • .*0 :5;0:5/, and Dirichlet-type boundary conditions are imposed in a

boundary layer of thickness� adjacent to the domain boundary, as illustrated in Fig. 10.

Similar to the previous example, we consider an exact/manufactured solution for the

problem. In this case, the exact solution is given by

CEx.x; t/ := sin.5 t/
�
x2y2 + x3y + x4 + xy3 + y4�

; (72)
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�

Dirichlet boundary layer

�

Figure 10: Representation of the problem domain and the boundary layer in Example 2 for (left) uniform and

(right) non-uniform discretizations.

Table 2: Speci�cations of the approaches, based on the proposed scheme, in Example 2.

Scheme Ck np nc

Proposed-A C2 6 29

Proposed-B C4 15 49

which results in the following source function:

S.x; t/ = 5 cos.5t/
�
x2y2 + x3y + x4 + xy3 + y4�

*
1
16

�� 2 sin.5t/
�
7� 2 + 56x2 + 48xy + 56y2�

:

(73)

The problem domain is discretized with an average grid spacing� x = 1_39 ù 0:0256,

shown in Fig. 10, and� = 4� x ù 0:1025. As can be seen in the �gure, two di�erent

discretizations (uniform and non-uniform) are considered. The non-uniform discretiza-

tion is achieved by perturbing the coordinates of the nodes in the uniform discretization

by a random number with values in the interval[0; 0:35� x]. It should be pointed out

that the distortion is slight, so that the assumption of identical background cells for the

nodes in the standard scheme remains approximately valid. The time marching is done

through the explicit forward Euler algorithm in (31) with� t = 10*5 . Two di�erent

approaches based on the proposed scheme are employed in this example; the speci�ca-

tions are reported in Table 2. Examples of the PD neighborhood, for each discretization,
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