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Abstract

The phase-field dislocation dynamics (PFDD) model is extended to simulate cross slip in

body-centered cubic materials. The model makes use of a non-orthogonal, body-centered

cubic numerical grid such that all calculable points lie on dislocation glide planes. We

demonstrate that the advanced PFDD model predicts a low-energy, non-planar core for

screw dislocations and a planar core for edge dislocations. These core differences result

in screw-edge character dependence in the critical stress to initiate glide and dislocation

drag coefficients. We show that this model can be used to study the propensity of screw

dislocations to cross slip around or transmit through a coherent, crystallographic obstacle,

depending on obstacle strength.

1. Introduction

Dislocations control the plastic deformation of many materials. To avoid an obstacle, a

gliding dislocation can transfer from its current glide plane onto a different one. Disloca-

tions of screw character can accomplish this maneuver via cross slip. Cross slip is especially

important in body-centered cubic (BCC) materials. Screw dislocations in BCC have a spe-

cial, compact, non-planar core structure that enables them to cross slip easily [1]. The

repeated cross slipping of screw dislocations in BCC materials is believed to cause wavy,

non-crystallographic slip traces, and the ability to cross slip can affect the material’s duc-

tility and work hardening [2, 3, 4, 5]. At the same time, the BCC screw dislocation core

also increases its resistance to move compared to edge character dislocations, making screw

dislocation glide the rate-limiting deformation mechanism [3, 4]. Understanding dislocations
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dynamics in BCC, including their glide and cross slip behavior, is desirable for understand-

ing their relationship between these underlying mechanism and macroscopic strength and

ductility.

Experimentally observing individual dislocations in motion can be challenging, so sim-

ulation is often employed to investigate dislocation behavior. The length scales accessed

by these simulation techniques can range from the atomic-scale, such as density function

theory (DFT) or molecular dynamics (MD), to the mesoscale, such as discrete dislocation

dynamics and the generalized Peierls-Nabarro (GPN) model. DFT has been used widely

to calculate γ-surfaces, energetic landscapes associated with fault formation, and the core

structures of dislocations in metals with compact and narrow structures [1, 6, 7, 8]. Many

DFT studies of BCC metals have found that the cores of screw dislocations are non-planar

and symmetric, equally spread on three planes, with six-fold symmetry sharing the same

zone axis of the dislocation line and Burgers vector [1, 6, 9]. Studies of dislocation dynamics

can be limited, due to short length and time scales, and to date, none have studied cross

slip in BCC crystals [10, 11]. Compared to DFT, MD is able to reach slightly longer length

and time scales in order to simulate the cross slip of screw dislocations [12, 13, 14]. These

simulations can give valuable insight into the cross slip behavior of individual dislocations,

including the formation of cross-kinks, pinning, and dislocation debris [15, 16, 17].

At longer length scales, discrete dislocation dynamics can simulate larger arrays of dis-

locations [18, 19, 20, 21]. Kinetic Monte Carlo has also been used to study dislocations in

BCC metals, including the effects of cross slip [22, 23]. Both simulation methods are based

on predetermined rules for dislocation interaction, mobility, and cross slip. The goal of these

methods is usually to understand the collective behavior of large numbers of long dislocations

over long periods of time, as opposed to atomistics, which is typically used to study short

dislocations over short periods of time. The GPN model is another mesoscale computational

technique that can represent discrete dislocations. Ngan first used GPN to calculate the

non-planar screw core, the stress and strain fields it generates, and its self energy [24]. GPN

models have been used to simulate cross slip in FCC crystals, but none have studied cross

slip in BCC crystals [25].

Phase-field dislocation dynamics (PFDD) is a mesoscale model that can bridge the gap
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between atomistic methods and discrete dislocation dynamics [26, 27]. PFDD introduces

order parameters that represent the regions that have been slipped by dislocation glide.

The governing energy function for the total energy of the system is a function of a field of

order parameters. Through energy minimization in each step during a simulation, PFDD

can be used to determine the minimum energy reactions, dissociations, and glide pathways

taken by dislocations. As such, PFDD does not use pre-set rules to determine the when,

where, and how dislocations move. Material parameters enter through the energetic terms

in the functional and these can be supplied by atomistic simulation or experimental data.

Many times, the data is directly informed by DFT, eliminating the need to develop classical

potentials.

Early PFDD modeling studies usually considered just one slip system, simulating planar,

compact dislocation cores [26]. By including more slip systems in the formulation, PFDD was

later used to model the dissociation of dislocations into partial dislocations in face-centered

cubic (FCC) and hexagonal close-packed (HCP) metals [27, 28]. Multiple slip systems were

also used to study the intersection of dislocations on different slip planes or the multiplication

of dislocations from a Frank-Read source [29, 30, 31, 32]. However, cross slip, in which a

full dislocation completely changes slip planes, has not been studied previously with PFDD.

Prior PFDD models of BCC crystals have assumed a simplified planar dislocation core,

requiring a correction term to account for screw-edge differences [33, 32].

In this work, we advance the PFDD model to simulate the glide and cross slip of screw

dislocations. We show that the extended PFDD model captures the non-planar core struc-

tures of a screw dislocation and when under stress, the higher lattice friction and drag of

screw dislocations relative to edge dislocations. We demonstrate that the technique allows

for simulations of kink-pair controlled glide and cross slip without the need for rules or

properties based on local screw/edge character.

2. Methods

PFDD is an energy-based model that tracks the state of the system through scalar order

parameters φ(r)α, where r = (x, y, z) is the position in space and α corresponds to a slip

system with slip direction sα and plane normal nα [26, 27]. φ(r)α tracks whether or not a
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point has been slipped by a dislocation with φ(r)α = 0 and φ(r)α = 1 corresponding to a

perfect crystal and a crystal slipped by one dislocation, respectively. Dislocations are located

at the boundary between φ(r)α = 0 and φ(r)α = 1.

Based on the order parameters, the total energy of the system is calculated and then

minimized. The total energy ψ includes three contributions:

ψ = ψelas + ψlatt − ψext (1)

where ψelas, ψlatt, and ψext are the elastic, lattice, and external energy, respectively. Note

we do not include here the gradient energy term, an energy associated with the change in

order parameter across the slipped and unslipped region. In prior work, ψgrad is found to be

important for replicating the stacking fault width of extended dislocations with planar cores

in some FCC materials [34]. Understanding this effect, we elected to not consider ψgrad here

since doing so would require characterizing coefficients. ψgrad can always be added later in

a straightforward manner.

The elastic energy is due to the elastic strains created by the dislocation and is given by

ψelas =

∫
1

2
[ε(r)− εp(r)] ·C[ε(r)− εp(r)]d3r (2)

where C is the elastic stiffness tensor, ε is the total strain, and εp is the plastic strain. In

PFDD, the plastic strain can be expressed in terms of the order parameters:

εp(r) =
1

2

N∑
α=1

bφ(r)α

d
(sα ⊗ nα + nα ⊗ sα) (3)

where b is the Burgers vector magnitude, d is the interplanar spacing, and N is the number

of active slip systems.

The lattice energy accounts for the energy required to move the dislocation through the

lattice. This is usually given by the generalized stacking fault energy (GSFE) [27]. In BCC

metals, DFT calculations have shown that the GSFE can be approximated by a sinusoidal

function with a single peak, the unstable stacking fault energy (USFE) [31]. Thus, the lattice

energy can be expressed as
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ψlattice =
N∑
α=1

∫
γusf
d

sin2(πφ(r)α)d3r (4)

where γusf is the USFE, which depends on the material.

The third energy contribution, the external energy, accounts for the work done by dislo-

cation motion under an applied stress and is given by

ψext =

∫
σapp · εp(r)d3r (5)

where σapp is the applied stress state.

The system evolves by minimizing the total energy using the time-dependent Ginzburg-

Landau equation

∂φ(r)α

∂t
= −m0

δψ

δφ(r)α
(6)

where m0 is a coefficient that determines the time scale of the simulation and is referred to

as a structural relaxation coefficient.

Here, we study the glide and cross slip of dislocations with a a
2
[1̄11] Burgers vector. This

vector lies in many different potential slip planes, including three distinct {110}-type planes.

In most prior PFDD simulations, an orthogonal, cubic grid has been used. In most cases,

the system has been rotated so that the slip plane of interested is horizontal within the

computational cell in order to minimize numerical error. However, when there are multiple

active slip planes, inclined glide planes will be present and the density and spacing of grid

points may not be equivalent on each plane in an orthogonal grid. Thus, the inclined nature

of the glide planes within the cubic computational grid may cause numerical differences in

the PFDD model. Recently, PFDD was extended to use non-orthogonal grids, including

FCC and BCC grids [35]. To ensure the equivalence of all possible slip planes in the model,

we use a BCC grid with primitive vectors e1 = b√
3
[111̄], e2 = b√

3
[1̄11], and e3 = b√

3
[11̄1].

The grid spacing in each direction is b, so grid points align with the atomic positions in a

BCC lattice.

To compare the effects of using multiple slip systems, two different PFDD models are

studied. First, in the constrained PFDD model, only one order parameter φ1 is used. This is
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the traditional PFDD model for perfect planar dislocations. The slip direction s1 is 1√
3
[1̄11],

and the slip plane normal is n1 = 1√
2
[110]. Second, in the unconstrained PFDD model, three

active order parameters, φ1, φ2, and φ3, are used to simulate three slip systems with slip

directions s1 = s2 = s3 = 1√
3
[1̄11], respectively. The slip plane normals are n1 = 1√

2
[110],

n2 = 1√
2
[011̄], and n3 = 1√

2
[101].

As a model BCC material, we consider Nb and we use the elastic constants and lattice

parameter from experimental measurements made at room temperature [36] and the USFE

in Eq. 4 from DFT simulations for Nb calculated at 0K [31]. Elastic isotropy using the

Voigt average is assumed resulting in an effective shear modulus µ = 39.64 GPa and Young’s

modulus E = 110.3 GPa. The Burgers vector is 2.86 Å, and the USFE is 676.8 mJ/m2. In

the minimization, the quantity m0∆t in Eq. 6 is set to 0.25 µ−1. All simulations ran until

convergence, which is defined as when the Euclidean norm of the change in order parameters

is less than 0.0001. In the following calculations, the effect of temperature on dislocation

core structures, critical stresses to glide or cross slip, and drag coefficients are not taken into

account. The results here correspond to the athermal values.

We will examine the relaxed core structures of dislocations in both the constrained and

unconstrained PFDD models. For the screw dislocation, we use a simulation cell containing

a screw dislocation dipole on the (110) plane. The cell dimensions are 128, 32, and 128 grid

points in the e1, e2, and e3 directions, respectively. Dislocation lines parallel to [1̄11] are

placed on the (110) face of the simulation cell. Similarly for the edge dislocation on the (110)

plane, we create an edge dipole in a simulation cell. Cell dimensions in this case are 128, 128,

and 384 grid points in each primitive direction, and the dislocation lines are aligned in the

[11̄2] direction on the (110) face. Initially, only one order parameter, φ1, is non-zero, and φ2

and φ3 are set to zero. In both the screw and edge case, the dislocation dipoles are separated

by 64b, and the dislocations are infinitely long due to periodic boundary conditions.

We will also study these dislocations under an applied stress to determine the critical

stress to move them. A pure shear stress is applied in one of three orientations, such that

the maximum resolved shear stress plane (MRSSP) corresponds to the (110) habit plane

or one of the two cross slip planes, (011̄) and (101). In each case, starting from zero, the

stress is increased in increments of 0.001µ. The stress at which the dislocation glides (the
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supercritical stress) and the previous stress value at which it does not (the subcritical stress)

were determined.

Last, we will examine the expansion of a dislocation loop under a shear stress in order

to study the screw/edge dependent glide. The initial dislocation loop is a perfect circle with

radius 16b, and 128 grid points were used in each primitive e1, e2, and e3 direction. The

entire loop is placed on the (110) plane, which, again, is considered its habit plane.

3. Results

3.1. Dislocation Core Structures

Figure 1 shows the calculated core structures of the edge and screw dislocations under

zero stress from both constrained and unconstrained PFDD. In all cases, from the initial

unrelaxed state, the cores of the edge and screw dislocations in their relaxed state have

spread. In constrained PFDD, spreading is confined to the the (110) plane, so both edge

and screw dislocation cores are planar. When unconstrained PFDD is used, however, the

cores spread not only on the habit (110) plane but also onto the (011̄) and (101) planes, as

shown by the non-zero order parameters φ2 and φ3 in Figure 1.

For the screw dislocation, the φ2 and φ3 fields in the core indicate core spreading on the

(011̄) and (101) planes, forming small fractional dislocations [1, 37]. These dislocations on

the two cross slip planes are nearly symmetric to one another, as the order parameters φ2

and φ3 are similar when reflected across the (110) habit plane. The habit plane remains

clear as the order parameter φ1 transitions from 1 to 0 at the dislocation core, indicating

that the dislocation spreads predominantly on the (110) plane.

For the edge dislocation, changes in φ2 and φ3 vary predominantly in the y = 0, plane,

the (110) slip plane, and the magnitudes of these two order parameters are nearly identical.

Again, the dislocation can lower its strain energy slightly by forming small, fractional dislo-

cations. However, unlike the screw dislocation, the edge dislocation with line direction [11̄2]

only lies in the (110) slip plane, so its spread is limited even in unconstrained PFDD. The

newly formed fractional dislocations represented by φ2 and φ3 lie only within the (110) plane

and represent small amounts of slip in the Burgers vector direction but on planes other than

the (110). The line direction of the screw dislocation, [1̄11], lies in all three potential slip
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Figure 1: The order parameter fields of the dislocation core under zero stress in both the constrained (leftmost
column) and unconstrained (three rightmost columns) PFDD models. The x-direction aligns with [11̄2] and
[1̄11] for the screw and edge cases, respectively. The y-direction is the slip plane normal [110] for both cases.

planes. Therefore, in unconstrained PFDD, the core of screw dislocation is non-planar and

exhibits mirror symmetry about the (110) habit plane, while that of the edge dislocation is

planar. Non-planar screw core structures are consistent with those calculated from atomistic

calculations of dislocation cores [1].

The core structures for BCC dislocations, especially BCC screw dislocations, are distinct

from core structures in close-packed crystals. Dislocations in both FCC and HCP crystals

dissociate into partial dislocations, which can be observed experimentally [38], in atomistic

simulations [39, 40], and in PFDD simulations [41, 28]. The partial dislocations form due

to a local energy minimum in the generalized stacking fault energy surface [41]. As the

GSFE surfaces for BCC crystals do not have a local minimum, the dislocation cores remain

compact [42]. Unlike dissociated dislocations in close-packed crystals, the compact BCC

screw dislocation line therefore lies in multiple slip planes, allowing for the out-of-plane

core spreading predicted from atomistic calculations and seen here in unconstrained PFDD

simulations. This makes the use of unconstrained PFDD instead of constrained PFDD
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especially important for BCC materials.

Next we examine the effect of these cores on the elastic strain field produced by these

dislocations, beginning with the screw dislocation. Figure 2 shows the out-of-plane σxz and

σyz shear stress fields of a relaxed screw dislocation calculated by both PFDD formulations.

For reference, these fields are compared with the those predicted from linear elastic isotropic

dislocation theory, which does not take into account the configuration of the core. The stress

fields calculated with PFDD qualitatively match the analytical solution. The stresses are

most intense near the core and decay in magnitude when moving away from it and the regions

of positive and negative stress are the same. The σxz stresses show Gibbs oscillations in the

[111̄] direction. These are Gibbs oscillations, which arise due to the difficulty of representing

a discrete peak in Fourier space and have been observed in PFDD previously [35].

The magnitudes of the screw dislocation stress fields calculated with the unconstrained

PFDD model are different from those of the analytical model and the constrained PFDD

model. The non-planar core, spread on multiple planes, has weakened the stress field pro-

duced outside of the core. The Burgers vector is represented by a distribution of small

fractional dislocations on the (011̄) and (101) planes. Compared to the constrained case

with the planar core, the elastic σxz component has reduced by half and the σyz component

by two-thirds, highlighting the significant effect of core spreading on the local stress fields.

The Gibbs oscillations are present in both unconstrained and constrained PFDD, and their

scaling with respect to the magnitude of the stresses is unchanged.

Figure 3 compares the in-plane σxx, σyy, and σxy relevant for edge dislocations. As for the

screw dislocations, the stress fields generated by the edge dislocation qualitatively agree with

those predicted by the linear elastic isotropic solution. The PFDD solution again displays

Gibbs oscillations, especially in the σxx stresses. Like the screw case, the magnitude of the

dislocation stress field is slightly reduced in the unconstrained case relative to the constrained

case, but these differences are not as pronounced. The maximum σxx is only 1.10x higher in

the constrained case, and σyy and σxy are 1.15x and 1.16x higher, respectively. Because the

edge dislocation cannot spread onto multiple {110}-type slip planes, it is less affected by the

choice of constrained or unconstrained PFDD.

In the analytical model of a compact dislocation line, the elastic line energy for a screw
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Figure 2: Stress fields generated by a screw dislocation as calculated from the constrained and unconstrained
PFDD models compared to those from the linear elastic isotropic analytical solution. The x- and y-directions
align with [11̄2] and [110], respectively. The magnitude of the stresses near the core is reduced in the
unconstrained PFDD due to core spreading.

dislocation is lower than that for an edge dislocation. The line energy calculation involves

integrating the elastic strain energy outside a small nanometer-sized radius around the dis-

location. Since in PFDD, the entire model is built on linear elasticity, we can include the

entire dislocation in the calculation. The line energies of the relaxed dislocations in PFDD

were calculated by integrating Eq. 2 within a cylinder of radius 28b around the dislocation

core. The line energy per Burgers vector for the screw dislocation is 0.188µb2 and 0.0591µb2

for constrained and unconstrained PFDD, respectively. By allowing spread on multiple slip

planes in unconstrained PFDD, the screw dislocation is able to lower its line energy by more

than a factor of three. For the edge dislocation, the line energies are 0.291µb2 and 0.240µb2

for constrained and unconstrained PFDD, respectively. The small amount of spreading of

φ2 and φ3 within the (110) plane in unconstrained slightly lowers the line energy, but not

nearly as significantly as the screw dislocation case. Like the result from the analytical model,

edge dislocations have a higher line energy than screw dislocations in both constrained and

unconstrained PFDD.
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Figure 3: Stress fields generated by an edge dislocation as calculated from the constrained and unconstrained
PFDD models compared to those from the linear elastic isotropic analytical solution. The x- and y-directions
align with [1̄11] and [110], respectively.
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3.2. Dislocation Glide and Cross Slip

The core structures of these dislocations will affect the stresses needed to move them

and keep them in motion. The critical stresses to initiate glide of these dislocations were

calculated using both the constrained and unconstrained PFDD. Table 1 presents the stress

range within which the critical stress for dislocation glide lies. Ranges marked with † indicate

dislocations that cross slip off the habit plane and glide on the plane corresponding to the

MRSSP.

Table 1: Critical shear stresses required to initiate dislocation glide for different states of applied stress in
units of µ, the effective elastic shear modulus. The maximum resolved shear stress plane (MRSSP) was either
the (110) habit plane or one of the two cross slip planes, (011̄) and (101). The dislocations glide within the
(110) habit plane except those marked with a †, which cross slip off the habit plane.

Screw Edge
MRSSP Constrained Unconstrained Constrained Unconstrained
(110) 0.063-0.064 0.106-0.107 0.035-0.036 0.060-0.061
(011̄) 0.126-0.127 0.131-0.132† 0.070-0.071 0.136-0.137
(101) 0.126-0.127 0.129-0.130† 0.070-0.071 0.129-0.130

When the MRSSP is the habit plane, the applied stress is the Schmid stress. For both edge

and screw dislocations and in both formulations, the dislocations glide in the (110) plane,

provided the Schmid stress exceeds a critical value, given in Table 1. The core structures

of these dislocations do not change during glide. For both constrained and unconstrained

PFDD, the screw to edge ratio for glide stress is approximately 1.8. The higher critical stress

for screw compared to edge is commonly predicted from many PN models and molecular

statics and results from the wider core for the edge than screw dislocations. The critical

stress for screw and edge dislocation motion when the MRSSP is the (110) habit plane

in unconstrained PFDD is, however, higher by 68% and 70% than those in constrained

PFDD. The enhancement is due to the spreading of the dislocation cores onto multiple

parallel or non-planar planes, outside of the habit plane in unconstrained PFDD (see Fig.

1). For both the screw and edge dislocations, non-zero values of φ2 and φ3 are present in the

unconstrained case, which represent slip on the (011̄) or (101) planes and make dislocation

glide more difficult on the (110) habit plane.

When the MRSSP corresponds to either the (011̄) or (101) plane, then the applied stress is

considered a non-Schmid stress. In constrained PFDD, both the screw and edge dislocations
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glide on the (110) habit plane, even when the applied stress is non-Schmid. The non-Schmid

stresses, however, need to be twice as high as the Schmid stress to initiate glide. The double

enhancement is expected based on the orientation relationship between either cross slip plane

and the habit plane.

In unconstrained PFDD, the response to a non-Schmid stress depends on the dislocation

screw/edge character. The edge dislocation either remains sessile or glides in the (110) habit

plane provided the applied stress is sufficiently high. The edge core, while spread, is still

planar, with non-zero values of φ2 and φ3 mostly lying within the (110) plane. It would

be impossible for this core to cross slip onto the MRSSP. The screw dislocation, on the

other hand, cross slips onto the MRSSP. The critical value of the non-Schmid stress for cross

slip is more than twice the critical value of the Schmid stress for it glide within its habit

plane. Cross slip is enabled as a consequence of the non-planar core structure of the screw

dislocation (Fig. 1). Figure 4 shows the order parameters after a dislocation cross slips from

the (110) plane to the (101) plane. Values where the order parameter is one or more indicate

slipped regions due to glide of a dislocation. Accordingly, cross slip is observed where the

trail of grid points with φ1 = 1 stops, and a new trail of grid points with φ3 = 1 begins.

At this intersection point, a right-handed [1̄11](110) screw dislocation oriented in the [1̄11]

direction meets with a net zero pair of left-handed [11̄1̄](101) and right-handed [1̄11](101)

screw dislocations. The first two dislocations annihilate and the remaining right-handed

[1̄11](101) screw continues gliding on the (101) plane. As the screw dislocation glides away,

the local plastic strain at the intersection is zero due to the opposite character of the two

dislocations at that point. However, the lattice energy (Eq. 4) is independent for each

slip system, and therefore does not cancel, leaving a residual non-zero lattice energy at the

intersection line. A different form of the lattice energy that combines slip from multiple

planes, similar to that developed by Zheng et al. for FCC crystals [29], would be required

for the lattice energies to cancel.

As expected in actuality, our model predicts the ability of screw dislocations to cross slip

and edge dislocations to not cross slip. Importantly, the unconstrained PFDD formulation

naturally accounts for this screw-edge difference through its calculation of the minimum

energy core structure and not by rules or calculations of the dislocation character.
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Figure 4: Cross slip of a screw dislocation from the (110) plane to the (101) plane. The arrows show the
sense of the screw dislocations for each slip system.

3.3. Expansion of a Dislocation Loop

The foregoing study analyzes the effects of model formulation on the critical stresses to

initiate glide of an originally stationary dislocation. Both formulations reveal a significant

screw-edge character dependence in both the core structures and critical glide stresses. Next,

we seek to determine the effects of the formulation on the glide resistance of an already

moving dislocation. Considering the known influence of dislocation character, we simulate,

using both formulations, the expansion of a dislocation loop, which bears all characters, from

screw to edge and all mixed characters in between.

Figure 5 shows the resulting loop shapes under an applied shear stress σ = 0.12µ at

different time steps. In constrained PFDD, the dislocation loop expands into an oval shape

as screw segments glide at a slightly slower rate than edge segments. The elongation of

the screw portions over the non-screw portions can also be expected since the non-screw

portions have higher line energy. As shown in the inset, the elongated portion is curved and

not pure screw. In unconstrained PFDD, the differences between the mobility of the edge

and screw segments are much more pronounced. The non-planar screw cores are much more

difficult to move than the planar edge cores, leading to a more oblong shaped loop than in the

constrained case. Unlike in the constrained case, the screw segments are long and straight.
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While the edge and mixed character portions of the loop are able to glide continuously,

with segments several Burgers long advancing together, the screw dislocation portion of the

loop will only advance a 1-2 Burgers vector long segment at a time. This segment then

grows outwards as the newly formed edge segments glide quickly along the length of the

screw dislocation. This is indicative of a kink-pair nucleation and migration mechanism

for screw dislocations in unconstrained PFDD. Experimental observations of dislocations

in deformed BCC metals have often reported predominance of screw-type dislocations and

when in motion, these segments are known to move via kink-pair nucleation and migration

[43, 44, 45, 46]. Compared to constrained PFDD, unconstrained PFDD evidently offers a

much better representation of the mechanisms of dislocation motion in BCC materials.

In Figure 5, in unconstrained PFDD, the dislocations behave differently depending on

their character. Non-screw dislocation motion is smooth, while screw dislocation motion is

jerky in time. This staggered motion can be characterized by relatively long waiting times

between kink-pair formation compared to the time required to form and migrate the kink-

pair. When the applied stress increases from 0.12µ to 0.13-0.17µ, all portions of the loop

move smoothly. The screw portions still move by the kink-pair mechanism but the waiting

time between kink-pair formation becomes comparable to the time the kink-pair forms and

migrates, leading to steady-like motion.

To compare glide rates for screw and edge segments, we use the loop calculations at

the higher applied stresses, 0.13-0.17µ, at which all portions of the loop move in a smooth

manner. In each simulation, the velocity v of the screw and edge dislocation portions is

calculated as the change in radius of the loop in the [11̄2] and [1̄11] directions per timestep,

respectively. Given v, the corresponding numerical drag coefficient B can be calculated

B =
σb

v
(7)

where σ is the resolved shear stress in the slip plane. The parameter B has units of 1/m0,

where m0 is the kinetic coefficient in Eq. 6. In the Appendix (6), we verify that B is inde-

pendent of the choice of m0, by repeating the calculations using m0∆t = 0.2 µ−1 and m0∆t

= 0.3 µ−1 in the minimization. Figure 6 compares B for the constrained and unconstrained

PFDD. In both cases, the screw segments of the loop have a much higher B than the edge
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Figure 5: Expansion of a dislocation loop in both the constrained and unconstrained PFDD models. The
dislocation line where φ1 = 0.5 is outlined in white. Both loops have a Burgers vector equal to a

2 [1̄11]. The
unconstrained case exhibits more screw-edge anisotropy because of the slower glide of the screw dislocation
resulting from its non-planar core. The insets show the differences in screw dislocation morphology in the
two cases. The applied stress is 0.12µ.
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segments. It is worth noting that B correspond to athermal values. Temperature generally

tends to increase drag, so the B found here could be considered practical lower bounds on

drag resistance.

Figure 6B studies the changes in the screw-to-edge B ratio with applied stress. In con-

strained PFDD, the ratio ranges narrowly from 1.82 to 2.09, increasing slightly with stress.

These screw-to-edge drag ratios are comparable to 1.8, the screw-to-edge critical stress ratio

to initiate motion of a straight dislocation. The screw/edge character dependence in static

and dynamic resistance is maintained. Interestingly, in unconstrained PFDD, the drag ratio

is much larger than the screw-to-edge critical stress ratio and is sensitive to the applied

stress. The screw-to-edge drag ratio is 4.53 at 0.13µ, approximately two to two and a half

times higher than the critical stress ratio and decreases to 3.36 at 0.17µ. The dislocation

character dependence is accentuated when dislocations are dynamic and carrying plasticity,

which is arguably just as, if not more, important than when they are static.

The screw-to-edge dislocation drag ratios reported in the literature vary widely from near

unity to several orders of magnitude, depending on both applied stress and temperature

[47, 48, 49, 50, 51]. Experimental measurements of Fe, K, and Nb at low temperatures give

relatively small ratios between 1 and 2 [48, 49]. As temperature is increased to intermediate

temperatures, this ratio tends to increase dramatically as edge dislocation glide becomes

easier relative to screw [47, 51].

3.4. Cross Slip Around an Obstacle

In addition to the resistances to initiate and sustain motion, the ability of a dislocation

to cross slip can affect macroscopic behavior. When a dislocation encounters an obstacle

in its glide plane, cross slip allows the dislocation to bypass the obstacle and continue glid-

ing. Earlier, we demonstrated that a stationary screw dislocation can potentially cross slip

provided that the applied MRSSP coincides with the cross slip planes and the amount of

shear is sufficiently high, while an edge dislocation under the same driving force could not,

regardless of the amount of shear. Here we use the unconstrained PFDD model to consider

the propensity for a screw dislocation already in motion in its habit plane to cross slip when

it encounters an obstacle in its habit plane. In this event, whether the screw dislocation

cross slips should depend on the strength of the obstacle with all else being the same.
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Figure 6: (A) The numerical drag coefficients calculated from the dislocation loop velocity simulations. (B)
The ratio of the screw and edge numerical drag coefficients for both the constrained and unconstrained cases.
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Figure 7A shows the initial model set up. The simulation cell consists of a [1̄11](110)

screw dislocation dipole with 32b spacing. The cell size is much larger, with dimensions 128,

4, and 256 grid points in each of the primitive cell directions ei, i = 1, 2, 3. In the path of

the dislocation, a coherent crystallographic cylindrical precipitate with radius 8b is inserted,

centered about the (110) plane. Its peak lattice energy, USFE, is greater than that of the

surrounding Nb, making it much more resistance to slip transmission by the approaching

dislocation. For a weak obstacle, we consider the precipitate USFE 1.1 times that of Nb and

for a strong obstacle, 1.25 times that of Nb.

A shear stress of 0.16 µ is applied to the (121̄) plane, which results in equivalent resolved

shear stresses on the habit (110) plane and the (011̄) cross slip plane. Figures 7A-C and

7D-F show the path taken by the screw dislocation for both the weak and strong obstacles,

respectively. Initially, the dislocation glides on the habit plane in both cases. In the case

of a strong obstacle, when the dislocation encounters the obstacle within the glide plane, it

cross slips onto the (011̄) plane, avoiding the obstacle. In the case of the weak obstacle, it

does not cross slip but rather transmits through the precipitate, shearing it and continuing

to glide on the (110) plane. As both of these simulations used the same stress conditions, the

differences in dislocation behavior are due solely to the differing strengths of the obstacles.

A similar simulation is repeated for an edge dislocation. Figures 7G-I and 7J-L present

snapshots during the interaction between an edge dislocation and two obstacles with different

strengths. Under the same stress conditions as above, the edge dislocation glides on the habit

plane and shears through the precipitate when the obstacle USFE is 1.1x or 1.25x that of

Nb, as in the screw simulations. When the strength of the obstacle is increased by making its

USFE twice that of Nb, the dislocation is no longer able to shear the obstacle and becomes

pinned at the boundary of the obstacle. Since the edge dislocation cannot cross slip, no

further plastic strain can be accommodated.

4. Final remarks

Prior PFDD simulations of BCC materials used a correction to the lattice energy term

to account for differences between edge and screw dislocation glide [33, 32]. This correc-

tion scaled down the barrier for edge dislocations relative to screw dislocations in order to
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Figure 7: The interaction of dislocations in Nb with a cylindrical obstacle that has a higher local USFE
than Nb. The underlying color corresponds to the local USFE, and the white line traces the path of the
dislocation where the order parameters exceed 1. When the obstacle USFE is only 1.1x that of Nb, both the
edge and the screw dislocation are able to shear the obstacle. When the obstacle has a USFE 1.25x that of
Nb, the screw dislocation cross slips to avoid the obstacle. When the obstacle has a USFE 2x that of Nb,
the edge dislocation becomes pinned and cannot cross slip.

make their glide easier. Here, by using unconstrained PFDD, substantial differences in the

drag between edge and screw dislocations are fundamentally accounted for through a more

accurate representation of their core structures. We demonstrate that these differences can

cause screw-character dislocations to move by kink-pair formation and migration. In the

standard formulation, kink-pairs would need to be inserted or promoted by introduction of a

locally weak region. Last, we note that the stresses associated with kink-pair formation and

cross slip events reported here correspond to athermal values; both kink-pair formation and

cross slip are known to be aided by thermal energy, so increases in temperature can help to

overcome the barriers for kink-pair nucleation and cross slip.

Our simple example of cross slip around a high-USFE obstacle shows how this model

can be used to understand more complex dislocation dynamics. For example, cross slip of

a portion of the dislocation line can create dislocation sources, increasing work hardening.

Cross slip can also aid in dynamic recovery by allowing for dislocation annihilation. Future

applications of unconstrained PFDD could include more complex dislocation motion and

interactions, such as cross slip around other dislocations or an elastically misfitting obstacle.
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5. Conclusions

In this work, we have extended phase-field dislocation dynamics (PFDD) to model the

character-dependent core structure and dislocation cross slip in a body centered cubic (BCC)

material by employing a non-orthogonal BCC grid and making available multiple non-planar

glide planes within the formulation. Compared to the original planar formulation, this model

captures the low-energy, non-planar core structure of screw dislocations. The differences in

core structure between edge and screw dislocations results in a higher degree of edge-screw

glide anisotropy, leading to slower screw dislocation glide and more elongated dislocation

loops. We demonstrate that with the new PFDD formulation, screw dislocations can move

via kink-pair nucleation and when encountering a sufficiently strong obstacle can cross slip.

We show that with all else being the same, the edge dislocations transmit through the

obstacle. The important aspect is that these outcomes occur in these simulations without

including any rules or correction terms. This model can be applied to more accurately study

the glide and cross slip of dislocations in BCC crystals.
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6. Appendix

During the minimization of the total energy in PFDD, the rate of convergence depends

on the quantity m0∆t, where m0 is the cofficient in the Ginzburg-Landau equation and ∆t is

the timestep. Therefore, the calculated dislocation velocity, measured in Burgers vector per

timestep, will depend on the specified value of m0. This in turn affects the drag coefficient

B (Eq. 7). To ensure that the drag results presented here do not depend on the magnitude

of m0, the same loop simulations in as in Section 3.3 were repeated using m0∆t equal to 0.2

µ−1, 0.25 µ−1, and 0.3 µ−1. Figure 8 shows the calculated numerical drag coefficients for

both dislocation characters in both constrained and unconstrained PFDD. When normalized

by 1/m0, the results are consistent across each of the three values of m0∆t tested. Small

discrepancies, especially in the screw dislocation drag at lower applied stresses, are due to

the jerky nature of screw glide at these stresses and therefore the inexact calculations of the

glide velocity.
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Figure 8: The drag coefficients for each dislocation type calculated with different values of m0∆t
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