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Unidirectional (“stripe”) charge-density-wave order has now been es-
tablished as a ubiquitous feature in the phase diagram of the cuprate
high temperature (HT) superconductors, where it generally competes
with superconductivity (SC). None-the-less, on theoretical grounds it
has been conjectured that stripe order (or other forms of “optimal”
inhomogeneities) may play an essential positive role in the mecha-
nism of HTSC. Here we report density matrix renormalization group
studies of the Hubbard model on long 4 and 6 leg cylinders where the
hopping matrix elements transverse to the long direction are periodi-
cally modulated - mimicing the effect of putative period-2 stripe order.
We find even modest amplitude modulations can enhance the long-
distance SC correlations by many orders of magnitude, and drive the
system into a phase with a substantial spin gap and SC quasi-long-
range-order with a Luttinger exponent, Ksc ∼ 1.
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A complex relation between multiple ordering tendencies1

appears to be a universal feature of highly correlated elec-2

tronic systems(1). For example, charge-density-wave (CDW),3

spin-density-wave (SDW), and d-wave superconducting (SC)4

orders all arise in significantly overlapping regimes of the5

phase diagram of the cuprate high temperature superconduc-6

tors. Moreover, studies of the Hubbard model with repulsive7

U of order the band-width, U ∼ W , have been difficult to8

interpret unambiguously, in large part because these same9

ordering tendencies appear to be in delicate balance with one10

another(2, 3).11

There are clear senses in which these orders “compete”:12

This can be seen phenomenologically in the cuprates where sup-13

pressing SC order with a magnetic field enhances the strength14

of the observed CDW, and where the most robust SC often15

appears in regions of the phase diagram where the CDW order16

is relatively weaker(4). A similar feature is vividly apparent in17

density matrix renormalization group (DMRG) studies of the18

the Hubbard model on long but relatively narrow cylinders19

and ladders(5–17). Here, the closest possible approximation of20

a SC state is a Luther-Emery liquid,(18) in which the SC and21

CDW susceptibilities are determined by quantum mechani-22

cally dual variables. Thus, any change in the parameters - e.g.23

details of the band-structure or the strength of the interactions24

- that enhances the long distance correlations of one neces-25

sarily decreases the other. It has even been suggested that26

this competition is so ferocious that the Hubbard model with27

U ∼W may never be superconducting in the 2d limit.(14)28

However, the fact that high temperature superconductivity29

and CDW (not to mention SDW) orders all seem to appear30

together suggests that they may be linked in a more mul-31

tifacetted manner than the word “competing” suggests.(19)32

Indeed, two distinct theoretical proposals carry the implication33

that CDW order can enhance SC: 1) It was proposed in Ref.34

(20, 21) that CDW fluctuations - associated with proximity 35

to a putative CDW quantum critical point - could serve as 36

an effective pairing “glue” and thereby enhance SC even un- 37

der conditions in which fully developed CDW order might 38

depress SC by openning gaps on portions of the Fermi surface. 39

2) It was proposed in Ref. (22), and further developed in 40

a variety of subsequent papers(23–28), that static or slowly 41

fluctuating CDW order could produce a form of “optimally 42

inhomogeneous” electronic structure that could enhance SC. 43

In the present paper, we use DMRG studies of the square 44

lattice Hubbard model on 4 and 6 leg cylinders with length 45

Lx = 32 and 48 to explore the second of these propositions. 46

We consider the model with only nearest-neighbor interactions 47

t, with U = 12t, and for electron density per site n = 1−δ with 48

δ = 1/8 and 1/12. Moreover, we assume an ordered period 2 49

explicit CDW with ordering vector perpendicular to the long 50

axis of the cylinder, so that the hopping-matrix elements in 51

this direction are alternately enhanced or depressed, t→ t±dt 52

as shown in Fig.1. 53

For dt = 0 this is the uniform Hubbard model, which 54

in this range of parameters appears(9–11, 14, 15) to favor 55

an insulating phase with spontaneous translation symmetry 56

breaking corresponding to an array of “full stripes,” i.e. the 57

CDW period along the cylinder is λcdw = 1/δ.(29–31) As might 58

be expected, this state has exponentially falling SC correlations 59

at long distances. For dt = t, this system consists of decoupled 60
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Fig. 1. Hubbard model on the square cylinder. Periodic and open boundary conditions
are imposed, respectively, along the directions specified by the lattice basis vectors
ŷ = (0, 1) and x̂ = (1, 0). tx = t and ty = t + dt (t′y = t − dt) are hopping
integrals between nearest-neighbor sites in the x̂ and ŷ directions. U is the on-site
Coulomb repulsion, Lx and Ly are the number of sites.

2-leg ladders. While the behavior of the 2-leg ladder depends61

on the ratio of ty/tx, so long as this ratio does not exceed62

a critical value(16), the 2-leg ladder is known(16, 23, 32–34)63

to support a Luther-Emery liquid phase with power law SC64

correlations that fall with distance r as |r|−Ksc with Ksc65

between 1 and 2.∗ Here, we explore the effect of relatively66

weak modulations, dt ≤ 0.4.67

In all cases we find that the modulation enhances the SC68

correlations at long distances relative to the uniform cylinder69

(dt = 0) by many orders of magnitude. Indeed, the modu-70

lated cylinder seemingly forms a Luther-Emery liquid: The71

spin-spin correlator and the single-particle Green function72

fall exponentially with distance with a correlation length of73

order a lattice constant, indicating the existence of a spin gap.74

Moreover, there are clear CDW correlations with wavelength75

λcdw = 1/2δ for the 4 leg and λcdw = 2/3δ for the 6 leg76

cylinder. However, while it is plausible that they also have77

power-law correlations characterized by Luttinger exponent78

Kcdw, the expected duality relation Kcdw = 1/Ksc is only79

barely consistent with the DMRG results for the 4-leg and80

clearly inconsistent with them for the 6-leg cylinder. Thus,81

unambiguous identification of the conformal field theory that82

characterizes the long-distance properties of the 6-leg cylinder83

is still a work in progress. (See Sec. E in SM.)84

The model: We employ DMRG(35) to study the ground85

state properties of the Hubbard model on the square lattice,86

which is defined by the Hamiltonian87

H = −
∑
〈ij〉σ

tij
(
ĉ†iσ ĉjσ + h.c.

)
+ U

∑
i

n̂i↑n̂i↓. [1]88

Here ĉ†iσ (ĉiσ) is the electron creation (annihilation) operator89

on site i = (xi, yi) with spin polarization σ, and n̂iσ is the90

electron number operator. We take the lattice geometry to be91

cylindrical with periodic (open) boundary condition in the ŷ92

(x̂) direction, as shown in Fig.1. 〈ij〉 denotes nearest-neighbor93

(NN) sites. tx = t, ty = t+ dt, and t′y = t− dt are the electron94

hopping integrals between NN sites in the x̂ and ŷ directions,95

respectively. Here, we focus on cylinders with width Ly and96

∗Note that in the model as defined, the decoupled 2-leg ladder limit reached when dt → t has
ty/tx = 2, which exceeds the critical value at which the Luther-Emery phase is observed;
however, since this limit could be approached in multiple ways, the intuition that the finite dt state
can be thought of from the perspective of weakly coupled Luther-Emery liquids is probably still
valid.
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Fig. 2. Superconducting pair-field correlations. (A) Φyy(r; 1, 0) and (B)
Φxx(r; 1, 0) on N = 48 × 4 cylinders at δ = 1/12 with different dt, (C)
Φyy(r; 1, 0) and (D) Φxx(r; 1, 0) on N = 48 × 6 cylinders at δ = 1/12 with
different dt on double-logarithmic scales. Insets: Φyy(r; 1, 0) and Φxx(r; 1, 0) in
double-logarithmic scales with dt = 0.4 on both N = 32 × 6 and N = 48 × 6
cylinders. r is the distance between two Cooper pairs in the x̂ direction. Note that
only the central-half region with 2 ≤ r ≤ Lx/2 + 1 is shown and used in the fitting,
whereas the remaining data points from each end are removed to minimize boundary
effects. The dashed lines denote power-law fitting to Φ(r) ∼ r−Ksc .

length Lx, where Lx and Ly are the number of sites along 97

the x̂ and ŷ directions, respectively. The total number of 98

sites is N = Lx × Ly, the number of electrons is Ne, and the 99

doping level of the system is defined as δ = Nh/N , where 100

Nh = N − Ne is the number of doped holes relative to the 101

half-filled insulator that arises when Ne = N . 102

In the present study, we chose units of energy such that t = 1 103

and consider dt ≤ 0.4. We consider U = 12 at δ = 1/12 and 104

δ = 1/8 doping levels and focus on Ly = 4 and 6 leg cylinders 105

of length up to Lx = 48. We perform around 60 sweeps and 106

keep up to m = 20000 states for Ly = 4 cylinders with a 107

typical truncation error ε ∼ 5× 10−7, and up to m = 35000 108

states for Ly = 6 cylinders with a typical truncation error 109

ε ∼ 3× 10−6. 110

The results of our calculations (as explained below) are 111

summarized for δ = 1/12 in the remaining figures and quan- 112

tified in Table 1. More details, including further analysis of 113

truncation error and results for δ = 1/8, are provided in the 114

Supplemental Material (SM). 115

Superconducting pair-field correlations: We have cal- 116

culated the equal-time spin-singlet SC pair-field correlation 117

function 118

Φαβ(r; y0, y) = 〈∆†α(x0, y0)∆β(x0 + r, y0 + y)〉. [2] 119

Here ∆†α(x, y) = 1√
2 [ĉ†(x,y),↑ĉ

†
(x,y)+α,↓+ ĉ†(x,y)+α,↑ĉ

†
(x,y),↓] is the 120

spin-singlet pair creation operator on the nearest-neighbor 121

bond from site (x, y) oriented in the α = x̂ or ŷ direction. 122

We are interested in the decay of this quantity at large dis- 123

tances along the cylinder, r, as a function of both the relative 124

orientation of the two bonds, α and β, and their relative dis- 125

placement transverse to the cylinder, y. We take (x0, y0) to be 126

2 | www.pnas.org/cgi/doi/10.1073/pnas.XXXXXXXXXX Jiang et al.

www.pnas.org/cgi/doi/10.1073/pnas.XXXXXXXXXX


DRAFT

Ly dt Ksc ∆d ∆s ∆π Kcdw ξs ξG

4 0.0 1.38(3) 0.0 0.0 0.066 1.27(1) 8.6(4) 3.9(2)
4 0.1 1.22(3) 0.019 -0.011 0.074 1.35(1) 7.1(2) 3.6(2)
4 0.2 1.08(2) 0.032 -0.016 0.082 1.46(1) 4.7(2) 3.0(1)
4 0.3 1.02(2) 0.042 -0.021 0.091 1.48(1) 2.9(1) 2.5(1)

6 0.0 ∞ 0.0 0.0 0.0 0.3(3) 3.9(4) 2.4(3)
6 0.3 1.04(9) 0.070 0.004 0.038 3.5(2) 1.7(1) 1.8(1)
6 0.4 1.03(8) 0.062 -0.011 0.065 3.3(2) 1.3(1) 2.2(1)

Table 1. Summary of extracted parameters. The parameters are ob-
tained by fitting the DMRG results to theoretically expected asymp-
totic forms of various correlation functions for δ = 1/12 and the
given values of Ly and dt. Exponentially falling correlations are rep-
resented by a Luttinger exponent of∞. Precise levels of uncertainty
due to finite size effects – especially with regard to the Luttinger ex-
ponents – are difficult to estimate.

the “origin,” chosen to be a site near the center of the system127

with x0 ∼ Lx/4 and y0 = 1. At long distances (r � 1), Φαβ128

exhibits power-law decay – i.e quasi long-range order (QLRO)129

– characterized by the Luttinger exponent Ksc:130

Φαβ(r; y0, y) ∼ r−Ksc ∆α(y0) ∆β(y0 + y) [3]131

The nature of the pairing is encoded in the behavior of
the amplitudes, ∆α(y). Specifically, were there true long-
range order, i.e. in the limit Ly → ∞, we could classify
superconducting states, e.g. d-wave vs s-wave, by the behavior
under symmetry transformations of these amplitudes. Thus,
to develop some intuition concerning the meaning of these
amplitudes, we analyze what they would mean in this limit.
The spatial symmetries of the striped model are such that
there are two inequivalent y-directed bonds and a unique x
directed bond. In a state with superconducting long-range
order, and if we assume that the translation symmetry of the
model is not spontaneously broken, then the most general
singlet order parameter on nearest-neighbor bonds can be
parameterized as

∆y(y) = ∆s + ∆d + eiπ(y−1)∆π [4]
∆x(y) = ∆s −∆d .

In the limit dt = 0, each of these parameters would be as-132

sociated with a state with different symmetries - non-zero133

values of ∆s or ∆d would characterize an “extended s-wave”134

or “d-wave state,” while ∆π non-zero would correspond to a135

period 2 pair-density-wave aka a “π-pairing” state. Note that,136

by symmetry, the pair-field vanishes on all x-directed bonds in137

the π-pairing state. However, for non-zero dt, the symmetry138

distinction between these states is removed, so some mixture139

of all three is expected. However, it is still reasonable (and140

conventional) to refer to the case in which |∆d| is the largest141

component as “d-wave-like” pairing.142

For non-infinite Ly, the amplitudes in Eq.(3) can be viewed143

as reflecting the local symmetry of the pairing and as indicators144

of the preferred form of pairing that should be expected in145

the Ly → ∞ limit. Importantly, for dt = 0, even for non-146

infinite Ly, there is a sharp distinction between π pairing147

(with ∆π 6= 0 and ∆d = ∆s = 0) and d-wave like pairing148

(with ∆π = 0 and ∆d 6= 0). To date, there is no evidence of a149

tendency toward π-pairing on anything other than the 4-leg150

cylinder. However, since for Ly = 4, π pairing is equivalent151

to d-wave pairing on plaquettes oriented perpendicular to152
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Fig. 3. Charge density profiles. Charge density distribution n(x) at δ = 1/12
doping level on N = 48× 4 cylinders with (A) dt = 0.0 and (B) dt = 0.3, and on
N = 48× 6 cylinders with (C) dt = 0.0 and (D) dt = 0.4. The exponent Kcdw is
extracted using Eq.(5) where the red lines are fitting curves. A few data points in light
grey are neglected to minimize boundary effects.

the long axis of the cylinder, such a state has been seen and 153

has been referred to in this context as “true d-wave”(9) or 154

“plaquette d-wave”(13) pairing. More generally, for dt 6= 0, 155

we can loosely identify distinct states by which component is 156

largest (dominant). (These symmetry arguments are made 157

more precise in Sec. D in SM.) 158

Fig.2A shows Φyy(r; 1, 0), i.e. between ty bonds, for Ly = 4 159

cylinders at δ = 1/12. The exponent Ksc, obtained by fitting 160

the results using Eq.(3), is Ksc = 1.38(3) for the uniform case, 161

dt = 0.0, while for dt = 0.2 − 0.3, Ksc ∼ 1. We have also 162

computed other components of Φαβ : Φxx(r; 1, 0) is shown in 163

Fig.2B and Φxy(r; 1, 0) and Φyy(r; 1, 1) are shown in Fig.S2 in 164

the SM. For the isotropic case with dt = 0.0, Φxx(r; 1, 0) and 165

Φxy(r; 1, 0) decay exponentially as Φxx(r; 1, 0) ∼ e−r/ξsc with 166

ξsc ∼ 1.8,(8, 13) and Φyy(r; 1, y) ∼ (−1)y, i.e. the amplitudes 167

are consistent with π-pairing QLRO with ∆π = 0.066 and 168

∆d = ∆s = 0. This is consistent with previous studies of the 169

Ly = 4 Hubbard and t-J models with dt = 0.(8, 10, 11, 13) 170

The key new observation is that Φxx(r; y0, 0) and Φxy(r; y0, 0) 171

are significantly enhanced for dt > 0, so that they decay as a 172

power-law with a similar Ksc as Φyy. In particular, not only is 173

Ksc decreased from its dt = 0 value, |∆d| increases rapidly as 174

well. For example, for dt = 0.3, ∆d = 0.042, ∆s = −0.021 and 175

∆π = 0.091. (More complete results are presented in Table 1.) 176

The results are still more dramatic for Ly = 6: Consistent 177

with previous studies on the isotropic Hubbard model, on 178

Ly = 6 cylinders with dt = 0 we find the SC correlations 179

are relatively weak and appear to decay exponentially with 180

distance as shown, for δ = 1/12, in Fig.2 C and D. However, 181

as was the case for Ly = 4 cylinders, we find that the SC 182

pair-field correlations are dramatically enhanced by a finite 183

dt > 0, where we find that Φαβ(r) ∼ r−Ksc with Ksc ∼ 184

1. Moreover, the SC pairing symmetry is d-wave like with 185

Φxx(r) ∼ Φyy(r) ∼ −Φxy(r). For example, for dt = 0.3, 186

∆d = 0.042, ∆s = 0.004 and ∆π = 0.038. As summarized 187

in the SM, the results we have obtained for δ = 1/8 are 188

qualitatively similar to those with δ = 1/12. For instance, for 189

dt = 0.3 at δ = 1/8, Ksc = 1.07(7), ∆d = 0.074, ∆s = 0.007 190

and ∆π = 0.032. 191
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Fig. 4. Spin-spin correlations at δ = 1/12. (A) F (r) on N = 48 × 4 cylinders
with different dt, and (B) F (r) on N = 48× 6 cylinders with different dt, in semi-
logarithmic scale. Dashed lines denote exponential fit F (r) ∼ e−r/ξs , where r is
the distance between two sites in the x̂ direction.

CDW correlations: To measure the charge order, we192

define the rung density operator n̂(x) = L−1
y

∑Ly
y=1 n̂(x, y)193

and its expectation value n(x) = 〈n̂(x)〉. Fig.3A-B shows the194

charge density distribution n(x) for Ly = 4 cylinders, which195

is consistent with “half-filled charge stripes” with wavelength196

λcdw = 1/2δ. This corresponds to an ordering wavevector197

Q = 4πδ, i.e. viewing the cylinder as a 1D system, 2 holes198

per 1D unit cell. The charge density profile n(x) for Ly = 6199

cylinders is shown in Fig.3C-D, which has wavelength λcdw =200

2/3δ, consistent with “two-third-filled" charge stripes. This201

corresponds to an ordering wavevector Q = 3πδ, i.e. 4 holes202

per 1D unit cell.203

At long distance, the spatial decay of the CDW correlation204

is dominated by a power-law with the Luttinger exponent205

Kcdw. The exponent Kcdw can be obtained by fitting the206

charge density oscillations induced by the boundaries of the207

cylinder(17, 33)208

n(x) = n0 +A(x) ∗ cos(Qx+ φ) [5]209

A(x) = AQ ∗ (x−Kcdw/2 + (Lx + 1− x)−Kcdw/2).210

Here AQ is an amplitude, φ is a phase shift, n0 = 1− δ is the211

mean density, and Q = 4πδ for Ly = 4 cylinders and Q = 3πδ212

for Ly = 6 cylinders. Note that to improve the fitting quality,213

a few data points (corresponding to the light grey points Fig.3)214

are excluded to minimize the boundary effect. Values of Kcdw215

are summarized in Table 1. The fact that Kcdw > Ksc for all216

cases in which dt > 0 suggests that CDW order is secondary217

compared with SC. The one exception is Ly = 6 and dt = 0,218

where the CDW correlations are at best slowly decaying and219

are clearly stronger than the SC. Our results are consistent220

with CDW QLRO with a value of Kcdw ≤ 0.3, consistent with221

previous results for the t-J model.(14) Note that similar values222

of Kcdw can also be obtained from the asymptotic fall-off of223

the density-density correlation function, as shown in the SM.224

Spin-spin correlations: To describe the magnetic prop-225

erties of the ground state, we calculate the spin-spin correlation226

functions defined as227

F (r) = 〈~Sx0,y0 · ~Sx0+r,y0〉. [6]228

Here ~Sx,y is the spin operator on site i = (x, y) and i0 =229

(x0, y0) is the reference site with x0 ∼ Lx/4. Fig.4 shows230

F (r) for both Ly = 4 and Ly = 6 cylinders at δ = 1/12231

with different dt. It is clear that F (r) decays exponentially232
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Fig. 5. Single-particle Green function at δ = 1/12. (A) G(r) on N = 48 × 4
cylinders with different dt, and (B)G(r) onN = 48×6 cylinders with different dt on
the semi-logarithmic scale. Dashed lines denote exponential fitting G(r) ∼ e−r/ξG
where r is the distance between two sites in the x̂ direction.

as F (r) ∼ e−r/ξs at long-distances, with a finite correlation 233

length ξs, i.e. there must be a finite gap in the spin sector. 234

Moreover, ξs decreases with increasing dt on both Ly = 4 and 235

Ly = 6 cylinders. In addition, we also observe for both Ly = 4 236

and Ly = 6 cylinders that the spin-spin correlation has spatial 237

modulation with a wavelength λs that is twice that of the 238

charge, i.e., λs = 2λcdw. Values of ξs for δ = 1/12 and various 239

values of dt are given in Table 1. 240

Single particle Green function: We have also calcu- 241

lated the single-particle Green function, defined as 242

G(r) = 〈c†(x0,y),σc(x0+r,y),σ〉. [7] 243

Fig.5 shows G(r) for both Ly = 4 and Ly = 6 cylinders at 244

δ = 1/12 with different dt. The long distance behavior of 245

G(r) is consistent with exponential decay G(r) ∼ e−r/ξG . The 246

extracted correlation lengths ξG < 4 for both Ly = 4 and 247

Ly = 6 cylinders are comparable to ξs, as also shown in Table 248

1. 249

Summary of Results: What we have generically found, 250

both for Ly = 4 and Ly = 6, over the entire investigated 251

range of stripe modulation strength, dt, and doped hole con- 252

centration, δ, is a form of SC QLRO with exponentially falling 253

spin and single particle correlations and with typically weaker, 254

but presumably also power-law correlated CDW QLRO. Ex- 255

pressed in terms of the various quantities extracted by the 256

above discussed fits of the DMRG results to theoretically ex- 257

pected asymptotic forms are summarized (without error bars) 258

in Table 1. 259

Conclusions: It is both conceptually and practically im- 260

portant to understand what aspects of electronic structure are 261

optimal for superconductivity. Circumstantial evidence has 262

been adduced in several ways that certain organized forms 263

of spatially inhomogeneous structure can enhance supercon- 264

ductivity, but we feel that the present results constitute the 265

clearest and most unambiguous evidence to date that this 266

is a real and robust effect. More generally, concerning the 267

question of whether the 2d Hubbard model can support high 268

temperature superconductivity - the present results offer en- 269

couraging evidence of an affirmative answer, as they constitute 270

some of the strongest long-range superconducting correlations 271

documented to date on systems wider than 4 legs. It is worth 272

acknowledging that the present results on period 2 CDW order 273

cannot be directly compared with the situation in the cuprates, 274

where the CDW order typically has period closer to 3 (YBCO) 275
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or 4 (BSCCO and LSCO). None-the-less, it suggests that a276

more nuanced approach to the intertwining of CDW and SC277

orders may be appropriate in the cuprate context.278

Finally, there is the question of obtaining a conceptual279

understanding of the numerical results we have reported. This280

is an ongoing endeavor. However, it is worth mentioning a281

possible connection between the present results, and recent282

DMRG results that exhibit enhanced superconductivity in a283

lightly doped quantum spin liquid.(36) Indeed, in the discus-284

sion of the “spin-gap proximity effect” in Ref. (22), an analogy285

was made between the effects of stripe order and a mechanism286

based on a doped spin liquid.287

It is reasonable to conclude that the low energy magnetic288

fluctuations associated with antiferromagneitc order or near289

order (i.e. with energies small compared to the SC gap), are290

detrimental to SC - they would generally be expected to be pair-291

breaking.(37) However, higher energy, short-range correlated292

antiferrommagnetic fluctuations can produce precisely the sort293

of momentum dependent interactions that are most condusive294

to d-wave SC. In this sense, a fully gapped spin liquid would295

seem to have just the right spectrum of magnetic fluctuations296

to be an optimal parent to a high temperature supercondcutor.297

Indeed, it is possible to view the gap in such a state as the298

pairing gap of a superconductor that is waiting to be liberated.299

In a similar sense, the undoped (δ = 0) two-leg Hubbard300

ladder has a spin-gap and can be viewed as a Mott insulator of301

preexisting Cooper pairs (rung singlets). In this sense, doping302

into a modulated array of effective two leg ladders may be303

analogous to doping a fully gapped quantum spin liquid.304
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