
LA-UR-21-25715 (Accepted Manuscript)

Non-orthogonal computational grids for studying dislocation motion in
phase field approaches

Peng, Xiaoyao
Hunter, Abigail
Beyerlein, Irene J.
Lebensohn, Ricardo A.
Dayal, Kaushik
Martinez, Enrique

Provided by the author(s) and the Los Alamos National Laboratory (2021-11-29).

To be published in: Computational Materials Science

DOI to publisher's version: 10.1016/j.commatsci.2021.110834

Permalink to record: http://permalink.lanl.gov/object/view?what=info:lanl-repo/lareport/LA-UR-21-25715

Disclaimer:
Los Alamos National Laboratory, an affirmative action/equal opportunity employer, is operated by Triad National Security, LLC for the National
Nuclear Security Administration of U.S. Department of Energy under contract 89233218CNA000001.  By approving this article, the publisher
recognizes that the U.S. Government retains nonexclusive, royalty-free license to publish or reproduce the published form of this contribution, or
to allow others to do so, for U.S. Government purposes.  Los Alamos National Laboratory requests that the publisher identify this article as work
performed under the auspices of the U.S. Department of Energy.  Los Alamos National Laboratory strongly supports academic freedom and a
researcher's right to publish; as an institution, however, the Laboratory does not endorse the viewpoint of a publication or guarantee its technical
correctness. 



Final version

Non-orthogonal computational grids for studying dislocation motion in1

phase field approaches2

Xiaoyao Peng,1, � Abigail Hunter,2, y Irene J. Beyerlein,3, 4 Ricardo3

Lebensohn,1 Kaushik Dayal,5, 6, 7 and Enrique Martinez8, 9, z4

1Theoretical Division, Los Alamos National Laboratory5
2X Computational Physics Division, Los Alamos National Laboratory6

3Department of Mechanical Engineering, University of California, Santa Barbara7
4Materials Department, University of California, Santa Barbara8

5Department of Civil and Environmental Engineering, Carnegie Mellon University9
6Center for Nonlinear Analysis, Department of Mathematical Sciences, Carnegie Mellon University10

7Department of Materials Science and Engineering, Carnegie Mellon University11
8Department of Mechanical Engineering, Clemson University, Clemson12

9Department of Materials Science and Engineering, Clemson University, Clemson13

(Dated: November 22, 2021)14

In this work, new non-orthogonal computational grids are implemented into a phase field model
called Phase Field Dislocation Dynamics (PFDD). We demonstrate that the new non-orthogonal grid
can accommodate multiple slip planes in either the face centered cubic (FCC) or body centered cubic
(BCC) crystallographic systems. We show that they avoid numerical errors induced when modeling
glide on inclined slip planes in an orthogonal grid. The Gibbs effect that arises in the orthogonal
or rotated orthogonal grids is substantially diminished when a non-orthogonal grid is employed. A
few test cases demonstrate the effectiveness of using non-orthogonal grids in solving systems with
multiple non-planar slip systems.

1. Introduction15

Structural metals commonly undergo plastic flow when strained [1]. The mechanical state (stress, strain)16

at a material point within a strained metallic crystal is usually dictated by the motion of dislocations and17

how they interact with one another [2]. Dislocations are linear defects that carry the plastic deformation of18

the material [3, 4]. They are mobile defects, which might be confined to glide on specific crystallographic19

planes [5]. The permanent deformation of an individual metallic crystal can involve a large set of dislocations20

gliding on different planes and directions (slip systems). Understanding how such deformation proceeds is21

paramount to design materials with optimal mechanical properties.22

Observing individual dislocations gliding in 3D in situ is challenging. Alternatively, insight on how23

dislocations move and interact with one another can be achieved by models accounting explicitly for24

interactions of crystalline dislocations [6]. To date, many kinds of computational simulation methods,25

spanning different length and time scales, have been used to understand the motion of dislocations in26

crystals. At the largest length scale are crystal plasticity based single crystal constitutive laws [7, 8]. These27

types of models for metals do not explicitly account for dislocations and homogenize their effects to a28

degree so that they are only applicable at large scales > 103 nm. At the finest length scale are density29

functional theory (DFT) and molecular statics (MS) or molecular dynamics (MD) models that resolve the30

atomic core structures of dislocations and can identify the basic mechanisms for dislocation motion and31

dislocation-dislocation core interactions [9]. Most atomistic models, on the other hand, lack the time scales32

and length scales to treat even a small collection of dislocations over long times [10–12].33

To resolve the discrete nature of individual dislocations, while also retaining the ability to model their34

long lengths and over times of laboratory tests, the length and time scales of interest are 100 � 102 nm35

and 10�2 to seconds. At the same time, the material volumes over which these phenomena need to be36
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understood have dimensions that are at least one order of magnitude greater than the defect themselves37

(leading to 101 � 103 nm). There are a number of mesoscale dislocation dynamics models that are ideally38

suited for treating the coupled evolution of dislocations in metallic crystals. They do not resolve atoms39

and thus, require atomistic information on core interactions with lattice and other dislocations. These40

models include discrete dislocation dynamics (DDD), phase field based (PF) methods, and Generalized41

Peierls-Nabarro (GPN) models, as well as a combination of these [13–17].42

PFmodels are a class ofmesoscalemodels that have been used to predict the temporal and spatial evolution43

of domain structures, whose distinguishing property is indicated by a set of order parameters [18, 19]. This44

approach has been formulated to treat the nucleation and motion of defects, such as dislocations and twins,45

and their interactions with surfaces and boundaries, in single crystals and polycrystalline materials [19–27].46

This particular type of PF model is sensitive to crystal structure and crystallographic orientation and any47

anisotropic properties resulting from the directionality of applied external fields. They have been extended48

to account for elastic anisotropy and study its effect on dislocation structure [20, 28, 29].49

DDD and PF approaches, as well as many other mesoscale dislocation models [29–34], might use the50

Fast Fourier Transform (FFT) method [35] to solve the stress equilibrium equation. The FFT method51

has many benefits, such as high numerical efficiency and easy handling of elastic anisotropy; however, it52

also introduces Gibbs oscillations [36], which arise from taking Fourier transforms of discontinuous fields.53

Dislocations induce discontinuous plastic strain/stress fields, so FFT-based mesoscale dislocation models all54

face the Gibbs effect. To overcome this issue, many studies have developed effective treatments to suppress55

Gibbs oscillations such as using a “centered” [37] and/or a “rotated” [38] Green operator. This method has56

been successfully employed to develop a new consistent discrete green operator for FFT-based methods to57

solve heterogeneous problems with eigenstrains [39], a general variational framework for composites [40],58

and a spectral DDD method that accounts for anisotropic short range interactions [41].59

In addition, FFT algorithms require regular or uniform grid spacing. Many modeling approaches have60

employed an orthogonal, cubic computational grid. However, when multiple slip planes are active and61

considered within the same simulation system, the inclination due to crystallography can make it difficult to62

resolve stress and strain fields surrounding all active dislocations. Hence, many studies restrict themselves63

to studying one or more dislocations active on a single slip plane or multiple parallel planes [21, 22, 42–44].64

Analyzing dislocations on one set of planes allows for a convenient simulation set-up in which the system65

is rotated from the global Cartesian coordinate system such that the slip plane normal aligns with one axis66

of the simulation cell and the slip plane is perfectly aligned with the cubic grid plane. This “rotated grid”67

reduces numerical errors and is convenient for assigning the initial dislocation configuration.68

When modeling a more complex structure with multiple slip planes, the rotated grid no longer becomes69

advantageous, since such grid, as well as the cubic, may have slip planes that are not perfectly aligned with70

the computational grid and the planes themselves are not aligned with the x, y, and z axes over which the FFT71

will be performed. To overcome this problem, embedded multiple simple cubic grids so that the FFT can72

construct a physical grid with fcc crystallography has been employed [45]. This strategy was demonstrated73

to successfully replicate the annihilation of two non-coplanar loops. In the work [46], through modification74

on the core energy term used in PF model, another alternate pathway to achieving non-coplanar annihilation75

is presented.76

In this paper, we propose an alternative approach, in which another class of non-orthogonal regular77

grids, such as FCC or BCC, can be used. Because these grids rely on non-orthogonal primitive vectors, the78

computational grid points align with the crystallographic planes. If appropriately resolved, the grid points79

can match the atomic positions within the unit cell of FCC and BCC crystallographies, enabling the lattice80

of computing grid points to match the physical lattice of the material. Through different cases involving81

the interaction of multiple dislocations, we demonstrate that the non-orthogonal grid method enables non-82

coplanar dislocation interactions and minimizes Gibbs oscillations. We envision that the methodology83

presented here can not only benefit PF methods, but other computational materials simulation techniques,84

that utilize FFT solvers.85
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This paper is organized as follows. First, in Section 2, we detail the computational methods used,86

beginning with a brief summary of the PFDD approach and following with a description of the different87

computational grids implemented here, such as the standard orthogonal grid, as well as the non-orthogonal88

FCC and BCC computational grids, the primary novelty of the current work. We end the methods section89

with the extensions to the formulation needed to include non-orthogonal grids. Next, in Section 3, we90

present several test cases in which the non-orthogonal grid is shown to out-perform the cubic and rotated91

grids by reducing numerical error and enabling accurate dislocation interaction behavior. Finally, Section 492

summarizes the key conclusions of this work.93

2. Computational Methods94

2.A. Summary of Phase Field Dislocation Dynamics (PFDD)95

In a PFDD computational grid, a point r has global coordinatesX and local coordinates x. A more detailed96

description about X and x will be discussed in Section 2.B. Since all PFDD calculations are conducted97

withX , i.e. grid points of the computational grid always useX in the PFDD algorithm, equations for the98

PFDD formulation in this section are shown withX instead of r.99

In the PFDD formulation, dislocations are described using scalar-valued order parameters ��(X; t)100

defined on each active slip system � as101

��(X) =

8><>:
non-zero integer Perfect translation atX
0 No translation atX
non-integer Dislocation core atX

(2.1)

such that integer values represent perfect Burgers vector translations, where atomic bonds have already been102

broken, reformed and the crystal has undergone slip. Zero-value order parameters imply no translation at103

all. Non-integer order parameters indicate the location of the dislocation core, where the atoms in the crystal104

structure are distorted and not perfectly aligned.105

The order parameters evolve in time using a time-dependent Ginzburg-Landau (TDGL) kinetic equation,106

which minimizes the total energy E(�) and allows for stress equilibrium r � � = 0:107

@��(X; t)

@t
= �L @E(�)

@��(X; t)
(2.2)

with the assumption that the total strain �(X; t) = �e(X; t) + �p(X; t), where �e and �p are the elastic and108

plastic strains, respectively. The coefficient L governs the rate at which equilibrium is achieved.109

In this formulation, the total system energy consists of two key energy terms [14]:110

E = Estrain + Elattice: (2.3)

The first term, Estrain, is the strain energy, which accounts for the elastic interactions between dislocations111

(e.g., attraction and repulsion), and interactions between the applied stress and the dislocations. It can be112

written as the sum of the internal and external interaction terms, as follows,113

Estrain = Eint + Eext =
1

2

Z
Cijkl�

e
ij(X; t)�ekl(X; t)d3x�

Z
�applij �pijd

3x; (2.4)

whereC is the elasticity tensor, and �appl is the applied stress. We assume that plasticity is mediated by the114

motion and interaction of dislocations, and hence the plastic strain, �p, is directly dependent on the active115

order parameters in the system [13, 14], following116
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�pij(X; t) =
1

2

NX
�=1

b��(X; t)��(s�i m
�
j + s�jm

�
i ); (2.5)

where N is the number of active slip systems, b is the magnitude of the Burgers vector b, s� is the slip117

direction (i.e., normalized Burgers vector s � b
b
),m� is the slip plane normal, and �� is a Dirac distribution118

supported on the slip plane of slip system �. With Equation (2.5) and the stress equilibrium condition, �e can119

be solved in terms of �p through transformation into Fourier space, which provides the following expression120

of the internal strain energy [14]:121

Eint(�) =
1

2
�
Z
Âmnuv(k)�̂pmn(k)�̂p�uv(k)

d3k

(2�)3
(2.6)

where Âmnuv(k) = Cmnuv � CkluvCijmnĜki(k)kjkl, (^) denotes the Fourier transform, and (�) denotes122

the complex conjugate, k is the wave vector, Ĝ is the Fourier transform of the Green’s tensor of linear123

elasticity [47], and the�
Z

denotes the Cauchy principal value of the integral. The FFTW library [48] is used124

to perform direct and inverse FFT calculations.125

The second term in Equation (2.3),Elattice, accounts for the energy expended by breaking and reforming126

atomic bonds as dislocations move through the crystal lattice. Due to the periodicity of the crystal lattice,127

for perfect dislocations in FCC and BCC metals, Elattice is modeled with as a sinusoidal function [13, 19]:128

Elattice(�) =
NX
�=1

Z
B sin2(n���(X; t))��d

3x (2.7)

where B is the Peierls barrier, or the magnitude of the energy barrier to activate slip. Various other forms129

of Elattice have been developed and used to capture different material dependent deformation mechanisms.130

This has included Fourier series parameterizations and look-up tables of the material 
-surface to describe131

partial dislocations in FCC such as the Schoeck parameterization [49–52], tabular look-up tables [29, 53] and132

for hexagonal close packed (HCP) materials [42]. In addition, transition functions have been incorporated133

to describe dislocation character dependent motion as in pure BCC materials [21] or refractory multiple134

principal element alloys (MPEAs) [44]. It is straightforward to consider these other forms, but for simplicity,135

we consider only perfect dislocations here.136

2.B. Incorporation of Varying Computational Grids137

In this paper, we consider three types of computational grids for the PFDD calculations: the cubic, rotated,138

and the new non-orthogonal grids. All three are illustrated in Figure 1. The cubic/Cartesian grid, shown139

in Figure 1(a), is a fairly standard formulation for computational models, and has the basis feoi g, with140

eo1 = [1; 0; 0]T ; eo2 = [0; 1; 0]T ; eo3 = [0; 0; 1]T . In this case, we note that slip planes in general will be at141

various angles within the computational cell. The example of a (111) FCC slip plane is denoted with red142

outlines in Figure 1(a).143

The rotated, orthogonal grid is similar to the cubic grid. It has the basis feig, and is rotated from the144

cubic grid with the rotation matrix being Q = [e1je2je3] (QT = Q�1; detQ = 1). For example, in the145

case of an FCC crystal, we can rotate the cubic grid such that the slip plane (111) in the cubic grid is146

aligned with the xy-plane of the rotated grid, and in this case we can write e1 =
1p
2

[1;�1; 0]T ; e2 =147
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1p
6

[1; 1;�2]T ; e3 =
1p
3

[1; 1; 1]T . This example is shown in Figure 1(b), where the (111) glide plane is148

denoted with a red outline and appears horizontal within the computational cell.149

Finally, the non-orthogonal grid has the basis fpig, with p1;p2;p3 being the normalized lattice primi-150

tives. We denote the non-orthogonal lattice primitives as fpig, so that they are distinguished from orthogonal151

basis vectors, which are shown as feig. Table 1 lists the FCC and BCC primitives that we use to construct152

their corresponding non-orthogonal grids. Figure 1(c) shows an example of the FCC non-orthogonal153

computational grid. Due to the non-orthogonal primitives, the computational cell no longer appears as a154

cuboidal cell. Again, a (111) glide plane is highlighted with red outline.155

156

Table 1. FCC and BCC non-orthogonal lattice primitive vectors.
Type p1 p2 p3

FCC
1p
2

[1�10]T
1p
2

[01�1]T
1p
2

[101]T

BCC
1p
3

[11�1]T
1p
3

[1�11]T
1p
3

[111]T

Figure 1. An example of the cubic, rotated and non-orthogonal grids for FCC crystallography. The red lines indicate
the (111) slip planes.

For all three computational grids, the cubic grid is defined as the global grid, where all calculations are
conducted, and the local grid, where the dislocation network is assigned can be either of the three grids
(cubic/rotated/non-orthogonal). Thus, transformation rules are required between the global and local grids,
that is, for the rotated and non-orthogonal grids. In what follows, a point r 2 R3 can be represented in the
global grid asX(r) and in the local grid as x(r). The transformation rule between them is:

x = F�1X (2.8)

where F is the transformation matrix. F = Q when the local grid is a rotated grid; and F = [p1jp2jp3]
when the local grid is a non-orthogonal grid. For any v 2 R3 and T 2 R3�3, the transformation rules are:

[~v] = F�1[v]; (2.9)
[ ~T ] = F�1[T ]F (2.10)

where [~�] represents the components of v and T in the local grid and [�] represents the components in the157

global grid.158
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The rotated or non-orthogonal grids both utilize the same transformation rules as shown in Equations159

(2.8, 2.9, 2.10). However, the rotated grid is a special case when F = Q. Without loss of generality, the160

formulation for a local grid will be described for the case of the non-orthogonal grid.161

When using non-orthogonal grids to model either FCC or BCC metals, the order parameters in the162

PF formulation, associated with the dislocation network, are assigned to local non-orthogonal grid points.163

Transformations between the local non-orthogonal grid and the global cubic grid need to be applied in the164

calculations, including the coordinates of local grid points, the Fourier transform of ��(x), and the applied165

stress �appl.166

The global coordinates of the local grid points follow the transformation rule Equation (2.8):167

X = Fx (2.11)

where x = (i; j; k) is the coordinates of the grid points on the local grid.168

The reciprocal lattice (Fourier transform) of the non-orthogonal grid is:169

[pf1 jp
f
2 jp

f
3 ] = F�T (2.12)

where fpfi g is the basis of the reciprocal lattice. Note that with orthonormal F (F = I or Q), which170

corresponds to the cubic or rotated grids respectively, the reciprocal lattice is the same as the original lattice.171

Therefore, the calculation of Equation (2.12) is not required for the cubic and rotated grids. The wave vectors172

k are described on the reciprocal lattice and can be calculated as:173

k(i; j; k) =
i

N1
� pf1 +

j

N2
� pf2 +

k

N3
� pf3 (2.13)

where i; j; k are the grid indices and N1; N2; N3 are the grid box size. Expressions equivalent to Equations174

(2.12, 2.13) are commonly used in the context of Fast Fourier Transform (FFT)-based methods to solve175

micromechanical problems in non-orthogonal grids (see, for example, [54]).176

A PFDD simulation on a non-orthogonal grid starts with assigning a dislocation network �(x; to) on177

the local non-orthogonal grid by choice. Then the corresponding transformation matrix F and its inverse178

transpose F�T are calculated with the basis fpig forming the non-orthogonal grid, and Equations (2.8,179

2.12) are used to find global coordinatesX and wave vectors of this non-orthogonal grid. These three steps180

are performed only once at the beginning of the simulation, and the rest of the PFDD algorithm is the same181

as with a cubic grid. The computational cost of the three steps is negligible compared to the overall runtime;182

therefore, the costs of using a non-orthogonal or a cubic grid are comparable.183

3. Results and Discussion184

Here we present several simulation test cases in which we can compare the results calculated using the185

cubic, rotated, and non-orthogonal computational grids. For all calculations that follow, we use the material186

parameters for Cu (copper) in isotropic Voigt form listed in Table 2. The 
U is the unstable stacking fault187

energy, which is used to inform the coefficient B in Equation (2.7).188

Table 2. Material parameters for Cu assuming isotropic elasticity determined with a Voigt average. All elastic
coefficients are specified in units of GPa.

Material Lattice parameter (Å) E G � 
U (mJ/m2)
Cu 3.64 144.4 54.5 0.325 163.7

To motivate the use of the non-orthogonal grids, we begin this section with a performance test of the189

cubic, the rotated and the FCC non-orthogonal grids. Doing so exposes the numerical errors associated with190
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the commonly used orthogonal computational grids. For this test, we compare the stress fields surrounding191

a straight edge dislocation oriented in [1�10](111) in an infinite medium of Cu without applied stress to those192

predicted using the analytical solution [3]. The PFDD simulations are initialized with an edge dislocation193

dipole so that the net Burgers vector over the entire simulation cell is zero. The set-up of PFDD simulations194

are shown in Figure 2. The simulation cell sizes are 96a�48a�48a (cubic, where a is the lattice parameter),195

64b� 64b� 64b (rotated) and 64b� 128b� 64b (non-orthogonal) so that they satisfy the periodic boundary196

conditions in all three directions. The grid spacings are 0:5a : 0:5a : 0:5a (cubic), b : b : b (rotated) and197

b : b : b (non-orthogonal). These grid spacings resolutions were chosen in order to keep the spacing between198

dislocations equal across the different grid types. For these simulations, the width of the dislocation dipole199

is 32b. We note here that even though different computational grids have different “xyz” coordinate systems200

as shown in Figure 2, all stress plots presented in this work follow the “xyz” coordinate system used in the201

rotated grid, i.e. x[1�10], y[11�2], z[111]202

Figure 2. The set-up of PFDD simulations of a straight edge dislocation in an infinite medium of Cu with the cubic,
rotated and FCC non-orthogonal grids. Red areas indicate where the order parameter is one, and blue regions show
where the order parameter is zero. Transitions between zero and one indicate the location of the dislocation lines.

Figure 3 presents the stress fields of the edge dislocation calculated using all three different grids compared203

to the analytical solution. The grid spacing along the Burgers vector direction is b for all three simulation204

grids and the analytical solution. Along the slip plane normal direction, the grid spacing (interplanar spacing205

between neighboring (111) planes) is b for the rotated grid and analytical solution,
p

6

2
b for the cubic grid206

and b
p

6 for the non-orthogonal grid.207

Both the cubic and rotated grids show Gibbs oscillations from the discontinuous stress fields caused208

by the dislocations. Oscillations are apparent in �zz and �xz for the cubic grid, but only in �xx for the209

rotated grid. Apart from the oscillations, the fields using the rotated grid reasonably match those from the210

analytical model. The fields using the non-orthogonal grid show no oscillations and agree with the analytical211

model except around the stress peaks that indicate the dislocation core region. We note here that the PFDD212

formulation has a different model for the dislocation core region than the analytical solution, which only213

accounts for elasticity. Namely, the PFDD model uses Equation (2.7) in addition to the elastic strain energy214

to model the dislocation core region. Thus, it can be expected that the PFDD model will not well match the215

analytical solution very near to the dislocation core. This is obvious in the cubic and non-orthogonal grid216

cases, in which the stress peaks at the core are much lower than what is predicted by the analytical solution.217

The rotated grid produces stress peaks more aligned with the analytical solution, however it is difficult to218

determine if this is due to the model itself, or oscillations, particularly in the case of �xx.219

A simple explanation for the Gibbs oscillations seen in the stress fields determined with the cubic grid220
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Figure 3. Stresses normalized with shear modulus left: �xx, middle: �zz , right: �xz of a Cu straight edge dislocation
[1�10](111) calculated with PFDD cubic, rotated and non-orthogonal grids and compared to the analytical solution.
�xx and �zz are plotted along z[111] direction and �xz is plotted along x[1�10] direction at the dislocation.

is that the inclined slip plane distributes the stress discontinuity across all three axes of the grid, making it221

difficult for a Fourier series to accurately represent it. The stress discontinuity here arises from the out-of-222

plane discontinuity in the order parameter. The order parameter is defined only on its current slip plane and223

not on planes that are parallel to the slip plane. It is confined to one slip plane within a 3D system, a cuboid224

in this case. While there are also discontinuities in the order parameters on the slip plane, Equation (2.7)225

smooths the transition between zero and one (i.e., the dislocation line), giving the dislocation core a finite226

width. Thus, fewer oscillations are expected on the in-plane component, namely �xz . These comparisons227

indicate that expanding to model systems in which several dislocations are operating on non-coplanar slip228

systems will produce errors in the stress fields when using either the cubic or rotated cubic grids that could229

adversely affect simulations of dislocation interactions and reactions.230

By refining the grid, the Gibbs oscillations can be reduced, although not completely eliminated without231

special treatments. Figure 4 compares the analytical solution to the rotated grid and a refined rotated grid.232

The simulation cell size is 64b � 64b � 64b for both the rotated and the refined rotated grids. The grid233

spacing is b : b : b (rotated) and 0:25b : 0:25b : 0:25b (rotated refined). As expected, oscillations reduce234

in magnitude for the refined grid. In general, the presence of Gibbs oscillations is a common issue with235

FFT-based methods, but many approaches, such as the“centered” [37] or “rotated” [38] Green operators have236

proven effective in addressing this issue. In this work, however, suppressing the oscillations with alternate237

Green operators is not our main focus. Thus, we only consider the use of the original FFT method without238

any additional treatment directly aiming at improving these oscillations.239

The choices of FCC and BCC primitive vectors ensure their non-orthogonal grids have aligned f111g240

and f110g slip planes, respectively. Other possible primitives that are able to achieve the same are expected241

to have similar performance regarding the reduction of Gibbs oscillations. In this work, we only consider242

these two primitive sets.243

3.A. Loop expansion tests on three grids244

Next, to demonstrate the advantages in using the non-orthogonal grid, we present two test cases. This245

section focuses on the set of calculations for the first case, which considers the expansion of a dislocation246

loop under an applied stress. Loop expansion enables study of dislocation motion for all character types for247

all of the computational grids discussed. The comparison can serve as verification of the newly proposed248

non-orthogonal computational grid with the more conventionally used rotated grids. In the next section 3.B,249

we treat a second test problem that involves the interaction of two expanding loops lying on non-coplanar250

planes. This example demonstrates some unique advantages of the non-orthogonal grid in comparison to251

the cubic computational grid.252

To investigate the performance of the non-orthogonal grid, we compare the stress fields from a nearly253

pure edge segment of a dislocation loop when using a cubic, rotated or non-orthogonal grid, which are254
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Figure 4. Stresses normalized with shear modulus left: �xx, middle: �zz , right: �xz of a Cu straight edge
dislocation [1�10](111) calculated with analytical solution, the PFDD rotated grid b : b : b and the refined rotated grid
0:25b : 0:25b : 0:25b. �xx and �zz are plotted along z[111] direction and �xz is plotted along x[1�10] direction at the
dislocation.

shown in Figure 1. In this test problem, a Cu dislocation loop of radius r = 10b is initialized on a (111)255

slip plane with b =
1

2
[1�10] in the different grids. Figure 5 shows their corresponding (111) slip planes with256

the initial dislocation loops. The grid sizes are 48a � 48a � 48a (cubic), 64b � 64b � 64b (rotated) and257

64b� 64b� 64b (non-orthogonal), so that the length of the yellow dashed lines in Figure 5 is 64b and grid258

spacing along b is b. While these grid spacings are different, the aim was to keep the same resolution along259

the Burgers vector direction to enable a fair comparison.260

Figure 5. Cu dislocation loops on the (111) slip planes of (a) cubic grid (b) rotated grid and (c) non-orthogonal grid.
The sizes of the loops are r = 10b and the lengths of the dashed yellow lines which follow the b direction are 64b.

First, in Figure 6, we compare the stress fields of one of the edge segments in the dislocation loops on261

the different grids at step 0 before they start to expand. Figure 6 demonstrates good agreement between the262

rotated and the non-orthogonal grids in all three stress components. Notably, the stress fields calculated on263

the non-orthogonal grid show no oscillations, while oscillations are apparent in the stress field calculated on264

both the cubic and rotated grids. Again, to show the effect of grid refinement, we reduce the grid spacing by265

half (i.e., to 0.5b) in the cubic grid in an attempt to reduce the oscillations and improve the stress predictions.266

These curves are also shown in Figure 6. Similar to the results shown in Figure 4, grid spacing refinement267

does reduce the oscillations, but does not eliminate them completely.268

Next, we apply a shear stress to the loops in the crystals for each case, which causes the loops to expand.269

In the rotated grid, the applied stress is �xz = 0:06� and directly corresponds to the resolved shear stress270

on the glide plane. The corresponding applied stress tensor in the cubic and non-orthogonal grids has more271

non-zero stress components than the rotated grid and is determined with the transformation rule shown in272
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Figure 6. Stresses normalized with shear modulus left: �xx, middle: �zz , right: �xz of a Cu dislocation loop
[1�10](111) calculated with the non-orthogonal grid, the cubic grid, the refined cubic grid and the rotated grid at step
0. �xx and �zz are plotted along z[111] direction and �xz is plotted along x[1�10] direction at the edge segments.

Equation (2.10). These stress tensors produce an equivalent resolved shear stress on the glide plane that is273

the same as what is specified in the rotated grid case.274

Figure 7 compares the shape of the loops at iteration step 100. While the dislocation loops across all275

three grids have equivalent major axes, the loop shapes themselves show some differences. The aspect ratios276

of the major to minor axes are 1:15 (cubic), 1:20 (rotated) and 1:33 (non-orthogonal). The loop shapes are277

not perfectly circular in any of the computational grids, but the oval shape is most apparent in the rotated278

and non-orthogonal grids. Even in an FCC metal, where edge, screw, and mixed type dislocation have the279

same mobility, the screw type dislocations have a lower self energy. Since the order parameters in PFDD280

evolve base on energy minimization, it becomes energetically favorable to maximize the screw components281

of the dislocation loop. This effect of the dislocation self energy is somewhat lost in the cubic grid, which282

reproduces a loop shape that is nearly circular.283

After the loops have expanded, we again compare the stress fields surrounding a predominately edge-284

type segment within the dislocation loop, shown in Figure 8. The non-orthogonal and the rotated grids give285

similar results for all stress components. The out-of-plane stress component �xx in the cubic grid has a much286

lower peak than the other two grids, and �zz has more oscillations. Again, only the stress field calculated287

with the non-orthogonal grid shows no oscillations.288

We note that all computational grids in this work align across the simulation cell boundaries. When a289

loop expands and approaches to the boundary of the simulation cell, it meets its imaging loop, and they290

annihilate with each other. No special treatment is required for the periodic boundary conditions. The291

correct annihilation behavior is observed but not shown here.292

3.B. Two loop annihilation test on non-orthogonal grid293

Finally, we consider the case where two dislocation loops are active on different, non-parallel {111} planes,294

and are driven to interact under an applied stress. This case highlights the limitation with the rotated295

grid. Once multiple, non-planar slip systems are active, a convenient way to rotate the system to minimize296

numerical error no longer exists. In other words, only one slip plane can be perfectly aligned with the297

computational grid and simulation cell axes, while the other slip plane will be inclined as in the cubic grid.298

Thus, for this test case we compare results for only the cubic and non-orthogonal grids.299

Figure 9 shows the set up consisting of two dislocation loops of same size r = 6b in a 64b� 64b� 64b300

non-orthogonal grid. The loop on slip system (111)[1�10] is marked in red and the one on (11�1)[1�10] is in301

blue. Under an applied stress (shear stress, equivalent to the �xz used in the one loop test), both loops grow302

and intersect at their screw segments. In this configuration, these segments have the same slip direction303

([1�10]), but opposite line sense; therefore, they should attract and annihilate upon interaction.304

Figures 10 and 11 present the results for the loop interaction in the non-orthogonal and cubic grids,305

respectively. In the non-orthogonal grid, the two loops approach each other, intersect, and then continue306
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Figure 7. Dislocation loops in (a) cubic (b) rotated and (c) non-orthogonal grids at iteration step 100. Top row shows
the loops on their slip plane and bottom row shows the zoomed-in loop shapes.

Figure 8. Stresses normalized with shear modulus left: �xx, middle: �zz , right: �xz of a Cu dislocation loop
[1�10](111) calculated with the non-orthogonal grid, the cubic grid and the rotated grid at iteration step 100. �xx and
�zz are plotted along z[111] direction and �xz is plotted along x[1�10] direction at the edge segments.

to expand within their respective glide planes. The screw segments that meet at the intersection point,307

annihilate, as they should. This outcome is highlighted in white in the figure. In contrast, when the cubic308

grid is utilized, shown in Figure 11, the annihilation between screw segments is not captured. Instead, as309

the dislocations expand and meet, they intersect and continue propagating through one another, which is310

non-physical. In this case, the two loops on the two inclined slip planes are assigned such that there is no311

misalignment between the grid points and the glide plane. All grid points representing the loops lie on the312

glide planes, and the planes intersect each other at the same set of grid points. Therefore, the failure to313

annihilate is due to the numerical errors associated with the inclined planes rather than misalignment of grid314

points. This source of error is consistent with what we have seen in the stress calculations. While there315

was also no misalignment, the results from the cubic grid still contain errors. Non-coplanar annihilation is316

achieved as in both [45, 46] and using the non-orthogonal grid. Particularly in comparison to [46], PFDD317

has no changes to the core energy term, however changes may be required to account for more complex318
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Figure 9. Two dislocation loops on non-coplanar slip systems in the non-orthogonal grid. Both loops have the same
slip direction, [1�10], and different slip plane normals:(111) (red loop) and (11�1) (blue loop).

reactions (e.g., lock formation), which is also demonstrated in [46]319

|

Figure 10. Snapshots of two dislocation loops expanding in the non-orthogonal grid. The loops expand, meet and
annihilate at the screw segment marked in white.

4. Conclusions320

In this paper, we present an alternative non-orthogonal, regular computational grid that can be utilized321

to model dislocation motion and interactions within mesoscale modeling approaches using fast-Fourier322

transform (FFT) methods. Here, this approach is implemented within a phase-field approach called Phase323

Field Dislocation Dynamics (PFDD). Several test cases are shown to illustrate the advantages of the non-324

orthogonal grid with respect to other commonly used computational grids, namely a regular, cubic grid,325

and a rotated, cubic grid in which a slip plane of interest is aligned with the computational grid. Test cases326

include direct comparison of stress fields surrounding edge-type dislocation segments calculated with all327

three grids and the analytic solution from dislocation theory. In addition, stress fields are also compared for328

an expanding loop to illustrate the effect of time evolution. Finally, two dislocation loops in non-coplanar329

slips systems are modeled using the non-orthogonal face centered cubic (FCC) and the cubic grids. Screw330

segments meet, interact, and annihilate as expected on the non-orthogonal grid; however, annihilation is not331
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Figure 11. Snapshots of two dislocation loops expanding in the cubic grid. The loops expand, meet but do not
annihilate.

accurately modeled when the cubic grid is employed. We note that while a test case for the body centered332

cubic (BCC) non-orthogonal grid was not shown, it produces similar results to the FCC grid. By utilizing333

different non-orthogonal primitive vectors upon initialization of the simulations, the computational grid can334

be easily changed from the FCC to BCC crystallography.335

These test cases show that the non-orthogonal grid outperforms the cubic and rotated grids that have336

been previously applied to many problems. Without any special treatment to the FFT method, calculations337

on the non-orthogonal grid eliminates oscillations caused by the Gibbs effect that are consistently present338

in some degree on the other two computational grids. Furthermore, there are additional numerical errors339

apparent in the cubic grid in comparison to the rotated grid, beyond those present from Gibbs oscillations.340

More specifically, a slip plane in the rotated grid will have a plane normal that is aligned with an axis of the341

simulation cell, while such a plane is inclined in the cubic grid. This difference in the plane orientations342

induces additional numerical errors, which cannot be resolved by refining the grid.343

As mentioned, the two-loop test show that the non-orthogonal grid correctly captures the interactions344

and reactions of the two loops and enables the annihilation of the screw segments when the two loops grow345

and meet. The cubic grid predicted that the loops intersect and continue to propagate on their glide planes,346

failing to capture the annihilation reaction. Thus, the numerical errors present when using the cubic grid347

are significant enough to alter the dislocation behavior, producing non-physical results. Non-orthogonal348

grids avoid the numerical errors associated with multiple inclined active glide planes and reproduce true349

physical behaviors. This work has shown that solving systems with multiple non-planar slip planes using350

non-orthogonal grids is effective.351

The advantages of the non-orthogonal grids come from its ability of suppressing the Gibbs oscillations.352

Other methods that make use of FFTs can potentially benefit from adopting the proposed non-orthogonal353

computational grids. The current method is limited to use computational grid constructed with integer linear354

combinations of the primitive vectors. This results from the use of the FFT-based method. For example,355

computational grids of hexagonal closest packed (HCP) crystals cannot be constructed without non-integer356

coefficients on the primitive vectors and therefore current method is not applicable to HCP materials.357
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