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Abstract 

 

 Magnetic and magnetocaloric properties of Ho1−𝑥Dy𝑥Al2 compounds with 𝑥 = 0, 0.05, 0.10,

0.15,0.25 and 0.50, modelled using a Hamiltonian that includes the exchange interactions between Ho-

Dy, Ho-Ho and Dy-Dy ions in addition to the crystalline electric field and the Zeeman effects, have been 

compared with those determined experimentally. In order to reproduce experimentally observed global 

ferromagnetic ordering temperatures and spin reorientation transition temperatures as xDy varies, the 

exchange interactions between Ho-Dy and Ho-Ho were set as free parameters and adjusted to match the 

experimental results. We demonstrate that heat capacity of polycrystalline materials in non-zero magnetic 

fields can be satisfactory reproduced by using the average of multiple magnetic field directions with respect 

to the crystallographic coordinate system, while reasonably good agreement between experimentally 

determined and theoretically predicted magnetocaloric effects can be achieved considering an average of 

only three field directions. 

 

 

 

  

       Keywords: mean-field modeling; magnetocaloric effect; rare earths; crystalline electrical field; 

polycrystalline sample. 
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1. Introduction 

 Climate change represents a major global challenge of our times. Overcoming this 

challenge must include addressing rising energy consumption and mitigating the growing use of 

chemicals with high global-warming potential, both of which are foreseeable due to the 

accelerating demand for cooling devices around the world. For example, Brazil averages 0.4 air 

conditioning units per household today, that is, 2.5-5 times less when compared to 1-2 units per 

household in developed countries, such as the United States [1]. The acceleration of the demand 

for cooling is further compounded by the projections showing that African, South Asian, Central 

and South American countries, including Brazil, are projected to experience extreme temperatures 

more frequently over the next few decades due to the changing climate [2].  In order to satisfy the 

cooling needs and to sustain the quality of life, rapid progress in advanced energy-saving 

technologies that can replace the omnipresent vapor compression refrigeration is, therefore, of 

great importance. 

Among the most promising replacement technologies is magnetocaloric heat pumping – a solid-

state approach based on the magnetocaloric effect (MCE) [3]. In a magnetocaloric refrigerator or 

air conditioner, a volatile liquid refrigerant is replaced with a solid magnetocaloric refrigerant that 

reversibly changes its temperature in response to an oscillating magnetic field. Magnetocaloric 

solids have zero global warming potential and cannot escape into the environment. Laboratory 

demonstrations of magnetocaloric heat pumps show thermodynamic efficiencies nearly on par 

with those of vapor compression systems [4]. Further improvements, however, require 

magnetocaloric materials that exhibit stronger MCEs in lower magnetic fields and with minimum 

energy losses [5]. 

In addition to tremendous technological importance, MCE is of significance to basic science. 

Expressed as one or both thermodynamic parameters, that are, magnetic field induced isothermal 

entropy change, ∆𝑆𝑇, and adiabatic temperature change, ∆𝑇𝑎𝑑, magnetocaloric effect is intimately 

related to other fundamental physical properties of magnetic materials. Among those are individual 

magnetic moments, exchange interactions, global and local magnetic ordering and spin 

reorientation phase transformations, bulk magnetization, heat capacity, electronic and lattice 

entropies, and their dependencies on chemistry and structure, as well as magnetic field and 

temperature [6–8]. Amid many potential candidates suitable to both understand and tailor these 

properties is an extended series of pseudobinary R1−𝑥R′𝑥Al2 compounds adopting cubic Laves 
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phase structure, where properties can change dramatically with concentration (𝑥) and the nature of 

the rare-earth constituents (R and R′) [9–12]. 

In 2011 Khan and coworkers [13] experimentally examined the Ho1−𝑥Dy𝑥Al2 family, where 𝑥 =

0, 0.05, 0.10, 0.15, 0.25, and 0.50. They confirmed a spontaneous spin reorientation (SSR) 

transition between ⟨110⟩ and ⟨100⟩ easy magnetization directions at 20 K in HoAl2 reported 

earlier [14] and showed that introduction of Dy into the Ho sublattice affects the SSR. The 

thermodynamic nature of the spin reorientation gradually changes from first- to second-order as 

the Dy concentration increases. Later, de Sousa et al. [15] associated the SSR in HoAl2 with a 

spontaneous change in the free energy, and demonstrated that at temperatures lower than 20 K the 

⟨110⟩ easy magnetization direction is the state with lowest energy, but at T > 20 K, ⟨100⟩ 

becomes the preferred direction of the localized magnetic moments of Ho. These results are 

reminiscent of the behavior observed in HoCo2 [16], where the ⟨110⟩  →  ⟨100⟩ spin reorientation 

is accompanied by the orthorhombic → tetragonal crystallographic distortion. The finite 

temperature theoretical modeling of the magnetothermal behavior in mixed rare-earth alloys with 

complex crystalline electric field contributions will lead to better understanding of the effect that 

this and similar order-order transformations have on the magnetocaloric effect. In particular, 

achieving capability of quantitative predictions of MCE in mixed rare earth R1−𝑥R′𝑥Al2 

compounds, which are important materials systems for cryogenic applications [17,18], remains a 

challenging but highly desired outcome for theoretical modeling. Thus, in this work we revisit 

available experimental data of the Ho1−𝑥Dy𝑥Al2 series and rationalize them using the mean field 

approach. We compare theoretically predicted heat capacity, Cp, ∆𝑆𝑇, and ∆𝑇𝑎𝑑 with the 

experimental data published in [13] as well as with additional heat capacity measurements 

performed in this study for 𝑥 =  0.10 and 𝑥 =  0.50 in 1 and 2 T applied magnetic fields. 

 

2. Theory 

 To describe the magnetic and thermal properties of cubic C15 Laves phase pseudobinary 

Ho1−𝑥Dy𝑥Al2, model Hamiltonians in the mean field approximation [10,19,20] include 

contributions accounting for exchange interactions of the individual magnetic moments, the 

applied magnetic field (Zeeman effect), and the crystalline electrical field (CEF). Thus, the 

coupled Hamiltonians are given by 

                  ℋHo = − 𝑔Ho𝜇𝐵[𝜆𝐻𝑜𝐻𝑜𝑀⃗⃗ 
Ho + 𝜆𝐻𝑜𝐷𝑦𝑀⃗⃗ 

Dy + 𝜇0𝐻⃗⃗ ] ∙ 𝐽 Ho + ℋCEF
Ho ,    (1) 
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                  ℋDy = − 𝑔Dy𝜇𝐵[𝜆𝐷𝑦𝐷𝑦𝑀⃗⃗ 
Dy + 𝜆𝐻𝑜𝐷𝑦𝑀⃗⃗ 

Ho + 𝜇0𝐻⃗⃗ ] ∙ 𝐽 Dy + ℋCEF
Dy

.             (2) 

The first two terms in equations (1) and (2) take into account the intra-sublattice exchange 

interactions (𝜆𝐻𝑜𝐻𝑜 and 𝜆𝐷𝑦𝐷𝑦) between identical rare earth ions, as well as inter-sublattice 

exchange (𝜆𝐻𝑜𝐷𝑦) between Ho and Dy.  Here, 𝜇𝐵 is the Bohr magneton, 𝑔Ho = 5/4, 𝑔Dy = 4/3 

are the Landè factors, 𝑀⃗⃗ Ho and 𝑀⃗⃗ Dy are, respectively, the magnetization vectors for Ho and Dy 

sublattices, and 𝐽Ho = 8, 𝐽Dy = 15/2 are the total angular momenta. The third terms account for 

Zeeman effect due to the applied magnetic field (𝜇0𝐻⃗⃗ , where 𝜇0 is permeability of vacuum and 𝐻⃗⃗  

is the auxiliary field), and the last terms describe CEF. Because the Ho1−𝑥Dy𝑥Al2 compounds have 

cubic structure [13] and the crystallographic distortions are minor, the CEF Hamiltonian, for each 

rare earth sublattice, is written in the Lea-Leask-Wolf notation [21]: 

                                          ℋ𝐶𝐸𝐹 = 𝑊 [𝑋 (
𝑂4

0 + 5𝑂4
4

𝐹4
) + (1 −  |𝑋|) (

𝑂6
0 − 21𝑂6

4

𝐹6
)],    (3) 

where 𝑊 and 𝑋 are the CEF parameters for each rare earth sublattice (Ho and Dy), and  𝐹4 and 𝐹6 

are common constants. Following the literature [21–23], the W, X, F4 and F6 are set as follows: 

𝑊HoAl2 = 0.015 meV, 𝑊DyAl2 = −0.011 meV, 𝑋HoAl2 = −0.34, 𝑋DyAl2 = 0.30, 𝐹4
HoAl2 =

 𝐹4
DyAl2 =  60 and 𝐹6

HoAl2 =  𝐹6
DyAl2 =  13860.  𝑂4

0, 𝑂4
4, 𝑂6

0 and 𝑂6
4 are the fourth and sixth order 

Stevens operators, respectively [24,25]. 

Magnetization and magnetic entropies 𝑆𝑚𝑎𝑔
R  (𝑇, 𝜇0𝐻⃗⃗ ) for each magnetic sublattice are obtained 

from the eigenvectors and eigenvalues calculated from the Hamiltonians (1), (2) and (3) 

[12,23,26]. Further, the lattice vibrational entropies 𝑆𝑙𝑎𝑡
R  (𝑇) are given in the Debye approximation 

and the electronic 𝑆𝑒𝑙
R  (𝑇) are treated as linear functions of temperature [23,27]. The total 

entropies 𝑆𝑡𝑜𝑡𝑎𝑙
R  (𝑇, 𝜇0𝐻⃗⃗ ) for each of the rare-earth sublattices (R = Ho and Dy) are sums of these 

three contributions. For the intermediate compositions within the series, Ho1−𝑥Dy𝑥Al2, effects of 

disorder are taken into account as [28]:  

                                      𝑆𝑡𝑜𝑡𝑎𝑙
𝑥  (𝑇, 𝜇0𝐻⃗⃗ ) = (1 − 𝑥)𝑆𝑡𝑜𝑡𝑎𝑙

Ho + (𝑥)𝑆𝑡𝑜𝑡𝑎𝑙
Dy

.                                  (4) 

With the determined total entropy 𝑆𝑡𝑜𝑡𝑎𝑙
𝑥  (𝑇, 𝜇0𝐻⃗⃗ ), the heat capacities and the magnetocaloric 

effects are calculated: 

                                                          𝐶𝑝
𝑥(𝑇, 𝜇0𝐻⃗⃗ ) = 𝑇 (

𝜕𝑆𝑡𝑜𝑡𝑎𝑙
𝑥

𝜕𝑇
),                                           (5) 

                                      Δ𝑆𝑇
𝑥 (𝑇, 𝜇0𝐻) =  𝑆𝑡𝑜𝑡𝑎𝑙

𝑥 (𝑇, 𝜇0𝐻 ≠ 0) −  𝑆𝑡𝑜𝑡𝑎𝑙
𝑥 (𝑇, 𝜇0𝐻 = 0),         (6) 
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                                       Δ𝑇𝑎𝑑
𝑥  (𝑇, 𝜇0𝐻) =  𝑇(𝑆𝑥, 𝜇0𝐻 ≠ 0) −   𝑇(𝑆𝑥, 𝜇0𝐻 = 0).                (7) 

 

3. Experimental  

Polycrystalline samples with 𝑥 = 0.1 and 0.5 used for the heat capacity measurements were taken 

from the same alloys that were prepared and characterized in reference [13]. The heat capacity was 

measured using the relaxation technique in a Quantum Design Physical Property Measurement 

System (PPMS). The measurements were performed in magnetic fields μ0H = 0, 1, and 2 T from 

3 to 70 K. The zero field data, as expected, match the data reported previously [13].  For other 

compounds (𝑥 = 0, 0.05, 0.15 and 0.25) heat capacity data measured with and without magnetic 

field were taken from reference [13]. 

 

4. Results and discussion 

 In order to model the magnetic and magnetocaloric properties in the Ho1−𝑥DyxAl2 series, 

we used the Debye temperature, Θ𝐷 = 300 K, and the Sommerfeld coefficient, 𝛾 = 5.4 mJ/(mol 

K2), as reported earlier [23]. The exchange parameters, 𝜆𝐻𝑜𝐻𝑜, 𝜆𝐷𝑦𝐷𝑦, and 𝜆𝐻𝑜𝐷𝑦 were adjusted 

for each investigated Dy concentration, 𝑥Dy, to reproduce the heat capacity data of Ref. [13] 

without the applied magnetic field. As mentioned earlier, the easy magnetization direction in the 

HoAl2 sublattice changes from 〈110〉 at high temperature to 〈100〉 at low temperature, and in  

DyAl2 the easy magnetization direction remains 〈100〉 in the temperature range of interest 

[11,29,30]. Hence, assigning 𝜆𝐷𝑦𝐷𝑦 = 𝑥Dy ∙ (0.258 meV), where 0.258 meV is the exchange 

parameter of pure DyAl2 [12,23] reflects the linear increase of 𝑇𝐶 with 𝑥Dy.  The values of  𝜆𝐻𝑜𝐻𝑜 

and 𝜆𝐻𝑜𝐷𝑦 were adjusted for each Dy concentration when 𝑥Dy < 1 in order to better reproduce the 

experimental values of TC and TSR [13,22]. In the absence of external magnetic field, the 

experimentally measured (symbols) [13] and modelled heat capacities (solid lines) for the 6 

investigated compositions are in a good agreement, as illustrated in Fig. 1.  In addition to accurately 

reproducing the temperatures of the global ferromagnetic ordering, TC, and the spin reorientation 

(SR), TSR, the model also correctly estimates the order of the ⟨110⟩ →  ⟨100⟩ SR phase transitions, 

which changes from the first order for 𝑥 = 0 (Fig. 1a) and 𝑥 = 0.05 (Fig. 1b), to the second order 

for all other members of the series (Fig. 1c-f), in full agreement with the experiment [13]. Another 

experimental behavior reproduced in the simulated heat capacity (solid lines in Fig.1) is the 
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reduction of TSR and increase of 𝑇C with increasing 𝑥Dy. The three exchange parameters are 

depicted in Fig. 2 as functions of 𝑥Dy. 

Figure 1 Temperature dependencies of the heat capacities of (a) HoAl2, (b) Ho0.95Dy0.05Al2, (c) Ho0.90Dy0.10Al2, 

(d) Ho0.85Dy0.15Al2, (e) Ho0.75Dy0.25Al2 and (f) Ho0.50Dy0.50Al2 measured in zero magnetic field. The symbols are the data of 

experimental measurements [13] and the solid lines are computed using the formalism described in Section 3. 

 

 

 

 

 

 

 

 

 

 

 

Figure 2 Exchange parameters (𝜆𝐻𝑜𝐻𝑜, 𝜆𝐷𝑦𝐷𝑦 and 𝜆𝐻𝑜𝐷𝑦) shown as functions of Dy concentration 𝑥Dy. 

 

Figure 3 compares modeled 𝐶𝑝(𝑇) (gray solid lines) with experimental data (symbols) from Ref 

[13] (Fig. 3a, Fig. 3b, Fig. 3d and Fig. 3e) and new measurements (Fig. 3c and Fig. 3f), with 𝜇0𝐻 =

1 T. The model described in Section 3 assumes anisotropic, single-domain single crystals with the 
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magnetic field applied along selected crystallographic directions. The experimental measurements, 

on the other hand, were performed using isotropic polycrystalline materials. In the first 

approximation, the heat capacities of isotropic polycrystalline cubic materials, 𝐶𝑝
𝑖𝑠𝑜(𝑇), are often 

modeled using simple averages: 𝐶𝑝
𝑖𝑠𝑜(𝑇) = [𝐶𝑝

𝐻⃗⃗ ||<100>
(𝑇) + 𝐶𝑝

𝐻⃗⃗ ||<110>
(𝑇) + 𝐶𝑝

𝐻⃗⃗ ||<110>
(𝑇)] /3. 

Although simple averages can be effective in reproducing experimental data for some compounds 

[20,31], this is clearly not the case for Ho1−𝑥Dy𝑥Al2, and the averaging should include additional 

field directions in reference to the crystallographic coordinate system.  This has been accomplished 

by averaging the results with the magnetic field parallel to a much larger number of 

crystallographic directions. The orientational relationships have been described by introducing 

polar (𝜃𝑖) and azimuthal (𝜙𝑗) angles defined as the angles the magnetic field vector forms with the 

Z axis (𝜃𝑖) and with the X axis in the XY plane (𝜙𝑗), as illustrated in Fig. 4.  
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Figure 3 Temperature dependencies of the heat capacity in 𝜇0𝐻 = 1 T applied magnetic field for (a) HoAl2, (b) Ho0.95Dy0.05Al2, 

(c) Ho0.90Dy0.10Al2, (d) Ho0.85Dy0.15Al2, (e) Ho0.75Dy0.25Al2, and (f) Ho0.50Dy0.50Al2. Symbols represent experimental 

measurements and lines represent theoretical simulations. The gray lines represent simple averages 𝐶𝑝
𝑖𝑠𝑜(𝑇) = [𝐶𝑝

𝐻⃗⃗ ||<100>
(𝑇) +

𝐶𝑝
𝐻⃗⃗ ||<110>

(𝑇) + 𝐶𝑝
𝐻⃗⃗ ||<110>

(𝑇)] /3, and colored lines depict averages computed using Eq. 8. 
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Figure 4 Illustration of the correlation of cartesian (x, y, z) and spherical coordinates (𝑟, 𝜃, 𝜙), for the applied magnetic field (𝜇0𝐻⃗⃗ ). 

In spherical coordinates, 𝜇0𝐻⃗⃗  is described as (𝑟, 𝜃, 𝜙) = (𝜇0𝐻, 𝜃𝑖 , 𝜙𝑗). 

 

For each 𝜃𝑖 and 𝜙𝑗, the corresponding values of 𝐶𝑝

𝐻⃗⃗ ||(𝜃𝑖,𝜙𝑗)
(𝑇) were calculated in the first octant 

(0 ≤ 𝜃𝑖 , 𝜙𝑗 ≤ 900) and averaged as follows: 

                                                              
1

𝑛𝑖 ∙ 𝑛𝑗
∑∑𝐶𝑝

𝐻⃗⃗ ||(𝜃𝑖,𝜙𝑗)(𝑇)

𝑛𝑗

𝑗=0

,

𝑛𝑖

𝑖=0

                                                      (8) 

where 𝑛𝑖 = 20 and 𝑛𝑗 = 20 are the number of grid points in polar and azimuthal angle coordinates, 

respectively. The results obtained using Eq. 8 are shown in Figure 3 as colored solid lines, 

demonstrating significant improvement over the model of simple averages except when 𝑥 = 0.50. 

Modelling heat capacity with the magnetic field applied along more orientations than the three 

main crystallographic directions, smooths out the sharp anomalies that appear in the theoretical 

results due to spin reorientation transitions. The sharp heat capacity anomalies are most 

pronounced with the magnetic field parallel to [111] and are non-existent when the field is parallel 

to [100], but experimentally the SR processes in a non-zero magnetic field are seen as changes of 

slope around TSR, likely due to the polycrystalline nature of the samples. 

 

For Ho0.5Dy0.5Al2 (Fig. 3f) a rather sharp anomaly remains in the theoretical results around T = 

22.3 K even after the averaging using Eq. 8 due to spin reorientation processes occurring at the 

same temperature in both sublattices. This is illustrated in Figure 5, which shows the temperature 

dependencies of the magnetization components, Mx, My and Mz of both magnetic sublattices with 

𝜇0H = 1 T applied in one of the many examined directions, namely with 𝜃𝑖 = 18.4° and 𝜙𝑗 =

67.3°. At low temperatures, due to the intersublattice exchange and the interactions with the 
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magnetic field, both Ho and Dy sublattices are not aligned with the easy magnetization directions, 

〈110〉 and 〈100〉, respectively, of their corresponding binary compounds. When T < 24 K the 

energetically favorable magnetization vectors (M⃗⃗⃗ ) for both rare earth sublattices are close to the 

XY plane, but as the thermal excitations increase (T > 24 K) they sharply rotate and align closely 

with the direction of the applied magnetic field. Similar abrupt rotations are also observed with 

magnetic field applied in a few other directions used to calculate the multipoint average, resulting 

in a sharp transition seen in the orange curve of Fig. 3f. 
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Figure 5 Magnetization components MX, MY and MZ of each rare-earth sublattice vs. temperature with 𝜇0𝐻 = 1 T magnetic field 

applied along direction with 𝜃𝑖 = 18.4 ° and 𝜙𝑗 = 67.3°. Solid lines are for Ho and dashed lines are for Dy sublattices. 

 

The same systematic analyses were performed for the isothermal entropy change (Figure 6) and 

adiabatic temperature change (Figure 7). Although including many magnetic field orientation 

directions into the averaging (equation (8)) makes the model more accurate for the heat capacity, 

for ∆𝑆𝑇 and ∆𝑇𝑎𝑑 the differences in results obtained by two different averaging models are 

negligible. The simple averaging (along the main three crystallographic directions only) 

reproduces the experimentally observed magnetocaloric effects around TSR and TC reasonably 

well. This may be associated with the fact that in our model Δ𝑆𝑇 and Δ𝑇𝑎𝑑 are calculated directly 

from the computed total entropy, whereas 𝐶𝑝 is obtained from the thermodynamic relation 𝐶𝑝 =

𝑇
𝜕𝑆

𝜕𝑇
. Since 𝐶𝑝 calculations involve differentiation, minor discontinuities in the total entropy 
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become clearly visible as sharp heat capacity anomalies, but they are masked in the entropy curves, 

as well as in their isothermal and isentropic differences, that are, respectively, Δ𝑆𝑇 and Δ𝑇𝑎𝑑. 
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Figure 6 Temperature dependencies of isothermal entropy change upon magnetic field change of 𝜇0∆𝐻 = 1 T for (a) HoAl2, (b) 

Ho0.95Dy0.05Al2, (c) Ho0.90Dy0.10Al2, (d) Ho0.85Dy0.15Al2, (e) Ho0.75Dy0.25Al2 and (f) Ho0.50Dy0.50Al2. The symbols are the 

experimental measurements and the solid lines are the theoretical simulations. The gray lines represent the simple average with the 

magnetic field along three main crystallographic directions, and the colored lines represent averaging according to Eq. (8). 
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Figure 7 Temperature dependencies of adiabatic temperature change upon magnetic field change of 𝜇0∆𝐻 = 1 T for (a) HoAl2, 

(b) Ho0.95Dy0.05Al2, (c) Ho0.90Dy0.10Al2, (d) Ho0.85Dy0.15Al2, (e) Ho0.75Dy0.25Al2 and (f) Ho0.50Dy0.50Al2. The symbols are the 

experimental measurements and the solid lines are the theoretical simulations. The gray lines represent the simple average with the 

magnetic field along three main crystallographic directions, and the colored lines represent averaging according to Eq. (8). 
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Figures 8 and 9 show the experimental and theoretical results for magnetocaloric effect with 

applied magnetic field change of 𝜇0∆𝐻 = 2 T for 𝑥𝐷𝑦 = 0.1 and 0.5. As observed previously [13], 

for 𝜇0∆𝐻 = 2 T, higher 𝑥 leads to lower peak values in −∆𝑆𝑇(𝑇) and ∆𝑇𝑎𝑑(𝑇) at TC. For example, 

from 𝑥 = 0.10 to 𝑥 = 0.50 for 𝜇0∆𝐻 = 2 T, experimentally determined −∆𝑆𝑇(𝑇) peaks at TC 

change from ~ 3 J/mol.K (Fig. 8a) to ~ 2.4 J/mol.K (Fig. 8b) and ∆𝑇𝑎𝑑(𝑇) peaks from ~ 5 K (Fig. 

9a) to ~ 4 K (Fig. 9b). This is expected because as TC increases with 𝑥𝐷𝑦 (from 31.6 K for HoAl2 

to 63 K for DyAl2), the derivative of the magnetization with respect to temperature becomes 

smaller and the lattice heat capacity becomes larger, resulting in the gradual reduction of both 

MCE parameters. 
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Figure 8 Isothermal entropy change vs. temperature for (a) Ho0.90Dy0.10Al2 and (b) Ho0.50Dy0.50Al2, upon applied magnetic field 

change of 𝜇0∆𝐻 = 2 T. The symbols are the new experimental measurements and the solid lines the theoretical simulations 

calculated with an average of the main cubic directions: 〈100〉, 〈110〉 and 〈111〉. 
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Figure 9 Adiabatic temperature change vs. temperature for (a) Ho0.90Dy0.10Al2 and (b) Ho0.50Dy0.50Al2, upon applied magnetic 

field change of 𝜇0∆𝐻 = 2 T. The symbols are the new experimental measurements and the solid lines the theoretical simulations 

calculated with an average of the main cubic directions: 〈100〉, 〈110〉 and 〈111〉. 

 

5. Conclusions 

 

Our systematic investigation of heat capacity of six compounds in the series Ho1−𝑥Dy𝑥Al2 with x 

= 0, 0.05, 0.10, 0.15, 0.25 and 0.50 shows that mean-field modeling reproduces the changes in TC 

and TSR, as well as the changes in the thermodynamic nature of the spin reorientation phase 

transitions process observed experimentally as the Dy concentration increase. The agreement 

between experimental heat capacity data measured using polycrystalline materials and calculations 

performed assuming single-domain anisotropic crystals significantly improves by considering an 

average of the multiple applied field directions rather than commonly employed averaging of 

results obtain with field applied parallel to three main crystallographic directions in cubic 

materials. This method can be applied to other compounds in order to improve the agreement 

between heat capacity derived from theory and experiments. However, we found that this approach 

was not necessary for modeling the temperature dependencies of magnetocaloric effect, that can 

be reproduce and satisfactory predicted considering a simple average of the results obtained with 

the magnetic field applied along 3 main cubic directions, 〈100〉, 〈110〉 and 〈111〉.  
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Figure Captions 

 

Figure 1 Temperature dependencies of the heat capacities of (a) HoAl2, (b) Ho0.95Dy0.05Al2, (c) 

Ho0.90Dy0.10Al2, (d) Ho0.85Dy0.15Al2, (e) Ho0.75Dy0.25Al2 and (f) Ho0.50Dy0.50Al2 measured in 

zero magnetic field. The symbols are the data of experimental measurements [13] and the solid 

lines are computed using the formalism described in Section 3. 

Figure 2 Exchange parameters (𝜆𝐻𝑜𝐻𝑜, 𝜆𝐷𝑦𝐷𝑦 and 𝜆𝐻𝑜𝐷𝑦) shown as functions of Dy 

concentration 𝑥Dy. 

Figure 3 Temperature dependencies of the heat capacity in 𝜇0𝐻 = 1 T applied magnetic field for 

(a) HoAl2, (b) Ho0.95Dy0.05Al2, (c) Ho0.90Dy0.10Al2, (d) Ho0.85Dy0.15Al2, (e) Ho0.75Dy0.25Al2, 

and (f) Ho0.50Dy0.50Al2. Symbols represent experimental measurements and lines represent 

theoretical simulations. The gray lines represent simple averages 𝐶𝑝
𝑖𝑠𝑜(𝑇) = [𝐶𝑝

𝐻⃗⃗ ||<100>
(𝑇) +

𝐶𝑝
𝐻⃗⃗ ||<110>

(𝑇) + 𝐶𝑝
𝐻⃗⃗ ||<110>

(𝑇)] /3, and colored lines depict averages computed using Eq. 8. 
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Figure 4 Illustration of the correlation of cartesian (x, y, z) and spherical coordinates (𝑟, 𝜃, 𝜙), for 

the applied magnetic field (𝜇0𝐻⃗⃗ ). In spherical coordinates, 𝜇0𝐻⃗⃗  is described as (𝑟, 𝜃, 𝜙) =

(𝜇0𝐻, 𝜃𝑖, 𝜙𝑗). 

Figure 5 Magnetization components MX, MY and MZ of each rare-earth sublattice vs. temperature 

with 𝜇0𝐻 = 1 T magnetic field applied along direction with 𝜃𝑖 = 18.4 ° and 𝜙𝑗 = 67.3°. Solid 

lines are for Ho and dashed lines are for Dy sublattices. 

Figure 6 Temperature dependencies of isothermal entropy change upon magnetic field change of 

𝜇0∆𝐻 = 1 T for (a) HoAl2, (b) Ho0.95Dy0.05Al2, (c) Ho0.90Dy0.10Al2, (d) Ho0.85Dy0.15Al2, (e) 

Ho0.75Dy0.25Al2 and (f) Ho0.50Dy0.50Al2. The symbols are the experimental measurements and the 

solid lines are the theoretical simulations. The gray lines represent the simple average with the 

magnetic field along three main crystallographic directions, and the colored lines represent 

averaging according to Eq. (8). 

Figure 7 Temperature dependencies of adiabatic temperature change upon magnetic field change 

of 𝜇0∆𝐻 = 1 T for (a) HoAl2, (b) Ho0.95Dy0.05Al2, (c) Ho0.90Dy0.10Al2, (d) Ho0.85Dy0.15Al2, (e) 

Ho0.75Dy0.25Al2 and (f) Ho0.50Dy0.50Al2. The symbols are the experimental measurements and the 

solid lines are the theoretical simulations. The gray lines represent the simple average with the 

magnetic field along three main crystallographic directions, and the colored lines represent 

averaging according to Eq. (8). 

Figure 8 Isothermal entropy change vs. temperature for (a) Ho0.90Dy0.10Al2 and (b) 

Ho0.50Dy0.50Al2, upon applied magnetic field change of 𝜇0∆𝐻 = 2 T. The symbols are the new 

experimental measurements and the solid lines the theoretical simulations calculated with an 

average of the main cubic directions: 〈100〉, 〈110〉 and 〈111〉. 

Figure 9 Adiabatic temperature change vs. temperature for (a) Ho0.90Dy0.10Al2 and (b) 

Ho0.50Dy0.50Al2, upon applied magnetic field change of 𝜇0∆𝐻 = 2 T. The symbols are the new 

experimental measurements and the solid lines the theoretical simulations calculated with an 

average of the main cubic directions: 〈100〉, 〈110〉 and 〈111〉. 

 

 


