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1 Introduction

The Renormalization Group (RG) is a key concept in quantum field theory, which determines
the change in physics due to changing energy scales. Among numerous applications, its role
in improving perturbative computations makes it indispensable for precision computations
both in and beyond the Standard Model (SM). Completely general results for the 2-loop
β-functions of gauge-Yukawa theories have served the community well for almost four
decades [1–4], with the noteworthy addition of the 3-loop contribution for simple gauge
groups [5].

In the last decade, the discovery of the Higgs and a new drive for precision physics
prompted the calculation of the SM β-functions to 4-loop order for gauge and 3-loop order
for Yukawa and quartic couplings [6–12]. Recent years have also seen new developments
in hitherto neglected aspects of β-functions, namely, the β-functions for the relevant
operators [13–15], the running of the kinetic-mixing parameters between Abelian gauge
fields [16–18], and the extension of the 3-loop gauge β-function to semi-simple gauge
groups [18, 19]. All these developments have been collated in a number of accessible
computer tools — SARAH 4 [20, 21], PyR@TE 3 [22, 23], ARGES [24], and RGBeta [25] — for
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the application of the general formulas to specific theories, which have opened the doors for
the wider application of higher-loop general results in the community. The bespoke tool
RGE++ [26] has also been made available for fast evaluation of the resulting RG equations.

New insights into the underlying structure of the RG have been obtained in recent
years on the basis of the powerful machinery of the local RG (LRG) [27–32]. Crucially, as it
pertains to the present matter, it was pointed out that Osborn’s equation implies nontrivial
consistency conditions on the β-function, now known as Weyl consistency conditions (WCC).
The WCCs have since been leveraged to check the self-consistency of already-known β-
functions and to make predictions for as-of-yet undetermined β-function coefficients [18,
31, 33–36]. These endeavors have emphasized the usefulness of parametrizing the unknown
β-functions in terms of a basis of tensor structures (TS) constructed from the couplings of
the theory in order to attempt to fix the coefficients of the parametrization. By comparing
the generic expression to known results in specific theories, the 3-loop β-functions for pure
Yukawa theories were almost entirely fixed without the need for any new, arduous loop
computations [37, 38].

This paper represents the culmination of several years of research by finally fixing the
full gauge-Yukawa-quartic β-functions to 4-3-2-loop order. To this end, we use the TS
basis of ref. [18] along with the WCCs derived therein. We fix the remaining coefficients by
matching the generic expressions to the known β-functions of the 4-loop SM gauge [12],
the 3-loop 2HDM Yukawa [39], and several new SM-adjacent results computed with the
express purpose of fixing the remaining coefficients.

While we were finalizing our computations, another paper with overlapping scope
appeared [40]. The two computations agree and serve as valuable crosschecks. However,
both computations rely on the β-function parametrization of ref. [18] and the tensor
implementation of RGBeta [25], making for a single point of failure. That said, such a failure
appears highly unlikely due to the required self-consistency of both computations.

The remainder of the paper is organized as follows: in the next section, we review the
necessary aspects of the LRG and introduce the β-function parametrization, as well as
our computational setup. In section 3, we describe the models used to fix the remaining
coefficients and discuss the combination of the various models. Finally, we conclude in
section 4. We provide explicit expressions for the TSs of the gauge and Yukawa β-functions
in the appendix along with our results for all coefficients.

2 Setup and methods

2.1 Notation and conventions

In the mass-independent MS scheme, the β-functions of marginal couplings are independent
of the relevant couplings. Accordingly, we restrict our attention to the most general
four-dimensional theory allowing only for marginal couplings:

L = −1
4a
−1
ABF

A
µνF

Bµν + 1
2(Dµφ)a(Dµφ)a + iψ†i σ̄

µ(Dµψ)i

− 1
2
(
Yaijψ

iψj + H.c.
)
φa −

1
24λabcdφaφbφcφd. (2.1)
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To be clear, when we name this the “most general” theory, it is because any other renor-
malizable theory can be cast in this exact form.1 In this construction, all scalar fields are
collected into the real scalar multiplet φa, while the fermions, allowing for chiral theories,
are collected in the multiplet ψi using Weyl spinor notation. Thus, we avoid having to
distinguish between left- and right-handed fields.

In this framework φa and ψi are generically in reducible representations of the gauge
group G. The covariant derivatives of these fields are given by

Dµφa = ∂µφa − iAAµ (TAφ )abφb ,
Dµψ

i = ∂µψ
i − iAAµ (TAψ )ijψj .

(2.2)

As we allow for any gauge group, it is convenient to move the gauge couplings of all the
simple product groups and Abelian factors to the kinetic term, where they are incorporated
in the gauge coupling matrix aAB [18].

It is convenient to arrange the fermion index space in a Majorana-like manner to
incorporate both left and right chiralities simultaneously [18, 34]. The Yukawa couplings
and gauge generators are then given by

ya =
(
Ya 0
0 Y ∗a

)
and TA =

(
TAψ 0
0 −TA ∗ψ

)
, (2.3)

and we define the chirality-flipped derivative quantities by

ỹa = σ1yaσ1 =
(
Y ∗a 0
0 Ya

)
and T̃A = σ1T

Aσ1 =
(
−TA, ∗ψ 0

0 TAψ

)
, (2.4)

with a similar construction for all other “tilde” quantities.2 In this notation, the γ5-odd
contribution to the 4-loop gauge and 3-loop Yukawa are characterized by the appearance
of σ3 on the fermion lines: the underlying diagrams carry opposite signs for the different
chiralities.

The perturbative β-functions of the tensor couplings are expanded by loop orders and
parametrized as

βAB = daAB
dt =

∞∑
`=1

aAC
β

(`)
CD

(4π)2`aDB , (2.5)

βaij = dyaij
dt =

∞∑
`=1

β
(`)
aij

(4π)2` , (2.6)

βabcd = dλabcd
dt =

∞∑
`=1

β
(`)
abcd

(4π)2` , (2.7)

where t = lnµ is the RG time. These are the main objects of our study.
1In practice recasting theories in this form can be a rather grueling task. Methods to do it systematically

have been developed, see e.g. ref. [41].
2In the context of the fermion indices, the σ matrices are to be understood as a tensor product of Pauli

matrices with the identity matrix.
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2.2 Tensor parametrization

As all other perturbative quantities, the β-functions are polynomials in the couplings, of
an order determined by the loop order. It follows that the `-loop contributions to the
β-functions can be parametrized by

β
(`)
AB =

∑
n

g(`)
n [G(`)

n (a, y, λ, T, Tφ, F )]AB , (2.8)

β
(`)
aij = 1

2
∑

2 perm

∑
n

y(`)
n [Y (`)

n (a, y, λ, T, Tφ, F )]aij , (2.9)

β
(`)
abcd = 1

24
∑

24 perm

∑
n

q(`)
n [Q(`)

n (a, y, λ, T, Tφ, F )]abcd . (2.10)

The coefficients g(`)
n , y(`)

n , and q(`)
n are real numbers, while [G(`)

n ]AB , [Y (`)
n ]aij , and [Q(`)

n ]abcd
are tensors constructed from a combination of couplings, gauge generators, and structure
constants (F ), referred to as tensor structures (TSs). By explicitly symmetrizing the Yukawa
and quartic β-functions— hence the sums over all index permutations — the TSs are kept
as simple as possible; they are monomials rather than polynomials.

Whereas a determination of β(`) typically requires a full perturbative loop computation,
it is possible to find a suitable basis of TSs from general considerations, thereby leaving only
the coefficients unknown. The main obstacle to finding such a basis is the sheer number of
tensors at higher orders and the need to eliminate the redundancy in the parametrization due
to the gauge identities stemming from all of the couplings being singlets under the symmetry.
One suitable basis was determined in ref. [18], and we will employ it for our computation
here too. We have taken the liberty of presenting the full basis in regular tensor notation
in the appendix for posterity, as they have only been made available graphically in ref. [18].

We implemented the TSs of the 4-loop gauge and 3-loop Yukawa β-functions in RGBeta,
which allows us to evaluate eqs. (2.8)–(2.10) in specific models and match the generic
expressions to the β-functions determined with traditional loop computations.

2.3 Flavor-improved β-function

The MS β-functions are generally not unique beyond the second loop order. The flow in
the direction of flavor symmetry transformations (the symmetry of the kinetic term of
Lagrangian (2.1)) is fixed by the choice of renormalization constants, which are themselves
ambiguous [42]. It can even be divergent in the dimensional expansion, although physics
is insensitive to any such flavor rotations along the flow due to the symmetry of the
action under combined field and coupling transformations. In one instance, a perturbative
limit cycle was found but soon ascribed to a non-physical flow along the flavor group
transformation, the physics being that of a regular fixed point [43, 44].

The flavor-improved β-function BI is a particular construction of the β-function engi-
neered to be invariant under the ambiguity [31, 32, 44] and has been shown to be independent
of the choice of renormalization constants [42]. It factors out the flow along the flavor-
symmetric direction, thereby avoiding the appearance of non-physical limit cycles in the
RG flow. It is given by

BI = βI − (υ g)I , (2.11)

– 4 –



J
H
E
P
0
1
(
2
0
2
2
)
0
5
1

where I, J, . . . are coupling indices taking values of all the couplings of the theory gI =
{aAB, yaij , λabcd}. υ is another RG function of the LRG associated with the current of the
flavor symmetry group.3 A conformal field theory is characterized by BI = 0 and not, as is
often said, βI = 0. That being said, in simple/simplified theories in which the couplings are
trivial w.r.t. the flavor group, the two functions coincide.

In ref. [42], we found that there always exists a choice of renormalization constants for
which βI is identical to BI (meaning that υ = 0). Thus it is perfectly valid to use BI in
place of βI for the RG, a choice that also carries the benefits discussed above. Unfortunately,
there is no direct prescription for the renormalization constants for which this identification
is valid, and BI will have to be determined directly from βI and υ.

υ is, potentially, nontrivial starting from 3-loop order in gauge-Yukawa theories, but
only when the flavor structure is nontrivial. The flavor symmetry acts trivially on the gauge
group, so (υ a)AB = 0. Thus, it is only the 3-loop Yukawa β-function that is different from
its flavor-improved cousin at 4-3-2-loop order. The action of υ on the Yukawa coupling is
given by

(υ y)a = υab yb + υ ya − yaυ̃ . (2.12)

υ is technically a single element of the Lie algebra of the flavor group. The scalar and
fermion indices on υab and υij (as per usual we use implicit fermion indices in eq. (2.12)) are
implicitly taken to refer to different representations of υ as determined by the transformation
of the scalar and fermion fields. We parametrize υ at `-loop order by

υ(`)
i
j =

∑
n

f (`)
n [F (`)

n − F̃ (`) T
n ]ij , (2.13)

υ
(`)
ab =

∑
n

s(`)
n

(
[S(`)
n ]ab − [S(`)

n ]ba
)
, (2.14)

with the TSs F (`)
n and S(`)

n . A basis for this parametrization was provided in [18].

2.4 Weyl consistency conditions

Using the LRG, Jack and Osborn [28–32] demonstrated a perturbative A-theorem via
Osborn’s equation

∂IA = T IJBJ , (2.15)

where ∂I ≡ ∂/∂gI . Osborn’s equation relates the function A, which coincides with the Weyl
anomaly coefficient of the Euler density at fixed points, with the flavor-improved β-function
via T IJ , which itself is a combination of various coefficients of the Weyl anomaly. Since T IJ

is positive-definite at leading order in the loop expansion, this establishes a perturbative
A-theorem.

As it transpires, Osborn’s equation implies nontrivial self-consistency conditions on the
β-functions, known as Weyl consistency conditions (WCCs) [31, 33–35]. A and T IJ can be
parametrized in terms of the couplings of the theory and the unknown coefficients eliminated
from eq. (2.15), leaving a number of nontrivial consistency conditions — linear equations in
our case — between the coefficients of the β-functions. Ref. [18] extended this program

3Inconveniently, υ (lower-case upsilon) is referred to as S in parts of the literature.
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to the generic gauge-Yukawa theory (2.1) and up to order 4-3-2 in the β-functions, having
parametrized A and T IJ up to 5- and 4-loop order, respectively. With full knowledge of the
known 3-2-2 β-functions, the resulting WCCs provide 266 independent conditions on the
510 coefficients g(4)

n and y(3)
n parametrizing the 4-loop gauge and 3-loop Yukawa β-functions,

respectively. In particular, the conditions unambiguously fix the γ5 ambiguity in β(4)
AB on

basis of the known γ5-odd contribution to β(3)
aij [36], also confirming the prescription in

ref. [10].
The coefficients of υ can be eliminated from Osborn’s equations, leaving a set of WCCs

exclusively relating β-function coefficients. This elimination fixes all 3 s(3)
n coefficients in

terms of the β-function coefficients. The 6 f (3)
n coefficients are fixed up to one free parameter.

Meanwhile, the explicit SM evaluation of the pure Yukawa part of υ in ref. [42] fixes f (3)
4,5 ;

this is enough to fix the remaining parameter and provide an additional consistency check.
Thus, υ can be fixed once the β-function coefficients are known, allowing us to fix the 3-loop
Yukawa Baij .

The procedure for extracting WCCs does not require any explicit calculation of A
and T IJ (save for the leading gauge contribution to T IJ being nonzero [29]). Rather, it
is sufficient to proceed with a generic parameterization in terms of unknown coefficients
multiplying TSs. This parameterization simplifies somewhat in the MS scheme, where only
fully connected TSs appear in the finite part of the RG functions, as shown in section 3.2
of ref. [18]. The known coefficients of the 3-2-1 β-functions were then used as input to
extract linear WCCs between the 4-3-2 β-function coefficients. Finally, we would like to
emphasize that the WCCs we employ in this work were derived without imposing any
symmetry properties on T IJ . As such, our results are independent of the conjecture, posited
in ref. [18], that it is always possible to choose a symmetric T IJ .

2.5 Loop computations

To fix the remaining coefficients, gauge and Yukawa β-functions need to be computed in
various models. To this end, we follow methods outlined in refs. [12, 39, 42]. In the following,
we present our computational setup and discuss issues arising in such calculations.

Gauge and Yukawa β-functions are related to the counterterms of the couplings.
Coupling counterterms can be related to renormalization constants of vertices that are
proportional to the respective coupling at tree-level, as well as the renormalization constants
of the fields involved in the vertex. As a consequence, 3-loop Yukawa counterterms can
be computed from 3-loop renormalization constants of fermion and scalar fields as well
as fermion-scalar vertices, and 4-loop gauge coupling counterterms can be obtained from
4-loop renormalization constants of gauge and ghost fields, and ghost-gauge vertices.

Our well-tested computational system has been introduced in ref. [12] and subsequently
improved for the computations in ref. [42]. It relies on QGRAF [45] for diagram generation,
followed by q2e and exp [46, 47] for translating Feynman diagrams into FORM [48] expressions
and mapping them onto integral families, as well as COLOR [49] to compute SU(N) color
factors. Diagrams sharing the same color factors, flavor structures, and integral families are
grouped into so-called “superdiagrams”, which allows for the efficient computation of O(106)
4-loop Feynman diagrams; cancellations between different diagrams occur in early stages
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of the evaluation of superdiagrams, rather than in the final summation of all diagrams.
The superdiagrams are processed using FORM and the Feynman integrals are evaluated by
FORCER [50]. Aside from the computational complexity involved with 4-loop computations,
there are two main issues: the treatment of γ5 in D dimensions and the ambiguities in
Yukawa β-functions.

Starting from 3-loop order, nontrivial contributions from γ5-odd traces arise in the
computation of Yukawa β-functions. These contributions can be computed by evaluating
such traces in 4 dimensions, as has been done for both the SM and the various 2HDMs [39,
51, 52]. Matching eq. (2.9) to these models allows us to fix the coefficients of all 5 γ5-
odd tensors structures. As discussed in section 2.4, the WCCs then allow us to fix the
coefficients of the γ5-odd tensor structures in the gauge β-function. Therefore, we ignore all
γ5-odd contributions in our calculations here and focus on the missing coefficients in the
γ5-even sector.

The second issue relates to the ambiguity of the 3-loop Yukawa β-function. As observed
in [39, 51], the presence of global symmetries of the kinetic terms of fermion and scalar
fields leads to ambiguities in the wave-function renormalization constants, which in turn
lead to an ambiguity in the Yukawa β-function. As well as being ambiguous, the Yukawa
β-function is, in general, not finite. As we noted in section 2.3, this can ultimately be
resolved by determining the flavor-improved β-function BI . Here we proceed by choosing
Hermitian square roots of the wave-function renormalization constants, consistent with
the one-particle-irreducible β-function parametrization of ref. [18]. We extract only the
finite part of the RG functions from this and rely on it being possible to modify the
renormalization constants in such a way as to cancel the divergences without changing the
finite part [42].

3 Fixing the β-functions

3.1 The models we use as input

While the β-functions of the SM and 2HDMs in combination with the WCCs provide a large
number of constraints on the 510 free coefficients in the 4-loop gauge and 3-loop Yukawa
β-functions, a number of coefficients of TSs involving scalar fields remain unconstrained. To
constrain these, we consider two types of models: one with scalars charged under two non-
Abelian gauge groups and another in which the scalar field is in a nontrivial representation
of the gauge group different from that of the fermions. In the following, we describe two
models that possess the required properties. First, we use a leptoquark model, i.e., an
extension of the SM with a scalar field charged under SU(3) that couples quarks to leptons.
The one remaining coefficient that can not be fully constrained by combining the leptoquark
model, the SM, 2HDMs, and the WCCs can be fixed by a simple toy model; an SU(2) gauge
theory with a vector-like fermion in the fundamental representation and a scalar in the
adjoint representation.
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3.1.1 Leptoquark model

Let φ ∼ (3,2, 7/6) be a scalar leptoquark added to the SM field content. The Yukawa
interactions of the model are then given by

Lyuk = LSM,yuk − yij1 ε
αβφ∗cβ`

i
L,αu

j,c
R − y

ij
2 φ

cαqiL,cαe
j
R , (3.1)

where c, d, . . . are color, α, β, . . . isospin, and i, j generation indices. εαβ = iσ2 is the
invariant of SU(2)L. For comparison, in this notation the SM Yukawas are given by

LSM,yuk = −yiju εαβH∗βqiL,cαu
j,c
R − y

ij
d H

αqiL,cαd
j,c
R − y

ij
e H

α`
i
L,αe

j
R . (3.2)

The quartic couplings are given by

V = λ1
2 (H†H)2+λ2(H†H)Tr

[
φ†φ

]
+λ3

2 Tr2[φ†φ]+κ1H
Tφ†φH∗+κ2

2 Tr
[
φ†φφ†φ

]
, (3.3)

where φcα is thought of as a matrix with indices in color and isospin respectively. In index
notation, the κ1 coupling is given by κ1H

αφ∗cαφ
cβH∗β .

3.1.2 SU(2) toy model

Next, we consider a toy model with a gauge group G = SU(2), a real scalar triplet φa, and
a vector-like fermion doublet ψα. This theory is described by the Lagrangian

LTM = − 1
4g2 (FAµν)2 + 1

2(Dµφa)2 + iψα /Dψ
α − y

2φaψασ
aα
βψ

β − 1
8λ(φaφa)2 , (3.4)

where α, β are doublet indices and a is a triplet index of G. σa/2 are the generators of the
fundamental representation of SU(2), where σa are the Pauli matrices. This toy model,
with the scalar in a non-fundamental representation, is rather different from the SM-like
models we otherwise consider. This helps us to resolve the last 1-parameter degeneracy in
g(4)
n in terms with both gauge and Yukawa couplings.

3.2 Fixing the β-function coefficients

For each of the models used, we have computed 4-loop gauge and/or 3-loop Yukawa
β-functions in the regular MS scheme. The models were then implemented in RGBeta
to evaluate the model-specific β-function parametrization of eqs. (2.8)–(2.10). The two
expressions for the β-functions were then identified on a term-by-term basis to extract linear
constraints on the β-function coefficients needed to reproduce the full perturbative result.

The models used to constrain the β-function coefficients are mostly SM-like and so
many of the constraints are degenerate between them. To clarify how the individual model
constraints supplement each other, table 1 shows the number of independent constraints on
the gauge β-function obtained from combining any two of the models (the diagonal then
being the number of constraints from just the one model). In total all the models contribute
198 constraints on the 202 coefficients for the gauge β-function, corresponding to all but
the γ5-odd terms. Similarly, table 2 shows the number of independent constraints on the
Yukawa β-function coefficients. Between all the models, we obtain a total of 292 constraints
on the 308 Yukawa coefficients.
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Gauge SM 2HDM+νR SM+LQ TM
SM 147 157 196 153

2HDM+νR 150 196 154
SM+LQ 190 192

TM 10

Table 1. The number of independent constraints on the gauge coefficients from combining any two
of the models, with the diagonal being the constraints from the individual models.

Yukawa SM 2HDM SM+LQ
SM 145 255 285

2HDM 246 292
SM+LQ 245

Table 2. The number of independent constraints on the Yukawa coefficients from combining any
two of the models, with the diagonal being the constraints from the individual models.

Combined Gauge Yukawa WCCs
Gauge 198 490 424
Yukawa 292 438
WCCs 266

Table 3. The number of independent constraints on the β-function coefficients obtained from
combining various sets of constraints.

As discussed in section 2.4, the WCCs provide a crucial set of constraints, similar in
number to those obtained from the Yukawa β-functions. Furthermore, these are the only
constraints linking gauge and Yukawa coefficients, and they completely predict the γ5-odd
gauge coefficients from the 3-loop Yukawa β-function. The breakdown of how the various
sources of constraints supplement each other is detailed in table 3.

With all available information, we manage to extract all 510 coefficients of the 4-loop
gauge and 3-loop Yukawa β-functions. It is worth pointing out that there is a large number
of redundant constraints obtained from the various models as well as from the WCCs. The
consistency of all these redundant conditions serves as a strong crosscheck of our results.
For future reference, we have included the results for all coefficients in the appendix.

We find full agreement with the coefficients determined in ref. [40]. However, while we
use a similar methodology, our determination of the coefficients differs significantly from
ref. [40]. Our choice of models allows for a full determination of the 198 γ5-even gauge
β-function coefficients, without needing to make use of the WCCs. Additionally, we do not
rely on the conjectured symmetry of T IJ , thus providing two more constraints and verifying
this conjecture to 4-3-2-loop order.

– 9 –
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As discussed in section 2.4, the determination of the β-functions completely fixes the
coefficients of υ. This work, therefore, also determines the flavor-improved 3-loop Yukawa
β-function, B(3)

aij . Furthermore, υ(3)
ab can be used to determine B(3)

abcd if and when the 3-loop
quartic β-function is calculated with the Hermitian renormalization conditions used here.

4 Conclusion

We have finalized the computation of the β-functions of the most general gauge-Yukawa
theory at 4-3-2-loop order and find full agreement with the findings of ref. [40]. In contrast
to ref. [40] however, we do not rely on the symmetry of TIJ and use a different set of
models to fix the coefficients. These latest results stand apart from the direct calculations
of the general β-functions at lower loop order [1–5]; the 4-loop gauge and 3-loop Yukawa
β-functions were determined with a new methodology, filling in the coefficients of a general
parametrization with several partial results along with the WCCs.

We have made the results of our computation including all TSs and coefficients directly
available in the appendix. Appreciating, however, that it requires a lot of effort to utilize
this information directly in computations, we have also implemented them directly in the
latest update of RGBeta (v1.1.0) [25].

With the 4-3-2-loop β-functions now fully determined, our next goal is the exploration
of the β-functions at 5-4-3-loop order, necessitating further developments of the WCCs and
β-function parametrization. The γ5-odd sector at this order is of particular interest, as it is
not clear if the miraculous full determination of all γ5-odd coefficients via the computation
of unambiguous terms can be repeated.
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Appendix

The appendix reports the explicit TS parametrization of the 4-loop gauge and 3-loop
Yukawa β-functions, as well as the 3-loop υ-function, determined diagrammatically in
ref. [18]. We provide the values of all the associated coefficients as determined in this work.
For similar parametrization and coefficients of the 3-2-2 β-functions, we refer the reader to
ref. [18]. Between them, ref. [18] and this appendix provide all TSs and MS coefficients of
the 4-3-2-loop β-functions.
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A Tensor notation

We define some frequently occurring tensors. The fermion indices are always treated in
matrix notation and never made explicit. Tildes on more advanced objects are always
defined in the usual manner: X̃ = σ1Xσ1 in the space of fermion indices. For compactness,
gauge indices are always contracted with an implicit aAB, while one should rescale the
structure constants according to FABC → a−1

ADF
DBC . Several 1- and 2-loop 2-point

functions occurring as substructures in the β-functions are used throughout. They are:

1-loop gauge:4

[S2(F )]AB = Tr
[
TATB

]
, [S2(S)]AB = [TAφ TBφ ]aa , [C2(G)]AB = FACDFCDB. (A.1)

1-loop fermion:

C2(F ) = TATA, Y2(F ) = yaỹa . (A.2)

1-loop scalar:

[C2(S)]ab = [TAφ TAφ ]ab , [Y2(S)]ab = Tr
[
yaỹb

]
. (A.3)

2-loop gauge:

[S2(F,CF )]AB = Tr
[
TATBC2(F )

]
, [S2(F, YF )]AB = Tr

[
TATBỸ2(F )

]
,

[S2(S,CS)]AB = [TAφ TBφ C2(S)]aa , [S2(S, YS)]AB = [TAφ TBφ Y2(S)]aa . (A.4)

2-loop fermion:

C2(F,G) = TATB[C2(G)]AB , C2(F, S) = TATB[S2(S)]AB ,
C2(F, F ) = TATB[S2(F )]AB , (A.5)

2-loop scalar:

[C2(S,G)]ab = [TAφ TBφ ]ab[C2(G)]AB , [C2(S, S)]ab = [TAφ TBφ ]ab[S2(S)]AB ,
[C2(S, F )]ab = [TAφ TBφ ]ab[S2(F )]AB , [Λ2]ab = λacdeλbcde . (A.6)

To keep the explicit indices to a minimum, we stick with the convention of using implicit
matrix multiplication for fermion indices. For the scalars, we have at times used shorthand
[· · · ]ab to denote a matrix product of tensors with 2 scalar indices contracted with open
indices a, b. Similarly, a scalar trace is denoted [· · · ]aa. Having defined the 2-point structures,
we can proceed with the parametrization of the β-functions.

4Be advised that S2(F ) is twice the trace normalization of the fermions, due to both fermions and their
complex conjugates automatically being included in the notation.
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B Gauge β-function

The γ5-even TSs of the 4-loop gauge β-function are
β

(4)
AB =

g(4)
1 FAGIFCDEFCF GFDHIFEJKFLHJFLMB FMF K +g(4)

2
[
TC

Φ T
B
Φ T

E
Φ T

D
Φ
]

bb

[
TC

Φ T
D
Φ T

E
Φ T

A
Φ
]

aa

+g(4)
3 FACFFCDE

[
TD

Φ T
B
Φ T

G
Φ T

F
Φ T

E
Φ T

G
Φ
]

aa
+g(4)

4 Tr
[
TCTDTETA

][
TC

Φ T
D
Φ T

E
Φ T

B
Φ
]

aa

+g(4)
5 Tr

[
TCTDTETB

]
Tr
[
TDTCTATE

]
+g(4)

6 Tr
[
TCTDTATCTETBTDTE

]
+g(4)

7 [S2(S,CS)]CD

[
TC

Φ T
D
Φ T

A
Φ T

B
Φ
]

aa
+g(4)

8 [S2(F,CF )]CD

[
TC

Φ T
A
Φ T

B
Φ T

D
Φ
]

aa

+g(4)
9 [S2(S,CS)]CD Tr

[
TDTCTATB

]
+g(4)

10 [S2(F,CF )]CD Tr
[
TBTDTCTA

]
+g(4)

11 Tr
[
TBC2(F )C2(F )C2(F )TA

]
+g(4)

12
[
C2(S)C2(S)C2(S)TA

Φ T
B
Φ
]

aa

+g(4)
13 Tr

[
TBC2(F )C2(F,G)TA

]
+g(4)

14
[
C2(S)C2(S,G)TA

Φ T
B
Φ
]

aa

+g(4)
15 Tr

[
C2(F,F )C2(F )TATB

]
+g(4)

16 [C2(S,F )]ab(TA
Φ )bc

[
TB

Φ C2(S)
]

ca

+g(4)
17 Tr

[
C2(F,S)C2(F )TATB

]
+g(4)

18 [C2(S,S)]ab

[
C2(S)TB

Φ T
A
Φ
]

ba

+g(4)
19 [C2(G)]CB Tr

[
TAC2(F )C2(F )TC

]
+g(4)

20 [C2(G)]CA

[
C2(S)C2(S)TC

Φ T
B
Φ
]

aa

+g(4)
21 [S2(F )]CD[S2(F )]ED Tr

[
TCTETATB

]
+g(4)

22 [S2(F )]CD[S2(S)]ED Tr
[
TETCTATB

]
+g(4)

23 [S2(S)]CD[S2(S)]ED Tr
[
TCTETATB

]
+g(4)

24 [S2(S)]CD[S2(S)]ED

[
TC

Φ T
A
Φ T

B
Φ T

E
Φ
]

aa

+g(4)
25 [C2(G)]CD[S2(F )]CE Tr

[
TETDTATB

]
+g(4)

26 [C2(G)]CD[S2(S)]CE

[
TD

Φ T
B
Φ T

A
Φ T

E
Φ
]

aa

+g(4)
27 [S2(F )]CD[S2(S)]DE

[
TC

Φ T
B
Φ T

A
Φ T

E
Φ
]

aa
+g(4)

28 [C2(G)]CD[S2(S)]CE Tr
[
TETDTATB

]
+g(4)

29 [C2(G)]CD[C2(G)]CE Tr
[
TBTETDTA

]
+g(4)

30 [C2(G)]CD[C2(G)]CE

[
TD

Φ T
A
Φ T

B
Φ T

E
Φ
]

aa

+g(4)
31 [C2(G)]CD[S2(F )]CE

[
TD

Φ T
E
Φ T

A
Φ T

B
Φ
]

aa
+g(4)

32 [S2(F )]CD[S2(F )]CE

[
TD

Φ T
A
Φ T

B
Φ T

E
Φ
]

aa

+g(4)
33 [C2(G)]CB [C2(G)]CD[S2(F,CF )]DA +g(4)

34 [C2(G)]CA[C2(G)]CD[S2(S,CS)]BD

+g(4)
35 [C2(G)]CB Tr

[
TATCC2(F,G)

]
+g(4)

36 [C2(G)]CA

[
C2(S,G)TB

Φ T
C
Φ
]

aa

+g(4)
37 [C2(G)]CB Tr

[
C2(F,F )TCTA

]
+g(4)

38 [C2(G)]CA[C2(S,F )]ab

[
TB

Φ T
C
Φ
]

ba

+g(4)
39 [C2(G)]CB Tr

[
C2(F,S)TCTA

]
+g(4)

40 [C2(G)]CA[C2(S,S)]ab

[
TC

Φ T
B
Φ
]

ba

+g(4)
41 [C2(G)]CB [S2(F )]DA[S2(F,CF )]CD +g(4)

42 [C2(G)]CB [S2(F )]DA[S2(S,CS)]DC

+g(4)
43 [C2(G)]CA[S2(F,CF )]CD[S2(S)]DB +g(4)

44 [C2(G)]CA[S2(S)]DB [S2(S,CS)]DC

+g(4)
45 [C2(G)]CB [C2(G)]CD[C2(G)]DE [C2(G)]EA +g(4)

46 [C2(G)]CD[C2(G)]CE [C2(G)]DB [S2(F )]EA

+g(4)
47 [C2(G)]CD[C2(G)]CE [C2(G)]DA[S2(S)]EB +g(4)

48 [C2(G)]CB [S2(F )]CD[S2(F )]DE [S2(F )]EA

+g(4)
49 [C2(G)]CB [C2(G)]CD[S2(F )]DE [S2(F )]EA +g(4)

50 [C2(G)]CA[S2(S)]CD[S2(S)]DE [S2(S)]EB

+g(4)
51 [C2(G)]CA[C2(G)]CD[S2(S)]DE [S2(S)]EB +g(4)

52 [C2(G)]CA[C2(G)]CD[S2(F )]DE [S2(S)]EB

+g(4)
53 [C2(G)]CD[S2(F )]CE [S2(F )]DA[S2(S)]EB +g(4)

54 [C2(G)]CD[S2(F )]CA[S2(S)]DE [S2(S)]EB

+g(4)
55 F

ACFFCDEλabcd

[
TD

Φ T
B
Φ
]

ad

[
TE

Φ T
F
Φ
]

bc
+g(4)

56 λabcd(TC
Φ )de

[
TA

Φ C2(S)
]

ea

[
TC

Φ T
B
Φ
]

bc

+g(4)
57 λabcd

[
TC

Φ T
D
Φ
]

ac

[
TC

Φ T
D
Φ T

A
Φ T

B
Φ
]

db
+g(4)

58 [C2(G)]CDλabcd

[
TC

Φ T
A
Φ
]

bc

[
TD

Φ T
B
Φ
]

ad

+g(4)
59 λabcd[S2(S)]CD

[
TA

Φ T
C
Φ
]

ad

[
TB

Φ T
D
Φ
]

bc
+g(4)

60 [C2(G)]CAλabcd

[
TC

Φ T
D
Φ
]

ad

[
TD

Φ T
B
Φ
]

bc

+g(4)
61 λabcd[S2(F )]CD

[
TC

Φ T
A
Φ
]

bc

[
TD

Φ T
B
Φ
]

ad
+g(4)

62 λabcdλcefd

[
TA

Φ T
C
Φ
]

eb

[
TC

Φ T
B
Φ
]

af

+g(4)
63 λabcdλcefd

[
TA

Φ T
C
Φ
]

ef

[
TC

Φ T
B
Φ
]

ab
+g(4)

64
[
TB

Φ T
A
Φ C2(S)Λ2

]
ab

+g(4)
65 [C2(S)]abλacdeλbdfe

[
TA

Φ T
B
Φ
]

cf
+g(4)

66 [C2(G)]CA

[
TB

Φ Λ2T
C
Φ
]

ab

+g(4)
67 λabcdλaefcλbghd(TA

Φ )ge(TB
Φ )hf +g(4)

68 λabcdλaefcλbfgd

[
TA

Φ T
B
Φ
]

ge
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+g(4)
69 Tr

[
TCTDTATC ỹaT̃

BT̃Dya

]
+g(4)

70 [S2(F,YF )]CD

[
TC

Φ T
A
Φ T

B
Φ T

D
Φ
]

aa

+g(4)
71 [S2(S,YS)]CD

[
TC

Φ T
A
Φ T

B
Φ T

D
Φ
]

aa
+g(4)

72 [S2(F,YF )]CD Tr
[
TBTDTCTA

]
+g(4)

73 [S2(S,YS)]CD Tr
[
TCTDTATB

]
+g(4)

74 Tr
[
C2(F )C2(F )TATBỸ2(F )

]
+g(4)

75 Tr
[
ỹaC̃2(F )ybC2(F )

][
TA

Φ T
B
Φ
]

ab
+g(4)

76 Tr
[
TBC2(F )ỹaC̃2(F )yaT

A
]

+g(4)
77 Tr

[
ỹaybT

ATB
][
C2(S)C2(S)

]
ab

+g(4)
78 Tr

[
C̃2(F )C̃2(F )yaT

ATB ỹa

]
+g(4)

79 Tr
[
C2(F )C2(F )ỹayb

][
TA

Φ T
B
Φ
]

ab
+g(4)

80 [C2(S)]ab Tr
[
ỹaC̃2(F )ybT

ATB
]

+g(4)
81 Tr

[
yaC2(F )ỹb

][
C2(S)TB

Φ T
A
Φ
]

ab
+g(4)

82 [C2(S)]ab Tr
[
TBC2(F )ỹaybT

A
]

+g(4)
83
[
TA

Φ T
B
Φ C2(S)C2(S)Y2(S)

]
ab

+g(4)
84 Tr

[
TBỸ2(F )C2(F,G)TA

]
+g(4)

85 Tr
[
C2(F,F )Ỹ2(F )TATB

]
+g(4)

86 Tr
[
C2(F,S)Ỹ2(F )TATB

]
+g(4)

87 Tr
[
ỹaC̃2(F,G)yaT

ATB
]

+g(4)
88 [C2(S,G)]ab Tr

[
ỹaybT

ATB
]

+g(4)
89 Tr

[
yaC2(F,G)ỹb

][
TA

Φ T
B
Φ
]

ab
+g(4)

90 Tr
[
ỹaC̃2(F,F )yaT

ATB
]

+g(4)
91 [C2(S,F )]ab Tr

[
ỹaybT

ATB
]

+g(4)
92 Tr

[
yaC2(F,F )ỹb

][
TA

Φ T
B
Φ
]

ab

+g(4)
93 Tr

[
ỹaC̃2(F,S)yaT

ATB
]

+g(4)
94 [C2(S,S)]ab Tr

[
ỹaybT

ATB
]

+g(4)
95 Tr

[
yaC2(F,S)ỹb

][
TA

Φ T
B
Φ
]

ab
+g(4)

96 [C2(G)]CB Tr
[
TAC2(F )Ỹ2(F )TC

]
+g(4)

97 [C2(G)]CB Tr
[
ỹaC̃2(F )yaT

ATC
]

+g(4)
98 [C2(G)]CA Tr

[
yaC2(F )ỹb

][
TC

Φ T
B
Φ
]

ab

+g(4)
99 [C2(G)]CB [C2(S)]ab Tr

[
yaT

CTAỹb

]
+g(4)

100
[
TA

Φ T
B
Φ C2(S,G)Y2(S)

]
ab

+g(4)
101[C2(S,F )]ab

[
Y2(S)TA

Φ T
B
Φ
]

ca
+g(4)

102[C2(S,S)]ab

[
TB

Φ T
A
Φ Y2(S)

]
bc

+g(4)
103[C2(G)]CA

[
TB

Φ T
C
Φ C2(S)Y2(S)

]
ab

+g(4)
104[C2(G)]CB [C2(G)]CD[S2(F,YF )]DA

+g(4)
105[C2(G)]CB [S2(F )]DA[S2(F,YF )]CD +g(4)

106[C2(G)]CA[S2(F,YF )]CD[S2(S)]DB

+g(4)
107[C2(G)]CA[C2(G)]CD[S2(S,YS)]DB +g(4)

108[C2(G)]CB [S2(F )]DA[S2(S,YS)]CD

+g(4)
109[C2(G)]CA[S2(S)]DB [S2(S,YS)]CD +g(4)

110λabcd Tr
[
ycT

CTAỹd

][
TC

Φ T
B
Φ
]

ab

+g(4)
111λabcd

[
TC

Φ T
B
Φ
]

bc

[
TC

Φ T
A
Φ Y2(S)

]
da

+g(4)
112[Λ2]ab Tr

[
ỹaybT

ATB
]

+g(4)
113
[
Λ2T

B
Φ T

A
Φ Y2(S)

]
aa

+g(4)
114λabcdλcefd[Y2(S)]ae

[
TA

Φ T
B
Φ
]

bf

+g(4)
115 Tr

[
yaT

CTAỹaybT
BTC ỹb

]
+g(4)

116 Tr
[
yaT

CTAỹb

]
Tr
[
yaT

CTB ỹb

]
+g(4)

117 Tr
[
ỹaT̃

C T̃AybT
C ỹaybT

B
]

+g(4)
118[C2(S)]ab Tr

[
ỹaycT

AỹcybT
B
]

+g(4)
119 Tr

[
yaT

C ỹbycT
C ỹc

][
TA

Φ T
B
Φ
]

ab
+g(4)

120 Tr
[
ỹaC̃2(F )ybT

AỹbyaT
B
]

+g(4)
121 Tr

[
TBC2(F )ỹaybT

Aỹbya

]
+g(4)

122 Tr
[
ỹaT̃

CyaT
ATB ỹbT̃

Cyb

]
+g(4)

123 Tr
[
yaT

CTATB ỹaybT
C ỹb

]
+g(4)

124[C2(S)]ab Tr
[
ỹaycỹbyd

][
TA

Φ T
B
Φ
]

dc

+g(4)
125 Tr

[
ỹaybỹcyb

][
C2(S)TB

Φ T
A
Φ
]

ac
+g(4)

126 Tr
[
yaC2(F )ỹbycỹb

][
TA

Φ T
B
Φ
]

ca

+g(4)
127[C2(S)]ab Tr

[
ỹaycT

ATB ỹbyc

]
+g(4)

128 Tr
[
yaC2(F )ỹbyaT

ATB ỹb

]
+g(4)

129 Tr
[
ỹaC̃2(F )ybT

ATB ỹayb

]
+g(4)

130 Tr
[
TBC2(F )ỹaybỹaybT

A
]

+g(4)
131 Tr

[
yaC2(F )ỹb

]
Tr
[
ỹbyaT

ATB
]

+g(4)
132 Tr

[
ỹaybT

ATB
][
C2(S)Y2(S)

]
ac

+g(4)
133 Tr

[
yaC2(F )ỹb

][
TA

Φ T
B
Φ Y2(S)

]
ac

+g(4)
134 Tr

[
ỹaC̃2(F )ybT

ATB
]
[Y2(S)]ab

+g(4)
135 Tr

[
TBC2(F )ỹaybT

A
]
[Y2(S)]ab +g(4)

136 Tr
[
ỹaY2(F )yb

][
C2(S)TB

Φ T
A
Φ
]

ab

+g(4)
137[C2(S)]ab Tr

[
ỹaycỹdyb

][
TA

Φ T
B
Φ
]

dc
+g(4)

138 Tr
[
Ỹ2(F )C2(F )ỹayb

][
TA

Φ T
B
Φ
]

ba

+g(4)
139 Tr

[
yaC2(F )ỹbY2(F )

][
TA

Φ T
B
Φ
]

ab
+g(4)

140[C2(S)]ab Tr
[
ỹaY2(F )ybT

ATB
]

+g(4)
141[C2(S)]ab Tr

[
TBỸ2(F )ỹaybT

A
]

+g(4)
142 Tr

[
yaC2(F )ỹaybỹc

][
TA

Φ T
B
Φ
]

bc
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+g(4)
143[C2(S)]ab Tr

[
ỹaycT

ATB ỹcyb

]
+g(4)

144 Tr
[
TBỸ2(F )C2(F )Ỹ2(F )TA

]
+g(4)

145 Tr
[
T̃BY2(F )yaC2(F )ỹaT̃

A
]

+g(4)
146 Tr

[
Y2(F )C̃2(F )yaT

ATB ỹa

]
+g(4)

147 Tr
[
TBC2(F )ỹaY2(F )yaT

A
]

+g(4)
148 Tr

[
yaC2(F )ỹaybT

ATB ỹb

]
+g(4)

149(TB
Φ )ab

[
TA

Φ Y2(S)C2(S)Y2(S)
]

bc
+g(4)

150[C2(G)]CB Tr
[
yaT

C ỹaybT
Aỹb

]
+g(4)

151[C2(G)]CA Tr
[
ỹaybỹcyb

][
TC

Φ T
B
Φ
]

ac
+g(4)

152[C2(G)]CB Tr
[
yaT

CTAỹbyaỹb

]
+g(4)

153[C2(G)]CB Tr
[
yaT

CTAỹb

]
[Y2(S)]ab +g(4)

154[C2(G)]CA Tr
[
ỹaY2(F )yb

][
TC

Φ T
B
Φ
]

ab

+g(4)
155[C2(G)]CB Tr

[
T̃AY2(F )Y2(F )T̃C

]
+g(4)

156[C2(G)]CB Tr
[
ỹaY2(F )yaT

ATC
]

+g(4)
157[C2(G)]CA

[
Y2(S)TB

Φ T
C
Φ Y2(S)

]
ab

+g(4)
158λabcd Tr

[
ỹdyaT

AỹbycT
B
]

+g(4)
159λabcd Tr

[
ỹdyeỹcyb

][
TA

Φ T
B
Φ
]

ea
+g(4)

160λabcd Tr
[
ỹdyaT

ATB ỹbyc

]
+g(4)

161 Tr
[
ỹaybT

AỹcyaỹbT̃
Byc

]
+g(4)

162 Tr
[
ỹaybỹcydỹbyc

][
TA

Φ T
B
Φ
]

ad

+g(4)
163 Tr

[
ỹaybT

ATB ỹcyaỹbyc

]
+g(4)

164 Tr
[
ỹaybT

AỹaycT
B ỹcyb

]
+g(4)

165 Tr
[
ỹaybT

AỹcybỹaycT
B
]

+g(4)
166 Tr

[
ỹaybT

AỹbyaỹcT̃
Byc

]
+g(4)

167 Tr
[
ỹaY2(F )ybT

AỹbyaT
B
]

+g(4)
168 Tr

[
TBỸ2(F )ỹaybT

Aỹbya

]
+g(4)

169 Tr
[
ỹaybT

AỹbycT
B
]
[Y2(S)]ac +g(4)

170 Tr
[
ỹaybỹcydỹbyd

][
TA

Φ T
B
Φ
]

ac

+g(4)
171 Tr

[
ỹaybỹcydỹcyb

][
TA

Φ T
B
Φ
]

ad
+g(4)

172 Tr
[
ỹaybT

ATB ỹaycỹbyc

]
+g(4)

173 Tr
[
ỹaybT

ATB ỹcyaỹcyb

]
+g(4)

174 Tr
[
ỹaybỹcyb

]
Tr
[
ỹcyaT

ATB
]

+g(4)
175 Tr

[
ỹaY2(F )ybỹcyb

][
TA

Φ T
B
Φ
]

ac
+g(4)

176 Tr
[
ỹaybỹcybỹcyd

][
TA

Φ T
B
Φ
]

ad

+g(4)
177 Tr

[
yaỸ2(F )ỹbyaT

ATB ỹb

]
+g(4)

178 Tr
[
ỹaY2(F )ybT

ATB ỹayb

]
+g(4)

179 Tr
[
TBỸ2(F )ỹaybỹaybT

A
]

+g(4)
180 Tr

[
ỹaybT

ATB ỹbycỹayc

]
+g(4)

181 Tr
[
ỹaybỹcyb

][
TA

Φ T
B
Φ Y2(S)

]
ad

+g(4)
182 Tr

[
ỹaybỹcyd

]
[Y2(S)]db

[
TA

Φ T
B
Φ
]

ac

+g(4)
183 Tr

[
ỹaybT

ATB ỹcyb

]
[Y2(S)]ac +g(4)

184 Tr
[
ỹaY2(F )yb

]
Tr
[
ỹbyaT

ATB
]

+g(4)
185 Tr

[
ỹaY2(F )ybỸ2(F )

][
TA

Φ T
B
Φ
]

ab
+g(4)

186 Tr
[
ỹaY2(F )yaỹbyc

][
TA

Φ T
B
Φ
]

bc

+g(4)
187 Tr

[
TBỸ2(F )ỹaY2(F )yaT

A
]

+g(4)
188 Tr

[
yaỸ2(F )ỹaybT

ATB ỹb

]
+g(4)

189 Tr
[
ỹaY2(F )yb

][
TA

Φ T
B
Φ Y2(S)

]
ac

+g(4)
190 Tr

[
ỹaybỹcyd

]
[Y2(S)]cb

[
TA

Φ T
B
Φ
]

ad

+g(4)
191 Tr

[
ỹaY2(F )ybT

ATB
]
[Y2(S)]ab +g(4)

192 Tr
[
TBỸ2(F )ỹaybT

A
]
[Y2(S)]ab

+g(4)
193 Tr

[
ỹaybT

ATB ỹbyc

]
[Y2(S)]ac +g(4)

194 Tr
[
ỹaybT

ATB
][
Y2(S)Y2(S)

]
ac

+g(4)
195 Tr

[
ỹaY2(F )Y2(F )yb

][
TA

Φ T
B
Φ
]

ab
+g(4)

196 Tr
[
T̃BY2(F )Y2(F )Y2(F )T̃A

]
+g(4)

197 Tr
[
ỹaY2(F )Y2(F )yaT

ATB
]

+g(4)
198[Y2(S)]ab

[
Y2(S)TB

Φ T
A
Φ Y2(S)

]
ac
.

There are an additional 4 γ5-odd TSs:

+g(4)
199 Tr

[
TAỹaybT

Cσ3
]
Tr
[
σ3T̃

CybỹaT̃
B] +g(4)

200 Tr
[
TAỹaT̃

Cybσ3
]
Tr
[
σ3ybT

C ỹaT̃
B]

+g(4)
201 Tr

[
TAỹaybT

Cσ3
]
Tr
[
σ3ybỹaT̃

C T̃B
]

+g(4)
202 Tr

[
TAỹaybT

Cσ3
]
Tr
[
σ3ybT

C ỹaT̃
B].

The coefficients of the 4-loop gauge β-function are

g(4)
1 = 160

9 −
1408

3 ζ3 g(4)
2 = 32

3 ζ3−
14
9 g(4)

3 = 640
3 ζ3−

457
9 g(4)

4 = 32
3 ζ3−

128
9

g(4)
5 = 88

9 −
64
3 ζ3 g(4)

6 = 832
3 ζ3−

256
9 g(4)

7 = 8ζ3−
71
3 g(4)

8 = 16ζ3−
95
6

g(4)
9 = 4ζ3−

34
3 g(4)

10 = 8ζ3−
23
3 g(4)

11 = 49
9 −

832
3 ζ3 g(4)

12 =−3
2
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J
H
E
P
0
1
(
2
0
2
2
)
0
5
1

g(4)
13 = 92

27 + 2320
9 ζ3 g(4)

14 = 13733
108 + 352

9 ζ3 g(4)
15 = 38

27 + 16
9 ζ3 g(4)

16 =−181
27 −

32
9 ζ3

g(4)
17 = 28

27 + 8
9ζ3 g(4)

18 =−221
27 −

16
9 ζ3 g(4)

19 = 158
9 + 832

3 ζ3 g(4)
20 = 291

4
g(4)

21 =− 77
486 g(4)

22 =− 47
486 g(4)

23 = 91
1944 g(4)

24 = 323
1944

g(4)
25 =−769

486−
88
9 ζ3 g(4)

26 =−15025
1944 −

20
3 ζ3 g(4)

27 = 29
486 g(4)

28 =−539
486−

44
9 ζ3

g(4)
29 = 9271

486 −
448
9 ζ3 g(4)

30 = 60659
486 −

88
3 ζ3 g(4)

31 =−12025
972 −

40
3 ζ3 g(4)

32 =− 49
486

g(4)
33 =−463

27 −
1676

9 ζ3 g(4)
34 = 5633

108 + 424
9 ζ3 g(4)

35 = 707
27 −

1292
9 ζ3 g(4)

36 = 4801
54 −

176
9 ζ3

g(4)
37 = 4

9ζ3−
85
27 g(4)

38 = 16
9 ζ3−

208
27 g(4)

39 = 2
9ζ3−

121
54 g(4)

40 = 8
9ζ3−

641
108

g(4)
41 = 28

9 ζ3−
221
54 g(4)

42 = 28
9 ζ3−

1081
108 g(4)

43 = 211
108−

22
9 ζ3 g(4)

44 = 53
216−

4
9ζ3

g(4)
45 = 440

9 ζ3−
151013

243 g(4)
46 = 37223

162 + 836
9 ζ3 g(4)

47 = 20873
432 −

136
9 ζ3 g(4)

48 =− 53
972

g(4)
49 =−4229

324 −
4
3ζ3 g(4)

50 =− 59
1944 g(4)

51 = 251
1296−

10
9 ζ3 g(4)

52 =−661
108−

26
9 ζ3

g(4)
53 =− 7

216 g(4)
54 =− 4

81 g(4)
55 =−27

2 g(4)
56 = 17

g(4)
57 = 3

2 g(4)
58 =−37

36 g(4)
59 =− 5

36 g(4)
60 = 1

2
g(4)

61 = 1
18 g(4)

62 =−5
3 g(4)

63 =− 1
12 g(4)

64 =−11
24

g(4)
65 =−13

8 g(4)
66 =−1

9 g(4)
67 =− 1

12 g(4)
68 = 1

8
g(4)

69 =−36 g(4)
70 = 17

4 g(4)
71 = 3

2 g(4)
72 = 2

g(4)
73 = 3

4 g(4)
74 = 25ζ3−

59
24 g(4)

75 =−33
2 −6ζ3 g(4)

76 = 49
4 +6ζ3

g(4)
77 = 15ζ3−28 g(4)

78 = 593
24 +5ζ3 g(4)

79 = 1−6ζ3 g(4)
80 =−36ζ3

g(4)
81 = 10ζ3−

55
3 g(4)

82 = 29−36ζ3 g(4)
83 =−27

2 g(4)
84 =−3445

216 −
7
9ζ3

g(4)
85 = 71

216 + 8
9ζ3 g(4)

86 = 359
432 + 4

9ζ3 g(4)
87 = 169

9 ζ3−
5093
216 g(4)

88 = 3ζ3−
1259
36

g(4)
89 = 68

9 −
22
3 ζ3 g(4)

90 = 463
216−

8
9ζ3 g(4)

91 = 97
36 g(4)

92 = 2
3ζ3−

4
9

g(4)
93 = 679

432−
4
9ζ3 g(4)

94 = 43
18 g(4)

95 = 1
3ζ3−

1
18 g(4)

96 =−37
2

g(4)
97 = 15

2 g(4)
98 = 2ζ3−

11
3 g(4)

99 =−41 g(4)
100 = 55

9 ζ3−
520
27

g(4)
101 = 77

108−
5
9ζ3 g(4)

102 = 203
216−

5
18ζ3 g(4)

103 =−19
2 g(4)

104 =−823
18

g(4)
105 = 109

36 g(4)
106 = 43

72 g(4)
107 = 4721

216 + 11
9 ζ3 g(4)

108 =− 61
216−

1
9ζ3

g(4)
109 =−223

432−
1
18ζ3 g(4)

110 =−4 g(4)
111 =−13

6 g(4)
112 = 1

4
g(4)

113 =− 1
144 g(4)

114 = 11
48 g(4)

115 = 20
3 g(4)

116 = 6−12ζ3

g(4)
117 = 7

3−24ζ3 g(4)
118 = 38

3 g(4)
119 = 2

3 g(4)
120 =−1
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J
H
E
P
0
1
(
2
0
2
2
)
0
5
1

g(4)
121 =−11

3 g(4)
122 =−1

2 g(4)
123 =−19

6 g(4)
124 =−31

12−6ζ3

g(4)
125 = 61

9 −
52
3 ζ3 g(4)

126 = 24ζ3−
9
2 g(4)

127 = 2+36ζ3 g(4)
128 = 131

12 −14ζ3

g(4)
129 =−539

36 −
16
3 ζ3 g(4)

130 = 89
9 −

38
3 ζ3 g(4)

131 = 87
8 −6ζ3 g(4)

132 = 43
12 +6ζ3

g(4)
133 = ζ3−

1
2 g(4)

134 =−301
72 −

1
3ζ3 g(4)

135 = 1
3ζ3−

113
72 g(4)

136 = 80
9 −

5
3ζ3

g(4)
137 = 11

6 g(4)
138 = 3

2 +ζ3 g(4)
139 = 1

6 +ζ3 g(4)
140 = 3ζ3−

9
4

g(4)
141 = 31

12 g(4)
142 = 7

6 g(4)
143 = 23

3 −3ζ3 g(4)
144 = 113

144 + 4
3ζ3

g(4)
145 =−131

144−
4
3ζ3 g(4)

146 = 14
3 ζ3−

779
144 g(4)

147 = 229
72 −

5
3ζ3 g(4)

148 = 145
48 −3ζ3

g(4)
149 = 203

72 + 1
6ζ3 g(4)

150 = 59
6 g(4)

151 = 4
3ζ3−

115
9 g(4)

152 = 97
6

g(4)
153 = 25

4 g(4)
154 = 10

9 −
1
3ζ3 g(4)

155 = 3
4 g(4)

156 = 17
12

g(4)
157 = 1

3ζ3−
373
144 g(4)

158 = 0 g(4)
159 = 1

6 g(4)
160 =−5

2
g(4)

161 =−5
3 g(4)

162 =−3
2 g(4)

163 = 17
6 −3ζ3 g(4)

164 =−6

g(4)
165 =−1 g(4)

166 =−1 g(4)
167 =−1

2 g(4)
168 =−1

2
g(4)

169 =−3
2 g(4)

170 = 34
9 −

4
3ζ3 g(4)

171 =−2
9−

4
3ζ3 g(4)

172 = 4
3ζ3−

31
9

g(4)
173 = 4

3ζ3−
17
18 g(4)

174 =−15
8 g(4)

175 = 11
18 + 2

3ζ3 g(4)
176 =−3

2
g(4)

177 =−113
72 −

1
6ζ3 g(4)

178 =−55
72−

1
3ζ3 g(4)

179 = 115
72 −

1
6ζ3 g(4)

180 = 9
8

g(4)
181 = 11

18−
1
3ζ3 g(4)

182 = 43
36−

1
3ζ3 g(4)

183 = 2
3ζ3−

115
72 g(4)

184 =−41
16

g(4)
185 =−3

8 g(4)
186 =−1

4 g(4)
187 = 19

96 g(4)
188 =− 9

32
g(4)

189 = 1
12 g(4)

190 =−1
2 g(4)

191 = 3
16 g(4)

192 =−17
96

g(4)
193 =−25

32 g(4)
194 =− 3

16 g(4)
195 =−1

4 g(4)
196 = 3

16
g(4)

197 = 1
16 g(4)

198 = 1
16 g(4)

199 =−4 g(4)
200 =−2

g(4)
201 = 4

3−4ζ3 g(4)
202 = 8

3−8ζ3 .

Here ζ3 = 1.20206 . . . is Riemann’s zeta function evaluated at 3.

C Yukawa β-function

The γ5-even TSs of the 3-loop Yukawa β-function are

β(3)
a =

y(3)
1 T̃AT̃ByaT

CTBTATC +y(3)
2 [S2(S,CS)]AByb

[
TBΦ T

A
Φ
]
ab

+y(3)
3 yaT

ATB[S2(S,CS)]BA +y(3)
4 [S2(F,CF )]AByb

[
TAΦ T

B
Φ
]
ab
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J
H
E
P
0
1
(
2
0
2
2
)
0
5
1

+y(3)
5 yaT

ATB[S2(F,CF )]AB +y(3)
6 [C2(S)]abyc

[
C2(S)C2(S)

]
bc

+y(3)
7 C̃2(F )yb

[
C2(S)C2(S)

]
ba

+y(3)
8 [C2(S)]baC̃2(F )ybC2(F )

+y(3)
9 [C2(S)]baC̃2(F )C̃2(F )yb +y(3)

10 C̃2(F )yaC2(F )C2(F )

+y(3)
11 C̃2(F )C̃2(F )C̃2(F )ya +y(3)

12 yb
[
C2(S,G)C2(S)

]
ba

+y(3)
13 [C2(S)]ba[C2(S, S)]cbyc +y(3)

14 [C2(S)]ba[C2(S, F )]cbyc
+y(3)

15 [C2(S)]baC̃2(F,G)yb +y(3)
16 [C2(S)]baC̃2(F, S)yb

+y(3)
17 [C2(S,G)]baC̃2(F )yb +y(3)

18 [C2(S, S)]baC̃2(F )yb
+y(3)

19 [C2(S)]baC̃2(F, F )yb +y(3)
20 C̃2(F )yaC2(F,G)

+y(3)
21 C̃2(F )yaC2(F, S) +y(3)

22 C̃2(F )C̃2(F,G)ya
+y(3)

23 C̃2(F )C̃2(F, S)ya +y(3)
24 [C2(S, F )]baC̃2(F )yb

+y(3)
25 C̃2(F )yaC2(F, F ) +y(3)

26 C̃2(F )C̃2(F, F )ya
+y(3)

27 [S2(S)]AB[S2(S)]CByb
[
TAΦ T

C
Φ
]
ab

+y(3)
28 [C2(G)]AB[S2(S)]ACyb

[
TBΦ T

C
Φ
]
ab

+y(3)
29 [C2(G)]AB[C2(G)]ACyb

[
TBΦ T

C
Φ
]
ab

+y(3)
30 [S2(F )]AB[S2(S)]BCyb

[
TAΦ T

C
Φ
]
ab

+y(3)
31 [C2(G)]AB[S2(F )]ACyb

[
TBΦ T

C
Φ
]
ab

+y(3)
32 yaT

ATB[S2(S)]AC [S2(S)]BC
+y(3)

33 [C2(G)]AByaTCTB[S2(S)]AC +y(3)
34 [C2(G)]AB[C2(G)]ACyaTBTC

+y(3)
35 [S2(F )]AB[S2(F )]ACyb

[
TBΦ T

C
Φ
]
ab

+y(3)
36 yaT

ATB[S2(F )]BC [S2(S)]AC
+y(3)

37 [C2(G)]AByaTCTB[S2(F )]AC +y(3)
38 yaT

ATB[S2(F )]AC [S2(F )]BC
+y(3)

39 T̃
AT̃Bybλcdba

[
TBΦ T

A
Φ
]
cd

+y(3)
40 λbcdaye

[
TAΦ T

B
Φ
]
bc

[
TAΦ T

B
Φ
]
de

+y(3)
41 yb

[
Λ2C2(S)

]
cb

+y(3)
42 [C2(S)]bcλbdeaλcfdeyf

+y(3)
43 λbcdeλcfegλdfgayb +y(3)

44 T̃
AybT

BTAỹaT̃
Byb

+y(3)
45 T̃

AT̃Byb Tr
[
ybT

BTAỹa
]

+y(3)
46 T̃

AT̃ByaỹbT̃
BT̃Ayb

+y(3)
47 [S2(F, YF )]AByb

[
TAΦ T

B
Φ
]
ab

+y(3)
48 yaT

ATB[S2(F, YF )]AB
+y(3)

49 [S2(S, YS)]AByb
[
TAΦ T

B
Φ
]
ab

+y(3)
50 yaT

ATB[S2(S, YS)]AB
+y(3)

51 [C2(S)]bcT̃AyaỹbT̃Ayc +y(3)
52 [C2(S)]baT̃AybỹcT̃Ayc

+y(3)
53 T̃

AyaC2(F )ỹbT̃Ayb +y(3)
54 T̃

AyaỹbT̃
AC̃2(F )yb

+y(3)
55 C̃2(F )ybTAỹbyaTA +y(3)

56 C̃2(F )yaTAỹbT̃Ayb
+y(3)

57 C̃2(F )T̃AyaỹbT̃Ayb +y(3)
58 [C2(S)]baY2(F )T̃AybTA

+y(3)
59 [C2(S)]bcT̃AyaTAỹcyb +y(3)

60 T̃
AyaT

AỹbC̃2(F )yb
+y(3)

61 C̃2(F )T̃AyaTAỸ2(F ) +y(3)
62 (−1)C̃2(F )T̃Ayb

[
TAΦ Y2(S)

]
ba

+y(3)
63 ybỹayc

[
C2(S)C2(S)

]
cb

+y(3)
64 ybỹcyb

[
C2(S)C2(S)

]
ca

+y(3)
65 [C2(S)]ba[C2(S)]cdydỹbyc +y(3)

66 [C2(S)]bcycC2(F )ỹayb
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E
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0
1
(
2
0
2
2
)
0
5
1

+y(3)
67 [C2(S)]baycC2(F )ỹbyc +y(3)

68 [C2(S)]bcC̃2(F )ycỹayb
+y(3)

69 [C2(S)]baC̃2(F )ycỹbyc +y(3)
70 ybC2(F )ỹaC̃2(F )yb

+y(3)
71 ybC2(F )C2(F )ỹayb +y(3)

72 C̃2(F )ybỹaybC2(F )

+y(3)
73 C̃2(F )ybC2(F )ỹayb +y(3)

74 C̃2(F )C̃2(F )ybỹayb
+y(3)

75 C̃2(F )ybỹaC̃2(F )yb +y(3)
76 [C2(S)]ba Tr

[
ybC2(F )ỹc

]
yc

+y(3)
77 Tr

[
ỹbC̃2(F )yaC2(F )

]
yb +y(3)

78 Tr
[
C2(F )C2(F )ỹbya

]
yb

+y(3)
79 yaỹbyc

[
C2(S)C2(S)

]
bc

+y(3)
80 [C2(S)]bcyaỹbC̃2(F )yc

+y(3)
81 [C2(S)]baC̃2(F )Y2(F )yb +y(3)

82 [C2(S)]bcC̃2(F )ycỹbya
+y(3)

83 yaỹbC̃2(F )C̃2(F )yb +y(3)
84 C̃2(F )C̃2(F )Y2(F )ya

+y(3)
85 C̃2(F )ybC2(F )ỹbya +y(3)

86 C̃2(F )yaC2(F )Ỹ2(F )

+y(3)
87 yb

[
C2(S)Y2(S)C2(S)

]
bc

+y(3)
88 C̃2(F )yb

[
C2(S)Y2(S)

]
ac

+y(3)
89 [C2(G)]ABT̃ByaỹbT̃Ayb +y(3)

90 T̃
AyaỹbT̃

Byb[S2(S)]BA
+y(3)

91 T̃
AyaỹbT̃

Byb[S2(F )]BA +y(3)
92 [C2(G)]ABY2(F )T̃AyaTB

+y(3)
93 Y2(F )T̃AyaTB[S2(S)]AB +y(3)

94 Y2(F )T̃AyaTB[S2(F )]AB
+y(3)

95 [C2(S,G)]bcycỹayb +y(3)
96 [C2(S, S)]bcycỹayb

+y(3)
97 [C2(S,G)]baycỹbyc +y(3)

98 [C2(S, S)]baycỹbyc
+y(3)

99 ybC2(F,G)ỹayb +y(3)
100[C2(S, F )]bcycỹayb

+y(3)
101ybC2(F, S)ỹayb +y(3)

102[C2(S, F )]baycỹbyc
+y(3)

103C̃2(F,G)ybỹayb +y(3)
104C̃2(F, S)ybỹayb

+y(3)
105ybC2(F, F )ỹayb +y(3)

106C̃2(F, F )ybỹayb
+y(3)

107 Tr
[
ybC2(F,G)ỹa

]
yb +y(3)

108 Tr
[
ybC2(F, S)ỹa

]
yb

+y(3)
109 Tr

[
ybC2(F, F )ỹa

]
yb +y(3)

110[C2(S,G)]bcyaỹbyc
+y(3)

111[C2(S, S)]bcyaỹbyc +y(3)
112yaỹbC̃2(F,G)yb

+y(3)
113yaỹbC̃2(F, S)yb +y(3)

114[C2(S, F )]bcyaỹbyc
+y(3)

115yaỸ2(F )C2(F,G) +y(3)
116yaỸ2(F )C2(F, S)

+y(3)
117yaỹbC̃2(F, F )yb +y(3)

118yaỸ2(F )C2(F, F )

+y(3)
119yb

[
C2(S,G)Y2(S)

]
ba

+y(3)
120[C2(S, S)]bc[Y2(S)]cayb

+y(3)
121[C2(S, F )]bc[Y2(S)]cayb +y(3)

122T̃
AybỹcT̃

Aydλcdba

+y(3)
123[C2(S)]bcydỹbyeλcdea +y(3)

124[C2(S)]bcybỹdyeλceda
+y(3)

125[C2(S)]abycỹdyeλbdce +y(3)
126ybC2(F )ỹcydλcbda

+y(3)
127C̃2(F )ybỹcydλbdca +y(3)

128ybỹcydλcefaλebdf
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+y(3)
129ybỹayc[Λ2]cb +y(3)

130yaỹbyc[Λ2]bc
+y(3)

131ybỹcydλcdefλebfa +y(3)
132λbcdaλcefd[Y2(S)]bfye

+y(3)
133T̃

AybỹcT̃
Ayaỹbyc +y(3)

134[C2(S)]bcydỹcyaỹdyb
+y(3)

135[C2(S)]baycỹdybỹcyd +y(3)
136ybC2(F )ỹcyaỹbyc

+y(3)
137ybỹcC̃2(F )yaỹbyc +y(3)

138C̃2(F )ybỹcyaỹbyc
+y(3)

139ybT
AỹbyaỹcT̃

Ayc +y(3)
140ybT

AỹaycT
Aỹcyb

+y(3)
141ybT

AỹbycT
Aỹayc +y(3)

142yaỹbT̃
AybỹcT̃

Ayc

+y(3)
143T̃

AybỹcT̃
Aycỹayb +y(3)

144T̃
AybỹaycỹbT̃

Ayc

+y(3)
145T̃

AybỹaybỹcT̃
Ayc +y(3)

146T̃
AybT

Aỹbycỹayc

+y(3)
147T̃

Ayb Tr
[
ycT

Aỹcybỹa
]

+y(3)
148T̃

AybỹcT̃
Ayaỹcyb

+y(3)
149T̃

AyaỹbycT
Aỹcyb +y(3)

150T̃
AyaỹbT̃

Aycỹbyc

+y(3)
151T̃

AyaT
Aỹbycỹbyc +y(3)

152T̃
AyaỹbycỹbT̃

Ayc

+y(3)
153yaỹbycT

AỹcybT
A +y(3)

154(−1)T̃AY2(F )yaỹbT̃Ayb
+y(3)

155T̃
AyaỸ2(F )ỹbT̃Ayb +y(3)

156T̃
AyaT

AỹbY2(F )yb
+y(3)

157T̃
AyaỹbT̃

AY2(F )yb +y(3)
158(−1)T̃AY2(F )ybTAỹayb

+y(3)
159yaỸ2(F )ỹbT̃AybTA +y(3)

160(−1)yaỹbT̃AybỸ2(F )TA

+y(3)
161Y2(F )T̃AybỹaybTA +y(3)

162ybT
Aỹbyc

[
TAΦ Y2(S)

]
ca

+y(3)
163T̃

AyaT
Aỹbyc[Y2(S)]cb +y(3)

164T̃
AyaỹbT̃

Ayc[Y2(S)]bc
+y(3)

165Y2(F )T̃AY2(F )yaTA +y(3)
166Y2(F )T̃AyaTAỸ2(F )

+y(3)
167(−1)T̃AY2(F )yb

[
TAΦ Y2(S)

]
ba

+y(3)
168[C2(S)]bcydỹbyaỹcyd

+y(3)
169[C2(S)]bcydỹbydỹayc +y(3)

170[C2(S)]bcydỹaybỹdyc
+y(3)

171[C2(S)]bcycỹdyaỹdyb +y(3)
172[C2(S)]bcyaỹbydỹcyd

+y(3)
173[C2(S)]bcyaỹdybỹdyc +y(3)

174[C2(S)]baycỹbydỹcyd
+y(3)

175[C2(S)]baycỹdybỹdyc +y(3)
176[C2(S)]bc Tr

[
ỹbydỹcya

]
yd

+y(3)
177[C2(S)]ba Tr

[
ỹbycỹdyc

]
yd +y(3)

178ybỹcC̃2(F )ybỹayc
+y(3)

179ybC2(F )ỹcybỹayc +y(3)
180ybC2(F )ỹcyaỹcyb

+y(3)
181ybỹaC̃2(F )ycỹbyc +y(3)

182ybỹcyaC2(F )ỹcyb
+y(3)

183ybC2(F )ỹaycỹbyc +y(3)
184yaỹbycỹbC̃2(F )yc

+y(3)
185yaỹbycC2(F )ỹbyc +y(3)

186yaỹbC̃2(F )ycỹbyc
+y(3)

187 Tr
[
ybC2(F )ỹcyaỹc

]
yb +y(3)

188 Tr
[
yaC2(F )ỹbycỹb

]
yc

+y(3)
189C̃2(F )ybỹaycỹbyc +y(3)

190C̃2(F )ybỹcybỹayc

– 19 –



J
H
E
P
0
1
(
2
0
2
2
)
0
5
1

+y(3)
191C̃2(F )ybỹcyaỹcyb +y(3)

192C̃2(F )ybỹcybỹcya
+y(3)

193ybỹayc Tr
[
ybC2(F )ỹc

]
+y(3)

194yaỹbyc Tr
[
ycC2(F )ỹb

]
+y(3)

195[C2(S)]bcycỹaY2(F )yb +y(3)
196[C2(S)]bcyaỹbY2(F )yc

+y(3)
197[C2(S)]baycỹbY2(F )yc +y(3)

198[C2(S)]ba Tr
[
ỹbY2(F )yc

]
yc

+y(3)
199[C2(S)]bcydỹbycỹayd +y(3)

200[C2(S)]bcyaỹdycỹbyd
+y(3)

201[C2(S)]bc Tr
[
ỹcydỹayb

]
yd +y(3)

202ybC2(F )Ỹ2(F )ỹayb
+y(3)

203ybC2(F )ỹaY2(F )yb +y(3)
204yaỹbC̃2(F )Y2(F )yb

+y(3)
205 Tr

[
Ỹ2(F )C2(F )ỹayb

]
yb +y(3)

206 Tr
[
ybC2(F )ỹaY2(F )

]
yb

+y(3)
207ybỹaycC2(F )ỹcyb +y(3)

208yaỹbycC2(F )ỹcyb
+y(3)

209 Tr
[
ybC2(F )ỹbycỹa

]
yc +y(3)

210C̃2(F )ybỸ2(F )ỹayb
+y(3)

211C̃2(F )ybỹaY2(F )yb +y(3)
212C̃2(F )Y2(F )ybỹayb

+y(3)
213C̃2(F )ybỸ2(F )ỹbya +y(3)

214ybỹayc
[
C2(S)Y2(S)

]
cd

+y(3)
215yaỹbyc

[
C2(S)Y2(S)

]
bd

+y(3)
216[C2(S)]baycỹbyd[Y2(S)]dc

+y(3)
217ybỹcyb

[
C2(S)Y2(S)

]
ad

+y(3)
218ybC2(F )ỹayc[Y2(S)]cb

+y(3)
219yaỹbC̃2(F )yc[Y2(S)]bc +y(3)

220C̃2(F )ybỹayc[Y2(S)]cb
+y(3)

221C̃2(F )ybỹcya[Y2(S)]cb +y(3)
222C̃2(F )Y2(F )Y2(F )ya

+y(3)
223[Y2(S)]bayc

[
Y2(S)C2(S)

]
bc

+y(3)
224ybỹcydỹcyeλbeda

+y(3)
225ybỹcybỹdyeλedca +y(3)

226ybỹcydỹbyeλceda

+y(3)
227ybỹcydỹeybλdeca +y(3)

228ybỹcyaỹdyeλbedc

+y(3)
229ybỹcydỹayeλcbed +y(3)

230yaỹbycỹdyeλcedb

+y(3)
231λbcda Tr

[
ỹdyeỹcyb

]
ye +y(3)

232λbcde Tr
[
ỹeycỹdya

]
yb

+y(3)
233ybỹcY2(F )ydλbdca +y(3)

234ybỹcydλebda[Y2(S)]ce
+y(3)

235ybỹcydλedca[Y2(S)]be +y(3)
236ybỹcydỹaydỹbyc

+y(3)
237ybỹcydỹaybỹdyc +y(3)

238ybỹcyaỹdybỹdyc

+y(3)
239ybỹcyd Tr

[
ỹcydỹbya

]
+y(3)

240ybỹcybỹdyaỹcyd

+y(3)
241ybỹcydỹaybỹcyd +y(3)

242ybỹcydỹbyaỹcyd

+y(3)
243ybỹaycỹdybỹcyd +y(3)

244ybỹcydỹaycỹdyb

+y(3)
245yaỹbycỹdybỹcyd +y(3)

246 Tr
[
ỹbycỹdyaỹcyd

]
yb

+y(3)
247ybỹcyaỸ2(F )ỹbyc +y(3)

248ybỹcyaỹbY2(F )yc
+y(3)

249ybỹcyaỹbyd[Y2(S)]dc +y(3)
250ybỹcydỹbyaỹdyc

+y(3)
251ybỹcybỹdyaỹdyc +y(3)

252ybỹcyd Tr
[
ỹcydỹayb

]
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+y(3)
253ybỹcybỹaydỹcyd +y(3)

254ybỹcydỹbydỹayc

+y(3)
255ybỹaycỹdybỹdyc +y(3)

256ybỹaycỹbydỹcyd

+y(3)
257ybỹayc Tr

[
ỹdycỹdyb

]
+y(3)

258ybỹcydỹcyaỹdyb

+y(3)
259ybỹcydỹaydỹcyb +y(3)

260ybỹaycỹdycỹdyb

+y(3)
261yaỹbycỹdycỹdyb +y(3)

262yaỹbyc Tr
[
ỹdybỹdyc

]
+y(3)

263yaỹbycỹbydỹcyd +y(3)
264yaỹbycỹdybỹdyc

+y(3)
265yaỹbycỹdycỹbyd +y(3)

266 Tr
[
ỹbycỹdycỹdya

]
yb

+y(3)
267 Tr

[
ỹbycỹdycỹayd

]
yb +y(3)

268 Tr
[
ỹbycỹdyaỹdyc

]
yb

+y(3)
269ybỹcY2(F )ybỹayc +y(3)

270ybỹayc Tr
[
ỹbY2(F )yc

]
+y(3)

271ybỹcY2(F )ycỹayb +y(3)
272ybỹcybỸ2(F )ỹayc

+y(3)
273ybỹcY2(F )yaỹcyb +y(3)

274ybỹaycỹbY2(F )yc
+y(3)

275ybỹcyaỹcY2(F )yb +y(3)
276ybỹcybỹaY2(F )yc

+y(3)
277yaỹbY2(F )ycỹbyc +y(3)

278yaỹbycỸ2(F )ỹbyc
+y(3)

279yaỹbyc Tr
[
ỹcY2(F )yb

]
+y(3)

280yaỹbycỸ2(F )ỹcyb
+y(3)

281yaỹbycỹbY2(F )yc +y(3)
282 Tr

[
ỹbY2(F )ycỹayc

]
yb

+y(3)
283 Tr

[
ỹbY2(F )ybỹcya

]
yc +y(3)

284 Tr
[
ỹbY2(F )yaỹbyc

]
yc

+y(3)
285ybỹcyaỹdyb[Y2(S)]cd +y(3)

286ybỹcydỹayb[Y2(S)]cd
+y(3)

287ybỹcybỹayd[Y2(S)]cd +y(3)
288ybỹaycỹbyd[Y2(S)]cd

+y(3)
289ybỹcyaỹcyd[Y2(S)]db +y(3)

290yaỹbycỹdyc[Y2(S)]bd
+y(3)

291yaỹbycỹdyb[Y2(S)]dc +y(3)
292yaỹbycỹbyd[Y2(S)]dc

+y(3)
293 Tr

[
ỹbycỹayd

]
[Y2(S)]dcyb +y(3)

294 Tr
[
ỹbycỹdya

]
[Y2(S)]bcyd

+y(3)
295ybỸ2(F )ỹaY2(F )yb +y(3)

296ybỹaY2(F )Y2(F )yb
+y(3)

297yaỹbY2(F )Y2(F )yb +y(3)
298 Tr

[
ỹbY2(F )yaỸ2(F )

]
yb

+y(3)
299 Tr

[
ỹbY2(F )Y2(F )ya

]
yb +y(3)

300ybỹaY2(F )yc[Y2(S)]cb
+y(3)

301yaỹbY2(F )yc[Y2(S)]bc +y(3)
302ybỹayc

[
Y2(S)Y2(S)

]
bd

+y(3)
303yaỹbyc

[
Y2(S)Y2(S)

]
bd
.

There are an additional 5 γ5-odd TSs:

+y(3)
304σ3ybT

ATB Tr
[
σ3ybT

ATB ỹa
]

+y(3)
305σ3T̃

AybT
B Tr

[
σ3T̃AybT

B ỹa
]

+y(3)
306σ3ybT

ATB Tr
[
σ3ybT

BTAỹa
]

+y(3)
307σ3ybT

ATB Tr
[
σ3T̃AybT

B ỹa
]

+y(3)
308σ3T̃

AybT
B Tr

[
σ3ybT

ATB ỹa
]
.
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The coefficients of the 3-loop Yukawa β-function are

y(3)
1 = −72 y(3)

2 = −3 y(3)
3 = 33− 12ζ3 y(3)

4 = −3
2

y(3)
5 = 45

2 − 24ζ3 y(3)
6 = 93

2 y(3)
7 = −78 y(3)

8 = −12

y(3)
9 = 102 y(3)

10 = −48 y(3)
11 = −9 y(3)

12 = −297
2

y(3)
13 = 53

8 y(3)
14 = 25

4 y(3)
15 = 62 y(3)

16 = −3

y(3)
17 = 48 y(3)

18 = −4 y(3)
19 = −2 y(3)

20 = 102

y(3)
21 = −3 y(3)

22 = −219
2 y(3)

23 = 17
4 y(3)

24 = −4

y(3)
25 = −6 y(3)

26 = 13
2 y(3)

27 = 11
144 y(3)

28 = −1165
144

y(3)
29 = 9721

72 y(3)
30 = 2

9 y(3)
31 = −925

72 y(3)
32 = 5

216
y(3)

33 = 181
27 + 12ζ3 y(3)

34 = −10441
54 y(3)

35 = 5
36 y(3)

36 = 19
27

y(3)
37 = 278

27 + 24ζ3 y(3)
38 = 35

54 y(3)
39 = −12 y(3)

40 = 5
4

y(3)
41 = −17

48 y(3)
42 = 19

16 y(3)
43 = − 1

16 y(3)
44 = −2− 144ζ3

y(3)
45 = 36− 72ζ3 y(3)

46 = 8 y(3)
47 = 3

4 y(3)
48 = −23

4
y(3)

49 = 0 y(3)
50 = −9

4 y(3)
51 = 44 y(3)

52 = −64

y(3)
53 = 6 y(3)

54 = 22 y(3)
55 = 0 y(3)

56 = 24

y(3)
57 = 16 y(3)

58 = −4 y(3)
59 = 64 y(3)

60 = −58

y(3)
61 = 4 y(3)

62 = 10− 12ζ3 y(3)
63 = 65

4 − 72ζ3 y(3)
64 = 80− 42ζ3

y(3)
65 = −59

2 − 36ζ3 y(3)
66 = 72ζ3 − 15 y(3)

67 = 36ζ3 −
149
2 y(3)

68 = 16 + 144ζ3

y(3)
69 = 36ζ3 −

141
2 y(3)

70 = 72ζ3 −
47
2 y(3)

71 = −17 y(3)
72 = 15− 24ζ3

y(3)
73 = 47

2 − 36ζ3 y(3)
74 = 15− 48ζ3 y(3)

75 = 63
2 − 36ζ3 y(3)

76 = −11
2

y(3)
77 = 9ζ3 −

11
8 y(3)

78 = 9ζ3 −
27
2 y(3)

79 = 235
8 − 15ζ3 y(3)

80 = 36ζ3 −
53
4

y(3)
81 = 5 y(3)

82 = 36ζ3 −
297
4 y(3)

83 = 3ζ3 −
83
4 y(3)

84 = 17− 33ζ3

y(3)
85 = 26− 6ζ3 y(3)

86 = −5 y(3)
87 = 139

16 −
3
2ζ3 y(3)

88 = 5− 6ζ3

y(3)
89 = 81 y(3)

90 = −3 y(3)
91 = −2 y(3)

92 = −19

y(3)
93 = 0 y(3)

94 = 0 y(3)
95 = 51

8 y(3)
96 = −11

8
y(3)

97 = 6ζ3 −
115
2 y(3)

98 = 3 y(3)
99 = 99− 36ζ3 y(3)

100 = −5
4

y(3)
101 = −25

4 y(3)
102 = 2 y(3)

103 = 61
2 y(3)

104 = −3
2

y(3)
105 = −11

2 y(3)
106 = −1 y(3)

107 = 77
4 − 9ζ3 y(3)

108 = −11
8
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y(3)
109 = −1 y(3)

110 = 785
16 − 3ζ3 y(3)

111 = −43
16 y(3)

112 = −9ζ3

y(3)
113 = −3

4 y(3)
114 = −21

8 y(3)
115 = −9

4 − 9ζ3 y(3)
116 = 1

8
y(3)

117 = −3
4 y(3)

118 = 0 y(3)
119 = 3

2ζ3 −
75
32 y(3)

120 = 3
32

y(3)
121 = 1

16 y(3)
122 = 0 y(3)

123 = −17
2 y(3)

124 = −17

y(3)
125 = 19

2 y(3)
126 = 2 y(3)

127 = 0 y(3)
128 = 3

2
y(3)

129 = −3
8 y(3)

130 = −11
48 y(3)

131 = 1 y(3)
132 = − 5

32
y(3)

133 = −30 y(3)
134 = 6 y(3)

135 = 0 y(3)
136 = 10

y(3)
137 = 7 y(3)

138 = −3 y(3)
139 = −6 y(3)

140 = −26

y(3)
141 = −14 y(3)

142 = 2 y(3)
143 = −14 y(3)

144 = −12

y(3)
145 = −22 y(3)

146 = 12 y(3)
147 = −8 y(3)

148 = −6

y(3)
149 = −12 y(3)

150 = −22 y(3)
151 = 24 y(3)

152 = −22

y(3)
153 = 2 y(3)

154 = 0 y(3)
155 = −5 y(3)

156 = 3

y(3)
157 = −5 y(3)

158 = 0 y(3)
159 = −3

2 y(3)
160 = 3

2
y(3)

161 = 0 y(3)
162 = 0 y(3)

163 = 3 y(3)
164 = −11

y(3)
165 = 0 y(3)

166 = 0 y(3)
167 = 0 y(3)

168 = −10

y(3)
169 = 34− 48ζ3 y(3)

170 = −8 y(3)
171 = 4 y(3)

172 = 7
4 − 6ζ3

y(3)
173 = 7

4 − 6ζ3 y(3)
174 = 2 y(3)

175 = 36 y(3)
176 = −5

y(3)
177 = 11

2 y(3)
178 = 24ζ3 − 11 y(3)

179 = 24ζ3 − 17 y(3)
180 = −24ζ3

y(3)
181 = 12− 12ζ3 y(3)

182 = 24ζ3 − 24 y(3)
183 = 13− 12ζ3 y(3)

184 = 35
8 − 3ζ3

y(3)
185 = 9ζ3 − 3 y(3)

186 = 35
8 − 3ζ3 y(3)

187 = −13
8 y(3)

188 = −13
8

y(3)
189 = 12ζ3 − 3 y(3)

190 = 12ζ3 − 10 y(3)
191 = −14 y(3)

192 = 9ζ3 −
31
4

y(3)
193 = 12ζ3 −

51
4 y(3)

194 = 6ζ3 − 8 y(3)
195 = 1 y(3)

196 = −1
8 − 3ζ3

y(3)
197 = 12 + 12ζ3 y(3)

198 = 5
4 + 3ζ3 y(3)

199 = 12ζ3 −
77
2 y(3)

200 = 3ζ3 −
47
8

y(3)
201 = 3ζ3 −

67
8 y(3)

202 = 87
4 − 24ζ3 y(3)

203 = 13
2 − 12ζ3 y(3)

204 = 25
4 − 6ζ3

y(3)
205 = 25

8 − 6ζ3 y(3)
206 = 5

8 − 3ζ3 y(3)
207 = 7

4 + 12ζ3 y(3)
208 = 3ζ3 − 1

y(3)
209 = 3ζ3 −

25
8 y(3)

210 = −11
2 y(3)

211 = −11
2 y(3)

212 = 0

y(3)
213 = 3ζ3 −

1
4 y(3)

214 = 3
2 − 12ζ3 y(3)

215 = −29
8 − 6ζ3 y(3)

216 = 5

y(3)
217 = 0 y(3)

218 = 15
2 − 6ζ3 y(3)

219 = 21
4 − 3ζ3 y(3)

220 = 6ζ3 −
9
2

– 23 –



J
H
E
P
0
1
(
2
0
2
2
)
0
5
1

y(3)
221 = 27

8 + 3ζ3 y(3)
222 = 0 y(3)

223 = −3
4 y(3)

224 = 3

y(3)
225 = −2 y(3)

226 = 4 y(3)
227 = 5 y(3)

228 = 2

y(3)
229 = 6 y(3)

230 = 2 y(3)
231 = 5

8 y(3)
232 = 5

8
y(3)

233 = 1 y(3)
234 = 3

2 y(3)
235 = 1 y(3)

236 = −3

y(3)
237 = 12ζ3 − 4 y(3)

238 = 12ζ3 − 6 y(3)
239 = 12ζ3 − 8 y(3)

240 = 2

y(3)
241 = 2 y(3)

242 = 12ζ3 − 4 y(3)
243 = 12ζ3 − 6 y(3)

244 = 6ζ3 − 5

y(3)
245 = 3ζ3 − 2 y(3)

246 = 3
2ζ3 − 1 y(3)

247 = −3 y(3)
248 = −1

y(3)
249 = −1 y(3)

250 = −8 y(3)
251 = −6 y(3)

252 = 0

y(3)
253 = −2 y(3)

254 = −4 y(3)
255 = 2 y(3)

256 = 4

y(3)
257 = 5

4 y(3)
258 = −2 y(3)

259 = 4 y(3)
260 = −2

y(3)
261 = −5

8 y(3)
262 = 1 y(3)

263 = 1 y(3)
264 = 0

y(3)
265 = 0 y(3)

266 = −3
8 y(3)

267 = −3
4 y(3)

268 = 7
4

y(3)
269 = 1 y(3)

270 = 25
8 y(3)

271 = 7
8 y(3)

272 = −3

y(3)
273 = 4 y(3)

274 = 3 y(3)
275 = −2 y(3)

276 = −3

y(3)
277 = 3

16 y(3)
278 = 1

2 y(3)
279 = 2 y(3)

280 = 1
8

y(3)
281 = 3

16 y(3)
282 = 7

16 y(3)
283 = 5

16 y(3)
284 = 7

16
y(3)

285 = 2 y(3)
286 = 25

8 y(3)
287 = −3 y(3)

288 = 3

y(3)
289 = −1 y(3)

290 = − 3
16 y(3)

291 = 9
16 y(3)

292 = − 3
16

y(3)
293 = 9

16 y(3)
294 = 1 y(3)

295 = −1
2 y(3)

296 = −1

y(3)
297 = − 5

16 y(3)
298 = 1

32 y(3)
299 = − 3

16 y(3)
300 = −1

y(3)
301 = −1

4 y(3)
302 = −1

2 y(3)
303 = − 3

16 y(3)
304 = −24

y(3)
305 = −12 y(3)

306 = 8− 24ζ3 y(3)
307 = 8− 24ζ3 y(3)

308 = 8− 24ζ3 .

D υ-function

The fermion representation, υ(3)
i
j , of the 3-loop υ-function is parametrized with TSs

F
(3)
1 = T̃AY2(F )ybTAỹb F

(3)
2 = [C2(S)]abyaỹcybỹc

F
(3)
3 = yaC2(F )ỹbyaỹb F

(3)
4 = yaỹbycỹbyaỹc

F
(3)
5 = yaỸ2(F )ỹbyaỹb F

(3)
6 = [Y2(S)]abyaỹcybỹc .
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The TSs for the scalar representation, υ(3)
ab , are given by

[S(3)
1 ]ab = Tr

[
yaC2(F )ỹcybỹc

]
[S(3)

2 ]ab = Tr
[
yaỹcydỹe

]
λcdeb

[S(3)
3 ]ab = Tr

[
yaỸ2(F )ỹcybỹc

]
.

The coefficients of the 3-loop υ-function are

f (3)
1 = 0 f (3)

2 = 29
8 − 3ζ3 f (3)

3 = 21
8 − 3ζ3

f (3)
4 = −3

8 f (3)
5 = − 5

16 f (3)
6 = − 7

16
s(3)

1 = 7
2 − 6ζ3 s(3)

2 = 5
8 s(3)

3 = −3
4 .
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Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.

References

[1] M.E. Machacek and M.T. Vaughn, Two Loop Renormalization Group Equations in a General
Quantum Field Theory. 1. Wave Function Renormalization, Nucl. Phys. B 222 (1983) 83
[INSPIRE].

[2] M.E. Machacek and M.T. Vaughn, Two Loop Renormalization Group Equations in a General
Quantum Field Theory. 2. Yukawa Couplings, Nucl. Phys. B 236 (1984) 221 [INSPIRE].

[3] M.E. Machacek and M.T. Vaughn, Two Loop Renormalization Group Equations in a General
Quantum Field Theory. 3. Scalar Quartic Couplings, Nucl. Phys. B 249 (1985) 70 [INSPIRE].

[4] I. Jack and H. Osborn, General Background Field Calculations With Fermion Fields, Nucl.
Phys. B 249 (1985) 472 [INSPIRE].

[5] A.G.M. Pickering, J.A. Gracey and D.R.T. Jones, Three loop gauge β-function for the most
general single gauge coupling theory, Phys. Lett. B 510 (2001) 347 [Erratum ibid. 535 (2002)
377] [hep-ph/0104247] [INSPIRE].

[6] L.N. Mihaila, J. Salomon and M. Steinhauser, Gauge Coupling β-functions in the Standard
Model to Three Loops, Phys. Rev. Lett. 108 (2012) 151602 [arXiv:1201.5868] [INSPIRE].

[7] K.G. Chetyrkin and M.F. Zoller, β-function for the Higgs self-interaction in the Standard
Model at three-loop level, JHEP 04 (2013) 091 [Erratum ibid. 09 (2013) 155]
[arXiv:1303.2890] [INSPIRE].

[8] A.V. Bednyakov, A.F. Pikelner and V.N. Velizhanin, Three-loop Higgs self-coupling β-function
in the Standard Model with complex Yukawa matrices, Nucl. Phys. B 879 (2014) 256
[arXiv:1310.3806] [INSPIRE].

[9] A.V. Bednyakov, A.F. Pikelner and V.N. Velizhanin, Three-loop SM β-functions for matrix
Yukawa couplings, Phys. Lett. B 737 (2014) 129 [arXiv:1406.7171] [INSPIRE].

[10] A.V. Bednyakov and A.F. Pikelner, Four-loop strong coupling β-function in the Standard
Model, Phys. Lett. B 762 (2016) 151 [arXiv:1508.02680] [INSPIRE].

– 25 –

https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1016/0550-3213(83)90610-7
https://inspirehep.net/search?p=find+J%20%22Nucl.Phys.%2CB222%2C83%22
https://doi.org/10.1016/0550-3213(84)90533-9
https://inspirehep.net/search?p=find+J%20%22Nucl.Phys.%2CB236%2C221%22
https://doi.org/10.1016/0550-3213(85)90040-9
https://inspirehep.net/search?p=find+J%20%22Nucl.Phys.%2CB249%2C70%22
https://doi.org/10.1016/0550-3213(85)90088-4
https://doi.org/10.1016/0550-3213(85)90088-4
https://inspirehep.net/search?p=find+J%20%22Nucl.Phys.%2CB249%2C472%22
https://doi.org/10.1016/S0370-2693(01)00624-4
https://arxiv.org/abs/hep-ph/0104247
https://inspirehep.net/search?p=find+EPRINT%2Bhep-ph%2F0104247
https://doi.org/10.1103/PhysRevLett.108.151602
https://arxiv.org/abs/1201.5868
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1201.5868
https://doi.org/10.1007/JHEP04(2013)091
https://arxiv.org/abs/1303.2890
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1303.2890
https://doi.org/10.1016/j.nuclphysb.2013.12.012
https://arxiv.org/abs/1310.3806
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1310.3806
https://doi.org/10.1016/j.physletb.2014.08.049
https://arxiv.org/abs/1406.7171
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1406.7171
https://doi.org/10.1016/j.physletb.2016.09.007
https://arxiv.org/abs/1508.02680
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1508.02680


J
H
E
P
0
1
(
2
0
2
2
)
0
5
1

[11] M.F. Zoller, Top-Yukawa effects on the β-function of the strong coupling in the SM at
four-loop level, JHEP 02 (2016) 095 [arXiv:1508.03624] [INSPIRE].

[12] J. Davies, F. Herren, C. Poole, M. Steinhauser and A.E. Thomsen, Gauge Coupling β
Functions to Four-Loop Order in the Standard Model, Phys. Rev. Lett. 124 (2020) 071803
[arXiv:1912.07624] [INSPIRE].

[13] M.-x. Luo, H.-w. Wang and Y. Xiao, Two loop renormalization group equations in general
gauge field theories, Phys. Rev. D 67 (2003) 065019 [hep-ph/0211440] [INSPIRE].

[14] I. Schienbein, F. Staub, T. Steudtner and K. Svirina, Revisiting RGEs for general gauge
theories, Nucl. Phys. B 939 (2019) 1 [Erratum ibid. 966 (2021) 115339] [arXiv:1809.06797]
[INSPIRE].

[15] L. Sartore, General renormalization group equations for dimensionful couplings in the MS
scheme, Phys. Rev. D 102 (2020) 076002 [arXiv:2006.12307] [INSPIRE].

[16] M.-x. Luo and Y. Xiao, Renormalization group equations in gauge theories with multiple U(1)
groups, Phys. Lett. B 555 (2003) 279 [hep-ph/0212152] [INSPIRE].

[17] R.M. Fonseca, M. Malinský and F. Staub, Renormalization group equations and matching in a
general quantum field theory with kinetic mixing, Phys. Lett. B 726 (2013) 882
[arXiv:1308.1674] [INSPIRE].

[18] C. Poole and A.E. Thomsen, Constraints on 3- and 4-loop β-functions in a general
four-dimensional Quantum Field Theory, JHEP 09 (2019) 055 [arXiv:1906.04625] [INSPIRE].

[19] L. Mihaila, Three-loop gauge β-function in non-simple gauge groups, PoS RADCOR2013
(2013) 060 [INSPIRE].

[20] F. Staub, SARAH, arXiv:0806.0538 [INSPIRE].

[21] F. Staub, SARAH 4: A tool for (not only SUSY) model builders, Comput. Phys. Commun.
185 (2014) 1773 [arXiv:1309.7223] [INSPIRE].

[22] L. Sartore and I. Schienbein, PyR@TE 3, Comput. Phys. Commun. 261 (2021) 107819
[arXiv:2007.12700] [INSPIRE].

[23] F. Lyonnet, I. Schienbein, F. Staub and A. Wingerter, PyR@TE: Renormalization Group
Equations for General Gauge Theories, Comput. Phys. Commun. 185 (2014) 1130
[arXiv:1309.7030] [INSPIRE].

[24] D.F. Litim and T. Steudtner, ARGES — Advanced Renormalisation Group Equation
Simplifier, Comput. Phys. Commun. 265 (2021) 108021 [arXiv:2012.12955] [INSPIRE].

[25] A.E. Thomsen, Introducing RGBeta: a Mathematica package for the evaluation of
renormalization group β-functions, Eur. Phys. J. C 81 (2021) 408 [arXiv:2101.08265]
[INSPIRE].

[26] T. Deppisch and F. Herren, RGE++: A C++ library to solve renormalisation group equations
in quantum field theory, Comput. Phys. Commun. 270 (2022) 108151 [arXiv:2101.00021]
[INSPIRE].

[27] G.M. Shore, A Local Renormalization Group Equation, Diffeomorphisms, and Conformal
Invariance in σ Models, Nucl. Phys. B 286 (1987) 349 [INSPIRE].

[28] H. Osborn, Derivation of a Four-dimensional c Theorem, Phys. Lett. B 222 (1989) 97
[INSPIRE].

– 26 –

https://doi.org/10.1007/JHEP02(2016)095
https://arxiv.org/abs/1508.03624
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1508.03624
https://doi.org/10.1103/PhysRevLett.124.071803
https://arxiv.org/abs/1912.07624
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1912.07624
https://doi.org/10.1103/PhysRevD.67.065019
https://arxiv.org/abs/hep-ph/0211440
https://inspirehep.net/search?p=find+EPRINT%2Bhep-ph%2F0211440
https://doi.org/10.1016/j.nuclphysb.2018.12.001
https://arxiv.org/abs/1809.06797
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1809.06797
https://doi.org/10.1103/PhysRevD.102.076002
https://arxiv.org/abs/2006.12307
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2006.12307
https://doi.org/10.1016/S0370-2693(03)00076-5
https://arxiv.org/abs/hep-ph/0212152
https://inspirehep.net/search?p=find+EPRINT%2Bhep-ph%2F0212152
https://doi.org/10.1016/j.physletb.2013.09.042
https://arxiv.org/abs/1308.1674
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1308.1674
https://doi.org/10.1007/JHEP09(2019)055
https://arxiv.org/abs/1906.04625
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1906.04625
https://doi.org/10.22323/1.197.0060
https://doi.org/10.22323/1.197.0060
https://inspirehep.net/search?p=find+J%20%22PoS%2CRADCOR2013%2C060%22
https://arxiv.org/abs/0806.0538
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A0806.0538
https://doi.org/10.1016/j.cpc.2014.02.018
https://doi.org/10.1016/j.cpc.2014.02.018
https://arxiv.org/abs/1309.7223
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1309.7223
https://doi.org/10.1016/j.cpc.2020.107819
https://arxiv.org/abs/2007.12700
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2007.12700
https://doi.org/10.1016/j.cpc.2013.12.002
https://arxiv.org/abs/1309.7030
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1309.7030
https://doi.org/10.1016/j.cpc.2021.108021
https://arxiv.org/abs/2012.12955
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2012.12955
https://doi.org/10.1140/epjc/s10052-021-09142-4
https://arxiv.org/abs/2101.08265
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2101.08265
https://doi.org/10.1016/j.cpc.2021.108151
https://arxiv.org/abs/2101.00021
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2101.00021
https://doi.org/10.1016/0550-3213(87)90445-7
https://inspirehep.net/search?p=find+J%20%22Nucl.Phys.%2CB286%2C349%22
https://doi.org/10.1016/0370-2693(89)90729-6
https://inspirehep.net/search?p=find+J%20%22Phys.Lett.%2CB222%2C97%22


J
H
E
P
0
1
(
2
0
2
2
)
0
5
1

[29] I. Jack and H. Osborn, Analogs for the c Theorem for Four-dimensional Renormalizable Field
Theories, Nucl. Phys. B 343 (1990) 647 [INSPIRE].

[30] H. Osborn, Weyl consistency conditions and a local renormalization group equation for general
renormalizable field theories, Nucl. Phys. B 363 (1991) 486 [INSPIRE].

[31] I. Jack and H. Osborn, Constraints on RG Flow for Four Dimensional Quantum Field
Theories, Nucl. Phys. B 883 (2014) 425 [arXiv:1312.0428] [INSPIRE].

[32] F. Baume, B. Keren-Zur, R. Rattazzi and L. Vitale, The local Callan-Symanzik equation:
structure and applications, JHEP 08 (2014) 152 [arXiv:1401.5983] [INSPIRE].

[33] O. Antipin, M. Gillioz, J. Krog, E. Mølgaard and F. Sannino, Standard Model Vacuum Stability
and Weyl Consistency Conditions, JHEP 08 (2013) 034 [arXiv:1306.3234] [INSPIRE].

[34] I. Jack and C. Poole, The a-function for gauge theories, JHEP 01 (2015) 138
[arXiv:1411.1301] [INSPIRE].

[35] J.A. Gracey, I. Jack and C. Poole, The a-function in six dimensions, JHEP 01 (2016) 174
[arXiv:1507.02174] [INSPIRE].

[36] C. Poole and A.E. Thomsen, Weyl Consistency Conditions and γ5, Phys. Rev. Lett. 123 (2019)
041602 [arXiv:1901.02749] [INSPIRE].

[37] T. Steudtner, General scalar renormalisation group equations at three-loop order, JHEP 12
(2020) 012 [arXiv:2007.06591] [INSPIRE].

[38] T. Steudtner, Towards general scalar-Yukawa renormalisation group equations at three-loop
order, JHEP 05 (2021) 060 [arXiv:2101.05823] [INSPIRE].

[39] F. Herren, L. Mihaila and M. Steinhauser, Gauge and Yukawa coupling β-functions of
two-Higgs-doublet models to three-loop order, Phys. Rev. D 97 (2018) 015016 [Erratum ibid.
101 (2020) 079903] [arXiv:1712.06614] [INSPIRE].

[40] A. Bednyakov and A. Pikelner, Four-Loop Gauge and Three-Loop Yukawa β-functions in a
General Renormalizable Theory, Phys. Rev. Lett. 127 (2021) 041801 [arXiv:2105.09918]
[INSPIRE].

[41] E. Mølgaard, Decrypting gauge-Yukawa cookbooks, Eur. Phys. J. Plus 129 (2014) 159
[arXiv:1404.5550] [INSPIRE].

[42] F. Herren and A.E. Thomsen, On ambiguities and divergences in perturbative renormalization
group functions, JHEP 06 (2021) 116 [arXiv:2104.07037] [INSPIRE].

[43] J.-F. Fortin, B. Grinstein and A. Stergiou, Limit Cycles in Four Dimensions, JHEP 12 (2012)
112 [arXiv:1206.2921] [INSPIRE].

[44] J.-F. Fortin, B. Grinstein and A. Stergiou, Limit Cycles and Conformal Invariance, JHEP 01
(2013) 184 [arXiv:1208.3674] [INSPIRE].

[45] P. Nogueira, Automatic Feynman graph generation, J. Comput. Phys. 105 (1993) 279
[INSPIRE].

[46] R. Harlander, T. Seidensticker and M. Steinhauser, Corrections of O(ααs) to the decay of the
Z boson into bottom quarks, Phys. Lett. B 426 (1998) 125 [hep-ph/9712228] [INSPIRE].

[47] T. Seidensticker, Automatic application of successive asymptotic expansions of Feynman
diagrams, in 6th International Workshop on New Computing Techniques in Physics Research:
Software Engineering, Artificial Intelligence Neural Nets, Genetic Algorithms, Symbolic
Algebra, Automatic Calculation, (1999) [hep-ph/9905298] [INSPIRE].

– 27 –

https://doi.org/10.1016/0550-3213(90)90584-Z
https://inspirehep.net/search?p=find+J%20%22Nucl.Phys.%2CB343%2C647%22
https://doi.org/10.1016/0550-3213(91)80030-P
https://inspirehep.net/search?p=find+J%20%22Nucl.Phys.%2CB363%2C486%22
https://doi.org/10.1016/j.nuclphysb.2014.03.018
https://arxiv.org/abs/1312.0428
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1312.0428
https://doi.org/10.1007/JHEP08(2014)152
https://arxiv.org/abs/1401.5983
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1401.5983
https://doi.org/10.1007/JHEP08(2013)034
https://arxiv.org/abs/1306.3234
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1306.3234
https://doi.org/10.1007/JHEP01(2015)138
https://arxiv.org/abs/1411.1301
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1411.1301
https://doi.org/10.1007/JHEP01(2016)174
https://arxiv.org/abs/1507.02174
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1507.02174
https://doi.org/10.1103/PhysRevLett.123.041602
https://doi.org/10.1103/PhysRevLett.123.041602
https://arxiv.org/abs/1901.02749
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1901.02749
https://doi.org/10.1007/JHEP12(2020)012
https://doi.org/10.1007/JHEP12(2020)012
https://arxiv.org/abs/2007.06591
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2007.06591
https://doi.org/10.1007/JHEP05(2021)060
https://arxiv.org/abs/2101.05823
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2101.05823
https://doi.org/10.1103/PhysRevD.97.015016
https://arxiv.org/abs/1712.06614
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1712.06614
https://doi.org/10.1103/PhysRevLett.127.041801
https://arxiv.org/abs/2105.09918
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2105.09918
https://doi.org/10.1140/epjp/i2014-14159-2
https://arxiv.org/abs/1404.5550
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1404.5550
https://doi.org/10.1007/JHEP06(2021)116
https://arxiv.org/abs/2104.07037
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2104.07037
https://doi.org/10.1007/JHEP12(2012)112
https://doi.org/10.1007/JHEP12(2012)112
https://arxiv.org/abs/1206.2921
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1206.2921
https://doi.org/10.1007/JHEP01(2013)184
https://doi.org/10.1007/JHEP01(2013)184
https://arxiv.org/abs/1208.3674
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1208.3674
https://doi.org/10.1006/jcph.1993.1074
https://inspirehep.net/search?p=find+J%20%22J.Comput.Phys.%2C105%2C279%22
https://doi.org/10.1016/S0370-2693(98)00220-2
https://arxiv.org/abs/hep-ph/9712228
https://inspirehep.net/search?p=find+EPRINT%2Bhep-ph%2F9712228
https://arxiv.org/abs/hep-ph/9905298
https://inspirehep.net/search?p=find+EPRINT%2Bhep-ph%2F9905298


J
H
E
P
0
1
(
2
0
2
2
)
0
5
1

[48] B. Ruijl, T. Ueda and J. Vermaseren, FORM version 4.2, arXiv:1707.06453 [INSPIRE].

[49] T. van Ritbergen, A.N. Schellekens and J.A.M. Vermaseren, Group theory factors for Feynman
diagrams, Int. J. Mod. Phys. A 14 (1999) 41 [hep-ph/9802376] [INSPIRE].

[50] B. Ruijl, T. Ueda and J.A.M. Vermaseren, Forcer, a FORM program for the parametric
reduction of four-loop massless propagator diagrams, Comput. Phys. Commun. 253 (2020)
107198 [arXiv:1704.06650] [INSPIRE].

[51] A.V. Bednyakov, A.F. Pikelner and V.N. Velizhanin, Yukawa coupling β-functions in the
Standard Model at three loops, Phys. Lett. B 722 (2013) 336 [arXiv:1212.6829] [INSPIRE].

[52] K.G. Chetyrkin and M.F. Zoller, Three-loop β-functions for top-Yukawa and the Higgs
self-interaction in the Standard Model, JHEP 06 (2012) 033 [arXiv:1205.2892] [INSPIRE].

– 28 –

https://arxiv.org/abs/1707.06453
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1707.06453
https://doi.org/10.1142/S0217751X99000038
https://arxiv.org/abs/hep-ph/9802376
https://inspirehep.net/search?p=find+EPRINT%2Bhep-ph%2F9802376
https://doi.org/10.1016/j.cpc.2020.107198
https://doi.org/10.1016/j.cpc.2020.107198
https://arxiv.org/abs/1704.06650
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1704.06650
https://doi.org/10.1016/j.physletb.2013.04.038
https://arxiv.org/abs/1212.6829
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1212.6829
https://doi.org/10.1007/JHEP06(2012)033
https://arxiv.org/abs/1205.2892
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1205.2892

	Introduction
	Setup and methods
	Notation and conventions
	Tensor parametrization
	Flavor-improved beta-function
	Weyl consistency conditions
	Loop computations

	Fixing the beta-functions
	The models we use as input
	Leptoquark model
	SU(2) toy model

	Fixing the beta-function coefficients

	Conclusion
	Tensor notation
	Gauge beta-function
	Yukawa beta-function
	upsilon-function

