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1 Introduction

The Renormalization Group (RG) is a key concept in quantum field theory, which determines
the change in physics due to changing energy scales. Among numerous applications, its role
in improving perturbative computations makes it indispensable for precision computations
both in and beyond the Standard Model (SM). Completely general results for the 2-loop
B-functions of gauge-Yukawa theories have served the community well for almost four
decades [1-4], with the noteworthy addition of the 3-loop contribution for simple gauge
groups [5].

In the last decade, the discovery of the Higgs and a new drive for precision physics
prompted the calculation of the SM S-functions to 4-loop order for gauge and 3-loop order
for Yukawa and quartic couplings [6-12]. Recent years have also seen new developments
in hitherto neglected aspects of S-functions, namely, the S-functions for the relevant
operators [13-15], the running of the kinetic-mixing parameters between Abelian gauge
fields [16-18], and the extension of the 3-loop gauge [-function to semi-simple gauge
groups [18, 19]. All these developments have been collated in a number of accessible
computer tools — SARAH 4 [20, 21], PyR@TE 3 [22, 23], ARGES [24], and RGBeta [25] — for



the application of the general formulas to specific theories, which have opened the doors for
the wider application of higher-loop general results in the community. The bespoke tool
RGE++ [26] has also been made available for fast evaluation of the resulting RG equations.

New insights into the underlying structure of the RG have been obtained in recent
years on the basis of the powerful machinery of the local RG (LRG) [27-32]. Crucially, as it
pertains to the present matter, it was pointed out that Osborn’s equation implies nontrivial
consistency conditions on the S-function, now known as Weyl consistency conditions (WCC).
The WCCs have since been leveraged to check the self-consistency of already-known (-
functions and to make predictions for as-of-yet undetermined S-function coefficients [18,
31, 33-36]. These endeavors have emphasized the usefulness of parametrizing the unknown
B-functions in terms of a basis of tensor structures (TS) constructed from the couplings of
the theory in order to attempt to fix the coefficients of the parametrization. By comparing
the generic expression to known results in specific theories, the 3-loop S-functions for pure
Yukawa theories were almost entirely fixed without the need for any new, arduous loop
computations [37, 38].

This paper represents the culmination of several years of research by finally fixing the
full gauge-Yukawa-quartic S-functions to 4-3-2-loop order. To this end, we use the TS
basis of ref. [18] along with the WCCs derived therein. We fix the remaining coefficients by
matching the generic expressions to the known S-functions of the 4-loop SM gauge [12],
the 3-loop 2HDM Yukawa [39], and several new SM-adjacent results computed with the
express purpose of fixing the remaining coefficients.

While we were finalizing our computations, another paper with overlapping scope
appeared [40]. The two computations agree and serve as valuable crosschecks. However,
both computations rely on the [-function parametrization of ref. [18] and the tensor
implementation of RGBeta [25], making for a single point of failure. That said, such a failure
appears highly unlikely due to the required self-consistency of both computations.

The remainder of the paper is organized as follows: in the next section, we review the
necessary aspects of the LRG and introduce the g-function parametrization, as well as
our computational setup. In section 3, we describe the models used to fix the remaining
coefficients and discuss the combination of the various models. Finally, we conclude in
section 4. We provide explicit expressions for the T'Ss of the gauge and Yukawa S-functions
in the appendix along with our results for all coefficients.

2 Setup and methods

2.1 Notation and conventions

In the mass-independent MS scheme, the S-functions of marginal couplings are independent
of the relevant couplings. Accordingly, we restrict our attention to the most general
four-dimensional theory allowing only for marginal couplings:

1 _ , 1 e ;
L= —aapF P + S (Dyd)a(D"d)a + i]o" (D)
1

o 1
— 5 (Yo + He. ) da = 5o havcadadvdcdu (21)



To be clear, when we name this the “most general” theory, it is because any other renor-
malizable theory can be cast in this exact form.! In this construction, all scalar fields are
collected into the real scalar multiplet ¢,, while the fermions, allowing for chiral theories,
are collected in the multiplet 1° using Weyl spinor notation. Thus, we avoid having to
distinguish between left- and right-handed fields.

In this framework ¢, and 1) are generically in reducible representations of the gauge
group G. The covariant derivatives of these fields are given by

Du¢a = au¢a - Z.Aﬁ(Tf)abgbb,
Dyt = 9" — i AT 0 .

As we allow for any gauge group, it is convenient to move the gauge couplings of all the

(2.2)

simple product groups and Abelian factors to the kinetic term, where they are incorporated
in the gauge coupling matrix asp [18].

It is convenient to arrange the fermion index space in a Majorana-like manner to
incorporate both left and right chiralities simultaneously [18, 34]. The Yukawa couplings
and gauge generators are then given by

Yo = (1;(1 }%) and T4 = (7;1)2’4 _£$*> , (2.3)
and we define the chirality-flipped derivative quantities by
. (vr o0 4 FA_ gy _ ["TaT 0
Jo = 01Ya01 = ( 0 Ya> an =0T 0, = < 0 T$> ; (2.4)

with a similar construction for all other “tilde” quantities.? In this notation, the vs5-odd
contribution to the 4-loop gauge and 3-loop Yukawa are characterized by the appearance
of o3 on the fermion lines: the underlying diagrams carry opposite signs for the different
chiralities.

The perturbative S-functions of the tensor couplings are expanded by loop orders and

parametrized as

da,AB s g)D
_ _ 2.5
Pap=—4 ;:1 GAC ()2 DB (2.5)
dy . > (lf).
aij aij
aij — = y 2.
Baij = =3, ; (4n)? (2:6)
d/\abcd = ﬁ(?d
p— pr— aoc 2'

where ¢t = In p is the RG time. These are the main objects of our study.

'In practice recasting theories in this form can be a rather grueling task. Methods to do it systematically
have been developed, see e.g. ref. [41].

2In the context of the fermion indices, the o matrices are to be understood as a tensor product of Pauli
matrices with the identity matrix.



2.2 Tensor parametrization

As all other perturbative quantities, the S-functions are polynomials in the couplings, of
an order determined by the loop order. It follows that the /-loop contributions to the
B-functions can be parametrized by

Zgn (a, y, A\, T, Ty, F)] a, (2.8)
az] Z Zyn a’ Y A T T¢7F>]aij’ (29)
2permn
Y = _— Z ST adP QY (a, y, N, T, Ty, F)lapea - (2.10)
24permn

(OIN()

The coefficients gy ’, y»’, and q( )

are real numbers, while [Gg )] AB, [erg)]aij, and [Q%Z )}abcd
are tensors constructed from a combination of couplings, gauge generators, and structure
constants (F'), referred to as tensor structures (TSs). By explicitly symmetrizing the Yukawa
and quartic S-functions— hence the sums over all index permutations — the TSs are kept
as simple as possible; they are monomials rather than polynomials.

Whereas a determination of 3¢ typically requires a full perturbative loop computation,
it is possible to find a suitable basis of TSs from general considerations, thereby leaving only
the coefficients unknown. The main obstacle to finding such a basis is the sheer number of
tensors at higher orders and the need to eliminate the redundancy in the parametrization due
to the gauge identities stemming from all of the couplings being singlets under the symmetry.
One suitable basis was determined in ref. [18], and we will employ it for our computation
here too. We have taken the liberty of presenting the full basis in regular tensor notation
in the appendix for posterity, as they have only been made available graphically in ref. [18].

We implemented the TSs of the 4-loop gauge and 3-loop Yukawa [-functions in RGBeta,
which allows us to evaluate egs. (2.8)-(2.10) in specific models and match the generic

expressions to the S-functions determined with traditional loop computations.

2.3 Flavor-improved B-function

The MS j-functions are generally not unique beyond the second loop order. The flow in
the direction of flavor symmetry transformations (the symmetry of the kinetic term of
Lagrangian (2.1)) is fixed by the choice of renormalization constants, which are themselves
ambiguous [42]. It can even be divergent in the dimensional expansion, although physics
is insensitive to any such flavor rotations along the flow due to the symmetry of the
action under combined field and coupling transformations. In one instance, a perturbative
limit cycle was found but soon ascribed to a non-physical flow along the flavor group
transformation, the physics being that of a regular fixed point [43, 44].

The flavor-improved S-function By is a particular construction of the S-function engi-
neered to be invariant under the ambiguity [31, 32, 44] and has been shown to be independent
of the choice of renormalization constants [42]. It factors out the flow along the flavor-
symmetric direction, thereby avoiding the appearance of non-physical limit cycles in the
RG flow. It is given by

Br = Br— (vg)r, (2.11)



where I, J,... are coupling indices taking values of all the couplings of the theory g; =
{@aAB; Yaij, Aabea}- v is another RG function of the LRG associated with the current of the
flavor symmetry group.® A conformal field theory is characterized by Br = 0 and not, as is
often said, By = 0. That being said, in simple/simplified theories in which the couplings are
trivial w.r.t. the flavor group, the two functions coincide.

In ref. [42], we found that there always exists a choice of renormalization constants for
which S is identical to By (meaning that v = 0). Thus it is perfectly valid to use By in
place of SBr for the RG, a choice that also carries the benefits discussed above. Unfortunately,
there is no direct prescription for the renormalization constants for which this identification
is valid, and By will have to be determined directly from §; and v.

v is, potentially, nontrivial starting from 3-loop order in gauge-Yukawa theories, but
only when the flavor structure is nontrivial. The flavor symmetry acts trivially on the gauge
group, so (va)4p = 0. Thus, it is only the 3-loop Yukawa [-function that is different from
its flavor-improved cousin at 4-3-2-loop order. The action of v on the Yukawa coupling is
given by

(VY)a = Vab Yo + VYo — Yal . (2.12)

v is technically a single element of the Lie algebra of the flavor group. The scalar and
fermion indices on v, and v;? (as per usual we use implicit fermion indices in eq. (2.12)) are
implicitly taken to refer to different representations of v as determined by the transformation
of the scalar and fermion fields. We parametrize v at ¢-loop order by

v =3 EOFY - FOT), (2.13)
l
vty = s (8P a — 18)a) (2.14)

n
with the TSs F,Se) and 5’7(1@). A basis for this parametrization was provided in [18].

2.4 Weyl consistency conditions

Using the LRG, Jack and Osborn [28-32] demonstrated a perturbative A-theorem via
Osborn’s equation
oA =TV By, (2.15)

where &' = 9/0g;. Osborn’s equation relates the function A, which coincides with the Weyl
anomaly coefficient of the Euler density at fixed points, with the flavor-improved S-function
via T1/, which itself is a combination of various coefficients of the Weyl anomaly. Since 777
is positive-definite at leading order in the loop expansion, this establishes a perturbative
A-theorem.

As it transpires, Osborn’s equation implies nontrivial self-consistency conditions on the
B-functions, known as Weyl consistency conditions (WCCs) [31, 33-35]. A and 7'/ can be
parametrized in terms of the couplings of the theory and the unknown coefficients eliminated
from eq. (2.15), leaving a number of nontrivial consistency conditions — linear equations in
our case — between the coefficients of the S-functions. Ref. [18] extended this program

3Inconveniently, v (lower-case upsilon) is referred to as S in parts of the literature.



to the generic gauge-Yukawa theory (2.1) and up to order 4-3-2 in the S-functions, having
parametrized A and T!7 up to 5- and 4-loop order, respectively. With full knowledge of the
known 3-2-2 p-functions, the resulting WCCs provide 266 independent conditions on the

510 coefficients gg‘) and y,(f’) parametrizing the 4-loop gauge and 3-loop Yukawa [-functions,

respectively. In particular, the conditions unambiguously fix the 5 ambiguity in ﬁj(;% on

basis of the known ~5-odd contribution to ﬁg’; [36], also confirming the prescription in
ref. [10].

The coefficients of v can be eliminated from Osborn’s equations, leaving a set of WCCs
exclusively relating S-function coefficients. This elimination fixes all 3 sg’) coefficients in
terms of the B-function coefficients. The 6 f7(L3) coefficients are fixed up to one free parameter.
Meanwhile, the explicit SM evaluation of the pure Yukawa part of v in ref. [42] fixes ffg ;
this is enough to fix the remaining parameter and provide an additional consistency check.
Thus, v can be fixed once the S-function coefficients are known, allowing us to fix the 3-loop
Yukawa Baij-

The procedure for extracting WCCs does not require any explicit calculation of A
and T/ (save for the leading gauge contribution to 7?7 being nonzero [29]). Rather, it
is sufficient to proceed with a generic parameterization in terms of unknown coefficients
multiplying TSs. This parameterization simplifies somewhat in the MS scheme, where only
fully connected TSs appear in the finite part of the RG functions, as shown in section 3.2
of ref. [18]. The known coefficients of the 3-2-1 S-functions were then used as input to
extract linear WCCs between the 4-3-2 -function coeflicients. Finally, we would like to
emphasize that the WCCs we employ in this work were derived without imposing any
symmetry properties on 7. As such, our results are independent of the conjecture, posited

in ref. [18], that it is always possible to choose a symmetric 7.

2.5 Loop computations

To fix the remaining coefficients, gauge and Yukawa (S-functions need to be computed in
various models. To this end, we follow methods outlined in refs. [12, 39, 42]. In the following,
we present our computational setup and discuss issues arising in such calculations.

Gauge and Yukawa [-functions are related to the counterterms of the couplings.
Coupling counterterms can be related to renormalization constants of vertices that are
proportional to the respective coupling at tree-level, as well as the renormalization constants
of the fields involved in the vertex. As a consequence, 3-loop Yukawa counterterms can
be computed from 3-loop renormalization constants of fermion and scalar fields as well
as fermion-scalar vertices, and 4-loop gauge coupling counterterms can be obtained from
4-loop renormalization constants of gauge and ghost fields, and ghost-gauge vertices.

Our well-tested computational system has been introduced in ref. [12] and subsequently
improved for the computations in ref. [42]. It relies on QGRAF [45] for diagram generation,
followed by q2e and exp [46, 47] for translating Feynman diagrams into FORM [48] expressions
and mapping them onto integral families, as well as COLOR [49] to compute SU(N) color
factors. Diagrams sharing the same color factors, flavor structures, and integral families are
grouped into so-called “superdiagrams”, which allows for the efficient computation of O(106)
4-loop Feynman diagrams; cancellations between different diagrams occur in early stages



of the evaluation of superdiagrams, rather than in the final summation of all diagrams.
The superdiagrams are processed using FORM and the Feynman integrals are evaluated by
FORCER [50]. Aside from the computational complexity involved with 4-loop computations,
there are two main issues: the treatment of 5 in D dimensions and the ambiguities in
Yukawa [-functions.

Starting from 3-loop order, nontrivial contributions from 75-odd traces arise in the
computation of Yukawa S-functions. These contributions can be computed by evaluating
such traces in 4 dimensions, as has been done for both the SM and the various 2HDMs [39,
51, 52]. Matching eq. (2.9) to these models allows us to fix the coefficients of all 5 75-
odd tensors structures. As discussed in section 2.4, the WCCs then allow us to fix the
coefficients of the v5-odd tensor structures in the gauge S-function. Therefore, we ignore all
~v5-odd contributions in our calculations here and focus on the missing coefficients in the
Ys5-even sector.

The second issue relates to the ambiguity of the 3-loop Yukawa S-function. As observed
in [39, 51], the presence of global symmetries of the kinetic terms of fermion and scalar
fields leads to ambiguities in the wave-function renormalization constants, which in turn
lead to an ambiguity in the Yukawa (-function. As well as being ambiguous, the Yukawa
B-function is, in general, not finite. As we noted in section 2.3, this can ultimately be
resolved by determining the flavor-improved (-function B;. Here we proceed by choosing
Hermitian square roots of the wave-function renormalization constants, consistent with
the one-particle-irreducible -function parametrization of ref. [18]. We extract only the
finite part of the RG functions from this and rely on it being possible to modify the
renormalization constants in such a way as to cancel the divergences without changing the
finite part [42].

3 Fixing the B-functions

3.1 The models we use as input

While the S-functions of the SM and 2HDMs in combination with the WCCs provide a large
number of constraints on the 510 free coefficients in the 4-loop gauge and 3-loop Yukawa
B-functions, a number of coefficients of T'Ss involving scalar fields remain unconstrained. To
constrain these, we consider two types of models: one with scalars charged under two non-
Abelian gauge groups and another in which the scalar field is in a nontrivial representation
of the gauge group different from that of the fermions. In the following, we describe two
models that possess the required properties. First, we use a leptoquark model, i.e., an
extension of the SM with a scalar field charged under SU(3) that couples quarks to leptons.
The one remaining coefficient that can not be fully constrained by combining the leptoquark
model, the SM, 2HDMs, and the WCCs can be fixed by a simple toy model; an SU(2) gauge
theory with a vector-like fermion in the fundamental representation and a scalar in the
adjoint representation.



3.1.1 Leptoquark model

Let ¢ ~ (3,2,7/6) be a scalar leptoquark added to the SM field content. The Yukawa
interactions of the model are then given by

['yuk - LSM,yuk - yl aﬂgbcﬁfL auR -y j¢ca(ﬁ, ca® (31)

where ¢,d, ... are color, «,f,... isospin, and 4,j generation indices. £*? = ioy is the
invariant of SU(2)r,. For comparison, in this notation the SM Yukawas are given by

ﬁSM,yuk = —yyﬁaﬁHEﬁ,muﬁc - yZl] Haqi,cad%ic - yéjHazi,Oze%{ . (32)
The quartic couplings are given by

A A K
V= ?I(HTH)Q—i—/\Q(HTH) Tr [¢*¢]+§Tr2 [¢7¢] +;~@1HT¢T¢H*+§TL~[¢T¢¢T¢], (3.3)
where ¢ is thought of as a matrix with indices in color and isospin respectively. In index
notation, the k; coupling is given by k1 H O‘gi)zagbcﬁHg.

3.1.2 SU(2) toy model

Next, we consider a toy model with a gauge group G = SU(2), a real scalar triplet ¢,, and
a vector-like fermion doublet 1. This theory is described by the Lagrangian

1

»CTM:_42

1 — (T — 1
(Fiw)* + 5(Dua)® + o PV = S0athao 50" — cA(6ada)”,  (34)
where «, § are doublet indices and « is a triplet index of G. 0®/2 are the generators of the
fundamental representation of SU(2), where % are the Pauli matrices. This toy model,
with the scalar in a non-fundamental representation, is rather different from the SM-like
models we otherwise consider. This helps us to resolve the last 1-parameter degeneracy in

ggl) in terms with both gauge and Yukawa couplings.

3.2 Fixing the B-function coefficients

For each of the models used, we have computed 4-loop gauge and/or 3-loop Yukawa
p-functions in the regular MS scheme. The models were then implemented in RGBeta
to evaluate the model-specific f-function parametrization of egs. (2.8)—(2.10). The two
expressions for the S-functions were then identified on a term-by-term basis to extract linear
constraints on the S-function coefficients needed to reproduce the full perturbative result.

The models used to constrain the g-function coefficients are mostly SM-like and so
many of the constraints are degenerate between them. To clarify how the individual model
constraints supplement each other, table 1 shows the number of independent constraints on
the gauge S-function obtained from combining any two of the models (the diagonal then
being the number of constraints from just the one model). In total all the models contribute
198 constraints on the 202 coefficients for the gauge S-function, corresponding to all but
the v5-odd terms. Similarly, table 2 shows the number of independent constraints on the
Yukawa S-function coefficients. Between all the models, we obtain a total of 292 constraints
on the 308 Yukawa coeflicients.



Gauge SM 2HDM+vg  SM+LQ ™
SM 147 157 196 153
2HDM+vg 150 196 154
SM+LQ 190 192
™ 10

Table 1. The number of independent constraints on the gauge coefficients from combining any two

of the models, with the diagonal being the constraints from the individual models.

Yukawa SM 2HDM SM+LQ
SM 145 255 285
2HDM 246 292
SM+LQ 245

Table 2. The number of independent constraints on the Yukawa coefficients from combining any
two of the models, with the diagonal being the constraints from the individual models.

Combined Gauge Yukawa WCCs
Gauge 198 490 424
Yukawa 292 438
WCCs 266

Table 3. The number of independent constraints on the S-function coefficients obtained from
combining various sets of constraints.

As discussed in section 2.4, the WCCs provide a crucial set of constraints, similar in
number to those obtained from the Yukawa [-functions. Furthermore, these are the only
constraints linking gauge and Yukawa coefficients, and they completely predict the ~s-odd
gauge coefficients from the 3-loop Yukawa [-function. The breakdown of how the various
sources of constraints supplement each other is detailed in table 3.

With all available information, we manage to extract all 510 coefficients of the 4-loop
gauge and 3-loop Yukawa [-functions. It is worth pointing out that there is a large number
of redundant constraints obtained from the various models as well as from the WCCs. The
consistency of all these redundant conditions serves as a strong crosscheck of our results.
For future reference, we have included the results for all coefficients in the appendix.

We find full agreement with the coefficients determined in ref. [40]. However, while we
use a similar methodology, our determination of the coefficients differs significantly from
ref. [40]. Our choice of models allows for a full determination of the 198 ~5-even gauge
B-function coefficients, without needing to make use of the WCCs. Additionally, we do not
rely on the conjectured symmetry of 77, thus providing two more constraints and verifying
this conjecture to 4-3-2-loop order.



As discussed in section 2.4, the determination of the S-functions completely fixes the
coeflicients of v. This work, therefore, also determines the flavor-improved 3-loop Yukawa
3) 3)

[B-function, Bc(jj) Furthermore, v,,” can be used to determine B,  , if and when the 3-loop

quartic S-function is calculated with the Hermitian renormalization conditions used here.

4 Conclusion

We have finalized the computation of the S-functions of the most general gauge-Yukawa
theory at 4-3-2-loop order and find full agreement with the findings of ref. [40]. In contrast
to ref. [40] however, we do not rely on the symmetry of T7; and use a different set of
models to fix the coefficients. These latest results stand apart from the direct calculations
of the general S-functions at lower loop order [1-5]; the 4-loop gauge and 3-loop Yukawa
[B-functions were determined with a new methodology, filling in the coefficients of a general
parametrization with several partial results along with the WCCs.

We have made the results of our computation including all T'Ss and coefficients directly
available in the appendix. Appreciating, however, that it requires a lot of effort to utilize
this information directly in computations, we have also implemented them directly in the
latest update of RGBeta (v1.1.0) [25].

With the 4-3-2-loop S-functions now fully determined, our next goal is the exploration
of the B-functions at 5-4-3-loop order, necessitating further developments of the WCCs and
B-function parametrization. The y5-odd sector at this order is of particular interest, as it is
not clear if the miraculous full determination of all y5-odd coefficients via the computation
of unambiguous terms can be repeated.
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Appendix

The appendix reports the explicit T'S parametrization of the 4-loop gauge and 3-loop
Yukawa [-functions, as well as the 3-loop v-function, determined diagrammatically in
ref. [18]. We provide the values of all the associated coefficients as determined in this work.
For similar parametrization and coefficients of the 3-2-2 S-functions, we refer the reader to
ref. [18]. Between them, ref. [18] and this appendix provide all TSs and MS coefficients of
the 4-3-2-loop [-functions.
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A Tensor notation

We define some frequently occurring tensors. The fermion indices are always treated in
matrix notation and never made explicit. Tildes on more advanced objects are always
defined in the usual manner: X = o1 X0 in the space of fermion indices. For compactness,
gauge indices are always contracted with an implicit a4p, while one should rescale the
structure constants according to FABC — a;XlDF DBC  Qeveral 1- and 2-loop 2-point
functions occurring as substructures in the S-functions are used throughout. They are:

1-loop gauge:*

[$2(F)]ap = TH[TATZ], [85(S)]an = [T4T8aa, [Co(G)an = FACPFCPE. (A1)

1-loop fermion:

Cy(F) = TATA, Y2(F) = Yala - (A.2)
1-loop scalar:
[Co(S)ab = [T5' T b » [Y2(S)]ab = Tr[yad)- (A.3)
2-loop gauge:
[So(F, Cp)|ap = Tr[TATECy(F)], [So(F, Yr)]|ap = Tr[TATBY,(F)],
[52(S, Cs)ap = [T5T Co(S)]aa [S2(S, V) ap = [T5 T Ya(S)]aa - (A.4)
2-loop fermion:
Cy(F,G) = TATP[CH(G)] s Cy(F,8) = TATP[S5(S)]|aB
Cy(F,F) = TATP[Sy(F)] a5, (A.5)
2-loop scalar:
[Co(S, Dab = [T5T51ab[Co(G)] B , [Ca(S, 8)]ab = [T T Jab[S2(S)] 4B »
[02(57 F)]ab = [Tfo]ab[SQ(F)}AB s [A2]ab = )\acdeAbcde . (AG)

To keep the explicit indices to a minimum, we stick with the convention of using implicit
matrix multiplication for fermion indices. For the scalars, we have at times used shorthand
[+ ]ap to denote a matrix product of tensors with 2 scalar indices contracted with open
indices a, b. Similarly, a scalar trace is denoted [- - - ],,. Having defined the 2-point structures,
we can proceed with the parametrization of the g-functions.

“Be advised that Sz (F) is twice the trace normalization of the fermions, due to both fermions and their
complex conjugates automatically being included in the notation.
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B Gauge g-function

The v5-even T'Ss of the 4-loop gauge [-function are
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The coeflicients of the 4-loop gauge §-function are
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The coefficients of the 3-loop Yukawa S-function are
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The fermion representation, v(®;7, of the 3-loop v-function is parametrized with TSs
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The TSs for the scalar representation, v,
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The coeflicients of the 3-loop v-function are
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