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SYNCHRONOUS AND ASYNCHRONOUS
OPTIMIZED SCHWARZ METHODS
FOR ONE-WAY SUBDIVISION OF BOUNDED DOMAINS*

MIREILLE EL HADDADY!, JOSE C. GARAYY, FREDERIC MAGOULES!, AND
DANIEL B. SZYLDY

Abstract. Convergence of both synchronous and asynchronous optimized Schwarz algorithms
for the shifted Laplacian operator on a bounded rectangular domain, in a one way subdivision of the
computational domain, with overlap, is shown. Convergence results are obtained under very mild
conditions on the size of the subdomains and on the amount of overlap. A couple of results are also
given, relating the convergence rate of the asynchronous method to changes in the size of the domain.
Numerical experiments illustrate the theoretical results.
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1. Introduction. Schwarz methods are a class of domain decomposition meth-
ods for the solution of partial differential equations (PDE) in which the domain is
divided into (usually overlapping) subdomains. Thus, additional artificial bound-
aries are created. In classical Schwarz methods, mimicking the original paper by
Schwarz [25], one uses Dirichlet boundary conditions on these artificial interfaces.
The method proceeds iteratively by solving in each iteration the PDE in each subdo-
main using boundary data from the neighboring subdomains, until convergence. For
full description; see, e.g., [7], [27].

If instead of Dirichlet data one uses boundary conditions containing an operator
of the form % + A, where v is the normal derivative pointing outwards and A is
an approximation of the (optimal) Steklov-Poincaré operator by a linear combination
of differential operators, one has one or more parameters which can be optimized
for faster convergence. These methods are called optimized Schwarz; see, e.g., [6],
[7], [11], [17]. There is more than one family of transmission conditions that can be
used for a given PDE, each of these families consisting of a particular approximation
of the optimal transmission conditions. For example, we have the OO0 and OO2
families. In the OO0 family A is the zero—th order approximation of the Steklov-
Poincaré operator, i.e., A = «, where « is a constant. As for the OO2 family, one uses
A = a+ BA, where a and 3 are constants and A is the Laplace-Beltrami operator.
The OOO0 family corresponds to Robin boundary conditions and the OO2 to Ventcel
boundary conditions!.
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n principle these real constants o and 3 can be of any sign. In practice, the optimal values are
found to be for the cases a > 0 and 8 < 0, and one could restrict their sign accordingly; cf. [11].
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2 Synchronous and Asynchronous Optimized Schwarz Methods

Domain decomposition methods were designed specifically for parallel computing
environments, since each local problem, i.e., the problem in each subdomain, can be
solved independently of the others, and only the appropriate boundary data needs
to be communicated to the other processors. As the number of processors in today’s
computing architectures grow dramatically, and the communication costs are over-
taking the computing costs, there is a need to find methods which lessen or eliminate
the synchronization points in the programs.

Asynchronous methods refer to parallel iterative procedures where each processor
performs its task without waiting for other processors to be completed, i.e., with
whatever information it has locally available and with no synchronizations with other
processes. Thus, asynchronous optimized Schwarz methods are those in which each
local problem is solved with Robin-type data from neighboring subdomains, but in
which there is no synchronization.

Convergence analysis and numerical experiments with asynchronous (classical)
Schwarz methods can be found in [4], [9], [18], [19]. Recently, in [24], [13], convergence
of synchronous and asynchronous optimal (and optimized) Schwarz was proved for
PDEs on an unbounded two-dimensional domain, in a one-way subdivision of the
plane. While this was the first proof of the convergence of asynchronous optimized
Schwarz, and this gave the numerical experiments a sound theoretical basis, the fact
that it was for the whole plane, left open the problem of analyzing convergence for
more practical bounded domains. More recently, in [14], a convergence analysis of the
solution of Poisson’s equation using optimized Schwarz on a rectangular domain was
presented, in which the domain is divided into p x ¢ (overlapping) rectangles in a 2D
configuration. That is, the artificial interfaces have cross-points. Unfortunately, the
conditions for convergence were only applicable for a very small number of p and gq.

In this paper, we consider a rectangular domain, but this time we consider a one-
way subdivision. We are able to prove convergence for any number of subdomains.
In a sense, we are able to offer a more practical convergence result than that of the
whole plane in [24], and than that of [14], but for a less general partition of the
subdomains. We use techniques taken from both of these papers, but tailored to our
particular setup. In other words, here we fill a gap in the theory; we are able to
prove convergence of asynchronous optimized Schwarz on a bounded domain for an
arbitrary number of subdomains. We mention that the technique used in our proofs
extend to the three-dimensional case, in a one-way subdivision; but we do not present
any details on this.

In addition to our convergence results, we present an empirical formula for the
Robin-type optimal parameter in terms of the overlap. We also present two results
which relate the convergence rate of the asynchronous method to the size of the subdo-
main. In one case, we show that keeping the height constant as well as the amount of
overlap, then increasing the width, accelerates the convergence. Equivalently, for the
same domain, increasing the number of subdomains (and thus decreasing the width
of each subdomain), the convergence factor deteriorates. On the other hand, we show
that maintaining each subdomain of the same size, changing how many subdomains
we have, does not change the convergence factor.

The paper is structured as follows. In section 2, we present the description of
the synchronous optimized Schwarz algorithm for the shifted Laplacian operator in a
rectangle [0, L1] x [0, Lo] with Dirichlet boundary conditions on the physical bound-
aries. We prove its convergence using Fourier sine series and the maximum norm of
an operator mapping the coefficients of these series from one step to the next. The



Mireille E1 Haddad, José C. Garay, Frédéric Magoulés, and Daniel B. Szyld 3

theorems apply when either OO0 or OO2 artificial boundary conditions are used.
They are proved under very mild conditions on the overlap between the subdomains.
In section 3, we prove the convergence of the asynchronous version of the algorithm.
This requires also to prove that the Fourier sine series are uniformly convergent. In
section 4 we present two new theorems which deal with how the convergence factor
relates to changes in the domain parameters. In section 5, we show results of some
numerical experiments on how the spectral radius of the above-mentioned operator
varies with different values of the Robin parameter for the OO0 case, the overlap, the
number of subdomains, and the frequency parameter. Then, we produce an empirical
formula for the optimal Robin parameter in the OO0 case in terms of the overlap.
In section 6, we present numerical experiments analyzing the thermal distribution on
an air intake system. These experiments show that the asynchronous methods indeed
converge, and that they are faster than the synchronous counterpart.

2. Synchronous Schwarz with optimized interface conditions. We con-
sider the equation

(A - 77)“ = f in Qa
{ u =g ondf. (2.1)

with = (0, Ly) x (0, Lz) and n > 0.

The domain 2 is divided into p overlapping subdomains, where the overlap are
vertical strips. This means we have p — 1 vertical lines, say at coordinates x =
l,...,4,_1; and we assume for simplicity that we have the same overlap 2L between
the subdomains, and that the width of each subdomain as if there were no overlap is
by —Vlsy =W =Ly/pfors=2,...,p—1, so that {; = ¢; + (s — 1)IW. It follows
then, that the overlap satisfies 2L < W. Thus, we have Q; = [0,¢; + L] x [0, L],
Qs = [68_1 — L,KS —|—L] X [O,LQ], s = 2,...,]) — 1, and Qp = [Zp—l — L,Ll} X [O,LQ],
see Figure 2.1. Our analysis would equally apply to situations in which the overlap
varies from one subdomain to the next, including the special case where the first and
last subdomain have the same width as the others, and when the subdomains have
different widths. In addition, if the one-way subdivision were to be horizontal instead
of vertical, our analysis would obviously apply as well.

Let u™ = (uf,...,uy), where u} is the approximation of u} (the restriction of the
solution u* to the subdomain €2) in Qg at the n-th iteration, and f, the restriction
of fto Q4 s=1,...,p. Thus, u? € X;, a space of functions defined on ;.

Fic. 2.1. One-way domain decomposition

We consider transmission conditions (on the artificial interfaces) composed of local
operators of the form a% + A, where A is an approximation of the Steklov-Poincaré
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operator by a linear combination of differential operators. In this context, the normal
vector is along the z-direction (with the appropriate sign),

A=« (2.2)

for the OO0 case and

82
A=a+p— 2.3
@ty (23)

for the OO2 case.
Starting with an initial approximation u® = (uf,...,u)), the local problems and
the synchronous iteration process are described by the following equations

For s =1, solve

(A —n)uy = =h on 4,
uitt =g for x = 0,
O At = 2 A (up for @ =, + L
e T AWT) = T+ Auz) ore=t+5
uttl =g for y =0, and y = Lo,

For s =2,...,p—1, solve

(A - 77) =1 on g,
SO At = 78“?‘71 +A@ur,)  forx =ty 4 —L, (2.4)
8“” + Afur+ty = 28 4 Aqur, ) for x =0, + L,
u”“‘1 g for y =0, and y = Lo,
For s = p, solve
(A =zt = §, on 0,
SO Nt = — 24 An ) fora =L,y — L,
g*lfg for x = Ly,
uttl =g for y =0, and y = Lo.
Let EY = u* — u}j be the error in subdomain (), at iteration m. Using the

definition of E? and the linearity of the equations in (2.4), it follows that E7 satisfies
the homogeneous case of (2.4), i.e., E” is the solution of (2.4) for the case f = 0,9 = 0.

That is, for s = 2,...,p, the error solves the following local problem.
(A - 77)E"+1 =0 on g,
aE + A(Eln+1) 6E5 1 + A( ) for x = gs—l — L’ (2 5)
BE + A(En+1) <+1 _|_ A( s+1) forx =44+ L, '
E;H'l:() for y =0, and y = L.

To prove the convergence of the method, we shall show that £ — 0 as n — o0
for s =1,...,p. To that end, we use separation of variables and Fourier analysis to
write the local errors as a Fourier sine series in the variable y and then recast the
equations (2.5) (and the corresponding ones for s = 1 and s = p) into a new fixed-
point iteration. Then, we prove that the iteration operator of this new-fixed point
iteration, which maps the coefficients of the series of all the local errors at iteration
n to the coeflicients at iteration n + 1, is contracting.
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To that end, let us consider the eigenfunctions of the problem (A —7)¢ =0 on
Qg with ¢ = 0 for y = 0 and y = Ly. These are given by ¢,,(y) = sin (mny/Ls),
m € N. The expressions of these eigenfunctions can be obtained using separation of
variables. Also, note that {¢,, }men is a complete orthogonal set that spans the space
of piecewise continuous functions; see, e.g., [16]. Then we can write the solution of
(2.5) as

i By(z,m) b (y) = f: By(w,m) sin (”Zy> (2.6)

where for a fixed &, { E(z,m) }men is the set of coefficients of the expansion of E(z, -)
in the basis {¢, }men and satisfies

. 2 [l
Ei(xz,m) = L—/ Es(z,y)sin <WZTy> dy. (2.7)
2 Jo 2

Note that for a fixed x, (2.6) is a Fourier sine series in the y variable. We remark
that using these Fourier series to express the error is mentioned already in [12] for
two subdomains; see also [7].

In the sequel, we develop explicit equations defining the coefficients Es(x, m). To
that end, we will use the orthogonality of the set {¢n, }men, and also the fact that,
since Fq(x,0) = Eqs(x, L2)=0, the order of integrals, first and second derivatives and
summation commute when integral and differential operators are applied to the series
n (2.6); see, e.g., [16]. In the interest of clarity, one or both of the arguments of the
error E, and the Fourier coefficient F, are sometimes omitted in the presentation.

We begin by plugging (2.6) into the first line of (2.5), and interchanging the order
of derivatives and summation we obtain

0 sm(

n;i:laaE; n(mwy) ZE>—nZEsm< ):0.

Evaluating the derivative in the second summation from the above expression and
collecting terms, we can write

> (G5 () )8 ) () -

Multiplying by sin(kwy/L2), integrating between y = 0 and y = Lo and using the
orthogonality property of {sin(mny/Ls)}men, we obtain

a;f;s /OLzsln (kL7T2y)d (<Z>2+H)ES/OL2§H2 (%)dyzo_

Since the integral is not zero, we have that for each k € N, Es(oc, k) must satisfy the

following ODE,
8;5; — ((IZ—:)Q + n)ES = 0. (2.8)

We develop now boundary conditions for the ODE (2.8). We begin with the case
s = 1. From the homogeneous Dirichlet boundary conditions at x = 0 we have that
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E1(0,y) = 0. Then, using this fact in (2.7) it follows that

2 [l

E\(0,k) = L

E1(0,y) sin (kﬂ )dy =0.

L,

Similarly, for s = p, from (2.4) we have at * = Ly that E,(Ly,y) = 0. Then, from
(2.7) we obtain

2 (L2

EP(Lh k) = E

. (kT
E,(L1,y)sin (L—Qy>dy = 0.

We write next the boundary conditions for E”*1 that arise from the artificial
boundary conditions in (2.5). We will write the equations for the OO2 case, though
one could easily do the same for other conditions A (the OO0 case corresponds to
B =0). Thus, using (2.3) we see that the artificial boundary conditions are given by

For s=2,...,p, forx =¥0s_1— L,

opnt! 82E"+1 BE;L

T En+1+ﬂ = 1+05Es 1+B 8y ’
Fors=1,...,p—1, forx—ﬁ +L

3E2+1 + En+1+6a En+1 aEs+1
ox -

+()4E8+1+6 83+1'

Using the same argument as that used to obtain (2.8), we have that for each k € N,
E™ (2, k) must satisfy

For s=2,...,p, forx =¥0s_1 — L,

oE"T? Jis 2 [ 8E:— T 2 -
St (o (2) B) B = 2+ (o (55) B) (1)
Fors=1,...,p—1, for x = ¢, + L,
oE"t! s 2 n aEs s 2 [

e — 4 (a — (L—’z) 6)(E51+1) Lo (a — (L—’z) 5>(E3+1)-

2
We denote by A(k) = a — (%) B, where o > 0,5 < 0. The quantity A depends

on k; however, in the interest of clarity, the parameter k is sometimes omitted in our
presentation. We also denote by 6(k) the positive root of the characteristic equation

2
of the second order ODE (2.8), namely the root of the equation 62 — (77—|— (’Z—Z) ) =0.
2
Thus, 0(k) = 1/n+ (’z—g) , which is well defined for n > 0.

Collecting the equations (2.8)—(2.9), we obtain the following algorithm which
defines the coeffficients E”‘H7 and represents a different realization of the algorithm
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described in (2.4).

For s =1, solve
2 A1 2\ A

Entl =0 for x =0,

A1 ~ o ~

‘9’3:9130 + AEPH = 88]5; + \ER forz =401+ L,

For s =2,...,p—1, solve

_a%;;“ +)\Eg+1:_86i£+>\]§g forx =401 — L,

52 frtl & 2\ . 1 (210)
By 7<n+(£> )Eg+ =0 for {1 —L<az<l,+1L,
41 ~ i N

OB NPt = 2 B for z =€, + L,

For s = p, solve
8E7L+1 ~ aE” A~

——— Tt )\Eg+1 =——g—+AE, , forx=4{, -1,

§2 fm+1 & 2\ . 1
B ()0 st

E;L"'l =0 for x = L.

We are ready to state and prove the convergence of the synchornous algorithm
represented by (2.4) using its Fourier sine series coefficients counterpart (2.10).

THEOREM 2.1. Consider the shifted Laplacian problem (2.1) on a rectangular
domain with a one-way domain decomposition with p vertical strips of width W, and
fors =2, ...,p—1, overlap 2L throughout. Consider transmition operators A defined
on the interfaces, supposed to be the same on the left and right interfaces. Given
an initial approzvimation u® = (ul,... ,ug), we consider the synchronous optimized
Schwarz algorithm described by (2.4). Let us assume that for each frequency k, the
factor A(k), the width of the subdomain (as if there were no overlap) W, and the

overlap L satisfy the following three conditions,

A(k) # —0(k), (2.11)
L<W/3, (2.12)
and
AK) = 0k) | _gpoany 1 — e O®@D) )is
’)\(k:) T o(k) ‘e 1+ e om0y - (2.13)

Then, the synchronous algorithm described by (2.4) converges to the solution u* for
any nitial approzimation u°.
REMARK 2.2. We discuss here the hypotheses (2.11)—(2.13). In all our experi-

ments, the approximate optimal conditions we used correspond to A = a for OO0,

2
orA=a-— (2—’;) B, with & > 0 and 8 < 0, and thus the hypothesis (2.11) always

hold. (See also section 6 where it is shown that the optimal value of « is positive).
Regarding the second hypothesis (2.12), usually in the numerical applications we al-
ways have L < W/3. This is natural, the overlap (on each side) is not larger than
a third of the width of the subdomain. Lastly, observing the hypothesis (2.13), we
note that the left hand side is always less than one. It is a product of two factors;



8 Synchronous and Asynchronous Optimized Schwarz Methods

the first is less than one, and the second is less than one with L > 0 and equal to
one when L = 0. The term on the right of the condition is also less than one, and
it is a monotonically increasing function of the width W. Thus, for a fixed amount
of overlap 2L, for large enough W, i.e., for wide enough subdomains condition (2.13)
is automatically satisfied. Alternatively, for fixed W, for small enough overlap L, the
conditions holds.

Proof of Theorem 2.1. Before we give the proof in full detail, we present a sketch
of it.
1. We write the Fourier series coefficients of the error of the approximate solution in
each subdomain at each iteration n, in terms of two exponentials, with the coefficients
in front of these two exponentials, say A”(k) and BZ(k) to be determined.
2. We use the artificial boundary conditions on the interfaces to write relations be-
tween these coefficients at iteration n + 1, as a function of those at iteration n. There
are dependencies from the corresponding coeflicient in the subdomains on the left and
right of the subdomain.
3. This results in a linear map from the coefficients of the error series for all subdo-
mains s = 1,...,p, at iteration n to all coefficients at iteration n + 1. We explicitly
write the matrix 7 of this linear map, and consider its max-norm.
4. We show that this norm is less than one, and thus, the map is a contraction im-
plying that E" = 0.
5. We relate the error E™ to the coefficients E™, showing that E™ — 0, completing
the proof.

Step 1. A general solution of the second order ODE for a generic subdomain s in
(2.10) has the form?

E™(x, k) = AT (k)@= (tem1=L)) 4 gr(g)efale—(etl) g — 1 p (2.14)

where 6;, i = 1, 2, are the two solutions of the characteristic equation of the mentioned
second order ODE, namely, 8; = —6(k), 03 = 0(k).
Therefore, the solutions of the equations (2.10) have the following form

By (x,k) = Ap(k)e™*®® 4 By (k)W (D),
En(z,k) = A7 (k)e W@l =L)) 4 Br(f)efB)@—(tD) g =9  p—1,
_ —0(k)(x—(£p—1—L 7 0(k)(z—L1
EMz, k) = A (k)e (k) (= —( ) + B2 (k)e (k) (@—L1)
with the unknown coefficients A7 (k), BY'(k), A7 (k), BY(k), s =2,...,p— 1, Ap(k),
B;}(k), to be determined. From now on, we drop the parameter k in the expression

of these coefficients. Direct computation of the derivatives and substitutions lead to
the following equations

OB (mk) _ —O(k) ATe~ 00T 1 (k) BpelR)a—(ti+L))
OB (x.k) _ _H(k)A?e_e(k)(i_(esfl_L)) + g(k)Bgee(k)(w—(éﬁL))’ s=2,...,p—1,
= _g(k)Aze—e(k)(r—(fp_l—L)) + g(k)BgeG(k)(z—Ll)_

Let us define

k=(=0(k), p=A+0(k) and 7:5

2This form is general and could be used for a limiting case of an infinite domain. In the latter
case, one would have AT (k) = 0, and By (k) = 0.
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Since by hypothesis A # —0(k), this leads to u # 0.
Step 2. The introduction of these expressions in the interface conditions implies
that, for the domain 2; we have the Dirichlet boundary condition on the left

EPTH0,k) =0,
thus
APt = —Bptte (D), (2.15)
For the subdomain €2, receiving values from subdomain 5, we have

n+1 o
OE] (Z1+L,k>+)\En+1(€1+L7k>:(9E2(Z1+L,k)
ox ox

(A —0(k)) ATl 0RMWVHL) (X 1 4(k)) BPT!
= (A= 0(k)) Ae™"®2E + (A + (k) Bye "W,
Pyl tWWD) | gt - gAge*f’(k)?L + Bye W, (2.16)

+ AEY (6, + L, k),

We substitute (2.15) in (2.16), and obtain

Bn+1 _ ﬁA§7,679(k)2L + Bgefe(k)w
(1 — ﬁe—é(k)Q(W+L))
“w

For the subdomain (2, receiving values from subdomain §2,_;, we have

OBy (1 — Lik)

5 + MBI (b1 — LK) =

OED ((lp—1 — L, k)
Oox
(O(k) + ) A+ 4 BrH (—g(k) + A) e~ 0k (1 =L=L1)
= (8(k) + A)Az_lefe(k)(zpflfzpfz) + (—0(k) + )\)B;L_lefe(k)QL
Aty ZB;L+16—9(k)(W+L) = A7 eV ngile—e(k)QL. (2.17)

+AEM_ (6,1 — L, k),

For the last subdomain, we have the Dirichlet boundary condition
Eg+1(Llak) =0 ;
thus
n+1 _ n+1_—0(k)(W+L) .
Bt = —Antle 0WHL) (2.18)
we substitute (2.18) in (2.17) to obtain

n —0(k)W K Rn —0(k)2L
A”+1:Ap_1e (k) +po—1e (k)

(1 — Ee—0(R2(W+L))
n

For the subdomain €25 receiving values from subdomain €y,

aE;L—H(El - L7 k) Fn+1 _ 8@?(51 — L, /{1)
g PABT (G - L) = e

(O(k) + \) AT+ (—0(k) + \) Bn+1 —6(k)(£2—1+2L)
=(Ok)+ N e (k) (W — L)An + (=6(k) + \) B?e’e(k)%,
= 679( WﬁL)A? + 7Bil€79(k)2L,
1)

+ AET (0, — L, k),

Antt 4 fefﬁ(k)(W+2L)Bg+1
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For the subdomain 2,_; receiving values from subdomain €2,

OEIT! (ty1 + L, k))
ox

+ AEME (1 + L k)

OB} (lp1 + LK)

B ox
(—0(k) + \) Aptle /W Eoa=toab2D) 4 (9(k) 4 N) BpH

= (=0(k) + \) Are OM2L 4 (9(k) + \) Bre 0®)lpma =Ll

+AED (b1 + L, k),

ge—e(k)(WJrzL)Azﬁ + B;Ljf _ ﬁA;e—e(k)zL _|_B;Le—9(k)(W—L)_
For s = 3,...,p — 1, we have for the subdomain € receiving values from subdo-
main Q,_1,

OEM (0, ) — L, k)
ox

+ AE"H (0 — L k) =

GE” 657 B L’ k 3
_ 571( axl ) + AE?71(6571 - La k)7
(O(k) + X) AT 4 (—0(k) + ) BrH e 00 (Ea—tamr+20)
= (O(k) + N A" e 00 (temi=tec2) | (_g() 4 \)B"_ e 0(k)2L,
" s—1

AL 4 Eefe(k)(W+2L)B;L+1 _ Ag_lefe(k)w + ng_lefo(kﬂL'

And for s =2,...,p— 2, we have for the subdomain 2, receiving values from subdo-
main Qgyq,

OEM (¢, + L, k)

81’ + )\EA‘;H_I(ES +La k)

OB ({s+ L, k)
Oz
(—0(k) + N Ayt e 0Bt t20) o (G(k) + N)Bp !
= (=0(k) + X) ALy e B2E 4 (O(k) + A) B et
Ee—e(k)(W-',-QL)A;H—l —|—B§+1 _ EA?+16—0(I¢)2L + B;Zrle_g(k)w.
1% 1%

+AETTH (s + LK),

Step 3. We now rewrite the 2 x 2 system formed by the two equations from above,
which corresponds to the exchange between the two interfaces of the subdomains. Let
vy=r/p=|A—0(k)|/ |+ 0(k)| as before, we then have

A71L+1 _ 1 _vefﬁ(k)(WHSL) _efa(k)(2W+L) AS (2 19)
B{Hrl 1 — ye—20(R)(W+L) e~ 0(k)(2L) e—0(k)(W) By
1 ,Ye—e(k)(W+2L):| |:A£L+1:|
_ 2 = 2.20
[ | (2:20

e 0RW=L) 5 =6(k)2L] [ A7 0 0 AR
0 0 By + ye=0)2L  —0(R)W | | gn |
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1 Ne~ 0 (W+2L)] [ gnt1
|:,y€0(k)(W+2L) 1 pntl| = (2.21)
[e—e(k)W 76—9(1021 [Ag_l] N [ é)k . aok W} [A?;H} 7
0 0 B" e~ 0k)2L  o=0(k) B,
1 ’ye*e(k)(WJrzL) A";H
[ve—e(k)(W-ﬂL) 1 Bﬁ+i1 = (2.22)
o
e e
0 0 B, e~ 0(k) e~ 0(k)(W-L) Br|’
AZJrl 1 e—e(k)W 76—9(1@)2L Azfl
Bl T T qe 0D | e fMEWEL) om0k (WsL) | | B | (2.23)

Let us denote by S the matrix on the left hand side in (2.20), by Rél) the matrix
on the right hand side in (2.19), by Rgl) and Rs the two matrices on the right hand
side in (2.20), by Ry the first matrix on the right hand side in (2.21), by R” the

second matrix on the right hand side in (2.22), and by RY) the matrix on the right
hand side in (2.23).
Let us collect the 2p coefficients at the step n in the vector

"= (c?,cg,...,cZ)T. (2.24)

where ¢ = (A7, B?) are ordered pairs for s = 1,...,p. For s = 1, we rewrite (2.19)
as

it = Rél)c?.

For s = 2, we rewrite (2.20) as

St = RV |+ Ryel .
For s =3,...,p — 2, we rewrite (2.21) as

Scitt = Ryc_ | + Racly ;.
For s = p — 1, we rewrite (2.22) as

St = Ry | + Rér)cZ_H.
For s = p, we rewrite (2.23) as

Cn—i—l — R(T) n

S 1 Cs -

Collecting these 2 x 2 systems into an 2p X 2p system, we write it as

St = Re", (2.25)
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n+1
Al

n+1
Bl

_ _ A;ﬂrl
[I] B;l+1

n+1
AB

n+1
B3

(1] 4
Bl

n+1
AP

n+1
BLD

F1G. 2.2. Schematic representation of (2.25).

which is shown schematically in Figure 2.2, and where Sis a symmetric positive
definite block diagonal matrix with first and last diagonal blocks being a 2 x 2 identity
matrix, the other p — 2 diagonal blocks are 2 x 2 diagonal blocks being the matrix S,
and R is a block tridiagonal matrix with blocks commensurate with those of S, and
the typical block row is [R; | O | Rs].

In order to analyze the iteration (2.25), we rewrite it as

Cn+1 _ TCn,

where T =8 _17%, and it is schematically represented in Figure 2.3. Since S is block
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diagonal, so is its inverse. The first and last 2 x 2 blocks of S are the 2 x 2 identity
matrix, so their inverse is also the identity. The other diagonal blocks of S~! are
all S—1.

o] [ap)
[sn0] o] [sn.]
(s ] [o] [sn:]

[stn. ]
(s ] [o] [snp)

w][o] ]

Fic. 2.3. Schematic representation of 7.

One can see by inspection that

-1 _ 1 1 e 0k)(W2L)
1 — ~42e—20(k)(W+2L) e R (W2L) 1 .

We can then compute

SR, =
1 r e~ O(RW ye=0(k2L -
1= 2 HWI2L) | e 0W =00 (WH2L) 1 2—0(k)2Lo—0(k)(W+2L) ,(2.26)

SRy =

1 [ 26— 0)2Le=0(R)(WH2L) o o—0(R)W o —0(k)(W+2L) 57

1 — ~2e—20(k)(W+2L) | 7679(/6)% e~ 0(k)W ,(2.27)
_1 50

SR\ =

1 [ e—0(R)(W-L) ye—0k)2L 298
1— 726720(k)(w+2L) _7,)/670(k)W670(k)(W+L) 772676(k)2L670(k)(W+2L) ’ ( : )
STIRY) =

1 [ 2e0R)2Le=0(R)(WH2L) o= 0(R)W o—0(k)(W+L) 590
1 — y2e—20(k)(W+2L) | 76—9(16)% e—0(k)(W—L) (2.29)

Step 4. Our goal is to show that T = ’f'(k) is contracting. To that end, we shall
compute [|7 ||, i.e., its maximum row sum, with elements taken in absolute value. A
typical block row of the block tridiagonal matrix 7 is of the form [S™1R; | O | ST Ry].
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Each of the two row sums of this typical block row is thus

I[ST'R1 [ O | S7'Rollo
_ 1 —0(k)W —0(k)2L 2,—0(k)2L ,—0(k) (W +2L
T 1 2o 20m(WA2L) {e W+ e 4 %770 " )

+ |,y|e—9(k)we—9(k)(w+2L)}

1
—1_ ~2e—20(k) (W+2L)

) [G—G(k)W(1+|,y|e—0(k)(W+2L))

+ [7]eT (L 4 [yl ROV2) |

7 e~ 0(k) + |’y‘679(k )2L
T 1= [ylet(WH2L) '

(2.30)

For the second block of 7', the maximum row sum is

ISR [ O | S Ry]||o =

1  [-otmw k)

T e -L) 4 \fy|e*0 k)2L 2,—0(k)2L ,—6(k)(W+2L)
1 —~2e~

+v%e

Flyle0®W —E’(’“)(W”L)} . (2.31)

For the p — 1 block of ’7A’, the maximum row sum is

1S Ry [ O | ST Rl

_ 1 . e 0w
T 1— 726—20(k)(W+2L)

F |yl 0M2L 4 2= 0(k)2L —0(k)(W+2L)

N |’y|e_o(k)We—@(k)(W+2L)e—9(k)(—L)} . (2.32)

For the first and the last row of 'YA‘, the maximum row sums are

efe(k)W 4 ‘7|670(k)2L

! r r _
i ] ] - (s oz
and
- —9(k)W 4 |'y|e_0(k)2L
‘7“11 ’ + ‘ 7“12) = ’7“51) 7“52) 1 — ye20R)(W+L) (2.34)

where T(l) (Rgl))” and ’I“Z(JT) = (RY))U

In order to find the maximum, i.e., ||7(k)||o0, we will compare (2.30), (2.31),
(2.32), (2.33) and (2.34).
First we compare (2.33) and (2.34). Since e ?®W+L) < 1 we have that

! {
5] | o] = |17

[ <

U
<[rid |+ [ ] = i

+ ‘ rég)

Next, we compare (2.34) and (2.30). Since W + 2L < 2(W + L) then e~ ¢(M)(W+2L) >
e~ 0()2(W+L) - Consequently, we have that

’ )‘ +’ 7“12‘ ‘Té’{) [ST'R; | O | ST'Ry)||co-

’ T22
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If v > 0, then |y| = ~, and we have

~OR)(WH2L) o =0(R)2(WHL)

vl e
Then, we can write
1—|yle RWH2L) | _ ye=0(R)2WHL)
which implies
e=0RW | |y [e—0(k)2L —0)W 4 |y |e—0(k)2L

1— [y e 0B (W+2L)

However, if v < 0 then |y| =
e

Then, we can write

1 — e 0R2WHI)

—~, then
—OR)(WH2L) -y o=0(R)2(W L),

1 4 e 0B WH2L) 1 _ o o=0(R2(WHL),

Therefore, since here 1 — |y| = 1+, we have

o)W

+ [yle

—OR)2L o—O(RW | |e—0(k)2L

1+ ~ye 0 (W+2L)

Then for all v, we have
e 0()W

+ [yle

1 — ye—0(R2(W+L)

—6(k)2L —0R)W 4 |y |e—0(k)2L

— [y e 0" (W+2L)

1 — ye—0k)2(W+L)

Next, by comparing (2.30)7 (2.31) and (2.32), we show that

IIS™'R1 | O | 7' Ra]lloe < |I[5
TR O | ST Rl < IS

and ||[S

This holds since the first term of ||[S™
e ML) >~ 1 and the last term of ||[S

'RV 10| SRyl |
"Ry [ 0| ST'RY[| e

IRD | O | S7'Ry)||e is multiplied by
“1R; | O | S7'R{]||s is multiplied by

e~ ) (=L) > 1. Therefore, for each k,

17 (k)lloo = max{]|[S~

LRY 10| 57 Ra)|loes [~

'R | O] ST'RY)|| -

We compute now a bound for this maximum.

1S7'RY | O] S7'Ral|w
_ 1
T 1= 72e—20(k)(W+2L)

1
1 — »2e—20(k)(WH2L)

1
1 — 72— 20(k)(W+2L)

N

e~ 0 (W—-L) | |7|e—0(k)2L

) [e—e(k)We—O(k)(—L)+|,y‘e—9(k)2L

+72670(k)2L670(k)(W+2L) i |7|670(k)W670(k)(W+2L)}

. [e—eoe)vv(e—e(k)(—m 4 y|e- OV 2L)y

eI 2L (1 4 yem 0PI IV+20)]

} [e—e<k>we—e<k><—m(1 + |ylem R (WH2L)y

+lyle 2L (1 + |yle?
(1 =+ |’7|) —0(k)(2L) |,y|e—0(k)(2L)

(W+2L))]

- [y [e—0(K)(W2L)

1— [y|e- 0B W+2L) ™ 1 — |y|e—0()(W+2L) ’
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The first inequality holds since e ?®)(~L) > 1 and the second holds if
e 0RW=L) < =0 (L) g satisfied, which is true by our hypothesis that L < w/3.

1S7'Ry | O | ST'RY ||

1 o)W —0(k)2L | 2. —0(k)2L .—6(k)(W+2L)
T 1 2e 20 (W2L) [e + e +77e e

Flyle—tW G(k)(WJrZL)efe(k)(fL)}

_ L . [e—eoc)(vv)(l - y[e 00 (W+2L) —0(k)(~L))

T 1 42e—20(R(W2D)

7m0 2L (1 4 ye= R IV+20)]

_ 1 —0(k)(W—L)(,—0(k)(L) —6(k)(W+2L
T 1 - 42e20m(WH2L) [e W= (00 4 [y ))

+|,Y‘e—9(k)2L(1 + |,y|e—9(k)(W+2L))]

1 —0(k)(W—L) —6(k)(W+2L
S T2 20m(WiD) [e ! (14 |ye~ o™ )

+|7‘€—9(k)2L(1 + |’)/|8 (W+2L))]

efe(k)(wa + |,y|670(k)2L (1 + |’7|) —0(k)(2L)
= ~ |yle- e W2L) 1—|yle? k) (W+2L)

The first inequality holds since e~?()(L) < 1 and the second holds if
e 0RW-L) < o=0(k)(2L) i satisfied, which is true by our hypothesis that L < W/3.
All that remains to show is that this last bound is less than one. To that end observe
that the following are equivalent
e_e(k)(QL) _|_ |ry|e_0(k)(2L)
1 — [y|e— 0 (W2L)
e—9(k)(2L) + |’7|6_0(k)(2L) <1-— |,7‘e—9(k)(W+2L)
Iv(1+ efe(k)(W))eﬁ(k)(QL) < 1— 02D
1 — e~ 0(k)(2L)
1+ e 0W
The last inequality is precisely our hypothesis (2.13). Therefore, for each k,

17 (k)lloe < 1.
Step 5. Our goal is to prove that the E” — 0, where E" = (E}, EY, ..., E]). We

showed that 7 is contracting implying that E’Q(x, k) =0, for s=1,...,p.
By (2.6), we have

<1

|’y|6_9(k) 2L) <

E7(xz,y) = ZE?(:E, k) sin (%)
k=1

We apply the limit, and using the fact that we can interchange the limit and the
summation (see, e.g., [16]), we obtain

nh_{[oloE (.Z‘ y) _nh—{goZE x, k) Sln(kz;y) Znh_{I;OE (.’L' k?) Sln(k£2y> 0,

thus completing the proof. 0O



Mireille E1 Haddad, José C. Garay, Frédéric Magoulés, and Daniel B. Szyld 17

3. Asynchronous Schwarz with optimized interface conditions. We con-
sider now an asynchronous version of the algorithm described by (2.4). We assume
that we have p processors, one for each subdomain, each processor solves a local prob-
lem. We describe here a standard mathematical model of asynchronous iterations for
this algorithm; see, e.g., [3], [10], [26]. Let us define a time stamp as the instant of
time at which at least one processor finishes its computation, that is, it completes
the solution of its local problem, and produces a new update. Let Xi,...,X, be
given sets and X be their Cartesian product, i.e., X = Xy x -+ x X;,. Thusu € X
implies v = (u1,...,up) with us € X, for s € {1,...,p}. Let 75 : X — X, where
s€{l,...,p}, and let T : X — X be a vector-valued map (iteration map) given by
T = (T1,...,Tp) with a fixed point u*, i.e., u* = T (u*). Thus, the mathematical
formulation of the synchronous iterative algorithm described in (2.4), given an initial

approximation u° is

u = T(Un_l), for n=1,2,...,
or equivalently
u? = To,(u"™ Y, for s=1,....,p, n=1,2,...

The resulting 4™ at each iteration is an approximation of the fixed point u*.

Let {t,}nen be the sequence of time stamps at which at least one processor
updates its associated component. Let {o(n)},en be a sequence with o(n) C {1, ..., p},
Vn € N. The set o(n) consists of labels (numbers) of the processors that update their
associated component at the n-th time stamp. Define for s,q € {1,...,p}, {77 (1) }nen
a sequence of integers, representing the time stamp index of the update of the data
coming from processor ¢ and available in processor s before it starts producing the
local solution to be completed at the n-th time stamp. Let u° = (u(f, . ,ug) be the
initial approximation (of the fixed point u*). Then, the new computed value updated
by processor s at the n-th time stamp is

; p (1)
u ﬂ(u{l(n),...,u;p ”), s€o(n) (3.1)
S n—1 . ’
ug, s ¢ o(n)

We emphaize that v} is the approximation to u} at the time stamp .

It is customary to assume that the three following conditions (necessary for con-
vergence) are satisfied

Tés)(n) <n,Vs,qg€{l,...,p},Vn € N* (3.2)
card{n € N*|s € 0(n)} = +o0,Vs € {1,...,p}, (3.3)
ngrfooT;@(n) = +00,Vs,q € {1,...,p}. (3.4)

Condition (3.2) indicates that data used at the time ¢, must have been produced
before time t,, i.e., time does not flow backward. Condition (3.3) means that no
process will ever stop updating its components. Condition (3.4) corresponds to the
fact that new data will always be provided to the process. In other words, no process
will have a piece of data that is never updated; see, e.g., [1], [3], [5], [10].

In our context, when we want to solve the problem (2.1), the setup (3.1) is as
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follows (for s corresponding to an interior subdomain)

(A=muitt=f, onQ,

n+1 B) ) .
Yyt Solve _6%} + A(untt) = —%57; + A(u:‘s_‘f(n)) ifseo(n+1)
s - (s) (n) .
pur oursh )
B AW = = — AT
ul ifs¢o(n+1),

(3.5)
and for s = 1 or s = p one of the above boundary conditions is not present and we
have Dirichlet boundary condition instead as in (2.4).

Thus, 7 is given by (3.5), which is the same as in (2.4), for which Theorem 2.1
applies. Our goal is to show that the asynchronous optimized Schwarz method con-
verges. As we did for the synchronous case, it suffices to show that the error of the
solution converges to zero for f =0 and g = 0.

Let ET*(x,y) be the error of the local problem s at the time stamp ¢,,, (of the asyn-
chronous version of (2.4)), s € {1,...,p}, and E™(z,k) be its corresponding Fourier
series coefficients in the y direction, as in (2.6) and (2.7). For any monotonically
increasing sequence of time stamps {t,, }men we want to prove that the following
holds

lim EI" =0, for s=1,...,p.
m—0o0
THEOREM 3.1. For the shifted Laplacian problem (2.1), and a one way domain

decomposition with p vertical strips of width W, for s = 2,...,p — 1, overlap 2L
throughout, and transmission operator A of the form (2.3) defined on the interfaces,
supposed to be the same on the left and right interfaces, given an initial approzimation
u® = (ul,... ,ug), consider the following asynchronous optimized Schwarz algorithm.
In process s, corresponding to the subspace g, for any sequence of update indexes
o(n) and time stamps of previous computations Tés)(n), n = 1,..., satisfying the
conditions (3.2)—(3.4), the asynchronous iteration (3.5), where, if s =1, or s = p one
of the boundary conditions is not present and one uses Dirichlet boundary condition
instead as in (2.4). Assume that A(k), W and L, satisfy the conditions (2.11)—(2.13).
Let

Y={ls1—L:s=2,.,p}U{ls+L:s=1,..,p—1}

(i.e., 3 is the set of the x—coordinates of each of the artificial boundaries of each of
the local problems.) Assume further that the initial approximation is such that the
initial error E%(x,vy) is uniformly bounded for x € ¥ and y € [0, Ls]. Then, for all
s € {1,...,p}, the sequence of errors satisfies limy, oo ET(z,y) = 0 in Qg for any
(monotonically increasing) sequence of time stamps {tm,}men. In other words, the
asynchronous optimized Schwarz algorithm (3.5) converges.

Proof. The goal is to prove that for any sequence of time stamps {t,,},,.y and
for every s € {1, ..., p} we have lim,,_,o E7"(z,y) = 0 in [{s_1,fs]. We first note that,
to prove this statement it suffices to show that

liﬁm |ET (z,y)] =0 uniformly in XN [¢s_1,¢5] X [0,La], s=1,...,p,

since this implies that the values of the boundary conditions of each local problem
will converge to zero, and consequently so will the solution of each local problem in
the interior of the corresponding subdomain.
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We can say this, since the derivatives of E;* exist and are continuous, and there-
fore for £ = {41 or £ = {,, if E™ converges to zero uniformly in {¢} x [0, Lo] as
m — oo and the first and derivatives of other orders of EI" are continuous, it also

holds that lim,;, o0 (655 + AE;”) (x,y) = 0 uniformly in {¢} x [0, L].

Furthermore, our proof would reduce to showing that

1i£n |E™(z,y)| =0 wuniformly in £ 0 [6,_1, 0] % [0,Ls], s=1,...,p. (3.6)

This would follow from the following bound

lim |[E(z,y)] = lim
m—r o0 m—r0o0 2

N B (k) Sin(?)
k=1

o0 [ee)
< mlgnookz B (. k)| = ;n}gnoo [ES (k) =0 (3.7)
=1 =1

as long as the equality (3.7) holds.
Thus, we have a road map for the proof of the theorem, and we present its sketch
next.
1. We first consider the coefficients ¢ of the initial error, defined in (2.24) (with
n = 0), and prove that these are uniformly bounded, i.e., ||c?(k)||oo < C < 00,
for some C > 0.
2. We use this to then prove that for all k, and s = 1,...,p, lim,, ,~ |47 (k)| =0
and lim,, o0 | BT (k)| =0
3. We show that, for all m € N, the series Y p- E;’L(x, k) is uniformly conver-
gent, which implies (3.7).
Step 1. We first prove that || (k)||cc < C < o0, for some C' > 0, where ¢’ is the initial
value of ¢" as in (2.24). To that end, we want to bound AY(k) and B%(k), s =1,...,p,
for all k. For ease of notation, for each subdomain s, let the left artificial Dirichlet
boundary condition be ps(k) and the right artificial boundary condition ¢s(k), and
let us define £ =7+ m2/L3 > 0. We will use the fact that for all k,

0(k) = \/n+ (’%)2 > \/n+ (L%)2 — e

Thus, it follows from the expression (2.14) that for s =2,....p—latx =¥,_1 — L,
we have

W0 (Ls_1—L, k) = A%(k)+BO(k)ef R Com1==2L) — A0()4 BO(k)e 0 WH2L) — p, (k)
(3.8)

and at x = £, + L, we have

G0(04 L, K) = AD(R)e 00 —temr2D) L B0y = A0 (e~ ORIV H2L) 4 BO(k) = g (k).

(3.9)

From (3.9) we have BO(k) = ¢,(k) — A%(k)e=?WW+2L) " Then, plugging this
expression of BY(k) into (3.8) gives

Ag(k) + [qu (k) - Ag(k)e*"(’“)(W“L)} o—0(k)(W+2L) = ps(k),
Ag(k) [1 _ 6720(k)(W+2L)} — ps(k) _ qs(k)670(k)(WJr2L)7

ps(k) _ qs(k)e—e(k)(W+2L)
1 — e—20(k)(W+2L) ’

AL (k) =
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_ [pak) — g (R)e="DVED | ()| + fgu (k) e~/ 420)
|1 — e—20(k)(W+2L)]| = 1 _ e—2VE(W+2L)

A2 ()

By a similar process we obtain

|gs (k)| + |ps () |e—0()(W+2L)
1 — e—2VE(W+2L)

|BJ (k)| <
For s =1, at x = 0, we have
a9(0, k) = A%(k) + BY (k)e? PGt — p, (k) (3.10)
and at x = £ + L, we have

W0y + L, k) = AV(k)e 0B EA+D) L BOY(k) = gy (k). (3.11)

From (3.11) we have BY(k) = qi(k) — AQ(k)e ?F)(G1+L)  Then, plugging this
expression of BY(k) into (3.10) gives

A%(k) + g (k) — Ag(k)eff)(k)(fﬁL)} e 0W(E+L) — (),

A%k) [1 _ e—29(k)<el+L>} = pr(k) — qu(k)e ) (G+L),

p1(k) — ql(k)efe(k)(élJrL)
1 — e—20(k)(L1+L) ’

Al (k) =

_ Ipatk) = (R POy (k)| + [qu (k)= BV

0
|AT (k)| |1 — e—20()(W+L)| = 1 — e~ 2VE(WHL)

By a similar process we obtain

|q1(F)| + |p1 (k)| *RIVHE)
1 _ e—2VE(W+L)

|BY (k)| <

For s =p, at ¢ = {,_; — L, we have
a0 (lp—1 — L, k) = AS(k) + BY(k)e PRI WHL) = g (k). (3.12)
and at x = Ls, we have
(Lo, k) = AD(R)P DD 4 BO(k) = p, (k) (3.13)

From (3.12) we have BY(k) = g, (k) — AS(k)e ?®W+L) Then, plugging this expres-
sion of BY(k) into (3.13) gives

(k) + [gy (k) — AQ(R)e OOV HD] (=0DVLE) _ ()
A (k) {1 _ e—29(k)(W+L)} = pp(k) — gp(k)e OWW+D),

Po(k) = gp(k)e PRWHD)
1 _ ¢—20(k)(W+L) J

Ad(k) =

_ (k) = qp(R)e "Wy (k)] + [gp(R)le " OTTHED
[1— e*QQ(k)(WJrL)‘ - 1 — e—2VEW+L)

|45 (k)|
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By a similar process we obtain

|ap (k)| + [y () e P VHD)

0
<
1By ()l < 1 — e—2VEW+L)

Let p*(k) and ¢*(k) be such that

s fmax{ P2+ |gs (k)| e ORIV - p (k)| + |gsr (k)[e ORI WL
s€{2,...,p—1},s'=1,p 1— 6_2\/E(W+2L) ’ 1— e_ZVE(k)(W""L)

4o ()] + [ps (B) e~ 0B WH2L) |0 (1) 4 [pyr (k) ]e ORI (WHL)
1
1 — e—2VE(W+2L) ) T — o 2EWTD
Cpr(B)| + |g (k) |e 0 BYWHD)
a 1 — e—2VE(WH+L)

Then, we have that

||Co(k)|| < Ip* (k)| + |q*(kj)‘6_9(’€)(W+L) - 1+ e 0k (W+L)
00 = 1 — e 2VE(W+L) s M SvEwn)

(3.14)

where we have used the hypothesis that E? is uniformly bounded in ¥ X L, which
implies that EQ is uniformly bounded in k¥ € N and x € ¥ and thus, there exists a
number M > 0 such that E°(z,k) < M for all k € N and z € ¥. Then, we have
Ips ()|, |gs(k)| < M for all k € R and s € {1,...p}. Then, necessarily, |p*(k)|, |¢* (k)| <
M. We conclude then, from (3.14) that [|c°(k)||c < C < 00, where
—0(k)(W+L
g e
1 — e—2VEW+L)
Step 2. Let {t,,} be a monotonically increasing sequence of time stamps. Let
t; be the time stamp at which the processor s produces its first new update. Let
cl(k) = (Al(k), B{(k)) be the vector containing the coefficients corresponding to the
subdomain s, for s = 1,...,p at that time stamp ¢;. We have, as in Theorem?2.1,
that 7(k) = (T1(k), ..., T,(k)), where T;(k) is the local operator associated with the
subdomain s; see, e.g., Figure 2.3. Let us denote by pp = ||T(k)||os, and recall that
in Theorem 2.1 we showed that under our hypotheses py < 1. Then, we have for
i=1,2,
el (k)il = [(Ts (k)" (k))il < (| T5 (k)" (k)loo < (75 (K)loo1e” (K) |0

< NT Rl lle (k) oo = prlle® (R)lloo-

Then, each coefficient of the series representing the error of the approximation
of the solution in subdomain s at the time stamp ¢; satisfies |AZ(k)|,|BI (k)| <
prl|c®(k)||oo. Now for time stamps t,, > t;, either this approximation is updated,
in which case, again, the coefficients would continue to be bounded by p||c® (k)|
(and most likely decrease); or it is not updated, in which case, it stays the same (see
(3.5)), that is,

A (R)] 1B ()] < pllc®(B)|oo for tm > t;. (3.15)

Of course we considered here one processor s arbitrary. Therefore, after every pro-
cessor has produced its first update, say at t;, we have that (3.15) holds for all s for
all ¢, > tjl'
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In the rest of the proof of Step 2, we will show that eventually the error of the
approximation in every subdomain gets closer to the fixed point (which is zero in
this context) by a fixed amount, that is, its max norm is reduced at least by py.
Thus, as we reasoned for the first time stamp when every processor updated the
approximation at least once, we consider the case where every processor updated the
approximation at least twice. In other words, we can see that once every processor has
produced a new update after t;,, say at t;,, we have A7 (k)|,|B7 (k)| < p2||c®(k)||co
for all ¢,, > t;,. We know that every processor will eventually update its subdomain
because of conditions (3.3)—(3.4). Continuing in this manner, we can say that

|A™ (k)] | BT (k)] < pg ™| (K)o

where, denoting by ¢;, the first time stamp at which all processors have updated
their values at least ¢ times, we have ¢(m) = max{i € N : t;, < t,,,}, i.e., ¢(m) is
the update number (at time t,,) of the processor that produced the least number
of updates among all processors until the instant of time ¢,,. Note also that with
this definition, it holds that lim,, ., ¢(m) = co. This implies, in turn, that given a
monotonically increasing sequence {t,, }men, at time ¢, we have

|A™] 1B < 02| (K)o
and that

lim_ AT ()| < tim_ {00 oo = 0.

m— oo

Similarly, lim,, . | BT (k)| = 0.

Consequently,

m—00 m— o0

lim |EY (e, k)| = Tim A7 (k)e00le (=Dl g ()e=0Wla=(Et Ll

: m —0(k)|z—(Ls1—L)| m —0(k)|z—(£s+L)|
< lim (A7 (k)| e + B2 (k)] e )
— (mlgnoo |A’S”(k)\) e~ R e—(bsmr=L)| 4 (%gnoo |B;"(lc)\) e~ 0(F)|lz—(£s+L)|
=0.

Step 3. To complete the proof, we need to show that (3.7) holds for z € ¥ N
[ls—1,¢s] and y € R. To that end, We show now that, for all m € N, the series
Sorey E§ (z, k) is uniformly convergent. We prove this by showing that it satisfies
the Weirstrass criterion for uniform convergence. We write the following bounds using
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2 _k
(3.14), and the facts that 0(k) = {/n+ (%) > L—Z, and p, < 1,
|E;n(x7k)| — |AT(k)efG(k)\zf(fser)\ + BT(k)efG(k)\zf(ferL)u
< |Agn(k)|e—9(k)\z—(1?s_1—L)\ + |B;n(k)|e—0(k)lz—(€s+L)\
< pﬁs(m)HCOHoo(k) (efe(k)\zf(es,ﬁ/:n +€70(k)|x7(£S+L)|)

< %(1 + E*O(k)(WJrL)) (6*9(’“)|I*(55717L)| + 670(’3”1"*([5«‘,»[/)‘)
e
M iz e e
< W(l +e EZ(W+L)) (e Erle—(ta-L)| | 43 (zS+L)\) .

M ~(
1= e 2vaW+I) (¢
Lo EDWALHa—(ta=D)I] e*(%)[WJrLHI*(fﬁL)H) —: g(z, k).

’Z—;’)M’*(fs—l*L)l +67(%)|$*(ZS+L)\ (3.16)

Thus, we have |E™(z, k)| < g(z,k) for any m € N. We show next that the series
>ore, 9(z, k) of non-negative terms is convergent. Indeed, note that for z € £ N
[ls—1,0s] we have |z — (bs—1 — L)|,|x — (¢s + L)| > 2L. Therefore each of the four
. —k . —k
terms in parenthesis in (3.16) is bounded either by (eszL) or (efz(WJ”?’L)) ,
and therefore the series is convergent. Thus, the proof is complete. O
REMARK 3.2. The proof of Theorem 3.1, and especially Step 2, uses the idea
that when a processor updates the information of the approximation to the solution
of the corresponding subdomain, such approximation moves to a smaller neighbor-
hood of the solution, i.e., the fixed point of the opertator 7. This is conceptually

similar to classical proofs of convergence of asynchronous iterations, such as those by
Bertsekas [2] or El Tarazi [8].

4. How the convergence depends on the parameters. We present in this
section two new results. In the first, we show that if we maintain the height of the
domain and the overlap constant, the wider is each subdomain, the bounds on the
convergence rates of the synchronous and asynchronous optimized Schwarz methods
decrease, indicating a faster converge. This comment is consistent with the observa-
tion by Y. Xu [29] for two subdomains (for the synchronous case). Another interpre-
tation of this result is that if we keep the domain fixed, and we increase the number of
subdomains, then, the convergence factor would deteriorate. This is in fact confirmed
by our numerical experiments in Section 6; see Table 6.1. In the second result, we
show that once we fix the width of each subdomain, the convergence bounds for the
methods are independent of the number of subdomains.

THEOREM 4.1. The convergence bounds of the synchronous and asynchronous
optimized Schwarz iterations given by (2.4) and (3.5) decrease as the ratio W/Lqy
increases by increasing W and keeping Lo constant.

Proof. The convergence factor is given by

p 1= 5 | Teloo- (4.1)

Note that ||7%|/s is the maximum over the quantities on the right hand side of (2.31)
and (2.32). Fixing the values of all the parameters except for W in these quantities
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and taking the derivative over W we obtain,

0
o (IS RIS Rallos ) =

0(k) (2|7] (42 + 64L9(k)) 20(R)(LAW) | 0(k)W (72 + €5L9(k)) (72 + 620(k)(2L+W)))
B (626(k)(2L+W) _ 72)2 <0,

9 - _1p(r
o (IS Rafol S RY | ) =

_a(k)eo(k)w (72 + 64L0(k)) (2 ly| /ELAW) | a2 4 626(k)(2L+W))

(620(k)(2L+W) _ 72)2

< 0.

Thus, given that these derivatives are negative, the quantities on the right hand
side of (2.31) and (2.32) decrease as we increase the ratio W/Ly by increasing W
and keeping Lo constant, for all £ € N. Consequently, the maximum over these two
quantities, || 7x|lc, also decreases for all k € N. Then, given that the supremum
in (4.1) is attained, i.e., there exists a ko € N such that p := || Tk, ||oe, and given that
[ 7% |lso decreases for all k € N, the convergence factor decreases when we increase the
ratio W/ Ly by increasing W and keeping Lo constant. O

We remark that since H = W + 2L, then taking the derivative with respect to W
is the same as taking the derivative with respect to H (for the interior subdomains).
We can interpret this result intuitively as follows. If the width of the subdomain is
larger, then the boundary data which is Dirichlet (i.e., the physical boundaries for
which exact data is known) is proportionally larger than boundary data coming from
the neighbroing subdomains, which is only an approximation to the values of the
solution, and this fact leads to faster convergence.

THEOREM 4.2. Consider the synchronous and asynchronous optimized Schwarz
iterations given by (2.4) and (3.5), respectively. For a fized size of the subdomains,
W x Ly, and a fized amount of overlap L, the convergence factors p = supy, || Te |ls
do not change if one changes the number of subdomains p (as long as p > 2), while
sup, p(|Tx|) changes by a small amount, namely of the order of e ?FW=L) ~

Proof. First observe that from (2.31) and (2.32), ||7x|/e is independent of the
number of subdomains p. Therefore, the convergence factor p = sup;, ||7]lo is also
independent of p.

For the result on the spectral radii, consider the matrices T as in F igure 2.3,
with entries as in (2.26)—(2.29). Observe then that

2 2
oL
0w = [+ (57 w = ¥ and oky2r = o+ (7 an > FT2E
Lo Lo Lo Lo

Note that W > 2L, therefore e MW « ¢=0(*)2L  Moreover, assuming that W > Lo
we have that e W ~ 0, e R WH2L) ~ 0 and e ?F(W-L) ~ (0. As a consequence,
we can write from (2.26)-(2.29), that 75 = T + 0, where Ty, is square tridiagonal
matrix of order N = 2(p — 2) + 2 such that the entries on the main diagonal are zero
and the entries on the first subdiagonal and superdiagonal are

(776)1.71.71 _ { 0, if7isodd and (776)”“ _ { b, ifiis odd

b, if i is even, 0, if 7 is even,
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respectively, b = ye ?(F)2L /(1 — 42e=20(R)(W+2L)) "and the nonzero entries of the ma-
trix 67 are very small. It follows from the structure of 7; that the spectral radii
of T, and |Tz| are equal to |b]. Theerefore, we have that p(|7x|) ~ p(|Tx]) = [b] =
e 0R2L /(1 — ~2e=200)(WH2L)) = Since b is independent of the number of subdo-
mains p, it follows that p(|7z|) is essentially independent of the number of subdomains.
0

Another way to see these results is to observe that the spectral radius, as well
as the max norm of the matrix in Figure 2.3, does not depend on how many blocks
there are, only on the values of the entries in each block. This result is illustrated
numerically in the next section in Figure 5.9.

5. Optimal values of the Robin parameter «. In sections 2 and 3, we
proved the convergence of the optimized Schwarz methods using the maximum norm
assuming that A(k), W and L satisfy conditions (2.11)—(2.13). In this section, the
discussion is geared towards finding good values for the optimal or near optimal Robin
parameter « in the OO0 case for the synchronous and asynchronous algorithms. We
restrict our discussion to the case n = 0.

Traditionally the optimal value of the Robin parameter « in (2.2) is defined as
the one which minimizes the spectral radius of the iteration operator, i.e., the one
that minimizes the asymptotic convergence factor of the iterative method. In our
situation, since we have shown convergence using the maximum norm of the iteration
operator for each frequency k, we can define the optimal value of a as the one which
minimizes

max_p(T(K), (5.1)
or alternatively,
max [1TR) o (52)

A third, and important possibility is to consider

ﬂk)D , (5.3)

e
this is because the spectral radius of the absolute value of the iteration matrix is
related to the asymptotic convergence of asynchronous iterations; see, e.g., [5]. As we
shall see, the minimizers of (5.1), (5.2), and (5.3), are in fact very close to each other;
and therefore any of these definitions can be used to obtain a practical value of the
Robin parameter.

REMARK 5.1. Note that in all our calculations the maximum spectral radius of
the iteration operators becomes monotonically decreasing with k, after certain value
of k, say ko. Therefore, it suffices to compute the optimal parameter by considering
only values of k£ in the range 1 < k < kpax, for some value of kyax. In our experience,
for our problem, a value of k. = 20 suffices®. Consequently, finding the optimal «
may not be an expensive operation.

This can be seen empirically in figures 5.1 and 5.2, where we report the value of

the spectral radii of ’f‘(k) and ’7‘(1{)‘, respectively, as a function of the frequency k,

3For discrete problems kmax might be different, depending on the discretization used, but never
very large.
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0.4

Spectral radius

Fic. 5.1. Spectral radius of T (k) vs. k, for p=10, L = % = 0.01 and optimal & = 6.3636

for the case of p = 10 subdomains and a value for the ratio L/H = 0.01, i.e., when
the overlap L is about 1% of the width of the subdomain, that is a total of 2% of the
subdomain on each side. In these figures, and throughout this section, we consider for
simplicity that H = W 4 2L, and define the normalized Robin parameter by @ = o H
and the normalized overlap by L = L/H. We note that it follows from the description
of the matrix 7’(1{:) in section 2, that its entries depend on L, &, and k, while its block

structure depends on p, the number of subdomains®.

0.4

Spectral radius

Fic. 5.2. Spectral radius of ‘”f’(k)‘ vs. k, forp=10, L = % = 0.01 and optimal & = 6.2373

The optimal values of the normalized parameter & for the synchronous case is
@ = 6.3636, while that of the asynchronous case is @ = 6.2373, that is, they differ by
about 2%, cf. figures 5.1 and 5.2. Furthermore, one can see in figures 5.3-5.5 that not
only the optimal values of the normalized Robin parameter are close to each other, but
the value of the maximum norm, and the spectral radius are also very close to each
other for the range of values of interest. We also observe in these three figures that for

4We note that since we have explicit formulas for the entries of the matrices, for each k, k =
1,..., kmaz, and the matrices are not so large, we can easily compute the spectral radii.
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a fixed amount of overlap, and a fixed number of subdomains, the convergence factors
have only one minimum. Furthermore, for all positive values of @, the spectral radius
of T(k) is below one for all positive values of @, and the spectral radius of "f’(k)‘ and
it is below one for all values of & larger than a small constant. We mention that we
have observed these properties for all other values of p and L for which we run our
experiments; in other words, the graphs in figures 5.1 and 5.2 are representative.

T T
I\ —— Maximum norm
1 & —— Spectral radius ||
\ \
\
\
0.8 \\ 4
\
0.6 - 1
0.4 _—
0.2 -
0 L L L L L L L L L
0 1 2 3 4 5 6 7 8 9 10

FiG. 5.3. Mazimum norm and spectral radius of 'fd(k) vs. & for & € [1,10], p = 10, L =
0.01 and 1 < k < Kmax = 20

T T
\ —— Maximum norm
1 \ —— Spectral radius ||

0.8 \\ 4
0.6 A

0.4

0.2 -

FIG. 5.4. Mazimum norm and spectral radius of 7 (k) vs. @ for a € [1,10], p =10, L = % =4+

30
and 1 < k < kmax = 20

Our experiments include the computation of the spectral radius and the maximum
norm of ’7A'(k), and of its absolute value, for values of the normalized overlap L in the
range from 0.001 to 0.06, i.e., from 0.1% to 6% of the width of the subdomains;
values of the normalized Robin parameter @ in the range from 0.01 to 300; frequency
k € [1,200]; and number of subdomains p with values 5,10,20,30, and 40.

In Figure 5.6, we report the value of the spectral radius corresponding to the
optimal parameter &, with varying (normalized) overlap from 0.1% to 6% of the width
of the subdomains. We note that the spectral radius is monotonically decreasing as the
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Fic. 5.5. Mazimum norm and spectral radius of ‘T(k)‘ vs. @, for a € [1,10], p=10, L = % =
0.01 and kmax = 20
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F1G. 5.6. Optimal spectral radius of ‘%(k)‘ vs. L = %, for L € [0.001,0.06], p = 10, kmaz = 20

overlap increases. This is consistent with our intuition as well as with the comparison
theorems between two different splittings of a matrix (see, e.g., [28]): the larger the
overlap, the faster the asymptotic convergence of the method.

In Figure 5.7 we show how the value of the optimal parameter & varies with
the normalized overlap. We found that this optimal value is monotonically decreas-
ing with the increase in overlap. Here the optimal value refers to that which mini-

mizes p (‘T(k)’)

Our next set of experiments show that both the optimal Robin parameter and
the correponding spectral radii do not change with the change of the number of
subdomains, for a fixed value of L; see figures 5.8 and 5.9. Here again, the optimal
value of the Robin parameter refers to that which minimizes p (‘f(k))) We note
that this behavior is consistent with the structure of the iteration matrix as shown in

Figure 2.2, and the fact that the spectral radius (and the maximum norm) of such a
matrix is independent of the number of blocks.

In summary, in our extensive experiments, we have observed the following,
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F1G. 5.7. Optimal & vs. L, for p=10, kmaz = 20.
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FiG. 5.8. Optimal & vs. p, for L = 0.01, kmaz = 20

1. There exist values of the normalized Robin parameter & for which the maxi-
mum norm and the spectral radii of the iteration matrices are less than one.

2. For a given fixed L and the range of & considered in the experiments, the
maximum norm and the spectral radii of the iteration matrices have only one
minimum and it approaches a constant less than one for large values of a.

3. Given fixed values of L, &, p, and for values of k larger than some fixed
value, the value of the maximum norm and the spectral radii of the iteration
matrices are monotonically decreasing as k increases.

4. The optimal maximum norm and the spectral radii of the iteration matrices
decreases monotonically, as L increases.

5. The optimal normalized Robin parameter & decreases monotonically as L
increases.

6. For a given value of the normalized overlap L, and a fixed size of the subdo-
mains, both the optimal normalized Robin parameter &, and the correspond-
ing spectral radii remain constant as the number of subdomains increases.

In the rest of this section we develop approximate formulas for the value of the
optimal normalized Robin parameter & = aH. As we have mentioned, the maximum
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0.5 - -

Optimal Spectral radius

p

F1a. 5.9. Optimal spectral radius of "7'(]{)‘ vs. p, for kmaz = 20, L = % =0.01 and & = 6.2373

norm as well as the spectral radii of the iteration operator depends on &, as well as
of the normalized overlap L = L /H, the number of subdomains p, and the parameter
kmax- Recall that the maximum norm as well as the spectral radii remain essentially
constant for k > kyax, for some value of ky.x. Thus taking k.. large enough so
that this holds, we observe that the values of &, follows approximately a power law.
Thus we have for small normalized overlap that

&opt ~ Cie, (54)

where the constants ¢ and ¢ are essentially independent of p, the number of subdo-
mains.

TABLE 5.1
Coefficients of empirical formula of aopt for different number of subdomains p for the syn-
chronous case (left) and the asynchronous case (right)

arg min p(7) arg min p(|71)
P c 1 c l

5 | 1.7556 -0.2807 | 1.8322 -0.2664
10 | 1.7725 -0.2803 | 1.8434 -0.2690
20 | 1.7671 -0.2812 | 1.8841 -0.2605

We report in Table 5.1 the values of the constant ¢ and exponent ¢ for the case
n =0, for p = 5,10, 20. These were computed using data fitting with a power function,
that is, given the curve dpe vs. L obtained by computing the optimal values of &,
we take its log log, and approximate this with a line. As it can be observed, the
values for ¢ and ¢ are essentially the same for different values of p. Furhermore,
the values for the synchronous and asynchronous cases are not that different. In
figures 5.10 and 5.11 the comparison between the computed values of ap¢ and their
approximation obtained using (5.4) are presented for different amounts of overlap for
the synchronous and asynchronous case, respectively.

We also observed that the values of maxy—1.._x,... p(7T(k)) follows approximately
a power law, and therefore we can write a formula for the spectral radius, which
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approximated formula
12 | empirical formula
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0 0.01 0.02 0.03 0.04 0.05 0.06
L/H

F1G. 5.10. Computed values of aopt and values of dopt using (5.4) for different values of
overlap L and p = 10, where p(T) is minimized.

12 T T

approximated formula
empirial formula

aH

(0] 0.01 0.02 0.03 0.04 0.05 0.06
L/H

Fi1G. 5.11. Computed values of aopt and values of Gopt using (5.4) for different values of
overlap L and p = 10, where p(|T) is minimized.

indicates the asymptotic rate of convergence of the method. Thus we have that

~ cL’ )
pomax  p(T(k)) ~ el (5.5)
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where the constants ¢ and ¢ are essentially independent of p, the number of subdo-
mains.

1 T
——— approximated formula
09 empirical formula b

0.8 -

0 0.01 0.02 0.03 0.04 0.05 0.06
LH

FIG. 5.12. Computed values of Maxp=1,... koo p('f'(k)) and values of MaXk—1. . kyow p(T(lc))
using (5.5) for different values of overlap L and p = 10

We report in Table 5.2 the values of the constant ¢ and exponent ¢ for p =
5,10,20. In figures 5.12 and 5.13 the comparison between the computed values of
maxy—1. ... p(T(k)) and their approximation obtained using (5.5) are presented for
different amounts of overlap for the synchronous and asynchronous case, respectively.
Note that the values of these constants are close to one another, for the various values
of p and for the two cases considered here.

TABLE 5.2
Coefficients of empirical formula of maxp—1,... k. ox o(T (k) for different number of subdomains
p for the synchronous case (left) and the asynchronous case (right)

maxy, p(7(k)) | maxg p(|7(k)]|)
P c l c l

5 | 0.0468 -0.3879 | 0.0525 -0.3721
10 | 0.0535 -0.3647 | 0.0531 -0.3702
20 | 0.0525 -0.3677 | 0.0576 -0.3501

6. Numerical Experiments. We present numerical experiments that illustrate
the performance of the proposed Asynchronous Optimized Schwarz method on a three-
dimensional bounded domain (as well as the synchronous counterpart). The experi-
ments show the convergence of the methods, illustrating the results of our theorems,
and also show that the asynchronous version is faster in terms of execution time.

The test cases are related to the study of the heat analysis in a three-dimensional



Mireille E1 Haddad, José C. Garay, Frédéric Magoulés, and Daniel B. Szyld 33

1 T

——— approximated formula

09 empirical formula B

0.8 4

0 | | | | |

0 0.01 0.02 0.03 0.04 0.05 0.06
LH

FiG. 5.13. Computed values of MaxXp—1,... kmaw p(|7’(k)|) and values of MaXp—1,. .k ow p(T(k))
using (5.5) for different values of overlap L and p = 10

air intake system. This problem is modeled as follows:

o (5 Tu) = |
where v denotes the thermal field, « is the thermal conductivity and f the heat-flux
density of the source. Here the steady-state heat equation is considered, i.e., % =0
which is by definition not time-dependent, and which corresponds to the case where
enough time has passed such that the thermal field no longer evolves in time. This

leads to the following reduced equation —kV?2u = f.
The numerical solution of the steady-state heat equation required for this study
was performed on an air intake system of dimensions in x, y, and z directions equal to
1401 mm, 210 mm, and 210 mm, respectively. The computer aided design of the air

intake is shown Figure 6.1 (left). The model consists of imposed temperature on the

F1G. 6.1. Computer aided design (left) and finite element mesh (right) of the air intake system

inlet cavity and zero temperature gradient boundary conditions are imposed on the
outlet cavity. This means that the outlet cavity has reflection properties equivalent
to open end.
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The domain is meshed with unstructured hexahedra finite elements, and one ex-
ample of a finite element mesh with 829,599 degrees of freedom and 801,440 finite
element is shown Figure 6.1 (right). This mesh is split into 8, 16 and 32 subdomains
in a one-way direction. These partitionings are illustrated in Figure 6.2. In all cases,

F1G. 6.2. Mesh partitioning of the finite element mesh into 8 subdomains (left) and 82 subdo-
mains (right)

the overlap used is the minimum overlap, i.e., one set of common nodes in the bound-
ary between subdomains. The optimized coefficients of the Schwarz algorithms are
obtained using the values of p(|7x,,..|) in terms of @ = aH, for the different values
of p, in the same manner as was done in the previous section. Here H is the average
diameter of the subdomains®. The resulting parameters were divided by H, leading to
(non-normalized) values of the synchronous optimized parameter a equal to 0.6300,
0.3868, 0.4310 for a partitioning into 8, 16, and 32 subdomains, respectively. The
same value of the parameters are used for the synchronous and asynchronous version
of the code.

To solve the resulting linear system, the synchronous and asynchronous optimized
Schwarz methods with zeroth order optimized interface conditions were implemented
in the recently developed C++ library Alinea [20]. The parallel implementation of
the asynchronous optimized Schwarz methods is quite similar to the synchronous
implementation we have described in [23], except that the asynchronous iterations
and asynchronous communications are managed by a new additional layer. This new
additional layer, JACK [21], a recently developed C++ library, is defined on top of the
MPI library; the version of the MPI library used in the experiments is MPICH2 [15].
This layer allows us to use asynchronous communications between the processors and
to deal with continuous requests. This new layer also contains new functionality such
as the detection of the asynchronous convergence of the algorithm for a given stopping
criteria. Here we use the stopping criterion developed in [22] with a threshold equal
to 1078; it is based on asynchronous iterations termination methods based on global
residual, under various communication models.

The experiments are performed on a heterogeneous cluster composed of four
nodes (Intel(R) Xeon(R) E5410, 2,33GHz, 8 cores, RAM: 8 GB), four nodes (In-
tel(R) Core(TM) i7 2,80GHz, 8 cores, RAM: 8 GB) each with graphics processing
units accelerator (Tesla K20c 4799MB, GTX 570 1279MB) and four nodes (Intel(R)
Xeon(R) E5-2609, 2,10GHz, 24 cores, RAM: 16 GB) each with graphics processing
units accelerator (three of them with Quadro K4000 3071MB, and one with Quadro
K600 1023MB), for a total of 160 cores. The interconnected network is a switched, star
shaped 10Mb/s Ethernet network. We report our computational results in Table 6.1,

5For different number of subdomains, the average diameter changes, and this is why the values
of the optimized parameter changes as well.
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TABLE 6.1
Number of iterations or average and mazimum updates, and computational time (in seconds)

#subdomains ‘ # iter time ‘ # updates avg max time
Synchronous Asynchronous

8 845 6265 908 1152 4462

16 972 3087 1105 1934 2151

32 1681 2084 1976 2843 1534

where we vary the number of subdomains using the same discretization. Recall that
in asynchronous iterations we cannot talk about (global) iteration steps, since each
processor may update its approximation to the (local) solution at different moments,
i.e., on different time stamps. In fact, each processor (corresponding to each subdo-
main) would usually perform a different number of updates, i.e., of local solutions.
Thus, in Table 6.1, for the synchronous case, the number of iterations are reported,
while for the asynchronous case, the average and the maximum number of updates
among all processors are reported. In both cases, the total computational time (in
seconds) are shown. It can be appreciated that the asynchronous optimized Schwarz
performs better in terms of execution time than its synchronous counterpart. In fact,
for each case, the time to converge for the asynchronous runs about 25% to 30% faster
than in the synchronous case.

We mention that this experiment shows a situation for which it is natural to
consider asynchronous methods. First, the domain of interest cannot be partition into
identical subdomains. Second, the computational network is heterogeneous. Both of
these practical situations indicate that load balacing would be an issue. We also
mention that even in cases where the subdomains are identical, and the network is
homogeneous, for very large problems, and very large networks, the communication
among processors would generate the imbalance, and the asynchronous methods would
be advatageous as well.

7. Conclusion. In this paper, we filled the gap of the convergence theory of
synchronous and asynchronous optimized Schwarz methods for a bounded (rectangu-
lar) domain. We showed convergence for a one-way subdivision of the domain, for
an arbitrary number of subdomains. We showed that the convergence factor of the
method is independent of the number of subdomains (for a fixed size of the subdo-
mains). We provide a formula for the optimal Robin parameter, as a function of the
overlap. We complete the paper with numerical experiments on a three-dimensional
air intake problem, which illustrate our theoretical results.
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