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SYNCHRONOUS AND ASYNCHRONOUS
OPTIMIZED SCHWARZ METHODS

FOR ONE-WAY SUBDIVISION OF BOUNDED DOMAINS∗

MIREILLE EL HADDAD¶† , JOSÉ C. GARAY¶‡ , FRÉDÉRIC MAGOULÈS§ , AND

DANIEL B. SZYLD¶

Abstract. Convergence of both synchronous and asynchronous optimized Schwarz algorithms
for the shifted Laplacian operator on a bounded rectangular domain, in a one way subdivision of the
computational domain, with overlap, is shown. Convergence results are obtained under very mild
conditions on the size of the subdomains and on the amount of overlap. A couple of results are also
given, relating the convergence rate of the asynchronous method to changes in the size of the domain.
Numerical experiments illustrate the theoretical results.
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1. Introduction. Schwarz methods are a class of domain decomposition meth-
ods for the solution of partial differential equations (PDE) in which the domain is
divided into (usually overlapping) subdomains. Thus, additional artificial bound-
aries are created. In classical Schwarz methods, mimicking the original paper by
Schwarz [25], one uses Dirichlet boundary conditions on these artificial interfaces.
The method proceeds iteratively by solving in each iteration the PDE in each subdo-
main using boundary data from the neighboring subdomains, until convergence. For
full description; see, e.g., [7], [27].

If instead of Dirichlet data one uses boundary conditions containing an operator
of the form ∂

∂ν + Λ, where ν is the normal derivative pointing outwards and Λ is
an approximation of the (optimal) Steklov-Poincaré operator by a linear combination
of differential operators, one has one or more parameters which can be optimized
for faster convergence. These methods are called optimized Schwarz; see, e.g., [6],
[7], [11], [17]. There is more than one family of transmission conditions that can be
used for a given PDE, each of these families consisting of a particular approximation
of the optimal transmission conditions. For example, we have the OO0 and OO2
families. In the OO0 family Λ is the zero−th order approximation of the Steklov-
Poincaré operator, i.e., Λ = α, where α is a constant. As for the OO2 family, one uses
Λ = α + β∆, where α and β are constants and ∆ is the Laplace-Beltrami operator.
The OO0 family corresponds to Robin boundary conditions and the OO2 to Ventcel
boundary conditions1.
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2 Synchronous and Asynchronous Optimized Schwarz Methods

Domain decomposition methods were designed specifically for parallel computing
environments, since each local problem, i.e., the problem in each subdomain, can be
solved independently of the others, and only the appropriate boundary data needs
to be communicated to the other processors. As the number of processors in today’s
computing architectures grow dramatically, and the communication costs are over-
taking the computing costs, there is a need to find methods which lessen or eliminate
the synchronization points in the programs.

Asynchronous methods refer to parallel iterative procedures where each processor
performs its task without waiting for other processors to be completed, i.e., with
whatever information it has locally available and with no synchronizations with other
processes. Thus, asynchronous optimized Schwarz methods are those in which each
local problem is solved with Robin-type data from neighboring subdomains, but in
which there is no synchronization.

Convergence analysis and numerical experiments with asynchronous (classical)
Schwarz methods can be found in [4], [9], [18], [19]. Recently, in [24], [13], convergence
of synchronous and asynchronous optimal (and optimized) Schwarz was proved for
PDEs on an unbounded two-dimensional domain, in a one-way subdivision of the
plane. While this was the first proof of the convergence of asynchronous optimized
Schwarz, and this gave the numerical experiments a sound theoretical basis, the fact
that it was for the whole plane, left open the problem of analyzing convergence for
more practical bounded domains. More recently, in [14], a convergence analysis of the
solution of Poisson’s equation using optimized Schwarz on a rectangular domain was
presented, in which the domain is divided into p× q (overlapping) rectangles in a 2D
configuration. That is, the artificial interfaces have cross-points. Unfortunately, the
conditions for convergence were only applicable for a very small number of p and q.

In this paper, we consider a rectangular domain, but this time we consider a one-
way subdivision. We are able to prove convergence for any number of subdomains.
In a sense, we are able to offer a more practical convergence result than that of the
whole plane in [24], and than that of [14], but for a less general partition of the
subdomains. We use techniques taken from both of these papers, but tailored to our
particular setup. In other words, here we fill a gap in the theory; we are able to
prove convergence of asynchronous optimized Schwarz on a bounded domain for an
arbitrary number of subdomains. We mention that the technique used in our proofs
extend to the three-dimensional case, in a one-way subdivision; but we do not present
any details on this.

In addition to our convergence results, we present an empirical formula for the
Robin-type optimal parameter in terms of the overlap. We also present two results
which relate the convergence rate of the asynchronous method to the size of the subdo-
main. In one case, we show that keeping the height constant as well as the amount of
overlap, then increasing the width, accelerates the convergence. Equivalently, for the
same domain, increasing the number of subdomains (and thus decreasing the width
of each subdomain), the convergence factor deteriorates. On the other hand, we show
that maintaining each subdomain of the same size, changing how many subdomains
we have, does not change the convergence factor.

The paper is structured as follows. In section 2, we present the description of
the synchronous optimized Schwarz algorithm for the shifted Laplacian operator in a
rectangle [0, L1] × [0, L2] with Dirichlet boundary conditions on the physical bound-
aries. We prove its convergence using Fourier sine series and the maximum norm of
an operator mapping the coefficients of these series from one step to the next. The
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theorems apply when either OO0 or OO2 artificial boundary conditions are used.
They are proved under very mild conditions on the overlap between the subdomains.
In section 3, we prove the convergence of the asynchronous version of the algorithm.
This requires also to prove that the Fourier sine series are uniformly convergent. In
section 4 we present two new theorems which deal with how the convergence factor
relates to changes in the domain parameters. In section 5, we show results of some
numerical experiments on how the spectral radius of the above-mentioned operator
varies with different values of the Robin parameter for the OO0 case, the overlap, the
number of subdomains, and the frequency parameter. Then, we produce an empirical
formula for the optimal Robin parameter in the OO0 case in terms of the overlap.
In section 6, we present numerical experiments analyzing the thermal distribution on
an air intake system. These experiments show that the asynchronous methods indeed
converge, and that they are faster than the synchronous counterpart.

2. Synchronous Schwarz with optimized interface conditions. We con-
sider the equation {

(∆− η)u = f in Ω,
u = g on ∂Ω.

(2.1)

with Ω = (0, L1)× (0, L2) and η ≥ 0.
The domain Ω is divided into p overlapping subdomains, where the overlap are

vertical strips. This means we have p − 1 vertical lines, say at coordinates x =
`1, . . . , `p−1; and we assume for simplicity that we have the same overlap 2L between
the subdomains, and that the width of each subdomain as if there were no overlap is
`s − `s−1 = W = L1/p for s = 2, . . . , p − 1, so that `s = `1 + (s − 1)W . It follows
then, that the overlap satisfies 2L < W . Thus, we have Ω1 = [0, `1 + L] × [0, L2],
Ωs = [`s−1 − L, `s + L] × [0, L2], s = 2, . . . , p − 1, and Ωp = [`p−1 − L,L1] × [0, L2];
see Figure 2.1. Our analysis would equally apply to situations in which the overlap
varies from one subdomain to the next, including the special case where the first and
last subdomain have the same width as the others, and when the subdomains have
different widths. In addition, if the one-way subdivision were to be horizontal instead
of vertical, our analysis would obviously apply as well.

Let un = (un1 , . . . , u
n
p ), where uns is the approximation of u∗s (the restriction of the

solution u∗ to the subdomain Ωs) in Ωs at the n-th iteration, and fs the restriction
of f to Ωs, s = 1, . . . , p. Thus, uns ∈ Xs, a space of functions defined on Ωs.
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Fig. 2.1. One-way domain decomposition

We consider transmission conditions (on the artificial interfaces) composed of local
operators of the form ∂

∂ν + Λ, where Λ is an approximation of the Steklov-Poincaré
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operator by a linear combination of differential operators. In this context, the normal
vector is along the x-direction (with the appropriate sign),

Λ = α (2.2)

for the OO0 case and

Λ = α+ β
∂2

∂y2
(2.3)

for the OO2 case.
Starting with an initial approximation u0 = (u01, . . . , u

0
p), the local problems and

the synchronous iteration process are described by the following equations

For s = 1, solve

(∆− η)un+1
1 = f1 on Ω1,

un+1
1 = g for x = 0,
∂un+1

1

∂x + Λ(un+1
1 ) =

∂un2
∂x + Λ(un2 ) for x = `1 + L,

un+1
s = g for y = 0, and y = L2,

For s = 2, . . . , p− 1, solve

(∆− η)un+1
s = fs on Ωs,

−∂u
n+1
s

∂x + Λ(un+1
s ) = −∂u

n
s−1

∂x + Λ(uns−1) for x = `s−1 − L,
∂un+1

s

∂x + Λ(un+1
s ) =

∂uns+1

∂x + Λ(uns+1) for x = `s + L,

un+1
s = g for y = 0, and y = L2,

For s = p, solve

(∆− η)un+1
p = fp on Ωp

−∂u
n+1
p

∂x + Λ(un+1
p ) = −∂u

n
p−1

∂x + Λ(unp−1) for x = `p−1 − L,
un+1
p = g for x = L1,

un+1
s = g for y = 0, and y = L2.

(2.4)

Let Ens = u∗ − uns be the error in subdomain Ωs at iteration n. Using the
definition of Ens and the linearity of the equations in (2.4), it follows that Ens satisfies
the homogeneous case of (2.4), i.e., Ens is the solution of (2.4) for the case f = 0, g = 0.
That is, for s = 2, . . . , p, the error solves the following local problem.

(∆− η)En+1
s = 0 on Ωs,

−∂E
n+1
s

∂x + Λ(En+1
s ) = −∂E

n
s−1

∂x + Λ(Ens−1) for x = `s−1 − L,
∂En+1

s

∂x + Λ(En+1
s ) =

∂Ens+1

∂x + Λ(Ens+1) for x = `s + L,

En+1
s = 0 for y = 0, and y = L2.

(2.5)

To prove the convergence of the method, we shall show that Ens → 0 as n → ∞
for s = 1, . . . , p. To that end, we use separation of variables and Fourier analysis to
write the local errors as a Fourier sine series in the variable y and then recast the
equations (2.5) (and the corresponding ones for s = 1 and s = p) into a new fixed-
point iteration. Then, we prove that the iteration operator of this new-fixed point
iteration, which maps the coefficients of the series of all the local errors at iteration
n to the coefficients at iteration n+ 1, is contracting.
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To that end, let us consider the eigenfunctions of the problem (∆− η)φ = 0 on
Ωs with φ = 0 for y = 0 and y = L2. These are given by φm(y) = sin (mπy/L2),
m ∈ N. The expressions of these eigenfunctions can be obtained using separation of
variables. Also, note that {φm}m∈N is a complete orthogonal set that spans the space
of piecewise continuous functions; see, e.g., [16]. Then we can write the solution of
(2.5) as

Es(x, y) =

∞∑
m=1

Ês(x,m)φm(y) =

∞∑
m=1

Ês(x,m) sin

(
mπy

L2

)
, (2.6)

where for a fixed x, {Ês(x,m)}m∈N is the set of coefficients of the expansion of Es(x, ·)
in the basis {φm}m∈N and satisfies

Ês(x,m) =
2

L2

∫ L2

0

Es(x, y) sin

(
mπy

L2

)
dy. (2.7)

Note that for a fixed x, (2.6) is a Fourier sine series in the y variable. We remark
that using these Fourier series to express the error is mentioned already in [12] for
two subdomains; see also [7].

In the sequel, we develop explicit equations defining the coefficients Ês(x,m). To
that end, we will use the orthogonality of the set {φm}m∈N, and also the fact that,
since Es(x, 0) = Es(x, L2)=0, the order of integrals, first and second derivatives and
summation commute when integral and differential operators are applied to the series
in (2.6); see, e.g., [16]. In the interest of clarity, one or both of the arguments of the
error Es and the Fourier coefficient Ês are sometimes omitted in the presentation.

We begin by plugging (2.6) into the first line of (2.5), and interchanging the order
of derivatives and summation we obtain

∞∑
m=1

∂2Ês
∂x2

sin
(mπy
L2

)
+

∞∑
m=1

Ês
∂2 sin

(
mπy
L2

)
∂y2

− η
∞∑
m=1

Ês sin
(mπy
L2

)
= 0.

Evaluating the derivative in the second summation from the above expression and
collecting terms, we can write

∞∑
m=1

(
∂2Ês
∂x2

−
((mπ

L2

)2
+ η
)
Ês

)
sin
(mπy
L2

)
= 0.

Multiplying by sin(kπy/L2), integrating between y = 0 and y = L2 and using the
orthogonality property of {sin(mπy/L2)}m∈N, we obtain

∂2Ês
∂x2

∫ L2

0

sin2
(kπy
L2

)
dy −

((kπ
L2

)2
+ η
)
Ês

∫ L2

0

sin2
(kπy
L2

)
dy = 0.

Since the integral is not zero, we have that for each k ∈ N, Ês(x, k) must satisfy the
following ODE,

∂2Ês
∂x2

−
((kπ

L2

)2
+ η
)
Ês = 0. (2.8)

We develop now boundary conditions for the ODE (2.8). We begin with the case
s = 1. From the homogeneous Dirichlet boundary conditions at x = 0 we have that
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E1(0, y) = 0. Then, using this fact in (2.7) it follows that

Ê1(0, k) =
2

L2

∫ L2

0

E1(0, y) sin
(kπy
L2

)
dy = 0.

Similarly, for s = p, from (2.4) we have at x = L1 that Ep(L1, y) = 0. Then, from
(2.7) we obtain

Êp(L1, k) =
2

L2

∫ L2

0

Ep(L1, y) sin
(kπy
L2

)
dy = 0.

We write next the boundary conditions for Ên+1
s that arise from the artificial

boundary conditions in (2.5). We will write the equations for the OO2 case, though
one could easily do the same for other conditions Λ (the OO0 case corresponds to
β = 0). Thus, using (2.3) we see that the artificial boundary conditions are given by


For s = 2, . . . , p, for x = `s−1 − L,
−∂E

n+1
s

∂x + αEn+1
s + β

∂2En+1
s

∂y2 = −∂E
n
s−1

∂x + αEns−1 + β
∂2Ens−1

∂y2 ,

For s = 1, . . . , p− 1, for x = `s + L,
∂En+1

s

∂x + αEn+1
s + β

∂2En+1
s

∂y2 =
∂Ens+1

∂x + αEns+1 + β
∂2Ens+1

∂y2 ·

Using the same argument as that used to obtain (2.8), we have that for each k ∈ N,
Ên+1
s (x, k) must satisfy



For s = 2, . . . , p, for x = `s−1 − L,

−∂Ê
n+1
s

∂x +
(
α−

(
πk
L2

)2
β
)

(Ên+1
s ) = −∂Ê

n
s−1

∂x +
(
α−

(
πk
L2

)2
β
)

(Êns−1)

For s = 1, . . . , p− 1, for x = `s + L,

∂Ên+1
s

∂x +
(
α−

(
πk
L2

)2
β
)

(Ên+1
s ) =

∂Êns+1

∂x +
(
α−

(
πk
L2

)2
β
)

(Êns+1).

(2.9)

We denote by λ(k) = α−
(
kπ
L2

)2
β, where α > 0, β ≤ 0. The quantity λ depends

on k; however, in the interest of clarity, the parameter k is sometimes omitted in our
presentation. We also denote by θ(k) the positive root of the characteristic equation

of the second order ODE (2.8), namely the root of the equation θ2−
(
η+
(
kπ
L2

)2)
= 0.

Thus, θ(k) =

√
η +

(
kπ
L2

)2
, which is well defined for η ≥ 0.

Collecting the equations (2.8)–(2.9), we obtain the following algorithm which
defines the coeffficients Ên+1

s , and represents a different realization of the algorithm
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described in (2.4).

For s = 1, solve

∂2Ên+1
1

∂x2 −
(
η +

(
kπ
L2

)2)
Ên+1

1 = 0 for x ≤ `1 + L,

Ên+1
1 = 0 for x = 0,

∂Ên+1
1

∂x + λÊn+1
1 =

∂Ên2
∂x + λÊn2 for x = `1 + L,

For s = 2, . . . , p− 1, solve

−∂Ê
n+1
s

∂x + λÊn+1
s = −∂Ê

n
s

∂x + λÊns for x = `s−1 − L,
∂2Ên+1

s

∂x2 −
(
η +

(
kπ
L2

)2)
Ên+1
s = 0 for `s−1 − L ≤ x ≤ `s + L,

∂Ên+1
s

∂x + λÊn+1
s =

∂Êns−1

∂x + λÊns−1 for x = `s + L,

For s = p, solve

−∂Ê
n+1
p

∂x + λÊn+1
p = −∂Ê

n
p−1

∂x + λÊnp−1 for x = `p−1 − L,
∂2Ên+1

p

∂x2 −
(
η +

(
kπ
L2

)2)
Ên+1
p = 0 for `p−1 − L ≤ x,

Ên+1
p = 0 for x = L1.

(2.10)

We are ready to state and prove the convergence of the synchornous algorithm
represented by (2.4) using its Fourier sine series coefficients counterpart (2.10).

Theorem 2.1. Consider the shifted Laplacian problem (2.1) on a rectangular
domain with a one-way domain decomposition with p vertical strips of width W , and
for s = 2, . . . , p−1, overlap 2L throughout. Consider transmition operators Λ defined
on the interfaces, supposed to be the same on the left and right interfaces. Given
an initial approximation u0 = (u01, . . . , u

0
p), we consider the synchronous optimized

Schwarz algorithm described by (2.4). Let us assume that for each frequency k, the
factor λ(k), the width of the subdomain (as if there were no overlap) W , and the
overlap L satisfy the following three conditions,

λ(k) 6= −θ(k), (2.11)

L < W/3, (2.12)

and ∣∣∣λ(k)− θ(k)

λ(k) + θ(k)

∣∣∣e−θ(k)(2L) < 1− e−θ(k)(2L)

1 + e−θ(k)(W )
· (2.13)

Then, the synchronous algorithm described by (2.4) converges to the solution u∗ for
any initial approximation u0.

Remark 2.2. We discuss here the hypotheses (2.11)–(2.13). In all our experi-
ments, the approximate optimal conditions we used correspond to λ = α for OO0,

or λ = α −
(
πk
L2

)2
β, with α > 0 and β < 0, and thus the hypothesis (2.11) always

hold. (See also section 6 where it is shown that the optimal value of α is positive).
Regarding the second hypothesis (2.12), usually in the numerical applications we al-
ways have L < W/3. This is natural, the overlap (on each side) is not larger than
a third of the width of the subdomain. Lastly, observing the hypothesis (2.13), we
note that the left hand side is always less than one. It is a product of two factors;
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the first is less than one, and the second is less than one with L > 0 and equal to
one when L = 0. The term on the right of the condition is also less than one, and
it is a monotonically increasing function of the width W . Thus, for a fixed amount
of overlap 2L, for large enough W , i.e., for wide enough subdomains condition (2.13)
is automatically satisfied. Alternatively, for fixed W , for small enough overlap L, the
conditions holds.

Proof of Theorem 2.1. Before we give the proof in full detail, we present a sketch
of it.
1. We write the Fourier series coefficients of the error of the approximate solution in
each subdomain at each iteration n, in terms of two exponentials, with the coefficients
in front of these two exponentials, say Ans (k) and Bns (k) to be determined.
2. We use the artificial boundary conditions on the interfaces to write relations be-
tween these coefficients at iteration n+ 1, as a function of those at iteration n. There
are dependencies from the corresponding coefficient in the subdomains on the left and
right of the subdomain.
3. This results in a linear map from the coefficients of the error series for all subdo-
mains s = 1, . . . , p, at iteration n to all coefficients at iteration n + 1. We explicitly
write the matrix T̂ of this linear map, and consider its max-norm.
4. We show that this norm is less than one, and thus, the map is a contraction im-
plying that Ên → 0.
5. We relate the error En to the coefficients Ên, showing that En → 0, completing
the proof.

Step 1. A general solution of the second order ODE for a generic subdomain s in
(2.10) has the form2

Êns (x, k) = Ans (k)eθ1(x−(`s−1−L)) +Bns (k)eθ2(x−(`s+L)), s = 1, . . . , p, (2.14)

where θi, i = 1, 2, are the two solutions of the characteristic equation of the mentioned
second order ODE, namely, θ1 = −θ(k), θ2 = θ(k).

Therefore, the solutions of the equations (2.10) have the following form
Ên1 (x, k) = An1 (k)e−θ(k)x +Bn1 (k)eθ(k)(x−(`1+L)),

Êns (x, k) = Ans (k)e−θ(k)(x−(`s−1−L)) +Bns (k)eθ(k)(x−(`s+L)), s = 2, . . . , p− 1,

Ênp (x, k) = Anp (k)e−θ(k)(x−(`p−1−L)) +Bnp (k)eθ(k)(x−L1),

with the unknown coefficients An1 (k), Bn1 (k), Ans (k), Bns (k), s = 2, . . . , p − 1, Anp (k),
Bnp (k), to be determined. From now on, we drop the parameter k in the expression
of these coefficients. Direct computation of the derivatives and substitutions lead to
the following equations
∂Ên1 (x,k)

∂x = −θ(k)An1 e
−θ(k)x + θ(k)Bn1 e

θ(k)(x−(`1+L)),
∂Êns (x,k)

∂x = −θ(k)Ans e
−θ(k)(x−(`s−1−L)) + θ(k)Bns e

θ(k)(x−(`s+L)), s = 2, . . . , p− 1,
∂Ênp (x,k)

∂x = −θ(k)Anpe
−θ(k)(x−(`p−1−L)) + θ(k)Bnp e

θ(k)(x−L1).

Let us define

κ = (λ− θ(k)), µ = (λ+ θ(k)) and γ =
κ

µ
·

2This form is general and could be used for a limiting case of an infinite domain. In the latter
case, one would have An

1 (k) = 0, and Bn
p (k) = 0.
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Since by hypothesis λ 6= −θ(k), this leads to µ 6= 0.
Step 2. The introduction of these expressions in the interface conditions implies

that, for the domain Ω1 we have the Dirichlet boundary condition on the left

Ên+1
1 (0, k) = 0,

thus

An+1
1 = −Bn+1

1 e−θ(k)(`1+L). (2.15)

For the subdomain Ω1 receiving values from subdomain Ω2, we have

∂Ên+1
1 (`1 + L, k)

∂x
+ λÊn+1

1 (`1 + L, k) =
∂Ên2 (`1 + L, k)

∂x
+ λÊn2 (`1 + L, k),

(λ− θ(k))An+1
1 e−θ(k)(W+L) + (λ+ θ(k))Bn+1

1

= (λ− θ(k))An2 e
−θ(k)2L + (λ+ θ(k))Bn2 e

−θ(k)W ,
κ

µ
An+1

1 e−θ(k)(W+L) +Bn+1
1 =

κ

µ
An2 e

−θ(k)2L +Bn2 e
−θ(k)W . (2.16)

We substitute (2.15) in (2.16), and obtain

Bn+1
1 =

κ
µA

n
2 e
−θ(k)2L +Bn2 e

−θ(k)W

(1− κ
µe
−θ(k)2(W+L))

·

For the subdomain Ωp receiving values from subdomain Ωp−1, we have

−
∂Ên+1

p (`p−1 − L, k)

∂x
+ λÊn+1

p (`p−1 − L, k) =

−
∂Ênp−1(`p−1 − L, k)

∂x
+ λÊnp−1(`p−1 − L, k),

(θ(k) + λ)An+1
p + Bn+1

p (−θ(k) + λ) e−θ(k)(`p−1−L−L1)

= (θ(k) + λ)Anp−1e
−θ(k)(`p−1−`p−2) + (−θ(k) + λ)Bnp−1e

−θ(k)2L

An+1
p +

κ

µ
Bn+1
p e−θ(k)(W+L) = Anp−1e

−θ(k)W +
κ

µ
Bnp−1e

−θ(k)2L.(2.17)

For the last subdomain, we have the Dirichlet boundary condition

Ên+1
p (L1, k) = 0 ;

thus

Bn+1
p = −An+1

p e−θ(k)(W+L) ; (2.18)

we substitute (2.18) in (2.17) to obtain

An+1
p =

Anp−1e
−θ(k)W + κ

µB
n
p−1e

−θ(k)2L

(1− κ
µe
−θ(k)2(W+L))

·

For the subdomain Ω2 receiving values from subdomain Ω1,

−∂Ê
n+1
2 (`1 − L, k)

∂x
+ λÊn+1

2 (`1 − L, k) = −∂Ê
n
1 (`1 − L, k)

∂x
+ λÊn1 (`1 − L, k),

(θ(k) + λ)An+1
2 + (−θ(k) + λ)Bn+1

2 e−θ(k)(`2−`1+2L)

= (θ(k) + λ) e−θ(k)(W−L)An1 + (−θ(k) + λ)Bn1 e
−θ(k)2L,

An+1
2 +

κ

µ
e−θ(k)(W+2L)Bn+1

2 = e−θ(k)(W−L)An1 +
κ

µ
Bn1 e

−θ(k)2L.
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For the subdomain Ωp−1 receiving values from subdomain Ωp,

∂Ên+1
p−1 (`p−1 + L, k))

∂x
+ λÊn+1

p−1 (`p−1 + L, k)

=
∂Ênp (`p−1 + L, k)

∂x
+ λÊnp−1(`p−1 + L, k),

(−θ(k) + λ)An+1
p−1e

−θ(k)(`p−1−`p−2+2L) + (θ(k) + λ)Bn+1
p−1

= (−θ(k) + λ)Anpe
−θ(k)2L + (θ(k) + λ)Bnp e

−θ(k)(lp−1−L−L1),
κ

µ
e−θ(k)(W+2L)An+1

p−1 +Bn+1
p−1 =

κ

µ
Anpe

−θ(k)2L +Bnp e
−θ(k)(W−L).

For s = 3, . . . , p − 1, we have for the subdomain Ωs receiving values from subdo-
main Ωs−1,

−∂Ê
n+1
s (`s−1 − L, k)

∂x
+ λÊn+1

s (`s−1 − L, k) =

= −
∂Êns−1(`s−1 − L, k)

∂x
+ λÊns−1(`s−1 − L, k),

(θ(k) + λ)An+1
s + (−θ(k) + λ)Bn+1

s e−θ(k)(`s−`s−1+2L)

= (θ(k) + λ)Ans−1e
−θ(k)(`s−1−`s−2) + (−θ(k) + λ)Bns−1e

−θ(k)2L,

An+1
s +

κ

µ
e−θ(k)(W+2L)Bn+1

s = Ans−1e
−θ(k)W +

κ

µ
Bns−1e

−θ(k)2L.

And for s = 2, . . . , p− 2, we have for the subdomain Ωs receiving values from subdo-
main Ωs+1,

∂Ên+1
s (`s + L, k)

∂x
+ λÊn+1

s (`s + L, k)

=
∂Êns+1(`s + L, k)

∂x
+ λÊn+1

s+1 (`s + L, k),

(−θ(k) + λ)An+1
s e−θ(k)(`s−`s−1+2L) + (θ(k) + λ)Bn+1

s

= (−θ(k) + λ)Ans+1e
−θ(k)2L + (θ(k) + λ)Bns+1e

−θ(k)(`s+1−`s),
κ

µ
e−θ(k)(W+2L)An+1

s +Bn+1
s =

κ

µ
Ans+1e

−θ(k)2L +Bns+1e
−θ(k)W .

Step 3. We now rewrite the 2×2 system formed by the two equations from above,
which corresponds to the exchange between the two interfaces of the subdomains. Let
γ = κ/µ = |λ− θ(k)| / |λ+ θ(k)| as before, we then have[

An+1
1

Bn+1
1

]
=

1

1− γe−2θ(k)(W+L)

[
−γe−θ(k)(W+3L) −e−θ(k)(2W+L)

γe−θ(k)(2L) e−θ(k)(W )

] [
An2
Bn2

]
, (2.19)

[
1 γe−θ(k)(W+2L)

γe−θ(k)(W+2L) 1

] [
An+1

2

Bn+1
2

]
= (2.20)[

e−θ(k)(W−L) γe−θ(k)2L

0 0

] [
An1
Bn1

]
+

[
0 0

γe−θ(k)2L e−θ(k)W

] [
An3
Bn3

]
,
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[
1 γe−θ(k)(W+2L)

γe−θ(k)(W+2L) 1

] [
An+1
s

Bn+1
s

]
= (2.21)[

e−θ(k)W γe−θ(k)2L

0 0

] [
Ans−1
Bns−1

]
+

[
0 0

γe−θ(k)2L e−θ(k)W

] [
Ans+1

Bns+1

]
,

[
1 γe−θ(k)(W+2L)

γe−θ(k)(W+2L) 1

] [
An+1
p−1

Bn+1
p−1

]
= (2.22)[

e−θ(k)W γe−θ(k)2L

0 0

] [
Anp−2
Bnp−2

]
+

[
0 0

γe−θ(k)2L e−θ(k)(W−L)

] [
Anp
Bnp

]
,

[
An+1
p

Bn+1
p

]
=

1

1− γe−2θ(k)(W+L)

[
e−θ(k)W γe−θ(k)2L

−γe−θ(k)(2W+L) −e−θ(k)(W+3L)

] [
Anp−1
Bnp−1

]
· (2.23)

Let us denote by S the matrix on the left hand side in (2.20), by R
(l)
2 the matrix

on the right hand side in (2.19), by R
(l)
1 and R2 the two matrices on the right hand

side in (2.20), by R1 the first matrix on the right hand side in (2.21), by R
(r)
2 the

second matrix on the right hand side in (2.22), and by R
(r)
1 the matrix on the right

hand side in (2.23).
Let us collect the 2p coefficients at the step n in the vector

cn = (cn1 , c
n
2 , . . . , c

n
p )T . (2.24)

where cns = (Ans , B
n
s ) are ordered pairs for s = 1, . . . , p. For s = 1, we rewrite (2.19)

as

cn+1
s = R

(l)
2 cns .

For s = 2, we rewrite (2.20) as

Scn+1
s = R

(l)
1 cns−1 +R2c

n
s+1.

For s = 3, . . . , p− 2, we rewrite (2.21) as

Scn+1
s = R1c

n
s−1 +R2c

n
s+1.

For s = p− 1, we rewrite (2.22) as

Scn+1
s = R1c

n
s−1 +R

(r)
2 cns+1.

For s = p, we rewrite (2.23) as

cn+1
s = R

(r)
1 cns .

Collecting these 2× 2 systems into an 2p× 2p system, we write it as

Ŝcn+1 = R̂cn, (2.25)
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

[I ]

[S ]

. . .

. . .

[S ]

[I ]





An+1
1

Bn+1
1

An+1
2

Bn+1
2

An+1
3

Bn+1
3

...

An+1
p−1

Bn+1
p−1

An+1
p

Bn+1
p



=



[
0
] [

R
(l)
2

]
[
R

(l)
1

] [
0
] [

R2

]
[
R1

] [
0
] [

R2

]
. . .

. . .
. . .

. . .
. . .

[
R2

]
[
R1

] [
0
] [

R
(r)
2

]
[
R

(r)
1

] [
0
]





An1
Bn1

An2
Bn2

An3
Bn3

...

Anp−1
Bnp−1

Anp
Bnp



.

Fig. 2.2. Schematic representation of (2.25).

which is shown schematically in Figure 2.2, and where Ŝ is a symmetric positive
definite block diagonal matrix with first and last diagonal blocks being a 2×2 identity
matrix, the other p− 2 diagonal blocks are 2× 2 diagonal blocks being the matrix S,
and R̂ is a block tridiagonal matrix with blocks commensurate with those of Ŝ, and
the typical block row is [R1 | O | R2].

In order to analyze the iteration (2.25), we rewrite it as

cn+1 = T̂ cn,

where T̂ = Ŝ−1R̂, and it is schematically represented in Figure 2.3. Since Ŝ is block
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diagonal, so is its inverse. The first and last 2 × 2 blocks of Ŝ are the 2 × 2 identity
matrix, so their inverse is also the identity. The other diagonal blocks of Ŝ−1 are
all S−1.

T̂ =



[
0
] [

R
(l)
2

]
[
S−1R

(l)
1

] [
0
] [

S−1R2

]
[
S−1R1

] [
0
] [

S−1R2

]
. . .

. . .
. . .

. . .
. . .

[
S−1R2

]
[
S−1R1

] [
0
] [

S−1R
(r)
2

]
[
R

(r)
1

] [
0
]


Fig. 2.3. Schematic representation of T̂ .

One can see by inspection that

S−1 =
1

1− γ2e−2θ(k)(W+2L)

[
1 −γe−θ(k)(W+2L)

−γe−θ(k)(W+2L) 1

]
.

We can then compute

S−1R1 =

1

1− γ2e−2θ(k)(W+2L)

[
e−θ(k)W γe−θ(k)2L

−γe−θ(k)W e−θ(k)(W+2L) −γ2e−θ(k)2Le−θ(k)(W+2L)

]
,(2.26)

S−1R2 =

1

1− γ2e−2θ(k)(W+2L)

[
−γ2e−θ(k)2Le−θ(k)(W+2L) −γe−θ(k)W e−θ(k)(W+2L)

γe−θ(k)2L e−θ(k)W

]
,(2.27)

S−1R
(l)
1 =

1

1− γ2e−2θ(k)(W+2L)

[
e−θ(k)(W−L) γe−θ(k)2L

−γe−θ(k)W e−θ(k)(W+L) −γ2e−θ(k)2Le−θ(k)(W+2L)

]
, (2.28)

S−1R
(r)
2 =

1

1− γ2e−2θ(k)(W+2L)

[
−γ2e−θ(k)2Le−θ(k)(W+2L) −γe−θ(k)W e−θ(k)(W+L)

γe−θ(k)2L e−θ(k)(W−L)

]
. (2.29)

Step 4. Our goal is to show that T̂ = T̂ (k) is contracting. To that end, we shall
compute ‖T̂ ‖∞, i.e., its maximum row sum, with elements taken in absolute value. A
typical block row of the block tridiagonal matrix T̂ is of the form [S−1R1 | O | S−1R2].
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Each of the two row sums of this typical block row is thus

||[S−1R1 | O | S−1R2]||∞

=
1

1− γ2e−2θ(k)(W+2L)
·
[
e−θ(k)W + |γ|e−θ(k)2L + γ2e−θ(k)2Le−θ(k)(W+2L)

+ |γ|e−θ(k)W e−θ(k)(W+2L)
]

=
1

1− γ2e−2θ(k)(W+2L)
·
[
e−θ(k)W (1 + |γ|e−θ(k)(W+2L))

+ |γ|e−θ(k)2L(1 + |γ|e−θ(k)(W+2L))
]

=
e−θ(k)W + |γ|e−θ(k)2L

1− |γ|e−θ(k)(W+2L)
· (2.30)

For the second block of T̂ , the maximum row sum is

||[S−1R(l)
1 | O | S−1R2]||∞ =

1

1− γ2e−2θ(k)(W+2L)
·
[
e−θ(k)W e−θ(k)(−L) + |γ|e−θ(k)2L + γ2e−θ(k)2Le−θ(k)(W+2L)

+|γ|e−θ(k)W e−θ(k)(W+2L)
]
. (2.31)

For the p− 1 block of T̂ , the maximum row sum is

||[S−1R1 | O | S−1R(r)
2 ]||∞

=
1

1− γ2e−2θ(k)(W+2L)
·
[
e−θ(k)W + |γ|e−θ(k)2L + γ2e−θ(k)2Le−θ(k)(W+2L)

+ |γ|e−θ(k)W e−θ(k)(W+2L)e−θ(k)(−L)
]
. (2.32)

For the first and the last row of T̂ , the maximum row sums are∣∣∣r(l)21

∣∣∣+
∣∣∣ r(l)22

∣∣∣ =
∣∣∣r(r)11

∣∣∣+
∣∣∣ r(r)12

∣∣∣ =
(e−θ(k)W + |γ|e−θ(k)2L

1− γe−2θ(k)(W+L)

)
e−θ(k)(W+L) (2.33)

and ∣∣∣r(l)11

∣∣∣+
∣∣∣ r(l)12

∣∣∣ =
∣∣∣r(r)21

∣∣∣+
∣∣∣ r(r)22

∣∣∣ =
e−θ(k)W + |γ|e−θ(k)2L

1− γe−2θ(k)(W+L)
, (2.34)

where r
(l)
ij = (R

(l)
2 )ij and r

(r)
ij = (R

(r)
1 )ij .

In order to find the maximum, i.e., ‖T̂ (k)‖∞, we will compare (2.30), (2.31),
(2.32), (2.33) and (2.34).
First we compare (2.33) and (2.34). Since e−θ(k)(W+L) < 1, we have that∣∣∣r(l)21

∣∣∣+
∣∣∣ r(l)22

∣∣∣ =
∣∣∣r(r)11

∣∣∣+
∣∣∣ r(r)12

∣∣∣ < ∣∣∣r(l)11

∣∣∣+
∣∣∣ r(l)12

∣∣∣ =
∣∣∣r(r)21

∣∣∣+
∣∣∣ r(r)22

∣∣∣ .
Next, we compare (2.34) and (2.30). Since W + 2L < 2(W +L) then e−θ(k)(W+2L) >
e−θ(k)2(W+L). Consequently, we have that∣∣∣r(l)11

∣∣∣+
∣∣∣ r(l)12

∣∣∣ =
∣∣∣r(r)21

∣∣∣+
∣∣∣ r(r)22

∣∣∣ < ||[S−1R1 | O | S−1R2]||∞.
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If γ > 0, then |γ| = γ, and we have

|γ| e−θ(k)(W+2L) > γe−θ(k)2(W+L).

Then, we can write

1− |γ| e−θ(k)(W+2L) < 1− γe−θ(k)2(W+L),

which implies

e−θ(k)W + |γ|e−θ(k)2L

1− |γ| e−θ(k)(W+2L)
>
e−θ(k)W + |γ|e−θ(k)2L

1− γe−θ(k)2(W+L)
.

However, if γ < 0 then |γ| = −γ, then

γe−θ(k)(W+2L) < −γe−θ(k)2(W+L).

Then, we can write

1 + γe−θ(k)(W+2L) < 1− γe−θ(k)2(W+L).

Therefore, since here 1− |γ| = 1 + γ, we have

e−θ(k)W + |γ|e−θ(k)2L

1 + γe−θ(k)(W+2L)
>
e−θ(k)W + |γ|e−θ(k)2L

1− γe−θ(k)2(W+L)
·

Then for all γ, we have

e−θ(k)W + |γ|e−θ(k)2L

1− |γ| e−θ(k)(W+2L)
>
e−θ(k)W + |γ|e−θ(k)2L

1− γe−θ(k)2(W+L)
·

Next, by comparing (2.30), (2.31) and (2.32), we show that

||[S−1R1 | O | S−1R2]||∞ < ||[S−1R(l)
1 | O | S−1R2]||∞

and ||[S−1R1 | O | S−1R2]||∞ < ||[S−1R1 | O | S−1R(r)
2 ]||∞.

This holds since the first term of ||[S−1R(l)
1 | O | S−1R2]||∞ is multiplied by

e−θ(k)(−L) > 1 and the last term of ||[S−1R1 | O | S−1R(r)
2 ]||∞ is multiplied by

e−θ(k)(−L) > 1. Therefore, for each k,

‖T̂ (k)‖∞ = max{||[S−1R(l)
1 | O | S−1R2]||∞, ||[S−1R1 | O | S−1R(r)

2 ]||∞}.

We compute now a bound for this maximum.

||S−1R(l)
1 | O | S−1R2||∞

=
1

1− γ2e−2θ(k)(W+2L)
·
[
e−θ(k)W e−θ(k)(−L) + |γ|e−θ(k)2L

+γ2e−θ(k)2Le−θ(k)(W+2L) + |γ|e−θ(k)W e−θ(k)(W+2L)
]

=
1

1− γ2e−2θ(k)(W+2L)
·
[
e−θ(k)W (e−θ(k)(−L) + |γ|e−θ(k)(W+2L))

+|γ|e−θ(k)2L(1 + |γ|e−θ(k)(W+2L))
]

<
1

1− γ2e−2θ(k)(W+2L)
·
[
e−θ(k)W e−θ(k)(−L)(1 + |γ|e−θ(k)(W+2L))

+|γ|e−θ(k)2L(1 + |γ|e−θ(k)(W+2L))
]

=
e−θ(k)(W−L) + |γ|e−θ(k)2L

1− |γ|e−θ(k)(W+2L)
<

(1 + |γ|)e−θ(k)(2L)

1− |γ|e−θ(k)(W+2L)
<

|γ|e−θ(k)(2L)

1− |γ|e−θ(k)(W+2L)
·
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The first inequality holds since e−θ(k)(−L) > 1, and the second holds if
e−θ(k)(W−L) < e−θ(k)(2L) is satisfied, which is true by our hypothesis that L < W/3.

||S−1R1 | O | S−1R(r)
2 ||∞

=
1

1− γ2e−2θ(k)(W+2L)
·
[
e−θ(k)W + |γ|e−θ(k)2L + γ2e−θ(k)2Le−θ(k)(W+2L)

+|γ|e−θ(k)W e−θ(k)(W+2L)e−θ(k)(−L)
]

=
1

1− γ2e−2θ(k)(W+2L)
·
[
e−θ(k)(W )(1 + |γ|e−θ(k)(W+2L)e−θ(k)(−L))

+|γ|e−θ(k)2L(1 + |γ|e−θ(k)(W+2L))
]

=
1

1− γ2e−2θ(k)(W+2L)
·
[
e−θ(k)(W−L)(e−θ(k)(L) + |γ|e−θ(k)(W+2L))

+|γ|e−θ(k)2L(1 + |γ|e−θ(k)(W+2L))
]

<
1

1− γ2e−2θ(k)(W+2L)
·
[
e−θ(k)(W−L)(1 + |γ|e−θ(k)(W+2L))

+|γ|e−θ(k)2L(1 + |γ|e−θ(k)(W+2L))
]

=
e−θ(k)(W−L) + |γ|e−θ(k)2L

1− |γ|e−θ(k)(W+2L)
<

(1 + |γ|)e−θ(k)(2L)

1− |γ|e−θ(k)(W+2L)
·

The first inequality holds since e−θ(k)(L) < 1, and the second holds if
e−θ(k)(W−L) < e−θ(k)(2L) is satisfied, which is true by our hypothesis that L < W/3.
All that remains to show is that this last bound is less than one. To that end observe
that the following are equivalent

e−θ(k)(2L) + |γ|e−θ(k)(2L)

1− |γ|e−θ(k)(W+2L)
< 1

e−θ(k)(2L) + |γ|e−θ(k)(2L) < 1− |γ|e−θ(k)(W+2L)

|γ|(1 + e−θ(k)(W ))e−θ(k)(2L) < 1− e−θ(k)(2L)

|γ|e−θ(k)(2L) < 1− e−θ(k)(2L)

1 + e−θ(k)W
·

The last inequality is precisely our hypothesis (2.13). Therefore, for each k,
‖T̂ (k)‖∞ < 1.

Step 5. Our goal is to prove that the En → 0, where En = (En1 , E
n
2 , . . . , E

n
p ). We

showed that T̂ is contracting implying that Êns (x, k)→ 0, for s = 1, . . . , p.
By (2.6), we have

Ens (x, y) =

∞∑
k=1

Êns (x, k) sin
(kπy
L2

)
.

We apply the limit, and using the fact that we can interchange the limit and the
summation (see, e.g., [16]), we obtain

lim
n→∞

Ens (x, y) = lim
n→∞

∞∑
k=1

Êns (x, k) sin
(kπy
L2

)
=

∞∑
k=1

lim
n→∞

Êns (x, k) sin
(kπy
L2

)
= 0 ,

thus completing the proof.
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3. Asynchronous Schwarz with optimized interface conditions. We con-
sider now an asynchronous version of the algorithm described by (2.4). We assume
that we have p processors, one for each subdomain, each processor solves a local prob-
lem. We describe here a standard mathematical model of asynchronous iterations for
this algorithm; see, e.g., [3], [10], [26]. Let us define a time stamp as the instant of
time at which at least one processor finishes its computation, that is, it completes
the solution of its local problem, and produces a new update. Let X1, . . . , Xp be
given sets and X be their Cartesian product, i.e., X = X1 × · · · ×Xp. Thus u ∈ X
implies u = (u1, . . . , up) with us ∈ Xs for s ∈ {1, . . . , p}. Let Ts : X → Xs where
s ∈ {1, . . . , p}, and let T : X → X be a vector-valued map (iteration map) given by
T = (T1, . . . , Tp) with a fixed point u∗, i.e., u∗ = T (u∗). Thus, the mathematical
formulation of the synchronous iterative algorithm described in (2.4), given an initial
approximation u0 is

un = T (un−1), for n = 1, 2, . . . ,

or equivalently

uns = Ts(un−1), for s = 1, . . . , p, n = 1, 2, . . .

The resulting un at each iteration is an approximation of the fixed point u∗.

Let {tn}n∈N be the sequence of time stamps at which at least one processor
updates its associated component. Let {σ(n)}n∈N be a sequence with σ(n) ⊂ {1, ..., p},
∀n ∈ N. The set σ(n) consists of labels (numbers) of the processors that update their
associated component at the n-th time stamp. Define for s, q ∈ {1, ..., p}, {τsq (n)}n∈N
a sequence of integers, representing the time stamp index of the update of the data
coming from processor q and available in processor s before it starts producing the
local solution to be completed at the n-th time stamp. Let u0 =

(
u01, . . . , u

0
p

)
be the

initial approximation (of the fixed point u∗). Then, the new computed value updated
by processor s at the n-th time stamp is

uns =

{
Ts
(
u
τs1 (n)
1 , . . . , u

τsp (n)
p

)
, s ∈ σ(n)

un−1s , s /∈ σ(n)·
(3.1)

We emphaize that uns is the approximation to u∗s at the time stamp tn.

It is customary to assume that the three following conditions (necessary for con-
vergence) are satisfied

τ (s)q (n) < n,∀s, q ∈ {1, . . . , p} ,∀n ∈ N∗, (3.2)

card {n ∈ N∗|s ∈ σ(n)} = +∞,∀s ∈ {1, . . . , p} , (3.3)

lim
n→+∞

τ (s)q (n) = +∞,∀s, q ∈ {1, . . . , p} . (3.4)

Condition (3.2) indicates that data used at the time tn must have been produced
before time tn, i.e., time does not flow backward. Condition (3.3) means that no
process will ever stop updating its components. Condition (3.4) corresponds to the
fact that new data will always be provided to the process. In other words, no process
will have a piece of data that is never updated; see, e.g., [1], [3], [5], [10].

In our context, when we want to solve the problem (2.1), the setup (3.1) is as
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follows (for s corresponding to an interior subdomain)

un+1
s =


Solve


(∆− η)un+1

s = fs on Ωs,

−∂u
n+1
s

∂x + Λ(un+1
s ) = −∂u

τ
(s)
s−1

(n)

s−1

∂x + Λ(u
τ
(s)
s−1(n)

s−1 )

∂un+1
s

∂x + Λ(un+1
s ) =

∂u
τ
(s)
s+1

(n)

s+1

∂x + Λ(u
τ
(s)
s+1(n)

s+1 )

 if s ∈ σ(n+ 1)

uns if s /∈ σ(n+ 1),
(3.5)

and for s = 1 or s = p one of the above boundary conditions is not present and we
have Dirichlet boundary condition instead as in (2.4).

Thus, Ts is given by (3.5), which is the same as in (2.4), for which Theorem 2.1
applies. Our goal is to show that the asynchronous optimized Schwarz method con-
verges. As we did for the synchronous case, it suffices to show that the error of the
solution converges to zero for f = 0 and g = 0.

Let Ems (x, y) be the error of the local problem s at the time stamp tm (of the asyn-
chronous version of (2.4)), s ∈ {1, ..., p}, and Êms (x, k) be its corresponding Fourier
series coefficients in the y direction, as in (2.6) and (2.7). For any monotonically
increasing sequence of time stamps {tm}m∈N we want to prove that the following
holds

lim
m→∞

Ems = 0, for s = 1, . . . , p.

Theorem 3.1. For the shifted Laplacian problem (2.1), and a one way domain
decomposition with p vertical strips of width W , for s = 2, . . . , p − 1, overlap 2L
throughout, and transmission operator Λ of the form (2.3) defined on the interfaces,
supposed to be the same on the left and right interfaces, given an initial approximation
u0 = (u01, . . . , u

0
p), consider the following asynchronous optimized Schwarz algorithm.

In process s, corresponding to the subspace Ωs, for any sequence of update indexes

σ(n) and time stamps of previous computations τ
(s)
q (n), n = 1, . . ., satisfying the

conditions (3.2)–(3.4), the asynchronous iteration (3.5), where, if s = 1, or s = p one
of the boundary conditions is not present and one uses Dirichlet boundary condition
instead as in (2.4). Assume that λ(k), W and L, satisfy the conditions (2.11)–(2.13).
Let

Σ = {`s−1 − L : s = 2, ..., p} ∪ {`s + L : s = 1, ..., p− 1}

(i.e., Σ is the set of the x−coordinates of each of the artificial boundaries of each of
the local problems.) Assume further that the initial approximation is such that the
initial error E0

s (x, y) is uniformly bounded for x ∈ Σ and y ∈ [0, L2]. Then, for all
s ∈ {1, ..., p}, the sequence of errors satisfies limm→∞Ems (x, y) = 0 in Ωs for any
(monotonically increasing) sequence of time stamps {tm}m∈N. In other words, the
asynchronous optimized Schwarz algorithm (3.5) converges.

Proof. The goal is to prove that for any sequence of time stamps {tm}m∈N and
for every s ∈ {1, ..., p} we have limm→∞Ems (x, y) = 0 in [`s−1, `s]. We first note that,
to prove this statement it suffices to show that

lim
m→∞

|Ems (x, y)| = 0 uniformly in Σ ∩ [`s−1, `s]× [0, L2], s = 1, . . . , p,

since this implies that the values of the boundary conditions of each local problem
will converge to zero, and consequently so will the solution of each local problem in
the interior of the corresponding subdomain.
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We can say this, since the derivatives of Ems exist and are continuous, and there-
fore for ` = `s−1 or ` = `s, if Ems converges to zero uniformly in {`} × [0, L2] as
m → ∞ and the first and derivatives of other orders of Ems are continuous, it also

holds that limm→∞

(
∂Ems
∂x + ΛEms

)
(x, y) = 0 uniformly in {`} × [0, L2].

Furthermore, our proof would reduce to showing that

lim
m→∞

|Êms (x, y)| = 0 uniformly in Σ ∩ [`s−1, `s]× [0, L2], s = 1, . . . , p. (3.6)

This would follow from the following bound

lim
m→∞

|Ems (x, y)| = lim
m→∞

∣∣∣∣∣
∞∑
k=1

Êms (x, k) sin(
kπy

L2
)

∣∣∣∣∣
≤ lim
m→∞

∞∑
k=1

|Êms (x, k)| =
∞∑
k=1

lim
m→∞

|Êms (x, k)| = 0 (3.7)

as long as the equality (3.7) holds.
Thus, we have a road map for the proof of the theorem, and we present its sketch

next.
1. We first consider the coefficients c0 of the initial error, defined in (2.24) (with
n = 0), and prove that these are uniformly bounded, i.e., ||c0(k)||∞ < C <∞,
for some C > 0.

2. We use this to then prove that for all k, and s = 1, . . . , p, limm→∞ |Ams (k)| = 0
and limm→∞ |Bms (k)| = 0

3. We show that, for all m ∈ N, the series
∑∞
k=1 Ê

m
s (x, k) is uniformly conver-

gent, which implies (3.7).
Step 1. We first prove that ||c0(k)||∞ < C <∞, for some C > 0, where c0 is the initial
value of cn as in (2.24). To that end, we want to bound A0

s(k) and B0
s (k), s = 1, . . . , p,

for all k. For ease of notation, for each subdomain s, let the left artificial Dirichlet
boundary condition be ps(k) and the right artificial boundary condition qs(k), and
let us define ξ = η + π2/L2

2 > 0. We will use the fact that for all k,

θ(k) =

√
η +

(kπ
L2

)2
≥
√
η +

( π
L2

)2
=
√
ξ.

Thus, it follows from the expression (2.14) that for s = 2, ...., p − 1 at x = `s−1 − L,
we have

û0s(`s−1−L, k) = A0
s(k)+B0

s (k)eθ(k)(`s−1−`s−2L) = A0
s(k)+B0

s (k)e−θ(k)(W+2L) = ps(k)
(3.8)

and at x = `s + L, we have

û0s(`s+L, k) = A0
s(k)e−θ(k)(`s−`s−1+2L)+B0

s (k) = A0
s(k)e−θ(k)(W+2L)+B0

s (k) = qs(k).
(3.9)

From (3.9) we have B0
s (k) = qs(k) − A0

s(k)e−θ(k)(W+2L). Then, plugging this
expression of B0

s (k) into (3.8) gives

A0
s(k) +

[
qs(k)−A0

s(k)e−θ(k)(W+2L)
]
e−θ(k)(W+2L) = ps(k),

A0
s(k)

[
1− e−2θ(k)(W+2L)

]
= ps(k)− qs(k)e−θ(k)(W+2L),

A0
s(k) =

ps(k)− qs(k)e−θ(k)(W+2L)

1− e−2θ(k)(W+2L)
,
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|A0
s(k)| = |ps(k)− qs(k)e−θ(k)(W+2L)|

|1− e−2θ(k)(W+2L)|
≤ |ps(k)|+ |qs(k)|e−θ(k)(W+2L)

1− e−2
√
ξ(W+2L)

·

By a similar process we obtain

|B0
s (k)| ≤ |qs(k)|+ |ps(k)|e−θ(k)(W+2L)

1− e−2
√
ξ(W+2L)

·

For s = 1, at x = 0, we have

û01(0, k) = A0
1(k) +B0

1(k)eθ(k)(`1+L) = p1(k) (3.10)

and at x = `1 + L, we have

û01(`1 + L, k) = A0
1(k)e−θ(k)(`1+L) +B0

1(k) = q1(k). (3.11)

From (3.11) we have B0
1(k) = q1(k) − A0

1(k)e−θ(k)(`1+L). Then, plugging this
expression of B0

1(k) into (3.10) gives

A0
1(k) +

[
q1(k)−A0

1(k)e−θ(k)(`1+L)
]
e−θ(k)(`1+L) = p1(k),

A0
1(k)

[
1− e−2θ(k)(`1+L)

]
= p1(k)− q1(k)e−θ(k)(`1+L),

A0
1(k) =

p1(k)− q1(k)e−θ(k)(`1+L)

1− e−2θ(k)(`1+L)
,

|A0
1(k)| = |p1(k)− q1(k)e−θ(k)(W+L)|

|1− e−2θ(k)(W+L)|
≤ |p1(k)|+ |q1(k)|e−θ(k)(W+L)

1− e−2
√
ξ(W+L)

·

By a similar process we obtain

|B0
1(k)| ≤ |q1(k)|+ |p1(k)|e−θ(k)(W+L)

1− e−2
√
ξ(W+L)

·

For s = p, at x = `p−1 − L, we have

û0p(`p−1 − L, k) = A0
p(k) +B0

p(k)e−θ(k)(W+L) = qp(k). (3.12)

and at x = L2, we have

û0p(L2, k) = A0
p(k)eθ(k)(W+L) +B0

p(k) = pp(k) (3.13)

From (3.12) we have B0
p(k) = qp(k)−A0

p(k)e−θ(k)(W+L). Then, plugging this expres-
sion of B0

p(k) into (3.13) gives

A0
p(k) +

[
qp(k)−A0

p(k)e−θ(k)(W+L)
]
e−θ(k)(W+L) = pp(k),

A0
p(k)

[
1− e−2θ(k)(W+L)

]
= pp(k)− qp(k)e−θ(k)(W+L),

A0
p(k) =

pp(k)− qp(k)e−θ(k)(W+L)

1− e−2θ(k)(W+L)
,

|A0
p(k)| = |pp(k)− qp(k)e−θ(k)(W+L)|

|1− e−2θ(k)(W+L)|
≤ |pp(k)|+ |qp(k)|e−θ(k)(W+L)

1− e−2
√
ξ(W+L)

·
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By a similar process we obtain

|B0
p(k)| ≤ |qp(k)|+ |pp(k)|e−θ(k)(W+L)

1− e−2
√
ξ(W+L)

·

Let p∗(k) and q∗(k) be such that

max
s∈{2,...,p−1},s′=1,p

{max{ |ps(k)|+ |qs(k)|e−θ(k)(W+2L)

1− e−2
√
ξ(W+2L)

,
|ps′(k)|+ |qs′(k)|e−θ(k)(W+L)

1− e−2
√
ξ(k)(W+L)

|qs(k)|+ |ps(k)|e−θ(k)(W+2L)

1− e−2
√
ξ(W+2L)

,
|qs′(k)|+ |ps′(k)|e−θ(k)(W+L)

1− e−2
√
ξ(W+L)

}}

=
|p∗(k)|+ |q∗(k)|e−θ(k)(W+L)

1− e−2
√
ξ(W+L)

·

Then, we have that

||c0(k)||∞ ≤
|p∗(k)|+ |q∗(k)|e−θ(k)(W+L)

1− e−2
√
ξ(W+L)

≤M 1 + e−θ(k)(W+L)

1− e−2
√
ξ(W+L)

, (3.14)

where we have used the hypothesis that E0
s is uniformly bounded in Σ × L2, which

implies that Ê0
s is uniformly bounded in k ∈ N and x ∈ Σ and thus, there exists a

number M > 0 such that Ê0(x, k) ≤ M for all k ∈ N and x ∈ Σ. Then, we have
|ps(k)|, |qs(k)| ≤M for all k ∈ R and s ∈ {1, ...p}. Then, necessarily, |p∗(k)|, |q∗(k)| ≤
M . We conclude then, from (3.14) that ||c0(k)||∞ < C <∞, where

C = M
1 + e−θ(k)(W+L)

1− e−2
√
ξ(W+L)

·

Step 2. Let {tm} be a monotonically increasing sequence of time stamps. Let
tj be the time stamp at which the processor s produces its first new update. Let
cjs(k) = (Ajs(k), Bjs(k)) be the vector containing the coefficients corresponding to the
subdomain s, for s = 1, . . . , p at that time stamp tj . We have, as in Theorem2.1,

that T̂ (k) = (T̂1(k), . . . , T̂p(k)), where T̂s(k) is the local operator associated with the

subdomain s; see, e.g., Figure 2.3. Let us denote by ρk = ||T̂ (k)||∞, and recall that
in Theorem 2.1 we showed that under our hypotheses ρk < 1. Then, we have for
i = 1, 2,

|cjs(k)i| = |(T̂s(k)c0(k))i| ≤ ||T̂s(k)c0(k)||∞ ≤ ||T̂s(k)||∞||c0(k)||∞
≤ ||T̂ (k)||∞||c0(k)||∞ = ρk||c0(k)||∞·

Then, each coefficient of the series representing the error of the approximation
of the solution in subdomain s at the time stamp tj satisfies |Ajs(k)|, |Bjs(k)| ≤
ρk||c0(k)||∞. Now for time stamps tm > tj , either this approximation is updated,
in which case, again, the coefficients would continue to be bounded by ρk||c0(k)||∞
(and most likely decrease); or it is not updated, in which case, it stays the same (see
(3.5)), that is,

|Ams (k)|, |Bms (k)| ≤ ρk||c0(k)||∞ for tm > tj . (3.15)

Of course we considered here one processor s arbitrary. Therefore, after every pro-
cessor has produced its first update, say at tj1 we have that (3.15) holds for all s for
all tm > tj1 .
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In the rest of the proof of Step 2, we will show that eventually the error of the
approximation in every subdomain gets closer to the fixed point (which is zero in
this context) by a fixed amount, that is, its max norm is reduced at least by ρk.
Thus, as we reasoned for the first time stamp when every processor updated the
approximation at least once, we consider the case where every processor updated the
approximation at least twice. In other words, we can see that once every processor has
produced a new update after tj1 , say at tj2 , we have |Ams (k)|, |Bms (k)| < ρ2k||c0(k)||∞
for all tm ≥ tj2 . We know that every processor will eventually update its subdomain
because of conditions (3.3)–(3.4). Continuing in this manner, we can say that

|Ams (k)|, |Bms (k)| < ρ
φ(m)
k ||c0(k)||∞,

where, denoting by tji the first time stamp at which all processors have updated
their values at least i times, we have φ(m) = max{i ∈ N : tji ≤ tm}, i.e., φ(m) is
the update number (at time tm) of the processor that produced the least number
of updates among all processors until the instant of time tm. Note also that with
this definition, it holds that limm→∞ φ(m) = ∞. This implies, in turn, that given a
monotonically increasing sequence {tm}m∈N, at time tm we have

|Ams |, |Bms | ≤ ρ
φ(m)
k ||c0(k)||∞,

and that

lim
m→∞

|Ams (k)| ≤ lim
m→∞

ρ
φ(m)
k ||c0(k)||∞ = 0.

Similarly, limm→∞ |Bms (k)| = 0.

Consequently,

lim
m→∞

|Êms (x, k)| = lim
m→∞

∣∣∣Ams (k)e−θ(k)|x−(`s−1−L)| +Bms (k)e−θ(k)|x−(`s+L)|
∣∣∣

≤ lim
m→∞

(
|Ams (k)| e−θ(k)|x−(`s−1−L)| + |Bms (k)| e−θ(k)|x−(`s+L)|

)
=
(

lim
m→∞

|Ams (k)|
)
e−θ(k)|x−(`s−1−L)| +

(
lim
m→∞

|Bms (k)|
)
e−θ(k)|x−(`s+L)|

= 0.

Step 3. To complete the proof, we need to show that (3.7) holds for x ∈ Σ ∩
[`s−1, `s] and y ∈ R. To that end, We show now that, for all m ∈ N, the series∑∞
k=1 Ê

tm
s (x, k) is uniformly convergent. We prove this by showing that it satisfies

the Weirstrass criterion for uniform convergence. We write the following bounds using
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(3.14), and the facts that θ(k) =

√
η +

(
kπ
L2

)2
≥ kπ

L2
, and ρk < 1,

|Êms (x, k)| = |Ams (k)e−θ(k)|x−(`s−1−L)| +Bms (k)e−θ(k)|x−(`s+L)||
≤ |Ams (k)|e−θ(k)|x−(`s−1−L)| + |Bms (k)|e−θ(k)|x−(`s+L)|

≤ ρφs(m)
k ||c0||∞(k)

(
e−θ(k)|x−(`s−1−L)| + e−θ(k)|x−(`s+L)|

)
≤ M

1− e−2
√
ξ(W+L)

(1 + e−θ(k)(W+L))
(
e−θ(k)|x−(`s−1−L)| + e−θ(k)|x−(`s+L)|

)
≤ M

1− e−2
√
ξ(W+L)

(1 + e−
kπ
L2

(W+L))
(
e−

kπ
L2
|x−(`s−1−L)| + e−

kπ
L2
|x−(`s+L)|

)
.

≤ M

1− e−2
√
η(W+L)

(
e−(

kπ
L2

)|x−(`s−1−L)| + e−(
kπ
L2

)|x−(`s+L)| (3.16)

+e−(
kπ
L2

)[W+L+|x−(`s−1−L)|] + e−(
kπ
L2

)[W+L+|x−(`s+L)|]
)

=: g(x, k).

Thus, we have |Êms (x, k)| ≤ g(x, k) for any m ∈ N. We show next that the series∑∞
k=1 g(x, k) of non-negative terms is convergent. Indeed, note that for x ∈ Σ ∩

[`s−1, `s] we have |x − (`s−1 − L)|, |x − (`s + L)| ≥ 2L. Therefore each of the four

terms in parenthesis in (3.16) is bounded either by
(
e
π
L2

2L
)−k

or
(
e
π
L2

(W+3L)
)−k

,

and therefore the series is convergent. Thus, the proof is complete.

Remark 3.2. The proof of Theorem 3.1, and especially Step 2, uses the idea
that when a processor updates the information of the approximation to the solution
of the corresponding subdomain, such approximation moves to a smaller neighbor-
hood of the solution, i.e., the fixed point of the opertator T . This is conceptually
similar to classical proofs of convergence of asynchronous iterations, such as those by
Bertsekas [2] or El Tarazi [8].

4. How the convergence depends on the parameters. We present in this
section two new results. In the first, we show that if we maintain the height of the
domain and the overlap constant, the wider is each subdomain, the bounds on the
convergence rates of the synchronous and asynchronous optimized Schwarz methods
decrease, indicating a faster converge. This comment is consistent with the observa-
tion by Y. Xu [29] for two subdomains (for the synchronous case). Another interpre-
tation of this result is that if we keep the domain fixed, and we increase the number of
subdomains, then, the convergence factor would deteriorate. This is in fact confirmed
by our numerical experiments in Section 6; see Table 6.1. In the second result, we
show that once we fix the width of each subdomain, the convergence bounds for the
methods are independent of the number of subdomains.

Theorem 4.1. The convergence bounds of the synchronous and asynchronous
optimized Schwarz iterations given by (2.4) and (3.5) decrease as the ratio W/L2

increases by increasing W and keeping L2 constant.

Proof. The convergence factor is given by

ρ := sup
k
‖T̂k‖∞. (4.1)

Note that ‖T̂k‖∞ is the maximum over the quantities on the right hand side of (2.31)
and (2.32). Fixing the values of all the parameters except for W in these quantities
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and taking the derivative over W we obtain,

∂

∂W

(
‖S−1R(l)

1 |0|S−1R2‖∞
)

=

−
θ(k)

(
2 |γ|

(
γ2 + e4Lθ(k)

)
e2θ(k)(L+W ) + eθ(k)W

(
γ2 + e5Lθ(k)

) (
γ2 + e2θ(k)(2L+W )

))(
e2θ(k)(2L+W ) − γ2

)2 < 0,

∂

∂W

(
‖S−1R1|0|S−1R(r)

2 ‖∞
)

=

−
θ(k)eθ(k)W

(
γ2 + e4Lθ(k)

) (
2 |γ| eθ(k)(2L+W ) + γ2 + e2θ(k)(2L+W )

)(
e2θ(k)(2L+W ) − γ2

)2 < 0.

Thus, given that these derivatives are negative, the quantities on the right hand
side of (2.31) and (2.32) decrease as we increase the ratio W/L2 by increasing W
and keeping L2 constant, for all k ∈ N. Consequently, the maximum over these two
quantities, ‖T̂k‖∞, also decreases for all k ∈ N. Then, given that the supremum
in (4.1) is attained, i.e., there exists a k0 ∈ N such that ρ := ‖T̂k0 ||∞, and given that
‖T̂k‖∞ decreases for all k ∈ N, the convergence factor decreases when we increase the
ratio W/L2 by increasing W and keeping L2 constant.

We remark that since H = W + 2L, then taking the derivative with respect to W
is the same as taking the derivative with respect to H (for the interior subdomains).
We can interpret this result intuitively as follows. If the width of the subdomain is
larger, then the boundary data which is Dirichlet (i.e., the physical boundaries for
which exact data is known) is proportionally larger than boundary data coming from
the neighbroing subdomains, which is only an approximation to the values of the
solution, and this fact leads to faster convergence.

Theorem 4.2. Consider the synchronous and asynchronous optimized Schwarz
iterations given by (2.4) and (3.5), respectively. For a fixed size of the subdomains,
W × L2, and a fixed amount of overlap L, the convergence factors ρ = supk ‖T̂k‖∞
do not change if one changes the number of subdomains p (as long as p > 2), while
supk ρ(|T̂k|) changes by a small amount, namely of the order of e−θ(k)(W−L) ≈ 0.

Proof. First observe that from (2.31) and (2.32), ‖T̂k‖∞ is independent of the
number of subdomains p. Therefore, the convergence factor ρ = supk ‖T̂k‖∞ is also
independent of p.

For the result on the spectral radii, consider the matrices T̂k as in Figure 2.3,
with entries as in (2.26)–(2.29). Observe then that

θ(k)W =

√
η +

(
kπ

L2

)2

W ≥ kπW

L2
and θ(k)2L =

√
η +

(
kπ

L2

)2

2L ≥ kπ2L

L2
·

Note that W � 2L, therefore e−θ(k)W � e−θ(k)2L. Moreover, assuming that W > L2

we have that e−θ(k)W ≈ 0, e−θ(k)(W+2L) ≈ 0, and e−θ(k)(W−L) ≈ 0. As a consequence,
we can write from (2.26)–(2.29), that T̂k = T̃k + δT , where T̃k is square tridiagonal
matrix of order N = 2(p− 2) + 2 such that the entries on the main diagonal are zero
and the entries on the first subdiagonal and superdiagonal are(

T̃k
)
i,i−1

=

{
0, if i is odd
b, if i is even,

and
(
T̃k
)
i,i+1

=

{
b, if i is odd
0, if i is even,
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respectively, b = γe−θ(k)2L/(1− γ2e−2θ(k)(W+2L)), and the nonzero entries of the ma-
trix δT are very small. It follows from the structure of T̃k that the spectral radii
of T̃k and |T̃k| are equal to |b|. Theerefore, we have that ρ(|T̂k|) ≈ ρ(|T̃k|) = |b| =
γe−θ(k)2L/(1 − γ2e−2θ(k)(W+2L)). Since b is independent of the number of subdo-
mains p, it follows that ρ(|T̂k|) is essentially independent of the number of subdomains.

Another way to see these results is to observe that the spectral radius, as well
as the max norm of the matrix in Figure 2.3, does not depend on how many blocks
there are, only on the values of the entries in each block. This result is illustrated
numerically in the next section in Figure 5.9.

5. Optimal values of the Robin parameter α. In sections 2 and 3, we
proved the convergence of the optimized Schwarz methods using the maximum norm
assuming that λ(k), W and L satisfy conditions (2.11)–(2.13). In this section, the
discussion is geared towards finding good values for the optimal or near optimal Robin
parameter α in the OO0 case for the synchronous and asynchronous algorithms. We
restrict our discussion to the case η = 0.

Traditionally the optimal value of the Robin parameter α in (2.2) is defined as
the one which minimizes the spectral radius of the iteration operator, i.e., the one
that minimizes the asymptotic convergence factor of the iterative method. In our
situation, since we have shown convergence using the maximum norm of the iteration
operator for each frequency k, we can define the optimal value of α as the one which
minimizes

max
1≤k≤∞

ρ(T̂ (k)), (5.1)

or alternatively,

max
1≤k≤∞

‖T̂ (k)‖∞. (5.2)

A third, and important possibility is to consider

max
1≤k≤∞

ρ
(∣∣∣T̂ (k)

∣∣∣) , (5.3)

this is because the spectral radius of the absolute value of the iteration matrix is
related to the asymptotic convergence of asynchronous iterations; see, e.g., [5]. As we
shall see, the minimizers of (5.1), (5.2), and (5.3), are in fact very close to each other;
and therefore any of these definitions can be used to obtain a practical value of the
Robin parameter.

Remark 5.1. Note that in all our calculations the maximum spectral radius of
the iteration operators becomes monotonically decreasing with k, after certain value
of k, say k0. Therefore, it suffices to compute the optimal parameter by considering
only values of k in the range 1 ≤ k ≤ kmax, for some value of kmax. In our experience,
for our problem, a value of kmax = 20 suffices3. Consequently, finding the optimal α
may not be an expensive operation.

This can be seen empirically in figures 5.1 and 5.2, where we report the value of

the spectral radii of T̂ (k) and
∣∣∣T̂ (k)

∣∣∣, respectively, as a function of the frequency k,

3For discrete problems kmax might be different, depending on the discretization used, but never
very large.
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Fig. 5.1. Spectral radius of T̂ (k) vs. k, for p = 10, L̄ = L
H

= 0.01 and optimal ᾱ = 6.3636

for the case of p = 10 subdomains and a value for the ratio L/H = 0.01, i.e., when
the overlap L is about 1% of the width of the subdomain, that is a total of 2% of the
subdomain on each side. In these figures, and throughout this section, we consider for
simplicity that H = W + 2L, and define the normalized Robin parameter by ᾱ = αH
and the normalized overlap by L̄ = L/H. We note that it follows from the description
of the matrix T̂ (k) in section 2, that its entries depend on L̄, ᾱ, and k, while its block
structure depends on p, the number of subdomains4.

10
0

10
1

10
2

10
3

K

0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

Sp
ec

tra
l ra

diu
s

Fig. 5.2. Spectral radius of
∣∣∣T̂ (k)

∣∣∣ vs. k, for p = 10, L̄ = L
H

= 0.01 and optimal ᾱ = 6.2373

The optimal values of the normalized parameter ᾱ for the synchronous case is
ᾱ = 6.3636, while that of the asynchronous case is ᾱ = 6.2373, that is, they differ by
about 2%, cf. figures 5.1 and 5.2. Furthermore, one can see in figures 5.3–5.5 that not
only the optimal values of the normalized Robin parameter are close to each other, but
the value of the maximum norm, and the spectral radius are also very close to each
other for the range of values of interest. We also observe in these three figures that for

4We note that since we have explicit formulas for the entries of the matrices, for each k, k =
1, . . . , kmax, and the matrices are not so large, we can easily compute the spectral radii.
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a fixed amount of overlap, and a fixed number of subdomains, the convergence factors
have only one minimum. Furthermore, for all positive values of ᾱ, the spectral radius

of T̂ (k) is below one for all positive values of ᾱ, and the spectral radius of
∣∣∣T̂ (k)

∣∣∣ and

it is below one for all values of ᾱ larger than a small constant. We mention that we
have observed these properties for all other values of p and L̄ for which we run our
experiments; in other words, the graphs in figures 5.1 and 5.2 are representative.
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Fig. 5.3. Maximum norm and spectral radius of T̂ (k) vs. ᾱ for ᾱ ∈ [1, 10], p = 10, L̄ = L
H

=
0.01 and 1 ≤ k ≤ kmax = 20
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Fig. 5.4. Maximum norm and spectral radius of T̂ (k) vs. ᾱ for ᾱ ∈ [1, 10], p = 10, L̄ = L
H

= 1
30

and 1 ≤ k ≤ kmax = 20

Our experiments include the computation of the spectral radius and the maximum
norm of T̂ (k), and of its absolute value, for values of the normalized overlap L̄ in the
range from 0.001 to 0.06, i.e., from 0.1% to 6% of the width of the subdomains;
values of the normalized Robin parameter ᾱ in the range from 0.01 to 300; frequency
k ∈ [1, 200]; and number of subdomains p with values 5,10,20,30, and 40.

In Figure 5.6, we report the value of the spectral radius corresponding to the
optimal parameter ᾱ, with varying (normalized) overlap from 0.1% to 6% of the width
of the subdomains. We note that the spectral radius is monotonically decreasing as the
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Fig. 5.5. Maximum norm and spectral radius of
∣∣∣T̂ (k)

∣∣∣ vs. ᾱ, for ᾱ ∈ [1, 10], p = 10, L̄ = L
H

=

0.01 and kmax = 20
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Fig. 5.6. Optimal spectral radius of
∣∣∣T̂ (k)

∣∣∣ vs. L̄ = L
H

, for L̄ ∈ [0.001, 0.06], p = 10, kmax = 20

overlap increases. This is consistent with our intuition as well as with the comparison
theorems between two different splittings of a matrix (see, e.g., [28]): the larger the
overlap, the faster the asymptotic convergence of the method.

In Figure 5.7 we show how the value of the optimal parameter ᾱ varies with
the normalized overlap. We found that this optimal value is monotonically decreas-
ing with the increase in overlap. Here the optimal value refers to that which mini-

mizes ρ
(∣∣∣T̂ (k)

∣∣∣).

Our next set of experiments show that both the optimal Robin parameter and
the correponding spectral radii do not change with the change of the number of
subdomains, for a fixed value of L̄; see figures 5.8 and 5.9. Here again, the optimal

value of the Robin parameter refers to that which minimizes ρ
(∣∣∣T̂ (k)

∣∣∣). We note

that this behavior is consistent with the structure of the iteration matrix as shown in
Figure 2.2, and the fact that the spectral radius (and the maximum norm) of such a
matrix is independent of the number of blocks.

In summary, in our extensive experiments, we have observed the following,
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Fig. 5.7. Optimal ᾱ vs. L̄, for p=10, kmax = 20.
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Fig. 5.8. Optimal ᾱ vs. p, for L̄ = 0.01, kmax = 20

1. There exist values of the normalized Robin parameter ᾱ for which the maxi-
mum norm and the spectral radii of the iteration matrices are less than one.

2. For a given fixed L̄ and the range of ᾱ considered in the experiments, the
maximum norm and the spectral radii of the iteration matrices have only one
minimum and it approaches a constant less than one for large values of ᾱ.

3. Given fixed values of L̄, ᾱ, p, and for values of k larger than some fixed
value, the value of the maximum norm and the spectral radii of the iteration
matrices are monotonically decreasing as k increases.

4. The optimal maximum norm and the spectral radii of the iteration matrices
decreases monotonically, as L̄ increases.

5. The optimal normalized Robin parameter ᾱ decreases monotonically as L̄
increases.

6. For a given value of the normalized overlap L̄, and a fixed size of the subdo-
mains, both the optimal normalized Robin parameter ᾱ, and the correspond-
ing spectral radii remain constant as the number of subdomains increases.

In the rest of this section we develop approximate formulas for the value of the
optimal normalized Robin parameter ᾱ = αH. As we have mentioned, the maximum
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Fig. 5.9. Optimal spectral radius of
∣∣∣T̂ (k)

∣∣∣ vs. p, for kmax = 20, L̄ = L
H

= 0.01 and ᾱ = 6.2373

norm as well as the spectral radii of the iteration operator depends on ᾱ, as well as
of the normalized overlap L̄ = L/H, the number of subdomains p, and the parameter
kmax. Recall that the maximum norm as well as the spectral radii remain essentially
constant for k ≥ kmax, for some value of kmax. Thus taking kmax large enough so
that this holds, we observe that the values of ᾱopt follows approximately a power law.
Thus we have for small normalized overlap that

ᾱopt ≈ cL̄`, (5.4)

where the constants c and ` are essentially independent of p, the number of subdo-
mains.

Table 5.1
Coefficients of empirical formula of ᾱopt for different number of subdomains p for the syn-

chronous case (left) and the asynchronous case (right)

arg min ρ(T̂ ) arg min ρ(|T̂ |)
p c ` c `
5 1.7556 -0.2807 1.8322 -0.2664
10 1.7725 -0.2803 1.8434 -0.2690
20 1.7671 -0.2812 1.8841 -0.2605

We report in Table 5.1 the values of the constant c and exponent ` for the case
η = 0, for p = 5, 10, 20. These were computed using data fitting with a power function,
that is, given the curve ᾱopt vs. L̄ obtained by computing the optimal values of ᾱ,
we take its log log, and approximate this with a line. As it can be observed, the
values for c and ` are essentially the same for different values of p. Furhermore,
the values for the synchronous and asynchronous cases are not that different. In
figures 5.10 and 5.11 the comparison between the computed values of ᾱopt and their
approximation obtained using (5.4) are presented for different amounts of overlap for
the synchronous and asynchronous case, respectively.

We also observed that the values of maxk=1,...,kmax ρ(T̂ (k)) follows approximately
a power law, and therefore we can write a formula for the spectral radius, which
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Fig. 5.10. Computed values of ᾱopt and values of ᾱopt using (5.4) for different values of

overlap L̄ and p = 10, where ρ(T̂ ) is minimized.
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Fig. 5.11. Computed values of ᾱopt and values of ᾱopt using (5.4) for different values of

overlap L̄ and p = 10, where ρ(|T̂ |) is minimized.

indicates the asymptotic rate of convergence of the method. Thus we have that

max
k=1,...,kmax

ρ(T̂ (k)) ≈ cL̄`, (5.5)
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where the constants c and ` are essentially independent of p, the number of subdo-
mains.
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Fig. 5.12. Computed values of maxk=1,...,kmax ρ(T̂ (k)) and values of maxk=1,...,kmax ρ(T̂ (k))
using (5.5) for different values of overlap L̄ and p = 10

We report in Table 5.2 the values of the constant c and exponent ` for p =
5, 10, 20. In figures 5.12 and 5.13 the comparison between the computed values of
maxk=1,...,kmax ρ(T̂ (k)) and their approximation obtained using (5.5) are presented for
different amounts of overlap for the synchronous and asynchronous case, respectively.
Note that the values of these constants are close to one another, for the various values
of p and for the two cases considered here.

Table 5.2
Coefficients of empirical formula of maxk=1,...,kmax ρ(T̂ (k)) for different number of subdomains

p for the synchronous case (left) and the asynchronous case (right)

maxk ρ(T̂ (k)) maxk ρ(|T̂ (k)|)
p c ` c `
5 0.0468 -0.3879 0.0525 -0.3721
10 0.0535 -0.3647 0.0531 -0.3702
20 0.0525 -0.3677 0.0576 -0.3501

6. Numerical Experiments. We present numerical experiments that illustrate
the performance of the proposed Asynchronous Optimized Schwarz method on a three-
dimensional bounded domain (as well as the synchronous counterpart). The experi-
ments show the convergence of the methods, illustrating the results of our theorems,
and also show that the asynchronous version is faster in terms of execution time.

The test cases are related to the study of the heat analysis in a three-dimensional
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Fig. 5.13. Computed values of maxk=1,...,kmax ρ(|T̂ (k)|) and values of maxk=1,...,kmax ρ(T̂ (k))
using (5.5) for different values of overlap L̄ and p = 10

air intake system. This problem is modeled as follows:

ρ
∂u

∂t
−∇(κ∇u) = f

where u denotes the thermal field, κ is the thermal conductivity and f the heat-flux
density of the source. Here the steady-state heat equation is considered, i.e., ∂u

∂t = 0
which is by definition not time-dependent, and which corresponds to the case where
enough time has passed such that the thermal field no longer evolves in time. This
leads to the following reduced equation −κ∇2u = f.

The numerical solution of the steady-state heat equation required for this study
was performed on an air intake system of dimensions in x, y, and z directions equal to
1401 mm, 210 mm, and 210 mm, respectively. The computer aided design of the air
intake is shown Figure 6.1 (left). The model consists of imposed temperature on the

Fig. 6.1. Computer aided design (left) and finite element mesh (right) of the air intake system

inlet cavity and zero temperature gradient boundary conditions are imposed on the
outlet cavity. This means that the outlet cavity has reflection properties equivalent
to open end.
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The domain is meshed with unstructured hexahedra finite elements, and one ex-
ample of a finite element mesh with 829,599 degrees of freedom and 801,440 finite
element is shown Figure 6.1 (right). This mesh is split into 8, 16 and 32 subdomains
in a one-way direction. These partitionings are illustrated in Figure 6.2. In all cases,

Fig. 6.2. Mesh partitioning of the finite element mesh into 8 subdomains (left) and 32 subdo-
mains (right)

the overlap used is the minimum overlap, i.e., one set of common nodes in the bound-
ary between subdomains. The optimized coefficients of the Schwarz algorithms are
obtained using the values of ρ(|T̂kmax |) in terms of ᾱ = αH, for the different values
of p, in the same manner as was done in the previous section. Here H is the average
diameter of the subdomains5. The resulting parameters were divided by H, leading to
(non-normalized) values of the synchronous optimized parameter α equal to 0.6300,
0.3868, 0.4310 for a partitioning into 8, 16, and 32 subdomains, respectively. The
same value of the parameters are used for the synchronous and asynchronous version
of the code.

To solve the resulting linear system, the synchronous and asynchronous optimized
Schwarz methods with zeroth order optimized interface conditions were implemented
in the recently developed C++ library Alinea [20]. The parallel implementation of
the asynchronous optimized Schwarz methods is quite similar to the synchronous
implementation we have described in [23], except that the asynchronous iterations
and asynchronous communications are managed by a new additional layer. This new
additional layer, JACK [21], a recently developed C++ library, is defined on top of the
MPI library; the version of the MPI library used in the experiments is MPICH2 [15].
This layer allows us to use asynchronous communications between the processors and
to deal with continuous requests. This new layer also contains new functionality such
as the detection of the asynchronous convergence of the algorithm for a given stopping
criteria. Here we use the stopping criterion developed in [22] with a threshold equal
to 10−8; it is based on asynchronous iterations termination methods based on global
residual, under various communication models.

The experiments are performed on a heterogeneous cluster composed of four
nodes (Intel(R) Xeon(R) E5410, 2,33GHz, 8 cores, RAM: 8 GB), four nodes (In-
tel(R) Core(TM) i7 2,80GHz, 8 cores, RAM: 8 GB) each with graphics processing
units accelerator (Tesla K20c 4799MB, GTX 570 1279MB) and four nodes (Intel(R)
Xeon(R) E5-2609, 2,10GHz, 24 cores, RAM: 16 GB) each with graphics processing
units accelerator (three of them with Quadro K4000 3071MB, and one with Quadro
K600 1023MB), for a total of 160 cores. The interconnected network is a switched, star
shaped 10Mb/s Ethernet network. We report our computational results in Table 6.1,

5For different number of subdomains, the average diameter changes, and this is why the values
of the optimized parameter changes as well.
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Table 6.1
Number of iterations or average and maximum updates, and computational time (in seconds)

#subdomains # iter time # updates avg max time
Synchronous Asynchronous

8 845 6265 908 1152 4462
16 972 3087 1105 1934 2151
32 1681 2084 1976 2843 1534

where we vary the number of subdomains using the same discretization. Recall that
in asynchronous iterations we cannot talk about (global) iteration steps, since each
processor may update its approximation to the (local) solution at different moments,
i.e., on different time stamps. In fact, each processor (corresponding to each subdo-
main) would usually perform a different number of updates, i.e., of local solutions.
Thus, in Table 6.1, for the synchronous case, the number of iterations are reported,
while for the asynchronous case, the average and the maximum number of updates
among all processors are reported. In both cases, the total computational time (in
seconds) are shown. It can be appreciated that the asynchronous optimized Schwarz
performs better in terms of execution time than its synchronous counterpart. In fact,
for each case, the time to converge for the asynchronous runs about 25% to 30% faster
than in the synchronous case.

We mention that this experiment shows a situation for which it is natural to
consider asynchronous methods. First, the domain of interest cannot be partition into
identical subdomains. Second, the computational network is heterogeneous. Both of
these practical situations indicate that load balacing would be an issue. We also
mention that even in cases where the subdomains are identical, and the network is
homogeneous, for very large problems, and very large networks, the communication
among processors would generate the imbalance, and the asynchronous methods would
be advatageous as well.

7. Conclusion. In this paper, we filled the gap of the convergence theory of
synchronous and asynchronous optimized Schwarz methods for a bounded (rectangu-
lar) domain. We showed convergence for a one-way subdivision of the domain, for
an arbitrary number of subdomains. We showed that the convergence factor of the
method is independent of the number of subdomains (for a fixed size of the subdo-
mains). We provide a formula for the optimal Robin parameter, as a function of the
overlap. We complete the paper with numerical experiments on a three-dimensional
air intake problem, which illustrate our theoretical results.
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[26] Daniel B. Szyld. Different models of parallel asynchronous iterations with overlapping blocks.
Computational and Applied Mathematics, 17:101–115, 1998.

[27] Andrea Toselli and Olof Widlund. Domain Decomposition Methods - Algorithms and Theory,
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