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High energy hadron interactions are commonly
described by using a probabilistic parton model that
ignores quantum entanglement present in the light-
cone wave functions. Here we argue that since a high
energy interaction samples an instant snapshot of the
hadron wave function, the phases of different Fock
state wave functions cannot be measured — therefore
the light-cone density matrix has to be traced over
these unobservable phases. Performing this trace with
the corresponding U(1) Haar integration measure
leads to “Haar scrambling" of the density matrix,
and to the emergence of entanglement entropy. This
entanglement entropy is determined by the Fock state
probability distribution, and is thus directly related to
the parton structure functions. As proposed earlier, at
large rapidity 7 the hadron state becomes maximally
entangled, and the entanglement entropy is Sg ~n
according to QCD evolution equations. When the
phases of Fock state components are controlled, for
example in spin asymmetry measurements, the Haar
average cannot be performed, and the probabilistic
parton description breaks down.
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1. Introduction

Quantum information emerges as a new universal language for describing the behavior of a
wide variety of quantum systems; for recent reviews, see [1,2]. Here, we will attempt to use this
language for the description of high energy interactions, with the hope of getting new insights on
the long-standing problem of describing hadrons in terms of their fundamental constituents.

Hadrons — the bound states of quarks and gluons — store information about the dynamics of
strong interactions. An access to this information is provided by high energy collisions in which
detectors of produced final states serve as information readout devices. This readout process
is necessarily accompanied by the degradation of information content, and thus the creation of
Shannon entropy

H:—an In pn, (1.1)
n

where py, is the probability of a particular measurement outcome taken from the space of all
possible outcomes, with >, pn = 1!, From the physics viewpoint, the entropy (1.1) represents the
Gibbs entropy of the produced final state. The degradation of information content is not (only)
due to detector imperfections, but is a fundamental consequence of the space-time picture of high
energy interactions that does not allow to recover all information about the hadron wave function
in the measurement [3].

For example, the process of Deep Inelastic Scattering (DIS) samples a part of the wave function
of the proton in the vicinity of the light cone. The proton represents a pure quantum state
described by the density matrix  with zero von Neumann entropy. However, the state measured
by DIS is characterized by the density matrix pm that is traced over the degrees of freedom nm
not accessible for the observation:

pm = Trump. (1.2)
This density matrix describes a mixed state with non-zero von Neumann entropy
Sg==Tr pm In pm. (1.3)

The Schmidt decomposition theorem guarantees the existence of a basis |i) in which the
density matrix (1.2) can be written down as a single sum:

pm =y _ pnln)(nl, (1.4)

where p, is the probability to find the state |n) in the incoherent superposition (1.4). The
corresponding von Neumann entropy is

Sp=-— an Inpy. (1.5)

It seems natural to identify the Schmidt basis states with the states detected in an experiment
- if we do this, then the Gibbs (Shannon) entropy of the final state (1.1) becomes equal to the
entanglement entropy of the initial state (1.5), Sg = H. Indeed, a recent computation [4] provided
an explicit example of this equality by establishing the equality of the entanglement and Gibbs
entropies in pair production by electric pulses.

In view of these considerations, it becomes important to identify the physical meaning of the
Schmidt basis |n) in (1.4) in hadronic interactions. It has been argued in [3] that this basis in high
energy interaction is provided by Fock states with different numbers of partons n. The Gibbs
entropy of the produced system of hadrons is evaluated from the multiplicity distribution of
the produced hadrons, with p,, representing the probability to detect n hadrons. The equality of
the entanglement and Gibbs entropies would thus imply a stronger, event-by-event, version of
the “local parton-hadron duality" [5] between the number of partons and the multiplicity of the
produced hadrons.

! Using natural logarithm instead of log,, in (1.1) amounts to counting entropy in “nats" instead of bits.
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In the present paper, we explore the quantum information interpretation of parton model
further. Because the field theoretic basis of the parton model is provided by the light-cone
quantization, we will seek to identify the degrees of freedom that are not observed on the light
cone, find the density of matrix of the observed state by tracing over the unobserved degrees of
freedom, and evaluate the corresponding entanglement entropy. We will show that this entropy
originates from the entanglement between the observed (parton number) and unobserved (phase)
degrees of freedom on the light cone.

2. Light-cone wave functions

The idea of light-cone quantization dates back to Dirac [6], who observed that quantum dynamics
on the three-dimensional surface ¢ — z =0 in space-time formed by a plane wave front of light
(“front form dynamics") may appear more simple than the traditional “instant form dynamics".
This is because in front form dynamics, seven (of ten) Poincaré group generators, including a
particular boost generator, leave the light front invariant and are independent of the Hamiltonian,
whereas in the instant form only six Poincaré generators (translations and rotations) leave the
instant surface ¢t = 0 invariant, and the remaining four (translations in time and boosts) involve the
Hamiltonian. This feature of the light-cone dynamics enables a frame-independent description of
the wave functions.

The light-cone quantization emerged as a useful tool to describe hadrons in terms of their
quark and gluon constituents. The hadron wave function on the light cone (for a comprehensive
review and references, see [7]) is given by

IW):ZJan Wn(%ﬁEM)HCLI(%,EM)W% (2.1)

where dI, is the phase space differential

n n
Al =6(1 =3 )0 (S Ky i)dey...dendk Ly ...dk |, 2.2)
7 7

a;r(zi, k 1 ;) are the parton creation operators, and ¥y (x;, k 1) are the light-cone wave functions
of Fock states with n partons.

Note that ¥, describes the entanglement between partons. Yet, virtually all applications of
light-cone wave functions deal with probability distributions [, (z;, k, ;)|*> and ignore quantum
interference between the states with different numbers of partons. For example, the gluon
structure function at Bjorken x and scale Q?is given by

oo
G(w.Q) =Y [dr 3 ate —ai) s, B, 23)
n icg
where the integration over the transverse momenta of the gluons is performed up to @, the
resolution scale of the probe.

This probabilistic formula expresses the essence of the parton model — partons are treated as
free particles characterized by probability distributions in momentum and/or coordinate space.
At first glance this looks natural due to the asymptotic freedom of QCD - at short distances,
quarks and gluons begin to behave as free particles. There is a big problem however — an
ensemble of free particles is characterized by non-zero entropy resulting from the different
possible positions in phase space. At the same time the hadron wave function (2.1) is a pure
state with zero entropy. What is the origin of the parton entropy?

3. Information scrambling in high-energy interactions

In this section we will introduce the idea of high-energy information scrambling by using first
a familiar “instant” form of Hamiltonian dynamics, in Dirac’s classification [6]. Let us begin by
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considering the hadron in its rest frame probed by a pulse of light. The Schroedinger equation
describing the hadron is

.0 -

i) = HIP); (3.1)
the hadron is an eigenstate of the QCD Hamiltonian in the rest frame:

H|w) = M|®), (32)

with eigenvalue corresponding to the hadron mass M.
Let us now define Fock states with a fixed number of partons n:

1 n
|n>:ﬁ];[a1|0>7 (3.3)

that we will assume to be eigenstates of a Fock oscillator Hamiltonian Hp with energy
eigenvalues Ep =w(n + 1/2):

Hp|n) = En|n). (34)

Since Fock states represent a complete basis, we can represent the ground hadron state |¥y) as
their superposition:

) =" anln), (3.5)

where ay, = (n|¥) is the rest-frame analog of the light-cone wave function (2.1).
The density matrix of the hadron is

p=10)(0) = 3 an ol n) ('], (3.6)

which obviously represents a pure state. Each Fock state evolves in time according to |n(t)) =
exp(—tEnt)|n(t)) with E;, =w(n + 1/2), so the time evolution of this density matrix is described
by

pt) =T (e =0). (3.7)

n,n’

Now, suppose that we perform a measurement of the Fock state decomposition in a hadron
by a light front. The light front will pass through the hadron in a time ¢;;4,; = R, where R is
the hadron radius. However to determine the phase of the density matrix (3.7) would take the
measurement time tmeas > 1/w. The energy cost w of adding a parton is on the order of QCD
scale Aqcp, and the hadron size is R~ Aqcp - therefore, the measurement of the phase of the
density matrix in our experiment is impossible. In other words, the light front captures an instant
snapshot of the hadron wave function and cannot detect its time evolution.

This means that the density matrix of the pure hadron state (3.6) has to be traced over the
unobserved phase ¢ =wt. The Haar integration measure of the U(1) group is simply dy/2m,
therefore we can perform the trace of the density matrix (3.6) over the phase as follows:

21
. . dy it — 2
PpartonZTr‘Pp:L 27;61(” M an agy )| = lawl? [n)(n]. (3.8)

n,n’ n

Note that while the hadron density matrix (3.6) describes a pure state, the “Haar scrambled"
(the term introduced in [8]) parton density matrix (3.8) is an incoherent, probabilistic,
superposition of parton Fock states. The parton state probabilities py, = |an|? are real and
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non-negative, with ) pn = 1. Unless only one Fock state contributes, the parton density matrix

Pparton =D pn n)(n] (3.9)

n
is mixed, with purity
Vparton = Tr pparton an <1l (310)

The corresponding entanglement entropy is

—> pnlnpn (3.11)
n

and describes entanglement between the number of partons and the phase of the corresponding
Fock component of the wave function. Since at high energies, due to the short time of the
interaction, the phases become unobservable, the density matrix has to be averaged over the
phase with a corresponding Haar measure — this leads to quantum information scrambling and
the emergence of the entanglement entropy (3.11).

The expectation values of operators O at high energies have to be computed according to

<(§> = Opparton an n|(9|n (3.12)

this recipe corresponds to the computation within the parton model. In particular, evaluating
the expectation value of the parton number operator O =7 = a'a, we get the average number
of partons in a hadron (at a particular value of Bjorken z and scale Q? at which the parton
probabilities p,, are evaluated), i.e. the parton structure function:

<n> = Tr(ﬁ ﬁparton) = an n. (313)

Note that the dominance of a single Fock state (that would be required for the parton density
matrix (3.9) to be pure) is very unlikely in QCD, even at small resolution scale. Indeed, due to
spontaneously broken chiral symmetry, the spectrum of QCD contains light Goldstone bosons
(pions) that couple to the nucleons. As a result, even at small momentum transfer, the wave
function of a physical nucleon contains additional pions, A isobars, etc that manifest themselves
in hard exclusive reactions, see e.g. [9].

4. Information scrambling on the light cone

As discussed in section 2, the parton model is defined through the wave functions on the light
cone, so let us discuss the information scrambling in this reference frame. The underlying physics
is of course the same as in section 3, but instead of time ¢ and longitudinal coordinate z we now
introduce the light-cone time 2 and light-cone space 2~ :
1 _ 1
+
' =—((t+2), v =—(t—2). 4.1
ﬁ( ) ﬂ( ) (4.1)
Likewise, the energy E and longitudinal momentum p. are combined into light-cone momentum
pT and light cone energy p~:

| |
= —(F + s [ep—
P ﬁ( pz), P 7
Partons in the hadron are distributed in p and the transverse momentum 7 ; for example, the
light-cone wave function of a free gluon in coordinate representation is given by [7]:

(E —pz). 4.2)

dp*d? i ;
Aj(z) = Z J % [ap eu(p, e P + a}; €.(p, )\)e”’w] , 4.3)
A
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where A is the gluon helicity, €, (p, A) is the polarization vector, a is the color index, and creation
and annihilation operators satisfy the local commutation relations

’ ’ 2 )\/ !
lap, a] =00 —p™)8 (01 —p1)6X 63 . (44)
The light-cone of wave functions of quarks and antiquarks are given by analogous expressions,
with Fermi anticommutation relation for the creation and annihilation operators.
The Fock states with a fixed number of partons are obtained according to (3.3), and form a
complete set of states with

> J dln|n)(n| =1. (4.5)

n

The wave function of a hadron on the light cone can be decomposed in the basis of Fock states, in
accord with (2.1):

o0

|W):Zjdfn W (4, k1) |n). (4.6)
n
The corresponding density matrix describes the pure hadron state, analogously to (3.6):
e — —
p= )= [ars dr ws oo B s, Fo ol ], )
n,n’

In coordinate representation, the light-cone wave functions are proportional to the product of
plane waves of individual partons (see (4.3)); each of these plane waves has a phase

1 _ Lo
zp=atp, = §(fﬂ+p +a ph) — 7,5 (4.8)

Following the derivation in the previous Section, let us assume that the hadron is probed by
a light wave front described by = =0. We therefore know that the positions z; and times ¢;
of interaction of light interaction with individual partons satisfy t; — z; =z; =0, but z; and ¢;
individually cannot be determined in this measurement — therefore, the density matrix (4.7) has
to be traced over x;r, with corresponding Haar measure. This leads to the factor

T P—P ot
Jdiel(Pn “Pet — 5Py — Py, (4.9)
27

where P, =37 ; p; . The constraint P, = P is clearly satisfied for an arbitrary configuration
of partons for n =n/, and thus the Haar-scrambled parton density matrix is given by

o0

Pparton = Trp+ [U)(¥| = Z J dln |¥n(x;, EJ_i)|2 In)(nl, (4.10)

n
in analogy with (3.8). This parton model density matrix represents a mixed state, in contrast to
the density matrix of a pure state (4.7).
Therefore the density matrix measurable in high-energy interactions (where the hadron is
probed by an object moving with a velocity close to the velocity of light) is diagonal in the number
of partons, and describes an information-scrambled, mixed state. The parton probabilities

Pn :Jan |y7n($i7ELi)|2 (4.11)

can be specified for a particular value of Bjorken z by introducing a factor of }, 6(x — x;). For
example, the gluon structure function can be evaluated according to (3.12) as

oo

G(z,Q%) =Tr(a'a pparton) =Y J ATy > 6(x — ) [Wn (@i, k1), (4.12)
n i€g

which coincides with the standard parton model expression (2.3).
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5. Entanglement entropy at high energies

At high energies, when multi-parton configurations dominate the hadron wave function, the
purity of the mixed parton state (3.10) is small, and the entanglement entropy (3.11) is large.
This is due to the increasing complexity of the hadron wave function at high energy — quantum
fluctuations inside the hadron become long-lived due to the Lorentz boost, and can be resolved by
a probe. As a result, the number of Fock state components in the hadron wave function increases
with energy, and since their phases cannot be determined in a typical high energy interaction, the
amount of information lost due to the averaging over these phases grows with energy as well -
this is reflected in the growth of parton entanglement entropy (3.11).

Let us try and translate this argument into the prediction for the energy dependence of the
entanglement entropy (3.11). The Haar averaging of the hadron density matrix can be expected
to produce the entanglement entropy Sg ~ In IV, where N is the number of partons at a given
energy E. In QCD evolution [10,11], as described by DGLAP [13-15] or BFKL equations [16,17],
N grows as a power of energy?, N ~ E“. As a result, we expect that at high energies

Sg(E)~InE ~y, (5.1)

where y is the hadron rapidity. If we assume in addition that all parton probabilities are equal (i.e.
the state is maximally entangled), then since Zg pn =1, we get p, =1/N and

Sg=—Y pnlnpp=InN. (5.2)
n

This relation suggests at high energies there should be a relation between the entanglement
entropy and the parton structure functions. In [3] this relation has been studied by using the QCD
evolution equations for parton multiplicity distribution py; it has been found that the relations
(5.2) and (5.1) indeed hold starting from rapidity y~ 6. Linear growth of the entanglement
entropy with rapidity has also been found in [18,19].

6. Beyond the parton model

The justification of the probabilistic parton model proposed here also enables us to realize the
limitations of this approach. Even in an inclusive hard process (when all final states are summed
over), there is a potential contribution that arises from quantum interference between states with
different numbers of partons. Indeed, the constraint P, = P, arising from the averaging of the
density matrix over the Haar measure (see (4.9)) is obviously satisfied for n =n/, leading to the
mixed-state density matrix (4.10). However, in QCD (unlike in the oscillator model of Section
3) it can also be satisfied for n #n/, leading to quantum interference between the amplitudes
with different number of partons. This interference is not taken into account in traditional parton
model; its numerical significance can be established by using QCD on the light cone.

While in an inclusive process the phases of parton states are not measured and have to be
averaged over, this is not true for spin-dependent measurements where the spin asymmetries
are sensitive to the phases of parton amplitudes (for review, see [20]). In this case the final
and/or initial states introduce a bias in the average over the phase, and the relations (3.8) or (4.9)
cannot be used. Such processes can therefore involve interference between amplitudes involving
different numbers of partons, which is beyond the traditional probabilistic parton description. It
is tempting to assume that this interference may be at the origin of numerous puzzles arising in
the description of spin asymmetries within the parton model.

One specific example is the time-reversal-odd single spin asymmetry in semi-inclusive DIS,
and associated quark Sivers function (see [20] for a review). This requires generating an imaginary
phase of the light-cone wave function, and one way of generating this is due to rescattering of the
struck quark with spectator quarks in the nucleon [23]. However at higher order, such a phase
could be generated from the interference between the light-cone wave functions with different

2This is a consequence of resummation of parton emissions each of which happens with a probability ~ « In E.
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number of partons. This interference should arise from evolving the light-cone wave function [24]
using the interaction kernel beyond the leading order.

7. Conclusion and outlook

To summarize, here we have argued that non-zero entropy of partons is the entanglement entropy
between the number and phase in the light-cone wave functions. In high energy interactions the
phase of the phase of the wave function cannot be determined, so the density matrix of the hadron
has to be averaged over the phase with the corresponding Haar integration measure. This yields
a density matrix of a mixed state that is diagonal in parton number, which is the density matrix
of the parton model. This approach to parton model allows to understand better its limitations,
for example in the description of spin-dependent processes.

It would be interesting to extend this study in at least three different directions. First, it appears
important to investigate the emergence of entanglement entropy under Lorentz boost using a
specific model for the wave function of a bound state. The first steps in this direction were made
in [21,22], where the Lorentz boost of a covariant oscillator was considered. In particular, it was
argued in [22] that the Lorentz squeeze of the covariant oscillator can result in the emergence of
entropy. Extending these studies to light-cone QCD wave functions would allow to quantify the
approach advocated here.

Second, the arguments presented above suggest that the emergence of entanglement entropy
on the light cone may be described in terms of geometry. As pointed out by Dirac [6], on the light
cone the number of Poincaré group generators that do not involve the Hamiltonian increases
to seven (from six in the traditional “instant form"). It seems natural to conjecture that the Haar
scrambling of the density matrix considered above corresponds to averaging over the orientations
in this additional degree of freedom, with the corresponding Haar measure. If this conjecture is
correct, then the emergence of entanglement entropy on the light cone is a general phenomenon
that should exist even when the parton model itself does not apply (for example, at strong
coupling).

Third, it appears very interesting to explore the real-time dynamics of entanglement entropy
after the collision (modeled as a quench), and to describe the transformation of entanglement
entropy to the Gibbs entropy measured in experiment. Early results [3,4,25-27] indicate the
promise of this approach in describing the observed featured of high energy collisions.
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