
A comprehensive open-source software for statistical metrology 
calculations: from uncertainty evaluation to risk analysis

Collin J. Delker (ORCID: 0000-0002-2685-3023)

Primary Standards Lab, Sandia National Laboratories. Albuquerque, New Mexico, USA.

ABSTRACT

Whether calibrating equipment or inspecting products on the factory floor, metrology requires 
many complicated statistical calculations to achieve a full understanding and evaluation of 
measurement uncertainty and quality. In order to assist its workforce in performing these 
calculations in a consistent and rigorous way, the Primary Standards Lab at Sandia National 
Laboratories (SNL) has developed a free and open-source software package for computing 
various metrology calculations from uncertainty propagation to risk analysis. In addition to 
propagating uncertainty through a measurement model using the well-known Guide to 
Expression of Uncertainty in Measurement or Monte Carlo approaches, evaluating the individual 
Type A and Type B uncertainty components that go into the measurement model often requires 
other statistical methods such as analysis of variance or determining uncertainty in a fitted curve. 
Once the uncertainty in a measurement has been calculated, it is usually evaluated from a risk 
perspective to ensure the measurement is suitable for making a particular conformance decision. 
SNL’s software can perform all these calculations in a single application via an easy-to-use 
graphical interface, where the different functions are integrated so the results of one calculation 
can be used as inputs to another calculation.

1. INTRODUCTION

Statistical calculations for metrology applications range from compiling uncertainty budgets for 
direct and indirect measurements, to evaluating the risk of an incorrect decision based on a 
measurement, to determining uncertainty in linear regression problems, to calculating optimal 
calibration intervals. While there is plenty of literature describing and analyzing each of these 
calculations, and a number of software tools available to implement them, they tend to treat the 
calculations in isolation—one software tool can be used to compile an uncertainty budget, but 
another software tool is required to evaluate values that should go into that budget.

Many metrology calculations begin with an evaluation of uncertainty based on a measurement 
model. An uncertainty evaluation’s validity depends on a proper evaluation of the individual 
measurement uncertainties used in that model. Evaluating uncertainty in the individual 
components often involves statistical analysis on large sets of measured data or solving linear 
regression problems to predict measured quantities and their uncertainties. Some uncertainty 
tools focus only on implementing the measurement model propagation formulas, while failing to 
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help with any statistical analysis required to condense a set of measured values into a single input 
and standard uncertainty. Additionally, handling measurement unit conversions and their 
uncertainties is often a completely manual, and therefore error-prone, process.

Once an uncertainty result has been determined, the uncertainty value may not be useful without 
also knowing how the measurement will be used. The suitability of a measurement for a 
particular task can only be evaluated after combining its uncertainty with a decision rule. For 
example, calculating the false accept risk of an incorrect measurement decision requires both 
measurement uncertainty and the acceptance limits for a pass or fail decision. Measurement 
decision risk is commonly evaluated using the Test Uncertainty Ratio (TUR) as a proxy for a full 
evaluation of false accept risk, while assuming normality of probability distributions, unbiased 
measurements, and that a 2% false accept rate is acceptable for every application. The use of 
TUR began decades ago due to lack of suitable computational tools for performing complete risk 
evaluations.

While a number of metrology software tools are available, most lack key features such as 
symbolic solution of the uncertainty equations, joint probability results for multiple output 
measurement models, propagation and conversion of measurement units, and advanced features 
such as uncertainty in curve-fitting, analysis of variance, and risk analysis. 

To address these issues, the Primary Standards Laboratory at Sandia National Laboratories 
(SNL) developed the Sandia Uncertainty Calculator (Suncal) through its metrology work for the 
Nuclear Security Enterprise (NSE). Suncal not only provides software tools to perform many 
statistical calculations for metrology, but also integrates the different calculations into a single, 
easy-to-use software package. Suncal started as a simple collection of functions, written in 
Python code, for computing uncertainty using the Guide to Expression of Uncertainty in 
Measurement (GUM) and Monte Carlo methods. Not everyone was comfortable writing Python 
code or had the time to learn a new programming language, so eventually a basic user interface 
was added to facilitate the use of the code. Since then, Suncal has grown to include a number of 
useful functions related to calibration and metrology, including uncertainty propagation, curve-
fitting uncertainty, measurement decision risk analysis, and calibration interval analysis. Seeing a 
need for such software in the broader metrology community, the PSL worked to release the 
software to the public [1] as open source under the GPL license.

Most users of Suncal prefer the user interface, which is available as an executable program 
compiled for Windows and Mac operating systems. Programmers who need to integrate these 
calculations in their own code or need to run even more complicated calculations can leverage an 
interface to the underlying Python package through Python code, or through a command-line 
interface accessible from other programming languages.

A key feature of Suncal is the integrated nature of its calculations. For example, the result of an 
uncertainty propagation calculation can be used as an input to set up a false accept risk 
calculation. A value and uncertainty predicted from a curve fit can be used as an input to an 
uncertainty propagation calculation. By combining the different calculations into a single 
software package, a complete picture of measurement quality can easily be obtained.



The Suncal software has been formally validated against many published calculation examples 
such as various case studies in the GUM [2] and in NIST Technical Note 1900 [3].

2. CALCULATIONS

The following section details the types of calculations available in Suncal and the algorithms 
behind them, followed by a few case studies of interesting statistical problems in metrology that 
can be solved without leaving the software.

2.1 UNCERTAINTY PROPAGATION

The heart of the Suncal software is its uncertainty propagation tool. This tool evaluates 
uncertainty in a measurement model using the approach described in the GUM and the Monte 
Carlo approach described in Supplement 1 to the GUM [4]. Multiple measurement equations can 
be entered in the form 𝑦𝑘 =  𝑓𝑘(𝑥1,…𝑥𝑛), where 𝑥1,…𝑥𝑛 are individual input quantities and the 
functions 𝑓𝑘 relate the measured values to the output quantities of interest. Note that Suncal can 
handle chained model functions, such that 𝑦𝑘 can also be one of the input 𝑥𝑖 values, as long as 
there are no circular references between the equations. For each measurement function 𝑓𝑘 in the 
model, the GUM approximation, using first-order Taylor expansion terms and including 
covariance, is solved:
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This equation provides the combined standard uncertainty in each model function. Here, 𝑢(𝑥𝑖) is 
the standard uncertainty in measured value 𝑥𝑖, and 𝑢 𝑥𝑖, 𝑥𝑗  is the covariance of 𝑥𝑖 and 𝑥𝑗. If 
there are multiple model functions, the calculator also provides correlations between all the 
output quantities and joint probability density plots between each output (solving Eq. 1 in its 
matrix form), similar to those described in GUM Supplement 2 [5].

In contrast to many other uncertainty propagation tools, Suncal solves Eq. 1 symbolically, 
including an analytical evaluation of the partial derivatives for the sensitivity coefficients, 
providing the user with a simplified expression for combined uncertainty, in addition to a 
numerical output of the equation evaluated at the measured values. One should always be 
skeptical of the results obtained from black-box software, so the symbolic output result provides 
a “show your work” verification of the exact calculation performed. A Monte Carlo uncertainty 
analysis is performed in parallel, allowing a comparison of both methods to help ensure the 
validity of the results. While the GUM approximation considers only the mean and standard 
uncertainty of each input quantity, without regards to any specific probability distribution, the 
Monte Carlo calculation pulls random samples from the full probability density functions entered 
by the user for each quantity.



In addition to computing the standard uncertainty of each output, expanded uncertainties of the 
GUM result are calculated based on the Student-t distribution with effective degrees of freedom 
found using the Welch-Satterthwaite approximation [2]:
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where 𝑐𝑖 = ∂𝑓
∂𝑥𝑖

 is the sensitivity coefficient and 𝜈𝑖 the degrees of freedom for input 𝑥𝑖.
With the Monte Carlo results, uncertainties are reported to the desired coverage interval by 
finding either the shortest interval that covers the desired percent of the distribution or a 
symmetric interval covering the same percent. Non-linear sensitivity coefficients are computed 
for each variable by sampling one variable at a time and comparing to the variation in the 
sampled output, as described in Annex B of GUM Supplement 1. Finally, the GUM validity 
check, described in Ref. [6], is calculated for any number of significant digits. This test compares 
the high and low endpoints of the 95% coverage ranges for the GUM and Monte Carlo methods. 
If both endpoints fall within the computed tolerance, the first order GUM approximation is 
validated as a reasonable approximation to the true uncertainty without considering higher-order 
terms of the approximation.

The user interface allows entry of measurement models containing common functions such as 
trigonometric functions, exponentials, logarithms, and roots, covering most common 
measurement model equations. When run from Python code, any measurement model that can be 
written in a Python function (including functions operating on complex numbers, vectors, and 
matrices) can be evaluated, although in this case the sensitivity coefficients may need to be 
computed numerically rather than symbolically.

Suncal can also handle unit conversions, automatically accounting for cases when an uncertainty 
is reported in SI units, but the measured value is given in Imperial units (a common, yet 
annoying problem).

EXAMPLE: INDICATED AIRSPEED

Consider the calculation of indicated airspeed based on a pitot-static tube measurement of air 
pressure as described in the original 1953 paper by Kline and McClintock on which the GUM 
equation is based [7]. In this measurement, the pitot-static tube measures both total and static air 
pressure. The difference between these two pressures, ∆𝑝, is related to the airspeed velocity by 
the measurement model

𝑣 = 2 ∆𝑝 𝑇𝑎 𝑅 𝑔0

𝑝𝑎
 (3)

where 𝑇𝑎 and 𝑝𝑎 are the atmospheric temperature and pressure, respectively, and 𝑅𝑔0 = 𝑅𝑠 is the 
specific gas constant for dry air, taken to be 287.06 J/K/kg and assumed to have no uncertainty. 
While working in SI units is always preferred, other unit systems are often encountered in 



metrology and need to be properly converted before performing calculations with them. Kline 
and McClintock defined the measured values using an interesting combination of non-SI units:

∆𝑝 = 14.7 psia ± 0.3 psia
𝑝𝑎 = 8.0 inches H2O ± 0.1 inches H2O

𝑇𝑎 = 67.4 ℉ ( = 527.1 ℉ abs) ±  0.2 ℉ abs

The paper’s use of absolute degrees Fahrenheit to properly account for the atmospheric 
temperature and its uncertainty requires extra care. Consider this temperature measurement of 
67.4 °F ± 0.2 °F. To convert this temperature into the SI unit of Kelvin, the textbook conversion 
formula 𝑇𝐾 =  5/9(𝑇𝐹 ―  32) +  273.15 can be applied to the measured value, resulting in 
292.8 K. But the formula cannot be applied to the uncertainty value, or the uncertainty would be 
± 255.5 K, which is obviously not correct. The uncertainty of 0.2 °F is a differential temperature, 
not an absolute temperature, and thus no offset should be applied when converting to Kelvin; the 
correct value and uncertainty is 292.8 K ± 0.11 K. Kline and McClintock handled this by using 
absolute degrees Fahrenheit (sometimes called degrees Rankine), which has no offset from 
absolute zero, meaning the temperature in their calculation was 527.1 ℉ abs ±  0.2 ℉ abs. The 
same issue arises when working in degrees Celsius. Suncal handles differential temperature as a 
different, but related, unit, labeled as Δ°F or Δ°C [8], and automatically understands that 
differential temperature units should be used for temperature uncertainties.

While NIST Technical Note 1900 [3] evaluates this same example but converts all the units to 
SI, here it is worked in the original units to demonstrate Suncal’s capability. After the model 
equation is entered into the software, the variable names are automatically detected and 
populated in the program. Assuming all uncertainties are given as normal distributions with 95% 
confidence (or, in the words of Kline and McClintock, “odds of 20:1”), the values can be entered 
directly, as shown in Figure 1.



Figure 1. Entry of measurement model and measured values for uncertainty propagation calculation.

The results summary is shown in Figure 2. The airspeed and 95% expanded uncertainty were 
calculated to be 57.49 m/s ± 0.67 m/s1. When converted to a percent, the uncertainty is ± 1.1%, 
which matches the Kline-McClintock result. In addition to the value and uncertainty numbers, 
the full equation and its derivation are also provided, as shown in Figure 3. After using Suncal’s 
GUM Validity check to ensure that the GUM formula is a reasonable approximation, this 
equation could be reused in subsequent uncertainty calculations, if the measured values vary 
from one run to the next, without requiring full use of the calculator. Of course, the pilots flying 
this aircraft are probably not accustomed to reading an airspeed in meters per second, but the 
output can easily be obtained in other units, such as the aviation standard of knots (nautical miles 
per hour), by entering the desired units in the measurement model table before running the 
calculation.

1 NIST 1900 actually reported the wrong answer for both value and uncertainty. It appears they left the 2 out of the 
measurement equation.



Figure 2. Results of airspeed uncertainty calculation.

Figure 3. Derivation of GUM formula for airspeed uncertainty calculation.

EXAMPLE: MAGNITUDE AND PHASE



Suncal is not limited to calculating one measurement model at a time. For example, the 
conversion of real and imaginary values into magnitude and phase requires two equations:

𝑍𝑟 =  𝑍2
𝑅 + 𝑍2

𝐼   (3)

𝑍𝜃 = arctan
𝑍𝐼

𝑍𝑅
.

Where 𝑍𝑅, 𝑍𝐼 are the real and imaginary components of complex quantity 𝑍, and 𝑍𝑟, 𝑍𝜃 are its 
magnitude and phase, respectively.

Because there are two output quantities (magnitude and phase) dependent on the same two input 
quantities (real and imaginary), the uncertainties in the output values may be correlated. Suncal 
determines this correlation in both the GUM and Monte Carlo methods and provides joint 
probability density plots. The software estimates the covariance matrix between outputs based on 
the method described in GUM Supplement 2 and computes the sampled covariance between 
output trials from the Monte Carlo method. Using example input values from Figure 20 of GUM 
Supplement 2, 𝑟𝑒 = 0.01 ± 0.01; 𝑖𝑚 = 0.0 ± 0.01; 𝑢(𝑟𝑒, 𝑖𝑚) = 0.9, results in the joint 
probability plots shown in Figure 4.

Figure 4. Joint probability density plot of real/imaginary to magnitude/phase conversion.

2.2 IMPORTING MEASURED DATA

While the uncertainty propagation calculations are useful, the results are correct only if valid 
data is entered into the software. For that reason, Suncal provides several options and time-
saving features for importing measured data. A one-dimensional list of repeated measured values 
can be imported for each variable from a comma-separated values (CSV) file or copied directly 



from a spreadsheet. The Type A uncertainty of repeated measurements is automatically 
computed using the standard deviation of the mean and entered into the list of measured values 
and uncertainties, along with its degrees of freedom. The user may select among several 
probability distributions to fit to the distribution of Type A repeated measurements for use in the 
Monte Carlo calculation, including normal, Student-T, gamma, and others. If there are measured 
data columns for more than one variable, correlation coefficients between the values are also 
calculated and accounted for in the uncertainty propagation.

In some cases, the measured data may take the form of two-dimensional data; for example, 
taking several repeated measurements per day over several days or weeks to assess both 
repeatability and reproducibility. Suncal’s Data Sets and Analysis of Variance calculation is 
available for these situations. Data can be loaded into the software from a file or copied from a 
spreadsheet. As the measured values are entered, the mean, variance, and standard deviation of 
each column is calculated along with the overall grand mean, repeatability, and reproducibility 
standard deviation of the entire data set. Repeatability is calculated from

𝑠𝑟 = ∑(𝑛𝑖 ― 1)𝑠2
𝑖

∑(𝑛𝑖 ― 1)
  (5)

and reproducibility from

𝑠𝑅 =  1
𝑀 ― 1 (𝜇𝑖 ― 𝜇)2 (6)

where 𝑠𝑖, 𝜇𝑖, and 𝑛𝑖 are the standard deviation, mean, and number of measurements made on day 
𝑖, respectively, and 𝑀 is the number of days (columns in the table) on which measurements were 
made.

To determine if each column is statistically equivalent, a one-way analysis of variance can be 
computed, performing both an F-test and p-test on the data sets [9]. Additionally, autocorrelation 
of a repeated measurement can be computed, and the uncertainty adjusted accordingly, using the 
algorithms in Ref. [10] and Ref. [11] to account for a measurement correlated with itself over 
time. Once the data is entered, the overall repeatability and reproducibility can be imported as an 
uncertainty component input into an uncertainty propagation calculation. Figure 5 shows the 
autocorrelation calculation based on the example “flicker” data from the NIST Engineering and 
Statistics Handbook [12].



Figure 5. Accounting for autocorrelation in uncertainty of measured data based on FLICKER.DAT data from NIST Statistics e-
Handbook.

2.3 CURVE-FITTING UNCERTAINTY

There are many cases in metrology where a curve must be fit to measure x-y data pairs. The 
curve may be a “calibration curve” that relates a measured quantity to a different quantity (for 
example, relating a thermocouple’s output voltage to a temperature value), or tracking a 
reference standard over time to check and account for predicted drift. Suncal’s Curve Fit 
function calculates the best-fit curve, including uncertainties, for a number of different curve 
types. The curve may be a straight line, polynomial, exponential, or logarithmic function. When 
run from Python code, any Python function that takes an 𝑥 value and some fitting parameters 
(such as slope and intercept) and returns a 𝑦 value can be fit to measured data. Both the 𝑦 and/or 
𝑥 values can have uncertainty, either as a single uncertainty applied to all data points or differing 
uncertainties at each point.

Linear curve fits (which include polynomials – linear in their coefficients) are solved analytically 
[13]. For nonlinear models, Suncal uses numerical techniques to minimize the residual distances 
between data points and the resulting curve: either the Levenberg-Marquardt algorithm [14] 
when there is no uncertainty in the dependent variable, or Orthogonal Distance Regression [15] 
when both 𝑥 and 𝑦 variables have uncertainty. At this time, covariances between the different x-
values or y-values are not supported through the user interface, but may be computed for 
straight-line fits using the Python interface. The results of a curve-fit calculation include the 



coefficients (such as slope and intercept) of the best-fitting curve as well as uncertainties in each 
coefficient. Frequently, the resulting curve is used to make predictions about future 
measurements. For straight-line fits, the standard uncertainty in a future measurement can be 
calculated using the prediction band:

𝑢𝑝𝑟𝑒𝑑(𝑥) = 𝜎𝑦 1 +
1
𝑁 + (𝑥 ― 𝑥)2

𝜎𝐵
𝜎𝑦

2
 (7)

where 𝜎𝑦 is the standard uncertainty in an individual 𝑦 value, 𝜎𝐵 is the uncertainty in the slope, 
and 𝑁 is the number of data points used in the fit. In other curve-fit models, the prediction band 
is calculated using

𝑢𝑝𝑟𝑒𝑑(𝑥) =  𝜎2
𝑦 +  ∇𝑓𝑇 ⋅ 𝐶 ⋅ ∇𝑓 (8)

with ∇𝑓 the gradient matrix of the fit function at a particular 𝑥 value, and 𝐶 the covariance matrix 
of the input variables [16]. The prediction band is also illustrated on a resulting plot in the 
software. Another plot displays the raw residuals from the fit, helping to ensure an appropriate 
model was chosen and to aid in distinguishing uncertainty due to the quality of fit versus 
uncertainty due to the measurement. Finally, an option to compute a 95% coverage uncertainty 
valid over an entire interval along the curve is provided, as described in Annex F.2.4.5 of the 
GUM and used in Ref. [17] to account for drift uncertainty. The math and integrals are solved 
symbolically, along with providing the numerical result.

Any of the computed results, whether the value and uncertainty in a fit parameter such as slope 
or intercept or a predicted point along the curve, can then be used as an input to an uncertainty 
propagation calculation in Suncal.

EXAMPLE: LEAK RATE

Leak rate standards decay exponentially over time. When calibrated, their certificates sometimes 
list an equation for predicting the leak rate in the future so the rate can be adjusted for the time of 
use. The rate decay takes the form

𝑅 =  𝑎 𝑒 ―
𝑡
𝑏  (9)

where 𝑅 is the leak rate, 𝑡 is time since the first calibration, and 𝑎 and 𝑏 are fitting coefficients. 
The coefficients for the best fit to historical calibration data are used to obtain the predicted 
model, but uncertainty in the coefficients and predicted rate value are more difficult to obtain. 
One common approach using simple spreadsheets is to fit a straight line to the logarithm of the R 
data, but this adds extra steps and can be prone to error in properly determining uncertainties. In 
Suncal, the exponential model is fit directly to the data, as shown in Figure 6, where the 
historical leak rate data is entered into the curve-fit tool. Notice that the dates are entered 
directly, rather than converting to a relative time since the first calibration. Behind the scenes, 
Suncal converts dates into a Gregorian ordinal date value to perform the fit, but converts back to 



a year-month-day format when displaying the results. In this example, both the dates and leak 
rate data are assumed to have no uncertainty in their measurement, but Suncal could easily 
handle a case where individual measurements have varying uncertainty in x and/or y values. The 
Exponential Decay model is selected for the fit before running the calculation. The results show 
the 𝑎 and 𝑏 parameters along with their uncertainties (Figure 7), and an equation for predicting 
the leak rate and uncertainty at any point in time (Figure 8). This prediction could then be used 
as the input to an uncertainty propagation or a risk evaluation calculation.

Figure 6. Leak rate data entered for an exponential curve-fit calculation.



Figure 7. Exponential curve-fit to leak rate data.

Figure 8. Using the fit curve to predict leak rate and uncertainty in the future.



2.4 RISK ANALYSIS

Once the measurement uncertainty has been evaluated, the next step is determining whether that 
measurement result is adequate to make a pass or fail conformity decision. While measurement 
adequacy is often simplified by evaluating a TUR, the TUR and the common 4:1 “rule” for 
measurements makes some assumptions that may not always apply. Suncal provides a tool for 
quantifying risk, both specific risk and global false accept and false reject risks, based on Ref. 
[18]. The probability distributions involved in a risk calculation can have significant impact on 
the risk values [19], so unlike many other risk calculation tools, Suncal performs these 
calculations on any type of distribution, including a piece-wise probability distribution function 
fit to a Monte Carlo uncertainty calculation result imported from the uncertainty propagation 
tool. Specific risk, the probability of a false accept (PFA) given a measured value 𝑦 on the 
product, is calculated from

𝑝𝐹𝐴|𝑦 =  
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Where 𝑝𝑡𝑒𝑠𝑡 is the probability density function describing the test measurement uncertainty and 
𝐿𝐿 and 𝑈𝐿 are the lower and upper tolerance limits for a passing unit under test. Global false 
accept risk, or PFA, accounts for prior knowledge of the product or process expressed as the 
probability density function of the unit under test, 𝑝𝑢𝑢𝑡. PFA is calculated by
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The inner integral corresponds to the specific risk at a particular measured product value, while 
the outer integral performs weighted averaging over the assumed distribution of the product. 
Probability of false reject (PFR) risk is calculated using the same distributions, but the integrals 
use adjusted integration limits. For most probability distributions, these equations cannot be 
solved analytically, so Suncal performs numerical integration by default. In “simple” mode, the 
distributions are normal and entered in terms of TUR and in-tolerance probability, allowing the 
equations to be solved using simplified forms of the equation [20]. In “full” mode, any 
probability distribution can be entered for 𝑝𝑡𝑒𝑠𝑡 and 𝑝𝑢𝑢𝑡. A Monte Carlo approach to risk 
evaluation is also available, which can make it easier to visualize and understand the results.

While the risk tool can account for guardbanded acceptance limits in its evaluation of PFA and 
PFR, it can also calculate appropriate guardband limits using different methods. Some methods 
based on TUR include the root-sum-square (RSS) method [21] and the managed guardband 
method [22]. Rather than relying on these predefined methods that require a TUR value and 
making assumptions about which PFA is appropriate for a particular application, Suncal can also 
work backwards to determine a guardband value that results in a desired global PFA value or 
specific risk value. This method also works when there is a one-sided tolerance limit, in which 
case there is no TUR and no common guidance on guardbanding methods. Alternatively, Suncal 
can plot a curve of false accept and reject risk as a function of the guardband for a particular 



measurement, as shown in Figure 9, to aid in selecting an optimal tradeoff between PFA and 
PFR for the given application.

Figure 9. Sweeping the guardband factor to find on optimal tradeoff between false accept and false reject rates.

2.5 OTHER TOOLS

A few other functions available in the Suncal interface that are worth mentioning without going 
into details. A reverse uncertainty propagation tool calculates GUM and Monte Carlo uncertainty 
problems in the opposite direction. In other words, the tool solves for the uncertainty required in 
one input variable to obtain a target overall uncertainty value for the measurement model. This 
function is useful when selecting measurement equipment that meets overall uncertainty 
requirements, for example. Uncertainty sweeps are also available, calculating the GUM and 
Monte Carlo algorithms repeatedly over a range of input values.

A tool for calculating calibration intervals is also included. Based on NCSLI Recommended 
Practice 1 [23], it implements the test interval method (commonly known as Method A3), the 
binomial method (Method S2), and variables method [24]. It can operate on historical data from 
individual assets or on summarized statistics of the historical data. Finally, a units converter and 
a Student-T table calculator are part of the package.



3. CASE STUDIES

To demonstrate the capabilities of Suncal and how it can be used in a complete analysis of 
metrology data, three case studies are provided below.

3.1 SEMICONDUCTOR CONTACT AND SHEET RESISTANCE

When evaluating new semiconductor materials or processes, many measurements are needed to 
characterize the behavior of the resulting devices. One common and useful measurement is 
contact resistivity, a measure of the resistance between metal traces and semiconductor features. 
Contact resistivity and sheet resistance are often measured using a transmission-line structure on 
the semiconductor consisting of various contacts with different distances between them. Contact 
resistance can be estimated by plotting the total measured resistance 𝑅𝑡 versus length between 
contacts and fitting a line [25]. The resistance extrapolated to zero length corresponds to the 
resistance from the two contacts. Sheet resistance can also be calculated from the slope of the fit 
line.

𝑅𝑐 =
𝑅𝑡(𝐿 = 0)

2   (12)

𝑅𝑠 = 𝑚 ×  𝑊

Here, 𝑅𝑐 is the resistance of one contact, 𝑅𝑠 the sheet resistance of the semiconductor, and 𝑊 is 
the width of the line. The fit line determines 𝑅𝑡(𝐿 = 0), the fit line extrapolated to zero length, 
and 𝑚, the best-fit slope of the line. Contact resistivity, measured in Ω·cm2, accounts for the size 
of the contacts, and is calculated from

𝜌𝑐 = 𝑅𝑐𝑊𝐿𝑇  (13)

Due to current crowding effects, the effective transfer length of the contact, 𝐿𝑇, is used rather 
than its physical length. Transfer length can be found from the same line fit by extrapolating the 
line to the x-axis intercept, where 𝑅𝑡 = 0.

While this measurement is frequently conducted in semiconductor research labs, the result’s 
uncertainty is not often considered or reported. Using Suncal, the resistivity and its uncertainty 
are simple to obtain. For example, with contacts at 7 different lengths (2, 4, 8, 12, 18, 24, and 46 
µm) along a uniform semiconductor, the resistivity was measured between each set of contacts 
(54.6, 65.1, 88.1, 101.3, 128.2, 162.3, and 250.6 Ω). Starting with a curve-fit calculation, the 
measured values were entered into Suncal, and the line was fit, as shown in Figure 10.



Figure 10. Results of contact resistance curve fit. The y-intercept value (zero length) corresponds to twice the contact resistance.

Rather than manually extrapolating back to zero to obtain the contact resistance, however, the 
above equations for 𝑅𝑐, 𝑅𝑠, 𝐿𝑇, and 𝜌𝑐 were entered into an uncertainty propagation calculation. 
The value for width was entered manually (100 µm ± 0.5 µm) from measurement under an 
optical microscope. The slope value was imported from the curve fit calculation into the 
uncertainty calculation, automatically loading the slope of 4.45 and standard uncertainty of 0.11. 
The intercept value was loaded into the uncertainty propagation in a similar fashion, but this time 
the predicted value, at x = 0, was imported, resulting in an intercept value of 48.98 with 
uncertainty 4.62. After entering measurement units, the calculation was ready to run.

After the calculation was run, values and uncertainties for all the variables were provided, as 
shown in Figure 11. The contact resistance is 24.5 Ω ± 5.9 Ω, with resistivity of 1.35 × 10-4 
Ω·cm2 ± 0.65 × 10-4 Ω·cm2.



Figure 11. Results of contact resistivity uncertainty calculation, with values for contact resistance, sheet resistance, transfer 
length, and contact resistivity all calculated simultaneously using values from the same curve fit.

3.2 DRIFTING PRESSURE GAGE

A pressure gage has been calibrated for five years and is showing consistent drift in its indicated 
value. The metrologist is concerned that the gage will drift out of its tolerance of 180 psig ± 5 
psig before the next calibration is due and would like to determine the probability that an out-of-
tolerance (OOT) condition will occur based on predicted drift.

Each of the five calibrations consists of five independent measurements on the gage. As a two-
dimensional data set, the Data Sets function of Suncal can be used to condense the data into a 
single measured value and uncertainty for each calibration date. This function computes the 
mean and standard deviation of each of the five calibration sets. While in this case the plot 
(Figure 12) makes it obvious that the gage is drifting, the presence of drift can be statistically 
verified by checking the Analysis of Variance option to ensure that the data from each 
calibration are not statistically equivalent.



Figure 12. Raw measurement data entered into a Data Sets calculation.

Next, a line was fitted to the drifting calibration data so the line could be used to predict future 
values. A Curve Fit calculation was added to Suncal, and the summarized array values imported 
into the x-y table, including the 𝑢(𝑦) uncertainty. With only five data points, fitting any model 
other than a straight line would likely overfit the data, so the model was left as a line. After 
calculating the line fit, the pressure value and uncertainty can be predicted on the next calibration 
date of March 1, 2021. As shown in Figure 13, the value to 95% confidence is 184.62 psig ± 0.76 
psig. Clearly, there is a significant probability that the nominal gage value will be above the limit 
of 185 psig by that date. Using Suncal’s Risk tool, this probability can be quantified.



Figure 13. Predicting drift at the next calibration date.

This risk evaluation considers only specific risk; that is, risk that a specific predicted value on the 
next calibration date falls outside the limits. The calculation mode was switched to full to allow 
entry of any probability distribution, and the Process Distribution was cleared. After entering 
specification limits of 175 and 185, the test measurement distribution was imported from the 
curve fit predicted value, specifying a date of March 1, 2021. Once the distribution was 
imported, the specific false accept risk, or the probability of an out-of-tolerance condition at the 
next calibration date, was calculated as 5.4% (Figure 14). It is up to the metrologist to determine 
if this level of risk warrants an adjustment to the gage at this time. Alternatively, if the decision 
is made to reject the gage, the false rejection probability is 94.6%.



Figure 14. Probability of OOT at next calibration date based on historical drift.

3.3 INDUCTANCE CALCULATION

Developing inductance calibration standards for high-frequency applications is an ongoing topic 
of research. For a cylindrical air-core coil inductor with radius 𝑟, length 𝑙, and total number of 
turns 𝑁, the inductance 𝐿 can be calculated using the Nagaoka formula [26]:

𝐿 =  
𝜇0𝜋𝑁2𝑟2

𝑙 𝑘𝐿 (14)

Where 𝜇0 is the vacuum permeability and 𝑘𝐿 is the Nagaoka coefficient given by

𝑘𝐿 =  
4

3𝜋𝑘′

𝑘′2

𝑘2 (𝐾(𝑘) ― 𝐸(𝑘)) + 𝐸(𝑘) ― 𝑘   (15)

𝑘 =  4𝑟2

4𝑟2 + 𝑙2
  (16)

𝑘′ =  1 ― 𝑘2. (17)



𝐾(𝑘) and 𝐸(𝑘) are the complete elliptic integrals of the first and second kind, respectively [27]. 
These integrals are not functions recognized by the Suncal user interface, but they can be readily 
computed using Python methods, allowing the uncertainty in this inductance formula to be 
computed through Suncal’s Python interface. A Python function for inductance can be written 
using the ellipk and ellipe functions from the Scipy library for 𝐾(𝑘) and 𝐸(𝑘), noting they 
use 𝑚 = 𝑘2 as the input argument, as shown in Figure 15.

The uncertainty of the inductance function can now be calculated using code in Figure 16. The 
first line sets up a new uncertainty calculation using Suncal. Unfortunately, unlike many Python 
functions, the ellipk and ellipe functions used in the inductance calculation cannot handle 
measurement units tied to their inputs. While the programmer could omit units from the Suncal 
calculation and keep track of units manually, Suncal takes some parameters to specify the 
“natural” units of the function. The finunits and foutunits parameters inform Suncal that, 
in this case, if the function receives input parameters with units of meter, meter, dimensionless, 
and Henry/meter for radius, length, N, and mu0, respectively, it will return an output in Henry.

The “set_input” lines specify the input variables of radius, length, number of turns, and vacuum 
permeability 𝜇0, along with their uncertainties. Because of the 2019 SI redefinition, 𝜇0 is a value 
with some uncertainty [28], so it is added as an input variable rather than being hard-coded in the 
inductance function. The final line runs the calculation and shows the result (Figure 17).

import numpy as np
from scipy.special import ellipk, ellipe
import suncal

def inductance_nagaoka(radius, length, N, mu0):
    ''' Calculate inductance using Nagaoka formula '''
    k = np.sqrt(4*radius**2 / (4*radius**2 + length**2))
    kprime = np.sqrt(1 - k**2)
    Kk = ellipk(k**2)
    Ek = ellipe(k**2)
    kL = 4/3/np.pi/kprime * ((kprime/k)**2 * (Kk - Ek) + Ek - k)
    return mu0 * np.pi * N**2 * radius**2 / length * kL

uc = suncal.UncertCalc(inductance_nagaoka, outunits='uH',
                       finunits=['m', 'm', '', 'H/m'], foutunits=['H'],
                       foutnames=['L'])
uc.set_input('radius', 2.7, units='mm', unc=.005, k=1)
uc.set_input('length', 9, units='mm', unc=.01, k=1)
uc.set_input('N', 100, units='dimensionless')  # No uncertainty
uc.set_input('mu0', 1.25663706212E-6, unc=0.00000000019E-6, units='H/m', k=2)
uc.calculate()

Figure 15. Python function for calculating inductance of air-core coil

Figure 16. Python code using Suncal to compute uncertainty of the inductance function.



Figure 17. Result of inductance calculation run from Python code in a Jupyter Notebook.

The result provides the inductance and standard uncertainty calculated using both GUM and 
Monte Carlo methods. Because the inductance function cannot be written symbolically, no 
symbolic solution to the GUM equation is provided. The sensitivity coefficients derivatives are 
calculated numerically. Other calculated outputs are accessible as well. For example, the 
sensitivity coefficient report can be run as shown in Figure 18, providing the relative 
contribution of each input measurement to the total uncertainty. From this table, it is apparent 
that the radius measurement is by far the largest contributor to total uncertainty, while the 
uncertainty contribution due to vacuum permeability not being a constant after 2019 is 
negligible.

Figure 18. Sensitivity coefficients and proportions table for inductance calculation.

The Suncal user’s manual provides details and additional examples of how to set up uncertainty 
calculations using the Python interface.

4. SUMMARY

The Suncal software is a powerful tool for many statistical calculations routinely carried out in 
metrology, from calculating the combined uncertainty of a measurement to evaluating 
measurement decision risk. By integrating many features into one program with a well-designed 
structure and simple user interface, all the calculations can be performed in one program with the 
results of one calculation feeding the inputs to other calculations. As an open-source tool, its 
calculations are fully transparent to allow the user to completely understand and validate the 
results. Suncal also provides symbolic equations as output results, rather than just giving numeric 
answers, again helping to ensure full transparency in the calculations and validity of the results. 
Suncal’s Python backend can also be used for more advanced calculations, without limitations 
such as entering the measurement model as an expression in a single line. In addition, the Python 
interface allows embedding the functions into other code for applications such as calculating 
exact uncertainties, TURs, and false acceptance risks at the time of test without any 
generalization or assumption about measured values.
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