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Abstract

We consider assurance testing for repairable systems when supplementary information is available in
addition to the data collected in the assurance test. The supplementary information is incorporated
using a Bayesian inferential framework. Here we consider assurance testing for a homogeneous Poisson
process. In this note we consider an alternative criterion that minimizes the test time while ensuring
that the requirements on the producer’s and consumer’s risks are met. We illustrate the use of this

alternative criterion with an example.

Key Words: Bayesian, consumer’s risk, homogeneous Poisson process, producer’s risk, time minimiza-

tion.

Data Availability Statement: there is no data presented in this article so that such as statement is not

applicable.

1 Introduction

In this article, we consider assurance testing of a repairable system. When a repairable system fails,

it is fixed and then put back into service. In this article, we consider the case when the repair is
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“Good-As-New” and use an appropriate model for the number of failures in a given period of time. For
a repairable system, one wants few failures in a given period of time, i.e., that require as few repairs
as possible.

The number of failures over time can be modeled by a counting process called a Poisson process. The
homogeneous Poisson process (HPP) is a Poisson process with constant intensity function A(¢) = A,
where the between failure times (i.e., times between consecutive failures) are i.i.d. Exponential(\).
That is, the repairs are “Good-As-New”. Note that 7 = 1/\ is the mean time between failure or
MTBF. The intensity function A\(¢) is the instantaneous failure rate at time ¢ and its integral over time
interval (a,b) gives the expected count in that time interval A(a,b) = f; A(t)dt = M(b — a). For the
HPP, the count N, the number of failures in the interval [0, T7], is Poisson(AT) that can also be written

as Poisson(

).

Sl

Hamada et al. (2008) consider HPP repairable system assurance testing in their Chapter 10.3.
Hamada (2021) also considers nonhomogeneous Poisson process (NHPP) repairable system assur-
ance testing. Meeker and Escobar (2004) make the distinction between demonstration and assurance.
Demonstration relies only on the data collected during the demonstration test. Assurance uses addi-
tional supplementary information to reduce the amount of testing required in the assurance test. Such
information include the design of the product being tested is similar to other designs whose repair data
are available. Using a Bayesian inferential framework, the supplementary information can be expressed
through a prior distribution. For HPP demonstration tests, see Guo et a. (2011). The demonstration
tests only consider the risk from a producer’s point of view, however. In this article, we consider HPP
repairable system assurance tests from both producer’s and consumer’s points of views in that they
account for both producer’s and consumer’s risks. From a literature search, we believe that this arti-
cle is the first one to consider minimizing time assurance tests for an HPP process that incorporates

available supplementary information using a Bayesian inferential framework. An outline of this article
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is as follows. In Section 2, we present an assurance test and its producer’s and consumer’s risks for an
HPP as well as the probability of passing a test. We also present an algorithm for finding an assurance
test with a producer’s risk focus given in Hamada et al. (2008) as well as one with a consumer’s risk
focus. We also propose an algorithm for finding a minimizing time assurance test. In Sections 3, we

present an example. We conclude the article in Section 4 with a discussion.

2 An Assurance Test and Producer’s and Consumer’s Risks

An assurance test consists of m systems that are tested for a time 1" and c is the critical number of
failures. If the the number of failures N(7T') exceeds ¢, then the “Test is Failed”; otherwise, the “Test
is Passed”. For an HPP, we consider producer’s and consumer’s risks in terms of 7, where ng > 7.
The producer wants a low risk of n > 79, say no more than « or maximum producer’s risk, if the “Test
is Failed”. The consumer wants a low risk of n < 7, say no more than 8 or maximum consumer’s
risk, if the “Test is Passed”. Because these risks are relative to the result of the assurance test, these
risks expressed as probabilities are posterior probabilities; Bayes’ Theorem combines the test data
with the prior distribution to obtain the posterior distribution (Hamada et al. (2008)). That is, the
posterior producer’s risk is the probability that n > ng given that the “Test is Passed” and the posterior
consumer’s risk is the probability that n < n; given the “Test is Failed”. Supplementary information
can be used to develop the prior distribution, e.g., the design of the product to be tested is similar
to previous designs whose repair data are available. Analysis of these repair data, i.e., their posterior
distribution, provides such a prior distribution for the assurance test.

For an HPP, the sum of m independent Poisson(%) is Poisson(mTT). Hamada et al. (2008, Chapter

10.3) show the following for an HPP assurance test.
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Note that for an HPP assurance test, the posterior producer’s and consumer’s risks depend on the
total time on test mT.

If we have M draws from the prior distribution p(n), V), ..., n™), for large M, then
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The unconditional probability of passing an HPP assurance test is

mT mT

Y
M c mLi —
Prob(Test Is Passed) ~ i E E n ' 77] . (5)
‘ Y-
]:] y:O

If a prior distribution for A\, p(}), is easier to specify and the assurance test is defined in terms
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of A with specified A\g and A1, then Equations (1)-(5) can be expressed in these terms with n = 1/X,
no = 1/Xo, and n; = 1/\;, where n(j) = 1/)\(j) and A, ... A are M draws from prior distribution

for A, p(\).
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We can use the following algorithm to find an assurance test. The algorithm was depicted in Figure

10.2 of Hamada et al. (2008) and used in Hamada (2021) that focuses on the posterior producer’s risk.

Algorithm for Finding Assurance Test with Producer’s Risk Focus

1. Start with ¢ = 0.

2. Solve posterior producer’s risk equal to a for T' to within ¢, i.e., | Posterior Producer’s Risk—a| < 6.

3. Is the posterior consumer’s risk less than or equal to 87 If not, add 1 to ¢ (i.e., ¢ = ¢+ 1) and

return to Step 2.

Similarly, an algorithm focusing on the posterior consumer’s risk can be specified as follows.

Algorithm for Finding Assurance Test with Consumer’s Risk Focus

1. Start with ¢ = 0.

2. Solve posterior consumer’s risk equal to 8 for T to within §, i.e., | Posterior Consumer’s Risk— 3] <

0.

3. Is the posterior producer’s risk less than or equal to a? If not, add 1 to n (i.e., n = n+ 1) and

return to Step 2.

In this article, we propose minimizing the time 7" while satisfying the requirements for the posterior

producer’s risk and the posterior consumer’s risk as follows.

Algorithm for Finding Minimizing Time Assurance Test

For a grid of ¢’s between ¢;, and ¢y and a grid of T’s between 17, and Ty, evaluate the posterior

producer’s risk and posterior consumer’s risk according to Equations (3) and (4), respectively. Eliminate
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the (T, c) pairs for which posterior producer’s risk exceeds « or the posterior consumer’s risk exceeds
B. Then choose from the remaining (7, ¢) pairs, the one with the minimum 7.
We implement these three algorithms in R (R Core Team (2021)). The R code for finding the

minimizing time assurance test is presented in the Appendix.

3 Example

Consider developing an HPP assurance test for which the intensity function is constant. That is the
between failure times have an exponential distribution. Like the example in Chapter 10.3 of Hamada
et al. (2008) viewed in terms of A, let \g = 0.2, \; = 0.7, and o = § = 0.05. That is, the posterior
producer’s risk should be less than @ = 0.05 for A < Ay = 0.2 and the posterior consumer’s risk
should be less than § = 0.05 for A > A\ = 0.7. Equivalently, 79 = 1/Ao = 5 and 71 = 1/A; = 1.429.
Suppose that the product’s A is assumed to be near on in the (0.2,0.7) interval so that we assume a
Uniform(0.05, 1) prior distribution for \. We use M = 100,000 draws from the A prior distribution to
evaluate the posterior producer’s and consumer’s risks and the probability of passing the test. As these
quantities given in Equations (3)-(5) use draws from the 7 prior distribution, we obtain them by taking
the reciprocals of the M draws from the A prior distribution. Table 1 presents the assurance tests we

found with a producer’s risk (PR) focus, a consumer’s risk (CR) focus, and by minimizing time (MT).

Table 1: Assurance Tests from Example (PR (producer’s risk focus), CR (consumer’s risk focus), MT
(mimimizing time), TIP (probability “Test-Is-Passed”)

PR CR TIP
0.05000 0.01998 0.23
0.03799 0.05000 0.31
0.02812 0.10000 0.43
0.03397 0.01000 0.25

Type « I5} T
PR 0.05 0.05  7.499
CR and MT 0.05 0.05 5.693
CR and MT 0.05 0.10 4.160
CR and MT 0.05 0.01 10.617

N = = =0

Using the algorithm to find a producer’s risk focus assurance test with § = 0.000001 (i.e., in Step
2 of the Algorithm), we find for m = 1, T = 7.499 and ¢ = 1. Note that the total test time 7.499
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(thousand hours) could be divided between m > 1 systems. For this assurance test, the posterior
producer’s risk (PR) and posterior consumer’s risk (CR) are 0.05000 (i.e., within ¢ of a = 0.05) and
0.01998, respectively. The probability of “Test is Passed” (TIP), i.e, passing the test, is 0.23.

Using the algorithm to find a consumer’s risk focus assurance test with ¢ = 0.000001 (i.e., in Step
2 of the Algorithm), we find for m = 1, T' = 5.693 and ¢ = 1. For this assurance test, the posterior
producer’s risk (PR) and posterior consumer’s risk (CR) are 0.03800 and 0.05000 (i.e., within § of
a = 0.05), respectively. The probability of “Test is Passed” (TIP), i.e, passing the test, is 0.31.

Using the algorithm to find a minimizing time assurance test, we find for m = 1, T' = 5.693 and
¢ = 1. For the first grids we used ¢y, = 0 and ¢y = 10 with increments of 0.1. Then we refined the
grids to ¢, = ¢y = 1 and T; = 5.6 and Ty = 5.8 with increments of 0.001 and then to ¢, = ¢y = 1 and
T; = 5.692 and Ty = 5.694 with increments of 0.0001. For this assurance test, the posterior producer’s
risk (PR) and posterior consumer’s risk (CR) are 0.03800 and 0.05000, respectively. The probability
of “Test is Passed” (TIP), i.e, passing the test, is 0.31. This test saves 1.806 thousand (1806) hours
compared to the producer’s risk focused assurance test used in Hamada et al. (2008) and Hamada
(2021).

Here, it turns out that for « = § = 0.05, the consumer’s risk focused assurance test is also the
minimizing time assurance test. For 8 = 0.10 and 8 = 0.01, both the consumer’s risk focused assurance
test and the minimizing time assurance test are the same. For 8 = 0.10, the minimizing time assurance
test is T = 4.160 and ¢ = 1. For 8 = 0.01, the minimizing time assurance test is T = 10.617 and
¢ = 2. We do not consider further whether both tests are always the same no matter what the
prior distribution for n or A is nor what the values for a and 8 are. There could also be situations
where the producer’s risk focused assurance test and the minimizing time assurance test are the same.
Nevertheless, in practice where minimizing time would be desirable, it is simple to find the minimizing

time assurance test using the R code in the Appendix.

4 Discussion

In this article we proposed finding a repairable system assurance test that minimizes the time while
meetings the requirements for the producer’s and consumer’s risk. As in Hamada et al. (2008), draws
from the i or A distribution could come from the analysis of similar data, i.e., its posterior distribution
becomes the assurance test prior distribution. We saw in the example that substantial time savings

result as compared to those of the producer’s focused assurance test that the practitioner will welcome.
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Appendix
This appendix presents R code for finding the minimizing time assurance test.

# function computes producer’s and consumer’s risk PR and CR

# for assurance test m, T, and c with prior distribution draws eta.p
# and eta0 and etal

hppPRCR<-function(m,T,cc,eta.p,etal,etal){

pois.p=ppois(cc, (m*T/eta.p))

PR=sum((1-pois.p) [eta.p>=etal])/sum(l-pois.p)

CR=sum((pois.p) [eta.p<=etall)/sum(pois.p)

c(PR,CR)

X

m=1
alpha=.05
beta=.05

lambdaFlag=TRUE # test viewed in terms of lambda rather than eta

if (lambdaFlag==TRUE) {# test viewed in terms of eta
lambda0O=.2

lambdal=.7

eta0=1/lambda0

etal=1/lambdal

# generate eta prior distribution draws

10
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set.seed(99)
nsim=100000
lambda.p=runif (nsim,0.05,1)
eta.p=1/lambda.p # can be draws from any distribution or
# posterior distribution from analysis of similar data

}

if (lambdaFlag==FALSE){# test viewed in terms of lambda
eta0=1/0.2
etal=1/0.7
# generate eta prior distribution draws
set.seed(99)
nsim=100000
eta.p=1/runif (nsim,0.05,1) # can be draws from any distribution or
# posterior distribution from analysis of similar data

}

# pick grids for c and T
cLow=0

cHigh=10

TLow=2

THigh=15

TSeqg=.1

# evaluate assurance tests over grids
ans=NULL

for(cc in cLow:cHigh){ #how to pick max cc?
print(c("cc",cc))

for(T in seq(TLow,THigh,TSeq)){
PRCR=hppPRCR(m,T,cc,eta.p,etal,etal)
ans=rbind(ans,c(T,cc,m,PRCR,sum(PRCR)))

X

}

# find candidates (assurance tests) where PR<=alpha and CR<=beta
get=ans[,5]<=alpha&ans[,6]<=beta

cand=ans[get,] # candidates

# order candidates based on minimizing T
o=order(cand[,1])

#top 10 - T, ¢, m, PR, CR, PR+CR
cand[o,][1:10,]
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