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Abstract
We develop an Explicitly Solvable Energy-Conserving (ESEC) algorithm for the Stochastic Dif-6

ferential Equation (SDE) describing the pitch-angle scattering process in magnetized plasmas. The7

Cayley transform is used to calculate both the deterministic gyromotion and stochastic scattering,8

affording the algorithm to be explicitly solvable and exactly energy conserving. An unusual prop-9

erty of the SDE for pitch-angle scattering is that its coefficients diverge at the zero velocity and do10

not satisfy the global Lipschitz condition. Consequently, when standard numerical methods, such11

as the Euler-Maruyama (EM), are applied, numerical convergence is difficult to establish. For the12

proposed ESEC algorithm, its energy-preserving property enables us to overcome this obstacle. We13

rigorously prove that the ESEC algorithm is order 1/2 strongly convergent. This result is confirmed14

by detailed numerical studies. For the case of pitch-angle scattering in a magnetized plasma with15

a constant magnetic field, the numerical solution is benchmarked against the analytical solution,16

and excellent agreements are found.17
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I. INTRODUCTION20

Coulomb collision between charged particles is an important physical process in plasmas.21

For most systems, it is dominated by the accumulative effects of small-angle scatterings. In22

the Fokker-Planck (FP) equation for particle distribution functions, it is described by the23

Landau collision operator [1],24

Cab[fa, fb] = −q
2
aq

2
b ln Λ

8πε20ma

∂

∂v
·
∫ (

u2I − uu
u3

)[
fa(v)

mb

∂fb(v
′)

∂v′
− fb(v

′)

ma

∂fa(v)

∂v

]
d3v′, (1)

where Cab denotes the collision experienced by particle species a colliding with particle25

species b, qa(b),ma(b) are the charge and mass of species a(b), ln Λ is the Coulomb logarithm,26

u = v− v′, and u = |u| is the Euclidean norm of u. Due to the nonlinearity in distribution27

functions, FP equations with the Landau collision operators are difficult to solve either28

analytically or numerically. Fortunately, in many scenarios, simplifications are possible29

when the system has a well-defined separation of ordering. For the case of a low-density30

species propagating in a Maxwellian background species, the distribution of the background31

species fb(v) can be taken to be time-independent, and the collision operator Cab can be32

written as a linear function of the distribution of the propagating species fa. When the33

mass ratio ma/mb is small, the lead order of Cab reduces to the Lorentz collision operator34

modeling the pitch-angle scattering process,35

L[fa] =
1

2

∂

∂v
·
[(

v2I − vv
v3

)
· ∂fa
∂v

]
, (2)

where time has been normalized by the collision frequency νei , and v by the thermal velocity.36

Pitch-angle scattering is an important physical process in plasma physics for several reasons.37

It is the dominant process for tokamak current drive [2–4] and plays an important role in38

the runaway electron dynamics [4–6]. For first-principles-based simulation studies, a reliable39

algorithm for pitch-angle scattering is needed. In addition, equations of a similar structure40

appear in the models of stochastic Landau-Lifshitz-Gilbert dynamics for magnetization [7],41

where similar algorithmic issues and challenges exist. Th algorithm that we develop in the42

present study can be applied to simulate these processes in condensed matter physics as43

well.44

There are two major types of numerical methods to simulate the Coulomb collision,45

the continuum methods [8–11] and Monte-Carlo methods [12–20]. One commonly used46
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Monte-Carlo method is directly calculating the binary collisions between random pairs of47

particles [12, 13]. The particles are scattered elastically within spatially localized cells. But48

this method may not be computational efficient when the number of particles is large [21].49

Another approach is to solve the corresponding Stochastic Differential Equations (SDE), i.e.,50

the Langevin equations, of the FP equation [14–20]. In this approach, the SDE corresponding51

to the FP equation needs to be derived.52

In the present study, we are concerned with the physics of pitch-angle scattering of53

electrons in a magnetized plasma, which can be equivalently described by the FP equation,54

∂fe(v, t)

∂t
= −

[
v ×B(t)

]
· ∂fe
∂v

+ L[fe(v, t)], (3)

or the corresponding Ito SDE,55

dv =
(
v ×B(t)−D(v)

v

v2

)
dt+

√
D(v)

(
I − vv

v2

)
· dW . (4)

In Eq. (4),W (t) is the three dimensional Wiener process, D(v) = 1/v is the pitch-angle dif-56

fusion coefficient, and B has been normalized by e, me, and νei. We will focus on developing57

an effective algorithm for solving Eq. (4).58

An unusual property of Eq. (4) is that its coefficients are not globally Lipschitz continuous59

and diverge at v = 0. However, for a given initial condition v(t0) = v0 6= 0, it can be60

easily proved that [see Eq. (43)] the exact solution of Eq. (4) preserves the norm of v, i.e.,61

v = v0 6= 0. Consequently, the singularity at v = 0 is irrelevant for exact solutions.62

One can apply either the standard Euler-Maruyama (EM) algorithm or a higher-order63

method, such as the Milstein algorithm [22], to Eq. (4). However, in Cartesian coordinates,64

these SDE methods do not typically conserve particle energy due to the truncation error,65

accumulation of which can lead to numerical instabilities [23] and divergent numerical solu-66

tions. Such accumulation in errors in particle energy may have disastrous consequences in67

physics implications.68

For pitch-angle scattering, a common method to ensure energy conservation in SDE-based69

simulations is to cast Eq. (4) in the spherical coordinates (v, ϕ, θ), where v is the velocity70

magnitude, ϕ the azimuthal angle, and θ the polar (pitch) angle [17]. In practice, the71

(v, ϕ, µ = cos θ) coordinates are often used instead [19, 24, 25]. To simplify the discussion,72
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let’s consider the unmagnetized case here. In the (v, ϕ, µ) coordinates, Eq. (4) is73

dµ = −Da(v)µdt+
√
Da(v)(1− µ2)dWµ, (5)

dϕ =

√
Da(v)

1− µ2
dWϕ, (6)

dv = 0, (7)

where Da = 1/v3 is the angular diffusion coefficient, and Wµ and Wϕ are independent74

Wiener processes. It is obvious that only Eqs. (5) and (6) need to be solved, and the energy75

is automatically conserved. Here, µ should be bounded in the interval of [−1, 1], but standard76

numerical schemes, such as the Euler-Maruyama or the Milstein scheme, do not preserve77

this bound [17]. When |µ| > 1, the coefficient of Eq. (5) becomes imaginary and unphysical,78

and empirical modifications are required [26]. Furthermore, when µ is close to 1, which79

does happen regularly, the coefficient of Eq. (6) diverges, and the algorithm cannot correctly80

calculate the dynamics of ϕ. In a magnetized plasma with a constant, strong magnetic field,81

one can ignore this failure by choosing ϕ to be the gyrophase, and ignoring the dynamics of82

ϕ based on the gyrokinetic ordering. However, this strategy is invalid if the magnetic field83

is weak or depends on space and/or time, or if we are interested in the physics depending84

the gyrophase, such as the cyclotron waves.85

Beside this shortcoming, there is another mathematical difficulty associated with the86

SDE for the pitch-angle scattering. In Eqs. (4), (5) and (6), both D(v) and 1/
√

1− µ2 are87

not globally Lipschitz continuous and diverge in the neighborhood of v = 0 and |µ| = 1,88

respectively. However, the classical proof of convergence for the EM scheme requires that89

both the drift and the diffusion coefficients are globally Lipschitz continuous and have linear90

growth bounds [22, 27]. Many studies on the convergence of numerical schemes, especially91

for the EM method, have been carried out for SDEs with non-global Lipschitz coefficients92

[28, 29]. In these studies, the coefficients of the SDEs are not Lipschitz continuous at infinity,93

which is different from the case of the pitch-angle scattering. We are not aware of any existing94

proof of convergence for these numerical schemes when applied to Eqs. (4), (5), and (6). In95

practical simulations, if we are only interested in the statistical properties of the ensemble of96

particles when using the Monte-Carlo method, this problem could be easily overlooked. Upon97

closer examinations of individual sample paths, however, one may find that a small fraction98

of them diverges due to v drifting towards zero. This will be demonstrated numerically in99
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Sec. IV. Ad hoc remedies include regularizing the coefficient when v is smaller than a critical100

vc [26], the value of which can only be determined empirically without a systematic approach.101

Other times the stochastic term is simply ignored based on other physical considerations102

[17] when v is small.103

Recently, we proposed an Explicitly Solvable Energy-Conserving scheme (ESEC) to solve104

the pitch-angle scattering SDE in unmagnetized plasmas using Cartesian coordinates [20].105

The ESEC scheme applies the Cayley transform [30, 31] to rotate the velocity, which guar-106

antees the exact conservation of energy. It has been demonstrated that the ESEC method107

has an order 1/2 global strong error, the same as the EM scheme when applied to SDEs108

satisfying the global Lipschitz condition. Since the calculation is energy-preserving and per-109

formed in Cartesian coordinates, the algorithm is not subject to the problems of imaginary110

and divergent coefficients associated with spherical coordinates. In the present study, we111

generalize the scheme proposed in Ref. [20] to Eq. (4) in a magnetized plasma, and rigor-112

ously prove the strong convergence of the algorithm. We emphasize again that because the113

coefficients of Eq. (4) are not globally Lipschitz continuous, the standard proof of the strong114

convergence of the EM method is not applicable. We are not aware of any previous rigorous115

result on the strong convergence of numerical methods for Eq. (4). The energy-conserving116

nature of the ESEC method enables us to overcome the difficulty associated with the diverge117

at the neighborhood of v = 0 and establish the strong convergence.118

The paper is organized as follows. In Sec. II, we construct the ESEC method for Eq. (4)119

and discuss its properties. In Sec. III, its strong convergence is rigorously proved. Numerical120

verification of the convergence rate and energy conservation properties is demonstrated in121

Sec. IV. Finally, the numerical solution of the pitch-angle scattering in a constant magnetic122

field is directly compared with the analytical solution in Sec. V.123

II. THE EXPLICITLY SOLVABLE ENERGY-CONSERVING ALGORITHM FOR124

PITCH-ANGLE SCATTERING125

As discussed in Sec. I, the physics of electrons undergoing pitch-angle scattering in magne-126

tized plasmas can be described by the SDE (4). We propose the following Explicitly Solvable127
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and Energy-Conserving (ESEC) one-step method as a numerical algorithm for Eq. (4),128

v̄ES
k+1 − vk = vk+1/2 ×B(tk)h+

√
Dk

(
vk ×∆W

v2k

)
× vk+1/2, (8)

vk+1/2 := (vk + v̄ES
k+1)/2, (9)

where h is the step size in time, tk+1 = tk + h, Dk = D(vk) = 1/vk, and ∆W = W (tk+1)−129

W (tk) ∼ N (0, Ih) is a 3D Gaussian random variable. It generalizes the previous algorithm130

for pitch-angle scattering in unmagnetized plasmas [20]. Taking the dot products of vk+1/2131

with both sides of Eq. (8), we can see that the ESEC scheme preserves the velocity norm.132

The discretization of the Lorentz force is the same as the Boris algorithm [30, 32], and133

the discretization of the diffusion term can be regarded as a hybrid between the EM method134

and the midpoint method [27, 33]. Although this scheme is implicit, the value of v̄ES
k+1 can135

be explicitly solved. This is because the implicitness is linear, i.e., the right hand side of136

Eq. (8) depends on v̄ES
k+1 linearly. To solve for v̄ES

k+1, we make use of the hat map137

X =


X1

X2

X3

 7−→ X̂ :=


0 −X3 X2

X3 0 −X1

−X2 X1 0

 (10)

between a vector and a 3×3 skew-symmetric matrix. The cross product between two vectors138

X and Y can be written as139

X × Y = X̂Y =


0 −X3 X2

X3 0 −X1

−X2 X1 0



Y1

Y2

Y3

 . (11)

It means that X̂Y is the infinitesimal 3D rotation of Y generated by X. The right hand140

side of Eq. (8) is thus the infinitesimal 3D rotation of 2vk+1/2 generated by141

Mk :=
√
Dk

(
vk ×∆W

2v2k

)
− 1

2
B(tk)h. (12)

Then the ESEC scheme defined by Eq. (8) can be explicitly solved as142

v̄ES
k+1 = C(M̂k)vk, (13)

where143

C(M̂k) := (I − M̂k)
−1(I + M̂k), (14)
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is the Cayley transform of matrix M̂k.144

It is worth mentioning that the deterministic drift term in the Ito SDE (4) does not show145

up explicitly in the ESEC scheme in Eq. (8). Instead, the drift term is hidden in the implicit146

part of vk+1/2. Since the ESEC scheme is explicitly solvable, if one explicitly calculates147

the expression of vk+1 in terms of vk, the deterministic term is recovered. See Appendix148

B in Ref. [20] for more details of this calculation. More rigorously, in the next section we149

will calculate the one-step weak error of the ESEC scheme. It shows that the deterministic150

drift term is recovered from the implicit part with an error in the order of O(h3/2), which151

guarantees the strong convergence of the ESEC scheme.152

As pointed out in Ref. [33], implicit methods, even when explicitly solvable, for stochastic153

systems with multiplicative noise may not be acceptable a priori due to its infinite expec-154

tation in the one-step approximation. In those situations, a truncation of ∆W is required155

[33]. Such a modification of ∆W is not necessary for the ESEC scheme. This is because the156

ESEC scheme preserves the velocity norm, and the expectation of the one-step approxima-157

tion always exists, i.e., E|v̄ES
k+1| = E|v0| <∞.158

III. PROOF OF STRONG CONVERGENCE OF THE ESEC METHOD159

In this section, we rigorously prove the strong convergence of the ESEC method for160

Eq. (4) defined on the time interval t ∈ [t0, T ] with the initial condition v = v0 at t = t0.161

Denote by v(t; t̃, ṽ) the analytical solution of the SDE with initial condition v = ṽ at162

t = t̃ ∈ [t0, T ], and by v̄(t̃ + h; t̃, ṽ) the one-step approximation from a given value v = ṽ163

at t = t̃ ∈ [t0, T − h] according to a numerical method, for example, Eq. (8). Using the164

one-step approximation, we recurrently construct the numerical solution v̄(tk; t0,v0, h) at165

tk = t0 + kh for k = 0, · · · , N with tN = T and h = (T − t0)/N .166

We will prove the following convergence theorem of the ESEC method.167

Theorem 1. For the SDE (4), the numerical solution v̄(tk; t0,v0, h) generated by the ESEC168

algorithm (8) has order 1/2 strong error in the time interval of [t0, T ]. More precisely, for169

any v0 ∈ R3/{0}, N ∈ N, and k = 0, 1, · · · , N , the following inequality holds,170 [
E|v(tk; t0,v0)− v̄(tk; t0,v0, h)|2

]1/2 ≤ K(1 + |v0|2)1/2h1/2, (15)

where the constant K is independent of h.171
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As discussed above, the coefficients in Eq. (4) is not globally Lipschitz continuous and172

diverge at v = 0, which makes Theorem 1 difficult to prove directly. To overcome this173

obstacle, we consider the following modified SDE for pitch-angle scattering,174

dv(t) =
(
v ×B − α2v

)
dt+ α

(
Iv − vv

v

)
· dW , (16)

where α is a non-zero constant. It can be verified (shown in Appendix A) that the coefficients175

in Eq. (16) are all globally Lipschitz continuous and finite at v = 0. They are also bounded176

by linear growth as v →∞. We further define a modified ESEC method for Eq. (16) as177

v̄ES
k+1 − vk = vk+1/2 ×B(tk)h+ α

(
vk ×∆W

vk

)
× vk+1/2. (17)

The modified ESEC method obviously also preserves the velocity norm exactly.178

Instead of proving Theorem 1 directly, we first prove in Lemma 1 the convergence of the179

modified ESEC method (17) for the modified SDE (16), and then show that the lemma180

implies Theorem 1 for any non-zero initial condition v0.181

Lemma 1. For the analytical solution v(t; t0,v0) of Eq. (16) and the numerical solution182

v̄(t; t0,v0, h) generated by Eq. (17) in the time interval of [t0, T ], the following results hold:183

(i) The one-step approximation v̄(t+h; t, ṽ, h) has order 1 strong error, i.e., for arbitrary184

t ∈ [t0, T − h] and ṽ ∈ R3,185

[
E|v(t+ h; t, ṽ)− v̄(t+ h; t, ṽ, h)|2

]1/2 ≤ K(1 + |ṽ|2)1/2h. (18)

(ii) The one-step approximation v̄(t+h; t, ṽ, h) has order 3/2 weak error, i.e., for arbitrary186

t ∈ [t0, T − h] and ṽ ∈ R3,187

|E [v(t+ h; t, ṽ)− v̄(t+ h; t, ṽ, h)]| ≤ K(1 + |ṽ|2)1/2h3/2. (19)

(iii) The approximation v̄(tk; t0,v0) has order 1/2 strong error in the entire time interval,188

i.e., for any v0 ∈ R3 and tk = t0 + hk (k = 1, ..., N),189

[
E|v(tk; t0,v0)− v̄(tk; t0,v0, h)|2

]1/2 ≤ K(1 + |v0|2)1/2h1/2. (20)

Here, the constant K is independent of h and v0.190

Proof. The proof starts from the Ito-Taylor expansion (a.k.a. the Wagner-Platen expansion)191

of Eq. (16), based on which (i) and (ii) will be proved. We than prove (iii) by applying192
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Theorem 1.1 in Ref. [27], which states that for a method with order p1 strong error and193

order p2 weak error in one step, if p1 ≥ 1/2 and p2 ≥ p1 + 1/2, then the numerical scheme194

has order (p1 − 1/2) strong error on the entire time interval.195

We rewrite Eq. (16) using Cartesian indices,196

dvi = µidt+ σirdWr, µi = εijkvjBk − α2vi, σir = α (δirv − vivr/v) = αεijkεjlrvlvk/v,

(21)

where δij is the Kronecker delta, εijk is the Levi-Civita symbol, and repeated indices are197

summed over.198

When v(t) is a solution of Eq. (21), by Ito formula, any sufficiently smooth function199

f(t,v) can be written as200

f(t,v(t)) = f(t0,v0) +

∫ t

t0

Λrf(t1,v(t1))dWr(t1) +

∫ t

t0

Lf(t1,v(t1))dt1, (22)

Λr : = σir
∂

∂xi
, L :=

∂

∂t
+ µi

∂

∂xi
+

1

2
σirσjr

∂2

∂xi∂xj
. (23)

Consecutively applying Eq. (22) to the coefficients inside the integral leads to the Ito-Taylor201

expansion with integral type remainders.202

The Ito-Taylor expansion for vi(t) itself is203

vi(t+ h) = vi(t) + αεijkvj(t)Bk(t)h− α2vi(t)h+ αεijkεjlrvl(t)vk(t)∆Wr/v(t) +
4∑

λ=1

ρi,λ,

(24)

where ∆Wr =
∫ t+h
t

dWr ∼ N (0, h). The first three terms of the expansion is the Euler-204

Maruyama approximation of Eq. (16); the forth term is the four integral remainders,205

ρi,1 =

∫ t+h

t

∫ t1

t

Lµi(t2)dt2dt1, ρi,2 =

∫ t+h

t

∫ t1

t

Λmµi(t2)dWm(t2)dt1,

ρi,3 =

∫ t+h

t

∫ t1

t

Lσir(t2)dt2dWr(t1), ρi,4 =

∫ t+h

t

∫ t1

t

Λmσir(t2)dWm(t2)dWr(t1),

(25)

where µi(t) ≡ µi(v(t), t) and σir(t) ≡ σir(v(t), t).206

Since µi and σir are well-behaved, it can be verified that functions Lµi, Λmµi, Lσir, and207

Λmσir all have linear growth bound and are finite when v → 0. Thus, the estimation of the208

magnitude of all the remainders can be immediately found using Lemma 2.2 in Ref. [27].209

9



In the index notation, we denote by |vi| = (v2x + v2y + v2z)
1/2 the Euclidean norm of the210

vector v. The following mean-squared estimation holds,211

E|ρi,λ|2 ≤ K(1 + |vi(t)|2)hpλ , (26)

where p1 = 4, p2 = p3 = 3, p4 = 2, and K is a constant independent of h and vi(t). In212

addition, since ρi,2, ρi,3, ρi,4 are Ito integrals, we have213

Eρi,2 = Eρi,3 = Eρi,4 = 0. (27)

(i) One-step strong error.214

Denote the one-step approximation by v̄(t + h) ≡ v̄(t + h; t,v(t)), and let ∆Wr = ξr
√
h215

where ξr ∼ N (0, 1). The modified ESEC method Eq. (17) can be written using the Cartesian216

indices as217

v̄i(t+ h)− vi(t) =εijk
vj(t) + v̄j(t+ h)

2
Bk(t)h+ αεijkεjlrvl(t)

√
hξr

vk(t) + v̄k(t+ h)

2v(t)
,

=εijkMj

√
h [vk(t) + v̄k(t+ h)], (28)

Mj :=α
εjlrvl(t)ξr

2v(t)
− 1

2
Bj(t)

√
h. (29)

The difference between the one-step approximation (28) and the exact solution (24) is218

v̄i(t+ h)− vi(t+ h) = εijkMj

√
h
[
v̄k(t+ h)− vk(t)

]
+ α2vi(t)h−

∑
λ

ρi,λ,

= εijkεkpqMjMph [vq(t) + v̄q(t+ h)] + α2vi(t)h−
∑
λ

ρi,λ, (30)

where in the second line, we have used Eq. (28) again to replace the term inside the219

square bracket. The one-step strong error is given by E|v̄i(t + h) − vi(t + h)|2. Using220

the inequality|Xi + Yi|2 ≤ 2|Xi|2 + 2|Yi|2, we can estimate the mean-square bound of the221

RHS of Eq. (30) term by term. Because |εijkXjYk| ≤ |Xj| · |Yk|, the mean square of the first222

term is223

Rs,1 := E
∣∣εijkεkpqMjMph [vq(t) + v̄q(t+ h)]

∣∣2 ≤ h2E
[
|Mj|4|vq(t) + v̄q(t+ h)|2

]
(31)

≤ 4h2|vq(t)|2E
[
|Mj|4

]
, (32)

where use is made of |vq(t) + v̄q(t + h)| ≤ |vq(t)| + |v̄q(t + h)| = 2|vq(t)| in the second line.224

The bound for |Mj| can be calculated as follows.225 ∣∣∣∣αεjlrvl(t)ξr2v(t)
− 1

2
Bj(t)

√
h

∣∣∣∣ ≤ α

2

∣∣∣∣εjlrvl(t)ξrv(t)

∣∣∣∣+

√
h

2
|Bj(t)| ≤

1

2
(α|ξr|+

√
h|Bj(t)|), (33)
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where we have used |vl(t)/v(t)| = 1. Therefore,226

Rs,1 ≤
h2

4
|vq(t)|2E

[
(α|ξr|+

√
h|Bj(t)|)4

]
=
h2

4
|vq(t)|2

[
α4E|ξr|4 +O(

√
h)
]
≤ K |vq(t)|2h2. (34)

Here, the boundedness of B(t) has been used and K is a constant independent of h and227

vq(t).228

The estimation of the mean square of the second term in Eq. (30) is straightforward; the229

estimation of that of the third term is given by Eq. (26). Putting the estimations of all three230

terms together proves Eq. (18), i.e., the one-step strong error of the modified ESEC scheme231

is at least order 1.232

(ii) One-step weak error.233

Next, we calculate the one-step weak error |E[v̄i(t+h)−vi(t+h)]|. Plugging the expression234

of v̄i(t+ h) from Eq. (28) into the RHS of Eq. (30) again, we get235

v̄i(t+ h)− vi(t+ h) = 2εijkεkpqMjMphvq(t) + α2vi(t)h

+ εijkεkpqεqmnMjMpMmh
3/2[vn(t) + v̄n(t+ h)]

−
∑
λ

ρi,λ.

(35)

With the intention to apply the inequality |E(X + Y )| ≤ |E(X)| + |E(Y )|, we estimate236

the mean of the RHS of Eq. (35) line by line. Since |EX| ≤ E|X|, the bound of the mean237

for the second line is238

Rw,2 :=
∣∣E[εijkεkpqεqmnMjMpMmh

3/2[vn(t) + v̄n(t+ h)]
]∣∣

≤ E
∣∣εijkεkpqεqmnMjMpMmh

3/2[vn(t) + v̄n(t+ h)]
∣∣

≤ h3/2E
[
|Mj|3|vn(t) + v̄n(t+ h)|

]
≤ h3/2

4
|vn(t)|E

[
(α|ξr|+

√
h|Bj(t)|)3

]
=
h3/2

4
|vn(t)|

[
α3E|ξr|3 +O(

√
h)
]
≤ K|vn(t)|h3/2. (36)

In the third line, ρi,2, ρi,3, ρi,4 vanish when taking expectation. The bound of the mean239

for ρi,1 can be estimated by the Cauchy-Schwarz inequality,240

|Eρi,1| ≤ E|ρi,1| ≤
√

E|ρi,1|2 ≤ K(1 + |vi(t)|2)1/2h2, (37)

11



For the first line, plugging in the definition of Mj and after some algebra, we have241

Rw,1 :=EL1

L1 := 2εijkεkpqMjMphvq(t) + α2vi(t)h

= 2α2εijkεkpq
εjlrvl(t)ξr

2v(t)

εpmnvm(t)ξm
2v(t)

vq(t)h+ α2vi(t)h

− α h
3/2

2v(t)
εijkεkpq

[
εjlrvl(t)ξrBp(t) + εpmnvm(t)ξnBj(t)

]
vq(t)

+
h2

2
εijkεkpqBj(t)Bp(t)vq(t).

(38)

In Eq. (38), the third line vanishes under expectation because Eξr = 0; the fourth line is on242

the order of O(h2). To calculate the mean of the first term in the second line, notice that243

E(ξiξj) = δij, and we have244

E
[
2α2(εijkεjlr)(εkpqεpmn)

vl(t)ξr
2v(t)

vm(t)ξn
2v(t)

vq(t)h

]
(39)

=α2(δklδir − δkrδil)(δqmδkn − δqnδkm)

[
vl(t)vm(t)vq(t)

2v2(t)

]
E(ξrξn)h (40)

=− α2vi(t)h, (41)

where use is made of δii = 3. Notice that the expectation, −α2vi(t)h, is exactly the deter-245

ministic drift in the Ito-Taylor expansion in Eq. (24) and cancels out the second term in the246

second line of Eq. (38). Hence, the second line in Eq. (38) vanishes under expectation, and247

we have248

Rw,1 = O(h2). (42)

Combining all the estimations for terms on the RHS of Eq. (35) proves Eq. (19), i.e., the249

one-step weak error of the modified ESEC method is at least order 3/2.250

(iii) Strong convergence of the ESEC method.251

We have proved that the strong and weak errors in one step between the modified ESEC252

method in Eq. (17) and the solution of Ito SDE Eq. (16) are on order 1 and order 3/2,253

respectively. In addition, the coefficients of Eq. (16) are globally Lipschitz continuous (see254

Appendix B) and have linear growth bound. Based on Theorem 1.1 in Ref. [27], the255

numerical solutions constructed by Eq. (17) converge to exact solutions of Eq. (16) with256

order 1/2 strong error on the entire time interval.257

This completes the proof of Lemma 1.258
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We now prove Theorem 1.259

Proof. Notice that for both Eq. (4) and Eq. (16), the velocity norm is preserved by the260

solution, which can be verified by applying the Ito formula [22] to v,261

dv =

[
∂v

∂t
+ µ · ∂v

∂v
+

1

2
Tr

(
σT ∂2v

∂v∂v
σ

)]
dt+

∂v

∂v
· σ · dW = 0, (43)

where µ and σ are the drift and diffusion coefficients in either Eq. (4) or Eq. (16). Thus any262

analytical solution v(t) of Eq. (4) with initial condition v(t0) = v0 6= 0 is also the solution263

of Eq. (16) with the same initial condition if we choose the constant α =
√
D(v0)/v0.264

On the other hand, both the ESEC method given by Eq. (8) for Eq. (4) and the modified265

ESEC method by Eq. (17) for Eq. (16) preserve the velocity norm exactly. For any given266

initial condition v0 6= 0, the numerical solution generated by the ESEC method (8) for267

Eq. (4) is exactly the same as that by the modified ESEC method (17) for Eq. (16), if we268

choose α =
√
D(v0)/v0.269

According to Lemma 1, the modified ESEC method (17) generates numerical solutions270

converging to the exact solutions of Eq. (16) with order 1/2 strong error. Combining these271

facts, we conclude that the ESEC method (8) generates numerical solutions converging to272

the exact solutions of Eq. (4) with order 1/2 strong error.273

This completes the proof of Theorem 1274

Two comments are in order. First, in Lemma 1, the constant K is independent of initial275

condition v0, but depends on the constant α. In order to make Eq. (4) and Eq. (16)276

equivalent, the choice of α depends on the initial condition, which makes the constant K277

in Theorem 1 dependent on initial conditions. Second, the proof relies on the fact that the278

velocity norm v is conserved for both analytical solutions and numerical solutions. For the279

standard EM method implemented in Cartesian coordinates, the numerical solution does not280

preserve the velocity norm, and as a consequence the convergence cannot be established. In281

Sec.VA, divergent sample paths of the EM method will be demonstrated.282
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IV. NUMERICAL VERFICATION OF CONVERGENCE283

A. Strong and weak convergence284

In this and the following sections, we compare the ESEC scheme and the EM scheme285

implemented in Cartesian coordinates (labeled by EM_C). Since the analytical solution of286

Eq. (4) is unknown, it is not feasible to calculate the strong and weak errors according to287

Eqs. (18) and (19). Thus we define the following relative errors between different step sizes288

hl and hl+1,289

ε̄s(t; t0,v0, hl) :=
[
E|v̄(t; t0,v0, hl+1)− v̄(t; t0,v0, hl)|2

]1/2
, (44)

ε̄w(t; t0,v0, hl) := |E [v̄(t; t0,v0, hl+1)− v̄(t; t0,v0, hl)]| . (45)

It is easy to prove that for a numerical scheme with order pw weak error and order ps strong290

error, ε̄s/w ∼ O(h
ps/w
l ) as long as hl+1 < hl (see Appendix B).291

10−3 10−2 10−1 100

h

10−2

10−1

100

ε̄ s
(T

)

∼ h1/2

EM C

ESEC

(a) Strong errors

10−3 10−2 10−1 100

h

10−4

10−3

10−2

10−1

ε̄ w
(T

)

∼ h

EM C

ESEC

(b) Weak errors

Figure 1: Strong (a) and weak (b) errors for EM_C and ESEC schemes. Reference lines

with order 1/2 and 1 are shown as dashed lines. The initial condition is v0 = (0, 0, 1) and

the magnetic field is B = (0, 0, 1). The error bars in strong errors are too small to be

visible. The sample size is 5× 106.

With the definition and fact above, the relative strong and weak errors at the end time292

t = T = 1 for hl = 2−l (l = 1 · · · 12) are plotted in Fig. 1. Figure 1a shows that both the293

ESEC and EM_C methods have order 1/2 strong error, but the strong convergence for the294
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EM_C method cannot be rigorously established due to the violation of the global Lipschitz295

condition. Although we did not establish the weak order of the two schemes for Eq. (4)296

in Sec. III, Fig. 1b shows that the both schemes have order 1 weak error in the entire time297

interval. In addition, the ESEC scheme has smaller scale constants for both strong and weak298

errors than the EM_C scheme.299

B. Conservation of the velocity norm300

To compare the conservation of the velocity norm v, we define the following strong error301

of velocity magnitude,302

εv(t; t0,v0, h) :=
[
E|v̄(t; t0,v0, h)− v0|2

]1/2
, (46)

where v̄(t; t0,v0, h) is the numerically calculated velocity norm at time t with initial condition303

v0 at t = t0 and step size h.304

0.0 0.2 0.4 0.6 0.8 1.0
0.0
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0.4

0.6

0.8
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ε v
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10−1

100

EM C

∼ h1/2

10−3 10−2 10−1 100

h

10−16

10−15

ESEC

∼ h−1/2

(a) Strong errors of v as a function of

the time-step size h at the fixed end

time t.
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(t

) 0.0
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0 1 2 3√
t
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×10−15
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(b) Strong errors of v as a function of
√
t with a fixed time-step size h.

Figure 2: The strong errors of velocity norm. The vertical axes are separated into two

parts because the error of the two schemes are different by more than 10 orders of

magnitude. The initial condition is v0 = (0, 0, 1) and the magnetic field is B = (0, 0, 1).

Figure 2a shows the strong errors of the velocity norm εv at the fixed end time t = T = 3305

as a function of h ∈ [2−12, 2−1]. For the EM_C method, εv ∼ h1/2, consistent with its usual306
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strong error. For the ESEC method, due to its energy-preserving property, the magnitude of307

εv is the same as the machine precision which is 10−15. The interesting result that εv ∼ h−1/2308

can be understood as follows. Because of machine error, the value of δv = v − v0 performs309

a random walk at each time step. For a calculation with total number time steps L = T/h,310

we have |δv(T )| ∼ L1/2 ∼ h−1/2. Shown in Fig. 2b are the strong errors of the velocity norm311

with a fixed time step h = 0.01 for t ∈ [0, 10]. We can see that for both schemes εv ∼ h1/2.312

This is because the errors at different time steps are independent and the accumulated errors313

behave like random walks. The difference between the two methods is that the error for the314

EM_C method is its truncation error, but that for the ESEC method is the machine error.315

In Fig. 2b, we observe that at t = 10, the strong error of the velocity norm for the316

EM_C method is more than 20% of its initial value. This type of error in the velocity317

norm is deleterious. For some sample paths, it can push v towards zero, where the drift318

and diffusion coefficients are singular, which in turn leads to the divergence of the sample319

paths. Such sample paths will be numerically demonstrated in the next section. To avoid320

this divergence, one method is to regularize the coefficients of the SDE. For example, one can321

modify the coefficients when v is smaller than a chosen critical value vc [26] (see Appendix322

C1 for more details).323

Another choice is to switch to spherical coordinates. Since the velocity magnitude is a324

constant of motion according to Eq. (6), it conserved exactly without machine error. In325

this sense, the EM method implemented in spherical coordinates has an even better energy-326

conservation property than the ESEC method, if one is not concerned with the singularity327

at µ = ±1 for Eq. (6). In practice, regularization techniques in spherical coordinates are328

still necessary for the dynamics of azimuthal angle described by Eq. (6) (see Appendix C 2329

for more details). In comparison, modifications of the governing equations for the purpose330

of avoiding numerical singularity are not necessary for the ESEC method.331

V. PITCH-ANGLE SCATTERING IN A CONSTANT MAGNETIC FIELD332

In this section we benchmark our algorithm against an analytical solvable problem. Con-333

sider the electron-ion collisions of a magnetized plasma in a constant magnetic field. The334

electrons have a uniform initial velocity v0 and the ions are cold and stationary. In the335

limit of me/mi → 0, the electron trajectory can be described by Ito SDE (4), and the336
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time evolution of the electron distribution function fe is described by the FP equation337

(3). For comparison, the problem will be calculated using the ESEC algorithm, the normal338

EM algorithm in Cartesian coordinates (refer to ‘EM_C’), the regularized EM algorithm339

in Cartesian coordinates (refer to ‘rEM_C’, see Appendix C 1), and the regularized EM340

algorithm in spherical coordinates (refer to ‘rEM_s’, see Appendix C 2).341

A. Single-electron trajectories342

Firstly, we compare the electron trajectory calculated by different algorithms with the343

same underlying Wiener process. The method to transform the same Wiener process to344

different coordinates is discussed in Appendix C 3. Sample paths of v and µ calculated with345

different algorithms are shown in Fig. 3.346
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(a) Sample paths of v(t).
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(b) Sample paths of µ(t).

Figure 3: Sample paths calculated with the standard EM in Cartesian coordinates (blue),

the regularized EM in Cartesian coordinates (orange), the regularized EM in spherical

coordinates (red), and the ESEC algorithm (green). In Fig. (a), the results calculated by

‘ESEC’ and ‘rEM_s’ algorithm coincide with each other since they both conserve the

velocity magnitude. The dashed line in (b) marks µ = 1.

Fig. 3a shows the sample paths of v(t) from four algorithms. For the EM_C algorithm,347

the sample path is divergent when v → 0. At t = 9.34, v is smaller than 0.005 due to the348

accumulation of truncation errors over many time steps, but one time step later, v jumps349

to a value larger than 2. After regularization, the sample path no longer diverges, but350
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the velocity magnitude still deviates from its original value. On the other hand, for the351

sample paths given by the ESEC algorithm or the EM algorithm in spherical coordinates,352

the velocity magnitudes remain constant throughout the whole calculation.353

Fig. 3b shows the sample paths of µ(t). By definition, µ is always less than 1, i.e., |µ| ≤ 1.354

If the numerical calculation is done in Cartesian coordinates, this condition is automatically355

satisfied, which is indeed the case for the EM_C, rEM_C, and ESEC algorithms in Fig. 3b.356

However, if the sample path is calculated in the spherical coordinates, this condition is not357

guaranteed. Due to the intrinsic singularity of the spherical coordinate system, unphysical358

behaviors may occur at |µ| → 1. In Fig. 3b, the sample path given by rEM_s deviates from359

those by the other three algorithms around t = 0.95 when µ is close to 1. Then it exceeds360

1 and becomes drastically different from the others. It is worth mention that the behavior361

of µ calculated in spherical coordinates when |µ| → 1 depends on the implementation and362

regularization techniques. For example, one can avoid |µ| > 1 by directly using the polar363

angle θ instead of cos θ [17, 34], and the SDE becomes dθ = 1
2
Da cot θ dt+

√
DadWθ. However,364

the singularities at θ = 0, π still exist because the coefficient of dt in the SDE is proportional365

to cot θ. Detailed study comparing different implementation and regularization methods in366

spherical coordinates is beyond the scope of this paper.367

B. Electron distribution functions368

From the single-electron trajectories, we see that using the EM method to calculate the369

pitch-angle scattering brings about a few challenges. In Cartesian coordinates, the EM370

method does not conserve the energy and the governing differential equation does not sat-371

isfied the global Lipschitz condition due to the singularity at v = 0. If one adopts the372

EM method in spherical coordinates, then the energy is a constant of motion according to373

Eq. (7), but µ = ±1 now become singularities for Eq. (6). This issue can be clearly demon-374

strated when these different algorithms are applied to calculate the distribution function375

and compared with the analytical solution.376

Assume that B = (0, 0, B) is in the ẑ direction. In the velocity spherical coordinates377
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(v, θ, ϕ), Eq. (3) becomes378

∂

∂t
fe(v, t) = B

∂fe
∂ϕ

+ L[fe], (47)

L =
1

2v3

[
1

sin θ

∂

∂θ

(
sin θ

∂

∂θ

)
+

1

sin2 θ

∂2

∂ϕ2

]
. (48)

The initial condition is fe0 = δ(v − v0), v0 = (v0, θ0, ϕ0). Since Eq. (47) is a linear equation379

in the spherical coordinates, it can be solved in terms of the spherical harmonics [20]. The380

solution of the initial value problem is381

fe(v, t) =
δ(v − v0)
v20 sin θ0

+∞∑
l=0

l∑
m=−l

Y m
l (θ0, ϕ0)Y

m
l (θ, ϕ+Bt) exp

[
− 1

2v30
l(l + 1)t

]
, (49)

where Ȳ m
l is the complex conjugate of Y m

l .382

From the analytical solution, we can draw several physical insights. Firstly, the coef-383

ficients of all the spherical harmonics decay exponentially in time, except for the l = 0384

component. In the limit of t → ∞, fe becomes uniform on the v = v0 sphere. Secondly,385

the magnetic field only influences the dynamics of the azimuthal angle. The azimuthally386

averaged quantities, such as those of the parallel and perpendicular velocities, evolve in the387

exactly same way as in the un-magnetized case [20].388

We now solve the same problem numerically using the ESEC algorithm and the regular-389

ized EM algorithm in both Cartesian and spherical coordinates. Then we benchmark the nu-390

merical solution against the analytical solution (49). As an example, we choose v0 = (1, 0, 0)391

and B = (0, 0, 1). In the spherical coordinates, the initial conditions for Eq. (4) are v0 = 1,392

µ0 = 0, and ϕ0 = 0. The distribution function is numerically calculated from 105 sample393

paths with time-step size h = 0.01. The distributions in spherical coordinates at different394

times are shown by the histogram in Fig. 4, while the analytical solutions are shown by395

the solid lines. The azimuthal angular distributions calculated by all three algorithms are396

almost identical, while the other two distributions show some interesting differences. The397

distribution over µ spreads out from µ0 = 0 and gradually becomes uniform between ±1.398

However, in Fig. 4h, the distribution calculated in spherical coordinates gradually leaks out399

from the boundary |µ| = 1, which leads to unphysical results. In comparison, the distri-400

butions calculated in Cartesian coordinates do not have this problem. On the other hand,401

for the distribution in velocity magnitude, the ESEC algorithm and the EM algorithm in402

spherical coordinates retain the initial delta function at v = 1 for all time, which is the403
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Figure 4: Distributions in v, µ = cos θ and ϕ, calculated by the ESEC algorithm, the EM

algorithm in Cartesian coordinates (rEM_C) and spherical coordinates (rEM_s). The

histograms show the distributions obtained numerically by the three algorithms at different

times. The solid lines are the analytical solution obtained at each time by integrating

Eq. (49) and adding up all components with l ≤ 50. The dashed lines mark µ = ±1.

same as the analytical solution. In contrast, although the distribution calculated by the404

EM algorithm in Cartesian coordinates is centered around v = 1, it numerically diffuses405

over time, which reflects the fact that the EM algorithm in Cartesian coordinates does not406

conserve energy.407
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VI. CONCLUSIONS AND DISCUSSIONS408

In this paper, we have constructed an Explicitly Solvable Energy-Conserving (ESEC)409

algorithm for the SDE (4) describing the pitch-angle scattering process in magnetized plas-410

mas. We have rigorously proved and numerically verified the order 1/2 strong convergence411

of the algorithm. The algorithm has also been benchmarked using the analytical solution412

for the pitch-angle scattering in a constant magnetic field.413

In Cartesian coordinates, the coefficients of the Eq. (4) are singular at v = 0. In spherical414

coordinates, the coefficients of the Eq. (5), (6) are also singular at |µ| = 1. These coefficients415

do not satisfy the global Lipschitz condition. When standard numerical methods, such as the416

Euler-Maruyama, are applied, numerical convergence is difficult to establish, and unphysical417

results may show up. For the proposed ESEC algorithm, the Cartesian-coordinates-based418

calculation and its energy-preserving property enable us to overcome these obstacles.419

We would like to emphasize that pitch-angle scattering is not a physics process that only420

appears in the zero mass-ratio limit. For collisions between two species with small but finite421

mass ratio, such as those between electrons and ions in fusion plasmas, the collisional effects422

will include frictional slowing down and diffusion in the incoming (parallel) direction. Sim-423

ilarly, external electrical field will accelerate particles. In these circumstances, pitch-angle424

scattering is still an important, if not the most important, component of the collisional pro-425

cess, and the algorithmic difficulty associated with divergence at small v remains. Thus, the426

pitch-angle scattering component can still be integrated by the ESEC algorithm, which can427

automatically avoid the numerical divergence at small v due to the perpendicular dynamics.428

Specifically, the operator-splitting method [28] can be applied to separately calculate the429

pitch-angle scattering and other dynamics at each time step.430

Note that when the parallel dynamics is not negligible, the physics of energy conserva-431

tion is no longer solely represented by the invariance of the velocity norm anymore. As a432

consequence, the rigorous proof of convergence presented in this paper can not be directly433

applied. This is a topic for future investigation.434

Other future works include the generalization of the ESEC algorithm to more complex and435

realistic situations. The current paper only considers the particle distribution in the velocity-436

space. When the background fields are spatially non-uniform, the spatial distribution should437

also be included. The drift and diffusion coefficients in the SDEs may explicitly depend on438
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the distribution function. For example, the nonlinear Fokker-Plank equation can be solved439

using methods based on distribution dependent SDEs [35–37]. Furthermore, the algorithm440

developed can also be used as a part of the Particle-In-Cell method [38]. We plan to use441

the algorithm to study physics problems involving interaction between particles and self-442

consistent electromagnetic fields, e.g., the runaway electrons dynamics coupled with plasma443

instabilities during a tokamak disruption. Another direction for research is to extend the444

algorithm to high orders. In this regard, the methods used to develop high-order structure-445

preserving algorithms for both deterministic differential equations [39–42] and SDEs [33, 43–446

47] could potentially be adapted.447
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Appendix A: The global Lipschitz condition of coefficients454

A function f(x) defined on x ∈ Rd satisfies the global Lipschitz condition, or is globally455

Lipschitz continuous, means that for all x ∈ Rd and y ∈ Rd, there exist a constant K456

independent of x,y such that457

|f(x)− f(y)| ≤ K|x− y|. (A1)

For the coefficients in Eq. (16), if B(t) is bounded for all t, terms v ×B, v, Iv satisfy458

the global Lipschitz condition uniformly for all t. The term vv/v consists of two types of459

functions,460

f1(x) =
x21√

x21 + x22 + x23
, f2(x) =

x1x2√
x21 + x22 + x23

. (A2)

We can verify that both types are globally Lipschitz continuous as follows.461
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Since f1 or f2 is differentiable in R3/{0}, when x is not proportional to y, Eq. (A1) can462

be proved by the mean value theorem, which states that463

f(x)− f(y) = (x− y) · ∇f(z), (A3)

where z is a point in the segment between x and y. By the Cauchy-Schwarz inequality, we464

have465

|f(x)− f(y)| ≤ |∇f(z)| · |x− y|. (A4)

The gradients of f1 and f2 are bounded,466

|∇f1|2 = 2− x41 + 2(x22 + x23)
2

(x21 + x22 + x23)
2
≤ 2, |∇f2|2 = 1− 3x21x

2
2 + (x21 + x22)x

2
3 + x43

(x21 + x22 + x23)
2

≤ 1. (A5)

Therefore, they satisfy the global Lipschitz condition.467

When x is proportional to y, the segment between them passes through the undifferen-468

tiable point 0, and the mean value theorem can not be applied directly. In this case, we469

could write y = κx with some constant κ, and estimate the difference as470

|fi(x)− fi(κx)| = |(1− |κ|)fi(x)| = |(1− |κ|)xi| ·
∣∣∣∣∣ x1√

x21 + x22 + x23

∣∣∣∣∣
≤ |(1− |κ|)x| =

∣∣∣∣1− |κ|1− κ

∣∣∣∣ |x− κx| ≤ |x− y|, (A6)

where i = 1, 2.471

Therefore, functions f1 and f2, as well as all coefficients in Eq. (16), are globally Lipschitz472

continuous.473

Appendix B: Numerical evaluations of strong and weak errors474

Assuming relative to the analytical solution v(tk; t0,v0), the approximation v̄(tk; t,v0, h)475

has order ps strong error and order pw weak error in the entire time interval, then for two476

different time steps hl and hl+1 with hl+1 < hl, we have477

ε̄2s =E|v̄(t; t0,v0, hl+1)− v̄(t; t0,v0, hl)|2

≤E|v(t; t0,v0)− v̄(t; t0,v0, hl+1)|2 + E|v(t; t0,v0)− v̄(t; t0,v0, hl)|2

≤(1 + E|v0|2)(K2
l h

2ps
l +K2

l+1h
2ps
l+1) ≤ K(1 + E|v0|2)h2psl . (B1)
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Thus, ε̄s is order O(hpsl ). Similarly for the weak error, we have478

ε̄w = |E [v̄(t; t0,v0, hl+1)− v̄(t; t0,v0, hl)]|

≤ |E [v(t; t0,v0)− v̄(t; t0,v0, hl+1)]|+ |E [v(t; t0,v0)− v̄(t; t0,v0, hl)]|

≤ (1 + E|v0|2)1/2(Klh
pw
l +Kl+1h

ps
l+1) ≤ K(1 + E|v0|2)1/2hpwl . (B2)

Thus, ε̄w is order O(hpwl ).479

Appendix C: Euler-Maruyama scheme in different coordinates480

In this appendix we briefly describe the Euler-Maruyama (EM) scheme for pitch-angle481

scattering in both Cartesian and spherical coordinate systems. Different regularization tech-482

niques used in each coordinate system will be introduced. The method for comparing sample483

paths with the same underlying Wiener process but calculated in different coordinate sys-484

tems will also be discussed.485

1. EM scheme in Cartesian coordinates486

In Cartesian coordinates, the Ito SDE in Eq. (4) can be re-written as:487

dv =
(
v ×B −F(v)v̂

)
dt+D(v)(I − v̂v̂) · dW , (C1)

where v̂ = v/v is the unit vector parallel to v, F(v) = D(v)/v, D(v) =
√
D(v), and488

D(v) = 1/v. When v → 0, the scalar functions F and D are divergent, while the rest are489

finite. Similar to Ref. [26], for a chosen critical velocity vc, the regularized function Fr(v) is490

defined as491

Fr(v) :=


F(v), v > vc,

F ′ (vc)
2vc

(v2 − v2c ) + F (vc) , v ≤ vc,

(C2)

where F ′ = dF/dv. The regularized function Dr(v) is similarly defined. It is clear that492

Dr(v) and Fr(v) are C1-continuous and regular at v = 0. The regularized EM scheme in493

Cartesian coordiantes (rEM_C) is494

v
rEM_C
k+1 − vk =

(
vk ×Bk −Fr(vk)v̂k

)
h+Dr(vk)(I − v̂kv̂k) ·∆W . (C3)

For the simulation conducted in Sec.V, we set vc = 0.2.495
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2. EM scheme in spherical coordinates496

Assuming the magnetic field B is constant and in the ẑ-direction, the Ito SDE in spherical497

coordinates can be written as:498

dv = 0, (C4)

dµ = −Da(v)µ dt+
√
Da(v)(1− µ2) dWµ, (C5)

dϕ = −B dt+

√
Da(v)

1− µ2
dWϕ, (C6)

where v is the velocity magnitude, µ = cos θ is the cosine of the polar angle, ϕ is the499

azimuthal angle, and Da(v) = 1/v3. From Eq. (C4), we know that v and Da(v) are exactly500

constant. When |µ| = 1, the coefficient
√

1− µ2 is not Lipschitz continuous. In addition,501

when |µ| is too close to 1, i.e., when the particle is too close to north and south pole,502

the numerical calculation may lead to |µ| > 1 and imaginary
√

1− µ2. Therefore, some503

regularization methods have to be applied at |µ| → 1.504

Here we choose the regularization method used in Ref. [26], which modified the coefficient505 √
1− µ2 to:506

M(µ) =


√

1− µ2, |µ| < µc,√
1− µ2

c exp [− (|µ| − µc)S (µc)] , |µ| ≥ µc,
(C7)

where S(µc) = µc/(1− µ2
c), and µc is a chosen critical value. We see thatM is positive and507

C1-continuous for all µ ∈ R. To ensure the Einstein relation, the drift term in Eq. (C5) is508

also modified to DaMM′, where M′ = dM/dµ. The regularized EM scheme in spherical509

coordinates (rEM_s) is:510

µ
rEM_s
k+1 − µk = DaM(µk)M′(µk)∆t+

√
DaM(µk)∆Wµ, (C8)

ϕ
rEM_s
k+1 − ϕk = B∆t+

√
Da

M(µk)
∆Wϕ. (C9)

For the simulation in Sec.V, we set µc = 0.9. One thing to notice is that although this511

regularization method prevents imaginary value, it does not prevent |µ| from exceeding 1,512

which is shown in Sec.VA.513
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3. Comparing sample paths in different coordinates514

Usually in the numerical calculations, ∆W = (∆Wx,∆Wy,∆Wz) or (∆Wv,∆Wµ,∆Wϕ)515

are generated as Gaussian random variables directly. However, if we want to compare sample516

paths calculated in different coordinates but with the same underlying Wiener process, for517

example in Sec.VA, we need to generate ∆W in one coordinate system, then transform it518

to the other coordinates.519

Assume we have a three dimensional Wiener process W (t) in Cartesian coordinates,520

but we want to calculate the sample path in spherical coordinates. At each time step tk,521

∆W = W (tk+1) −W (tk) and the sample is at vk = (vk, µk, ϕk). Then ∆W in spherical522

coordinates is given by:523 
∆Wr

∆Wµ

∆Wϕ

 =


√

1− µ2
k cosϕk

√
1− µ2

k sinϕk µk

−µk cosϕk −µk sinϕk
√

1− µ2
k

− sinϕk cosϕk 0




∆Wx

∆Wy

∆Wz

 . (C10)

Here we see the factor
√

1− µ2 again, which can be regularized using the same method524

described in the previous section. The inverse transform from spherical to Cartesian coor-525

dinates can be performed similarly.526
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