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Abstract

We study how the mass transfer of a chemical species in shear flow is suppressed

by the production of a second species that partially reacts away the first species. The

second species is produced at the surface with the first species as a reactant. Our work

is directly motivated by electrochemical CO2 reduction in aqueous flow reactors, where

OH− molecules generated by the CO evolution reaction react away CO2 molecules, ul-

timately inhibiting the mass transfer of CO2 to the cathode surface. We derive a simple

approximation of the Sherwood number, a dimensionless measure of the mass flux into

the surface, as a function of the Péclet number, surface Damköhler number, and bulk

Damköhler number, and we compare our approximation to numerical solutions of the

governing equations. We find that in the diffusion-limited regime, the Sherwood num-

ber is well described by the classical Graetz Lévêque result reduced by a reaction factor

due to the competing bulk reaction; with the stoichiometry relevant to electrochemical

CO2 reduction, this reaction factor is 1/2. While the model problem we solve provides

insight into how OH− production affects CO2 mass transfer, experimental systems often

involve more complex chemistry. We thus also show how a common buffered electrolyte,

KHCO3, affects our results.
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1 Introduction

As the concentration of CO2 continues to rise in our atmosphere, directly driving the harmful

effects of global warming, the need for technologies to reduce the net amount of CO2 emis-

sions remains critical. To succeed, these technologies need to be economically viable,1,2 and

their strengths and limitations need to be well understood. Broadly, the strategies to curb

CO2 emissions belong to three classes:3 reducing our reliance on power generation methods

that create significant CO2 emissions (decarbonization),4,5 capturing and storing CO2 (car-

bon sequestration),6 and converting CO2 to other useful products (carbon recycling).3 The

electrochemical reduction of CO2 in aqueous flow reactors is emerging as an especially at-

tractive route to recycle carbon.7–11 Despite continued performance improvements, however,

the central questions surrounding transport of the dissolved gases to the reactive surface still

remain unresolved. Indeed, overcoming mass transport limitations has been a central focus

of many recent reactor engineering and design efforts.11–16

Understanding mass transfer is critical for the design of continuous flow reactors. In a

typical setup, CO2 is dissolved in solution, and this solution is flowed past a cathode where

the CO2 reduction reaction and the hydrogen evolution reaction occur.17–20 Both of these

reactions generate an OH− as a product for each electron transferred, thus changing the

pH near the cathode surface; local changes in the pH can directly affect the performance of

the CO2 reduction reaction.21 Additionally, because the extra OH− reacts away CO2, the

production of OH− can inhibit the CO2 molecules from reaching the cathode surface, thereby

reducing the mass flux of CO2 onto the cathode. Supplying the reactive surface with CO2 is

critical to the performance of these reactors, but the seemingly paradoxical situation arises

where greater flux of CO2 to the surface leads to greater production of hydroxide, further

decreasing surface transport. Though it is obvious that greater CO2 flux will lead to greater

overall reaction, the quantitative impact of hydroxide production on mass flux is still unclear.

It is important to note that the aqueous flow reactor is not the only reactor configuration

used for CO2 reduction; modern designs often utilize the gas-diffusion electrode, where CO2
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in the vapor phase is fed to a porous catalyst in order to mitigate mass transfer limitations.8

The mass transfer of CO2 is also affected in this design by the production of OH−,11,12,22

but since the associated transport phenomena are not particularly well understood in either

case, we focus our attention in this work on the aqueous flow reactor.

Beyond the application of electrochemical CO2 conversion, the problem of mass transfer

of a chemical species to a reactive surface in the presence of fluid flow is a classical problem

broadly in engineering.23 The problem was originally considered by Graetz 24 and Lévêque 25 ,

and this style of problem has been extended to include a variety of other features. For ex-

ample, considerable attention has been given to problems where the heterogeneous surface

reaction is not perfectly reactive, leading to a Robin-type boundary condition as opposed to

a Dirichlet-type boundary condition, and to situations where the reaction only occurs on a

fraction of the surface, leading to a mixed boundary value-type problem.26–32 Researchers

have also considered the effect of a homogeneous reaction in the liquid on mass transfer.33

Notably, Friedlander and Litt 34 and Acrivos 35 have investigated the case where a chemi-

cal species flows past a surface, which then forms a second species. In these works, this

second species is assumed to instantaneously react with the first species, and as a result,

the boundary between the regions where the species concentrations are nonzero is assumed

to be infinitesimally thin. For homogeneous reaction rates that are finite, Friedlander and

Keller 36 examined the structure of the reaction zone for a one-dimensional diffusion-reaction

problem. Den Hartog and Beek 37 studied the effect of a second species partially reacting

away the primary species via a homogeneous second order reaction in various flow types and

reported on the asymptotic mass transfer performance with respect to the supplied concen-

tration ratio of the two species. To date, however, to the authors’ knowledge, there have

not been studies specifically examining the effect of this second reactive species on the mass

transfer of the primary species, where the production of the second species at the surface

is directly proportional to the consumption of the first species. This particular situation is

what occurs in CO2 reduction.
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To investigate how the production of OH− affects the mass transfer of CO2 in an aqueous

flow reactor, we motivate our work through the following reactions,38,39

CO2 + 2OH− → CO2−
3 + H2O in the bulk, with rate ∼ CCO2COH− , (1a)

CO2 + H2O + 2e− → CO + 2OH− on the surface, with rate ∼ CCO2 , (1b)

where Ci is the concentration of species i, representing the problem of CO2 saturated wa-

ter undergoing the CO evolution reaction on the cathode surface. First, in §2, we set up

the mathematical framework of the problem and derive an approximate expression for the

mass flux by considering the various resistances to mass transfer. In §3, we compare our ap-

proximation to numerical solutions of the governing advection-diffusion-reaction equations.

Additionally, because CO2 reduction is regularly performed in buffered electrolyte,40 we de-

scribe how the use of a buffered electrolyte affects the mass transfer. Finally, we conclude

in §4 by discussing possible extensions of our work.

2 Methodology

2.1 Problem statement

We investigate how the mass transfer of a species X1 is affected by the production of a second

species X2 that partially reacts away X1. The second species X2 is produced from a surface

reaction with X1 as a reactant. Specifically, we consider the reactions

nX1 +mX2 → product, in the bulk, with rate = kbC1C2, (2a)

pX1 → qX2, on the surface, with rate = ksC1, (2b)

where n, m, p, and q are stoichiometric coefficients, kb and ks are bulk and surface reaction

rate constants, and C1 = C1(x, y) and C2 = C2(x, y) are the concentrations of species X1
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and X2, respectively.

In our approach, we keep our analysis general: the analysis in this work is applicable to

systems that can be described by any bulk and surface reactions that are of the form given

in equations (2a) and (2b). While the analysis is kept general, in this paper, we will provide

discussion throughout for how our analysis can be applied to the motivating problem of CO2

reduction. Specifically, note that the particular stoichiometry of (n,m, p, q) = (1, 2, 1, 2)

corresponds to the problem of CO2 saturated water undergoing the CO evolution reaction

on a cathode surface, where X1 = CO2 and X2 = OH−; in this application, ks can be

estimated with Tafel kinetics39, i.e.

ks =
i0

2FCref
1

exp

(
−αF
RT

η

)
, (3)

where F is the Faraday constant, R is the ideal gas constant, T is the temperature, Cref
1 is

a reference concentration, and η is the surface overpotential. The exchange current density

i0 and charge transfer coefficient α can be determined by fitting to experimental data, and

the factor of “2” arises, because two electrons are needed to convert each CO2 molecule.

Additionally, in this CO2 application, kb has been estimated by, e.g. Astarita et al. 41 , to

be 8.42× 103 L mol−1 s−1. Note that the reverse bulk reaction has been neglected here since

the OH− concentration is expected to be high near the cathode surface, and the reaction

given in equation (1a) is expected to be near irreversible (e.g., see Fukunaka et al. 42); this

will be further discussed in §3.3 in discussion of the buffered electrolyte. Far away from the

reactive surface, C1 = C∞1 and C2 = 0, and the two species diffuse with the same Brownian

diffusion coefficient D. Since the Schmidt number Sc = ν/D, where ν is the solvent viscosity,

is typically very large in flow reactors – in other words, the concentration boundary layers

are much thinner than the fluid momentum boundary layer – we consider these reactions

occurring within a shear flow with shear rate γ̇ over a reactive surface of length L. A

schematic of the problem is shown in figure 1(a). An important quantity of interest here is
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(a) (b)

(c)

Figure 1: (a) Schematic of the problem considered. Species X1 is advected past a reactive
plate, where it is converted to species X2. In the bulk, X2 partially reacts away X1. (b,c)
Concentration profiles C1 and C2 are shown for the cases where Dab = 0 and Dab = 105,
respectively, for the diffusion-limited case where Das = 106; the Péclet number here is
Pe = 105, and the stoichiometry considered here is (n,m, p, q) = (1, 2, 1, 2). Profiles are
shown at several positions along the reactive surface, in increments of ∆x = 0.2, including
the boundary condition at x = 0, i.e., C1 = 1 and C2 = 0.

the averaged flux of C1 into the reactive surface,

J =
1

L

∫ L

0

D
∂C1

∂y
(x, y = 0)dx, (4)

which is proportional to the CO current density in the CO2 application.

We make our equations dimensionless with,

C{1,2} = C∞1 C
∗
{1,2}, x = Lx∗, y = Ly∗, (5)

where the asterisk denotes a dimensionless quantity. This procedure yields the following

dimensionless numbers,

Pe =
γ̇L2

D
, Das =

ksL

D
, Dab =

kbL
2C∞1
D

, (6)

where Pe is a Péclet number characterizing the strength of the shear flow and Das and

Dab are Damköhler numbers characterizing the strength of the surface and bulk reactions,
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respectively. Hereafter, we omit the asterisk used to denote a nondimensional quantity in

order to simplify the notation, unless otherwise noted (e.g., x now refers to the dimensionless

x∗ in equation (5)).

The concentration fields C1 and C2 are governed by the following dimensionless advection-

diffusion-reaction equations,

Pe y
∂C1

∂x
=
∂2C1

∂x2
+
∂2C1

∂y2
− nDabC1C2, x, y ≥ 0, (7a)

Pe y
∂C2

∂x
=
∂2C2

∂x2
+
∂2C2

∂y2
−mDabC1C2, x, y ≥ 0, (7b)

C{1,2} = {1, 0}, at x = 0, (7c)

∂C{1,2}
∂y

= {p,−q}DasC1, at y = 0, (7d)

C{1,2} = {1, 0}, at y =∞. (7e)

Note that in the limit of Das →∞, i.e. the so-called diffusion-limited regime, the boundary

condition given in equation (7d) reduces to,

C1 = 0,
∂C2

∂y
= −q

p

∂C1

∂y
, at y = 0. (8)

Ultimately, we are interested in understanding how Pe, Dab, and Das affect the flux of

C1 through the reactive surface. We thus define an averaged Sherwood number, i.e. a

dimensionless version of flux J , to be

Sh(Pe,Dab,Das) =
JL

DC∞1
=

∫ 1

0

∂C1

∂y
(x, y = 0)dx, (9)

and we expect the presence of C2 to reduce Sh as it partially reacts away C1. Sh is also

related to the average surface concentration of C1 due to the Robin boundary condition in

equation (7d) as ∫ 1

0

C1(x, y = 0)dx =
1

pDas

Sh(Pe,Dab,Das), (10)
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however, there is no analogous simple expression for C2 due to the nature of the boundary

condition. Additionally, note that it is also common engineering practice to report the

dimensional flux based on a mass transfer coefficient km, so that, J = kmC
∞
1 . Our definition

in equation (9) thus implies that Sh = kmL/D.

In the CO2 reduction community, it is also typical to present Sh as a percent utilization

– i.e. the fraction of the input molar flux C∞1 Q, where Q is the volume flow rate of the input

stream, that is used up by the surface reaction. In terms of Sh, the utilization is

% utilization = 6α2Pe−1 Sh(Pe,Dab,Das), (11)

where α = L/h, where h is the height of the channel in the y direction. This simple expression

assumes that the local flux and velocity profile are uniform in the z direction, where the shear

rate is approximated by γ̇ = 6Q/(h2Lz) and Lz is the thickness of the reactive surface in the

direction into the page. Note that for experimental systems, where Q is typically a pump

input, this simple expression for γ̇ can also be used to estimate the corresponding Péclet

number Pe using equation (6).

In the following, we examine Sh and its dependence on the three dimensionless parame-

ters Pe, Dab, and Das, representing the strength of the flow, the strength of the bulk reaction,

and the strength of the surface reaction, respectively. We first briefly review a known approx-

imation when there is no bulk reaction in §2.2. Next, we propose a similar approximation

when bulk reaction is included in §2.3. We solve equations (7a)-(7e) using a finite difference

scheme implemented in Matlab and compare to our approximation in §3.

2.2 Approximation with no bulk reaction

When Dab = 0, the concentrations C1 and C2 are no longer coupled together, and it is

sufficient to only consider equation (7a) along with the corresponding boundary conditions

to determine Sh. Additionally, when Das = ∞, and Pe � 1, the problem reduces to the
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well-known “Graetz Lévêque” problem, where the ∂2/∂x2 term can be neglected, which has

the similarity solution given by37

C1(η) =
3

Γ(1/3)

∫ η

0

exp(−σ3)dσ, (12a)

C2(η) =
q

p

[
1− 3

Γ(1/3)

∫ η

0

exp(−σ3)dσ

]
, (12b)

where η = y[Pe/(9x)]1/3, and the Sherwood number is

ShGL(Pe) = Sh(Pe� 1,Dab = 0,Das =∞) =
92/3

2Γ(1/3)
Pe1/3, (13)

where the subscript “GL” stands for Graetz Lévêque. Note that in this limit, C1 = 0 and

C2 = q/p on the surface. Additionally, note that based on equation (11), the Graetz Lévêque

problem gives a % utilization that scales like ∼ Pe−2/3. It is also well-known that in the

reaction-limited regime, where Das � 128,29,

Sh(Pe,Dab = 0,Das � 1) ≈ Das, (14)

regardless of Pe, since C1 ≈ 1 and C2 ≈ 0 everywhere. Thus, an approximation can be formed

for the case of general Das by summing together the associated mass transfer resistances in

series28,29 to be

Sh(Pe� 1,Dab = 0,Das) ≈
[

1

Das

+
1

ShGL(Pe)

]−1

. (15)

The same expression can also be derived by interpolating between the asymptotes using the

expression given by Churchill and Usagi 43 where the asymptotes are weighted with a power

of 1.
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2.3 Approximation with bulk reaction

We aim to provide an approximation for the Sherwood number Sh for the case where Dab > 0

that is analogous to equation (15). We restrict our attention to the case where Pe� 1, which

is the regime relevant to CO2 reduction. To first provide some intuition on the effect of bulk

reaction, in figure 1(b,c), we show concentration profiles C1 and C2 at several x positions for

the cases where Dab = 0 and Dab = 105, respectively, for the diffusion-limited case where

Das = 106; the Péclet number is fixed to Pe = 105 here. When Dab = 0, the boundary layer

of C2 grows at exactly the same rate as the boundary layer of C1, however, when Dab � 1,

C2 is quickly consumed by the bulk reaction with C1, leading to depletion of C1 near the

reactive surface.

In figure 2, we show heat maps of the local bulk reaction rate, C1(x, y)C2(x, y), for the

cases where Dab = {1, 103} and Das = {1, 10, 106}; the Péclet number here is Pe = 105. At

the relatively small value of surface Damköhler number Das = 1, we observe that the local

bulk reaction rate is small, regardless of the bulk Damköhler number Dab; at small Das, a

relatively small amount of C2 is produced, leading to a weak bulk reaction. This implies

that in the surface reaction-limited regime,

Sh(Pe,Dab,Das � 1) ≈ Das, (16)

just as in the case where Dab = 0. As Das increases further, more C2 is produced at the

surface. Initially, the bulk reaction becomes most significant at y = 0, but as Das becomes

large, C1 becomes fully depleted at y = 0, leading to the maximum bulk reaction occurring

at a finite distance away from y = 0. As Dab increases, the local reaction rate depletes faster

in the x direction, due to the reactants C1 and C2 being reacted away quicker.

We hypothesize that the Graetz Lévêque limit can be modified in the presence of bulk
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Figure 2: Local bulk reaction rate C1(x, y)C2(x, y) is shown for cases where Dab = {1, 103}
and Das = {1, 10, 106}. The Péclet number here is Pe = 105 and the stoichiometry considered
here is (n,m, p, q) = (1, 2, 1, 2).

reaction to be of the form,

Sh(Pe� 1,Dab,Das =∞) ≈ f(Pe,Dab)ShGL(Pe), (17)

where the factor f(Pe,Dab) can be determined by solving a one-dimensional diffusion-

reaction problem from y = 0 to the averaged thickness of the C1 boundary layer. Written

in this way, f(Pe,Dab) has also been called the “reaction factor”,37 i.e. the reduction in Sh

due to bulk reaction in the diffusion-limited regime. This approach is akin to a film theory

approach,44 except here, we accurately account for the boundary layer growth. We define

the local boundary layer thickness as the y coordinate where C1 = 1 if the concentration

gradient is assumed uniformly equal to the value at the wall, ∂C1/∂y(x, y = 0), as given

by the Graetz Lévêque problem; in the presence of bulk reaction, this remains valid since

the boundary layer for C2 can never exceed the boundary layer for C1. This gives a local

boundary layer thickness of lBL(x) =
[
Γ(1/3)/31/3

]
Pe−1/3x1/3. Thus, the boundary layer
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thickness averaged within 0 ≤ x ≤ 1 is

LBL =
32/3Γ(1/3)

4
Pe−1/3. (18)

Thus, to determine the reaction factor f(Pe,Dab), i.e. the amount that the Sherwood number

is reduced by compared to the case where Dab = 0, we solve the following set of ordinary

differential equations,

d2C1D
1

dȳ2
− nDabL

2
BLC

1D
1 C1D

2 = 0, 0 ≤ ȳ ≤ 1, (19a)

d2C1D
2

dȳ2
−mDabL

2
BLC

1D
1 C1D

2 = 0, 0 ≤ ȳ ≤ 1, (19b)

C1D
1 = 0,

dC1D
2

dȳ
= −q

p

dC1D
1

dȳ
, at ȳ = 0, (19c)

C1D
{1,2} = {1, 0}, at ȳ = 1, (19d)

where ȳ has been scaled by LBL, i.e. ȳ = y/LBL. We thus observe that the effective bulk

Damköhler number for this auxiliary one-dimensional problem is Dab,eff = DabL
2
BL. We can

then determine f(Pe,Dab) to be

f(Pe,Dab) =
dC1D

1

dȳ
(ȳ = 0), (20)

which is equal to 1 when Dab = 0. Our ansatz is that this one-dimensional problem within the

averaged boundary layer can describe the Sherwood number for the two-dimensional problem,

where the local flux is nonuniform over the wall. With the reaction factor f(Pe,Dab), we can

then form our full approximation. By again summing together the associated mass transfer

resistances for the case where Dab � 1 given in equation (16) and the case where Dab =∞

given in equation (17), we determine our proposed approximation for Sh for general Das and

Dab to be

Sh(Pe� 1,Dab,Das) ≈
[

1

Das

+
1

f(Pe,Dab)ShGL(Pe)

]−1

. (21)
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The analysis conducted thus far is directly relevant to flat plate electrodes in liquid-

fed flow reactors, as shown in figure 1(a). Of course, there are other liquid-fed reactor

configurations, e.g., non-planar electrodes, electrodes attached to a flow-field plate, porous

electrodes. It is important to note that our analysis can be applied in some form to any

reactor where there is electrolyte flow past a relatively flat reactive surface, because all fluid

flows past a surface will locally look like the shear flow assumed in our work to a first

approximation. In more complex geometries, equation (21) may not be directly applicable,

but the resistances to mass transfer above could potentially be used within a more complex

resistance model of mass transfer.

3 Results and discussion

3.1 Reduction of Graetz Lévêque flux due to bulk reaction

We first demonstrate that equation (17) is a reasonable approximation of Sh in the diffusion-

limited regime where Das � 1. In figure 3, we show the factor f(Pe,Dab), determined

through numerical solution of one-dimensional equations (19a)-(19d), plotted against the

effective bulk Damköhler number Dab,eff = DabL
2
BL. By considering a perturbation expansion

and stoichiometric balance when Dab,eff � 1 and Dab,eff →∞, respectively, we also have the

following approximate expressions,

f(Pe,Dab) =


1 + A1Dab,eff + A2Da2

b,eff + A3Da3
b,eff + . . . , Dab,eff � 1,

mp

mp+ nq
, Dab,eff →∞,

(22)

where A1 = −nq/(12p), A2 = nq(13mp + 15nq)/(1260p2), and A3 = −nq(238m2p2 +

641mnpq + 379n2q2)/(181440p3). In figure 3, we also show the analogous result calculated

from two-dimensional simulations; the symbols show Sh(Pe,Dab,Das)/Sh(Pe,Dab = 0,Das)

for simulations conducted at Pe = 10{5,5.33,...,7} at the diffusion-limited regime of Das = 106.
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Figure 3: The factor f(Pe,Dab), determined through solution of one-dimensional equations
(19a)-(19d), is plotted against the effective bulk Damköhler number Dab,eff = DabL

2
BL as

a solid black line. The dotted and dashed lines indicate the perturbation theory result
for small Dab,eff and asymptotic result for large Dab,eff , respectively. The symbols show
Sh(Pe,Dab,Das)/Sh(Pe,Dab = 0,Das) calculated from two-dimensional simulations con-
ducted at Pe = 10{5,5.33,...,7} at the diffusion-limited regime of Das = 106. The stoichiometry
considered here is (n,m, p, q) = (1, 2, 1, 2).

The agreement between the two-dimensional simulations with the simple one-dimensional

model illustrates that the factor f(Pe,Dab) provides a good approximation of Sh in the

diffusion-limited regime. Notably, for the problem of CO2 saturated water undergoing the

CO evolution reaction, f(Pe,Dab) = 1/2 as Dab,eff →∞.

3.2 Use of approximation at general bulk and surface reaction strengths

In the previous subsection, we demonstrated that equation (17) is a reasonable approximation

of Sh in the diffusion-limited regime where Das � 1. We now proceed to examine whether

or not the simple expression given in equation (21) – derived by simple summation of the

mass transfer resistances – holds in the presence of bulk reaction.

In figure 4(a,b), we show the Sherwood number Sh calculated using two dimensional

simulations along with our approximation given in equation (21) for various values of bulk

Damköhler number Dab. In figure 4(a), Sh is plotted against the Péclet number Pe when

the surface Damköhler number Das is 106, i.e. the diffusion-limited regime. We observe that
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(a) (b)

(c) (d)

Figure 4: The Sherwood number Sh is plotted both from two dimensional simulations (◦)
and with our approximation given in equation (21) (—). In panels (a,b), Sh is plotted for
various values of the bulk Damköhler number Dab as a function of (a) the Péclet number Pe
when the surface Damköhler number Das is 106 and (b) Das when Pe = 105. In panel (a),
the scaling with Pe1/3 is demonstrated for the cases when Dab = 0 and Dab → ∞, and in
panel (b), the various limiting values of Sh are shown. In panels (c,d), the Sherwood number
Sh is plotted when the bulk Damköhler number is Dab = 108 for (c) various values of the
surface Damköhler number Das as a function of Pe and (d) various values of Pe as a function
of Das. In panel (c), the transition from a scaling of Pe0 to Pe1/3 as the diffusion-limited
regime is reached in the presence of strong bulk reaction is demonstrated. The limiting
values of Sh shown in panel (b) are also shown with the same line styles in panels (a,c). The
stoichiometry considered here is (n,m, p, q) = (1, 2, 1, 2).

Sh(Pe � 1,Dab,Das � 1) ∼ Pe1/3 only when Dab = 0, i.e. the original Graetz Lévêque

case, or when Dab → ∞. At intermediate Dab, the scaling becomes nontrivial, because
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it was previously demonstrated that the factor f(Pe,Das) depends on Dab,eff = DabL
2
BL ∼

DabPe−2/3. In figure 4(b), Sh is plotted against Das at a fixed value of Pe = 105. When

Das � 1, i.e. the reaction-limited regime, Sh ≈ Das, regardless of Dab, as previously stated

in equation (16). On the other hand, when Das � 1, Sh ≈ f(Pe,Dab)ShGL, where f ≈ 1

when Dab ≈ 0 and f ≈ 1/2 when Dab →∞, as previously shown.

In figure 4(c,d), we now focus on the case of strong bulk reaction and we set Dab = 108.

In figure 4(c), the Sherwood number Sh is plotted against the Péclet number Pe for various

values of the surface Damköhler number. We observe that a transition from Sh ∼ Pe0 to

Sh ∼ Pe1/3 is achieved as Das is increased. This is analogous to the transition that is observed

in the absence of bulk reaction. Note that this is equivalent to a transition from ∼ Pe−1 to

∼ Pe−2/3 in terms of the % utilization, based on equation (11). In figure 4(d), Sh is plotted

against Das for various Pe, showing the enhancement of mass transfer due to flow in the

presence of strong bulk reaction.

The agreement between our two-dimensional simulations and our approximation in equa-

tion (21) in figure 4 gives us confidence that our approach is valid. In particular, at interme-

diate values of Das, where our approximation is not formally valid, the agreement between

our simulations and approximation demonstrates that the resistances to mass transfer are

independent of one another, even in the presence of bulk reaction. This implies that the

addition of bulk reaction only acts to modify the mass transfer resistance due to flow and

not the mass transfer resistance due to finite surface reaction.

3.3 Mitigation strategy in CO2 reduction in aqueous flow reactors

In the previous subsection, we demonstrated that equation (21) provides a good approxi-

mation for the model problem defined by equations (7a)-(7e). Specifically, we found that

in the presence of a competing bulk reaction, the mass transfer of the reactant to the sur-

face in the diffusion-limited regime is given by simply scaling the Graetz Lévêque result by

the reaction factor f(Pe,Dab). With the stoichiometry given by (n,m, p, q) = (1, 2, 1, 2),
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this model problem corresponds to the problem of CO2 saturated water undergoing the CO

evolution reaction at the reactive surface. In the limit of strong bulk reaction, as is the

case in CO2 reduction, we showed that the presence of the species X2 = OH− can deplete

the Sherwood number for the species X1 = CO2 by a factor of 1/2. In practice, however,

CO2 reduction in a flow reactor is not performed using pure water. Typically, a buffered

electrolyte, such as KHCO3, is used to control the pH of the liquid near the reactive surface,

and thus, improve the mass transfer of CO2 to the reactive surface. In this subsection, we

demonstrate the effect of a buffered electrolyte on mass transfer of CO2 in an aqueous flow

reactor, and discuss the relation of this realistic problem with our model problem.

Table 1: Constants associated with the KHCO3 electrolyte

Parameter Value Units Ref.
Reaction rates
k1f 8.42× 103 Lmol−1 s−1 41

k1r 1.97× 10−4 s−1 39

k2f 3.71× 10−2 s−1 39

k2r 8.697× 104 Lmol−1 s−1 39

k3f 1.254× 106 s−1 39

k3r 6.0× 109 Lmol−1 s−1 39

k4f 1.242× 1012 Lmol−1 s−1 39

k4r 59.44 s−1 39

k5f 2.3× 1010 Lmol−1 s−1 45

k5r 2.3× 10−4 mol L−1 s−1 39

Diffusivities
DCO2 1.91× 10−9 m2 s−1 39

DOH– 5.29× 10−9 m2 s−1 39

DH+ 9.311× 10−9 m2 s−1 39

DCO 2–
3

0.92× 10−9 m2 s−1 39

DHCO –
3

1.185× 10−9 m2 s−1 39
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The KHCO3 electrolyte is governed by the reactions,39

CO2 + OH−
k1f−⇀↽−
k1r

HCO−3 , (23)

CO2 + H2O
k2f−⇀↽−
k2r

HCO−3 + H+, (24)

CO2−
3 + H2O

k3f−⇀↽−
k3r

HCO−3 + OH−, (25)

CO2−
3 + H+ k4f−⇀↽−

k4r
HCO−3 , (26)

OH− + H+ k5f−⇀↽−
k5r

H2O, (27)

where the rate constants kif and kir are given in table 1. Note that the simple reaction that

motivated our model problem, discussed in §1, is the sum of the reactions given in equations

(23) and (25); since the reaction given in equation (25) is relatively much faster, the reaction

given in equation (23) controls the rate in that case. The equilibrium reaction constant

for the simple reaction in our model problem, given previously in equation (1a) is Keq =

k1fk3r/k1rk3f = O(1011) L2/mol2. Without a buffered electrolyte, typical concentrations of

CO2 and OH− near the cathode are driven out of equilibrium due to the production of

OH− and are both O(.01) mol L−1. Since the concentration of CO2−
3 is expected to be much

less than what would be expected in the corresponding equilibrium – O(105) mol L−1 – the

reverse reaction is thus negligible relative to the forward reaction, justifying our neglect of

the reverse reaction in our model problem. This argument is no longer valid, however, with

the addition of KHCO3, and thus both forward and reverse reactions need to be considered

here. The benefit of adding KHCO3 is summarized in figure 5(a): (1) First, the CO evolution

reaction produces 2 OH− molecules for each CO2 molecule consumed. (2) Next, the OH−

then reacts with either CO2 to form HCO−3 via equation (23) or with HCO−3 to form CO2−
3

and H2O via equation (25). (3) Finally, since a fraction of the OH− has been consumed by

the added HCO−3 , more CO2 is allowed to reach the reactive surface.

We simulate the model problem as before, but now with the addition of KHCO3. There
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(a) (b)

Figure 5: (a) Schematic demonstrating the effect of adding KHCO3. (1) 2 OH− molecules
are produced for each CO2 molecule consumed at the surface. (2) The OH− then reacts
away some of either the CO2 or HCO−3 present in the bulk. (3) Since the presence of HCO−3
partially reacts away some of the OH−, more CO2 is allowed to reach the reactive surface.
(b) The Sherwood number is plotted as a function of the surface Damköhler number Das for
various electrolyte strengths [KHCO3] = {0.5, 1, 2, 4} M when Pe = 105. The light blue band
indicates the band of possible Sh for our model problem given by equation (21): Dab = ∞
corresponds to the lower bound and Dab = 0 corresponds to the Graetz Lévêque upper
bound.

are now five species,Xi ∈ {CO2,OH−,HCO−3 ,CO2−
3 ,H+}, governed by the coupled advection-

diffusion-reaction equations for each species Xi,

Pe y
∂Ci
∂x

= αi

(
∂2Ci
∂x2

+
∂2Ci
∂y2

)
+Ri({Cj}), x, y ≥ 0, (28a)

Ci = Ceq
i /C

eq
CO2

, at x = 0, (28b)

∂CCO2

∂y
= DasCCO2 ,

∂COH−

∂y
= −2

Das

αOH−
CCO2 ,

∂C{HCO−
3 ,CO2−

3 ,H+}

∂y
= 0, at y = 0, (28c)

Ci = Ceq
i /C

eq
CO2

, at y =∞, (28d)

where αi = Di/DCO2 are diffusivity ratios, Ri({Cj}) are dimensionless forward and reverse

reaction rates based on reactions in equations (23)-(27), and Ceq
i are dimensional concen-

trations of species i at chemical equilibrium. We choose a cathode length of L = 1 cm and

concentrations are nondimensionalized here using Ceq
CO2

= 34 mM; this nondimensionaliza-

tion is consistent with our model problem, where the only nonzero bulk concentration was
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C∞1 . The diffusivities Di are tabulated in table 1. Note that in contrast to the model prob-

lem, we now consider the more realistic case of unequal diffusivities; previously in our model

problem, it was assumed that the boundary layer of the second species could not exceed that

of the primary species – that assumption is no longer valid here. Additionally, note that

there are now multiple bulk Damköhler numbers, due to the inclusion of the forward and

reverse reactions given in equations (23)-(27), in contrast to the single forward bulk reaction

in our model problem.

In figure 5(b), we calculate Sh as a function of the surface Damköhler number Das for

various electrolyte strengths [KHCO3] = {0.5, 1, 2, 4} M for a fixed value of Pe = 105. The

light blue band indicates the band of possible Sh for our model problem given by equation

(21): Dab = ∞ corresponds to the lower bound and Dab = 0 corresponds to the Graetz

Lévêque upper bound. We observe that when [KHCO3] approaches 0 M, we approximately

approach the lower bound given by our model problem. Of course, this is not the exact

lower bound for the problem with [KHCO3], because our model problem did not include the

effect of unequal diffusivities. As [KHCO3] increases, we observe that Sh increases as more

of the OH− is consumed by the buffer and more CO2 is allowed to reach the reactive surface.

As posed, Sh can exceed the Graetz Lévêque limit at high [KHCO3] as the reverse rate of

the reaction given in equation (23) can exceed the forward rate within the boundary layer.

However, when converting back to dimensional units, it is important to note that the flux

is constrained by the chemical constraint that the solubility of CO2 decreases exponentially

with increasing [KHCO3] via the Sechenov equation46,47 – an effect that we have not included

here. Despite these limitations, this example thus illustrates the utility of our approximation

from our model problem, even in a situation where the chemistry is far more complex.
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4 Concluding remarks

In this work, we have studied how the mass transfer of a species in shear flow is affected by the

production of a second species that partially reacts away the first species, where the second

species is produced at the surface with the first species as the reactant. We have considered

general stoichiometry, but our model problem is motivated by electrochemical CO2 reduction

in aqueous flow reactors. By considering the various resistances to mass transfer, we derived a

simple approximation of the Sherwood number Sh, a dimensionless mass flux, as a function

of the Péclet number Pe, the surface Damköhler number Das, and the bulk Damköhler

number Dab. Instead of a full simulation of equations (7a)-(7e), our approximation only

requires the numerical solution of the one-dimensional problem given by equations (19a)-

(19d); approximate solutions for the cases where Dab,eff � 1 and Dab,eff →∞ are also given

in equation (22). We then successfully compared our approximation with numerical solutions

of the governing advection-diffusion-reaction equation. Notably, we found that when strong

surface reaction is present, the surface flux of the reactant, i.e. the Sherwood number Sh,

is well described by the Graetz Lévêque result reduced by a reaction factor f(Pe,Dab) due

to the competing bulk reaction. With the stoichiometry relevant to electrochemical CO2

reduction, this reaction factor f(Pe,Dab) is simply 1/2 in the diffusion-limited regime when

Dab,eff � 1.

While the theory developed in this work has been developed generally, here, we emphasize

the strong connection between our transport theory and experiments. In an experiment,

the flow rate Q is set by a pump, and the corresponding shear rate γ̇ and Péclet number

Pe can be calculated using the discussion following equation (11). Given that Pe � 1,

and under mass-transport limiting conditions, the Sherwood number can be estimated with

equation (17) where ShGL is given by equation (13). As noted above, f(Pe,Dab) is simply

1/2 for most systems where Dab,eff � 1 (e.g., when Pe = 105 for a L = 1 cm long cathode,

Dab,eff = 1.35× 104). The dimensional flux J can then be calculated by redimensionalizing

Sh via equation (9), and the CO current density, e.g., with units of A/m2, can then be
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estimated by multiplying J with nF , where n = 2 represents the 2 electrons transferred per

CO2 molecule and F is Faraday’s constant. This process then gives an idea of how the CO

current density is expected to scale with the flow rate Q. If the experiment is not under

mass-transport limiting conditions, then a prediction of Sh can be made with equation (21),

where Das can be calculated with equations (6) and (3).

Even though our model problem provides a rough estimate of the CO2 reduction rate,

we recognize that CO2 reduction is not conducted using pure water. Thus, we also con-

sidered the use of a buffered electrolyte, KHCO3. This is a common strategy employed in

experiments to control the pH, and thus the concentration of the OH− annihilator in the

microenvironment near the cathode surface. While our results provide insight into how the

addition of a buffered electrolyte can improve CO2 transfer, there are many possible ex-

tensions to this work that would be of interest. For example, it would be interesting to

include the previously mentioned effect that the solubility of CO2 decreases exponentially

with increasing [KHCO3]46,47 and understand how [KHCO3] affects the dimensional flux

of CO2. Additionally, it is known that [KHCO3] shifts the reaction rate constants.38,48,49

Furthermore, the ions present in the system are charged – an effect we have neglected; un-

derstanding the effect of electromigration on the ion transport, and ultimately on the CO2

mass transfer, would be insightful. Finally, we conclude by highlighting one important ex-

tension that should be explored in future work: the effect of temperature on the reaction

rate coefficients. In a realistic experimental system, the temperature of the liquid can vary

spatially due to Ohmic heating or heat generated by the reactions. While we have assumed

uniform room temperature in our present work, the forward reaction rate of the reaction

given in equation (23) is known to depend on temperature. For example, Astarita et al. 41

reports the correlation k1f = exp (31.3957− 6665.9912/T ) at infinite dilution, where T [K]

is the temperature. As an example, the temperatures T = 20◦C and T = 50◦C correspond

to k1f = 5.75× 103 L mol−1 s−1 and k1f = 47.5× 103 L mol−1 s−1, respectively. Assuming

a Péclet number of Pe = 105, these correspond to effective bulk Damköhler numbers of
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Dab,eff = 0.92× 104 and Dab,eff = 7.6× 104, respectively. By looking at figure 3, we see that

both of these values are close to the Dab,eff →∞ asymptote that we reported, implying only

a small change in Sh. While a full inclusion of temperature effects is out of scope of the

current work, since this would require a coupled model of the heat transfer process via the

advection-diffusion equation for heat and an understanding of the temperature dependence

of all reactions, here we have demonstrated how our framework may take this into account

in future work.
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