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Nonlinear spark resistance and capacitive circuit
models of electrostatic discharge

John W. Rose, Mark W. Coffey, P. David Flammer, Travis B. Peery, Jonathan L. Mace, and Charles Durfee

Abstract—Over the past century, several models of spark
discharge have been developed that approximate the effect of a
spark channel in a circuit as a nonlinear resistance. In this paper,
we review physical derivations of a set of spark models and give
analytical and numerical solutions to spark discharges in simple
capacitive circuits. In electrostatic discharge (ESD) we find the
drop in spark resistance is limited by the initial stored charge
in the system. For the simplest model of ESD (spark resistance
in series with the electrode capacitance), we obtain analytical
solutions for a spark resistance model of a general integral
form, consisting of the time integral of the current raised to an
arbitrary power. We also consider a circuit with an additional
fixed “victim” resistance in series with the spark resistance and
capacitance. Here, although the general case requires numerical
solution, it is possible to find asymptotic limits for the case of the
Rompe and Weizel spark model. Our analysis provides insights
into system response that can, for example, be used to evaluate
risk zones of parameter space for ESD protection.

Index Terms—spark discharge, electric breakdown, ESD, cir-
cuit model, analytical solutions

I. INTRODUCTION

DURING the past several decades, simple models of
spark discharge have been developed that represent the

complex physical processes of a spark as a nonlinear resistance
within a circuit. Commonly used models include those by
Toepler [1], [2], Rompe and Weizel [3], Braginskii [4], [5],
and Vlastós [6]. These spark models often have a general form

R(t) ∝
[∫ t

0
I(τ)mdτ

]−1/p
, where m and p are positive and

real exponents and I(t) is the current through the spark at time
t [7]. In the case of the Toepler and the Rompe and Weizel

models, p = m and R(t) ∝
[∫ t

0
I(τ)mdτ

]−1/m
[7], [8]. Often

these spark models are adapted to experiments over a variety of
energy scales. Montaño et al. [7] fitted and compared several
models to experimental data with spark gaps ranging from 1 to
12.8 cm and peak currents of 0.2 to 48 kA. Akiyama et al. [9]
measured discharges from a large capacitance (1.88 µF) across
gaps ranging from 0.1 to 1.6 cm and compared the results to
a spark model with conductivity of the form σ = cTm, where
T is the electron temperature and c and m are constants.

In the case of electrostatic discharge (ESD), the maximum
current is constrained by the initial charge stored by the
system’s capacitance and the parameters of the spark model.
For this paper, we model ESD using a circuit approach that
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neglects inductive effects and treats the discharge in terms
of purely capacitive and resistive elements. It is possible to
numerically solve these spark models when they are coupled
to full electromagnetic field models of the discharge geometry
(as done in [10] and [11], for example). Additionally, the mi-
croscopic dynamics of the spark plasma can also be modeled
in detail. However, the nonlinear resistance models allow for
a relatively straightforward approach to describe the response
of a real circuit. As we will discuss below, the use of these
nonlinear resistance models is often valid in regimes where
the energy dissipation is dominated by a particular physical
mechanism (e.g. ionization, electron temperature increase, or
gas expansion).

In this paper, we show that some of the nonlinear resistance
models allow for analytic solutions of the system response.
These solutions make it possible to see how the response of
the system scales with different parameters. We first review
the physical basis of some selected spark models. Then we
consider solutions of a discharge between only a capacitor and
the spark resistance while using a spark model of a general
form. Next, we discuss a discharge where the spark resistance
is in series with a fixed “victim” resistance (i.e. a component
subject to ESD damage) that acts as a voltage divider with the
spark. For the case of the Rompe and Weizel model, numerical
solutions are given along with analytical expressions for the
asymptotic limits of the spark resistance and energy dissipated
through the victim.

II. PHYSICAL BASIS FOR SPARK MODELS

A. Derivation of nonlinear resistance models

Simple spark models can be derived either empirically or by
performing an energy balance for a cylindrical spark channel
in a gap with a uniform electric field (e.g. the electrodes are
planar). An early example of the empirical approach is the
Toepler spark model, which was originally derived on the basis
of RF measurements of the radiation emitted by the spark [1],
[2], [3]. Alternatively, it can be derived based on the definition
of the Townsend ionization coefficient α for a steady electron
avalanche, dne

dx = αne, where ne is the electron density. Here
we follow the approach in Bluhm [8] by using the drift velocity
ve = µeE to write

dne = αnedx = αnevedt

dne
dt

= αµeneE (1)

where µe is the electron mobility and E the electric field
strength. Defining the conductivity as σ = eneµe, gap length
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as h, spark cross-sectional area as As, current density as
J = I/As = σE, and the spark resistance as Rs = h/(σAs),
we can further rewrite (1) as:

dσ

dt
= αµeJ

σ = αµe

∫ t

0

J(τ)dτ

Rs =
h

αµe
∫ t
0
I(τ)dτ

. (2)

Equation (2) is the most commonly written form of Toepler’s
model. Integral equations like (2) can be used if the current as
a function of time is known a priori. However, for purposes
of our circuit models we instead rewrite (1) in terms of the
spark conductance G = 1/Rs, capacitance C, voltage V , and
capacitor charge Q using E = V/h = Q/(Ch):

dG

dt
= αµeEG

=
(αµe
Ch

)
GQ. (3)

An example of the energy balance approach is the Rompe
and Weizel spark model. Neglecting work done by gas ex-
pansion due to pressure gradients, the energy balance for a
uniform channel is

du

dt
= JE = σE2 =

J2

σ
(4)

where u is the internal energy density of the spark. Rompe
and Weizel [3] assumed u to include the ionization and
thermal energies of the electrons in the spark plasma, u =
ne
(
Uion + 3

2kBT
)
. They also assumed the ionization to be

an isothermal process. This assumption results in a spark law
of the form(

Uion +
3

2
kBT

)
dne
dt

=
J2

σ

σ
dσ

dt
=

eµe

Uion + 3
2kBT

J2

σ2

2
=

eµe

Uion + 3
2kBT

∫ t

0

J(τ)2dτ

σ2 = 2aR

∫ t

0

J(τ)2dτ

R2
s =

h2

2aR
∫ t
0
I(τ)2dτ

(5)

where the constant aR can be expressed as [3]

aR = (eµe) /

(
Uion +

3

2
kBT

)
. (6)

Typically, the coefficient aR is obtained by fitting to experi-
mental discharge currents. Representative empirical values of
aR range from 0.5−2×10−4 m2/(V2s) [10]. To obtain a fit for
aR, we can replace the per electron energy cost Uion+ 3

2kBT
with an effective value:

aR,eff = (eµe) /Ueff (7)

where Ueff >
(
Uion + 3

2kBT
)

to account for other energy
sinks such as molecular excitation, vibration, and dissociation.

One way Ueff can be estimated is using the Townsend ioniza-
tion coefficient with Ueff = eE/α, where α is evaluated at the
given value of E. For the threshold breakdown field strength
of 1 atm air (E ≈ 30 kV/cm), α ≈ 14 cm−1 as given in [12].
Through Ueff = eE/α, we have Ueff ≈ 2000 eV, which is
two orders of magnitude greater than the value Uion ≈ 15 eV
for a nitrogen-oxygen mixture. Using this value of Ueff with
µe (as estimated from drift velocity measurements given in e.g.
[13]), comparable estimates of aR can be made to those used
in [10]. While the actual value of Ueff will depend somewhat
on the partial pressure of impurity species such as H2O and
CO2, the main observation is that much of the energy an
electron obtains from the field goes to excitation and other
non-ionization processes.

Instead of the original form (5) we can also rewrite the
Rompe and Weizel model in terms of the spark conductance
G: (

Uion +
3

2
kBT

)
dne
dt

= σE2

dG

dt
= aRGE

2

=
aR

(Ch)2
GQ2. (8)

Other assumptions for the energy balance lead to different
spark models. The Vlastós spark model [6] assumes the spark
is fully-ionized so that the conductivity is described by the
Spitzer formula σ = aS(kBT )3/2 and that the Joule heating
in the energy balance is completely spent on increasing the
plasma temperature:

du

dt
=

3

2
nekB

dT

dt
=

3

2
ne

d

dt

(
σ

aS

)2/3

=
J2

σ
. (9)

Here aS is a theoretical constant used in the Spitzer conduc-
tivity. This approach [6] leads to a spark resistance of the form

Rs ∝
[∫ t

0
I2(τ)dτ

]−3/5
.

In yet another approach, Braginskii treated the conductivity
as constant and let the spark resistance decrease due to
hydrodynamic expansion of the channel [4]. In other words,
Rs = h/(σAs) decreases as cross-sectional area As increases
due to “PV” expansion work done on the spark channel. Note
that the other spark models considered in this review take the
channel radius as a constant. This approach leads to a spark

resistance of the form Rs ∝
[∫ t

0
I2/3(τ)dτ

]−1
.

B. Limits of validity for the spark models

Ultimately, the resistance of the spark in the circuit reflects
the J ·E energy dissipation into the spark. From this perspec-
tive, Toepler’s model is not physically consistent with this idea
since it treats the electric field as an independent parameter.
The other models are derived from energy considerations; they
vary in how the dissipated energy affects the system, and
in what way this in turn affects the resistance. The Rompe
and Weizel model assumes that the Joule heating goes into
ionization and subsequent electron thermalization, and that
the change in the conductivity is only from the increase
in the electron density. The assumption that the mobility is
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constant will be valid as long as the ionization fraction is
low and the collision rate is not affected by the temperature
increase. While the expression for the coefficient aR in (6)
can be estimated from an average ionization potential and
temperature, in practice, the value of the constant is best fit
empirically. The empirical values indicate that there is an
energy cost per ionization event that is substantially higher
than the ionization potential. This higher value results from
energy being deposited into collisional excitation.

As the ionization fraction increases, electron-ion collisions
become more important and ionization begins to saturate. This
intermediate regime is difficult to describe with a simple circuit
model, but the Vlastós model can be used in the limit of
full ionization. Here it is assumed that the Joule heating is
delivered primarily into heating of the electrons. Of course,
the spark must go through an ionization regime to reach full
ionization, but the assumption of full ionization can be valid
when the majority of the current pulse occurs after ionization.

The Rompe and Weizel and Vlastós models both assume
that the channel radius is constant throughout the current pulse.
For long duration current pulses (microsecond timescales or
longer), the primary energy sink for the Joule heating is
the hydrodynamic expansion of the gas. The decrease in the
neutral molecule density results in a longer collisional mean
free path for the electrons, yielding an increased ionization
efficiency. Here it is assumed that the electron temperature
is nominally constant during the expansion. The nonlinear
resistance proportionality and the limiting assumptions for
each spark model is summarized in Table I.

TABLE I
SUMMARY OF RESISTANCE FORMS AND MODEL ASSUMPTIONS

Model Resistance Rs

(excluding constants)
Physical Assumptions

Toepler
[∫ t

0 I(τ)dτ
]−1

Partially-ionized, empirical

Rompe &
Weizel

[∫ t
0 I

2(τ)dτ
]−1/2

Partially-ionized, constant
radius and electron mobility

Vlastós
[∫ t

0 I
2(τ)dτ

]−3/5
Fully-ionized, constant radius

Braginskii
[∫ t

0 I
2/3(τ)dτ

]−1
Gas expansion, constant
conductivity

To properly apply these nonlinear resistance models, the
zones of validity must be kept in mind. More complete
modeling of the plasma dynamics is called for when the
current pulse straddles regimes. Additionally, the assumption
of uniform electric field and electron density in the channel
can be violated by space charge effects in the plasma. These
can become prominent when the gap between electrodes is
long enough that the initial electron avalanche(s) grow dense
enough to create significant space charge within the channel.
In this scenario, field enhancement from the space charge can
create an ionization front that propagates from one electrode
to the other; this regime is known as a streamer discharge [12].
In this paper, we focus on short gap ESD where the streamer
mechanism does not apply.

Another issue with application of these models to real dis-
charges is that they cannot predict the threshold in the electric

field strength at which breakdown occurs (e.g. Paschen’s law).
For any system with nonzero initial charge, these nonlinear
resistance models predict a discharge current will be produced.
To account for threshold behavior in a discharge, a model
needs to account for the loss processes that impede the growth
of an electron avalanche in an electric field below the critical
breakdown strength.

III. CAPACITOR DISCHARGE MODEL INCLUDING ONLY
SPARK RESISTANCE

We first assume that the discharge can be represented as
a nonlinear RC circuit, shown in Fig. 1, where at t = 0
the capacitor C has initial charge Q0 = CV0 and the spark
resistance Rs has initial value Rs0. At t = 0 the switch is
closed and current begins to flow through Rs.

C Rs

Fig. 1. Circuit 1: ESD incorporating only capacitance and spark resistance.

Applying Kirchoff’s voltage law, we obtain:

Vc + Vs = 0

−Q
C

+ IRs = 0, I = −dQ
dt

dQ

dt
= − Q

RsC
. (10)

We rewrite the spark resistance in terms of the conductance
G = 1/Rs. Defining the dimensionless variables Q∗ =
Q/Q0 = Q/(CV0), G∗ = Rs0G, and t∗ = t/(Rs0C),
equation (10) becomes:

dQ∗

dt∗
= −G∗Q∗. (11)

Note that here we have normalized the spark conductance
to its initial value, which will be quite small. This choice
also affects the RC constant used for the normalized time t∗;
results for the Circuit 1 model must be interpreted based on
the chosen value of Rs0. In general, circuit models with more
resistive elements than Circuit 1 will have Rs normalized to
some other, fixed resistance value. To the above equation we
couple another equation for a spark model of the general form

dG∗

dt∗
= κG∗Q∗m (12)

where κ and m are real, positive constants that depend on the
spark model. Table II gives these constants for the Toepler as
well as the Rompe and Weizel models.

TABLE II
MODEL CORRESPONDENCES

Model m κ
Toepler 1 αµeCV0Rs0/h

Rompe and Weizel 2 aRCV
2
0 Rs0/h2
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To solve the coupled equations (11) and (12), we take the
time derivative of (11) and substitute (12) and (11) itself into
the resulting expression to eliminate the conductance G∗:

d2Q∗

dt∗2
= −dG

∗

dt∗
Q∗ −G∗ dQ

∗

dt∗

= −dG
∗

dt∗
Q∗ +

1

Q∗

(
dQ∗

dt∗

)2

= −κG∗Q∗m+1 +
1

Q∗

(
dQ∗

dt∗

)2

= κQ∗m
dQ∗

dt∗
+

1

Q∗

(
dQ∗

dt∗

)2

. (13)

Next we divide by a factor of Q∗ and rearrange terms to allow
for straightforward integration:

1

Q∗
d2Q∗

dt∗2
− 1

Q∗2

(
dQ∗

dt∗

)2

= κQ∗m−1
dQ∗

dt∗

d

dt∗
1

Q∗
dQ∗

dt∗
= κQ∗m−1

dQ∗

dt∗

1

Q∗
dQ∗

dt∗
=

κ

m
Q∗m + b1∫

dQ′∗

Q′∗ [(κ/m)Q′∗m + b1]
=

∫
dt′∗ (14)

The integral in (14) leads to
1

b1

[
lnQ∗ − 1

m
ln (κQ∗m +mb1)

]
= t∗ + b2

ln

(
Q∗

(κQ∗m +mb1)
1/m

)
= b1 (t∗ + b2) (15)

where b1 and b2 are constants of integration. Defining b0 =
exp(b1b2), we solve (15) for Q∗

Q∗ =
(mb1)

1/m
b0 exp(b1t

∗)

(1− κ[b0 exp(b1t∗)]m)
1/m

(16)

which we can use to find G∗:

G∗ = − 1

Q∗
dQ∗

dt∗
= −

( κ
m
Q∗m + b1

)
= − κ

m

(
(mb1) [b0 exp(b1t

∗)]m

1− κ[b0 exp(b1t∗)]m

)
− b1. (17)

Applying the initial conditions for the dimensionless variables
at t∗ = 0, we find the constants b0 and b1:

Q∗(t∗ = 0) = 1 =
(mb1)

1/m
b0

(1− κbm0 )
1/m

G∗(t∗ = 0) = 1 = − κ
m

(
mb1b

m
0

1− κbm0

)
− b1

⇒ bm0 = − 1

m
, b1 = −

(
1 +

κ

m

)
(18)

Substituting (18) into our expressions for Q∗ and G∗, we
obtain the solution

Q∗ =

(
m+ κ

m exp((m+ κ)t∗) + κ

)1/m

(19)

G∗ =
(m+ κ) exp((m+ κ)t∗)

m exp((m+ κ)t∗) + κ
(20)

from which we see that as t∗ → ∞ we have the asymp-
totic limit G∗∞ = (m + κ)/m or, in terms of resistance,
R∞ = Rs0m/(m+κ). Plots of the charge, current, and spark
conductance are shown in Figs. 2-4 for selected values of m
and κ.

κ = 1000
κ = 100

κ = 10
κ = 1

0.001 0.01 0.1 1 10
t
*0

0.25

0.5

0.75

1
Q
*

Fig. 2. Normalized charge versus time. Solid: m = 1, dashed: m = 2.

κ = 1000

κ = 100

κ = 10

κ = 1

0.001 0.01 0.1 1 10
t
*0.01

0.1

1

10

100

-
dQ*

dt*

Fig. 3. Dimensionless current I∗ versus time. Solid: m = 1, dashed: m = 2.

κ = 1

κ = 10

κ = 100

κ = 1000

0.001 0.01 0.1 1 10
t
*1

10

100

1000
G
*

Fig. 4. Normalized spark conductance versus time. Solid: m = 1, dashed:
m = 2.
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While the Circuit 1 model is far too simple for practical ESD
applications, it shows that closed form solutions for nonlinear
spark resistance equations are possible. In general, however,
adding more elements leads to circuits that must instead be
solved numerically or using other approximation techniques.
In the next section, we detail how adding a “victim” resistance
in series with the spark resistance leads a nonlinear system
without closed form solution; however, for the special case of
the Rompe and Weizel model, asymptotic (long time) values
for the dependent variables can be derived.

IV. CAPACITOR DISCHARGE MODEL FOR ESD INCLUDING
BOTH SPARK AND VICTIM RESISTANCE

We assume that the discharge circuit representation consists
of the system capacitance C in series with the spark resistance
Rs and victim Rv . We neglect the inductance of the charged
object, spark channel, or victim load. We also assume that the
electric field E in the object-ground gap is uniform enough so
that the spark channel will be roughly cylindrical with uniform
conductivity. Fig. 5 shows the circuit model created by these
assumptions.

C Rs

Rv

Fig. 5. Circuit 2: ESD incorporating capacitance and both spark and victim
resistance.

A. Equations

Writing Kirchoff’s voltage law for the circuit in Fig. 5, we
have:

Vc + Vs + Vv = 0

−Q
C

+ IRs + IRv = 0, I = −dQ
dt

dQ

dt
(Rs +Rv) = −Q

C
. (21)

We write the spark resistance Rs in terms of the gap h, cross
sectional area As, and spark conductivity σ: Rs = h/(σAs).
Assuming constant gap and cross sectional area, the time
derivative is:

dRs
dt

=
h

As

d

dt
σ−1

= − h

Asσ2

dσ

dt

which can be rewritten as:

σ
dσ

dt
= −

(
h

As

)2
1

R3
s

dRs
dt

.

We next rewrite the Rompe and Weizel law to take advantage
of this expression:(
Uion +

3

2
kBT

)
dne
dt

= σE2 =
J2

σ

Uion + 3
2kBT

eµe

dσ

dt
=
J2

σ

σ
dσ

dt
= aR

I2

A2
s

, aR =
eµe

Uion + 3
2kBT

−
(
h

As

)2
1

R3
s

dRs
dt

= aR
I2

A2
s

dRs
dt

= −aR
h2

(
dQ

dt

)2

R3
s (22)

Equations (21) and (22) constitute the set of differential
equations needed to solve the discharge problem. These can
be nondimensionalized by defining the dimensionless variables
Q∗ = Q/Q0, R∗s = Rs/Rv , and t∗ = t/(RvC):

dQ∗

dt∗
(R∗s + 1) = −Q∗ (23)

dR∗s
dt∗

= −ω
(
dQ∗

dt∗

)2

R∗3s , ω =
aR
h2

Q2
0Rv
C

. (24)

Equations (23) and (24) have initial conditions Q∗(0) = 1
and R∗s(0)� 1, with scaling controlled by the dimensionless
parameter ω. Note that ω is the same as κ from the previous
section but with Rs0 replaced by Rv (a fixed value) as the
scaling resistance. Using U0 = Q2

0/(2C), we can also write
ω in terms of h and U0:

ω =
2aR
h2

U0Rv

The energy Uv dissipated through the victim load is:

Uv =

∫ tf

0

RvI
2dt

= Rv

∫ tf

0

(
dQ

dt

)2

dt.

We can nondimensionalize this using the same definitions as
before as well as U∗v = Uv/U0 = Uv/(

Q2
0

2C ):

U∗v
Q2

0

2C
=
RvQ

2
0

RvC

∫ t∗f

0

(
dQ∗

dt∗

)2

dt∗

U∗v = − 2

ω

∫ t∗f

0

1

R∗3s

dR∗s
dt∗

dt∗

U∗v =
1

ω

(
1

R∗2s

)∣∣∣∣t∗f
0

(25)

Recalling our initial condition R∗s(0) � 1, we then have the
fraction of the initial energy delivered to the victim as roughly

U∗v (t∗f ) ≈ 1

ωR∗2s (t∗f )
. (26)

In the next section, we will see that the ω parameter plays
a strong role in determining the final resistance. Let Rmin =
h/(As eµen0) be the minimum possible resistance for channel

Page 5 of 8 Transactions on Plasma Science

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60



6

of volume hAs (i.e. when all of the initial neutral density
n0 is ionized). Also defining Umax

s = hAs n0Ueff as the
energy required to fully ionize the channel, we can write ω =
U0

Umax
s

2Rv

Rmin
, which shows that if the initial stored energy is less

than that required to ionize the channel, ω � 1. It might seem
that we would need to know the area of the spark channel, but
the product Umax

s Rmin = h2

eµe
Ueff is actually independent of

the channel area. Note also that the initial stored energy is
U0 = 1

2C(Ethh)
2, where Eth ≈ 30 kV/cm is the breakdown

threshold field for air at standard pressure. So a third way to
express the ω parameter is ω = C eµeE

2
thRv/Ueff, showing

that it is mainly dependent on the capacitance (which reflects
the stored energy) and gas parameters (threshold field, electron
mobility and the ionization energy cost).

B. Results for selected values of ω
Figs. 6-9 show the results for numerically solving (23) and

(24) for various magnitudes of ω; the initial condition for the
normalized spark resistance was R∗s(0) = 10, 000 (note: any
initial value � 1 will give similar results). The asymptotic
(long time) value of R∗s reaches 1 between ω = 1 and ω = 10.
For ω > 0.1, the fraction of the energy delivered to the victim
goes beyond a few percent.

ω=10 ω=1 ω=0.1 ω=0.01

0.1 1 10 100 1000
t
*0

0.25

0.5

0.75

1
Q
*

Fig. 6. Normalized charge versus time

ω=10

ω=1

ω=0.1

ω=0.01

0.1 1 10 100 1000
t
*0.0001

0.001

0.01

0.1

1

-
dQ*

dt*

Fig. 7. Dimensionless current I∗ versus time
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ω=1

ω=0.1

ω=0.01

0.1 1 10 100 1000
t
*0.1

1

10

100

1000

10000
Rs

*

Fig. 8. Normalized spark resistance versus time

ω=10

ω=1

ω=0.1

ω=0.01

0.1 1 10 100 1000
t
*0.001

0.0025

0.01

0.025

0.1

0.25

1
Uv

*

Fig. 9. Normalized victim energy dissipation

C. Analytical solutions for asymptotic value of spark resis-
tance

Because the Rompe and Weizel spark model does not
include processes like recombination or electron attachment,
once the charged object has been neutralized by the discharge
the spark resistance will remain at some final, minimum
value. Although (23) and (24) are nonlinear and preclude a
general explicit analytical solution, we can use differentials to
eliminate the time derivatives in these equations and find the
asymptotic value of R∗s when Q∗ → 0. From this result we
can then calculate the asymptotic value of the energy delivered
to the victim using (25).

First, we use differentials to relate the time derivatives of
the nondimensionalized charge and spark resistance:

dQ∗

dt∗
=
dQ∗

dR∗s

dR∗s
dt∗

(27)

and then substitute this into (23):

dQ∗

dt∗
(R∗s + 1) =

dQ∗

dR∗s

dR∗s
dt∗

(R∗s + 1) = −Q∗

dQ∗

Q∗
dR∗s
dt∗

= − dR∗s
R∗s + 1

. (28)
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Next we perform the same substitution on (24):

dR∗s
dt∗

= −ω
(
dQ∗

dt∗

)2

R∗3s = −ω
(
dQ∗

dR∗s

dR∗s
dt∗

)2

R∗3s

dR∗s
dt∗

= − 1

ωR∗3s

(
dQ∗

dR∗s

)−2
. (29)

Finally, we substitute (29) into (28) to obtain the relationship
between the charge, spark resistance, and their differentials:

R∗s + 1

ωR∗3s
dR∗s = Q∗dQ∗ (30)

We can then integrate between the initial (Q∗ = 1) and final
(Q∗ = 0) states of the charge to find the asymptotic value of
R∗s : ∫ R∗

s,f

R∗
s,0

R∗s + 1

ωR∗3s
dR∗s =

∫ 0

1

Q∗dQ∗

1

ω

[
− 1

2R∗2s
− 1

R∗s

]R∗
s,f

R∗
s,0

=

[
1

2
Q∗2

]0
1

= −1

2[
− 1

2R∗2s,f
− 1

R∗s,f

]
+

[
1

2R∗2s,0
+

1

R∗s,0

]
= −ω

2

R∗2s,f
(
1 + 2R∗s,0 + ωR∗2s,0

)
− 2R∗s,fR

∗2
s,0 −R∗2s,0 = 0

R∗s,f =
R∗2s,0 +

√
R∗2s,0

(
1 + 2R∗s,0 + (1 + ω)R∗2s,0

)
1 + 2R∗s,0 + ωR∗2s,0

(31)

Note that in (31) the positive root has been chosen so that
R∗s,f is positive for all values of ω. In the limit R∗s,0 → ∞,
this equation reduces to:

R∗s,f ≈
1 +
√

1 + ω

ω
(32)

Fig. 10 plots (31) as a function of ω; Fig. 11 plots the
application of (31) to (25). The initial spark resistance was
assumed to be R∗s,0 = R∗s(0) = 10, 000.

0.001 0.01 0.1 1 10
ω0.1

1

10

100

1000

Rs
*(tf )

Fig. 10. Asymptotic value of R∗
s,f as function of ω.

0.0001 0.001 0.01 0.1 1 10 100
ω0.0001

0.001

0.01

0.1

1
Uv

*

Fig. 11. Asymptotic value of U∗
v as function of ω.

We plot the asymptotic energy delivered to a hypothetical
0.1 Ω victim in Fig. 12 for various values of the spark
length h and initial electrostatic energy U0. For the Rompe
and Weizel constant aR in the parameter ω, we have chosen
µe = 500 cm2/(V · s) based on typical values for 1 atm air
[12] and h = 3 mm for a typical ESD gap length. We also
use various values of the effective energy cost Ueff for aR as
defined by (7).

100% victim

dissipation

20 eV 200 eV 2000 eV

0.10.1 1 10 100
U0 (mJ)0.0001

0.001

0.01

0.1

1

10

100
Uv (mJ)

Fig. 12. Dependence of UV on effective ionization energy cost Ueff and
initial stored energy U0 assuming µe = 500 cm2/(V · s), h = 3 mm, and
Rv = 0.1 Ω.

The value of 20 eV is highly pessimistic, assuming the
stored energy goes completely into ionization (≈ 15 eV) and
electron thermalization (32kT ≈ 5 eV); the value of 2000 eV is
consistent with measurements of the Townsend coefficient α at
breakdown. In real discharges, the energy cost Ueff � Uion
due to most of the energy going into non-ionization inelastic
energy sinks such as electronic and vibrational excitation
as well as dissociation [14]. Generally speaking, calculating
precise values of Ueff for given discharge conditions requires
a plasma kinetic model of the spark process, which is outside
the scope of the models described here.

To aid the reader in understanding typical values of the
parameter ω for ESD applications, we have included Figs. 13
and 14 that plot ω as a function of the capacitance C and the
initial electric field in the gap E0 for different values of Ueff ,
with a victim resistance of Rv = 0.1 Ω.
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Fig. 13. Dependence of dimensionless parameter ω on C and E0 = V0/h
assuming µe = 500 cm2/(V · s), Rv = 0.1 Ω, and Ueff = 100 eV.
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Fig. 14. Dependence of dimensionless parameter ω on C and E0 = V0/h
assuming µe = 500 cm2/(V · s), Rv = 0.1 Ω, and Ueff = 1000 eV.

V. CONCLUSION

For the case of a spark discharge in series with a capacitance
(Circuit 1), we have demonstrated that for spark models of

the type R(t) ∝
[∫ t

0
I(τ)mdτ

]−1/m
there is a closed form

solution for the charge Q on the capacitor and the spark
conductance G (or equivalently, the electric field strength E
and the spark resistance Rs). From these quantities we can
calculate the current I at any time t and, for the case of the
Toepler or Rompe and Weizel models, the electron density
ne. For the case where the spark resistance has a resistive
victim load in series with itself and the capacitance (Circuit
2), the full solution requires numerical integration. However,
we have found that asymptotic values of the spark resistance
and cumulative energy deposition in the victim load can be
calculated for the special case of the Rompe and Weizel model.

While spark discharge through an air gap naturally involves
an intrinsic electrical circuit, the physical details of that
“circuit”, like those of the spark process itself, are not well
known. Common nonlinear resistance models begin to capture
the transient discharge behavior, yet as single (resistive) circuit

elements, they miss many of the complex physical processes
involved in the breakdown of an air gap. Although these
spark models are characterized by specific physical properties,
their nonlinear nature quickly complicates the mathematical
solution of even the simplest (fixed source) circuit analogs,
as demonstrated by the Circuit 1 and 2 cases analyzed here.
Those circuit models are necessarily simplistic in order to
clarify and quantify the elementary consequences of the sin-
gle, nonlinear resistive models themselves. Nonetheless, these
simple circuits provide a foundation for understanding more
realistic yet complex circuit analogs and/or spark models that
will be more physically relevant to empirical data interpreta-
tion.
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