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Atomic-scale modeling methods such as density functional theory (DFT) and molecular dynamics (MD) can pre-
dict the thermodynamic properties of materials at a lower cost than experimental measurements. However, their
regular usage in thermodynamic model construction is hampered by the lack of quantitative agreement with ex-
perimental measurements and the lack of uncertainty estimates on the data. To make regular usage of this atom-
istic simulation data, it is important to assess whether the atomistic simulation datasets, by themselves or in com-
bination with experimental measurements, result in the same physics-informed models best supported by experi-
mental measurements alone. In this work, models of aluminum thermodynamic properties are discussed using

three data sources: atomistic calculations (DFT and MD), experiments, and a combination of atomistic calcula-
tions and experiments. The study shows that, after ensuring self-consistency in predicting key invariant points,
both experimental measurements and atomistic calculations can significantly contribute to an optimal model.

1. Introduction

Atomic-scale methods such as density functional theory (DFT) and
molecular dynamics (MD) have emerged as sources of thermodynamic
property information, capable of predicting properties of phases that
are difficult to measure. In addition, DFT and MD can assist the evalua-
tion of phase stability in temperature and composition regimes where
the uncertainty of experimental measurements is high [1,2]. Further-
more, DFT and MD have recently been used to refine thermodynamic
models [3]. Despite the support for the usage of DFT and MD as tools to
estimate thermodynamic properties such as enthalpy and heat capacity
[4-11], confident selection of datasets is hampered because the uncer-
tainties are rarely reported. Some steps have been taken towards quan-
tifying uncertainties on DFT and MD data [12-15], including evalua-
tions of the relative contributions of various types of uncertainty
sources [16]. Using aluminum as an example, this study demonstrates
that atomistic simulation datasets with estimated uncertainties can be
used together with experimental measurements for developing optimal
thermodynamic models for the heat capacity and the enthalpy of mate-
rials. This approach is of significant consequence, as it allows substan-
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tial expansion of the pool of data available for evaluating thermody-
namic models or, in case of missing data, it provides a variety of av-
enues to obtain them, in addition to experiments.

Models of the heat capacity and enthalpy of a given material are de-
fined by thermodynamic principles and parametrized using available
datasets for specific materials [17]. Each dataset has its own reported
uncertainty resulting from the experimental setup and the specific
methodology. In this work, aluminum (Al) is used as an example be-
cause it is an important metal for numerous applications including the
automotive, aerospace, and manufacturing industries. For example, Al
is a critical element in commercially used alloys, either cast or 3D-
printed. Thus, evaluating the uncertainty of thermodynamic models of
pure aluminum would impact the uncertainty of alloys of aluminum,
improving the alloy design process. In this work, an optimization ap-
proach making use of Bayesian inference for thermodynamics [18-20]
and an automated weighting scheme [21] is used for developing models
that include uncertainty. Atomistic simulation datasets are used to com-
plement datasets from experimental measurements by providing more
data samples in the liquid phase using MD as well as more heat capacity
data samples for the solid phase from three different types of DFT-based
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approaches. Both atomistic simulation datasets and experimental mea-
surement datasets used in this work include estimated uncertainties.

In the past, thermodynamic models of pure aluminum have made
use of calorimetry measurements of the heat capacity [22-35] and the
enthalpy of aluminum [36], with each dataset differing in the tempera-
ture range of measurement and the respective estimated uncertainties.
There are many sources of uncertainty in the experimental measure-
ments, including heating and sample preparation methods. A full dis-
cussion is outside the scope of this work but can be found for calorime-
try in [37].

Past thermodynamic assessments [38] of calorimetry measurements
have shown that aluminum reflects the properties of a Debye solid and
that the heat capacity has both electronic and lattice contributions.
More recently, an assessment of heat capacity data for solid aluminum
for the third generation of SGTE (Scientific Group of Thermodata Eu-
rope) descriptions was made in the work of Bigdeli et al. [3] They used
an Einstein term to model the Gibbs free energy at low temperatures
and a polynomial function for high temperatures. Furthermore, Bigdeli
et al. derived a heat capacity model from the Gibbs free energy expres-
sion and demonstrated the value of atomistic simulation data in evalu-
ating the properties of superheated aluminum that collapses to the lig-
uid state. The atomistic data was obtained via ab initio molecular dy-
namics (AIMD). The inclusion of atomistic simulation data in the model
of the superheated solid overcame a kink at the solid to liquid transi-
tion that is present in past SGTE models. The past assessments [38] and
models [39] of the heat capacity of solid and liquid aluminum had been
developed using experimental measurements and did not include atom-
istic calculations because no atomistic data was available at the time.

The goal of this study is to develop a strategy to obtain the optimal
model for the heat capacity and enthalpy of aluminum in its solid and
liquid phases by using Bayesian inference with automatic weighting to
analyze more datasets than previously considered including experimen-
tal and atomistic datasets. Specifically, we show how atomistic simula-
tion data sources with estimated uncertainties can be selected for the
purpose of complementing experimental measurements by providing
more data samples at temperatures where measurements are sparse or
missing. To this end, Section 2 describes the candidate models, the
Bayesian inference approach, and the preparation of the experimental
and atomistic simulation datasets with uncertainty estimates consid-
ered in this study. Section 3 presents the optimized models, developed
by considering the datasets in the following sequence: (a) experimental
measurements alone, (b) only atomistic simulation data, and (c) a com-
parable combination of atomistic simulation data and experiments. Fi-
nally, Section 4 provides a comparison of the optimal model presented
in Section 3 with past and present assessments of aluminum thermody-
namic properties. In addition, the impact on developing similar models
for other elements and alloys is discussed.

2. Methods

All datasets generated in this work and the code that performs the
Bayesian inference are available in the supplementary information on-
line [40]. This section presents the candidate models, the Bayesian in-
ference approach to select optimal models, and the preparation of indi-
vidual datasets. Section 2.1 describes the candidate models and the
Bayesian inference approach to weight the datasets and select an opti-
mal model from the candidates. Section 2.2 presents the selection of
data points from the experimental datasets considered in this work, fol-
lowed by the DFT and MD methods to generate heat capacity and en-
thalpy data used in this work. The uncertainty in DFT and MD predicted
properties can be divided into numerical/statistical uncertainties, para-
metric uncertainty, and model uncertainty [12,15,16]. In this work,
parametric factors (for DFT) and numerical/statistical factors (for MD)
are employed to estimate the uncertainties. Uncertainty estimates on
the experimental data were made using the Guide to the Expression of
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Uncertainty in Measurement (GUM) [41]. Further, we note that these
are estimates of the uncertainties which are refined in the Bayesian in-
ference approach through automated weighting. Also, it was shown in
Paulson et al. [19] that the uncertainty estimate has limited influence
on the value of the rescaled uncertainty corresponding to the model
with the maximum likelihood.

2.1. Candidate models and application of Bayesian automated weighting

2.1.1. Candidate models

In this work, we develop thermodynamic models with uncertainty
quantification for aluminum using both heat capacity and enthalpy
datasets. For the solid, two versions of the segmented regression model
[42] for the heat capacity and enthalpy are considered as candidates:
one using the Debye model (referred as Debye-SR) to capture low tem-
perature (less than room temperature of 298.15 K) effects and the other
using the Einstein model (referred as Einstein-SR) to capture low tem-
perature effects on the heat capacity. The segmented regression model
was formulated to capture all sources (electronic, phonon, and mag-
netic) of physical effects on the temperature dependence of the heat ca-
pacity. This model has been used recently in thermodynamic modeling
to improve model agreement both with heat capacity datasets near 0 K
as well as above 298.15 K [19,21,42]. It has the following general form:
C, =CH" "+ Cppem + Cpag (2.1.a.1)
where the low temperature electronic and phonon effects on the heat
capacity are captured by the heat capacity at constant volume, Cf,"w T
the high temperature effects are captured by the bent-cable model
C, pem, and magnetic effects are captured by the last term C, 4. The
corresponding enthalpy model is determined by integrating the heat ca-
pacity with respect to temperature and referencing the enthalpy of pure
substances as 0 at room temperature (298.15 K):

T
H = Hyg 15 = /0 G, dT (2.1.a.2)

Two models are considered in this work for the low temperature ef-
fects on the heat capacity, C,L,"W T: the Debye model, and the Einstein
model:

‘LD
Dehye _ (1) x4ex dx (2133)
0 (e" = 1)?
o 3R( ) oF
C’}v;‘mslem -7 (2.1.3.4)
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where, the parameters for the Bayesian inference are ¢ and 0, which
are the Debye temperature and Einstein temperature, respectively. R is
the gas constant 8.314 J/mol.K. A previously described numerical
Simpson's integral over 100 equally spaced temperature points was em-
ployed to evaluate the Debye term [19]. The physical difference be-
tween the Debye and Einstein model lies in how the heat capacity ap-
proaches zero. In the Debye model, the heat capacity approaches zero
as a T3 power law, while in the Einstein model the heat capacity de-
creases exponentially. The Debye model was formulated using the con-
cept of phonons to describe vibration in solids, while the Einstein model
assumed atoms to be harmonic oscillators with a single frequency.

The bent-cable model in Eq. (2.1.a.1) is a polynomial model de-
signed to capture the variation in slope through the higher tempera-
tures, which is exhibited by experimental measurements and calcula-
tions and has the following form:
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bT, T<t—y
2
Cpvem =3 B1T + ﬁz”‘;’) L T—y < T<t+7, (2.1.a.5)

PT+ pp(T=y), T>t+y

where the parameters f, f,, 7, and ¥ enable the realization of three
regions of variable slope with a smooth transition between them. The
last term C, qq captures the magnetic effects on the heat capacity and
is neglected in this work because aluminum is non-magnetic. For
brevity, the following two equations will be referenced to represent
these candidate models for the solid (Debye-SR refers to Eq. (2.1.a.6)
and Einstein-SR refers to Eq. (2.1.a.7):

D

Cp, Debye—SR = CV (2136)

(2.1.a.7)

ebye
+ Cp,bcm

_ (Einstein
Cp, Einstein—SR = CV + Cp,hc‘m

For the liquid, the constant heat capacity model (Eq. (2.1.a.8)) is
compared with the linear heat capacity model (Eq. (2.1.2.9)):

G, =¢ (2.1.a.8)
C, =¢ + T, (2.1.a.9)

The present study aims to prepare the best combination of atomistic
simulation dataset sources and experimental measurements to parame-
terize these thermodynamic models for aluminum.

2.1.2. Automated weighting of datasets

The datasets are automatically weighted using a Bayesian approach
that makes use of the Multinest Monte Carlo algorithm [43] with 800
live points. This algorithm was recently applied to explore the model
parameter space for thermodynamic models of hafnium [19] and alu-
minum [21,42]. This approach performs inference for two categories of
parameters, namely, model parameters themselves (for example for De-
bye-SR in Eq. (2.1.a.6): ©p, B, p,7, v), and weights for each of the
datasets considered for a given model. The weight for a given dataset is
set as a ratio of the uncertainty estimate § to a factor a. This factor en-
ters the Bayesian inference as a Bayesian hyperparameter ¢, and deter-
mines the weight assigned to the dataset:

e=?2 (2.1.b.1)

a

This factor o determines whether a given dataset's original uncer-
tainty is scaled-up (« < 1) or scaled-down (a > 1). Scaled-up means
that the uncertainty estimate § was underestimated with respect to the
considered model, while scaled-down means that the § was overesti-
mated. The level of weighting on a dataset is discussed in terms of the
magnitude of the rescaled uncertainty. In other words, the higher the
rescaled uncertainty, the less a dataset is weighted in the model. The
prior distribution for the factor « is the exponential distribution with a
mean of 1. For each model parameter, the prior distribution is a broad
uniform distribution with a physically reasonable range informed by in-
tuition (for example, the Debye temperature and Einstein temperature
are set as positive quantities less than 700 K, and the constant term for
the liquid heat capacity is set between 0 and 100) for each parameter as
described in Paulson et al. [21] and the supplemental information [40].
The likelihood function for a given parameter set is computed for each
dataset using two Student's t-distributions with v = 2 degrees of free-
dom, one for the heat capacity error AC, and other for enthalpy error
AH, with each centered at zero, scaled to the Bayesian hyperparameter
of each dataset. The joint probability density for the likelihood function
(probability of the data given the parameters P(D|0)) is given as:
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P(D|0) =

(2.1.b.2)

v+l

-

The model evidence is computed as the logarithm of the marginal
likelihood function, and models are compared using the Bayes’ factor
(expressed as the ratio of the marginal likelihood function of two com-
peting model forms) as discussed in detail in Paulson et al [19,21,40].
To reproduce the findings of this work, the reader is referred to the sup-
plementary datasets and codebase available online [40].

2.2. Thermodynamic property datasets

2.2.1. Preparation of datasets

In this paper, the data sources are referred to in the format of
LNAyyyy (first three letters of the last name of the first author followed
by the four-digit year of publication). Experimental data sources with at
least 10 data points in the solid phase or 6 data points in the liquid
phase are chosen in this work so that as many sources of data with com-
parable amounts of data are considered. It is of interest to understand
the statistical contribution of each data source. Of these experimental
measurement data sources, heat capacity for temperatures lower than
298 K is available from MAI1934 [22], KOK1937 [23], GIA1941 [24],
HOP1962 [25], BER1968 [26], DOW1980 [27], POC1953 [28],
ROR1962 [29], and PAR1961 [30]. Above 298 K, heat capacity data is
available from HIR19551 and HIR19552 [31], SCH1970 [32],
KRA1972 [33], ZOL1990 [34], and EAS1924 [35]. In particular,
SCH1970 [32] and KRA1972 [33] report heat capacity data for liquid
aluminum in addition to solid aluminum. MCD1967 [36] is a source of
enthalpy data for both solid and liquid aluminum from calorimetry
measurements in a titanium diboride crucible from 366 K up to 1647 K.
McDonald [36] shows that data measured above 600 K has larger un-
certainty than data measured at room temperature because of the par-
tial reaction of aluminum with the crucible.

Each experimental dataset differs from the other in the number of
points available and since each data point is measured in the same way,
correlations exist within a dataset. To reduce the differing degrees of
within-dataset correlation, 10 data points are selected from each
dataset for the solid phase in the following manner: (i) if the dataset
spans the entire temperature range for the solid (0 K to 933.15 K), one
data point is selected at random from each 100 K interval of tempera-
ture from 0 K to 933.5 K, (ii) otherwise, 10 data points are chosen at
random from the available temperature range of the dataset. Similarly,
6 data points are selected for each dataset for the liquid from a tempera-
ture of 933.5 K to 1600 K. Applying this approach, the datasets
EAS1924, POC1953, and PAR1961 are not considered in this work be-
cause they have fewer than 7 data points each. ROR1962 and HOP1962
are datasets providing heat capacity data in the range of 1 K to 1.2 K.
ROR1962 provides data points over 1.17 K to 1.19 K, while HOP1962
provides data over 1.08 K to 1.19 K. With the larger range and to avoid
redundancy, HOP1962 is considered in this work and ROR1962 is not
considered.

Melting points determined by atomistic simulation methods (MD)
and experimental measurements show systematic discrepancies. To ac-
count for this discrepancy, we propose that a single melting point is
considered across all datasets. To account for the difference in melting
point between experimental datasets and MD datasets, data is excluded
from the interval Tp.E < T < TP if TE < TP and from TpE > T > TP
if ToE > T..F, where T,F and T,,® are the melting points according to ex-
periment (T,F = 933.5 K) and the MD dataset, respectively. This ap-
proach avoids the inclusion of data, at a given temperature, which is
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solid according to the interatomic potential and liquid according to ex-
perimental measurements, or vice versa. Past CALculation of PHAse Di-
agrams (CALPHAD) assessments show that certainty in the invariant
points is critical for a reliable assessment [2].

2.2.2. DFT generated heat capacity data

For the DFT data sources, a heat capacity dataset for solid aluminum
is generated in this work (and labeled as GAB2021) and also extracted
from literature (datasets labeled as GUA2019 [13], GRA2009 [44]).

For the DFT calculations in this work, the Vienna ab initio Simula-
tions Package (VASP)' [45] and its projector augmented wave method
[46] pseudopotential (version 5.4) of aluminum in the 3s? 3p! configu-
ration was employed. The plane wave cutoff of 600 eV and a I - cen-
tered Monkhorst and Pack [47] mesh corresponding to a k-points den-
sity of 8000 per reciprocal atom were used. The 2 x 2 X 2 supercell of
the 4 atom face-centered cubic (fcc) conventional cell of aluminum was
used as a basis for density functional perturbation calculations to calcu-
late the quasi-harmonic approximation (QHA) to the free energy as im-
plemented in Phonopy [48]. A volume range of -5 to 5 % with respect to
the equilibrium volume was used to calculate the phonon density of
states, and hence derive the heat capacity C, (T) under the QHA up to
the melting point of 933.5 K. To obtain the equilibrium volume, energy
minimization was performed before the density functional perturbation
calculations, wherein the total energies were converged to 106 eV and
forces to 0.01 eV/A. The uncertainty with the DFT prediction for G, (D
was estimated using the effect of the selected exchange correlation,
which has been shown in the literature to be a key source of uncertainty
for DFT computed properties [12,13] among others such as calculation
convergence parameters and approximations to the electronic structure
in form of pseudopotentials. Since heat capacity at constant pressure is
a first derivative of the enthalpy, the epistemic uncertainty due to our
choice of convergence parameter (k-point density) is considered to be
less than 1% or on the order of 0.1 J/mol.K [49]. Duong et al. [50]
showed that our choice of supercell size also causes an uncertainty on
the order of 0.1 J/mol.K. Further, uncertainty in the DFT prediction can
be a result of systematic bias due to approximations made by choosing a
single exchange correlation functional. To minimize this bias, we em-
ploy the observation in literature that shows that local density approxi-
mation (LDA) and generalized gradient approximation (GGA) function-
als are known to systematically underestimate and overestimate struc-
tural properties (such as atomic distances and cohesive energies) in
metals such as Al [51,52]. This explains the finding in the literature that
shows that the LDA and GGA bound experimental heat capacity data
[44,53] for metals such as Cu, Ni, and Al. We note this approach of us-
ing the LDA and GGA to minimize the systematic bias is not universal to
all materials, especially when both LDA and GGA overestimate or un-
derestimate structural properties. We note that the approach of Guan et
al. [13] to use the Bayesian Error Estimation Functional (BEEF) is at-
tractive for materials when sources of systematic bias due to choice of
any one functional is unknown. Using this approach to estimate uncer-
tainty, the predicted value of C, ata given temperature, Cp.prr (1), is es-
timated as the average of C, g4 (1), i.e., the DFT predicted value with
the GGA of Perdew Burke Ernzerhof (PBE) [54], and C, 1p4 (1), i.e., the
DFT predicted value with LDA parametrized by Perdew and Zunger
[55]. The associated uncertainty 9c, (T), is estimated as the ab-
solute difference between C, g4 (I) and Cp1p4 (T):

Cyprr (T) = % [Cp1pa (D + Cpi64(T)] (2.2.b.1)

1 Commercial products are identified in this paper for reference. Such identi-
fication does not imply recommendation or endorsement by the National Insti-
tute of Standards and Technology (NIST), nor does it imply that the materials or
equipment identified are necessarily the best available for the purpose.
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¢, e (1) =| Cpg6a (D) = Cprpa (1) (2.2.b.2)
The DFT data for G, (D with uncertainties described above is used
as one source of atomistic simulation data and is referred as GAB2021
in this work. In addition, two more DFT datasets [13,44] for G (T) are
extracted from the literature using the open source WebPlotDigitizer
tool [56]: (i) dataset GUA2019 corresponding to Guan et al. [13] that
made use of the Bayesian Error Estimation Functional (BEEF) in con-
junction with the Debye model to calculate C, (T) with Bayesian uncer-
tainty estimates; and (ii) GRA2009 corresponding to Grabowski et al.
[44] that made use of PBE to calculate G, (T) from free energy calcula-
tions using ab initio molecular dynamics. An uncertainty of 0.1 J/mol.K
was estimated on GRA2009 based on the tighter DFT input parameters
such as k-point density chosen in Grabowski et al [44]. Among the three
DFT datasets, GUA2019 shows larger uncertainty estimates than
GAB2021 and GRA2009, especially at temperatures more than 600 K.

2.2.3. MD generated enthalpy data

For the MD datasets, 4 interatomic potentials are used to generate
enthalpy datasets through MD simulations and considered as candi-
dates because of the large variability in predicted melting points for
aluminum [14]. In this work, we use a diverse candidate subset of 4 in-
teratomic potentials as a representative example of use cases where an
available interatomic potential is chosen for accuracy in predicting
phase transitions and mechanical properties in aluminum and its alloys.
We include interatomic potentials developed for alloys as representa-
tive of use cases where accuracy in these properties for modeling both
aluminum and its alloy phases is desired, such as for developing ther-
modynamic phase diagrams. With this aim, three candidate Embedded
Atom Method (EAM) interatomic potentials [57-59] designed for pre-
dicting properties of aluminum and its alloys are chosen from the NIST
interatomic potential repository [60] according to the accuracy of their
predicted melting points as tabulated in Zhu et al. [14]. To generate a
diverse example candidate subset, the accuracy criterion was set as
150 K of the experimentally measured melting point of 933.5 K. Specif-
ically, Sturgeon and Laird [57] was designed to correct for discrepancy
in melting point, while Mishin et al. [58] was designed for mechanical
properties of aluminum and Mishin [59] was designed for Ni-Al alloys.
Additionally, a recently developed machine learning interatomic poten-
tial for Al-Mg alloys that predicts the melting point of aluminum as
918 K [61] is considered as representative of a different fitting strategy
than the EAM potentials. We note that other potentials predict melting
points closer to the experimental value of 933.5 K as tabulated in Zhu et
al. [14]. The goal of this study, however, is to demonstrate how to
choose from a diverse candidate subset for developing a thermody-
namic property model with quantified uncertainty. Further, in this
work, we do not judge the quality of any interatomic potential but in-
troduce an approach on how to choose the one from a candidate subset
that can be most compatible with experiments to expand the data pool
available for optimizing a thermodynamic model.

The enthalpy for both the solid phase and liquid phase are deter-
mined using isothermal-isobaric molecular dynamics (NpT-MD) simula-
tions, using Large-scale Atomic/Molecular Massively Parallel Simulator
(LAMMPS) [62] with a 1 fs timestep. For the EAM potentials, a 6912
atom cell (12 x 12 x 12 supercell of the 4 atom conventional cell) of
aluminum is used following the procedure described in Becker et al [9]
. For the machine learning force field, a smaller cell (864 atom
6 X 6 X 6 supercell) is considered because of the increased computa-
tional cost. Enthalpies of both solid and liquid aluminum are deter-
mined, for each of these potentials, over the range of 200 K to 1600 K.
For each of the 4 potentials considered in this study, the block averag-
ing method of Flyvbjerg and Petersen is used to estimate the ensemble
averaged enthalpy and the associated statistical uncertainty [64,65].
This method estimates the uncertainty as the plateau of the square of
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the block-averaged uncertainty of the enthalpy over the molecular dy-
namics trajectory with respect to the reciprocal number of blocks. The
plateau corresponded to a height ranging from 1 to 25 J2/mol? for the
squared uncertainty of the enthalpy of the solid (computed for tempera-
tures 200 K to 900 K) and 80 to 120 J2/mol? for the liquid (computed
for temperatures 1000 K to 1600 K), each over a width of 4 to 8 blocks.
This approach resulted in an estimated uncertainty of 1 to 5 J/mol for
enthalpy of the solid and 9 to 11 J/mol for the liquid. Further, en-
thalpies of fusion are calculated and reported in the present study at the
melting temperatures for each potential reported in Zhu et al. [14] and
Zhang et al. [61].

3. Results

The results of this work are presented as follows: Section 3.1 pre-
sents the optimal model derived from experimental measurement

Table 1
Optimal model parameters for heat capacity model of solid aluminum ex-
pressed as mean * standard deviation.

Dataset O)(K) Ai(x 103 Pr(x 103 7(K) 7(K)

Selection J/K) J/K)

Experiments 390.3 £ 0.9 1 = 0.002 8 = 0.4 176.9 + 17.8 84 * 445
only

Atomistic 363.4 £ 57 -0.7 = 9+0.7 177.3 =16.6 102.6 = 51.5

only 0.6

Aggregated 390.2 £ 0.8 1+0.002 6 +0.3 1509 +16.7 50.8 = 40.1

Table 2
Optimal model parameters for heat capacity of liquid aluminum expressed as
mean + standard deviation.

Hagps (fmol)

Enthalpy H

Dataset Selection ¢1(J/mol.K)
Experiments only 31.2 = 4.2
Atomistic only 347 £ 0.2
Aggregated 31.1 = 0.2
w3 30} a)
K=
£ 251
=
20
=
o 15[
3 HAILG934 BER1968
2 10/ KOK1937 SCH1970
eyl Glala41 KRATSTZ
3 5l MIR19%% 1 DO 1980
o= HIR1955_2 FOL1990
k- HOP1962 Expt
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Tamneraturs (K1
36}
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g 34f
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z
@ 30F
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= 28}
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26F
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datasets alone. Section 3.2 describes the selection of atomistic simula-
tion datasets to best complement the experimental measurement
datasets by presenting optimal models derived from atomistic simula-
tion datasets alone. Finally, Section 3.3 presents the optimal model
combining experimental measurement datasets and atomistic simula-
tion datasets. In each section, the optimal model for the considered col-
lection of datasets refers to the optimal model form out of the candidate
model forms introduced in Section 2.1.1. The parameters for each of the
models presented in Sections 3.1 to 3.3 are listed in Table 1 for the solid
phase, and in Table 2 for the liquid phase. The optimal model presented
in Section 3.3 is further compared to the literature and the similarities
and differences are discussed in Section 4. Further, the differences in
weighting of datasets will be discussed in Section 4.

3.1. Optimal property model from experimental measurements

Fig. 1 shows the mean heat capacity and enthalpy for solid and liquid
aluminum for the optimal model form, when considering experimental
data sets alone. The uncertainty on the model is expressed as the
Bayesian 95% credible interval bands. The full-width of the Bayesian
95% credible interval increases from 0 J/mol.K to a maximum of 0.7 J/
mol.K close to the melting point. Owing to the increased estimated un-
certainty of data points beyond the melting point, the full-width maxi-
mum of the Bayesian 95% credible interval reaches 1 J/mol.K.

The optimal model form is selected from the candidates introduced
in Section 2.1.1 (see Eq. (2.1.a)) for each phase. For the solid, between
the Debye-SR (Eq. (2.1.a.6)) and Einstein-SR (Eq. (2.1.a.7)) models, the
Bayes’ factor (ratio of the marginal likelihood between the Debye-SR
and Einstein-SR) is on the order of 1000. This Bayes’ factor indicates a
strong preference for the Debye-SR model form when considering these
experimental measurement datasets. This is an expected result because
aluminum is known to be a Debye solid from past assessments for this
temperature range [38].

For the liquid, between the constant model (Eq. (2.1.a.8)) and linear
model (Eq. (2.1.a.9)), the Bayes’ factor (ratio of the marginal likelihood
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Fig. 1. shows the mean (a) heat capacity (zoomed in view in (c)) and (b) enthalpy (zoomed in view in (d) for solid (orange dashed dotted line) and liquid aluminum
(orange, dotted line) when considering experimental data sets alone. The Bayesian 95% credible interval bands are also shown and increase with increasing temperat-

urate.
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between the constant model and linear model) is 5. This lower Bayes’
factor indicates a weaker preference of model form between the linear
model and the constant model. Being the model with fewer parameters,
the constant model is selected. Past assessments [38] and models [39]
have used a constant value to approximate the heat capacity. Certain
datasets [32,33] had been ignored in past assessments [38] because of
their deviations from the rest of the data. In this work, samples from all
these datasets are considered. As will be discussed further in Section 4,
these datasets receive lower weights, which is essentially the choice
made in past assessments.

3.2. Selection of atomistic simulation datasets

In this subsection, we present the selection of an optimal combina-
tion of atomistic simulation datasets for complementing the experimen-
tal measurement datasets presented in the previous subsection. Four
different combinations of atomistic simulation datasets are considered.
In each combination, one enthalpy dataset from MD (STU2000 [571,
MIS1999 [58], MIS2004 [59], and ZHA2019 [61]) is combined with all
three heat capacity datasets from DFT (GRA2009 [44], GUA2019 [13],
and GAB2021 (this work)). For brevity, these models are referred as
MIS1999, STU2000, MIS2004, and ZHA2019 according to the respec-
tive MD enthalpy datasets considered in each. All three DFT datasets
are considered together in one combination because each dataset is the
result of: (i) different model assumptions for the underlying DFT
method, (ii) different approaches to calculating C,, and (iii) different
parametric uncertainty estimation approaches. GUA2019 was calcu-
lated using the Debye model and the Bayesian Error Estimation Func-
tional, while GAB2021 made use of the quasi-harmonic approximation
approach, and GRA2009 considers anharmonic and vacancy effects
through ab initio MD. The classical MD enthalpy datasets on the other
hand were computed using the same MD methodology and differ only
in the fitting approach to create each underlying interatomic potential.
To build an optimal model where atomistic simulation datasets comple-
ment experimental measurement datasets, we choose the combination
that supports the same optimal model form for both solid and liquid
aluminum.

For the solid, the Bayes’ factor (ratio of the marginal likelihood be-
tween the Debye-SR and Einstein-SR) is on the order of 1000 for all four
combinations, indicating a strong preference for the Debye-SR model.
This is the same model form preferred by the experimental measure-
ment datasets presented in Section 3.1. For the liquid, however, MIS-
1999 shows a Bayes’ factor of 5 (ratio of the marginal likelihood of lin-
ear heat capacity to constant heat capacity), while STU2000, MIS2004,
and ZHA2019 show a Bayes’ factor of 109, 2440, and 3071, respec-
tively. The low Bayes’ factor of 5 for MIS1999 indicates that there is a
weak preference for linear heat capacity. Being the simpler model with
fewer parameters, the constant heat capacity model can be selected for
the MIS1999 dataset. On the other hand, the higher Bayes’ factor for
STU2000, MIS2004, and ZHA2019 indicate that there is a strong prefer-
ence for the linear heat capacity.

The difference in preferred model form may be associated with dif-
ferences in how the liquids are represented by the interatomic potential
models. For example, although STU2000 predicts a melting point close
to experiment, it was not fit directly to properties of the liquid. More-
over, interatomic potentials may be optimized to reproduce properties
of alloys and not only the elements, such as MIS2004 and ZHA2019.
Fig. 2 compares the optimal heat capacity and enthalpy model forms for
solid and liquid aluminum for the four combinations of atomistic simu-
lation datasets. Comparing Fig. 2 (a, b) with (e, f) shows that the differ-
ence between MIS1999 and MIS2004 is large, especially in the liquid
phase; MIS2004 was optimized for the Ni-Al alloy properties. On the
other hand, comparing Fig. 2 (a, b) with (g, h) shows a smaller differ-
ence between MIS1999 and ZHA2019. ZHA2019 was fitted to some lig-
uid phase configurations.
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Fig. 3 additionally shows all atomistic simulation datasets consid-
ered in this work for each of the DFT computed heat capacity and the
MD computed enthalpies. The major difference between various MD
datasets resides in the published melting points [14] as tabulated in
Table 3. Enthalpies of fusion are calculated and reported in the present
study. Despite the discrepancy in melting point and differences in pre-
ferred model form, Fig. 3 shows that the different MD datasets agree
with each other. This can be explained by the discrepancies in both the
enthalpy of fusion and the melting point, partially canceling each other
out. While the accuracy in melting point (in general phase transition
point) is a reasonable criterion to select an interatomic potential for
modeling the liquid phase (in general the phase after phase transition
point on heating), it is not a sufficient criterion and additional checks
are recommended. For material systems where the model form for the
phase is well established, such as aluminum, checking whether the
atomistic simulations support the same model form as the experimen-
tal measurement datasets is recommended before making use of the in-
teratomic potential to model the phase. Hence, the model derived
based on MIS1999 is selected to complement the experimental mea-
surements from Section 3.1 towards building an aggregated model that
considers both experimental measurement datasets and atomistic sim-
ulation datasets.

3.3. Complementing the experimentally derived model with atomistic
simulation datasets

Fig. 4 presents the optimal model when the atomistic simulation
datasets GUA2019, GAB2021, GRA2009, and MIS1999 are used to-
gether with the experimental measurements described in Section 3.1.
This model is referred henceforth as the aggregated model. Further,
Fig. 4 compares the aggregated model (green) with the models pre-
sented in Section 3.1 (orange, referred as experimental in text, and
Expt. in the figure) and 3.2 (blue, referred as atomistic in text, and
Atom. in the figure). Each model has an associated uncertainty de-
scribed by the Bayesian 95% credible interval. The full-width of the
Bayesian 95% credible interval is at most 1 J/mol.K for the experimen-
tal model, and 0.9 J/mol.K for the atomistic model and the aggregated
model. The three models agree within the Bayesian 95% credible inter-
val up to 400 K and then the aggregated model and atomistic model de-
viate by up to 3 J/molK from the experimental model presented in
Section 3.1. Compared with the experimental model, the Bayesian 95%
credible interval of the aggregated model is smaller, indicating a reduc-
tion in the overall model uncertainty. Furthermore, for the solid, the
Debye-SR model form is once again preferred with a Bayes’ factor on
the order of 1000 with respect to the Einstein-SR model. For the liquid,
the Bayes’ factor (ratio of marginal likelihood of the linear heat capac-
ity to the constant heat capacity) is approximately unity. This once
again indicates a weak preference to linear heat capacity, and hence,
being the simpler model, the constant heat capacity is selected.

Tables 2 and 3 show the differences in model parameters for the
solid and liquid phase, respectively. For the solid, the Debye tempera-
ture is predicted to be 390 K when the model is developed from only
experimental data or a combination of experimental data and atomistic
data. This is in good agreement with a Debye temperature of 390 K at
298 K, which was obtained from the derivation of experimental ther-
mal conductivity data [67]. The Debye temperature is predicted to be
366 K when only atomistic datasets are included. The underestimation
of the Debye temperature can be explained by the difference in phonon
density of states between what can be measured and what is calcu-
lated. In the liquid phase, the atomistic model predicts a heat capacity
higher than the aggregated model by 2 J/mol.K.

Fig. 5 compares the original uncertainty estimate and rescaled un-
certainty on each dataset in terms of the mean uncertainty and the as-
sociated Bayesian 95% credible interval for the experimental model
(orange), atomistic model (blue), and for the aggregated model
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Fig. 2. shows the mean heat capacity model (left column: a, c, e, g) and enthalpy model (right column: b, d, f, h) for solid (blue, dashed dotted line) and liquid
(blue, dotted line) aluminum when considering DFT heat capacity datasets with one MD dataset each, i.e, (a,b) MIS1999, (c,d) STU2000, (e, f) MIS2004, and (g,h)

ZHA2019. The constant heat capacity model is preferred by the model developed using MIS1999.

(green) described in this section. A lower rescaled uncertainty indi-
cates a higher weight for the dataset, in each model. A complete tabu-
lation of the Bayesian rescaling factor in addition to the rescaled un-
certainties shown in Fig. 5 (their respective mean, 2.5th and 97.5th
percentiles) is available in the supplemental spreadsheet under the
sub-sheets “Cp_solid”, “Cp_liquid”, “H_solid”, and “H_liquid” for the re-
spective parts of each model. Among heat capacity datasets in the low
temperature region of less than 10 K, the datasets HOP1962,
KOK1937, and BER1968 have estimated uncertainties on the order of
10-% J/mol.K and hence do not show on the plotting scale of Fig. 5.
Upon rescaling the uncertainty, the supplementary spreadsheet “Cp_-

solid” shows that HOP1962 is weighted the most among HOP1962,
KOK1937, and BER1968 in both the aggregated model as well as the
experimental model. In the higher temperature region for the solid,
that is, greater than 10 K, the supplementary spreadsheet shows that
DOW1980 has the lowest rescaled uncertainty for both the experimen-
tal and aggregated models and is hence weighted the most. For the
solid phase, all heat capacity experimental measurement datasets
show rescaled uncertainty less than 1 J/mol.K. All the atomistic simu-
lation heat capacity datasets, that is, GUA2019, GRA2009 and
GAB2021 also show rescaled uncertainties of less than 1 J/mol.K. For
the liquid phase, SCH1970 shows the highest rescaled uncertainty of 2
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Fig. 3. Data with uncertainty from atomistic simulations in this work and oth-
ers from literature. a) Estimation of uncertainty in Heat Capacity (C,) from
DFT PBE and LDA calculations (DFT-this work, is dataset GAB2021 in blue)
compared with b) SGTE function (in orange, circles) and C, from other DFT
work: DFT-BEEF (is dataset GUA2019 in green) and DFT-MD (is dataset
GRA2009 in black). Uncertainty estimates range from 0.5 J/mol.K to 2 J/
mol.K. ¢) Enthalpy (H) derived from MD simulations, with 4 different inter-
atomic potentials compared with NIST-JANAF (black) [66], and an assessment
by HSC Chemistry (red). Vertical lines represent the melting points (T,™P) pre-
dicted by each potential or model. Experimental melting point is
T = 933.5 K. To account for this difference in melting point, data is ex-
cluded from the interval TpE < T < TP if T.F < TpP and from T.E > T >
T’ if T > TP Uncertainty estimates are between 1 and 10 J/mol.

Table 3
Heat of fusion and melting temperature of aluminum from atomistic simula-
tions using different interatomic potentials.

Interatomic Potential Heat of Fusion (kJ/mol) Melting Temperature (K)

MIS1999 [57] 9.76 1043.0
STU2000 [58] 9.33 932.5
MIS2004 [59] 9.01 871.0
ZHA2019 [61] 10.2 918.0
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J/mol.K and is hence weighted the least. Among the enthalpy datasets,
the mean rescaled uncertainty of the atomistic simulation dataset MIS-
1999 in the aggregated model is 2000 J/mol in the liquid phase, and
500 J/mol in the solid phase. The experimental measurement enthalpy
dataset MCD1967 shows a maximum rescaled uncertainty of 100 J/
mol in the aggregated model. Together, the supplementary spread-
sheets and Fig. 5 show that although the atomistic simulation datasets
are initially underestimated in their uncertainties, their rescaled un-
certainties are within one order of magnitude as the experimental
measurement datasets.

4. Discussion

The aggregated model derived in Section 3 is now compared in Fig.
6 with models published by the past assessment by Desai [38], an as-
sessment generated by a commercial assessment software HSC Chem-
istry [68], and the 1991 SGTE function [39]. HSC Chemistry makes use
of the thermodynamic databases and optimizes thermodynamic prop-
erty models. For the case of aluminum, the HSC evaluation is based on
the thermodynamic data for the solid from Burcat and Ruscic [69] and
the liquid data from Burcat and Ruscic [69], Knacke et al.[70], and
Belov et al.[71] The 1991 SGTE function was adopted in many commer-
cial thermodynamic databases such as those distributed by Thermo-
Calc [72]. The model developed in this work agrees within 3 J/mol.K
over the temperature range of 300 K to 1600 K with all these consid-
ered assessments. Both the models from HSC chemistry and the SGTE
function are plotted from 300 K and above because the model form is
not meant to extrapolate to 0 K. The model in this work deviates more
than 2 J/mol.K above 600 K from the assessment by Desai and HSC
Chemistry, but is within 1 J/mol.K of the SGTE function across the com-
plete temperature range considered. We attribute these differences to
two factors: first, the increased number of data sources considered in
this work, i.e., inclusion of DFT and MD data, compared to Desai, HSC
Chemistry, and SGTE; and second, the increased uncertainty in heat ca-
pacity measurements above 600 K. The maximum deviation near the
melting point is likely because the melting point is a point of disconti-
nuity in the enthalpy of a pure substance. Hence, the derivative of en-
thalpy (heat capacity) goes to infinity or is at best undefined at the
melting point. Further, it is likely that as measurements are made closer
to the melting point, the measured heat capacity increases because of
the increase in vacancies in aluminum. Furthermore, there is an in-
creasing uncertainty of the measurement technique, for example, be-
cause of reaction of aluminum with the crucible at temperatures close
to the melting point [36].

This work sought to examine the statistical contribution of all data
sources to the model, correcting for the bias from differences in num-
bers of observations per dataset as well as differences in predicted in-
variant points. We also note that the aggregated model makes use of
datasets which were excluded from past assessments as outliers because
of deviations of more than 5 % with respect to the most trusted datasets
at the time Desai made the assessment, such as KRA1972 and SCH1970.
Nonetheless, these datasets receive low weights in the Bayesian ap-
proach, but still contribute to a more refined estimate of the heat capac-
ity of liquid aluminum with uncertainty. The atomistic simulation
datasets statistically contribute more in the solid phase than in the lig-
uid phase. Choice of appropriate atomistic simulation datasets in com-
bination with experimental measurements supports the same model
form supported by experimental measurements alone. In addition, in-
clusion of the atomistic simulation datasets provides more data and re-
duces the uncertainty of the overall optimal model for the range of 0 to
1600 K. We note that inclusion of an interatomic potential that is opti-
mized with liquid phase properties may receive a larger weight than the
presently considered interatomic potentials. Furthermore, although the
constant heat capacity model is preferred by experimental datasets for
aluminum, a non-constant model for the heat capacity of the liquid
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scription in terms of (a) the predicted values and (b) the deviations, showing that agreement is within 3 J/mol.K.

phase is possible in materials such as found in the work of Becker et al.
[9]. We also note that, in general, systematic bias can be caused by
choosing a particular physics-based model for modeling the system be-
cause of the possibility of missing physics in the model. This can be
remedied by modeling the bias as a Gaussian, such as been done for
other models using Bayesian inference [73]. Although this was not per-
formed in this work, segmented regression was chosen because litera-
ture shows that it captures all known physical effects on the heat capac-
ity for aluminum [42], namely, both electronic and phonon contribu-
tions to the heat capacity at both low and high temperatures.

5. Conclusions

This study demonstrates that the inclusion of atomistic simulation
data along with experimental measurements for the heat capacity and
enthalpy of aluminum can support and improve the model forms used
for the analysis of experimental datasets. The three models (experimen-
tal, atomistic and aggregated) agree within the Bayesian 95% credible
interval up to 400 K and then the aggregated model and atomistic
model deviate by less than 3 J/mol.K from the experimental model. The
maximum full-width of the Bayesian 95% credible interval is 1 J/mol.K
for the experimental model and is reduced to 0.9 J/mol.K for the aggre-
gated model. When considered alone, certain atomistic simulation data
can result in qualitatively different models compared to the experimen-
tal ones. Nevertheless, estimating and evaluating uncertainties allows
for reliable selection of the optimal model. Moreover, the atomistic cal-
culation results complement experimental measurements by providing
data in regions of temperature and composition domains that are diffi-
cult to measure. In addition, the approach provides more data for
model optimization, which results in models that are more reliable and
predictable by providing quantified uncertainty.
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