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1 Introduction and summary

1.1 Introduction

The first example of the AdSs/CFT, correspondence [1] was obtained by studying type
1IB string theory in the near-horizon geometry of a system of n fivebranes wrapped around
St x My, with My = T or K3, and p strings wrapped around the S'. Both types of branes
were taken to be localized on the transverse R*. The resulting geometry is

AdS3 x S* x My (1.1)

with a non-zero field strength for a B field. In the D1-D5 case, this B field is the (R,R)
one, while for the NS5-F1 system it is the (NS,NS) B-field.

In the latter case, which we will focus on in this paper, the worldsheet theory (1.1)
is exactly solvable. The AdSj is described in this case by a supersymmetric sigma model
with SL(2,R);, x SL(2,R)g affine Lie algebra symmetry, while the S? is described by the
supersymmetric SU(2) WZW model. The (total) level of the SU(2) current algebra is equal
to the number of fivebranes, n. The level of SL(2,R), k, is determined by the consistency
conditions of string theory, and is also equal to n.

When the number of fivebranes is large, both the AdSs; and S? are weakly curved. In
particular, the radius of curvature of the AdSs is given by

Raas = Vs, (1.2)

i.e. Ryqs > U for large k(= n). Thus, for many purposes, the supergravity approximation
to string theory is a good one. On the other hand, when the number of fivebranes is of
order one, the radius of curvature of AdSs (and that of S?) is of order £;, and one has to
use the full power of string theory to study the resulting background (1.1).

The construction of [1] can be generalized to systems of curved NS5-branes, wrapping
a cycle in a curved manifold. As we review in section 2, a large class of such constructions



leads to backgrounds of the form!
AdS3 x St x M., (1.3)

where M is a compact CFT. For backgrounds that are (2,2) superconformal in spacetime,
M is typically an N = 2 superconformal theory. The background (1.1) is a special case of
this construction, with M = %(12)) X My.

The level k of the SL(2,R) current algebra, and thus the radius of curvature of
AdSs (1.2), is determined by the properties of the compact CF'T M, in particular its central
charge. Infinite sets of examples have been constructed, both with k that is arbitrarily
large, and with & of order one; see e.g. [2, 3]. The level k is in general non-integer, though
it is generally rational in these constructions.

It was pointed out in [4] that models with & < 1 (i.e. Raqs < ¥, (1.2)) are qualitatively
different from those with k& > 1 (Raqs > {¢s). For k > 1, the spacetime CFT has a
normalizable SL(2,R) invariant vacuum, and the high energy spectrum is dominated by
BTZ black holes [5].2 On the other hand, for k < 1, neither the SL(2,R) invariant vacuum
nor the black holes are in the spectrum, and the high energy spectrum is that of perturbative
strings in the background (1.3).

As discussed in [4], this phenomenon is related to the string/black hole correspondence
of [7], which connects the description of highly excited states in string theory as black holes
to the description of highly excited states in perturbative string theory. Many black holes
have the property that the curvature at their horizon decreases with increasing mass, thus
making a geometric picture more reliable. Conversely, as the black hole mass decreases, £
corrections near the horizon grow, and the geometric picture becomes less reliable.

When the string frame curvature at the horizon reaches the string scale, the effective
description changes to that in terms of a perturbative gas of strings and/or D-branes. This
transition happens in the vicinity of a particular mass (known as the correspondence point),
and is believed to be smooth. In particular, at the correspondence point, the black hole and
perturbative string entropies match, up to numerical coefficients independent of various
parameters, such as the string coupling and charges carried by the states in question.

For black holes in anti de Sitter spacetime the situation is different. The horizon
curvature of large black holes is approximately (and for AdSs exactly) constant, set by
the cosmological constant, and so the correspondence transition affects the asymptotic
spectrum, in contrast to flat spacetime, where for sufficiently high energies the spectrum is
always dominated by black holes.

It was proposed in [4] that the analog of the string/black hole correspondence of [7]
in AdS3 happens as a function of k, or the value of the cosmological constant in string
units (1.2) (and for linear dilaton backgrounds, as a function of the slope Q = /2/k).
It was argued that from the perspective of [7] it is natural to have a string/black hole
transition at k ~ 1.

!The background (1.3) involves in general an orbifold of S* x M, which we suppress here.
2These two properties are related by modular invariance of the torus partiton sum and unitarity of the
spacetime CFT [6].



Despite the similarities, there are a number of important differences between the
discussions of [7] and [4]. One is that changing k corresponds to changing the theory, since
k is determined by the choice of compact CFT M in (1.3). A second difference is that
while the transition of [7] is expected to be smooth (though see [8] for a recent discussion),
that of [4] is sharp. Also, while some of the order one coefficients in the correspondence
of [7] cannot be computed, since they involve non-perturbative gs effects, in AdSs one can
calculate them since they have to do with classical string physics (i.e. ¢4 effects).

In a separate development, the spectrum of perturbative string states in AdSs; was
studied in [9]. It was shown there that it contains, in addition to normalizable states
that are analogous to those familiar from higher dimensional AdS spaces, a continuum of
delta-function normalizable states that describe strings winding w times about the spatial
circle and carrying arbitrary radial momentum. We will refer to these states as long strings.

The spectrum of spacetime scaling dimensions of long strings in the background (1.3) is
known to fall into a symmetric product structure [4, 10] (see [11] for a recent discussion and
further references). In particular, states with winding one are in one-to-one correspondence
with delta-function normalizable states in the CF'T

Ry x S x M, (1.4)

where Ry, is a linear dilaton CFT with slope

Q=0-ky/2. (15)

normalized such that the central charge is ¢y = 1 + 3Q7. The theory (1.4) was studied
in [12], where it was shown to be the effective theory on a long string. States with larger
winding have scaling dimensions that coincide with those of twisted sectors of a symmetric
product CFT, with building block (1.4).

The implications of these observations for the structure of the spacetime CFT are
different for the two cases k < 1 and k& > 1. For k > 1 (e.g. the original backgrounds (1.1)
of [1]), Q¢ in (1.5) is negative. Thus, as ¢ — oo, i.e. as the long string approaches the
boundary of AdSs, the string coupling for the long strings gs ~ exp(—%Qggb) diverges, and
the description in terms of a symmetric product of (1.4) fails. It also fails as ¢ — —o0, since
this is the region in the middle of AdSs, where the string is not long. Thus, for k£ > 1 one
expects the description (1.4) to only hold in a finite region of the radial direction of AdSs.

For k < 1, on the other hand, @, (1.5) is positive, and the region near the boundary of
AdS3 is weakly coupled, both on the worldsheet and in spacetime. Thus, in that case the
description of the spacetime CFT as a theory that asymptotes at large ¢ to the symmetric
product of (1.4) makes sense. In this paper we will propose that it indeed is such a theory.

The notion of a CFT that asymptotes to a linear dilaton one may be unfamiliar to
some readers, so we next illustrate it in a hopefully more familiar context. Suppose we

3The authors of [9] also constructed normalizable states corresponding to strings winding around the
boundary circle. These states will play a role below, but from the perspective of our paper they do not
correspond to long strings in our usage of the term, as we will explain.
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Figure 1. A sigma-model that approaches R, x S! at large positive ¢ can be regularized (a) by
adding a bosonic or N = 1 supersymmetric Liouville potential that grows as ¢ — —oo (the blue
shading indicates the height of the potential), or (b) by viewing Ry X S! as the large ¢ region of a
bosonic or supersymmetric S%((zl’)R ) (S)CFT. In both cases, the field ¢ is prevented from accessing

the strongly coupled region at ¢ = —oo by a “wall”, and the resulting (S)CFT is non-singular.

are given a CFT which describes two scalar fields that live on Ry x S! and two fermions,
where Ry has a linear dilaton of slope . If the theory is precisely that, all correlation
functions on a given genus Riemann surface are singular, and a given correlation function
becomes more and more singular as the genus increases. The origin of these divergences is
the region in Ry in which gy ~ exp(—%@qﬁ) — o0o. For positive dilaton slope @, this is the
region ¢ — —o0, and vice versa.

Nevertheless, there are a number of well behaved CFT’s that look (for positive Q) like
the above in the weak coupling region ¢ — co. For example, one may replace the singular
Ry factor by Liouville theory, where a potential prevents the field ¢ from exploring the
region ¢ — —oo (see e.g. [13] for a discussion). Or, one can combine the R4 with one of
the two fermions and form an N = 1 Liouville background. These two backgrounds are
qualitatively depicted by the geometry in figure 1a.

Two other backgrounds with similar properties are obtained by combining Ry, with
S! and forming the bosonic or superconformal % CFT. These can be viewed as
sigma models on a cigar [14-17], depicted in figure 1b, with a non-zero condensate of the
Sine-Liouville or N = 2 Liouville operator [18-21].

All these theories look at large positive ¢ like a sigma-model on Ry x S!, with a “wall”
at finite ¢, preventing this field from exploring the strong coupling region ¢ — —oo. The
wall is different in each case,? but for some purposes its precise features are unimportant.
In particular, all four models exhibit a continuum of delta-function normalizable states
above a gap éQQ set by the asymptotic slope of the dilaton. The associated delta-function
normalizable operators behave as ¢ — oo like

Vs ~ eP?, (1.6)

with g = —% + ¢p. The momentum p can be positive or negative, describing outgoing and
incoming waves. The presence of the wall implies that the two are not independent — if
one sends in a wave with some particular p, a wave whose precise properties depend on the

4In particular, while in the backgrounds of figure la winding around the circle is conserved, in those of
figure 1b it isn’t.



structure of the wall will come back. However, the fact that an operator with asymptotic
behavior (1.6) exists for all p < 0, and has a dimension that can be read off at infinity, is
insensitive to the precise structure of the wall but only to its presence, and in particular is
the same for all four models described above.

Another class of operators for which the above comments apply is non-normalizable
operators, which behave like (1.6) with 8 real and 3 > —%. Such operators play an important
role in Liouville theory [22, 23], as well as backgrounds that involve the (supersymmetric)
S%((QSR ) CFT’s [24-26]. One can think of them as obtained by analytic continuation in g
from the delta-function normalizable ones.

In contrast to the discussion above, the spectrum of normalizable states in asymptotically
linear dilaton theories depends strongly on the structure of the wall. For example, if one
regulates the strong coupling singularity above by a Liouville or N = 1 Liouville wall,
the resulting theory does not have any normalizable states (essentially because quantum
mechanics in an exponential potential does not have any bound states). For the other

two choices of wall, which give rise to the bosonic and supersymmetric S%(é’;R ) models,

respectively, the CFT does contain normalizable states, corresponding to principal discrete
series states in the underlying SL(2,R) WZW model. The spectrum of these states is
different in the two cases.

The general conclusion from the above discussion is that non-singular CFT’s that
asymptote to linear dilaton models at large ¢ have a sector that can be analyzed without
specifying the precise structure of the wall, namely the spectrum of delta-function normaliz-
able and non-normalizable operators, that behave like exp(8¢) with § = —% + ip, and real
8> —%, respectively. Other observables, such as the spectrum of normalizable operators
as well as correlation functions of non-normalizable and delta-function normalizable ones,
do depend on the precise structure of the wall.

Note that in the conformal field theories described above, the two asymptotic regions
¢ — doo are treated asymmetrically. Operators are specified in the “weak coupling”
asymptotic region of ¢-space, and the wall prevents the theory from exploring the other,
“strong coupling” one. This is true despite the fact that we are dealing with CF'T’s rather
than string theories, so the notion of coupling need not make sense, since there is no a
priori reason for considering different genera, or summing over them.

1.2 Summary

The comments in the previous subsection motivate us to study AdSs/CFT, in the regime
k% = Raqs/ls < 1. The absence of BTZ black holes in the spectrum suggests the possibility
that the theory may be under more quantitative control in this case, since one does not
have to resolve issues associated to black hole microstate structure. This expectation is
further reinforced by the behavior of the linear dilaton @y (1.5), which suggests that for
k < 1, fundamental strings are the right degrees of freedom for describing the dynamics at
all energies [4].
In this paper we show that this expectation is realized. In particular, we show that
type II string theory on
AdSs x SP, (1.7)
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Figure 2. Cartoon of the deformed symmetric orbifold for p = 4. The coordinate ¢ increases radially
outward from the center of the figure. There are different asymptotic limits ¢ — oo corresponding
to the different ways of partitioning long string winding, or equivalently according to the conjugacy
classes of the symmetric group S4. At finite ¢, one loses the symmetric product structure, where
the “wall” interconnects the different winding sectors. More precisely, such effects occur at any ¢,
but their effects are decaying exponentially as ¢ increases.

where Sg’ is a squashed three-sphere, described by a certain exactly solvable worldsheet
CF'T, is dual to a spacetime CFT which has the structure

(Ry x82)" /5, (1.8)
at large positive ¢. Here ¢ is a free field with a linear dilaton Q, (1.5) with k = 27,
n=2,3,..., and ¢ — oo is the weak coupling limit in the sense discussed in the previ-

ous subsection.

The full spacetime CFT is described by the symmetric product (1.8) deformed by
an operator in the Zs twisted sector of the symmetric product. The deforming operator,
which we construct in section 7, decays exponentially at large positive ¢. Therefore, in that
region its effects on the physics can be neglected, and the symmetric product structure (1.8)
provides a good description.

Conversely, this operator grows exponentially as ¢ decreases. Hence, it has a large
effect on the physics at finite ¢. In particular, the deformation introduces interactions
among the constituent factors of the symmetric product (1.8), and provides a wall that
keeps the field ¢ away from the strong coupling region ¢ — —oo. A cartoon of the resulting
geometry is sketched in figure 2.

As in other examples of asymptotically linear dilaton backgrounds mentioned above,
the coefficient multiplying the deforming operator in the spacetime Lagrangian is not a
parameter in the theory — it can be rescaled by a shift of ¢ (this is known as KPZ scaling
in Liouville theory [27, 28]). The deformation can be thought of as introducing a scale
¢*, such that physical observables that are dominated by the region ¢ > ¢* are governed
by the symmetric product (1.8), while those that are centered in the region ¢ < ¢* are
sensitive to the deformation. As mentioned above, an example of the former is the scaling



dimensions of delta-function normalizable and non-normalizable operators; examples of the
latter are the spectrum of normalizable operators and correlation functions in the deformed
symmetric product.

The scale ¢* itself is arbitrary, due to the aforementioned shift symmetry ¢ — ¢+ const.
This is analogous to the phenomenon of dimensional transmutation in asymptotically free
quantum field theory, where a marginally relevant coupling is replaced in the quantum
theory by an energy scale, above which the theory is free, and below which it is interacting.
In our case, the analog of the energy scale is position in ¢, the analog of the high energy
regime is ¢ — oo, and the analog of the free theory at high energy is the symmetric
product (1.8), that describes the dynamics at large ¢. Since the symmetric product CFT is
known to describe the kinematics of free strings [29, 30], we may refer to the CFT (1.8),
and thus also to the dual AdS background (1.7), as asymptotically free.

We derive the duality between (1.7) and the deformed version of (1.8) by a systematic
analysis of the worldsheet theory. In the bulk description (1.7), an important role is played
by the sectors with non-zero winding, studied in [9]. Thus, after introducing type 0 and
type II string theory on the background (1.7), in sections 3 and 5, respectively, we focus in
sections 4, 6 on the spectrum of delta-function normalizable and non-normalizable operators
in these sectors of the respective theories. These operators are insensitive to the deforming
operator in the boundary theory, and thus can be mapped directly to the symmetric
product (1.8).

We show that for winding one in AdSs, the spectrum of delta-function normalizable
and non-normalizable operators is in one-to-one correspondence with the spectrum of such
operators in the building block of the symmetric product (1.8). We match both the scaling
dimensions of these operators in the spacetime CFT, and their wavefunctions in the radial
(¢) direction.

We also match single string operators with winding larger than one in AdSs with
operators in the Z,, twisted sectors of the symmetric product orbifold (1.8). This involves
in particular matching the radial coordinate of a string with winding w in AdSs, and the
center of mass location of an operator in the Z,, twisted sector of the symmetric orbifold.

One of the interesting aspects of our construction is the appearance, in the AdSs
analysis, of a large number of dimension (7, 0) non-normalizable operators. In the symmetric
product description (1.8), they correspond to holomorphic operators in the building block
of the symmetric product, such as 8¢ and its superpartner 14, the U(1), current in S, the
supercurrent and stress tensor of S, as well as various products of these operators.

From the perspective of the spacetime theory, we expect such operators to be holomor-
phic in the region of ¢ space that is well described by the symmetric product (1.8). We
also expect their holomorphy to be violated in the region in ¢ where the deformation by
the Zg twisted operator becomes significant.

Interestingly, the AdS3 analysis precisely reproduces these expectations. Through that
analysis, we find that the above operators are holomorphic at the level of non-normalizable
operators, but their holomorphy is violated by a contribution from a normalizable operator
in the background (1.7). Thus, the structure in the bulk theory is precisely what one would
expect from the perspective of the deformed symmetric product structure of the spacetime



CFT. In fact, by using this construction we can determine the deforming operator in the
spacetime CFT from the AdS analysis, which is how we arrive at its form as a particular
normalizable operator in the Zy twisted sector of the orbifold (1.8).

The duality described in this paper has some uncommon features in the zoo of known
holographic dualities. One is that, in the sense outlined above and described in detail
in subsequent sections, the form of the spacetime CFT is derived from an analysis of
the worldsheet one. The second is that in this case, both sides of the duality are under
good control.

In the bulk description this is due to the fact that string theory on AdSs; with NS
B-field can be studied precisely (at weak string coupling), even in regions where R4q4g is of
the order of the string scale, which is the case for the backgrounds (1.7). Furthermore, the
absence of BTZ black holes suggests that the physics is visible in a weakly coupled regime
amenable to perturbative analysis.

In the boundary theory, it is due to the fact that while the full (deformed symmetric
product (1.8)) theory is not weakly coupled, it approaches a weakly coupled theory in a
region of field space (large positive ¢), and thus is expected to be under similar analytic
control to other asymptotically linear dilaton theories, such as the ones mentioned in the
previous subsection.

2 Review of prior results

In this section we review some results from previous work that will play a role in our
discussion below. We start by describing the class of backgrounds that we will study, and
the way they appear in string theory.

2.1 Fivebranes, strings and Calabi-Yau singularities

As discussed in section 1, the AdS3 vacua (1.1) (with NS B-field) are obtained by adding
to a system of n > 2 NS5-branes a large number, p, of fundamental strings. Before adding
the strings, the decoupling limit g, — 0 of the fivebranes has the geometry [31]

R xRy x S?, (2.1)

where R>! is the 5+ 1 dimensional submanifold that the fivebranes are stretched along, and
Ry x S3 describes the space transverse to the fivebranes in spherical coordinates. The radial
direction ¢ in that transverse space is described by a linear dilaton CFT, R, with slope

a=1/2. (22)

and the S is described by a level n supersymmetric SU(2) WZW model. As a check, the
total worldsheet central charge is given by

c:6+(1+3Q2)+<3—g)+10é:15, (2.3)

where the first three terms come from the bosonic fields on R>!, Ry and S3, respectively,
while the last term is due to the ten free NSR fermions. Note also that in (2.1) we took



the fivebranes to wrap R°, while in section 1.1 we took them to wrap a compact space,
Sl X M4.

An alternative point of view on the background (2.1) starts with string propagation on
R>! x ALE,,, where ALE,, is an ADE surface singularity. For instance, the A,,_; singularity”
has an algebraic description as the hypersurface

N4 2+22=0 (2.4)

in C3, which describes a non-compact cone when n > 2. The sigma-model on the cone (2.4)
has moduli corresponding to the flux of the NS B-field through the vanishing cycles of the
cone. The description (2.1) corresponds to the case where these fluxes are set to zero (see
for example [33-36]).

The background (2.1) has the property that the string coupling goes to zero as ¢ — oc.
One can think of this region as the boundary in a holographic theory, known as Little String
Theory (LST) [24-26]. As ¢ — —oo the string coupling diverges, which means that the
description (2.1) is not useful there.

There are a number of ways to understand and mitigate this singularity, one of which is
to compactify R® to S! x T4, and add to the geometry (2.1) p fundamental strings wrapped
around S! and localized inside the fivebranes at large negative ¢. The presence of the
strings stops the string coupling from growing beyond a value of order g2 ~ nVys/p. In the
limit p — oo with n, Vqs held fixed, the resulting string background (1.1) is weakly coupled.
From the perspective of the high energy theory, this geometry describes a state in LST
that contains p strings wrapped around a circle inside the fivebranes. From the low energy
perspective it describes a two dimensional CFT.

The crossover between the regime where the geometry is described by a linear dilaton
spacetime R, x S' x Ry x S* x My and the one where it is described by (1.1) is set by
the ratio of the radius of the circle wrapped by the strings and the string length, Rg:i//s.
The AdS3 limit sends this ratio to infinity. For finite values of this ratio, one can think
of the resulting background as describing an irrelevant deformation of the corresponding
(spacetime) CFT, that will be discussed in section 8.6.

The above construction can be generalized to describe singularities of Calabi-Yau (CY)
manifolds and fivebranes wrapped around non-trivial cycles. A more detailed discussion of
this construction appears in [3]; here, we will give a few examples of classes of backgrounds
that include the one we will focus on in this paper.

A natural generalization replaces the ADE surface singularity (2.4) by a noncompact
CY threefold singularity described locally by an equation in C?,

N2 +22422=0 (2.5)

5The discussion here and below can be generalized to D and E series singularities. In the geometric
description, this involves replacing (2.4) by the corresponding D or E series expression. In terms of (2.1) it
corresponds to different choices of modular invariant for the WZW model on S®, which is known to have an
ADE classification [32].



with n =2,3,---. As discussed in [3], in the decoupling limit of the conical singularity (2.5),
string theory on R*! x CY is described by

R x Ry x (S' x LGy)/Zy, (2.6)

SU(2 .
Ugli" ), which

can be described in terms of a chiral worldsheet superfield Z; with superpotential

where LG, is the N = 2 minimal model (the supersymmetric coset model

W =27, (2.7)

and the S' is labeled by a coordinate Y. We will discuss the radius of Y in later sections.
As mentioned in section 1 (see footnote 1), there is a Z,, orbifold acting on S' x LG,,, which
can be read off the GSO projection [3].

The slope of the linear dilaton @ can be computed by generalizing (2.3) to this case. It
is convenient to parametrize it in terms of a “level” k, related to @) by

Q= \/z . (2.8)

1 1 1 2n
I — k= . 2.9
k n 2 n—+ 2 (2.9)

For 2 < n < oo, k takes values in the finite range 1 < k < 2.

One finds

Comments:

1) One can heuristically think of the background (2.6) as a description of the cone (2.5) as
follows. The polynomial (2.5) is quasi-homogeneous, i.e. it goes to a multiple of itself
1

under the transformation z; — A" z;, with A an arbitrary complex number, r; = n and
ri = 2 for ¢ = 2,3,4. The infinite cylinder labeled by (¢,Y") in (2.6) can be thought of
as describing In A\, while the Landau-Ginsburg model (2.7) describes the surface (2.5),
viewed as a surface in weighted projective space.

2) Just as in the ALE case, the above construction can be alternatively thought of in terms
of fivebranes, in this case wrapping the two dimensional surface

2423 =0, (2.10)
as well as the R? in (2.6).

3) The above discussion is a special case of a much more general construction, that involves
string propagation in the vicinity of conical singularities of non-compact CY manifolds,
described by generalizing (2.5) to F'(z1, 22, 23,24) = 0, with F' a quasi-homogeneous
polynomial [3, 37]. All such models involve the analog of the A degree of freedom of
point 1), and thus give rise to worldsheet theories that contain a factor Ry x S!. This
factor is N = 2 supersymmetric on the worldsheet, which is necessary for spacetime
supersymmetry [3, 38—40].
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So far we have been discussing the background near a CYj3 singularity, or equivalently the
near-horizon geometry of a curved fivebrane, which describes a 3 4+ 1 dimensional vacuum
of LST. We can now repeat the 5 + 1 dimensional construction above, compactify the R3
in (2.6) to S' x T2, and add to the background p strings wrapped around the S! at large
negative ¢. This leads in the infrared to the background

AdS3 x T? x (S x LGY,)/Z,,, (2.11)

with the (total) level of the SL(2,R) current algebra given precisely by (2.9).

The resulting AdSs3 backgrounds are quite stringy, since the radius of curvature of
AdSs, (1.2), is of order /5, but if our goal is to study AdS3 backgrounds with k£ < 1, we
need to go one step further. Thus, we replace the noncompact CY threefold singularity by
a noncompact fourfold singularity

b+ =0, n=23,... (2.12)
The surface wrapped by the fivebrane analogous to (2.10) is given in this case by
A+ =0. (2.13)

String theory in the decoupling limit is described by

RY x Ry x (S' x LG,/ Zy, . (2.14)
The slope of the linear dilaton is given by (2.8), but now
1 1 n
=1 = k= <1. 2.15
k n n+1 ( )

Compactifying the spatial direction in R»! in (2.14) on a circle, and adding the strings,
leads to the background
AdSs x (S' x LGY) [ Zy (2.16)

and now the level £ (2.15) is smaller than one. These are the models that we will study in
this paper. Note that they are (2,2) superconformal in spacetime. Indeed, type II string
theory on a CY fourfold is (2,2) supersymmetric. Adding the strings and going to the
infrared enhances the symmetry to (2,2) superconformal. Again, the addition of the p
strings stops the running of the string coupling at a value g2 ~ 1/p.

The orbifold (S! x LG,,)/Z,, involved in (2.6), (2.14) describes a “squashed” S?, that
we will denote by SE’. When the radius of S! is \/n times the self-dual radius, one has the
coset decomposition of the SU(2) WZW model

SU(), = [(Sg((f))n) « U(l)} /7 (2.17)
(so we could have described (2.1) in the same manner as (2.6), (2.14)). We can then dial
the radius of the S' on the r.h.s. to any desired value, which on the Lh.s. corresponds to a

J3J3 marginal deformation which squashes the S? geometry [41-43]. We will make use of
this equivalence of CF'T’s in what follows. In particular, we will see that in the non-critical
models (2.6), (2.14), the value of the S! radius that gives a spacetime supersymmetric
theory differs from the one that figures in the decomposition of SU(2), (2.17).
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2.2 SL(2,R) and SU(2) current algebra

The structure of the models we will discuss is strongly constrained by their underlying
worldsheet SL(2,R) x SU(2) supersymmetric affine symmetry. In this subsection we review
some of their properties that will be used in later sections, and in the process establish
some notations and conventions.

2.2.1 SU(2)
The N = 1 superconformal SU(2), WZW model consists of a bosonic SU(2), _, WZW

model, with currents j& (z), and three free fermions 9%, a = 3,+, — from which one can
construct a SU(2), current algebra. The total central charge is given by

. 3n—2) 3
bos ferm
= == 4= 2.18
CSU(Q) & +c n + 9 ( )
The bosonic currents and free fermions satisfy the OPE’s
, , n—2 () 5ab
i@ o) ~ 2 e et WO e 0~ (29)
z z z
The total SU(2) currents are
, i
‘]sau = Jgu - §Eabcw5u¢scu : (220)
This theory has N = 1 superconformal symmetry with supercurrent
2 . .
G(su = \/> (wSu ];Iu - “/}sluwsZu gu)
n
1 5 (2.21)
= ﬂ (v + dudin) + /; Tt
where . oy
4 . .. + Vg £ 1
Jon = Jeu Fijon UG = 1 7 (2.22)

The fermions 9%, and total currents J¢, form N = 1 supermultiplets of dimension (1,0)

29
under (2.21).
The current algebra primaries of the bosonic SU(2),_, are given by the operators
Vjram ', Which have conformal weight
) (]
J+1
h [vjesme ] = +D, (2.23)

n

and satisfy the following OPE’s with the bosonic SU(2) currents (in a particular normaliza-
tion of the v’s),

. m
Jau @)V v (0) ~ ~ Vit (0

e T S

55 (2) Vjragns e (0) Vjram+1(0) -

Unitary representations lie in the range 7' = 0, %, L, 5 -Lm m=—j,-541,--- 7.
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The bosonic SU(2),,_, WZW theory admits a spectral flow transformation under which

the modes of the currents transform as®
. . . . n—2
e R e LY
(2.24)
= “+ 3 3, n—2_, S
In — Intw’ > In = In + Tw n,0 »
with w', w’ € Z obeying the restriction w’ — @' € 2Z. Under spectral flow, the operator
Vjram i HlOows to an operator vj(fuml,u%, which has conformal weight and 53 charge
NS,
J'G +1) n—2 59 3 (W n—2
vy ] = +m'u + W2, gafoli ) =m 4 S, (2.25)

and similarly for the right-moving spectral flow. The flow is an automorphism of the affine
Lie algebra, that takes the highest weight state to current algebra descendants.” One can

understand it via the decomposition of v](fu;f%, into its U(1) and %&2)) components
7t . 2 n—2 _ n—2 _ _
'U](}ly),rrﬁi%/ = )\j/;m’,ﬁl/ eXp [Z m ((ml + T wl> ysu + (m/ —|— T w’) ysu)] ,
(2.26)

where ys,, Ysu bosonize the U(1) currents

L in—2

. n_2 -
OYsu » Jgu:Z 9

3
]Sll =1 2

Osu » (2.27)

3(5]((12)) coset model (and thus neutral under the U(1)

currents j2,,73 ). This parafermion decomposition® shows that the spectral flow quanta

and Aj./ 7/ is an operator in the

w’,w act as “winding numbers” conjugate to the left and right zero mode momenta m’, m/
(though of course there is no conserved winding number in SU(2) = S3). One can see
from (2.26) that the operator vj(fu;qf%, is a Virasoro primary for any w’,w’ € Z, but in
general it is not a current algebra primary.

In the supersymmetric theory, one can also perform spectral flow with respect to the
total SU(2) algebra, J?. This combines the bosonic spectral flow described above with a
spectral flow for the fermions. To describe it explicitly, it is convenient to bosonize the
fermions ¢ :

1#;5%] = 10Hg, wsji — tifsu , (2.28)

and similarly for 1% . Here Hg, is normalized in the standard CFT way, Hgy(2)Hgu(w) ~
—In(z —w). We make the same choice for other scalar fields that appear in our construction,
such as ysy (2.27).

The supersymmetric spectral flow takes the operator vji.p sz to

VW), — i Houri How (010 (2.29)

.7 ’m 7ml - j,;m,’m/ '

5In some of the equations below we will drop the subscript “su” to avoid clutter.
(w' @)
3’
representation with spin n/2 — 1 — j' for j' € 2Z + 1.
830 called because the decomposition of the currents j:ﬁ results in an exponential of y times a Z,

"The operator v is a descendant in the representation with spin j’ for w’ € 2Z, and in the

m’,m/

parafermion operator [44].
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Using the superconformal current of SU(2),, given by (2.21), one can check that V(w ) i

m ,m
a superconformal primary (but, again, not a current algebra primary).

The supersymmetric SU(2),, WZW model admits a super-parafermionic decomposi-

tion (2.17) in terms of an N = 2 supersymmetric Sgg;" coset CFT and a free superfield

(¥3,,J3). The spectral flow (2.29) does not act on the % coset, but only on the
U(1) part.
The various U(1) currents can be bosonized as (2.27), (2.28), as well as

J3 = '\/ﬁay
su t 2 Y

where J2 is the U(1) R-symmetry current of the N = 2 supersymmetric Sg%" coset CFT,

BZ =ia07, (2.30)

2
o=V + o (2.31)

Note that it is orthogonal to J3

su?

as is implied by the decomposition of the SCFT SU(2),,
described above.
The scalar fields defined in (2.27), (2.28), (2.30) are related by a field space rotation

In—2 [2
=/ Ysu T+ — Hgy,
" " (2.32)
2 n—2
- *ysu'i_ Hsu-
n n

In this rotated basis, the SU(2),, operator with general fermion charges 7gy,, 7jsy and bosonic

spectral flow w’, w’

)7s 7wl7u;/ w’ ,W
VJ(/T];:/Z;:/ ) = ZnsuHsu‘i‘l"]suHsufU‘§ ! 7’21 (233)

can be decomposed in terms of an exponential operator carrying the total J3, charge,
together with a charge-neutral super-parafermion operator

5 2 2 _
yime et ) - A60) exp lZ\/; (m/ ta+ Zu/) Y + z\/; <m’ +a+ Zw’) Y] :
(2.34)
where a = ng, — w', @ = 75, — W', and A; By )m is the super-parafermion operator of the
supersymmetric Slég;n coset CFT, whose left and right scaling dimensions are
(@,a) JG'+1) (M +a)? o
h[A]’;m’,ﬁL’] - - + — 5
L o2 (2.35)
AL Uty _(m+a) o
grm!m!d n n 2

The super-parafermion operators can be further decomposed in terms of an exponential
carrying the R-charge and the bosonic parafermion introduced in (2.26)

(@) ) 2 n—2 —9 _
Aj’;m’,m’ = Ajrimt gt €XP [Zn(n—Q) <(—m’ + 2a) Z + ( m' + 72 alZ)|.

(2.36)
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We will use interchangeably the descriptors supersymmetric 6] coset model, N = 2
minimal model, N = 2 Landau-Ginsburg model, and parafermion theory to refer to the
same CFT.

Another aspect of the superconformal field theory SU(2),, that will play a role below is
the moduli space of theories obtained by deforming the action by the operator [d%zJ2,J2

su“su*
This deformation clearly does not act on the U((l)) part of the operators, e.g. on the

operators A;a;‘) 7 in (2.34). The action of the deformation on the U(1) factor corresponds

to changing the radius of Y. The parafermion decomposition (2.34) is then modified to

le?;l;;;,w W) = Agaz,) iy exp[ (pyY + pyY)} (2.37)

The spectrum of the deformed exponential in Y, Y can be written as [42, 43, 45]

_ 1 ~
2.38)
_ 1 (p+nP (
, = — + R({+nL > ,
(i) = = (G £ R+
with the quantum numbers related to those of (2.34) via
2m' +a)=p+¢ , w =P+1L, P LecZ,

( )= (2.39)

2(m,+&):p_€ ) ﬂ),:P_L’ p7£€{07"‘7n_1}'

Here, «, & are spectral flow parameters under the N = 2 superconformal symmetry of the
SU(2)
u) N
the circular orbits of the vector U(1) isometry of SU(2) (generated by J3, + J3,) expand

in size by a factor R, while the circular orbits of the corresponding axial U(1) isometry

coset model, and w', w" are spectral flow parameters in the U(1) CFT. Essentially,

(generated by J2, — J3,) shrink by the same factor (for a discussion in the present context,
see [43]). As mentioned in section 1.1, we will refer to this deformed geometry as a squashed
S3, and will denote it by SE’. It will play an important role in our construction of spacetime
supersymmetric theories of the sort discussed in the previous subsection.

2.2.2 SL(2,R)

The above discussion can be repeated, with a few interesting twists, for the case of SL(2,R).
The supersymmetric SL(2,R); WZW model consists of a bosonic SL(2,R);12 WZW model,

with bosonic currents j§(z), and three free fermions ¢, which give a SL(2,R)_, affine Lie

algebra. The total central charge is given by

3(k+2) 3
cst(2) = bos _|_Cferm — ( - ) + 5 (2‘40)

The bosonic currents and free fermions satisfy the OPE’s

gy k+2 - 340 n
B0 ~ 2 i O g~ T (2.41)
where 7% = (4, +, —), and €'?> = 1. The total currents
) 1

a4 =Jsd- 56%61#21@&51 (2.42)
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have level (k + 2) + (—2) = k. The theory has N = 1 superconformal symmetry with

supercurrent
2 . .
Gg = \/; (Nab V& 58 + & 30d)
(2.43)

I -t 2 033

V% (%1351 + ¢s1]s1) —\ p AV
where . )

. . .. g + i

ja =dhtidd, vy =t NG o€ (2.44)

(0)

Primary operators under the bosonic SL(2,R);1o current algebra are operators PQom i

which have conformal weight

G-
k: 9

where the meaning of the superscript (0) will be clarified below. These operators satisfy

the OPE’s with respect to the bosonic SL(2,R) currents

hol) o] = (2.45)

. 0 m (0
P, 1 (0) ~ Tl (0),
+ (0 m¥(j—1) _(0) (2.46)
Js1 (Z)(I)j;m,m(o) ~ P q)j;mil,m(o)
Some of the operators ¢§02nm correspond to normalizable or delta-function normalizable

states. Normalizable states belong to unitary discrete representations D;F of the bosonic
theory, known as the principal discrete series, for which j lies in the range

1 1
5<j<§(k+1), (2.47)

with m —j € Ng for DT, and —j —m € Ny for D~ (where Ny are the non-negative integers).
Delta-function normalizable states belong to the principal continuous series Cj o, j € % +:iR
and a € [0,1) (« is the fractional part of m). In string theory, the principal discrete series
representations Dj_ describe in-states for normalizable states of strings in AdSs, while D;F
describes the corresponding out-states. One can think of the two types of representations as
bound states and scattering states, respectively. Note that the AdSs vacuum corresponds
to j = 1 and is thus non-normalizable for k£ < 1, according to (2.47).

In CFT and string theory on AdSs one also needs to consider non-normalizable operators,
that do not satisfy the bound (2.47). These operators give rise to local operators in the
spacetime CFT [46]. A convenient semi-classical description of such operators in Euclidean

AdSs = SL2C) H parametrizes the target space via the matrix [47]

SU(2)
L (10 e? 0\ (17) [e ey (2.48)
\n1 0e?)\01) \ePye ?+eryy)’ '

on which g € SL(2,C) acts via h — g~ 'h(g~ ). The functions

B (z,7) = 21 <(1:, 1) h- <$>>_2j= Ty —aPet +e?) (2.49)

m 1 i
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are eigenfunctions of the Laplacian on H; The complex parameter x labels points on the
boundary. ®;(z,z) transforms as a tensor of weight (4, j) under SL(2,C).

In CFT on AdSs, the functions (2.49) are promoted to operators ®;(x,Z; z, Z), as their
arguments ¢,y,7y are now two dimensional fields. One can think of these operators as
analogs of the operators vj,m, 7 in the CFT on S3 (2.23), except here they are written in
a position basis on the boundary. An analogous formalism for CFT on S? was developed
in [48].

The SL(2,R) currents can also be written in the position basis on the boundary, as

j(w;2) = =i (2) + 2253 (2) — 275 (=),
P(z;2) = = (2) + 293 (2) — 2y (2), (2.50)
T ) = §(:2) + 5w 2)0u (w5 7)

The current algebra and the transformation properties of the local operators ®;(x,z; 2, 2)
are given in this basis by

)2
i) i) ~ b= = 00, ~ 2y - )] i),
] (2.51)
J(JJ; Z)(I)h(ya g; w, U_j) ~ m [(y - w)Qay + Qh’(y - x)](bh(yv Zj; w, u_]) .

At large ¢ (i.e. near the boundary of AdSs), the operators ®; behave as

2j —1 79
T |y -l

®;(x,z) ~ ei—1)Q9 52(7_95)_#(9(6(1‘*2)@@)4_ +O(€*(j+1)Q¢)+. -, (2.52)
where Q = /2/k, ¢ has been rescaled by Q/2 relative to (2.48), (2.49), and the meaning of
the ellipses will be explained below. For j > 1/2, the operator (2.52) is non-normalizable
due to a divergence of the corresponding wavefunction as ¢ — oo, in which case the leading
term in (2.52) shows that ®; reduces to a local operator on the conformal boundary.”
The semiclassical operators ®; in equation (2.49), obey a reflection symmetry [47, 49]

2j — 1

B, (x,7) = / &4 o — 'Y & (o, T) (2.53)

which for real j allows us to restrict our attention to j > %, and for j = % + is says that
the operators with s > 0 and s < 0 are not independent, as one would expect.

For some purposes it is convenient to transform the local operators ®;(x,z; z, z) from
position space (z,z) to momentum space (m,m), as in (2.45), (2.46). These representations

are related by
<I>§-O) = /d2x I Tl el @ (3 ) (2.54)

ym,m

9The norm, given by
/ dedydy e | @;[* ~ / S

shows that the operators ®; in (2.52) are non-normalizable for j > %
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Jsm,m

Plugging the asymptotic expansion (2.52) into (2.54), we find that the operators ®
behave at large ¢ like

(I)S‘O Ne(jfl)Q¢7j+mfl,—Yj+mfl+O(6(j*2)Q¢)

- P (j+m)D(j—m)T(1-2j)
F(m—j—l—l)f‘(—m—j-{—l)F(Qj)

+(2j—1) e—IQ% ,ym*j:ym*j _|_O(e*(j+1)Q¢) 4

(2.55)

The momentum variables (m,m) must satisfy the constraint m —m € Z, necessary for the
single-valuedness of the integral (2.54) (but are otherwise unrestricted and in particular
unrelated to j); m — m is the spatial momentum on the boundary, which is quantized since
the spatial coordinate lives on a circle.

From the expansion (2.55) we see that for general j, when the momentum variables
(m,m) take some specific values, the coefficient of the leading decaying (normalizable) term
diverges. An example is —(m + j) € Ny. These divergences correspond to values of j,m
at which the local, non-normalizable operator ®; can create a normalizable state from the

vacuum. It is an analog of the LSZ reduction in standard QFT, and is discussed in detail

SL(2,R)
U(1)

singularities of (2.55) that do not have this interpretation.

in a closely related context (the coset) in [50]. That paper also discusses other

To implement the above procedure in our case we proceed as follows. Consider the case
m =m, m+ j — 0, as an example. The operator (2.55) diverges in this limit; therefore,
we need to take the limit more carefully, to ensure that the operator remains finite. To do
that, we define

¥, 5= dm () (2.56)
Looking back at the expansion (2.55), we see that in this limit the leading, non-normalizable,
contribution to <I>§02nm disappears, and we are left with a finite operator that behaves at
large ¢ like e~%7%. For j > % this operator is normalizable, and thus it describes a
normalizable state, at least semi-classically.

In the exact theory the situation is more interesting. The FZZ correspondence [9, 18,
19, 21, 51, 52] asserts that the normalizable operator (2.56) has additional contributions
from sectors with non-zero winding associated to the ellipses in equations (2.52), (2.55).
These sectors and contributions will play an important role in our discussion below, and we
will postpone a detailed discussion of them to a later point in the paper. Here we simply
note that the question whether the operator (2.56) is indeed normalizable or not depends
on the nature of these contributions. In the semi-classical limit k — oo with j fixed, they
are known to be rapidly decaying at large ¢, and thus the operator (2.56) is normalizable.
If k is large but j scales like k, they actually can be dominant at large ¢, and can even make
this operator non-normalizable. The condition that the operator remains normalizable is in
fact the origin of the upper bound on j in equation (2.47), which is valid for arbitrary k.

Another correction to the semi-classical picture above in the full quantum theory, which
is related to the one we just discussed is the fact that the reflection symmetry (2.53) is
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modified — the r.h.s. of (2.53) is multiplied by a factor R(j), with

r(es
R]—F<1+2jk_l> (2.57)

(see e.g. [49] for a more detailed discussion). This factor goes to one in the classical limit
k — oo, and for the delta-function normalizable case is a pure phase. This modification
means that the subleading terms in (2.52), (2.55) are multiplied by R(j) as well.

Plugging the expansion (2.54) into (2.51), we can compute the OPE’s of the operators
<I>§O7)nm with the SL(2,R) currents. It is straightforward to check that this gives the
OPE’s (2.46).

The bosonic SL(2,R) CFT again admits a spectral flow transformation under which
the currents transform as

k+2

Ja = Jngew » j2—>j2+72 W n,0
. (2.58)
Jii = dntw s Jn = dnt o w0,

where w is an integer, and we have dropped the subscript “sl” to avoid clutter. The operator

<I>§OT)nm flows to an operator ® ]u;)ml which has conformal weight and ;3 charge
Jjg—1 k+2 , k+2

(w)

J5m,

algebra primary. The OPE’s (2.46) generalize to

The operator ..~ - is again a Virasoro primary for any w € Z, but it is not a current

m+ 2w )

-3 (w)
Jsl(z)q)"m m(o) ~ q)m fn(o) ’
]7 b Z( . 1)]7 K (2‘60)
. w m J— w
Ji () (0) ~ g @ 5 (0).

Note that the left and right spectral flows in (2.58) are identical because we are working
on the universal cover of SL(2,R). Thus, the timelike direction in the group manifold is
non-compact and has no winding. In contrast to the SU(2) case, this spectral flow is not
an automorphism of representations, rather it generates new representations of the current
algebra [9].

As mentioned above, string winding number is not conserved, and so operators described
in a given sector have contributions from other sectors. Related to this is the phenomenon
of FZZ duality [9, 18, 19, 21, 51, 52] which relates D~ unitary representations in winding
sector w to DT unitary representations in winding sector w — 1; in particular highest weight
states are identified via

(w) _ g (w=1)
Pjizi—i = ®§+1—j;§+1—j,§+1—j' (2.61)

Note from equation (2.59) that the conformal dimension and j3 eigenvalues match. The

rest of the map between the representations follows from the spectral flow of the genera-
tors (2.58). Thus for instance when we are counting states we should not include both sets
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of representations {D(fu) ;) and {D(_w) i}, but only one or the other. Our conventions are
such that D(w) j representations with w < —1 describe in-states bound to AdS3 that wind
|w| times around the azimuthal direction. The remaining D(_w) ; representations with w > 0

map via FZZ duality to the set of Da) . representations with w > 1, which are charge

J
conjugates of the D(w) j representations with w < —1, and which thus describe out-states.

As in the SU(2) C;LSG, in the supersymmetric case we can also consider spectral flow

with respect to the total SL(2,R); algebra. To do this, we combine the operators o)

Jim,m
with a contribution from the fermions
Uiy =i0Hg, oF = et (2.62)
and consider the operators
(/I\)g'?:mm _ e—zw(HsH-Hsl) (I)g'?:n,ﬁz’ (263)
whose conformal weight and J? charges are
= JjG -1 koo 3% k
B85 ] = =T —mw — R ] = m ot S, (2:64)
The operators cfﬁ“;nm are again superconformal primaries, but not current algebra primaries.

2.3 Symmetries of string theory on SL(2,R); x SU(2),

The SL(2,R) x SU(2) current algebra symmetry of the worldsheet theory lifts to a corre-
sponding symmetry in spacetime [46, 53]. Given the total SU(2),, currents J& (z) on the
worldsheet, which are the top components of superfields whose bottom components are the
1%, (2), one can construct worldsheet vertex operators for the SU(2) currents in spacetime.
These are given by'"

Ko(x) = / P2 e P PP (Vb (i 2) By (2, 7 2, 7) (2.65)

where ~ means that we have omitted an overall numerical constant, which can be fixed using
the techniques of [46], ¢(Z; Z) was written in (2.50), and ®1(z, Z) is the local operator (2.49)
for j = 1.

The operators (2.65) are holomorphic in z, in that their Z derivative is BRST exact (and
so formally decouples from string theory correlation functions). They satisfy a spacetime

current algebra
30T e K(y)

K () (y) ~ 2.66
@K ) ~ 2 S (2.66)

with level nZ, where the operator
Z(z,x) ~ /d2z e P PY(x, 2)Y(Z,2) Py (2, 75 2, Z) (2.67)

10 A5 discussed in [46], (2.65) is a special case of a general construction that associates a dimension (1,0)
current in the spacetime CFT to every dimension (1,0) worldsheet current that is the top component of a
dimension (%, 0) worldsheet superfield.
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plays the role of the identity operator in that it commutes with the currents K£%(z) (again
up to BRST exact quantities).

In order to determine the transformation properties of operators in the theory under
the global part of the SU(2) current algebra in the spacetime CFT, it is useful to recall
that a corollary of the construction of [46] is that

%dz Kx) = j{dz T - (2.68)

In other words, the action of the global SU(2) generators in the spacetime theory can be
read off from that of the worldsheet ones.

The SL(2,R) current algebra that underlies the worldsheet theory, (2.41), (2.42), lifts
to a spacetime Virasoro algebra with central charge ¢ = 6kZ generated by

T(x) ~ /dzz e~ PP [0p (5 2)0p Py + 2 (82@[)(% z)) 1] ¥(7; 2),
3kT 27 (y) n Oy T
(@x—y)?t (r-y? z-y

In analogy to (2.68), the global part of the spacetime Virasoro algebra is generated by the
global part of the worldsheet SL(2,R) current algebra,

(2.69)

T(@)T(y) ~

Lo=—Jd0; Le1=—Jg,. (2.70)

As discussed in [49], the operator Z, which appears in the expressions for the levels of
current algebras and the central charge of the spacetime CFT, behaves in string theory
on AdSj3 as a non-trivial dimension zero operator. In particular, its expectation values in
different correlation functions are different. It was pointed out in [54] that the reason for
this is that the standard formalism for computing correlation functions in string theory
on AdSs can be viewed as taking place at a fixed chemical potential for the number of
fundamental strings, rather than at a fixed number of strings p. The two are related as
usual by a Legendre transform. Performing this transform leads to standard spacetime
conformal and current algebras.

3 Type O string theory on AdS3 x S3

In this section and the next, we will put together the elements described in the previous
section, and construct type 0 string theory on AdS3 x S3. Our ultimate goal is to study
the AdSs backgrounds corresponding to the systems described in subsection 2.1, which are
described by type II string theory on this background, with a particular squashing of the
S3. The type 0 theory provides a good warm-up exercise, and is also useful since one can
view the type II theory as a chiral orbifold of the type 0 one.

Type 0 string theory on AdS3 x S? has only spacetime bosons, which belong to the
(NS,NS) and (R,R) sectors of the worldsheet theory. To define the theory we need to
choose a GSO projection, which in this case is non-chiral (i.e. it acts on both the left and
right-movers). In the (VS,NS) sector one can think of it as the projection

(-1)F = (-1~, (3.1)
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where F' and F are the left and right-moving fermion numbers, respectively. As usual, the
superconformal (3,7) ghosts also carry odd fermion number.

3.1 Tachyon and graviton operators

The lowest lying state in the (V.S,NS) sector is the type 0 tachyon, described (in the (—1, —1)
picture) by the vertex operator

e ¢ Vo @ (2, T35 2, 2) (3.2)

The mass-shell condition sets

jiG-1) J'G'+1 1
e (3.3)

Using (2.15) this can be written as

2 2
G- 22
For SU(2) spin j" up to (25 + 1) = n, the type 0 tachyon lies below the Breitenlohner-
Freedman (BF) bound — the corresponding j (3.4) belongs to the principal continuous
series. These are tachyonic modes in AdSs; their presence indicates an instability of the
type 0 vacuum we are studying. They do not appear in the supersymmetric theories we
will discuss later.

At the next level, we have the gravity sector of the model, consisting of the metric, NS
B-field and dilaton. In the (—1,—1) picture, the corresponding vertex operators include

Wi (x,z) = e P® 1#(3:)1/_)@) Q;(x,2) vy,

) ) (3.5)
‘Xj/(:Uv i‘) =e 77 <I>j(l'a j) (@stuqzbsu Uj/)j’—i-l .

Some comments about these operators:

1) Recall that j'=0,3,1,---3(n —2).

2) We have suppressed the dependence of the various operators on the worldsheet coordinates
(z,2). Of course, as usual in string theory, the full BRST invariant operators, which are
obtained from (3.5) by integrating over z, or by multiplying by the ghosts c¢, do not
have any z dependence.

3) We have also suppressed the values of j3 and its right-moving analog, (m’/,m/). These
values are exhibited, for example, in (3.2).

4) The notation (wsuz/_zsu vj/)j, 41 means that we are coupling a spin one representation of
the total SU(2) coming from the fermions with a spin j’ representation coming from the
bosons into a representation with spin j' 4+ 1. This needs to be done for the left-movers

and right-movers separately. See e.g. [55] for further discussion.
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The mass-shell conditions of string theory applied to (3.5) set

iG-S+
k n

=0, (3.6)

whose solution is

J= (3.7)

1 25 +1)2
14, /@ +) +n
2 n+1

Note that in (3.7) we have chosen a sign in solving the quadratic equation for j (3.6). This
was done so that j > %, which as we discussed in the previous section means that the
operators (3.5) give rise to local operators in the spacetime CFT. The (left and right-moving)
spacetime scaling dimensions of these operators are given by [46]

hor (Wyr) = — 1,

(3.8)
hor (X)) =7,

with j related to j’ via (3.7). The expression for j implies that it is outside the range (2.47),
in which one finds normalizable states that belong to the principal discrete series. Therefore,
the local operators in the spacetime CFT that correspond to the vertex operators (3.5)
do not have corresponding normalizable states, a situation familiar from theories such as

Liouville and S%((%,;R ).

For j' = 0, the operator W,/—q is proportional to the operator Z (2.67), which as
we discussed is proportional to the identity operator. The fact that it does not have a
corresponding normalizable state is essentially the statement that the SL(2,R) invariant
vacuum is non-normalizable for k < 1, a fact mentioned above.

The operators W and X can be thought of as gravitons with polarization in AdS3
and S3, respectively. We can also construct gravitons whose left-moving polarization is in
S3 and right-moving polarization in AdSs3, or the other way around. An example is the
vertex operators

ICJ'/ = 6_@_95 (¢suvj’)j/+1"z(j> q)j (:Ua j) ’ (39)

where j is again related to j’ via (3.7). This set of operators is a mixture of the two sets
of operators in equation (3.5) — their left-moving part looks like that on the second line,
while the right-moving part looks like the first line. Accordingly, their spacetime dimensions
are given by

hsy (Kjr) =j, her (Kjr) =7 —1. (3.10)

Thus, these are spin one operators. For 7/ = 0, they become holomorphic, and are nothing
but the SU(2) currents (2.65).

So far we discussed the first two levels in the (NS,NS) sector of the type 0 string on
AdS3 x S3, corresponding to the type 0 tachyon and gravity sector of this non-critical string
theory. We can in principle continue to higher levels, and construct the infinite towers of
operators familiar from critical string theory. All these operators are non-normalizable, and
correspond to local operators in the spacetime CFT. None of them are in the region (2.47),
and thus they do not correspond to normalizable states in the spacetime theory.
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In our discussion above we have constructed local operators in the spacetime CFT
as vertex operators in the underlying string theory. Below, we will find it convenient to
work in a basis of eigenstates of Js31,07 which as we mentioned corresponds to Lg in the
spacetime CFT, see (2.70). For this we would like to perform the integral transform (2.54).
As discussed in section 2, this is a subtle process, since this integral diverges for values of
m and j that correspond to normalizable (principal discrete series) states.

To see what’s going on, consider for example the operator on the second line of (3.5).
Applying the integral transform to it, we find a momentum space operator Xj(m,m), given
by the vertex operator

Xy (m,m) = e ¢ 0\ (Yath V) 1 (3.11)

The operator (3.11) is an eigenoperator of Js?)l,o with eigenvalue m, and similarly for the

3

right-movers. Since the spacetime Lg operator is equal to —J. 10> it is natural to set m to

S
the negative of the scaling dimension of X/, which via (3.8) is m = m = —j. This means
that the integral (2.54) diverges, as reflected in the pole of the coefficient of the second
term in (2.55).

As we discussed in section 2, the physical vertex operator for this value of (m,m) is
the residue of this pole, (2.56). It is superficially normalizable, since it does not contain
the leading, non-normalizable, term in (2.55). However, the full quantum vertex operator
receives contributions from other winding numbers [9, 18, 19, 21, 51, 52|, which may or
may not be normalizable. For the case of the operators (3.5) these contributions are
non-normalizable, and thus so is the full vertex operator (3.11).

Note also that in the discussion of section 2, we denoted the residue of the pole by
5y
should be understood to be there. The same is true in many equations below.

In equation (3.11) we omitted the tilde on ®© to simplify the notation, but it

The conclusion of the above discussion is that we can associate to the local operator (3.5)
a momentum space version that looks like (3.11) with m = m = —j. Because the spin j
of (3.7) lies outside the normalizable range of the unitary discrete series, these operators
are all non-normalizable.
Repeating the discussion above for the operators W)/ (z,Z) on the first line of (3.5), we
arrive at the following momentum space version of these operators:
Wy = e™97% (%@sl @5-0))‘ g Vi
Jotm=m=—yt (3.12)
Xj’ =e 7% q)g‘?m:m:fj (¢su¢su Uj’)j/+1 )

with obvious generalizations for the other operators discussed above. Here (1/1511551 (I>§~O)) .
denotes the SL(2,R) representation with total spin j — 1 obtained by coupling a S;])in
one SL(2,R) representation coming from the fermions and a spin j representation from
®;. In the first line of (3.12) we also specified the eigenvalues of Jsgl;o and js?’l;o, m and m,
respectively. Below we will mostly work with momentum space operators, such as (3.12),

mainly because they are more natural in sectors with non-zero winding.
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3.2 Ramond sector operators

So far we discussed the (NS,NS) sector of type 0 string theory on AdS3 x S?. We next turn
to the (R,R) sector. At the lowest level, we find the (R,R) gauge fields in this background.
In the (—7, —7> picture, they are described by the vertex operators

e 39737 50,010 (3.13)

where S is a spin field for the six free fermions g, ¥g. In (3.13) we have suppressed the
spinor indices on S as well as the values of (m,m) and (m/,m’), since they are all coupled
by the requirement that (3.13) transforms covariantly under SL(2,R) x SU(2).

The mass shell condition for (3.13) reads

1 1/, 1
- - 3.14
J=3 TJA(J +2), (3.14)

%) lies within the unitary range (2.47) for the

so the lower end of this range (j' <
SL(2,R) spin j.
To construct the spectrum of (R, R) gauge fields on AdS3 x S3, we proceed in two steps.

2\/n+

First, we search for BRST invariant operators, which can be done separately for left and
right-movers on the worldsheet, and then impose the GSO projection to put the left and
right-movers together.

Since the total SU(2) charge commutes with the BRST operator, we can restrict the
analysis to a given SU(2) representation. To further simplify the analysis, we can start by
constructing the BRST invariant operator corresponding to the highest weight state in a
given total SU(2) representation, and then fill in the rest of the representation by acting
with the generators of the total SU(2).

For the above highest weight operators, the holomorphic analysis yields the following
BRST invariant vertex operators:

o) —, 262H51+ . Hz+4% Hsu(l)g r)n——JUJ’JO’

0® :e_%e%HS“U;‘f;:-IO (6_ sHatsy HB‘I)goy)n —j 2]62Hs1—5H3‘1)§?731—*J 1) ’

OB = ¢ estagl® (62H3 3 Hon =0 \/;765H3+§'Hsuq};%}§f’1) , (3.15)

oW _ % (e LHg+i H3—7Hbuq)§?m:_jvég;:,p+ \/;7/6— a—5Ha+3 Hsu‘bgor)n_ﬂvﬁjp_l
_21je;'H51gH 7%Hsuq)§'?m=—j—lv;'l’}§’0+ \/27;2]'62&# 5 Ha+% Hsu(p§ T)n__] 15 /’301> )

where the spin field S in (3.13) has been written in the bosonized representation in terms
of Hy, and Hy defined in (2.28) and (2.62), respectively, as well as Hs defined by

3 4 3 )
i0H3 = Y303, wuﬂwl =i, (3.16)

and similarly for the right-movers. The signs in (3.15) are determined using the conventions
for cocycle factors described in appendix A.

— 95—



The combinations of spin field polarizations and bosonic spins result in projections
onto total SL(2,R) x SU (2) spins (Jiots Jrot)

OW:(j—5.4'+3); O :(+5.5+5): 09:(i-5.4~3); OW:(G+5.5-3).

(3.17)

By acting on (3.15) with the total J,,, we can obtain the rest of the operators in the SU(2)
representations indicated in (3.17).

To perform the GSO projection in the (R,R) sector of the type 0 theories, we define the

worldsheet fermion number F of operators via their eigenvalue +1 under the simultaneous

shifts

H, — H, + €,m, ©—p+im, (3.18)

for some fixed vector € with entries ¢, = +1, and similarly for right-movers, with € — €.
In the NS sector, these shifts act on the bosonized representation as the usual fermion
parity (including the superconformal ghost contribution). In the Ramond sector, the GSO
projection is a chirality projection on spacetime spinors.

As in the critical string, the non-chiral GSO projection (3.1) of string theory on
AdS3 x S comes in two varieties, type OA and type 0B, which both restrict to (3.1)
according to the definition of fermion parity via the shift (3.18). The difference between
type OA and type 0B amounts to how (—1)¥ and (—1)F act in the (R,R) sector. Choosing
the half-shifts € = € = €y = (1,1,1) to be the same on left and right!! leads to a projection
where the (R,R) bispinor fields have the same left and right chiralities in AdS3 x S?; the
allowed sectors are conventionally denoted (R+, R+) and (R—, R—). This defines the type
0B theory. Alternatively, one can flip the sign of an odd number of entries in € relative to e,
in which case the (R,R) operators that survive the projection are (R+, R—) and (R—, R+);
this is the type 0A theory. We will choose € = €3 = (—1,1, 1) for this alternate definition of
fermion number in the Ramond sector.

With the definition (3.18) of the operator (—1)% in the Ramond sector, one has the
following action of this operator on the holomorphic vertex operators (3.15). For € = €,
one has

(—DFOD = —00 for i=1,4; (-1)FOW =0 for i =2,3; (3.19)

while for € = €9 all the signs are reversed.

Combining the two worldsheet chiralities, we find the GSO invariant combinations

04: 0MO®. 0WAB) O@EM HREW OBHD EBEW OWHE EWEE)
0B: 0WAL 0RO OBHB) OWO® HLAW OBHE HBEER) OWHWM
(3.20)

Note that in the 04 (0B) theory, all the states have odd (even) (jiot — Jtot) — (Jiot — Jiot)-

1We denote this joint vector by €o for reasons that will become clear in section 5.
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3.3 The general case

We can also consider vertex operators associated to excited strings and general winding
sectors. In the (NS,NS) sector one has

e EP P, %) PO, 05) @) 0t (3.21)
Here P, P are general polynomials in currents, fermions, and derivatives, subject to the
BRST constraints and GSO projection. The L constraint reads

iG—-1) k '+ 1)

—7—wm—7w2—|—‘7

Noge = 00 , 3.22
i 1 " + 0 ( )

where Noge € %NO is the oscillator excitation level (the conformal dimension of P), and
6o = 1. In the (R,R) sector, the mass-shell condition takes again the form (3.22), with
Nose € Ng and 69 = i

In the w = 0 sector, the j values of all of the excited operators (those with Nog. > 0
in (3.22)) lie outside the unitary range (2.47); there are no associated normalizable string
states. The states of the type 0 string in the zero winding sector are thus field-theoretic
in nature, consisting of the closed string tachyon together with a small number of (R,R)
fields (3.20). Only a subset of SU(2) angular modes can be dressed by unitary discrete series
representations of SL(2,R), corresponding to bound states in AdS3 (a subset of angular
modes of the tachyon dressed by continuous series representations of SL(2,R) represent
unstable modes of the background).

More highly excited string bound states can be found in discrete series winding sector
representations Diw) with w # 0. The solution to the mass shell constraint (3.22) takes on
a different character in nonzero winding sectors in that we can adjust m to keep j within
the unitary range of discrete series representations. Thus one can have normalizable string
states with arbitrarily high oscillator excitation so long as w # 0.

While we have focused on the spectrum of type 0 string theory on AdSs x S?, we noted
in section 2.2 that the theory has a moduli space where the S? is squashed by a J3,J2,
deformation. This generalization will play an important role in our discussion of the type

II theory below.

4 Long strings in type 0 on AdS3 X S3

In the previous section we described type 0 string theory on AdS3 x S3, focusing on the
sector with winding zero on AdSs3. As we will see, the sectors with non-zero winding are
particularly instructive in studying the theory. Thus, we now turn to them.

Winding around the spatial circle on the boundary of AdS3 is not a good quantum
number, except near the boundary, since that circle is contractible. Indeed, a string wrapped
around the circle on the boundary can shrink to zero size and disappear, by moving into
the bulk of AdSs. However, below we will be studying operators that are non-normalizable,
or delta-function normalizable, and those can be labeled by their winding around the circle,
measured at the boundary. We will loosely refer to such operators as long string operators.
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There are two constructions in the literature of strings winding around the boundary
circle in AdSs. Seiberg and Witten (SW) [12] showed that in string theory on AdSs; x N a
single long string (i.e. a string singly wound around the boundary circle) is described as a
state of radial momentum p in a superconformal field theory whose asymptotic geometry is

M=Ryx N, (4.1)

where Ry is a linear dilaton CFT with slope @, (1.5), describing the radial direction of
AdS3. Here ¢ — 400 corresponds to the region near the boundary, and the SW description
is only valid there, by construction. The radial dependence of a long string state is described
in the theory M (4.1) by an operator exp(8¢), with 5 = —Q;/2 + ip, where p is the
radial momentum.

The behavior of the dilaton on Ry is qualitatively different for £ > 1 and for £ < 1. In
the former case, the strong coupling region is near the boundary, and therefore the SW
description breaks down there (in the sense described in section 1). Thus, it is only valid in
a finite range of ¢, where it is sufficiently large that we can talk about a long string, but
not so large that the description is invalidated by the strong coupling.

On the other hand, for k < 1, the case we study here, the region near the boundary
corresponds to weak coupling in (4.1), and the situation is similar to that in Liouville
theory — we can label operators by their behavior as ¢ — oo, although correlation functions
typically require an understanding of the finite ¢ region.

Recall that in our case, the compact CFT N in (4.1) is

N =SU(©2)n, (4.2)

the superconformal SU(2) WZW model at total level n, or a squashed version thereof
obtained by a marginal J3,J3, deformation. The corresponding level of SL(2,R) is (2.15)
n

St (43)

and the slope of the linear dilaton in the SW theory, (1.5), can be written as

Q= \/k7 with ky = n(n + 1) . (4.4)
14

The second description of long strings is due to Maldacena and Ooguri (MO) [9], who
constructed vertex operators in worldsheet string theory corresponding to long strings
with arbitrary winding. For strings with winding one, the SW and MO constructions are
closely related — the MO vertex operators are in one-to-one correspondence with operators
in the SW theory. Note that this is only true for non-normalizable and delta-function
normalizable operators, since their existence is not sensitive to the detailed properties of
the finite ¢ region.

As mentioned in section 1, MO also constructed normalizable (discrete series) operators
in sectors with non-zero winding, but those do not need to match anything in the SW
theory, since the normalizable spectrum depends on properties of the finite ¢ region, which
is not part of the SW description (4.1).
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As we will discuss later in this section (around equation (4.52)), the long strings with
winding larger than one, whose vertex operators were constructed in MO, extend the SW
description (4.1) of one singly wound long string to the Fock space of multiply-wound long
strings, which has the structure of a symmetric product MP? /S, where p is the number of
strings creating the AdSs3 vacuum. More precisely, the MO spectrum of single long strings
with a particular w corresponds to the spectrum of Z,, twisted operators in the symmetric
orbifold. Of course, for perturbative string states one keeps w fixed and sends p — oo; for
windings w ~ p, the perturbative string description of [9] is not expected to be valid.

From the point of view of the symmetric product orbifold, operators describing singly
wound long strings belong to the untwisted sector. Thus, each operator O in the SW theory
corresponds to an operator of the form

> 0, (4.5)

where O; is the operator O in the i’th copy of M. We will discuss such operators extensively
below, and will mostly omit the sum (4.5). This sum is implicit in many of our formulae.

In the rest of this section, we will start by discussing some examples of the above
correspondence between vertex operators in type 0 on AdSs x S? and the corresponding
SW theory, Ry x S3. We will then describe the general picture suggested by these examples
and other considerations.

A word of caution on notation: some of the operators in the SW theory are similar
to ones that appear in the worldsheet theory on AdSs. For example, vj, 7 denotes a
worldsheet operator in SU(2),_o WZW, and also the corresponding operator in the SW
theory. We will try to make it clear which of the two theories we are discussing at every
stage; hopefully, this will not lead to too much confusion.

4.1 Operators associated to Ry in the block theory

The first operator we will consider is'?

eh? (4.6)
in the SW theory (4.1). Here 3 is given by

p=-%ip, (17)

where the radial momentum p is real for delta-function normalizable operators. Non-
normalizable operators can be obtained by continuation to real positive ¢p. The dimension
of the operator (4.6) in the spacetime CFT is

P, Q]

- 1
hST:hST:_iﬁ(ﬁ—i_Qf): ?‘i‘? (4'8)

121t is important to emphasize that (4.6) is the form of the operator at large positive ¢. An operator with
this asymptotic behavior is guaranteed to exist on general grounds, but its form at finite ¢ depends on the
modification of the spacetime sigma model there, which we will not be discussing in this section.
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The worldsheet vertex operator corresponding to (4.6) is given by
—p—¢ Li(Ha+Ha) g(—1)
PP s e ilHatHa) D (4.9)

where <I>§_W1L)7—n is a special case of the construction reviewed in section 2; see (2.59), (2.60).
To show that the r.h.s. of (4.9) is BRST invariant, one can use equations (2.41), (2.43),
(2.60), (2.62) to obtain the OPE between Gg(z) and (4.9). We find that it is BRST closed,

provided the mass-shell condition,

i(i—1) k+2
(7 )+

= T = 4-1
m=m k 1 (4.10)
is satisfied.
The spacetime scaling dimension of the operator (4.9), (4.10) is given by
ok iG—1) k-2
ok 4.11
hsr = hgr 9 m k + 4 ( )

where we used (2.60) and (2.70). Delta-function normalizable operators correspond to

1
j= §—|—is, (4.12)
which yields
- 2 2
hsy = hgr = ? + % , (4.13)

where we used (1.5). Comparing (4.8) with (4.13), we see that they agree if we take

2
p:S\/;:SQ. (4.14)

This relation has a natural interpretation. In the SW theory, the radial wavefunction
corresponding to the operator on the Lh.s. of (4.9) is

V(o) =~ e(ﬂ+%)¢ = ¢P? (4.15)

On the other hand, the wavefunction corresponding to the operator on the r.h.s. of (4.9) in
string theory on AdSj; is

V() ~ QU—2)9 = (isQe (4.16)

The condition (4.14) is the statement that the worldsheet and spacetime radial wavefunctions
coincide. As we will see below, this is a general feature of the holographic operator map.

A few comments about the preceding discussion are useful at this point:

1) We mentioned before that the correspondence (4.9) can be extended from delta-function
normalizable operators (4.7), (4.12) to non-normalizable ones, for which § and j are
real. This is done by continuing to imaginary p, s, while maintaining the relation (4.14).

— 30 —



2) The worldsheet vertex operator on the right hand side of (4.9) corresponds to a particular
mode of the operator that is dual to the one on the left hand side. To construct other
modes, we can repeatedly apply to it the spacetime L_; and L_; operators, represented
in the worldsheet theory by —Jg o and —jsi o> respectively, see (2.70). Equivalently, we
can conjugate it by these operators:

O(z,z) = e_st_lvO_jjs_lvOO(O) "ot (4.17)
with O(0) given by the r.h.s. of (4.9).

3) An interesting special case of the above construction is the operator obtained by sending
f — 0 in (4.6), the identity operator in the block of the symmetric product, (4.1). Note
that this operator is non-normalizable, since its wavefunction (4.15) goes like exp (Qs¢/2)
as ¢ — 0o. Looking back at equation (4.7), we see that this operator corresponds to

ip = Q/2. Using the relations (4.10), (4.12), (4.14), we find that it has
k k
j=1—-— =m=_—. 4.1
J g M=M= (4.18)

Thus, we conclude that the worldsheet vertex operator

T(=1) — o=@ i(Ha+Hy) q,gjg. (4.19)

2

ISy
IMES

)

corresponds to the identity operator in the block of the symmetric product MP/S,,.

To see that the operator (4.19) is proportional to the identity operator, we proceed as
follows. First, we conjugate it as in (4.17), to construct the operator

IV (2, 7) = e~ ~#l T(1) gulo 43T, (4.20)

The operator I(_l)(x, Z) has spacetime scaling dimension (0,0). To show that it is propor-
tional to the identity, we want to show that it satisfies

8,7V (x,z) = 0;7CV(z,z) = 0. (4.21)
A direct calculation leads to

0,7V = [Jy, 20Y] = 9P (ﬁwi’l‘?gﬁ.k e e Qi_lk).k ) . (4.22)
272772 ’ T2

3

IVIES

It turns out that this operator is BRST exact. To see this, consider the BRST exact
operator13

_ = _ _ = k+2 _
{@BRrsT; 672““03561}[3"1)}%?@} =e ¥ P [\@(; - m) 0 éﬁni)m

e o B + (mAj—1) (9™ 4 o) of D |

Jim,m Jjim—1,m

(4.23)

For j =1—% m=m =%, (4.23) reduces to (4.22). We conclude that 9,71 (z, ) is
BRST exact and thus vanishes in correlation functions of BRST invariant operators.

3Here j, m are arbitrary.
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A similar analysis, with left and right-movers exchanged on the worldsheet and in
spacetime, shows that 8551(_1)(35, Z) vanishes. Thus, the operator I(_l)(az, x) is a dimension
zero operator, whose correlation functions are independent of position. It is natural to
interpret it as the identity operator in the block of the symmetric product (summed over
all blocks, as in (4.5)).

In fact, this operator can be thought of as the winding —1 representation of the
operator Z discussed in section 2, equation (2.67). In the m,m basis, that operator is
e~ PeilHatHa) @5?117_1. We mentioned above that operators with winding zero have in
general non-trivial contributions with non-zero winding, and (4.19) represents the same
operator Z but emphasizes a different winding sector contribution to it.

One way to see this relation is to note that th((e o;;erator (4.19) has non-singular OPE’s

SL(2,R

with ¢s31 and JS31. Thus, it belongs to the coset oo Its behavior in the radial direction

can be read off by plugging j =1 — % into (2.55), which gives @i:lﬁ)& i ~ exp(—¢/Q). This
is precisely the behavior of the N = 2 Liouville superpotential, Wh?(’?fl,fs known to be related
to the operator Z (3.5), (3.12), by FZZ duality [19, 20, 49]. In particular, it is normalizable
for k > 1, and non-normalizable for our case, k < 1.

Note also that the relation between operators in different winding sectors only applies
to special operators. As an example, in (4.9) we constructed a worldsheet vertex operator
which corresponds to the operator (4.6) in the block of the symmetric product discussed
above. For § = 0, this vertex operator exists in the winding zero sector as well, but for
B # 0 it does not. Thus, we see that most operators that exist at non-zero winding do not
exist at winding zero. This is closely related to the fact that for £ > 1 the FZZ duality is
only valid for normalizable states. For k < 1, some of those become non-normalizable.

The discussion around equations (4.21)—(4.23) has an interesting generalization to
non-zero 3 in (4.6). On the field theory side, one has

0,7 = BOLpe’? . (4.24)
In the worldsheet theory, we compute

C oG i 7 -1 o il ~1 iHo - (-1
JO ,e p—p e’t(Hsl"rHsl) ®§7m,)’rﬂi| —e p—p e’LHs] <\/§ wgl @§7m7)m + elel jsl;O @§7m7)m> y (425)
where m, m are given by (4.10). Comparing to (4.23), we see that up to a BRST commutator,
we have the duality
BOyp e s (m+j—1)(0p + i0Hg)e P eiHatHa) (1)

Jm—1m

Jim,m *

(4.26)

In the limit 8 — 0, in which the Lh.s. goes to zero, the r.h.s. does as well, since m + j — 1
and m — k/2 vanish for the values (4.18). Of course, in that limit, the calculation reduces
to the one we did before. However, since for small 5 both the Lh.s. and the r.h.s. of (4.26)
go like 3, we can divide them by S and then take the limit # — 0. In this limit we get the

~32 -



following correspondence:

Opp —— e 9%

1
k.k
272

i

1 ) = _ - _
. i(Hg+Hg) 5(—1) 3 iHg &
7\/5(1 5 (Op + i0Hg)) "\ 7s1 sl (I)l—g i Py et <I)1_

)

2(4.27)

Thus, we find that the worldsheet theory contains an operator with spacetime scaling
dimension (1,0) (the r.h.s. of (4.27)) that corresponds in the SW theory (the block of the
symmetric product CFT) to the operator d,¢ (the Lh.s.).

We pause again for comments about this result.

)

In taking the limit 5 — 0 above, we implicitly made an assumption about the holographic
map (4.9) described above. That map in general involves a S-dependent multiplicative
constant that we have not determined (and cannot determine without access to informa-
tion about correlation functions which we currently do not have). The precise value of
that constant is not important for our considerations, but we have assumed that it does
not vanish as § — 0. Of course, we made that assumption already in the discussion of
the operator Z(-1) above.

It is interesting to ask whether the operator (4.27) is holomorphic. In the boundary
theory, this is the question whether 09¢ = 0. In the large ¢ region we are working in,
the answer is expected to be yes. Indeed, in the SW long string effective field theory, ¢
is a free scalar field with background charge. However, this holomorphy is expected to
be broken in the full theory, since the SW theory must be modified at finite ¢, where
the symmetric product picture has to smoothly connect to the physics of short strings in
AdS3. For example, it might be that the ¢ field cannot explore that region of field space

due to the kind of wall familiar from Liouville theory, the SLU((ZI’;R ) coset model (the cigar

CFT), etc. Such walls in general make the ¢ field interacting and break the holomorphy
of 0¢. Tt is thus interesting, that in the worldsheet theory, naively it appears that the
operator on the r.h.s. of (4.27) is holomorphic. The reason is that to compute the action
of 9z on it, we need to do exactly the calculation that we did for Z(-1) above. That
calculation appears to only involve (non-trivially) the right-movers on the worldsheet,
and for those, the operator under consideration is exactly the same as there. Thus, it
appears that (4.27) is holomorphic. We will return to this issue in section 7, and will
see how this tension is resolved.

In equation (4.27) we constructed a holomorphic operator in the spacetime CFT by
studying worldsheet operators in the sector with AdS3 winding —1. There is another
worldsheet construction of holomorphic operators in the spacetime CFT, in the sector
with winding zero [46], reviewed briefly in section 2.3. It is natural to ask what is
the relation between the two constructions. We will see below that some holomorphic
operators appear in both sectors, and some only appear in the sector with non-zero
winding. The operator (4.27) does not have a counterpart in the winding zero sector
and thus belongs to the second class. We will see below that the holomorphic operators
of the first class are conserved, while those of the second class are not.
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4.2 Operators in the block theory that involve the S3

We next move on to some generalizations of the holographic correspondence above. One
simple generalization is to add non-trivial wavefunctions on the three-sphere. In the

boundary theory this corresponds to considering operators of the form
Uj’;m’,m/ eﬁ(b s (428)

where vj/., 7 is a primary of the SU(2), x SU(2) g affine Lie algebra describing a non-trivial
spherical harmonic on the sphere, as before. The dimension of this operator in the spacetime
CFT is

- 1 1041
hST:hST:_§/B(/B+QZ)+] (jn ) : (4‘29)

The dual operator in the worldsheet string theory is
Uj’;m’,ﬁz’ eﬁ¢ PAEEEN 6799795 ei(Hsl+Hsl) Uj’;m’,ﬁl’ (I)g;i)m . (430)

Imposing the worldsheet consistency conditions as before, we get

j(j—1)+k+2_j'(j’+1)

. 4.31
k 4 n (4.31)

m=m =

It is straightforward to check that this operator has the correct spacetime scaling dimen-
sion, (4.29) if j is related to (3 as before, via (4.7), (4.12), (4.14). For j/ = 0 (4.28) reduces
to (4.6), and (4.30) to (4.9).

Another interesting generalization concerns holomorphic operators. In (4.27) we have
constructed an operator with spacetime scaling dimension (1,0). It is natural to ask whether
there are other operators with that scaling dimension in the sector with winding —1. In
particular, the theory contains an SU(2) current algebra discussed in section 2, and it is
interesting to ask whether this sector contains additional spacetime currents that transform
in the adjoint representation of that SU(2). We turn next to this question.

One vertex operator that transforms in the adjoint of the SU(2) of [46] is

oD = e Py gl (4.32)
where a = 1,2,3 is the SU(2) adjoint label, and (m,m) are given by (4.10). The opera-
tor (4.32) corresponds in the spacetime CFT to one with hg; — her = 1. We believe that it
corresponds to the following operator in the block of the symmetric product,

K (x)eP? (4.33)

Here, K%(x) is the generator of the affine Lie algebra of level n in the block, and £ is related
to j by equations (4.7), (4.12), (4.14), as before. In particular, in the limit 8 — 0 we get
the correspondence )
K e eePyg o) (4.34)
272

19

MBS

In other words, the situation is like that for the operator Z above. The currents on the r.h.s.
of (4.34) are the winding —1 representations of the SU(2) currents (2.65) (or rather, the
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operator in the m basis that results from the LSZ procedure described in the discussion
around (2.56)) resulting from FZZ duality. They are non-normalizable, in agreement with
the fact that the SL(2,R) invariant vacuum is not a normalizable state for k¥ < 1. We will
see below that they are conserved, as expected.

We note in passing that while for 5 = 0 the vertex operator (4.32) describes an operator
that also exists in the sector with winding zero, given by equation (2.65), for non-zero
the operators (4.32), (4.33) do not have an analog in the w = 0 sector. This is another
example of the phenomenon mentioned above for the operators (4.9), (4.10), which do not
correspond to any operators in the w = 0 sector, except for § = 0, where they give the
w = —1 representation of the operator Z, equation (2.67). We will see below that this
pattern is much more general.

Coming back to the discussion of spin one operators in the spacetime CFT, we have
constructed before the operators d¢ and K in the winding one sector, equations (4.27)
and (4.34). It is natural to ask whether there are additional operators with this general
structure, in particular ones that transform in the adjoint representation of SU(2). A
natural ansatz is

o 9—? [0 ilHa+Ha) §(=1)

k.k
1-kk_y,

: (4.35)

k
2

where K% is a worldsheet current (i.e. a dimension (1,0) holomorphic operator). One
possible choice for this current is

) 1
Ka = a]s?u - iﬁabcwé)uwscu = kgOS + kgerm ? (4'36)

where the two terms on the r.h.s. are the bosonic and fermionic worldsheet SU(2) currents
(see section 2.2), and « is a constant to be determined.

In order for the operator (4.35) to be BRST invariant, the current (4.36) must be the
bottom component of a worldsheet superfield. One can use (2.19) to check that its OPE
with the superconformal generator (2.21) is

Gu ) (0) ~ 2 (a5 2 1) T (4.37)

n 2

Thus, for o = ——25 the 1/2% term in (4.37) is absent, and the operator (4.35), which in
this case takes the form

)

_ 2 . I _
ey (k?erm o Hkgos) el(HSl+HSI) Q)g—l) k> (438)
—_ 2

kE.k_
272 L,

is BRST invariant. It corresponds to a second SU(2) current (in addition to (4.34)), which
according to the discussion of this section is holomorphic, up to BRST commutators.
A third SU(2) current is obtained by taking

K® = g4 . (4.39)

Plugging (4.39) into (4.35), and requiring that the resulting operator is BRST invariant, we
find the following. The SU(2) part of the operator is an N = 1 superconformal primary, but
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the SL(2,R) part is not (the OPE of the superconformal generator with wsleiHS@i:lﬁ .
2 b

)

[SIE
[NTES

has a 1/22 term). This problem can be fixed by replacing

; 1
3 et ®! &)
2

) -~ 2 . _
- e, +Le2szlq>§ ) (4.40)
2

E_qk k. k
i5—L35 § 3351, k—2

where the relative constant has been chosen such that the 1/22 term cancels between the
two contributions. Plugging (4.40) into (4.35) we find a third dimension (1,0) current that
transforms in the adjoint of SU(2) and takes the form

o iy (3 JiHg g(—1 V2 i (-1
e P Yl ¢ 1<wslel 1(1,5_%);%_1% e 1@5_5;5_27,5) . (4.41)
Thus, we see that string theory on AdSs x S? contains, in the winding w = —1 sector,

three sets of dimension (1,0) operators that transform in the adjoint representation of
the SU(2)r, current algebra (2.65), and are holomorphic modulo BRST commutators. A
natural interpretation of these operators in the SW theory (4.1), (4.2), is the following. One,
given by (4.34), appears to be the w = —1 version of the spacetime SU(2) current (2.65).
The other two combinations!? of (4.34), (4.38), (4.41), form an SO(4); = SU(2), x SU(2),
current algebra acting on four fermions. These fermions transform as a vector under SO(4),
mirroring the worldsheet structure. We can denote them by x’, with i = 1,2, 3,4 running
over the four dimensions of the target space R, x S®. In terms of these fermions, the SO(4);
currents take the usual form

K9 = xixJ . (4.42)

In the SU(2) x SU(2) language, the fermions y are bispinors x*¢, a,d& = %, and the
currents (4.42) take the form

?1) = Xadxﬁﬁagﬁedlé ) k&) = Xadxﬁﬁeaﬁo-gﬂ' ) (443)
where o are the Pauli matrices and € the two-dimensional Levi-Civita tensor. There is a
similar structure on the right-moving side of the spacetime CF'T, obtained by exchanging
the left and right-movers on the worldsheet.

It is worth noting that in (4.38), (4.41) we constructed the holomorphic operators,
but it is easy to modify them to include a factor of €??, as in (4.33), by changing j and
adjusting some constants. It is also possible to add a non-trivial spherical harmonic on the
sphere, as in (4.28), (4.30). We will not describe the details here.

Continuing in our program of mapping out the low-lying operators in AdSs x S and
their analogues in the dual SW theory, we next consider the operators

—o—& ) -1
e ? 4pzlbguq/]suq)g;m,)rh (444)
with m, m given again by (4.10). This operator looks the same as (4.34) as far as the
left-movers are concerned, but with the right-movers treated the same as the left-movers,

14The precise linear combinations remain to be determined.

— 36 —



which is not the case in (4.34). It is natural to conjecture that the dual operator in the SW
theory is a left-right symmetric analog of (4.33),

Ke(2)K(z)eP? (4.45)

with (3 related to j as before (4.7), (4.12), (4.14).
Another interesting set of operators is

e-(p—@ g Q;suei(Hsl-i-Hsl)qé;}L)m ) (4.46)

u b b
In this case, BRST invariance imposes the constraint

G-1) k
m=m==7(=7k)+4. (4.47)

The spacetime dimension of these operators is

hsT = ;LST = _%5(6 + Q@) + % (448)

with 3 related to j as before.

The operators (4.46) transform in the (3, 3) representation of the total SU(2);, x SU(2)g.
To understand them better, it is useful to note that there are additional operators with
the same dimensions that are obtained by replacing 1/_)Sbu by zﬁg’l For the resulting operators
to be BRST invariant, one has to make a modification similar to that described around
equation (4.40). This gives a triplet of operators in the (3,1) of SU(2)z x SU(2)g. A similar
replacement for the left-movers gives a (1,3), and a (1,1). Altogether, this construction
gives rise to sixteen operators that transform as 2 ® 2 =3 @ 1 under SU(2), and similarly
under SU(2)g.

To understand the operators (4.46) and their generalizations described above in the
spacetime theory, it is natural to use the description in terms of the fermions x around
equation (4.42). They correspond to the operators

'y’ el? (4.49)

with i, 5 = 1,2, 3,4, as before. In terms of the bispinor description they involve the bilinears
Xad)zﬁg . To understand the 3 @ 1 decomposition under the total SU(2); found in the
worldsheet construction, note that the part of it that acts on the fermions is the diagonal
SU(2)2 in the product SU(2); x SU(2);. Under this SU(2), the fermions x* transform as
a 3@ 1, where the 3 is the first three components of the vector x* (say), and the 1 the
remaining one.

So far we discussed the (NS,NS) sector of the SW CFT, which we saw comes from the
(NS,NS) sector of the worldsheet theory. It is interesting to examine the (R,R) sector of the
spacetime theory, which comes from the (R,R) sector of the worldsheet one. This motivates
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us to consider vertex operators of the form®

Z |:67%§07%95ei(n3H3+nsuHsu+ﬁ3H3+ﬁsugsu)

0
—\ LHg+iHg (—1) N 34+ iAg 5(-1)
X (01(777"7)62 SRR Gk 1k +ea(n, e T2y Byl
22 7472 ' 4 2'2 4’2 ' 4
NN 2 SN 1+ —1 _\ 3o 43t —1
+cz(n, ez T ‘I’i_ﬁ.g; v +ca(n,m)e TR (I)g_ﬁ).ﬁ_é E_3
29174927 1 2’2 4’2 4

with 7 = (n3,msu) the spinor weights 13, 7, = :I:% and similarly for 1. These operators
have spacetime dimension (i, %) BRST invariance on the left further relates ¢; to co, and
c3 to ¢4, while on the right it relates ¢y to ¢3, and co to ¢q4. All told there are sixteen
solutions, which we can label by the sixteen coefficients ¢1(n,7). The GSO projection
selects from among these the eight (R+, R+) @ (R—, R—) operators in type 0B, or the eight
(R4, R—) ® (R—, R+) operators in type 0A, and thus correlates the left and right spinor
chiralities 17,77 in the four dimensions transverse to the long string.

In the spacetime theory, one can think of the operators (4.50) as follows. The four
A2

left (right)-moving fermions x*(¥?) introduced around equation (4.42) can be bosonized

in terms of two left (right) moving scalars H;(H;). One can then construct (R,R) sector

operators of the form . L
o3 (£H1EHytHi£H)) (4.51)

in the spacetime SW theory. This group of sixteen dimension (i, %) operators corresponds
to the sixteen operators (4.50) in the bulk string theory.

In string theory we need to further impose a GSO projection on the worldsheet theory,
due to the fact that the sixteen operators (4.50) are not all mutually local. Similarly, in the
spacetime CFT we need to further project (4.51), for the same reason. In both, this leads
to two inequivalent theories, 0A and 0B, as in critical string theory [56].

The analysis of low lying delta-function normalizable and non-normalizable operators
on AdSs; x 83 can be summarized as follows. We have constructed the holographic map
for the type 0 tachyon, (4.30), the gravity sector (4.34), (4.44), (4.45), and some low lying
excited string states (4.26), (4.38), (4.41), (4.46), (4.49). We also mapped some RR gauge
fields (4.50) to their analogs in the SW theory (4.51).

The resulting structure points to the SW theory being a bosonic sigma-model on Ry x S?
and four fermions y*. The sum over spin structures for these fermions is the standard
non-chiral sum, that implements the projection (—1)¥ = (—1)F. As usual, in the (NS,NS)
sector this means that only operators with an even number of fermions survive. In the
(R,R) sector there are two possibilities, the 0A and 0B theories, which differ in the way the
left and right-moving spin fields are paired. The choice of GSO projection in the block of
the symmetric product mirrors that of the worldsheet theory.

This conclusion about the GSO projection can be proven by studying the thermal
partition sum of the theory, using worldsheet techniques. It is particularly simple to do

15Here we set the ¢ exponent to zero. It is straightforward to consider operators with a nontrivial ¢ profile
as well.
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that after deforming the theory by the single-trace TT deformation studied in [57]. We
discuss this deformation in section 8.6, and the thermal partition sum can be computed
using the techniques of [58].

One interesting feature of our analysis is the presence in the theory of a large number
of holomorphic operators. We have focused on dimension (1,0) operators, such as d¢ (4.27)
and the three SU(2) currents (4.34), (4.38), (4.41), but we expect there to be an infinite
tower of such operators, with dimensions of the form (n,0) for n > 1. We leave the
construction of the corresponding vertex operators to future work.

From the point of view of the spacetime CFT, these operators correspond to the
holomorphic operators in the SW theory Ry x S3. Since that theory is free at large positive
¢, it is natural that it has an infinite number of holomorphic operators in this limit.
However, in the full theory we expect that the deviations from the free approximation lead
to violations of holomorphy.

Interestingly, in the worldsheet analysis we found that the vertex operators we con-
structed give operators that appear to be holomorphic in the full spacetime CFT. We
will return to the question of the fate of these holomorphic operators in section 7 below.
For now, we note that the operators that are expected to be conserved in the full theory,
such as (4.34), come from the gravity sector of the bulk theory, while the ones that are
expected to be broken, such as (4.27), (4.38), and (4.41), come from excited string modes
(or oscillator states).

4.3 Higher winding sectors

We have concentrated in this section on the unit winding sector, which corresponds to
the block of the symmetric product. The analysis of [10] then shows how the higher
winding sectors build up the twisted sectors of the symmetric product. The Ly constraint
in the winding w sector was written in (3.22) above. The corresponding spacetime scaling
dimension can be written in the form

hSTz—(m+§w>:_[2+Z(w_;)] ’ (4.52)
(

oy
hlz_](Jk )+J (Jn )+ Noe — ) +

>

Here we restrict to negative w, since in our conventions vertex operators with w < 0
correspond to in-states in spacetime, while their conjugates with w > 0 describe out-states.
For example, the spacetime dimensions on the first line of (4.52) are given by the expression
on the second at w = —1. The latter (given by h; on the second line) was discussed at
some length above — it is the spectrum of the SW theory.

Interestingly, the first line of (4.52) with w = —|w| is also the expression for the
dimensions of operators in the Z,, twisted sector of a symmetric orbifold of a CFT whose
building block is the SW theory [10, 59]. Thus, we conclude that the scaling dimensions of
delta-function normalizable and non-normalizable operators in sectors with w # 0 in string
theory on AdS3 x S? agree with that of the symmetric product of the SW theory. In the
case of delta-function normalizable operators this was discussed before e.g. in [4, 10, 11], but
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for the non-normalizable ones the statement is new. As we saw, non-normalizable operators
play an important role in the theory. For example, they are the ones that give rise to the
infinite set of holomorphic operators mentioned in the previous subsection.

In the discussion around equation (4.14) we saw that the radial wavefunctions of
vertex operators with winding w = —1 match those of the corresponding operators in the
building block of the dual symmetric product. Another way of saying that is that the radial
coordinate in AdSs can be identified with that in the SW block theory.

This correspondence of radial profiles can be extended to other values of SL(2,R)
winding w, where the dual spacetime operator is in the Z,, twisted sector of the symmetric
product spacetime CFT. Consider a cycle 7 of length |w| that cyclically twists together
copies 7(1),...,7(|w|) of the block theory. The “center-of-mass” of Ry is the canonically
normalized Zj,,| invariant scalar

Gry t o Dru))

|wl

Q= MQ@- (4.54)

The ¢ dependence of the twist operator takes the form

$o =

: (4.53)

which has a linear dilaton

;o1
exp [—%@é ¢0} V(o) , V(do)=exp [W ¢0] ; (4.55)

|w]

where exp [—%@[ ¢0} is the usual string coupling dependence, and V¥ (¢y) is the wavefunction
for the center-of-mass coordinate (4.53). For further details on the construction of the twist
operators, see appendix C. Furthermore, if we set

@ (dor—5) =@ (s 3) (4.56)
then the spacetime scaling dimension (C.8) of the cyclic twist operator matches that of
the worldsheet operator, written in (4.52). Note that for |w| = 1, the expressions above
reproduce (4.14).

One way of interpreting the wavefunction scaling (4.55) and worldsheet/spacetime
map (4.56) is as follows. Plugging (4.56) into (4.55), we find that the wavefunction ¥ can
be naturally written as

U = exp [Q (jws - ;) ¢ave:| ; (4.57)

where
|’UJ| ¢ave = \/ |’UJ| ¢0 = ¢T(1) +...+ ¢T(\w\) (458)

The wavefunction (4.57) describes an object in the symmetric product CFT, but we used the
worldsheet /spacetime map (4.56) to write it in terms of the worldsheet variables (@, jws)-

The form of (4.57) makes it natural to identify @,ve with the worldsheet coordinate
¢ describing a long string with winding |w|, since then the worldsheet and spacetime
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wavefunctions coincide, generalizing the discussion of the |w| = 1 case above. As we
point out next, this identification is also natural from the perspective of locality of string
joining/splitting.

Indeed, in the bulk theory one can consider a process in which two strings with winding
wy and we join to form a string of winding wy + ws. This process can occur locally in ¢, i.e.
both the two initial strings and the final one are located at the same value of ¢.

From the point of view of the boundary theory, the above process corresponds to a
merging of two operators in the Z,,, and Z,, twisted sectors into a single operator in
the Zy,+w, twisted sector. In this process, the center of mass coordinates of the two
initial operators, ¢1 + - - + ¢, and Py, +1 + - + G, +w, combine into the center of mass
coordinate of the final one, ¢1 + -+ + ¢y + w41+ + Puwytw,. In terms of the definition
of @ave (4.58), this merging corresponds to

w1 L) + wop(h2) = (wy + wa) HLLaT2). (4.59)

The identification of ¢,y with the worldsheet ¢ is consistent with the locality of the process
in ¢, since (4.59) is satisfied if we set all three ¢,ye in it to the same value, ¢, and identify
this value with the position in the bulk where this process takes place.

To summarize, the symmetric product structure described above provides a natural
description of non-normalizable and delta-function normalizable operators in sectors with
non-zero winding of string theory on AdSs x S3. An interesting question is what is the role
of the sector with winding zero described in section 3 in this picture. We will return to this
question in section 8.

In the particular case of type 0 string theory, the w = 0 sector contains a BF violating
closed string tachyon (3.2), (3.3), and therefore the theory is expected to be unstable. To
avoid this instability, we next turn to theories with chiral GSO projections, in which the
tachyon can be eliminated.

5 Type II theories

As mentioned above, the type 0 string theories on AdS3 x S? constructed in sections 3, 4
are unstable. One way to ensure stability is to impose spacetime supersymmetry, which
involves a chiral GSO projection. In this section, we construct the resulting type II theories
and discuss aspects of their spectrum.

5.1 Chiral GSO

The standard chiral GSO projection used in critical string theory, (—1)f =1, with (—1)¥
defined in (3.18), is anomalous in non-critical dimensions. In the attempt to construct the
twisted, (NS,R) and (R,NS), sectors of such an orbifold, one is combining Ramond states of
one worldsheet chirality with NS states of the other. Outside the critical dimension, the
worldsheet conformal dimensions of the two sectors do not differ by an integer, as we see
for example from (3.22), where there is a mismatch by dyns — do.r = i that cannot be
cancelled by the other terms. This leads to a (worldsheet) torus partition function that
fails to be invariant under 7 — 7 + 1, and correlation functions of vertex operators that
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are not single-valued. The condition of equality of the fractional part of the left and right
conformal dimensions of states and operators is known as level-matching [60]. Satisfying
this condition is sufficient to guarantee that a chiral GSO is anomaly-free [61].

One way to ensure level matching is to require spacetime supersymmetry. A spacetime
supercharge is obtained by (contour) integrating a holomorphic dimension one Ramond
sector worldsheet operator, the supersymmetry current. Starting with a type 0 theory,
and demanding that all operators are mutually local with respect to the supersymmetry
current can be thought of as a chiral orbifold that gives, by construction, a spectrum that
satisfies level matching. This is obviously true in the untwisted sector of the orbifold,
which is a subset of the original type 0 spectrum. It is also true, by construction, in the
twisted sectors, which are obtained by applying the supercharge to the original (NS,NS)
and (R,R) sector operators. This gives rise to (NS,R) and (R,NS) sectors, which consist of
spacetime fermions.

As reviewed in section 2.1, spacetime supersymmetry is also natural from the way
the models we study appear in string theory. Before adding the strings, the near-horizon
geometries (2.14) preserve (2,2) supersymmetry with supersymmetry currents that were
constructed in [3, 62]. After adding the strings, the supersymmetry is enhanced to (2,2)
superconformal, with worldsheet supersymmetry currents that were constructed in [39, 40,
63]. They are given by:

Ly,

S* = ex {(PjLZ"r‘HS Hy) + %74
p B (Ha F H3) 5 o (5.1)

Jr =ivV2k0Y ,

Sé]((f)) R-current (see equation (2.30)). The

following comments are useful for understanding (5.1).

where a = /1 — % is the normalization of the

1) The fields appearing in (5.1) were defined in sections 2, 3. In particular, the bosonized
fermions were defined in (2.62), (3.16), while the scalars Y and Z were defined in (2.30).

2) In this formula, the supersymmetric SU(2) WZW model has been decomposed into
the supersymmetric SUUT%) coset and a U(1), as in (2.37). This is useful, since, as
we will see, the natural starting point for the chiral GSO projection that gives a
supersymmetric theory is type 0 on a squashed S?, denoted S?, with a particular value
of the squashing parameter. One can generalize the construction to other values of the
squashing parameter, including the unsquashed case, but we will be mainly interested in

the supersymmetric case.

3) The parameter r in (5.1) takes two values, r = :I:%. Contour integrating the corresponding
worldsheet supercurrents gives rise to the global superconformal charges in the spacetime
theory, QTi.

4) The zero mode of the worldsheet current Jg in (5.1) is the U(1)g that appears in
the global spacetime N = 2 superconformal algebra. It is proportional to the SU(2)
generator J2, but they are normalized in a different way, (2.30) versus (5.1). The
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normalization of Jg is fixed by the N = 2 superconformal algebra, in particular the fact
that the supercharges in (5.1) must have charge 41, while that of J3, is fixed by the
SU(2) algebra.

5) From the expression for the global N = 2 (super)charges (5.1), one can construct the
spacetime supercurrents, following [46]. One finds

G (z) ~ /d2z
Tn(@) ~ / Bz e 0 YR (3 2) B (1, 75 2, 2) . (5.2)

(S?E — xSf ) 0, P1(x,752,2) — 25%;@1(% T; 2, 2)] e~ ? 1/_1(3_:, z),
2 2

1
2

The operators Qi(x) are (spacetime) dimension (%,O) holomorphic operators, corre-
sponding to the N = 2 superconformal generators. Jr(z) is the U(1)g current; it has
dimension (1,0). The operators (5.2) are normalized as in [46], by requiring that they
satisfy the N = 2 superconformal algebra. The global supercharges (5.1) are obtained
by expanding the operators G¥(z) in modes in the usual way,

GHa) =Y Gra3 (5.3)

and similarly for Jr(z).

6) An inspection of the currents S above in comparison to (2.34)-(2.39) reveals that they

involve the squashed SU(2) vertex operator T/j(ﬁ:)‘;,’i%“,’wl’w/) of equation (2.37) with

R=vn+1, j/=m'=m'=0, nu=1, fu=3, =10 =3, (5.4)

or its charge conjugate. In other words, the naive spin field built out of the bosonized
worldsheet fermions has been decorated with a half unit of spectral flow in the total vector
current J2, + J3

o1 which flows simultaneously by a half unit each in the bosonic (2.27)

and fermionic (2.28) contributions. This extra spectral flow contribution results in a
level-matched operator.

The vertex operators of the supersymmetric theory are obtained by starting with the type
0 theory on S? at the particular point R = v/n + 1 along the marginal line parametrized
by the squashing parameter R (see the discussion around eq. (2.38)), demanding that all
states are mutually local with respect to SF (5.1), and adding the twisted sector operators.
One way to exhibit the geometric action of this Zs orbifold is to consider a general vertex
operator, which carries ghost picture, bosonized worldsheet fermion, Y and Z charges

eXP( — Qe — qpp+ing Hg+inz Hs +iﬁslf_]sl+iﬁ3g3> (5.5)
X eXp(ipyY—i-’L'ﬁy?—l—ipZz—l-iﬁZz) ,

and to analyze the condition of mutual locality with (5.1). The physical vertex operators
have additional contributions, such as wavefunctions on AdSs and the parafermion disc,
as well as oscillators, but those do not contribute to the monodromy properties of such
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operators with respect to the supercurrents S,jF. In performing the calculation it is also useful
to recall that the momenta py, pz are given in (2.36), while py, py are given in (2.38), (2.39).
The phase generated by taking S once around an operator O of the form (5.5) is

€xp {2772‘ <_;Q<P +r (nsl :F773) + ;nsu> +im (m,_m/“"’?su_"?su + nTz (w/_w/)>:| : (5'6)
One can think of the first term in the exponent as being generated by the naive spin field
in S (the (—1)¥ projection), while the second term comes from the half-unit of J3, 4 J3,
spectral flow we added to it, and involves the total J3, — J3, charge \/g (py — py) of O.
Demanding the triviality of this phase gives the chiral GSO projection.

As usual, mutual locality with respect to one of the S guarantees that with respect to
the others, since they are related by flipping an even number of signs in (5.1). We choose
as a convention to check mutual locality with respect to Sir 1, for which the condition is

2

(-nfFa=1, (5.7)
with the component contributions

(_1)F = €Xp [iﬂ- (_QQD + €171 + €373 + 6suﬁsu)]

. I = — n—2 I = (5'8)
Q) =exp [’MT ((m —m) + (Nsu—"su) + o (w —w ))] )
where € = (g, €3, €su) = (—1,1,1) = €2 (see the discussion after equation (3.18)).

In addition to the untwisted, (VS,NS) and (R,R), sectors of the orbifold (5.7), one has
twisted sectors with (R,NS) or (NS,R) boundary conditions. These also obey the chiral
GSO constraint (5.7), (5.8), and thus carry a half unit of vector spectral flow in the total
SU(2) current.

The above approach fits within a general procedure for constructing worldsheet models
of N = 2 supersymmetric AdSs backgrounds laid out in [3, 39, 40]. There one considers a
worldsheet model SL(2,R) x N where M = N /U(1) is an N = 2 superconformal theory.
The theories N' and M are related by N = (M x U(1)) /Z,, for some n € Z, where Z,, acts
as a discrete R-symmetry rotation of M combined with a Z,, shift on the U(1). However
this does not uniquely specify N because one is free to dial the U(1) radius. The appropriate
choice (made implicitly in [39]) is to set it according to the SL(2,R) level so that it can
form the R-current of spacetime supersymmetry. The chiral GSO projection was not
given explicitly, but again implied by the demand of a spacetime N = 2 superconformal
algebra, and the requirement of mutual locality of vertex operators with respect to the
supersymmetry currents (5.1). In particular, the fact that the (R,NS) and (NS,R) sectors
carry Y,Y momentum is a result of the fact that spacetime fermions carry spacetime
R-charge, which is measured by the spacetime R-current built out of the worldsheet U(1)y-.
Our particular example sets A to be a squashed S3, with the chiral GSO projection generated
by (5.7).

While we motivated and derived the chiral GSO constraint above using spacetime
supersymmetry, there is a second, non-supersymmetric, choice for a chiral GSO projection
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at the same value of the squashing parameter, obtained by flipping an odd number of signs
in the vector € used to define (—1)¥. We will adopt the choice €y = (1,1, 1) that appeared
in section 3. This alternate GSO projection can be viewed as being due to the requirement
of mutual locality with respect to the worldsheet operators
‘lff:exp{—g—i—ir(Hslj:Hg)j:ZQaZi\/;ikY : (5.9)

which differ from S in (5.1) by the sign of Hs in the exponent. To understand this GSO
projection better, it is useful to construct the local operators in the spacetime CF'T that
correspond to (5.9). One finds

Tt (z) ~ /d2z <\I/jf - x\I’fl) e P Y(z;2)®1 (2,75 2, 2) . (5.10)

2 2

Thus, we see that while in the supersymmetric GSO projection (5.1) the spectrum of
local operators includes a pair of dimension (%,O) operators G, the generators of an
N = 2 superconformal algebra, in the alternative construction (5.9) we have instead a
holomorphic dimension (%, O) operator (5.10) — a complex free fermion. Both theories
contain a holomorphic U(1) current (second line of (5.1), (5.2)), under which the fermionic
operators have unit charge.

It is important to emphasize that the two GSO projections described above are mutually
exclusive. In the first we have N = 2 superconformal symmetry but no ¥, while in the
second we have ¥ but no superconformal symmetry. Thus, we refer to them as (chiral)
GSO 2 (for N =2 SUSY) and GSO 0 (for no SUSY), respectively.

One has a choice of either GSO 0 or GSO 2 separately for left-movers and for right-
movers, leading to four distinct theories, which we denote GSO (a,b), a,b = 0,2, that
have (a,b) superconformal symmetry in spacetime. It is tempting to interpret GSO 0 as
describing a theory with spontaneously broken N = 2 superconformal symmetry. We will
return to this issue below in section 8.

The GSO (0,0) and (2,2) theories can be constructed by starting with the 0B theory,
and applying to it the GSO projection (5.7) with € = €9 and € = €2, respectively. Note that
we only need to do this for one worldsheet chirality, since the type 0 theory already has
(-1)F = (—I)F . We can think of the resulting theories as IIB string theories.

Similarly, the GSO (0,2) and GSO (2,0) theories can be obtained by starting with type
0A, and applying the chiral GSO projection (5.7) with € = €y and € = €3, respectively,
giving rise to ITA string theories. We will henceforth consider only the (2,0) theory; the
(0,2) one is obtained from it by exchanging left and right-movers on the worldsheet.

The Zs eigenvalue (5.8) that determines the chiral GSO projection is topological, and
in particular invariant under the S? squashing deformation introduced in section 2.2. Thus,
the type II theories introduced in this section can be constructed by starting with a type 0
theory on AdS3 times a squashed S? with any value of the squashing parameter R, discussed
in sections 3 and 4, and orbifolding it by the Zy generated by (—1)¥'Q. The (R,NS) and
(NS,R) sectors arise as the twisted sectors of the orbifold, and supersymmetry appears after
one deforms along the moduli space from R =1to R =+/n + 1.
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Note also that the charged SU(2) currents, J are projected out by the orbifold for all
values of R — they are invariant under (—1)%, but go to minus themselves under 2. Hence,
the SU(2)r x SU(2) g symmetry is broken to U(1)r x U(1)g in the type II theories for all
values of the squashing parameter R. This is also the case in the underlying type 0 models
for all R # 1.

5.2 The spectrum

We are now ready to describe the spectrum of the various type II theories. As in the type 0
case, we split the discussion into two parts. In this section we study the sector with winding
zero, and in the next turn to non-zero winding, our primary focus.

Since the SU(2) symmetry is broken in the type II theory, it is convenient to describe

the states in terms of their SI}J(%) and U(1) components. It is also useful to remember

that the chiral GSO projection (5.7) correlates worldsheet fermion parity with the axial
U(1) charge.

The type 0 tachyon operator is described in terms of the above decomposition by the
vertex operator

—o—¢@ i(pyY+pyY 0,0 = . =
e 9P eilprY+py )A};m)/’m, Qj(x,7;2,2). (5.11)
(0,0) . . . . SU(2) .
Here A}, -/ is a primary in the supersymmetric Gy model, defined in (2.34), whose

dimension is given by (2.35), and the momentum (py, py’) takes the form (2.38), which in
this case is given by

1 [m +m

(py,ﬁy)zﬁ 5 & (m =R (5.12)

For R =1, (5.11), (5.12) is just another way of writing (3.2), while for general R it describes

the type 0 tachyon at a general value of the squashing parameter. The mass shell condition
for general R is

S e 2 ey 9
j(Jk D, 7 +:L) = —I—ﬁ{im;m—k(m’—m')lﬂ ==, (5.13)
This comes from the left-moving Ly constraint. The right-moving sector gives a similar
condition, with m’ <+ m’, which is equivalent to (5.13). Again, for R = 1 (5.13) reduces
to (3.3).

The vertex operator (5.11) belongs to the (NS—,NS—) sector, where =+ refers to the
(=1)¥ parity, as in the critical string [56]. Therefore, under the chiral GSO (5.7), the modes
with m/ — m’ € 27Z are projected out, while those with m’ — m/ € 2Z + 1 are kept.

The spacetime scaling dimension of the operators (5.11) is (j, 7), with j given by (5.13).
Some of these operators are tachyonic for general squashing factor R. The most tachyonic
operator that survives the GSO projection (5.7) has j' = +m/ = Fm/ = % The mass shell
condition (5.13) leads in this case to

1 R2—n+3

o YV TRTY 5.14
A RN e | (5.14)
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Thus as long as the squashing factor R exceeds v/n — 3, there are no BF-violating tachyonic
modes. The supersymmetric point R = v/n + 1 lies safely within the stable regime. Of
course, this had to be the case, since supersymmetry (together with unitarity) is inconsistent
with the existence of BF-violating tachyons. In what follows, we will mostly restrict to this
value of the squashing factor.

In section 3 we discussed vertex operators corresponding to the gravity sector, (3.5), (3.9).
We did that at the SU(2) point, but using the results of section 2, they can be extrapolated
to any value of the squashing parameter R. For the operators in (3.5), one finds

Wyt = €% 0(@)(@) @ (@, 2) ) 400, L (5.15)

Xt g = €979 Bz, 7) iy Y+pyY) A (1)

On the first line of (5.15), the left and right-moving momenta (py, py') take the values (5.12);
the mass-shell condition is

B k + n +@ R

On the second line, (2.34)—(2.39) lead to

JG-1  SG D -m? [Mﬂm’m’)Rr:U- (5.16)

_ 1 [m'+m' +2 _
(py,py) = o [ 7 + (m' — m’)R] : (5.17)
while the mass-shell condition is

+(m' — m’)R} 2 =0. (5.18)

) +j’(j’+1)—(m’+1)2 s {m’—i—ﬁm’—i—Q
k n an R
Since the operators (5.15) belong to the (NS+,NS+) sector, the chiral GSO projection now
allows m’ —m’ € 27, and projects out states with m’ —m’ € 2Z + 1. The spacetime scaling
dimensions of these operators are (j — 1,7 — 1) for the first line in (5.15), and (j,7) for
the second.
Another operator constructed in section 3 is ;s (3.9). At the supersymmetric point it
takes the form

Kjrimr e = €92 9(2)®;(w, ) /Y HYY) A 00 (5.19)

m/ m’

Its spacetime scaling dimension is (j,j — 1), where j is determined by the mass-shell
condition

G0 JUAD e L [l )

2
— "1 - =0. (5.2
k - + n I + (m' + m)R] 0. (5.20)

The momenta (py, py) take in this case the values

by By) = 1 [m/+m/+1
pY7pY _\/% R

The chiral GSO projection allows modes with m’ —m’ € 2Z + 1, and projects out the modes
m' —m' € 2Z.

+ (m'+1- m’)R] . (5.21)
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We now turn to the (R,R) sector. As discussed above, the type II theories are obtained
by starting with the type 0 ones, and orbifolding by (5.7). The action of (—1)¥ on the
(R,R) operators O was described in (3.19). Thus, to specify the action of (5.7) we need
to compute the action of € (5.8) on these operators. To do that it is convenient to write 2
as Q7 Qpg, with

-2
Qr, = exp {z’w (m' + Ngu + L 5 w/)] ,
(5.22)

Qr = exp {—m <m' + Ny + n ; 2w’>} .
One finds
Q; oW = o (7+3) o) : Q; 0? = i (7'+3) 02 7
Q; 0B = oim (4=
The transformations under (g is similar, with eigenvalues that are the complex conjugates

of the ones in (5.23).
As discussed in section 3, the (R,R) operators in (3.15) are the highest weight states in

(5.23)

N =

Jo® ., OW = (i(i'=3) oW |

a given SU(2) representation, and one needs to act on them with Jou:0 tO get the general
state. Thus, we are also interested in the action of {1, on J__ ., which is

QL Joo QL' = -5 (5.24)

su su;0
and a similar result for the right-movers. These results allow us to compute the action of
the projection (5.7) on the type 0 (R,R) spectrum in (3.20).

To demonstrate this action consider, as an example, the (2,0) theory, obtained by
applying the GSO projection (5.7) with € = €3 to the 0A theory. Looking back at (3.20), we
see that one of the operators in the 0A theory is O OW. From (3.19) (or, more precisely,
the line under that equation) we see that this operator is odd under (—1)¥. From (5.23)
and its right-moving analog, we see that it is even under 2. Thus, this operator is odd
under (5.7), and does not survive the projection.

Using (5.24), we can act an odd number of times with the lowering operators Jg,.q,

Jouo to obtain an operator that 4s invariant under the chiral GSO (5.7). We summarize
this information by the statement that the operator @ OW is in the spectrum of the IIA
theory if'6 m/ —m/ € 27 + 1.

Note also that the calculation described above is done at the point in the moduli space
of type 0 theories where the S? is unsquashed. However, as mentioned earlier in this section,
the GSO projection is a topological operation, and we can perform it at any point in the
moduli space labeled by the squashing parameter R. In the discussion above, we performed
the projection at R = 1, and then changed R to the supersymmetric value R = /n + 1.

Repeating this exercise for all the other operators in (3.20), we find that the spectrum
of the (2,0) theory includes the (R,R) operators

(2,0) : oMo oWoR oMo oWt w2z,

0BOL O@oM OGO O@OW ) _ g 2z +1. (5.25)

6Here m’ and m’ are the values of Jsu;o and jsu;o of the general operator in the representation whose
highest component is the operator O OW given in (3.15), (3.20).
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The (0,0) and (2,2) theories are obtained from the 0B theory by applying the GSO
projection (5.7) with € = €y and €3, respectively. In this case we find that the following
(R,R) operators in (3.20) survive the projection:

(0,0): OO OBOB 0RO OBOD | ' — ' €2z,
0WAWL @AW OWHW EWEM  p — i € 97 +1,

2,2): 0OMOM, OWOHW OMEW OWOM | p — ! € 27,
0DOD, OHA® OROB OBOD | ! € 27 +1.

(5.26)

One can use our discussion above to find the mass shell condition for all the operators
in (5.25), (5.26), but we will not do this here (we will study a particular example below).
Also, some of the (R,R) operators above are normalizable and some are not; we will not
attempt a complete classification here, but will mention some examples later.

So far, we have discussed the untwisted sector of the GSO Zs orbifold. The twisted
sectors contain operators that belong to the (R,NS) and (NS,R) sectors. They can be
obtained by acting on operators in the untwisted sectors by the spacetime supercharges (5.1),
or the fermionic operators (5.9), for GSO 2 and GSO 0, respectively. We will not attempt
to discuss the general case here. Instead, we will consider in the next subsection some
examples of this action in special cases of interest.

5.3 The BPS spectrum of the (2,2) theory

Earlier in this section we described theories with varying amounts of supersymmetry. In this

subsection we will comment briefly on the spectrum of BPS operators in the theory with

(2,2) superconformal symmetry. We start with the zero winding chiral spectrum [3, 10].
In the (R,R) sector, one finds that the operators OMOW in (5.26), with m’' = m’ =

j' =0, %, e ”T_Q, are chiral on both left and right (i.e. (¢, c) operators). We will denote
them by
. ) - - 1425 V 11
Yy = e 55 ittt it i e 0 () 50 (57
where j satisfies the on-shell condition
1 142y
= -4+ —. 5.28
1=y (5.28)

The spacetime dimension of (5.27) is

- . . 1+25" 1+2§
(hSTahST) = ( - %:] - %) = (2(n+ 1)7 2(n+1)> ) (5'29)

while the R-charge follows from (5.1), and is given by (Rsy, Rsr) = (QhST, QBST) as expected
for a (¢, c) operator.

The vertex operator (5.27) is written in the (m, m) basis, and moreover it is normalizable,

since m = m = —j and j (5.28) is in the unitary range % <j< k—;l Thus, this vertex
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operator describes the normalizable state associated via the state-operator correspondence
to the corresponding (c,c) operator.'”
The operator (5.27) is annihilated by the supercharges §dz SjE and §dz S+1 in (5.1),

the latter following from the fact that (5.27) is chiral. The action of the supercharge
$dzS™, produces the (NS,R) operator
2

2] —n +i 1+2]

Y
e AL el (5:30)

6_90_% e; sl+ H3 e \/271, (n+1)

where j is again given by (5.28). The operator (5.30) has spacetime dimension

. . 2/ +n+2 1+2§
— _ 1)

and R-charge

_\ (2 —n 1424
(RSTaRST) - ( n+1 9 n+1 ) . (532)

It is of course normalizable, since acting with a supercharge on a normalizable operator
gives a normalizable operator.
Acting on (5.30) with the right-moving supercharge §dzS™,, we find a normalizable
2

(NS,NS) operator, with hgy = hgy = j, Rsy = Rep = 27];:1”. Note that while this operator
is in the same sector, (NS,NS), as some operators we constructed earlier in this section,
e.g. (5.15), it is different from those operators. A quick way to see that is that it is
normalizable, while the operators constructed earlier are not.

Another set of chiral operators corresponds to the operators Wy in (5.15), with
m’ = m/ = j/, which are given in the m basis by

25" Y+

- 1
Wy = e 7% ¢ Vantin

Y)
ADD S (vaa®®) o (5.33)

J—1lm=m=—j3+1

where the notation (1%11;51 @5-0)) A ~_was introduced in (3.12), and j now satisfies
j—lm=m=—j+
’/
=1 5.34
j=1+ + - (5.34)
These operators have spacetime scaling dimension (hgr, hsr) = (§ — 1,7 — 1) = (75 ;1, nﬁl)

and R-charge (Rsy, Rsy) = (2hST7 2}_‘LST>. Thus, they are also (¢, ¢) operators in the spacetime

SCF'T, but since j > %, they are non-normalizable.
The (c, ¢) operators (5.27), (5.33) have analogues with non-zero SL(2,R) winding [10].
Using the parafermion decomposition (2.37), we find the (R,R) operators

. Y 4 1
Wsu ,Ws] _e 1 (2.7 +nw5u+1) (*) i(L— H- Wg]
yjlbu s — o~ % e v/2n(nt1) Aj’z;m’:j’el(2 ws1) Hgq +ins Hs (I)g ni)—f] , (5.35)

"The spacetime CFT we are dealing with does not have in general a state-operator correspondence, like
SL(2,R)
T(1)

phenomenon that is familiar from s%((gl)R ) CFT [50].

Liouville theory, CFT, etc, but it does have such a correspondence for a subset of the operators, a
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where for simplicity here and in some subsequent equations we write only the left-moving
part of these left-right symmetric operators. These operators are BRST closed provided
j satisfies

o1 k 2m3 y 1)
——=—(2 — . 5.36
J 2 2(n3wsu+wsl)+n+1<] +2 ( )

The spacetime scaling dimension and R-charge of (5.35) are

(hST7BST) = (] - 1 - Ewslaj - 1 - ﬁwsl) )

2 2 2 2
(Rs A ) B (2j’+nwsu+1 2j’+nwsu+1) (5.37)
Ty T — ’I’l+1 9 TZ+1 .

Demanding that (5.35) describe chiral operators with wg < —1 and with j in the range
% <j< %, fixes 13 = —I—%, Wey = —wg = —w. This gives (¢, ¢) operators which we denote

by yj(,“’) for w < —1. They have spacetime scaling dimension

7 1k 1k
(hSthST>_<]_2_2w7j_2_2 ): (5.38)
where j is again given by (5.28). Note that for j/ = 0,w = —1, this (¢,c¢) operator

has spacetime scaling dimension (%, %), and therefore the top component of the same
supermultiplet is a marginal (NS,NS) operator in the spacetime CFT. This observation
will be important in section 7 below.

Similarly, one has the (NVS,NS) operators

) i (2] +nwsy) (0) (0) (ws1)
WbU7wsl — %2} 2n(n+1) T N
Wi € e Ajriy (1/131@] )jfl;erl ’ (5:39)

(wsl)

is the spin j—1 SL(2,R) representation, with total SL(2,R) winding

st (18
wg1. More explicitly, we start with the spin j —1 SL(2,R) representation combination given
by (3.12), and perform a supersymmetric SL(2,R) spectral flow of wg, see (2.63), (2.64).
Note that the subscript m + 1 in (5.39) denotes the total JS?LO eigenvalue before the
supersymmetric spectral flow.

Demanding that these operators are on-shell fixes

[ G-y, @ Hnwa)?] k
=m=— |- 4L 4= U | g —1. 5.40
mem Wy l k + n + dn(n +1) 4 (5.40)
These operators are in the (¢, c¢) ring for wg, = —wg = —w > 1, and m = —j. In this
case (5.40) gives
-/
. J
=1 . 5.41
J + n+1 ( )

The spacetime scaling dimension of (5.39) is then

- k B k 27 —nw 25 —nw
(hSTa hST) < m 21031, m 2wSl> < 2(n+1)"2(n+1) ) (5:42)
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Like (5.33), these chiral ring operators W™ are non-normalizable, since j > % Note

J
that perturbing the theory by the integrated top component of the operator Wi_l)
2

is an
(R,R) marginal deformation of the spacetime CFT.
Thus we have a spectrum of %—BPS single string states associated to the (¢, ¢) operators
yj(,‘”) with conformal weight and R-charge
25/ +1—wn K

2hgT = = = 4
ST RST n+ 1 nt1 (5 3)

(recall w < 0). There is one single-string state at each value of R-charge x/(n+ 1), K € N
with the exception of k € nN. Some further details of the BPS spectrum are the subject of
appendix D.

The (a,a) spectrum follows from conjugation in the R-charge (5.1). More precisely,
one employs the SU(2) involution which sends j2, — —j2, and j& « j& (and similarly for
the fermions ¢, ), which when carried through the squashing deformation amounts to

Py = —Dy, Pz Pz, N3~ 3 (5.44)

(the last of these follows from the definition (3.16) of H3).

There are also (¢, a) and (a, ¢) rings, for which py =—py, pz =—pz, and 73 =—n3. Equal
and opposite left and right R-charge is achieved by setting p=P =0 in the Y momenta (2.38),
and we also change the parafermion operator A/ to Ay i in (5.27), (5.35) (for a (c,a)
operator). One has for instance the normalizable twisted chiral operators

S p n -/ Y, 11 . = i = w
ygz,”) Y 2L (25 +14nw) (Y =Y) AE%}/’E;, 67’(%_w>(Hsl+Hsl)+§(H3_H3) q)g';—)j7—j . (5.45)

The spectrum of twisted chiral R-charges is n+1 times sparser in the (¢, a) ring as compared
to the (¢, c) ring
Rsr =0+ nlL, (5.46)

with /=25 4+1=1,2,...,n — 1 and L € Ny.

Beyond the %—BPS spectrum in the (2,2) theory, one has the %—BPS spectrum (or the
$-BPS spectrum in the (2,0) theory) counted by the elliptic genus (see [64-66] for related
discussions). We will not give details here, but instead turn to a detailed discussion of long

string states and operators in the type II theories.

6 Long strings in type 11

Having described the short string sector of the type II theories, we are now ready to tackle
the long string sector, along the lines of the analysis of the type 0 theory in section 4. In
that case we saw that the spectrum of non-normalizable and delta-function normalizable
operators in non-zero winding sectors gives rise in spacetime to a symmetric product, that
describes the spacetime CFT at large positive ¢ (the radial direction in AdSs, which becomes
one of the target space dimensions of the spacetime CFT). The building block of this
symmetric product is given by the w = —1 sector (see the discussion around equation (4.52)).
Hence we begin by analyzing that sector.
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The type II theories involve a squashed S? geometry — a particular squashing factor

R =+/n+1 is required in order to have supersymmetry or massless fermions. Plugging the
S? spectrum (2.35), (2.38) into (4.52), we find

I [ VI UL e ) L

1= — L + n +?+2

k
+ (Nose — o) + 1 (6.1)

where py is determined in terms of the SU(2) quantum numbers j', m’, m/, fermion charges
Nsus Tsu, and spectral flow quantum numbers w’, @’ as in (2.39), and « is defined after (2.34).
As in the type 0 theory, the first factor is the contribution to the conformal dimension
from the vertex operator of the linear dilaton theory Ry in the building block of the
symmetric product

ST (R B /0 B

where in the last equality we used (4.56). The term in square brackets in (6.1) suggests
that the block of the symmetric product will have as a component the same squashed S3
theory as the worldsheet theory. To verify these expectations and find the detailed structure
of the block of the symmetric product, we next exhibit some low lying operators in the
winding w = —1 sector. We will use extensively the results of section 4, which provides
useful background for this analysis.

The (NS,NS) and (R,R) sectors of the type II theories correspond to the untwisted
sector of the GSO orbifold. Thus, to analyze them we need to see which of the operators in
section 4 survive the chiral GSO projection.

6.1 Low-lying operators

The first operator we discussed in section 4 was (4.9). The vertex operator on the r.h.s.
of that equation is invariant under the GSO projection (5.7). In the block theory, it
corresponds to the operator e?? on the L.h.s. of that equation, in agreement with the general
picture above.

The same is true for the operator Z(-1) in equation (4.19). As in the type O case, this
operator corresponds to the w = —1 representation of the operator Z, which plays the role
of the identity operator in various current algebras, and hence must be present.

The holomorphic operator d,¢ on the Lh.s. of (4.27), which is described by the
worldsheet vertex operator on the r.h.s. of that equation, also survives the GSO projection
and hence is present in all type II theories. This is again in agreement with expectations.

All the operators discussed above have constant wavefunctions on the three-sphere.
They are trivially invariant under  in (5.8), and take the same form throughout the moduli
space of squashed S? described earlier in the paper. The first operator discussed in section 4
that does not have this property is the block operator vjr .,/ 7 eP?, equation (4.30). This
operator is invariant under (—1)f, like (4.9); therefore, the GSO projection imposes on it
the constraint m’ — m’ € 2Z.

The operator (4.30) was written in the unsquashed theory (the one with R =1). To
describe it at the supersymmetric point (R = y/n + 1), we need to perform the squashing
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that we discussed before (both on the Lh.s. and on the r.h.s.). The vertex operator on the
r.h.s. now takes the form

e 9Pl YY) \QO) L eittatitla gL (6.3)

where m = m is found from the on-shell condition,

jG=1 k+2 JUHD-m? p}
k 4 n 2’

m =

(6.4)

and the momenta (py,py) are given in (5.12). This operator has spacetime dimension
(hST, hST)7 Wlth

k+2 -1 k-2 jG+1)-m? p}

her = —m — 1 = — —. .
S m + 5 A + 1 + - + 5 (6.5)
The corresponding operator in the block of the spacetime CFT is
Y+pyY) 7 0.0
% oi(pyY +py )A] i (6.6)

with (3 related to j by (6.2). Using this relation, it is straightforward to check that (6.5)
agrees with the scaling dimension of (6.6).
An interesting special case of the worldsheet operators (6.3) is given by

W, =e 9™ ? e \/W( )A§9,3()/)]/ ciHs+iHg ‘I’E m) (6.7)

where m,m are fixed by the on-shell condition,

G- k+2 g P
m=m= = + 1 n nmEl) (6.8)

This operator has spacetime scaling dimension (hST, BST>, where

kre (-8 wea g
= + e (6.9)

oy = hor = —m— 1 _
ST " + 2 k 4k n  nn+1)

When j =1 — 5 + - +1’ the operator (6.7) is chiral, and has the same spacetime quantum
numbers as (5.33). The relation between (5.33) and (6.7) is the same as that observed
above between (2.65) and (4.34), and between (2.67) and (4.19).
The worldsheet operator (6.7) has the same quantum numbers as the operator
8é (0,0) iL(Y—i—f’)
" O\ e VR , (6.10)
in the block of the spacetime CFT. [ in (6.10) is related to j in (6.7) by (6.2). When
j=1-% + njﬂ, (6.10) is a chiral operator in spacetime, as expected.
Note that our discussion above provides another example of a phenomenon mentioned
in section 4 (see the discussion after equation (4.5)). The contribution of the squashed S*
to the worldsheet vertex operator (6.3) is the same as its contribution to the spacetime
operator (6.6), but the two live in different theories, and so should not be confused.
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6.2 Holomorphic operators

In the type 0 discussion we found in the w = —1 sector (at the SU(2) point, R = 1) three
sets of holomorphic SU(2) generators given by (4.34), (4.38), (4.41). All three are invariant
under (—1)¥, but under the axial shift Q of equation (5.8), the charged SU(2) generators
are odd, while the ones corresponding to the Cartan subalgebra are even. Thus, instead of
three copies of SU(2), we find three holomorphic U(1) currents. Including the current (4.27),
we have four holomorphic currents, as well as four anti-holomorphic ones coming from the
other worldsheet chirality. All these operators are present throughout the moduli space of
squashed S? labeled by R.'®

To understand the role of these holomorphic currents, and more generally the structure
of the spacetime SCFT, we would like to analyze the spectrum of holomorphic operators
in the theory. Unlike the type 0 case, here we expect to find holomorphic operators of

dimension (3 0), coming from the (R,NS) sector. To find these operators, we proceed

27
as follows.

We discussed in section 4 the worldsheet vertex operator dual to the operator exp(8¢)
in the spacetime SCFT, (4.9). This operator is independent of R, so we can act on it with

the supersymmetry generators Qf 1, which are described in the worldsheet theory by (5.1)
2

gt = fdz e#/2 ¢ sl kg 25T (6.11)
-3 211
Recall that a = /1 — % We expect the commutator [gfl,eﬁd’] to go to zero as 8 — 0, so

2
computing it for finite § and isolating the leading term, that we expect to go like 3, we
find a complex fermion

* = [gf%,qb] : (6.12)

Plugging in the vertex operators for the supercharges, (6.11), and ¢, (4.9), we can calculate
the vertex operator for the fermion,

.y )
[gi , P > %2771 —90/2 LHg+LlHg+ig Zilﬁ(z) 0% il (I);_ni)([))
2 (6.13)
—e Q(PegHsl:t { Hy+i% Z:I:zrq)( )

where m is given by (4.10), and j is related to 8 by (6.2). Here and in some of the following
equations, we suppress the right-moving dependence as it is unaffected by the manipulations.

The operator (6.13) is written in the —3 picture. We can move it to the canonical —3%
picture by acting with e¢G( ) with G(z) given by (2.21) and (2.43). The non-trivial terms
come from j 1/151, @ZJSI , and 3. J3.. The result is

1) 2+’L Hsli’HgizaZi'L 2+ H51$2H3iz“Ziz

v 3D
(6.14)

s af, e n-b)e

8Note that this is also the case in the type 0 theory, for any finite squashing of the S3, i.e. for R # 1.
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One can check that, as expected, as  — 0 both terms in (6.14) go to zero. Comparing the
terms of order (3, we arrive at the vertex operator for the fermion

[N

4oz Y i 1 s i _ ; i _
St s e E P (62 aty i gl +estlaTstl pl7l) | k> ,
- T 20202

1—k 5i5-1% 5
(6.15)

(@)

where we restored the right-moving part of the vertex operator.

Some comments are in order at this point:

1) The fermions ST should not be confused with the ones appearing at winding zero in
the non-supersymmetric GSO 0 described in section 5, W*, (5.10). As explained there,
those fermions do not exist in the supersymmetric GSO 2.

2) Another way to obtain the vertex operator for the fermions ST is to start with that
of 0;¢ (4.27), and apply the lowering operators gf. One can check that this gives the
2

same answer, (6.15), as one expects from the supersymmetry algebra.

3) The operator d,¢ is one of four holomorphic dimension (1,0) operators that we found
above that are independent of the squashing deformation, and thus have the same form
at the supersymmetric point. One can apply this procedure to the other three, and

check that one does not find any additional dimension (4,0) operators. In more detail,

2
the a = 3 component of the operator (4.34) is annihilated by Qf, in agreement with the
fact that it is the w = —1 representation of the vertex Opemtor2 of the spacetime U(1)r
current, which is the bottom component of the spacetime superconformal multiplet.
Acting with GT on the two operators (4.38), (4.41), one finds that one combination

is annihilatedfwhile the other gives the operators S* in (6.15), which again agrees
with expectations. Indeed, our discussion above leads one to expect that out of the
four holomorphic (1,0) operators, two are the bottom components of two independent
supercurrent multiplets in the block (which we exhibit in appendix B), and the other
two belong to a chiral superfield, whose fermionic components are S*.

4) One can find higher dimension holomorphic operators by acting with the raising oper-
ators (6.11) on the dimension one operators. For example, (6.12) implies that acting
with (6.11) on d,¢ gives the dimension (3,0) operators 9,S*. Acting with (6.11)
on (4.34) (with a = 3) gives the supercurrents G* in the block of the symmetric product.
We analyze these operators in appendix B.

To summarize, in our analysis so far we found that the spectrum of non-normalizable vertex
operators of the (2,2) superconformal theory dual to string theory on AdSs3 x SE in the
sector with w = —1 contains a complex dimension one half fermion S* (6.15), and four
dimension one currents. The latter were already present in the type 0 theory that gave rise
to the type II one via chiral GSO, but here they belong to superfields described in comment
(3) above. These superfields also contain the fermions S*.
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6.3 The block theory

To understand this spectrum better, it is useful to recall that in theories of the sort we are
studying here (string theory on AdSs with (NS,NS) B-flux), the structure of the spacetime
CF'T closely mirrors that of the worldsheet one. This was a major theme in the literature
from the late 1990’s on this subject (e.g. [46, 53]), and we have seen examples of this here
as well.

In the worldsheet theory, we obtained the type II theories by demanding that the
spacetime supercharges (6.11) be in the spectrum, i.e. that all operators be local with
respect to them. Thus, it is natural to do the same in spacetime. We start with the
spacetime CF'T constructed in section 4 for the type 0 case, Ry X S?, and demand that
the operators ST be in the spectrum. Since these operators are charged under the various
U(1)’s present in the type 0 model (the left-moving momentum on the Y circle, the U(1)g
in the N = 2 minimal model, and the fermion number in Ry x Si.), we can write them in
terms of the natural variables in the type 0 theory as

A (omraz e 2)] oo

Note that here, as in a number of other examples above, while the notation looks similar to

ST =exp

that in (for instance) equation (6.11), the interpretation is different. There, the fields live
on the worldsheet, and operators like (6.11) are vertex operators in the worldsheet theory,
while in (6.16) the fields ST are operators in the spacetime SCFT.

The operators (6.16) look like the worldsheet supercurrents S*, in (5.1) after stripping

off the ghost (¢) and longitudinal (Hy)) parts, in a kind of light cone gauge construction.
The reason for their similarity is that the worldsheet vertex operator (6.15) is a spinor in the
six dimensional target space AdSs x S3; thus the corresponding operator in the spacetime
CFT is simultaneously a spinor in a-space (the directions along the long string) as well as
in Ry X S‘;’ (the directions transverse to the string). The former is accounted for by the fact
that the operator is of dimension hg; — her = %, and the latter by the fact that it is a spin
field for the four fermions x* introduced in section 4. Finally, the operator must also have
unit R-charge under the spacetime N = 2 superconformal algebra, which accounts for the
Y dependence.

Thus, our proposal for the theory of the block in the supersymmetric type II theory is
a chiral orbifold of the one we found in section 4 for type 0, defined by requiring mutual
locality of all operators with respect to (6.16). The resulting theory must be N = 2
superconformal (since the corresponding string theory on AdSs is). The superconformal
generators pair the bosons ¢ + Y with the fermions ST, see equation (6.12). These
supersymmetry generators are somewhat complicated by the fact that ST is a composite
operator (6.16) in our construction. There is however a convenient trick to deriving them.

9Tn the SU(2) representation theory underlying the squashed S? discussed in section 2.2, one can see
that the x* are in a vector representation while the ST are spinors.
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The exotic realization of the N = 2 superconformal algebra on Ry x S‘;’ involving S* is
related to the standard one

Giree = £ M3(09FIOY) £ Q0™ s, JR* = i0H; +iQ0Y ,
VAP N (6.17)
gl%c;:"ﬁ;tfexp[ifz}v JE¢ =iadZ,
a
by a rotation in field space
(H3,Z2,Y) =R (H3,2,Y), (6.18)

as we demonstrate in appendix B. This standard supersymmetry pairs the scalars ¢ + iy
parametrizing R, x St with the vector fermions x* = et 3 of section 4. A feature of this
field redefinition is that it maps the total R-current Jg = J, If{ee +J ﬁG of the standard
realization of supersymmetry to the spacetime R-current Jp = iv/2k Y, realizing the
R-symmetry as geometrical translations along S%/.

Because this rotation is simply a linear field redefinition, one can work with the standard
N = 2 supersymmetry on Ry X SE’ (employing the relation SE’ = (St x %)/Zn), and then
apply the transformation (6.18). Rather than working with the exotic supersymmetry in
the field space frame that includes ST, one can simply transform all quantities to the frame
of the standard supersymmetry and work there. In what follows we will find it much more
convenient to do so, for instance in constructing the twist fields of the symmetric orbifold
that build the wall deformation of the symmetric orbifold. Note that the R-symmetry in
the standard realization of supersymmetry is not realized geometrically as translations on
the Y circle, but rather measures charge along some linear combination of (ﬁ A }7) given
by Jr = J, If{ee + 7 R?f of (6.17); thus the marginal line in this standard realization, while
still generated by the deformation JrJg, no longer corresponds to simply changing the
radius of the Y circle as in (5.1).

A similar analysis can be done in the type II theories without supersymmetry. In this
case, instead of the supercharges ¢dz Sf ; we act with the fermionic modes §dz \I/f 1, where
Ut is given by (5.9). Comparing (5.1) aild (5.9), we see that they only differ in thé sign in
front of the Hs term.

Once again there is a collection of holomorphic operators. As in section 4, we can
deduce some of them using spacetime symmetries. Starting again with the exponential
operator €??, equation (4.9), and acting with the —% mode of the fermion operators U (z),

equation (5.9), (5.10), one obtains an operator of dimension (3, 0) in the limit 3 — 0

= iHa+ie ;Y 4 i _
e—g—gerHslilzzizm+2Hsli2H3 (I)i_lk). (619)

E
2

M

535
In this case, the coefficients don’t vanish in the limit, as expected, since \I/f 1 acting on
the identity is not zero. In fact, (6.19) has a simple interpretation — it is t2he w=—1
representation of the fermion vertex operator.

Following the same logic for the GSO 0 projection that we employed in the GSO 2 case,
one arrives at an expression for this operator in the block theory

YE = exp [i; (Hg +aZ+ \/iyﬂ . (6.20)
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Note that under the GSO 2 projection, the theory in the block in spacetime has both
the fermions S* as well as the supersymmetry currents G*. Similarly, under the GSO 0
projection, there are the fermions W*, and also the same procedure can be used to derive a
spin—% supersymmetry current GF in the block (see appendix B), which again differs from
the one for GSO 2 by a flip in the sign of the H3 contributions. Thus, although the full
theory with GSO 0 is not supersymmetric, the asymptotic structure at large ¢ has such
a supersymmetry, which we can think of as being softly broken by the wall. This softly
broken supersymmetry is again related to the standard N = 2 supersymmetry (6.17) in the
block by a field space rotation analogous to (6.18), which we also exhibit in appendix B.

Thus even though in the worldsheet theory one must choose between having a non-
normalizable holomorphic spin-1/2 operator in spacetime (GSO 0) or instead a holomorphic
spin-3/2 operator (GSO 2), and these options are mutually exclusive, it seems that the
operator spectrum in the winding one sector always has both. This result extends a theme
we encountered already in the type 0 theory in section 4, that the unit winding sector
contains more holomorphic operators than the zero winding sector, leading to apparent
symmetries that we expect to be absent in the full theory. Here the issue is brought home
even more forcefully — it seems that at large ¢ there is an essentially unique theory that
corresponds to a particular symmetric product (the block fermions and supersymmetry
currents differ only by a trivial parity flip in H3). The two chiral GSO projections differ
only in the structure of the wall that regulates the strong coupling region.

We can now lay out the GSO projection of the spacetime theory. As in the type 0 theory,
once again the GSO projection in the block of the symmetric product (or more generally in
a given cycle of the symmetric product) parallels that of the worldsheet theory (5.5)—(5.8):

(_1)F = €Xp [iﬂ- (63773 + 6su"7su)} )
(6.21)

Q =exp [m((m’—m’) + (Nsu—"7su) + 5 (w'—u?’))} ;

with €2 = (€3, €su) = (—1,1) and €y = (1,1). The fermions S* and ¥* have the underlying
SU(2) quantum numbers (5.4)

-/ / /

1
j=m'=m'=0, w:w/:ﬁsu:§7 Neu = 1, (6.22)
and thus = i, which compensates (—1)¥ = —i to allow the operators ST in the GSO 2
spectrum, and W+ in the GSO 0 spectrum. On the other hand, the fermions x* (introduced
above (4.42)) all have (—1)fQ = —1, and are thus projected out.
The type II symmetric product can thus have (R,NS) or (NS,R) cycles, allowed by the

GSO projection. The cycles themselves are fermionic, and have hgy — hgr = %, but so long
as the number of such cycles is even one has an allowed state/operator in the full CFT.
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7 The wall

7.1 The story so far and the strategy going forward

Before continuing the development of our holographic duality, it is worthwhile to pause and
summarize the picture obtained so far. We showed that in string theory on AdS3 with NS
B-field and Raqs < ¢5 (or k < 1, (1.2)), the spacetime CFT can be described in some region
by a symmetric product of Ry x SE. Here Ry is the real line with linear dilaton Qg (4.4),
while SE’ is the squashed three-sphere CFT, obtained from SU(2),, supersymmetric WZW
by the marginal deformation described in section 2.2.

The region in which this description is valid is large positive ¢. From the point of view
of the bulk theory (string theory on AdSs) this is the region near the boundary of AdSs,
while from the point of view of the spacetime CFT it is the region where the string coupling
on Ry, exp(—Qr¢/2), goes to zero. What the restriction to large ¢ means in practice is that
we can only compare non-normalizable and delta-function normalizable operators in string
theory on AdSs; with their analogs in the symmetric product. The reason is that, as is
familiar from CFT’s such as Liouville theory, the spectrum of such operators is insensitive
to any modifications of the background at finite ¢. On the other hand, the spectrum of
normalizable operators, as well as correlation functions, are sensitive to such modifications,
and are not expected to be well described by the above symmetric product.

We arrived at the above description of the large ¢ structure of the spacetime CFT
by systematically analyzing the worldsheet theory on AdSs. We showed that the sector
of long strings with SL(2,R) winding w=—1 in that theory gives precisely the spectrum
of non-normalizable and delta-function normalizable operators in the building block of
the symmetric product, Ry x S3, while sectors with higher winding give rise to the twisted
sectors of the symmetric product orbifold. The (radial dependence of the) wavefunctions
of the bulk and boundary operators agree as well. In this sense, the large ¢ symmetric
product form of the spacetime CFT was derived from the bulk AdSs description.

It is clear that the picture of the previous sections must receive corrections at finite ¢.
There are many ways of seeing that. For example, if the spacetime CFT was given by a
symmetric product involving the linear dilaton theory for all ¢, all correlation functions
of non-normalizable and delta-function normalizable operators would be singular, which
does not agree with what one finds in the worldsheet theory. Also, the symmetric product
theory does not contain any normalizable states while, as described in previous sections,
the bulk theory does contain such states.

What kind of modification of the symmetric product structure do we expect? In other
examples of theories of this sort, e.g. those mentioned in section 1, such a modification takes
the form of an infrared wall, a modification of the background that prevents the field ¢ in
the spacetime CFT from exploring the region ¢ — —oo, and thus leads to a non-singular
theory. It is natural to expect such a wall to make an appearance here as well. For example,
the wall is presumably responsible for the reflection relation (2.53) that the spacetime CFT
inherits from the worldsheet theory. The goal of this section is to show that this expectation
is realized, and construct the wall.
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We will do this by following the strategy we used in studying the asymptotic structure
in previous sections. We will use the bulk theory as a tool to see how the symmetric product
is modified at finite ¢, and deduce the form of the wall from this analysis.

A sensitive probe of such modifications is the properties of the holomorphic operators
we found in sections 4, 6. As discussed there, we expect most of these operators to only
be holomorphic in the large ¢ approximation that gives rise to the symmetric product.
The deviations from the symmetric product structure at finite ¢ are expected to break
holomorphy, and thus studying them seems like a good strategy for probing the structure
of the wall. We next turn to this study.

7.2 Deviation from holomorphy

The first operator we will consider is 9,¢ in the spacetime CFT. This operator is non-
normalizable, since the corresponding wavefunction diverges like exp(Qe¢/2). It exists in
all the theories we considered (type 0, type II with all possible GSO’s, and for all values of
the squashing parameter), and corresponds in the bulk worldsheet description to the vertex
operator on the r.h.s. of (4.27).

As mentioned in section 4, this operator is naively holomorphic, but its holomorphy is
expected to be broken in the full theory. We now examine its properties more closely.

The vertex operator for ¢ was found in section 4 to be given by (4.27). In order to
compute dd¢, we need to find the commutator of this vertex operator with jo_ . This is the
computation we turn to next.

We start with the commutator of .J;~ with the first term on the r.h.s. of (4.27),

[JO_, (0p +i0Hq)e ¥~% ei(Hait-Ha) <I> Qﬁ . k]
272 2

= e PP M Op +ioHy) (V2UR @Y, o+ g, B
2

In the last line we used (4.23), and the fact that m+j — 1 =m — g = 0 for the operator
on the r.h.s. of (4.27). Similarly, the commutator of J, with the second term on the r.h.s.
of (4.27) is BRST exact. Hence, the operator d0¢ corresponds in the bulk theory to a
BRST exact worldsheet operator. This seems to suggest that d,¢ is holomorphic in the

full theory.
It turns out that this conclusion is premature. One way to see that is to note that

M\w

k
2

= {QBRSTv (Op + i@Hsl)e_S"_wéEeiHsch)i v
27

m\zs-

-1,

IES

when using (4. 23) 20 the factor m + j — 1, that vanishes for the operator (4.27), multiplies

the operator o1 which diverges. This operator is an example of the discussion

1-kE k1
around equation (2.56). As explained there, approaching the particular values of (j, m,m)
needed here corresponds to approaching an LSZ pole, and one has to take the limit more

carefully, as in (2.56).

20With left and right-movers exchanged, since there we were computing the x derivative of an operator,
while here we are interested in the x derivative.
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In order to do that, we move slightly away from (4.27), by turning on a small non-zero
B in (4.26). In this limit, (j, m,m) in (4.26) shift by an amount of order /5 from their values
at § =0, which are j =1 — %, m=m = % For 8 = eQy, one has, to first order in ¢,
k- 1—k

k
j=l-g4e, m=m=_+——c, mtj-—l=m+j—1=-

S+ - (7.2)

Looking back at (4.26) we see that to leading order in € we can cancel the prefactors on the
left and right hand sides, both of which go like €. Thus, we have

1 , o B )
8LB¢ eﬁ(b \/i(l — k) (6(70 + ’LaHSl)e » W ( §1+Hsl) @; 77},) 1 $Y— (Pws Hil(b‘g m)m
(7.3)

Note that the operators on both sides of (7.3) are non-normalizable, both at finite € and in
the limit e — 0.

Next we compute the = derivative of (7.3) using the techniques of section 4. We start
by considering the first term on the r.h.s. of (7.3), while the second term will be discussed
shortly. We find

[Jo (O + i0Hy)e ¢~ @ ei(HatHa) (1) }

Jjm—1,m
A—B 4 . S & S -1
=e 7Y eZHSI (890 + ZaHsl) (f wsl (I)g 771 1,m + elHSIJsl'O (I)§"m)—1,m)

= (m+j—1)e ¥ ¢ piHs+iHg (890+13HS1)(390+18H51) (I)E Ti) P
k

— \/i <m — 2> mee eiHSI (890 + iaHSl)wsl (I)g n}b) 1,m>

(7.4)

where in the last equality we used (4.23) and dropped a BRST exact term.

In equation (7.4), the quantum numbers (j, m,m) take the values (7.2). The last step
is to take € — 0. In this limit, the coefficients of both terms in the last expression of (7.4)
go to zero. However, while the first term sits on a LSZ pole, the second term does not.
Thus, only the first term in this last expression gives a finite contribution, which is equal to
the normalizable operator

—_
~

e~¢7? Ut ) (9 + iOHy) (0 +i0Hg) @\
k_q,

)

L (7.5)

[SIES
[MIE

To compute the = derivative of (7.3), we also need to include the contribution from the
commutator of J; with the second term on the r.h.s. of (7.3). This can be computed in a
similar way to (7.4). However, in this case the operator does not sit on top of an LSZ pole,
and hence this contribution vanishes as ¢ — 0.

Thus, we find that the Lh.s. of (7.4), which goes in the limit € — 0 to 070, ¢, is equal in
the bulk theory to the operator (7.5). This implies that the holomorphy of the operator 9, ¢
is violated — 070, ¢ does not vanish, but instead is given by the operator in the spacetime
CFT that corresponds to (7.5).

Coming back to (7.1), which seemed to suggest that d¢ is holomorphic, we can now state
more clearly the status of this equation. The analysis done there omitted the contribution to
0305 of the r.h.s. of (7.4). The reason for the omission was that the coefficient m+;j—1 — 0
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in the limit € — 0. This is justified at the level of non-normalizable operators, but the limit
is finite for the normalizable operator (7.5).

Thus, the precise statement that follows from our analysis is that 0z9,¢ vanishes
at the level of non-normalizable operators, but it receives a non-vanishing normalizable
contribution. This contribution must be due to the wall, and in fact we deduce from the
calculation that the wall is described by a normalizable operator, the CFT dual of (7.5).

7.3 Identifying the wall

Having derived the form of the operator that provides the wall from the worldsheet point of
view, (7.5), it remains to identify it in the spacetime symmetric product theory. The fact
that (7.5) belongs to the winding —1 sector suggests that it is an operator in the building
block of the symmetric product. The results of section 2 further imply that it has spacetime
scaling dimension (1,1), as expected (since it is equal to d9¢ that has this dimension, and
the full theory is conformal). Thus, it is a marginal operator. We can compute its (leading)
radial profile at large ¢ by using (4.56) with jys =1 — % This gives jsr = 1, and therefore
B=-Qu*

A quick way to identify the operator that corresponds to (7.5) in the spacetime CFT is
the following. We saw in section 4 that the operator 9,e? in the block of the spacetime CFT
corresponds on the worldsheet to the vertex operator on the r.h.s. of (4.26). This vertex
operator differs from the one for ¢, given by the r.h.s. of (4.9), only in its left-moving
structure (on the worldsheet).

As we have noted before, a recurring theme in string theory on AdSs; with NS B-
field is that chirality on the worldsheet is mapped to chirality in spacetime. Thus, it is
natural to expect that the operator 0,¢ 0z¢ €°? in the spacetime theory is described on the
worldsheet by a vertex operator whose right-moving part is the same as the left-moving
part in (4.26). The resulting operator map is valid for non-normalizable operators, but if
we formally continue f — —@Q;, we find that the worldsheet operator (7.5) corresponds to
the normalizable spacetime operator

Dy Dzpe™ 19 . (7.6)

Further support for this identification will be presented in the next subsection.
The wall inferred from the worldsheet theory corresponds to adding the operator (7.6)
to the Lagrangian in the block,

Litock = Lo + X 0pp Dz e~ (7.7)

where £ is the Lagrangian of the sigma model on Ry x S?, Lo = Dpd¢ + ---, and X is
a coupling that we will omit below; for example, it can be absorbed in a shift of ¢. The
interaction term in (7.7) is the leading correction to the free Lagrangian Ly. As is clear

2INote that we are now discussing normalizable wavefunctions, for which we need to take jsr — 1 — jsp in
the spacetime wavefunction (4.55), and similarly for the wavefunction on the worldsheet. Equation (4.56) is
invariant under this substitution on both sides.
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from the general form (2.52) of the operators involved in the derivation, there are further
corrections that are higher order in exp (—Q¢¢).
The Lagrangian (7.7) leads to a modified equation of motion for the field ¢,

03050 ~ Oy Opp e Q1 (7.8)

where ~ means that on the r.h.s. we are omitting a multiplicative constant and keeping
only the leading term at large ¢. Superficially, it looks like (7.8) violates the holomorphy
of 0¢, as expected from the worldsheet analysis, but in fact one can remove this apparent
violation of holomorphy by a field redefinition,

¢ — ¢+ Ae 9P 4 O(e7299) (7.9)

with A tuned such that d¢ remains holomorphic to order exp (—Qy¢). A simple way to see
this is to note that the Lagrangian (7.7) can be written as Lyoc = G(¢)0¢d¢, with the
field space metric G(¢) = 1+ Xe™9® + O (e‘sz). One can set the metric G(¢) to one by
a reparametrization (7.9).

Thus, it looks like the deformation (7.7) does not actually achieve the goal of keeping
the field ¢ away from the strong coupling region. Interestingly, the worldsheet theory
contains the resolution of this problem. The operator (7.5) belongs to the principal discrete
series, and as such has an FZZ dual representation (2.61), which in this case involves an
operator in the w = —2 sector, given by

e #~? gilHatHa) (0 + i0Hg)(dp + i0Hg) q)lg_lf;c : (7.10)

As dicussed earlier in the paper, the operators (7.5) and (7.10) are not distinct. FZZ duality
states that there is one operator whose large ¢ expansion contains a component with a
radial profile exp[—Q(1 — %)d)] and another component with radial profile exp(—Qk¢) which,
using (4.54)—(4.56), correspond to exp(—Q¢pave) and exp(—Qg”THqﬁave), respectively, in the
spacetime CFT (¢ave is defined in (4.58), and is identified with ¢ on the worldsheet). The
former gives rise to the deformation (7.7) in the block of the symmetric product. The latter,
being an operator in the sector with winding w = —2, is expected to live in the Zs twisted
sector of the orbifold. Our next goal is to construct this operator.

7.4 Supermultiplet structure in the (2,2) theory

In order to identify the operator (7.5), (7.10) in the spacetime theory, it is useful to consider
it in the theory with (2,2) superconformal symmetry (corresponding to GSO 2 for both
the left and right-movers on the worldsheet, in the analysis of section 5). As is familiar
from general studies of (2,2) SCFT’s, a large class of moduli in such theories is obtained
by starting with (anti)chiral operators of dimension (%, %) and applying the appropriate
supercharges. There are four classes of such operators — the (¢, ¢) operators, with R-charge
(1,1), their adjoints the (a,a) operators, with R-charge (—1, —1), as well as (c,a) and (a,c)
operators with R-charges (1,—1) and (—1,1), respectively. For instance, in the context
of Calabi-Yau sigma models, the (¢,c¢) and (a,a) operators describe complex structure

deformations, while (a,c) and (¢, a) operators correspond to Kéhler moduli.
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In our case, the operator (7.5), (7.10) is expected to be the highest component of a chiral
superfield. It is a normalizable operator in the (NS,NS) sector of the worldsheet theory,
so the bottom components are expected to be normalizable operators in the worldsheet
(R,R) sector.

We have constructed such operators in section 5. In particular, the (c,c) operator
yo of (5.35), its (a,a) conjugate, and the lowest dimension operators in the (c¢,a) and
(a,c) Spectrum (5.46) with /=1, L=0, have just the right properties. From (6.13), (6.15)

and (4.9), we have that these %-BPS operators correspond to the spacetime operators

SESEe Qb om 5% S (HatHa) 5 (Hs+aZ+\/3Y) 5 (Hs+aZ+,/3Y) <I>( 1;3 e
o 7(27.11)
where the £+ on the left and right are independent, and on the l.h.s. we only wrote the
leading behavior of the operator at large ¢.

Acting with the supersymmetry generators (6.11) on the operators on the r.h.s. of (7.11),
we find the highest components (writing only the left-moving component for simplicity)

{g:F Ste ngs} f2 e %e—%HsH:(%H?*“%ZH\/%)(Z)
T

3i a _
o2 B Ha%(3 i H34+i2 Z+zr)(1)( 1;3 )
1-3;5-1

~—

Op +i0Hg + <i8H3 +ia 07 + i\/zE)Y)] e~ 't <I>§:1

_ ot (7.12)
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where the contour integral is taken around the location of the second operator. Combining
left- and right-movers, the sum of all four %—BPS operators

1

~

VYV ) (V4 V) = e P ) (95 1 i0H,) (D + i0Hg) @ (7.13)
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gives (7.5). A calculation of the Lh.s. of (7.13) directly in the spacetime CFT reproduces
the operator (7.6), that we argued in the previous subsection is the spacetime counterpart
to the worldsheet operator on the r.h.s. of (7.13).

Thus, we conclude that the “wall operator” (7.5) is a particular combination of (c, ¢),
(c,a), (a,c) and (a,a) moduli. FZZ duality implies that the operator (7.10) must also have
this property. Therefore, to find it in the symmetric orbifold, we need to look for a chiral
operator of dimension 1/2 in the Zo twisted sector. This is the problem we turn to next.

7.5 The Zs twist deformation

The worldsheet calculations above indicate that the wall has a component in winding sector
two, equation (7.10). The dual spacetime field is expected to live in the Zy twisted sector
of the symmetric orbifold. The goal of this subsection is to construct that operator.
For this purpose, it is convenient to describe the block of the symmetric product,
Ry x S, as (a Z, orbifold of)
Ry x Sy x LGy, . (7.14)

— 65 —



The superconformal generators acting on this space are the standard ones (6.17), that pair ¢,

Y, and two fermions =+

= X4 £ ixy into a chiral superfield, and a separate superconformal
generator that acts on the Landau-Ginsburg superfield.

We are interested in studying the sector of the theory that is twisted by the Zo
that exchanges two copies of the block theory. For the Landau-Ginzburg model the
(anti)chiral Zy twist field i, that creates the BPS twisted ground states has the standard

dimension [59, 67]
c 1 1
REt =28 -2 _ 1
(for details, see appendix C).
For the (¢,Y") theory one can proceed as follows. We decompose the two copies into

symmetric and antisymmetric combinations

1 1
¢s = —=(bay +b2)),  da=—=(00) — d2)),
V2 \? (7.16)

Vs= 5V +Ye)  Ya=_5Fn—Ye),
and similarly for the corresponding fermions Xii 4 built out of (anti)symmetric combinations
of x* = (Xp £ iXy)/V2 in each block.

The fields ¢(;) are described by a linear dilaton CFT with slope Q. After the change
of variables (7.16), we find one field, ¢g, with linear dilaton slope v/2 @, and another, ¢4,
with no linear dilaton.

The antisymmetric fields ¢4, Y4, Xf are all Zs twisted. The twist operators for the
1.
16>
single fixed locus. For the fermions va the appropriate twist operators o

there is a single such twist operator because there is a

+
Xa

bosons o, and oy have dimension
have dimension
+ and carry a half unit of fermion charge (they act as spin fields).
Putting together all the ingredients, we find Zs twisted ground states created by
the operators
: »nt (7.17)
99,92 a*LG :

(where the £ are correlated), whose dimension is

11 01 1 1 1
R R S 1
6781 m T3 m (7.18)

In (7.17) we explicitly wrote only the left-moving part of the operator. We will put left and
right-movers together shortly.

The operator (7.17) is (anti)chiral,?? but its dimension is smaller than % We need to
modify it so that its dimension is exactly %, while maintaining chirality. A simple way of
doing that is to multiply (7.17) by a contribution from the untwisted fields, of the form

618(¢S ?le)

with 8 determined such that the dimension of this operator is precisely equal to the amount
1

we need to cancel in (7.18), 5-.

22The R-charge of (7.17), + [% + (% — %)], is equal to plus or minus twice its scaling dimension (7.18).
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Recalling that the linear dilaton slope for ¢g is v/2 Qy, we thus conclude that
1 1
_- 92—
25@4\[ 5

ie. B = f Putting all the elements together, we find that the Zy sector of the symmetric
orbifold contains (anti)chiral operators of dimension 1/2, given by

5 = Siee St = €XP —2\1@(% TiYs)| (04,0v,05%,) Sic - (7.19)
In (7.19) we exhibited explicitly only the left-moving structure. Adding the right-movers
we find four dimension (4, 1) operators %% that belong to the four sectors (c,c), (c,a),
(a,c), (a,a), like their worldsheet counterparts (7.11). For more details on the construction
of these operators, see appendix C.

As a check of the correspondence between (7.11) and (7.19), the former has j,o = k
(which can be read off from (7.10)), while the latter has js, = 5, which is a consequence
of (4.53), (4.55) (remembering that we are now discussing the normalizable profile, related
to the non-normalizable one via js; — 1 — jsr, and similarly for jys). The matching between
the worldsheet and spacetime quantum numbers was discussed in section 4, and is in
general given by equation (4.56). The values of jis and jsr given above satisfy this relation,
consistent with our identification of the corresponding operators.

Of course, (7.19) is the bottom component of the spacetime superfield. In order to
construct the modulus (7.10) we need to act with the spacetime supercharges, as was done
on the worldsheet in (7.12), (7.13). Also, in comparing to the worldsheet theory, one needs
to remember to reinterpret the construction of the twist operators using the field redefinition
of appendix B that relates the frame of the fermions ST to that of the fermions x* of
standard supersymmetry employed above.

7.6 Deviation from holomorphy for general operators

In our discussion above we have focused on the properties of the operator 0¢ in the spacetime
theory. We saw that while it is holomorphic at large ¢, its holomorphy is broken at finite ¢
by the contribution of a normalizable mode — the wall that cuts off the region ¢ — —oo.

As explained in earlier sections, the operator 0¢ is just one of an infinite number of
operators with similar properties. Examples include the SU(2) currents (4.38), (4.41), and
the fermions ST (6.15). We expect the fate of these operators to be similar to that of d¢ —
their holomorphy at large ¢ should be violated by their interaction with the wall. In this
subsection we will demonstrate this by studying the fermions (6.15), and explain how we
expect the general case to work.

The worldsheet vertex operator for the spacetime fermion S*, (6.15), contains the

(= )

1-5:5-13

above. In partlcular it sits on an LSZ pole and gives a non-zero result that includes the

operator <I> , Whose z derivative can be treated similarly to our discussion of d¢

normalizable operator <I>§ E) k_ k|- Repeating the previous analysis, we find
272 12
O-SE ~ ¢~ ¥/2-¢ 5 HatiHy +( H‘s—l—z%Z—i-r)(&p_’_ZaHSl) (I)g 2& e (7.20)
272 2
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Note that the second term in (6.15) doesn’t contribute because its Z derivative is not sitting
on an LSZ pole.

Following closely our discussion of the breakdown of holomorphy for d¢, we first ask
what is the leading behavior at large ¢ of the operator in the spacetime CFT dual to the
vertex operator on the r.h.s. of (7.20). Since the left-moving part of the vertex operator
looks like that of ST, the r.h.s. looks like that of d¢, and the scaling of the operator with ¢
is exp (—Qy¢), as before, it is natural to identify the operator (7.20) with

Sty e ? (7.21)

in the spacetime theory.
Thus, the equation of motion of ST that we found at large ¢ is modified by the presence
of the wall to
0S8t ~ §F0zpe ? (7.22)

As in our discussion of d¢ above, around equation (7.9), this naive violation of holomorphy
can be undone by a field redefinition,

St 8F [1 + Be 9?4 O(e‘QQf‘z’)} , (7.23)

with B a constant. Thus, (7.22) does not lead to a real violation of holomorphy.
However, again as in the discussion of 0¢, taking into account the FZZ correspondence
implies that there is another contribution to the operator on the r.h.s. of (7.20), obtained

by replacing (I)g:lg); E1k on the r.h.s. by @,E:_kzi This corresponds to an operator in the

Zs twisted sector, which leads to a real violation of the holomorphy of the operators S*.

One can read off the holomorphy violating effect directly from the spacetime theory.
Recall that we found before that the wall in the symmetric product spacetime CFT
corresponds to the top component of the superfield whose bottom component is the chiral
operator (7.19), or more precisely a combination of such operators (7.13).

As discussed below (6.18), after a rotation in field space, the superconformal generators
that need to be applied to XF (7.19) are the standard N = 2 superconformal generators
on Ry x S! and the N = 2 minimal model, and the fermions y* are the superpartners of
¢ + 1Y in the block of the symmetric product.

Thus, to compute OST, we need to compute Ox* in the symmetric product CFT
with standard supersymmetry, deformed by the top component of (7.19). Acting on this
operator with the superconformal generators we find a few terms. First, we can act with
the superconformal generators on the minimal model contribution or on that of Ry x St.
The former does not contribute to the holomorphy violation of x*. Therefore we focus on
the latter.

The terms that give rise to violation of holomorphy are the ones that involve the action
of the superconformal generators on the untwisted fields (¢g, Ys). This gives a deformation
of the Lagrangian of the form

1
0L = xExt ———(¢pg — Y- +o, 7.24
XX exp 2\@(@55 iYs)| o (7.24)
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where Yg = Y& + Yt (the sum of the left and right-moving scalars), o is the contribution

of the twisted fields to (7.19), and the ellipsis stands for the contribution of the other three

terms, associated with the operators =, 3~ and ¥~ in the discussion after (7.19).
The equation of motion for Xg that follows from this Lagrangian is

IX§ = X§ exp {—2\1@ (¢s + iYs)] o+ Xg exp {—2\1@(% +iYg)| o, (7.25)
where Yg = YE - YE and Ys = Y& + Y, as above. Thus, we conclude that: (1) the
holomorphy of ST is violated, and (2) the operator on the r.h.s. of (7.25) is the spacetime
CFT dual of the worldsheet operator on the r.h.s. of (7.20).

As mentioned in the beginning of this subsection, there are many other operators that
are holomorphic at large ¢ (in fact, formally, an infinite number of them in the g5 — 0
limit) and are expected to follow the same pattern as that exhibited above for d,¢ and S*.
In the rest of this subsection we will briefly comment on two related issues:

o What is the difference between the operators whose holomorphy is violated at finite ¢,
and those that remain holomorphic in the full theory, such as the currents constructed
in [46].

e What is the mechanism for the violation of holomorphy for generic operators.

Starting with the first issue, consider, for example, the SU(2) currents constructed in the
winding w = —1 sector in section 4. While the holomorphy of the currents (4.38), (4.41) is
expected to be violated at finite ¢ that of the current (4.34) is not.

At a technical level, the origin of the difference is that the latter current contains
the SL(2,R) operator o~V When we differentiate w.r.t. Z, the value of m is shifted

1—k.E k-
27272
-1 . .
( k)k « .. This operator is

down by one unit, and we get an operator that contains ® kK kL
k

non-normalizable and does not sit on top of an LSZ pole, becal21s26 i)f the value of m = 3.
Therefore, the limit m + 7 — 1 — 0 that appeared in our calculation is trivial, and we do
not find any violation of holomorphy.

On the other hand, in both examples we have studied explicitly in which the holomorphy
was violated, the value of m was shifted down, to m = % — 1, and after differentiating
w.r.t. £ we got an operator that does sit on an LSZ pole, and thus a non-zero normalizable
contribution.

Since the above shift of m led to such dramatic consequences as violation of holomorphy,
it is natural to ask what is the qualitative reason for it. Looking back at the vertex operators
for (say) 0,¢, (4.27), and for the holomorphic current (4.34), we see that the shift of m is due
to an important physical difference between the two: while the current (4.34) corresponds
in the bulk to a gravity mode, that of J¢ corresponds to an ezcited (oscillator) mode.

Thus, it is natural to conjecture that the examples we analyzed in detail are a special

case of a more general phenomenon:

Operators in the spacetime CFT that are holomorphic at large ¢ and are dual to
supergravity sector bulk fields remain holomorphic in the full theory, while those
that are dual to excited string modes are not holomorphic in the full theory.
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As an example, the SU(2) currents (4.38), (4.41) are not expected to be holomorphic
following the analysis above, and their vertex operators indeed correspond to oscillator
states in string theory. It should be clear from the above discussion that the effect is
quite general. Adding left-moving oscillators to the worldsheet vertex operator, forces us
to shift the value of m down, to satisfy the worldsheet mass-shell condition. Once we do
that, we enter the region where a downward shift of m by one unit, such as the one that
is implemented by taking the x derivative, puts us on top of an LSZ pole, and leads to
violation of holomorphy.

8 Discussion

8.1 Recap

In this work, we have identified a new species in the zoology of holographic dualities, and
analyzed its anatomy using the tools of worldsheet string theory.

The bulk background involves string theory on AdS3 X SE, where SE’ is a squashed S?,
described on the worldsheet by a current-current deformation of an SU(2) WZW model.
The AdS radius is in this case in the region Raqs < £s. Therefore, this theory does not
contain BTZ black holes and the SL(2,R) invariant vacuum is not normalizable [4].

The boundary theory is a deformed symmetric product of the form (1.8). The symmetric
product captures the target space of the spacetime CF'T for large values of the coordinate
¢ that parametrizes the factor Ry in (1.8). This region corresponds to the vicinity of the
boundary of AdSs. The spacetime CFT is deformed away from the symmetric product
form by adding to the Lagrangian a marginal Zs twist operator (constructed in section 7
and appendix C) whose strength runs with ¢, vanishing as ¢ — oo and forming a wall in
the strong coupling region ¢ — —oo. This deformation also leads to a non-trivial metric on
Ry in the building block of the symmetric product.

Most of our analysis focused on the case where the theory is (2,2) superconformal. In
that theory, the aforementioned Zo twist operator belongs to a superfield whose bottom
23),
operators that belong to the (c,c¢), (¢,a), (a,c), and (a,a) rings. The operator that is

component is a half-BPS operator of dimension (1 ) which is a linear combination of

turned on in the Lagrangian of the deformed symmetric product is the top component of
this superfield.

The derivation of this duality involved the following logical chain. First, we established
a map between the non-normalizable and delta-function normalizable operators in the
winding sectors of the worldsheet theory on AdS3 x Sg’ and the operators in the symmetric
product (1.8). We focused on the winding one sector, which maps to the building block
Ry x S‘;’ of the symmetric product.

This map relied in an important way on the fact mentioned above, that the weak-
coupling region in Ry, where operators are defined in asymptotically linear dilaton theories,
maps under the duality to the vicinity of the boundary of AdS3, where operators are defined
in string theory on asymptotically AdS spacetimes. This is only true for models with k£ < 1,
such as the ones studied in this paper.
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In constructing the above map, we found that the worldsheet analysis gives rise to a
large set of dimension (r,0) operators, r € %N , which are described by non-normalizable
vertex operators in string theory on AdSs3. These operators were found to be holomorphic
at large ¢, a statement that was made precise in sections 4, 6, and 7. They were identified
with holomorphic operators in the building block of the symmetric product (1.8).

Some of these operators were found to be holomorphic in the full theory (e.g. the
currents associated to isometries of AdSs x SE’), while others have the property that their
holomorphy is violated at finite ¢. More precisely, we showed (in section 7) that these
currents have the property that oJ = Viorm, where Vioim is a normalizable vertex operator
on AdSs, i.e. one whose wavefunction decays exponentially at large ¢. This is the sense in
which the (non-normalizable) operator J is holomorphic at large ¢. We also showed that
the operators that are holomorphic in the full theory come from the supergravity sector of
the bulk theory (1.7), while those that are only asymptotically holomorphic are associated
with excited string states in this background.

We used the violation of holomorphy seen in the worldsheet calculation to deduce
the corresponding deformation in the spacetime symmetric product (1.8). This involved
identifying the worldsheet operator Vyorm for different J’s in the spacetime CFT.

We found that the spacetime deformation corresponds to an operator in the spacetime
CFT that has two components. One belongs to the building block of the symmetric product,
and has the form (7.7). We argued that this deformation corresponds to a modification of the
metric on Ry, and thus is redundant on its own — it can be removed by a reparametrization
of the form (7.9) — although it might have the effect of bounding the range of ¢ at small
¢, like the cigar deformation discussed in section 1.1. This issue requires further study.

The second component of the interaction is a Zsy twist field in the spacetime CFT,
that was constructed in section 7 and appendix C. From the worldsheet point of view, it
is related to (7.7) by FZZ duality. Its radial profile behaves at large ¢ like exp(—Q—\}ﬁqﬁ).
The corresponding wavefunction goes rapidly to zero at large positive ¢, and therefore
the symmetric product picture (1.8) is valid in that region. Conversely, as ¢ decreases,
the effect of the Zo twist increases, and it modifies the symmetric product picture (1.8)
significantly, as depicted in figure 2.

From the spacetime CFT point of view, the above deformation prevents the field ¢
from exploring the region of large negative ¢, where the coupling on Ry is strong. Thus,
we can think of it as an analog of the wall in other asymptotically linear dilaton CFT’s,
such as the ones mentioned in section 1.1. Interestingly, in this case the wall is primarily in
the Zoy twisted sector of the symmetric product, and one can wonder how effective it is in
performing this duty.

8.2 Comments on the proposed duality

While we have collected a lot of information about the structure of the boundary CFT that
is dual to string theory on AdS3 x S?, equation (1.7), much remains to be understood. In
this subsection we comment on some of the outstanding questions.

In string theory on the Euclidean version of (1.7), the natural observables are correlation
functions of operators in the spacetime CFT, such as those constructed in sections 3-6. For
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operators whose dimensions scale like p° in the limit p — oo, these correlation functions
can be computed using the standard worldsheet formalism, in a power series in g2 ~ 1/p.

A natural question is whether these correlation functions agree with those of the
corresponding operators in the deformed symmetric product. We expect the answer to this
question to be yes. More precisely, we expect the CFT obtained by deforming the symmetric
product (1.8) in the manner described in section 7 to be unique given the features of the
model that have already been deduced from the bulk analysis. It would be interesting to
compute such correlators and test this expectation.

Another interesting question concerns non-perturbative effects in our models. As
usual in string theory, we expect the perturbative series discussed in the beginning of this
subsection to have the property that the genus g contribution goes like (2¢)! [68]. This
growth is usually related to the presence of D-branes in the theory, that give rise to effects
that go like exp(—1/gs). If the perturbative series in 1/p is reproduced by the boundary
theory we have proposed, such effects should go like exp(—,/p). It would be interesting to
understand their origin in this theory.

The worldsheet analysis of Euclidean correlation functions of non-normalizable operators
in the bulk theory exhibits LSZ poles. Our duality implies that such poles must also be
present in the deformed symmetric product theory. These poles owe their existence to
the wall discussed in section 7. It would be interesting to establish their existence and
properties directly in the spacetime CFT.

Another interesting question concerns the high energy spectrum of our theories. In [4]
it was argued that they exhibit Cardy growth, with the central charge ¢ = 6kp replaced by

a=s(2- ). o

It is at first sight surprising that we can say anything precise about the spectrum of states
whose energies grow like p, where the perturbative analysis breaks down. The following line
of argument makes such a claim more plausible.

String theory on AdSs is believed to always give rise to a modular invariant spacetime
CFT. In any such theory, the high energy density of states is related to the dimension of
the low lying operators. In particular, the quantity c.g that determines the high energy
density of states, is given by ceg = ¢ — 24hmin, where hpi, is the lowest dimension in the
theory [69].

In our case, taking the lowest dimension operator to be the bottom of the continuum
of delta-function normalizable states in each factor of the symmetric product (1.8), leads
to (8.1). One can ask whether this calculation is reliable, since it involves states with
dimensions that grow like p.

From the bulk point of view it seems reasonable that this is indeed the case, since the
states in question involve p strings that may be widely separated in the radial direction.
For example, we can consider a configuration where p — 1 of the strings are close together,
making a space that is asymptotically AdSs, and the last string is widely separated from
them in the radial direction. Then the difference of dimensions of the state with and without
this last string can be computed using the perturbative techniques used in this paper.
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This argument suggests that in the Lorentzian theory, to leading order in the 1/p
expansion, states in the theory take the form of a symmetric product of single string states.
The total dimension of these states is a sum of the dimensions of the single string states,
and is typically of order p. The 1/p corrections due to gs effects can change the energies
of these states by an O(1) amount. It would be interesting to substantiate this picture by
further calculations, generalizing those of [4].

In the boundary theory that we proposed, the deformed symmetric product, the fact
that ceg is given to leading order in the 1/p expansion by (8.1) is built in. The torus
partition sum of the model receives a contribution proportional to the (infinite) length of
the ¢ direction. This contribution is due to the delta-function normalizable states; it can
be computed in the (undeformed) symmetric product, and thus, the corresponding ceg is
given by the free result (8.1).

8.3 Variations on a theme

In this subsection we discuss several offshoots of the above construction which are worth
further investigation.

The type II theories studied in sections 5, 6 allowed two types of GSO projection for
each worldsheet chirality. In section 7 we constructed the wall operator for the theory with
chiral GSO 2 on both left- and right-movers, where the analysis was facilitated by the fact
that the theory has (2,2) supersymmetry in spacetime. One might then inquire about
the status of the wall when one or both chiralities involve the non-supersymmetric chiral
GSO 0 projection.

At large ¢, where the spacetime CFT is described by a symmetric product orbifold,
it was shown in section 6 that the two chiral GSO projections give the same block theory.
Because of this, the difference between the two GSO projections should come from the
wall operator, which deforms the symmetric product structure. The wall deformation is
a normalizable operator, and thus represents a vacuum expectation value in the theory
rather than changing the theory by turning on a coupling (which would be the case if the
wall deformation involved a non-normalizable operator). This implies that the GSO 0 wall
spontaneously breaks supersymmetry in the full theory. A consequence of this spontaneous
breaking is the appearance of a pair of massless fermions in theories with left-moving GSO 0,
and/or similarly on the right, which are the Goldstinos associated with the spontaneously
broken supersymmetries. Indeed, we find such a pair of massless fermions ¥+ under GSO 0.
It is an interesting open problem to find the spacetime wall operator for chiral GSO 0 with
the requisite properties.

Similarly, it would be interesting to understand whether there is a candidate for a
wall in the theory with type 0 GSO projection. In this case, the worldsheet theory has a
BF-violating tachyon and is unstable, so it’s not clear if the spacetime CFT makes sense.
A tachyon also appears for the type II theories as the squashing parameter R is varied,
see the discussion below (5.14). For these theories, the wall operator for generic R can be
obtained by starting with the theory at the supersymmetric point, with the wall described
in section 7, and then changing the squashing of the S®. We leave for future work the
question of what happens to the type II theory when it is deformed to a value of R for which
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tachyons appear. The situation is rather reminiscent of the Kosterlitz-Thouless transition,
where a marginal line ends due to a condensation instability (in this case, a condensation of
unwound strings instead of vortices).

Most of the analysis of this paper focused on operators in string theory on (1.7) that
live in sectors with non-zero winding. One of the remaining open problems is the role
played by worldsheet operators in the zero winding sector. We found that non-normalizable
operators in this sector appear to constitute a subset of the ones that appear in sectors
with non-zero winding.

For example, in the sector with winding —1 we found the operators (4.9) with any real
8 > —%, while in the sector with winding zero only the operator with 5 = 0 made an
appearance, (2.67) (which is equivalent to the winding —1 operator (4.19)). Similarly, in
the w = —1 sector we found the operators (4.32), which correspond in the boundary theory
to (4.33), whereas in the zero winding sector we only found the operators (2.65), which
correspond to (4.33) with § = 0, (and thus the w = —1 operators (4.34)). A similar relation
holds between the operators (6.7), which are dual to (6.10), and their w = 0 analogs (5.15),
and other examples. It would be interesting to understand the organizing principle of
these findings.

Another interesting question has to do with the four (exactly) marginal deformations
found in section 7 for the type IIB (2,2) theory. The worldsheet operators corresponding
to these deformations are given by V*V* (with independent choice of signs for left- and

right-movers), with the left-moving part of the operator defined in (7.12). They are exactly
11
272
combination of these deformations corresponds to the AdSs wall operator discussed in

marginal since they are top components of dimension ( ) chiral superfields. A linear
section 7, equation (7.13), while the remaining three combinations give a moduli space of
theories. It would be interesting to understand the structure of this moduli space better.

A familiar way to regularize the symmetric product (1.8) is to replace the building
block of the symmetric product by [19, 43]

SL(2,R)g, x SU2)2\  (SL2R)nini1) _ SU2)n
U)L xU()r ) B ( U(1) X Zpi1 U(1) >/Z”' (8.2)

The resulting symmetric product theory probably appears somewhere in the moduli space

Ry x SU(2)), — (

mentioned in the previous paragraph, but it is separated from the theory that corresponds
to string theory on (1.7) by a large distance in moduli space. Roughly speaking, to get to
it, one has to turn off the deformations described in section 7, and turn on the ones that
lead to (8.2).
Another set of exactly marginal deformations of our theory is given by the non-
normalizable (R,R) operators,
ViE = g7, g7 !
2 —2 J

)
_1.41
=1l+lx

, (8.3)

D=

where the operators Wj(;li 1,1 Were introduced in section 5.3 (the £ signs can be chosen
independently on left an(i ri?ght? so there are four such operators). These operators have
the property that they grow exponentially as ¢ — oo. Therefore, they give rise to a wall
in the block of the symmetric product theory that keeps the long strings from exploring

this region.
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Deforming the theory by the (R,R) operators (8.3) thus lifts the long string continuum,
and turns it into a discretuum. In this sense, the situation is similar to that in the critical
theory of NS5-branes on S! x T4 with fundamental strings wrapping S!, where the continuum
of long strings studied in [9, 12] can be lifted by turning on any of a quartet of (R,R) moduli.

While we have focused on the k < 1 models as theories in and of themselves, they can
arise as endpoints of holographic RG flows from k£ > 1. The broader little string theory
landscape described in section 2.1 allows us to start with a CY singularity of the form [3]

F(z1,20) + 22 +22+22 =0, (8.4)

where F(z1, z9) is any quasihomogenous polynomial in two variables, and add to it p strings,
leading in the infrared to an AdSs background, which for general F'(z1,z2) has k > 1.
Perturbing the polynomial F' by a relevant operator triggers a holographic RG flow, which
can be arranged to lead at low energies to any of the k < 1 theories (2.12).

In the UV of this RG flow, the spectrum is controlled by the dual of string theory on
AdSs with k > 1, corresponding to (8.4). The generic high energy states are described
by BTZ black holes. The IR theory has k < 1 and its spectrum consists of long strings,
as discussed in this paper. Thus, such RG flows allow one to study the correspondence
transition as a function of energy, as originally envisioned in [7], in a setting where one may
have more control as one approaches it from below.

8.4 AdSj3 string theory as a function of k

In this paper, we discussed an infinite sequence of theories labeled by the discrete parameter
n defined in subsection 2.1 (around equations (2.12)—(2.14)). The level k of SL(2,R) in
these models is given by (2.15). It is smaller than one, but as n — oo it approaches the
critical value k = 1 from below. It is natural to ask what happens to our duality in this
limit, and how the structure we find relates to the one for £ > 1. In this subsection we
briefly comment on these questions.

The first issue we would like to address is the behavior as £ — 1 of the deformation that
modifies the symmetric product (1.8) and provides a wall that keeps the ¢ coordinate away
from the strong coupling region ¢ — —oo in the spacetime CFT. We saw in section 7 that
this deformation has two components. One is a deformation in the block of the symmetric
product, whose leading behavior is given in (7.7). As mentioned after eq. (7.9), this
corresponds to a modification of the metric on ¢ space, G(¢). It can be removed by a field
redefinition, but the important point is that this field redefinition is trivial for ¢ > 1/Qy,
and is non-trivial otherwise. Thus, as @y — 0 (which is the case for n — oo (4.4)), the
region where the deformation (7.7) can be neglected is pushed to infinity.

As explained in section 7, the deformation (7.7) itself is rather benign. The non-trivial
component of the wall is associated with the Zo twisted modulus constructed in section 7
and appendix C. This modulus decays exponentially as ¢ — oo, and formally that decay
persists as n — co. However, the exponentially decaying form of this operator is obtained
by taking the metric in the ¢ direction to be G(¢) = 1, and this metric is modified at
¢ ~ 1/Qq. For ¢ below this value, the profile of the Zy twisted modulus is expected to
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change significantly. In particular, it might grow faster with decreasing ¢ than would be
expected from the asymptotic form found in section 7 and appendix C.

Thus we conclude that the region where the spacetime CFT is guaranteed to be well
described by the symmetric product (1.8) is ¢ > 1/Q,. Beyond this region, one has to
analyze the more complicated problem with a non-trivial G(¢), and the symmetric product
may be significantly modified. As k — 1, Q¢ — 0 and the regime of validity of the symmetric
product is pushed to infinity.

Another way to probe the limit n — oo (or, equivalently, & — 1) of our construction, is
to study the behavior of the operators of dimension (r,0) constructed in sections 4, 6, e.g.
those given in equations (4.27), (4.34), (4.38), (4.41), (6.15), (6.19). These non-normalizable
operators all have j =1 — g, and therefore their wavefunctions grow exponentially towards

the boundary of AdSs,

U(p) ~ (QU-3)¢ — 1510 _ 55 (8.5)
As explained in section 7, for a fixed n, i.e. fixed k < 1, these operators are holomorphic in
the region in which the symmetric product description is valid, which was argued above
to be Q,¢ > 1. Interestingly, this is precisely the region in which the wavefunction (8.5)
starts growing exponentially.

As k — 1, the wavefunction (8.5) becomes more and more flat, and the region in which
it grows exponentially is pushed to infinity. It is natural to interpret this as the statement
that the region in which the corresponding operators are holomorphic also disappears in
this limit. The fact that this argument gives the same answer for the size of the region
where the symmetric product description (1.8) is valid, provides a consistency check on
the picture.

All our models have k strictly smaller than one, but it is natural to ask what happens
when k is exactly equal to one.?® This case is particularly subtle from our perspective.
All the dimension (r,0) operators have j = % in this case, i.e. they lie at the threshold of
the continuum of delta-function normalizable states.?? Their wavefunctions are formally
constant (8.5), though, as is familiar from other contexts (see e.g. [22]), in this case there is
a second solution to the mass-shell condition for which ¥(¢) ~ ¢. Formally, the size of the
region in which the holomorphy of these operators is broken goes to infinity in this case,
but further study is necessary to decide what really happens.?’

It is interesting to contrast the behavior we found for k < 1 with the one for £ > 1. One
important difference between the two cases is that for £ > 1 the spectrum does not contain
any dimension (r,0) operators, other than the ones that are holomorphic in the full theory.
By repeating the analysis of sections 4, 6, one can show that there are no asymptotically
holomorphic BRST invariant operators with these scaling dimensions. For example, if we
try to use the construction of the holomorphic operators of these sections, and formally
plug in & > 1, we find that j =1 — % < % To obtain a non-normalizable operator with

#3Tor example, this is the case in string theory on AdSs x S* x T? studied in [70].

24 A related observation was made in section 5.1.1 of [71].

25 A particular model with k& = 1 was studied in [72] (and references therein). The bulk model considered
by these authors does not belong to the class of models studied in this paper and in [70]. Thus, the relation
of their work to ours is unclear.
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j> % we have to use the reflection j — 1 — j, after which we obtain j = g, but then the
details of the calculation change.

For k < 1, we saw that the existence of asymptotically holomorphic dimension (r,0)
operators is directly related to the fact that at large ¢ the spacetime CFT is described by
the symmetric product (1.8). The above operators are the holomorphic operators in the
building block of the symmetric product, the Seiberg-Witten (SW) theory R, x SE’. Since
for k > 1 there are no such holomorphic operators, it is natural to ask what is the status of
the SW theory in that case.

As we mentioned in the introduction, for k£ > 1 the SW theory is at best valid in some
finite range of ¢. If ¢ is too small, the notion of long strings that gives rise to this theory
breaks down, while when ¢ — oo the effective string coupling of the SW theory goes to
infinity, so it cannot provide a good description of that region (without introducing a wall
that prevents the field ¢ from exploring it).

Thus, the SW theory breaks down near the boundary of AdSs, and cannot be used to
describe non-normalizable operators, whose wavefunctions are exponentially growing in that
region. The asymptotically holomorphic operators constructed in this paper are precisely
such operators, and therefore their absence in the spectrum of the worldsheet theory on
AdSs is compatible with the fact that the SW theory does not provide a good description
of the region near the boundary.

Another aspect of the theory that differs between k£ < 1 and k > 1 is that in the latter
case the SL(2,R) invariant vacuum and BTZ black holes are normalizable states in the
theory, while in the former case they are not. As k approaches 1 from above, the nature of
these states changes. For example, the (Euclidean) BTZ black hole involves a condensate of
a fundamental string winding around the thermal circle at infinity [73], and this condensate
spreads out further into the large ¢ region the closer k is to 1. This effect was interpreted
in [73] as a stringy smearing of the Euclidean horizon that grows without bound near the
string/black hole transition at & = 1. The loss of normalizability of the BTZ black hole
solution for k < 1 is due to this condensate.

Thus, we are led to a picture where as k — 17, the horizon of black holes exhibits
large fluctuations. For all k¥ < 1 we find that the theory contains an infinite number of
asymptotically holomorphic operators, but the region in which they are holomorphic is
pushed towards ¢ = oo as k — 17. One can heuristically think of the situation as being
(very loosely) similar to the Kosterlitz-Thouless transition in statistical mechanics, with
the region k < 1 reminiscent of the massless phase of the model, and £ > 1 reminiscent of
the massive phase. Of course, there are important differences as well. In particular, in our
case changing k corresponds to changing the theory, whereas there changing the radius (or
temperature) corresponds to changing a parameter in the theory. Also, in that case the
massless phase includes one holomorphic current, whereas in our case there is an infinite
number of them.

8.5 Comparison to ¢ < 1 string theory

The theories discussed in this paper exhibit some analogies to a class of theories that
was studied about thirty years ago, sometimes referred to as the old matrix model (see
e.g. [74-76] for reviews). In this subsection we briefly discuss some of these analogies.
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The old matrix model is in a sense the first example of a holographic duality. In the
version of it that is relevant for our purposes, the bulk theory is the bosonic string on
a background that consists of a minimal model CFT (which has ¢ < 1) and a Liouville
field ¢.2 If one takes the minimal model to be unitary, these string theories are labeled
by a single integer, n = 2,3,..., and the central charge of the minimal model is given by
c=1- ﬁ.

The boundary theory is a (multi-)matrix model, with a potential that couples the
matrices in a particular way. The duality to string theory involves a double scaling limit,
where the rank of the matrices, N, is sent to infinity, and the potential for the matrices is
tuned to a critical point.

These models naturally live in Euclidean signature — there is no time coordinate. One
can take the limit n — oo, or equivalently ¢ — 1, in which the minimal model is replaced by
a free scalar field, and Wick rotate that scalar field to obtain matrix quantum mechanics,?”
but we will not discuss that case here.

The Euclidean nature of the old matrix model seems different from our construction,
where the (Lorentzian) AdSs contains a timelike direction on the boundary. However, our

models with k < 1 are also more naturally thought of as Euclidean, with AdS3 replaced
SL(2,C)
SU2) -
contain an SL(2,R) invariant state, so the isometry of AdSs is not a symmetry of any state

by the hyperbolic space H;’ = Indeed, in Lorentz signature, the model does not
in the theory. Moreover, the dimensions of the lowest states in the theory grow linearly
with the number of strings, p. In general, string perturbation theory on AdSj is not well
suited for studying such states, since they have energies that go like 1/g2.

If instead one studies our theories on H;{, one can compute correlation functions of
delta-function normalizable and non-normalizable operators whose dimensions scale like p°
in the limit p — oco. These correlation functions satisfy the Ward identities that follow from
two dimensional conformal symmetry. The results of this paper are perhaps best viewed as
constructing these Euclidean theories.

Another analogy between our models and the old matrix model involves the physical
degrees of freedom of the model. In our models, due to the fact that £ < 1, there are
no black holes in the spectrum, and the physical degrees of freedom are the ones seen in
string perturbation theory, namely fundamental strings and D-branes. This seems to lie
at the heart of the fact that we were able to identify the boundary CFT by analyzing the
worldsheet string theory.

Similarly, in the old matrix model, the only degrees of freedom that seem to play a role
are the ones that are seen in string perturbation theory. Black holes are irrelevant in that case,
since there is no time coordinate,?® and the parameters on which the partition sum depends
(which correspond to couplings in a certain integrable hierarchy, see e.g. [74-76] for reviews),
correspond to coefficients of non-normalizable operators in the worldsheet Lagrangian.

26The N = 1 supersymmetric minimal models coupled to N = 1 supersymmetric Liouville theory also fit
into this framework.

*"See [23, 77-79] for reviews, and [80] for some recent results.

28In the ¢ = 1 case, where one can study the theory in Lorentz signature, one can formally write black
hole solutions, but they are not in the spectrum for reasons similar to our case; see e.g. [4].
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In the old matrix model, the underlying reason for the simplicity of the theory is often
said to be the fact that it corresponds to string propagation in D < 2 dimensions, where
there are no transverse directions for the string to oscillate in. This leads to the absence of
a Hagedorn spectrum in these theories, and presumably is also related to the absence of
black holes.

In the theories studied in this paper, something similar happens. As discussed in
section 2, these theories can be viewed as describing the dynamics of strings placed at the
tip of a singular cone. In our case, the only directions available for such a string to oscillate
in are transverse to the tip, while for £ > 1 there are also directions along the singularity
that the string can oscillate in. For example, in the case (2.11), the string can oscillate
along the T? without leaving the singularity. It is likely that the presence of such directions
is necessary for the existence of black holes and the complexity they bring to the problem.
Conversely, it is likely that the absence of such directions in our case is responsible for the
simplicity of the dynamics at large ¢, where the theory is well described by the symmetric
product (1.8).

The ¢ < 1 models are solvable due to their large symmetry. In particular, correlation
functions are severely constrained by a structure known as the ground ring [23, 81-83]. The
analog of this structure in our case remains to be understood, but it is likely related to the
fact that the boundary CFT is asymptotically free — it approaches at large ¢ a symmetric
product CFT, which contains a tower of (spontaneously broken) holomorphic operators.

Another analogy between the two constructions involves the limit ¢ — 1 in the old
matrix model, and the corresponding limit £ — 1 in our case. In the old matrix model,
the area operator e7® approaches in this limit the critical value at the bottom of the
continuum of delta-function normalizable operators, 7. = —@/2. In our case, something
similar happens with the operator Z, which appears in the worldsheet Lagrangian of string
theory on AdSs [49]. In both theories, one can work either at fixed chemical potential
1, which corresponds to the cosmological constant in ¢ < 1 string theory, and a chemical
potential for the number of strings in our case, or Legendre transform, to fixed area there
and to fixed number of fundamental strings here [54].

Also, in both cases, when one goes beyond ¢ = 1 there, or k = 1 here, the nature of the
theory changes significantly. There, for ¢ > 1 a Hagedorn spectrum appears; here, for k£ > 1
BT7Z black holes become normalizable, and the entropy goes from that of fundamental
strings to that of black holes [4].

Given these analogies between the ¢ < 1 and k£ < 1 string models, it might be interesting
to revisit some of the calculations that were done in the ¢ < 1 models to see whether they
can teach us something about our models. These include

e Bulk amplitudes. Correlation functions or scattering amplitudes where ¢ momentum is
conserved modulo an integer power of Byan can be evaluated in conformal perturbation
theory in the wall operator (see for instance [84, 85]).

e The ground ring. The correlation functions of ¢ < 1, and the S-matrix at ¢ = 1,
are governed by a symmetry structure known as the ground ring [23, 81-83]. The
natural candidate for a symmetry structure underlying the k£ < 1 models is the tower
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of holomorphic operators in the block of the symmetric product, whose holomorphy is
softly broken by the wall deformation. This situation is also reminiscent of the SYK
model, where an underlying spontaneously broken Virasoro symmetry governs the
effective dynamics [86].

e Holographic RG flows. The ¢ < 1 models exhibit a rich structure of holographic RG
flows [74, 87], which on the worldsheet can be thought of as gravitationally dressed
flows between the minimal models. One has a similarly rich set of RG flows between
N = 2 LG models [88-90], which can be dressed by the worldsheet AdSs x S CFT,
as discussed around eq. (8.4).

o The thermal partition function. The partition function of the ¢ = 1 model compactified
on a Euclidean circle is another interesting probe of the system (see e.g. [77] for a
review); it would be interesting to compute the thermal partition function of the
deformed symmetric product, and compare it to a worldsheet computation on thermal

AdSs, i.e. (55[52(’2():))/2, along the lines of [91, 92].

e D-branes. The leading non-perturbative effects in ¢ < 1 are given by D-brane
amplitudes; comparing the worldsheet and spacetime theories provides a sensitive
probe of the structure of the wall in ¢ < 1 [83, 93-98]. One might hope that a similar
study will shed additional light on the wall in the k£ < 1 models.

8.6 Deformation to linear dilaton asymptotics and TT

As described in section 2, the AdSs X SE background studied in this paper can be obtained
by starting with the two dimensional LST background

Ry x S' x Ry x P, (8.6)

and adding to it a large number of fundamental strings wrapping the S! (see the discussion
around equation (2.14)). The AdSs3 background is obtained by taking the infrared limit, i.e.
by studying the near-horizon region of the strings. This limit is equivalent to taking the
radius R, of S! (in string units) to infinity.

As discussed in [3, 11, 43, 57, 99], one can extend the bulk theory to the full LST
geometry that interpolates between the linear dilaton geometry (8.6) in the UV and
AdSs x S? in the IR (see figure 3). This extension is most naturally done in the (R,R) sector
of the spacetime CFT. This CFT has multiple (R,R) ground states, but for the purpose of
computing the spectrum of delta-function normalizable long string states in the full theory,
it is believed that all of them can be replaced by the massless BTZ background.?? The
linear dilaton extension of this background is sometimes denoted by M3, and we will use
that notation below. It is described by a current-current deformation of SL(2,R) CFT,
which is exactly solvable.

29This belief is supported by the fact that the bulk descriptions of other (R,R) ground states, for which
the worldsheet theory is also exactly solvable [43], have an identical spectrum of such states.
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Figure 3. Sketch of the deformed geometry, showing the spatial geometry on a fixed time slice
(suppressing the SE’ directions). The growth of the azimuthal circle in AdS3 saturates at the size
R, at a radial scale ¢ =~ ¢), where the geometry rolls over to a constant size circle and linear
dilaton in ¢.

In the boundary description, it corresponds to an irrelevant deformation of the C F'T5
dual to string theory on AdS3. This deformation is closely related to the TT deforma-
tion [100, 101], and is usually referred to as the single-trace TT deformation. As we will
see, this name is particularly appropriate for the theories discussed in this paper.

For k > 1, this deformation of the dual C'F'T5 is not well understood, mainly because
the CF'Ty itself is not well understood either. In our case, the AdSs/CFT» duality is better
understood, and thus it is natural to expect that we will have a better handle on the
deformation as well.

As shown in references [11, 57], the spectrum of delta-function normalizable (and
non-normalizable) operators in the resulting theory is that of a symmetric product, whose
building block is the TT deformed CFT Ry x SE’. As is familiar from studies of 7T deformed
CFT, the spectrum of the resulting block theory on a spatial circle interpolates continuously
between that of the CFT Ry x S, which describes the region £ < % (where £ and A are the
energy and T'T coupling in units of the radius of the S!, R,, respectively), and that of two
dimensional LST, which describes the region £ > % In particular, the entropy interpolates
between Cardy entropy at energies 1 < £ < % and Hagedorn entropy for £ > %

From the bulk point of view, the fact that this deformation is irrelevant (in the RG
sense) is reflected in the fact that the deformation keeps the infrared AdSs; geometry
untouched at large negative ¢, but changes the geometry at large positive ¢ to the linear
dilaton one (8.6) (see figure 3). The transition between the two regimes happens at some
particular location ¢y along Ry, which can be thought of as the holographic representation
of the energy scale % In terms of the string theory parameters, the dimensionless coupling
)\ is mapped to o'/ R2 [57].

The discussion of this subsection raises a number of questions. One concerns the form
of the deformed boundary theory. As explained earlier, if we think of the spacetime CFT
as the symmetric product (1.8), the irrelevant deformation that corresponds to turning on
a finite coupling X is naturally identified with the TT deformation in the building block of
the symmetric product, Ry x SE.

However, as explained in the previous sections, the spacetime theory is actually described
by the above symmetric product only at large ¢. The full theory has in addition a Zo twist
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deformation turned on. This deformation decays exponentially at large positive ¢, but has
a significant effect on the dynamics at finite ¢. In particular, it destroys the symmetric
product structure in that regime (see figure 2).

It is thus natural to ask whether the single-trace T'T deformation described in this
subsection is compatible with the Zs twisted marginal deformation that is turned on in the
spacetime CFT. In other words, can one turn on both of them at the same time, despite
the fact that the full theory is not a symmetric product? One answer to this question is
that the bulk-boundary duality constructed in this paper predicts that this is indeed the
case, in a particular sense we explain next.

For ¢ < ¢, the deformed background of figure 3 looks like AdS3, while in the opposite
limit, ¢ > ¢,, it looks like the linear dilaton background (8.6). Another natural scale that
appears in this model is the radial size of low lying normalizable states in string theory

n (1.7). We can denote this scale by ¢445. The situation is cleanest if the hierarchy of
scales in the deformed model of figure 3 is ¢ 445 < ¢). One can think of ¢, as a UV cutoff
in the low energy theory (string theory on AdSs), and in this regime it is large, in the sense
that the spectrum of states below the cutoff exhibits Cardy growth.

The deformation that changes the geometry from AdS3 to M3 can be described by
adding an irrelevant operator to the Lagrangian of the dual CFT. Since the UV cutoff ¢,
is high in this case, we can identify this deformation with a particular non-normalizable
operator in string theory on AdS3. That operator is the single-trace TT operator in the
symmetric product theory (1.8). The requirement that ¢ 445 < ¢ maps in the boundary
theory to A < 1, or more physically to the requirement that the irrelevant single-trace T'T
coupling be small at the compactification scale R,.

As one increases the coupling A, the form of the operator in the spacetime CF'T that
implements the deformation from AdS3 to M3 may receive corrections due to the effects
of the Zo twist field. These deformations are expected to become large as ¢, approaches
¢ aqs. However, it is not unreasonable to expect that these corrections do not influence the
non-normalizable and delta-function normalizable states, whose properties are determined
at large ¢, ¢ > ¢y, daqs. Indeed, one finds that the energy formula for such states in Mg
agrees with that of 7T deformed block CFT for all \.

The above picture is only applicable for states that can be studied at large ¢, where
the symmetric product descrition (1.8) is valid, namely for the delta-function normalizable
and non-normalizable operators. In particular, the energies of normalizable states in the
presence of the above deformation need not have anything to do with 77 deformed CFT.
From the point of view of the spacetime CF'T, these states owe their existence to the Zy
twisted wall, and therefore for them the deformation of [3, 57] need not affect their spectrum
according to the T'T formula of [100, 101]. It is an interesting remaining question how to
think about their energies at finite A in the CFT dual.?"

Another question raised by the above discussion concerns the nature of the RG in the
bulk and on the boundary. We mentioned above that in the boundary theory the transition

390f course, highly excited bound states, which in this context correspond to states with m + j = —I with
a large integer [, behave in many respects like scattering states, and thus for them the T'T energy formulae
of [100, 101] are approximately valid.
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between the CFT and LST regimes happens at some particular energy, £ =~ % In the bulk
theory, a similar transition takes place in the geometry of figure 3 at a particular value of
the radial coordinate, ¢ =~ ¢,. It is natural to ask how these two facts are related, and in
particular what is the precise map between ¢ and energy for perturbative string states.

We will leave a more detailed discussion of these issues to future work. Here, we just
note that a similar issue arises when studying black holes in these geometries (for k& > 1).
As the horizon moves out to larger ¢ in the geometry of figure 3 and crosses the scale ¢y,
the black hole entropy transitions from Cardy to Hagedorn growth. We expect a similar
relation to govern the physics of perturbative string states in our case.

8.7 Little string theory interpretation

As discussed in section 2 and in the previous subsection, one can view the backgrounds (1.7)
studied in this paper in the broader context of Little String Theory (LST). From that point
of view, the starting point of the discussion is a two dimensional vacuum of LST, that is
described near the boundary at large ¢ by the linear dilaton spacetime (8.6).

We considered a particular superselection sector in that theory, that contains p fun-
damental strings placed in the linear dilaton throat (8.6). At low energies, this system is
described by the C'F'Ty dual to the AdSs background (1.7). If we do not take the low energy
limit, we find the single-trace T'T deformed theory described in the previous subsection.

The LST perspective may shed additional light on the difference between the k£ < 1
models discussed in this paper and the ones with £ > 1 extensively studied in the last
twenty years. In this subsection we briefly comment on this issue.

In the original example of six dimensional LST compactified on T* (or K3) and the
associated string theory on AdSs x S? x T4, the high energy behavior of the entropy of the
LST exhibits Hagedorn behavior with By = vk £, [102], and the string theory on AdSs
exhibits Cardy behavior with central charge ¢ = 6kp, where k is the number of N S5-branes
and p the number of strings [5]. The LST entropy is due to the contribution of S%]((zl’ig‘ )
black holes, while that of the AdS3 theory is due to the contribution of BTZ black holes.

In the 1990’s it was proposed that the above entropies can be thought of in terms

of little strings. These strings arise as fractionated constituents of fundamental strings
confined to the fivebranes; as a consequence they have a tension that is smaller by a factor
of k [30, 102]. This fractionation is in particular responsible for the fact that the Hagedorn
temperature of LST is lower by a factor of vk from the one familiar from fundamental
string theory.

In the AdSs context, the worldsheet of the little strings fills an R; x S! inside the
fivebranes. Their (transverse) oscillations take place in the remaining four directions along
the fivebranes, i.e. the T%. This explains the formula for the central charge above, ¢ = 6kp.
The six is due to the fact that the strings can explore four bosonic and four fermionic
directions, and the kp is due to the fact that the p original fundamental strings behave like
kp fractional strings. Essentially, one can define the little strings as the microscopic degrees
of freedom of the spacetime CFT.

In both cases (the Hagedorn entropy of the asymptotically linear dilaton theory, and
the Cardy spectrum of the AdSs), the little strings are the microscopic degrees of freedom
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that explain the entropy of the corresponding black holes [103]. Thus, it is not surprising
that a detailed understanding of their dynamics is a non-trivial problem. Solving it is
tantamount to providing a microscopic understanding of the states of these black holes.

When we move away from the original system of flat fivebranes and strings, to curved
fivebranes, or equivalently the dynamics near conical singularities (see section 2), the
situation becomes more involved. The number of fivebranes k is replaced in the above
considerations by the level of SL(2,R). This level is in general non-integer. For example,
for the background (2.11) we find that & is given by (2.9), and in our case (2.16), it is given
by (2.15).

It would be interesting to extend the little string description of the critical theories to
the general non-critical case with k > 1. Such a description would presumably involve the
notion of little strings oscillating in some transverse directions while remaining inside the
curved fivebranes, or at the tip of the dual cone, described in section 2. The fact that &
is in general fractional is presumably due to the fact that the little strings are in general
interacting in a curved geometry.

From the perspective of the above discussion, the difference between the theories with
k > 1 and those with & < 1 appears to be that in the latter case the little strings do not have
any transverse directions in which they can oscillate, and therefore, the full theory becomes
just that of fundamental strings located at the tip of the cone (2.12), whose transverse
oscillations take them away from the tip. The fact that the little strings are effectively
absent is responsible in this picture for the fact that BTZ black holes (and in the full LST

S@((Ql’;R ) black holes) are not in the spectrum. It would be interesting to make this picture

more precise.

One route toward this goal is to study D-branes in these geometries. In related settings,
such as ¢ < 1 string theory [83, 93-98], and Double Scaled Little String Theory [19, 104-106],
the study of such D-branes provides important insights into the theory, e.g. the appearance
of non-abelian gauge symmetry as type I1IB NS fivebranes approach each other, and the
appearance of a non-trivial IR CFT (the (2,0) theory) when ITA fivebranes coincide. It is
possible that a similar study in our case will provide a better understanding of the stringy
geometry seen by the little strings, and in particular clarify the difference between the cases
k>1and k < 1.
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A Spin field conventions

The supersymmetric WZW model SL(2,R); x SU(2),, CFT includes 6 free fermions ¢34, ¥%,,
discussed in section 2.2. It is convenient to bosonize these free fermions as Hg), Hgy, H3, as
done in (2.28), (2.62), (3.16). The spin fields of the free fermions can be written in terms
of the bosonized fields as

ei%Hsli%Hsui%Hg . (Al)

The OPE’s between the free fermions and spin fields can then be obtained from the OPE’s
between the free scalars Hg, Hgy, Hs.

However, there are subtleties in these OPE’s associated to + signs, called cocycle
factors [56]. In practice, we write the 6 fermions zero modes in terms of I matrices, and
the spin fields as elements in this 8-dimensional vector space. To be explicit, we write the
fermion zero modes as

V293 =T°, V2u3,o=T", V20 =17, (A2)
V29Go=T%  V2¢Lo=T"  V2¢i,=T", '
where we use the I'-matrix conventions (from appendix B of [56]):
ic2 0 0 0 ot 0 0 0
p_ |0 —ic?2 0 0 o |0 —ol 0 0
0 0 —ioc? 0 ’ 0 0 -t o
0 0 0 io? 0 0 0 o
0 -0 0 0 ic® 0 0
2 - 0 0 0 o —ic® 0 0 0 (A3)
0 0 000" 0 0 0 —ioY
0 o0 0 0 i 0
0 00 0 0 —ic? 0
|00 0 o° m_|0 0 0 —io?
0 ’ - - 0
c” 0 0 0 10”0 0 0
006°0 0 0 ic® 0 0

where o are the usual Pauli matrices, and ¢© is the identity matrix. The spin fields are
given by the following basis elements

6+%Hsl+%H3+%Hsu €+%Hsl_%H3+%Hsu

=", =2,
—iHg+iHs+iH, —SHa—%Hz+5H,
e 2 st 2 zsu:fU37 e 278l 2 25‘1:1)47 (A4)
€+%Hsl+%H3*%Hsu — ,1)5 , e“l’%Hsl*%HS*%Hsu — ,UG , '
67%H51+%H3*%Hsu = vy, eféHslféHS*%Hsu =g,

where v; denotes the 8-dimensional vector that is equal to 1 in the i-th entry and equal to
zero otherwise.

To perform the OPE between the fermions and spin fields, we write the spin field
in terms of the corresponding basis element v;, and act with the corresponding I' matrix
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associated to the fermion zero mode. For example, using (A.2)-(A.4), the singular terms in
the OPE 3 (z) e~ 2t 2Hs+3Hsu(0) are given by

1
7@%31;0 -e
(A5)

Note that this has the opposite sign to what would be obtained by doing the naive OPE

_%HSI+%H3+%HSU(O) —_ 1 1 1

_71‘-’0:—7’(}:—7
V2: T Ve T Ve

6_% sl_%H3+%Hsu (O) .

using the bosonized free-field Hs(z), namely

wg’u(z) e*%Hs1+%H3+%Hsu (0) _ (eiHB(Z) 4 e*ng(z)) e*% sl+%H3+%Hsu (0)

V2 (A.6)

~ 1 _% sl_%H3+%Hsu(0) .

V2z

This has the opposite sign to (A.5), and therefore it does not give consistent results.
However, if we do the OPE’s using the I' matrices as in (A.5), then the cocycle factors are
automatically taken into account and the signs are consistent.

B Supersymmetry currents in the block theory Ry x S?

The block theory Ry x SE’ has a natural N = (2,2) superconformal symmetry, which makes
use of the parafermionic decomposition

. SU(2)
SP = |S3 "] /. B.1
= |8 x 2 (B.1)
Recombining the factors as Ry x Si- and the super-parafermion theory %(12)), one has the

component N = 2 supercurrents,

G, = £ (9pFi0Y) + Quae™s | JE® = i9H; +iQ,9Y
' B.2
gfgz¢§exp {iZZ] ) JE¢ =iadZ, (B:2)
a

+iH3 _

where we have used the bosonized representation e %(X = ixy) built from the X

of section 4, and Z bosonizes the R-current of the parafermion theory as in (2.30). The
SU(2)
U(1)
of as A j/—g m/=1,m/=0 in the notation of (2.26) (i.e. it arises from the currents J& by stripping

operator w;cf is the eponymous parafermion of the coset model, which can be thought

off the exponential that carries the j3, charge).
At the supersymmetric point R = y/n + 1, there exists a second N = 2 supersymmetry
realized on the composite fermions S* of (6.16)

i% (—H3+aZ+\/zY>] . (B.3)

Conceptually, we want this other supersymmetry to pair these fermions S* with some

ST =exp

bosonic currents in the block theory, rather than pairing x s FiXy with d¢p£i0Y . In addition,
from the worldsheet construction, we know that the R-current of the block theory measures
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momentum along Y, see equation (5.1). These two criteria are enough to determine
the desired field redefinition. Note also that once we demand that (B.3) is allowed in the
spectrum, the supercurrents gfﬂ;ee and G, must be projected out since they are not mutually
local with respect to ST; thus only this exotic second supersymmetry can be present.

In order to preserve the conformal dimensions of exponential operators

explipsHs + ipy Z + ipy Y] (B.4)

(writing for simplicity only the left-moving part of the operator), the field redefinition should
be a rotational automorphism R of the three-dimensional lattice of charges (p3,pz,py)-
This rotation is specified by the two criteria above

R.(l,o,o):(—1 2 9)

R-(1,a,Q5):(o,o,\/ﬁ).

(B.5)

The first specifies that the complex fermions sEixy in the supercurrents gfﬂ;ee rotate into
ST, while the second says that the total R-current (B.2) rotates into the Y direction. The
solution of these constraints is

4 WE

E e e~ el (B.6)
\@ (n=2)(n+1) 1
2n 2n2 n

Using this transformation, one can now build dimension (%, 0) supercurrents as the image

of the supersymmetry currents (B.2) under R

z( n+18H3+\/(n_2)(n+1)8Z+i8Y) + 0

2n 2n2

-2 2)vn — 2 2 2
n 8H3+i(n+ )Vn 07 +i n°+n-+

2n 2n3/2 n3/2./2 (n+1) oy (B.7)
_ : 2 2
Gt = vk exp [i; (Hg— %_)2)2+\/;Y>

Spf M —2 _(n+2)yn-—2 (mn=2)vn+1
J =i 0H3 T A 8Z+Z—ﬂn3/2

F Qr0S*

ji}"%ee S

oy

(the somewhat more complicated expression on the first line compared to gffee arises because
dY in gfﬂ;ee also transforms under R). Because we are simply performing a field redefinition,
these operators are guaranteed to also satisfy the N = 2 superconformal algebra. Combined,
they form the total supercurrent

GF = Ghee + 0 (B.8)
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of the block theory, with the total R-current given by
T =T + I = iv2k oY (B.9)

since this was one of the conditions that defined the transformation.
We can apply the same logic to the GSO 0 projected theory with its spacetime fermion
\I/j_E 1, which has more or less the same expression as a fermion in the block theory as we had

2
for S in the GSO 2 projection, equation (B.3), but with a sign flip for H3 in the exponent

WE Z exp [i; (H3 taZ+ \/zYﬂ . (B.10)

One can then follow the same steps as above, to define an N = 2 supersymmetry algebra in
the block theory. The corresponding rotation will differ by a reflection in the Hs direction
in the charge lattice, but otherwise is the same:

1 _1 n+l
2 2 2n

Ro= |42 —niz _ Jn=20dD) | (B.11)

n+1 (n—2)(n+1) _1
T 2m? n

The image of (B.2) under this rotation will be a pair of supersymmetry currents in the type
0 projected block theory. We see that the chiral GSO projected block theories defined by
mutual locality with respect to S*, or with respect to W+, are essentially identical.

C Twist operators for the symmetric product

In this appendix, we construct twist operators of the symmetric product. The twisted
sectors are labeled by conjugacy classes of the symmetric group, which are products of
cycles where w copies of the block theory are cyclically permuted. Our analysis follows [107].
Take w copies of linear dilaton theory (with slope Qy) plus an extra U(1) scalar Y and label
271'@'2)

the copies by a = 1,...,w. The cyclic twist ¢,(e = Pa+1(2) with a defined mod w can

be diagonalized by discrete Fourier transform
E exp|2mika/w .
Vw = “

with kK =0,...,w — 1; and similarly for Y. The factor of 1/y/w makes the ¢, canonically
normalized. We then have that the Z,, twist operator is the product

w—1
=11 057;, (C.2)
=1

of the x/w twist operators o/, that implement ¢, (e*™z) = e/ W (2) for each of the
¢r, k=1,...,n—1; similarly for Y. Note that the linear dilaton is the sum of the linear
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dilatons of all the ¢,, so lives in the k = 0 sector; the other sectors have no linear dilaton
and are conventional twisted free bosons. The dilaton slope in the ¢.—q field is then

=VwQy. (C.3)

The total dimension of the twist operator for ¢ and Y in the x-twisted sectors for k # 0 is

2?1;(1—12):12(10—;). (C.4)

bos

the sum

In the center-of-mass x = 0 sector, we append to ¢”°® an exponential operator

exp [~Q¢ 7 do + iQu py Yo (C.5)

where ¢, Yy are the k = 0 sector fields (C.1). The conformal dimension of this operator is

1~y 1~ Q
~ OG-0+ @R =@ (- 3) L+ o (C.6)
leading to a formula for the dimension of twist operators
1~ Q 1 1
bos _ 2(~ 1 K
hy® = 5@ (] - 5) + Qe Py + 15 (w - w> : (C.7)

Note that if we rescale the momenta as (j — %) = (j - %) /w and py = py /w,3! then we
can rewrite the conformal dimension as

1 Q 1 1
bos _ Q2 -1 f C) —
s 2wt (”7 2) ¢ Y 12 (w w)

=§E(—j(j—1)+p%)+2+21@é<w—;>7

(C.8)

w
dimension of an operator from the untwisted sector with w = 1.

which has the form %hl + 51 (w — l) expected on general grounds [59], with h; the

We will also want to twist the fermions x* in the block theory. Again going to the
discrete Fourier basis as in (C.1), one has x/w twists which are generalized spin fields. The
product of such spin fields

ol H oL, (C9)

yields an operator of dimension

hfgrm:wil(ny: (w—1) (2w -1)

H:12 w

(C.10)
_ 1 —(w—1)? Jrf(w——).

8w

3n this appendix, we will suppress the subscript “ST” on the quantum number j to avoid clutter.
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As expected from bosonization, the last term on the second line is the dimension of the
cyclic twist of a free boson, while the first term in the second line gives the contribution
from exponential in the x = 0 sector that carries the overall fermion charge %(w —1). The
minimal dimension twist operator omits this charge exponential, but as we are interested in
BPS twist operators carrying the appropriate R-charge, we will be using operators of the
above dimension.??

To summarize, the operator that builds the ground state twist operator of a free N = 2
superfield resolves via a discrete Fourier transform (C.1) into the product of twist operators
for the twist eigenmodes. For bosons these twist operators are the standard Z,, twist
operators that create the x/w twist ground state; the fermions can be bosonized and the
fermion twist operator written in terms of the twist operators for the bosons.

One can then decorate this operator with oscillator excitations as well as exponentials
of the center-of-mass momentum. The center-of-mass momentum profile has one of two
leading forms for a given conformal dimension,

exp |5 Qe - % (1-3) ] - (C.11)
The upper sign corresponds to non-normalizable operators, see (4.55); the lower sign
corresponds to normalizable profiles.

One finds supersymmetric twist operators (under the usual N = 2 supersymmetry (B.2))
for py = £[j + 3(w —1)] and n3 = £5(w — 1)

1 .
by = h® + W™ = £ ((w=1)(1+@Q}+2iQ}) . (C.12)

Indeed these operators are (anti)chiral as one can check from the R-charge

Rsr = Q2 py + 13 = +2h,, . (C.13)

The splitting of the ¢ dimension into a contribution to the twist ground state energy
%Q%(w — 1/w) plus the remaining exponential in ¢ obscures the chiral nature of this twist
operator. Reverting to the original parametrization in terms of 7, py, one sees that the
chiral twist operator has the form

S = €XP [—Q(j +3w-1))(oF iY)O} oo glerm (C.14)

[
Vw
which takes the form of the BPS ground state of Z,, twisted scalars and fermions, times a
chiral exponential of the center-of-mass. Note that we have assumed a normalizable profile,
in order to describe candidate wall operators.

32Note that the bosonization that leads to this second expression for the dimension Af™ is different from
the one that realizes the various spin fields in the first expression in terms of free boson exponentials. The
latter constructs the discrete Fourier eigenmodes x,, of the fermions analogous to (C.1), and then bosonizes
them in terms of bosons H; the former bosonizes the block fermions X, in terms of bosons Hq, which then
have a discrete Fourier transform H,. There is no simple relation between H, and H,. We will work with
the fields H...
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One can perform a similar analysis for the Landau-Ginsburg model, using an N =2
Feigin-Fuchs style representation [108-112], with a scalar ¢’ having a linear dilaton with

imaginary slope of magnitude Qrg= \/% , and a compact timelike boson Y’. The explicit
map relating the linear dilaton and Feigin-Fuchs theories is

Qr— —iQre, j—j+1, o¢—¢, Y =iy (C.15)

This map results in a bosonic twist field dimension

i = 3@k (7 +4) = § 0 — 5@ ) + 15 (v 1)
) (, 1) (€19
w 24 w
where again
m =% (15 1) - (5h)2) (17

and (7 4+ 3) = (j' + 3)/w. The fermion charge 75, = 3(w — 1) is the same as above. The
R-charge under the usual N = 2 supersymmetry (B.2) is thus

Rsr = Q%Gpg/ + %(w - 1) . (0'18)

Now let’s put together the N = 2 linear dilaton and Landau-Ginsburg results. Each
cyclic twist sector has a twist ground state of dimension

c 1 k 1

that combines the minimum dimension twist operators 0" (C.2) for the bosons and the
uncharged twist ground state operator for the fermions (which can be obtained through
bosonization — see below for the Zsy case); one then decorates this twist operator with
exponentials of the form (C.11) (with j = %, Q= ,/ﬁ for the ground state of ¢; and

j =0,QLc = \/% for the Landau-Ginsburg ground state). One can then build excited
states using center-of-mass exponentials, and (un)twisted oscillator raising operators. The
result is equation (4.52).

To obtain BPS operators, we set

(w—1)
(w—1)

j=svmn—j, pyr=—-(+3w-1)), N3 =

. (C.20)
py/:—],—f—%(’w—l), Tlsu =

NI N

(with v € N) to focus on potential chiral fields, and so that the operator survives the Z,
orbifold projection that turns S' x LG,, into S‘E. We then find a total twist dimension

(w—1)n+2j +v
2(n+1)

he = (C.21)
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with R, = 2h,, for a chiral operator. The parameter v describes different linear dilaton
dressings of the same Landau-Ginsburg primary.?* The AdSs worldsheet theory has only
chiral operators with v = 1, as we see from (5.43).

For the chiral operator yj(f “) of 5.3 and its FZZ dual representative )7571”71), we have

1 25 +1

]‘WS:*‘F jST:j/+1

2 24(71%—1) (C.22)
~ n—7j ~ n ./
st:ni+1 — ]ST:§_.7'

where the FZZ dual spin is j = %4—1— j, and we have used (4.56). The corresponding
spacetime operators have scaling dimension hgy = jis— 5+ %|w| (see equation (5.38)); their
wavefunctions scale as jsr for a component of winding w and J,, for a component of winding
w—1 (recall w < 0 in our conventions).

1)

The spacetime-chiral worldsheet operators ﬁ}“”‘ correspond to the twist w chiral
operators constructed above. The quantum numbers and radial wavefunctions on the two
sides match in the following way: (1) The two have the same angular harmonic on S?; (2)
The cyclic twist sector w matches the winding —w of this particular representative of the
worldsheet operator; (3) For v =1 the conformal dimension (C.21) matches the spacetime
conformal dimension (5.43) for of the worldsheet operator; (4) The two have wavefunctions
with the same falloff in ¢, if we identify the spin j in (C.20) of the symmetric orbifold chiral
twist operator with the value j,, of (C.22) for the FZZ dual representative JNJg.fw).

We have described twist operators using the language of the standard N = 2 supersym-
metry (B.2), however we are ultimately interested in the rotated theory with the fermions
S* or W, In principle, one could try to apply the field rotation R of appendix B to
the N = 2 free fields, and build the twist superfields, however the Z,, twist operators are
somewhat simpler to describe in the field basis of the standard N = 2 supersymmetry. The
map of appendix B is a simple field redefinition, and thus cannot affect any physical quantity.
We can thus calculate the operators and their correlation functions in the standard basis,
and interpret the results in the rotated basis by applying the rotation R to the result.

Note that there is an additional field rotation that must be considered. In the N = 2
Feigin-Fuchs representation of the Landau-Ginsburg model used above, the standard N = 2
R-current is a linear combination of Y/ and the bosonized complex fermion (since it arises
from the free field R-current in (B.2) via the substitution (C.15)); however, in the text
we worked with the field Z that directly bosonizes the R-current of the Landau-Ginsburg
theory, see also (B.2). There is indeed a field basis (Z, X') related to (Hg,, Y') of the N = 2
Feigin-Fuchs representation by a boost transformation (because X’ and Y’ have negative
signature). In this boosted basis, Z bosonizes the R-current (2.30) of the super-parafermion
theory, while the orthogonal boson X’ together with ¢’ form the Feigin-Fuchs representation

of the bosonic % parafermion theory [113-116]. Indeed, the bosonic parafermions

33For instance, if one considers the chiral spectrum of the SCFT (8.2) one finds chiral primaries for each

SL(2,R),,(n .
v = 1,...,n corresponding to the various twisted sectors of the Z, 41 orbifold of the W cigar

coset model.
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w appearing in the supercurrents (B.2), (B.7) are written as [117]

o = (ax' F a¢> exp F X’] (C.23)

The boost transformation of the fields is given by

VnZ —2X' Y,_\/HX’—\/iZ

Hy, = ) - —a
o vn —2 Vvn —2 (C.24)
7 _ Vi Ha+ V2! = VY + V2 Ha '
vn—2 ’ vn —2 ’
which we write Ryg - (Hsy,Y') = (Z,X’). Then the combined transformation
Riot = R Rrc (C.25)

defines the field redefinition from the field space basis (Hs, Hgy, Y, Y) to the field space
basis directly related to the worldsheet formalism in sections 5-7.

C.1 The marginal Zs twist operator

Let us be a bit more explicit for the Zs twisted sector, which is the key ingredient in the
construction of the wall in section 7. We can bosonize the fermions in two copies of the
block theory in terms of H:gi), Hs(l?, 1 = 1,2; then we can write everything we need if we can
construct the symmetric orbifold of two free bosons.

Consider then the symmetric orbifold M = (S>1()2 /Zs of two bosons X1y, X(g), each of
radius Rx, and define (anti)symmetric linear combinations

1 1
Xs = — Xy + Xin) s Xa = — (X1 — X(z) - C.26
s= FXo T Xe), Xa= 5o = Xe) (C.26)
The diagonal current U(1)g defined by
Jx = i0X(1) + i0X(2) = iV20Xg (C.27)

is conserved and present in the orbifold theory, and so we can use the coset construction
to write any operator in the symmetric product M as an operator in the U(1)g current
algebra theory, times an operator in the quotient theory M /U(1)g. The quotient theory is
basically that of the Zo twisted boson X 4.

The spectrum of states is determined from the partition function [59]

M= d(h,h) ¢ g5
1 1 (C.28)
= 5 (Bx(r.7) + 2x(27.27)) + 5 (2x (37 57) + Zx(3 (1), (7 +1)))

where q = €2™7, d(h, h) is the degeneracy of states with conformal weight (h, ), and Zx is
the partition function of the U(1)x theory
1 1,2 12 S 1

1
ZX = qu q_Ep , n(q) = q 2 , PP = — + mRX C.29
n()7i(q) m%:ez @ nl;[l L—qn RX 2
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In (C.28), the first term on the second line is the contribution of the untwisted sector of the
symmetric orbifold, while the second term is the contribution of the twisted sector, which
exhibits the expected form of twisted scaling dimensions h = %hl + Tla of a Zy symmetric
orbifold with block theory spectrum {h;} and ¢ = 1.

We see that the twisted sector ground state has dimension h = 1—16 (see the discussion
around equation (C.10)) and can be thought of as the dimension of the Zs twist operator
ox, for X4, however the ground state is non-degenerate because the fixed locus of M
has only a single connected component.?® If we set Rx = 1 in (C.29), the radius for the
bosons Hj, Hgy, the lowest charged states in the twisted sector are associated to the spin
fields of dimension hy = % in the untwisted theory; these twisted operators have dimension
h = %hl + % = %, and correspond to operators

i

X
ol — eF3va"S gy (C.30)

ferm have

where the exponential of dimension h = 1—16 carries the U(1) charge. The operators o
the dimension (C.10), with w = 2. More generally, we can consider the above construction
for other radii and realize the Zy twist operators for the bosons Y, Y’, X', Z etc; and we can
decompactify, add a linear dilaton, and give the twist operator a center-of-mass momentum
in order to realize the twist operators for ¢, ¢’.

Now consider the chiral Zy twist operators of the block theory Ry x SE’ with w = 2,7 =
0,v = 1. It turns out that the charge vector

1 B 1 1 1

p¢_2n7 pY_ \/ﬁ’ 7]3—27 77511_2
h ) (C.31)

’:0 = /:O = —

Py ) Py \/%7 bx ) bz 2a

is invariant under the rotation (B.11), and thus is the same under the exotic realization of
supersymmetry in the block theory and in the theory with block fermions x* and standard
supersymmetry.

Finally, we can assemble the various ingredients to write the overall dimension (%, %)
chiral Zo twist operators as

Ei = ZfireeEIjA:G’r
Y =ex [—L(qb ZFZ'Y):E—Z' H }x(a Oy, O 1)
free p o S S 22 3,8 $a “Ya “Hsz a (C.32)

1 . i
Se = oxp| = 5o (0 F V) £ 5 s Haws| % (0, 0y o)

where we have suppressed the right-moving contribution, which has the same form, and
the + signs in the exponent are all correlated. Through the binary choice of overall sign in
the exponent for each chirality, one realizes all the (c,c), (a,a), (¢,a) and (a,c) dimension

(3,1) operators.

34This non-degeneracy of the twist ground state is an example of the fact that the theory is not the
tensor product of a twisted scalar on S'/Z> (which has two degenerate twisted sector ground states) and
the center-of-mass U(1).
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11

k 2,32

and G ;. To see how this works, consider for instance complex bosons
2

T+ = ¢ + Y and their superpartners y* under the standard N = 2 free field supercur-

rent (B.2). We have two copies T(il), Té) etc. for the two blocks being sewn together, and

(anti)symmetric linear combinations

We then wish to act on these dimension (5, 5) operators with the supercurrent raising

operators G~

N

1 1

+ + + + + +

T = E(T(l) +15),  Ti= E(T(l) -Ta) o)
i_i(i_i_i) i_i(i_i) '

Xs = /2 X)) T X)) XA = V2 X(1) ~ X2

that diagonalize the twist. Inverting this transformation and plugging into equation (B.2),
the total supercurrent for these fields is then
+ + + + +
G = g(l) + g(2) = gS + gA
(C.34)
Gs = tx5 OYT £ V2Quoxg, Gi = x0T

The supercurrent contribution G} acts on ¥F by the raising operator (Tf{j)_% while the
zero mode of x| acts as a gamma matrix to flip the sign of the Hs charge of the ground
state. In addition, the action of g§ on YT measures its momentum along TF and acts on
the ground state twist operator by the fermion raising mode (x&)_1, and so contributes if
that momentum is nonzero; this is the term responsible for the violation of holomorphy
for x* in section 7.6. One has a similar story for the Landau-Ginsburg contribution in the
Feigin-Fuchs representation.

D The BPS spectrum of the deformed symmetric product

The single-string 1/2-BPS spectrum exhibited in section 5.3 for the type IIB (2,2) theory
suggests a multi-string BPS spectrum in which, say, all the strings are in (¢, c) states
associated to the chiral operators y}?"), or all in (c,a) states associated to the twisted

chiral operators )A/gl,u) In this appendix, we describe a conjectural picture of the 1/2-BPS
spectrum, based on an extrapolation of the multi-string BPS spectrum deduced from the
worldsheet to the full theory. We will concentrate on the (¢, ¢) spectrum.

Before discussing multi-string BPS states, we will first discuss how the wavefunction
of single-string 1/2-BPS states at large ¢ fits into the symmetric product structure. The
normalizable chiral operators correspond to the worldsheet operators y](f “) in (5.35). It is
natural for the leading asymptotic of the operator with SL(2,R) winding wgq = —w to lie in
the Z, 41 twisted sector of the spacetime CF'T. More precisely, we consider the FZZ duals
:)75-7“}_1) of the worldsheet operators y](,‘ w), since these have SL(2,R) windings wg < —1,
and as we saw in appendix C, the wavefunctions of these FZZ duals agree with those of
the cyclic BPS twist operators of the spacetime CFT. Let’s assume this structure for the
moment and explore its consequences.

There is, however, a subtlety we ought to mention. At large ¢, the block CFT has N = 2

supersymmetry. Since the R-charges of the operators yj(f”:(” lie in the range 0 < Rgr < k,
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N = 2 spectral flow in the block applied to their antichiral conjugates shifts the R-charge by
%cblock = 2k, and tells us that there should exist additional normalizable operators whose
asymptotics at large ¢ lie in the block theory, with R-charges in the range k < Rgr < 2k.
This would seem to suggest that there should be extra chiral operators, which are not given
by y(f W),

J

Of course, there are chiral operators with R-charges in the range k < Rgr < 2k, namely
yj(}”:*”, whose FZZ duals are in winding two. We propose that these are the additional
operators we are looking for, and not some entirely new class of BPS operators (a thorough
search of the worldsheet spectrum leads us to believe we have exhibited the complete chiral
spectrum in section 5.3).

In order to understand what is going on, it is useful to recall our discussion of the wall
operator in section 7. There we saw that the normalizable operator y](,; 18 has a FZZ dual
with SL(2,R) winding wg = —2, and therefore the wall has a contribution in both the
untwisted and Z, twisted sectors.

A similar story is at work here. The FZZ dual of yj(?) has SL(2,R) winding wg = —1,
and therefore we identify it as being in the untwisted sector (i.e. the block theory) and
having R-charge in the range 0 < Rgr < k. On the other hand, the worldsheet operator

y;, ) also has winding wg = —1 (while its FZZ dual has winding wg = —2). Furthermore,
the R-charges of y},‘ D Jie precisely in the range k < Rgp < 2k and are related by N = 2

spectral flow in the block to those of (the charge conjugate of) y}? ),

In the end, it seems there is no doubling of the spectrum — there are two sets of
worldsheet operators with unit winding, each covering half the range of spacetime R-charges
in the block theory. But one set is FZZ dual to winding zero, while the other is FZZ dual
to winding two. The BPS states on the worldsheet do not have a unique winding number,
because FZZ duality tells us that a given normalizable state has support in at least two
winding sectors. Similarly, although our understanding of the spacetime CFT is somewhat
more primitive at the moment, the fact that the wall is built from a Zs twist operator
suggests that normalizable states in the spacetime theory are not supported entirely in a
single twist sector. The suggestion is that we identify worldsheet winding with spacetime
twist, at least when both are nonzero, and that the set yj(,w) comprises the full set of
single-string chiral operators.

Because of the absence of an SL(2,R) invariant state, BPS multi-string states (where
each string in the state is in the (c,c) ring) have energies of order p. For generic states
having this energy, the perturbative picture breaks down; however, for BPS multi-string
states, one expects non-renormalization theorems to protect the state, so that at least the
state counting is accurate even if other aspects of the states (such as their wavefunctions)
receive modifications.

This result should hold even when the multi-particle state has an energy that scales
with the central charge. The 1/2-BPS spectrum is then the Fock space of such strings which

we can characterize via a tensor product state

I [N o) (D.1)

-/
w7.j
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We adopt a convention for describing the state where the quantum number w is the order of
a cyclic twist in the spacetime CFT, which matches the winding —w of the of the operator
V(=) The total central charge of the spacetime theory is 6pk, where the total string

Wmdlng p is partitioned into the number N, j» of strings with winding w and R-charge
2§’ +14+(w—1)n 35 with
n+1 ’

p:§:wmmh (D.2)

A symmetric product CFT has just such a structure, however to verify this proposal will
require a better understanding of how the wall deformation leads to normalizable states (for
instance how it allows only ¥ = 1 in (C.20)). One can identify a set of chiral operators in the
twisted sectors of the symmetric orbifold which match the above spectrum, by comparing
the single-string spectrum of equation (5.43) with the corresponding R-charges of cyclic
twist operators of the symmetric orbifold, equation (C.21).

Assuming this structure holds, the spacetime 1/2-BPS state with minimum R-charge
consists of p copies of the j/ = 0,w = 1 single-string state (w = —1 for the FZZ dual
worldsheet operator that matches the corresponding operator in the block theory), having

total R-charge
p

n+1"
The number of 1/2-BPS states grows with R-charge as one partitions the available choices

RSTJnin - (D3)

of j/ and w out of a winding budget totalling p, reaching a maximum at %RST’O, where Rsr
is the maximal R-charge allowed by the unitarity of N’ =2 SCFT
c 2pn

= _ = ) D4
Fsro 3 n+1 (D-4)

Among the states around R-charge %RST,O is the maximally twisted ground state consisting
of a single string of winding w = p.36

In the range Ry, € (%RST’O, Rsr0), one has a reflected copy of the spectrum in the
range Rgr € (0, %RST’O). The chiral spectrum is always symmetric about its midpoint,
because a unit of spectral flow in the spacetime N = 2 R-symmetry shifts the R-charge by
Rsr — Rsr + ¢/3, and maps the antichiral spectrum to the chiral spectrum (this fact was
used in the discussion of the chiral spectrum in the block theory above). Thus the first half
of the antichiral spectrum of the full spacetime theory maps to the top half of the chiral
spectrum. In particular, the maximal R-charge attained by an actual state in the theory is

p__p@2n—1)
n—+1 n—+1

RST7max = RST,O - (D5)

Note that this state has the same quantum numbers as the multi-string state created by p

1)

copies of the maximally charged unit winding operator y =1 . As discussed above, these

operators are related by the approximate spectral flow in the block theory at large ¢ to

35The winding w in (5.43) is offset by one because it is the FZZ dual representative of the worldsheet
operator )i(w) that matches the spacetime CFT.

36Somewhat confusingly also called the long string sector of the spacetime CFT, a terminology we
avoid here.
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the minimal charge antichiral operator conjugate to )7§7:13 Taking p copies of this relation
then relates the minimal and maximal R-charges in the full theory.

In the critical dimension, each %-BPS state sources a different geometry, from global
AdSj3 for the CFT vacuum to the maximally twisted state which sits at the BTZ thresh-
old [118, 119]. Stringy aspects of these geometries are now well-understood [52], and have
been extended to particular £ < 1 examples in [43]. It would be interesting to understand
the general case.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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